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Abstract

The multi-stop station location problem (MSLP) is motivated by infrastructure
planning for range-limited transportation services such as electric intercity buses.
We study this foundational infrastructure-siting and routing problem in which a
fixed set of ordered trips must be made feasible under vehicle-range limits by in-
stalling shared stations and, if necessary, allowing detours between consecutive
planned stops. We present an arc-based mixed-integer linear program (MILP)
and two pattern-based reformulations, one based on complete trip paths and one
based on trip segment paths. The latter yields shortest path pricing problems,
and both are combined in a nested approach. For the pattern-based reformula-
tions, we develop branch-price-and-cut algorithms with a problem-specific primal
heuristic, branching strategies, and, for the segment-based formulation, additional
cutting planes. On synthetic benchmarks derived from TSPLIB, the pattern-based
approaches are more scalable than the compact MILP, and the nested approach
performs best overall, solving 82.4% of all instances to optimality within the time
limit. On a GTFS-based intercity bus instance with 1644 nodes and 2408 trips, the
nested approach proves optimality in 40.06 hours. These results show that exact
methods can solve the MSLP beyond toy instances on public-data transportation
networks.

Keywords: Multi-Stop Station Location - Transportation Infrastructure Planning
- Charging Station Placement - Branch-Price-and-Cut

1 Introduction

The (directed) multi-stop station location problem (MSLP), introduced by Willamowski,
Ganz, and Mithmer (2020)), is a NP-hard optimization problem on a graph. It consists
of a network design (or location) and a pathfinding (or routing) component. The task
is to enable trips, given by sequences of nodes (stops), respecting maximum ranges, and
minimizing cost. For each trip the maximum distance (range) that can be traveled through
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Figure 1: Depicted is a MSLP instance with 10 nodes and 3 trips. The first trip (green)
starts at node B and has to visit A, D, and E. The second trip (blue) starts at node B
and has to visit C and E. The third trip (orange) starts at node F and has to visit G,
J, and I. These given nodes, the stops, have to be visited by the respective trips in the
given order, and (possibly several) intermediate nodes, the stations, between two stops
may be added. Detours from the shortest connection between consecutive stops are not
only allowed, but may be necessary for feasibility. The ranges for all trips are equal to 5
and a station can be installed at every node. A feasible solution contains the red squared
nodes that represent the installed stations, and the dashed lines that indicate a detour
that is necessary to visit a station.

the graph without visiting special nodes (stations) is bounded. The feasibility of trips
with respect to the range can be ensured by visiting (potentially several) stations between
any two stops of a trip, if necessary. This may incur a (potentially considerable) detour.
At stations, the traveled distances are reset, that is, the full range is available again. It is
part of the problem to decide which stations to install. Once installed, a station can be
visited by any trip. The total installation cost and trip costs for traversing edges must be
minimized. Figure |1 shows an instance of the MSLP.

An important motivation for studying the MSLP is the siting of charging infrastructure
for a given set of intercity trips operated by electric vehicles (EVs). In such services, the
planning problem is not merely to make isolated origin-destination movements feasible.
Instead, each service consists of an ordered sequence of planned stops that have to be
visited in a prescribed order, while limited vehicle range may force intermediate charging
visits between consecutive stops. The infrastructure decision is shared across all trips,
because once installed, a station can be used by the entire service network. This creates
a joint transportation network design and routing problem in which the operator has to
trade off infrastructure cost against the detours needed to maintain service feasibility.
While the range of EVs without recharging may be sufficient for intracity travel, long
distances are more challenging. For example, an intercity bus service that wants to
electrify its fleet needs to ensure that all planned trips can be realized with respect to
the ranges of the EVs. In particular, it is desirable to install charging infrastructure in a
cost-effective manner while limiting charging-related detours.

There is abundant research on locating charging or alternative fuel stations. However,
the MSLP combines three structural features that are central to our setting: predefined
ordered multi-stop trips, shared station-siting decisions across trips, and detours between
consecutive planned stops. As we contrast below, this structure is not captured directly
by origin-destination refueling models, flow-covering formulations, or relay-type network
design models.



In this paper, we make three main contributions. First, we introduce an arc-based
mixed-integer linear program (MILP) as a compact mathematical formulation of the
MSLP and derive two pattern-based reformulations, one that assigns complete paths
to trips and one that assigns paths to parts (segments) of a trip. The latter leads to
efficiently solvable shortest path pricing problems, and we also combine both reformula-
tions in a nested approach. Second, we develop branch-price-and-cut algorithms for all
pattern-based formulations. These algorithms include a problem-specific primal heuristic,
traditional and problem-specific branching strategies and, for the second pattern-based
formulation, additional problem-specific cutting planes. Third, computational experi-
ments on synthetically generated instances compare the performance of the proposed
formulations, and a large real-world instance shows that the nested approach can solve
a practically relevant case to proven optimality. Our implementation relies on SCIP
(Bestuzheva et al., [2021)).

In this paper, we deliberately adopt a foundational scope. Many practically moti-
vated optimization problems like facility location or electric vehicle routing were first
studied in a clean core form before richer operational variants were addressed. We follow
the same approach by isolating the shared infrastructure-routing core of the MSLP and
developing rigorous and computationally viable solution methods for that fundamental
problem. Accordingly, the present model abstracts from several operational features, in-
cluding charging times, timetable consistency, passenger-demand feedback, and limited
charging resources at stations. The assumptions we do retain, such as full recharging,
linear driving costs, and the absence of station-capacity constraints, are common in the
literature (see Section [1.1] for details).

The remainder of this paper is organized as follows. In Section [1.1} we contrast the
related literature against our work. In Section [2] we formally define the MSLP and
introduce an arc-based and two pattern-based formulations. The algorithmic components
we use to solve the pattern-based formulations with branch-price-and-cut are described
in Section [3] In Section [4 we present our experiments and discuss the results. Section
concludes our work.

1.1 Related Work

Planning problems related to electromobility or alternative fuels have received consider-
able attention in the past two decades. On the one hand, the limited ranges and the
scarcity of the necessary refueling infrastructure, such as charging stations, have been
incorporated into existing and well-studied problems (e.g., vehicle routing). On the other
hand, new problems and models have emerged and been studied. In the following, we
focus on related work that locates stations in a network to ensure feasibility with respect
to length, distance, or similar constraints.

For a better overview and to highlight differences to our work, we group related liter-
ature into categories based on the interpretation of trips.

1. Approaches that do not consider any predefined trips at all. For a given network,
stations are placed such that all nodes of certain node sets are reachable from each
other with respect to the limited range. These coverage based approaches typically
enforce connectivity in a graph with respect to range limitations. The objective
function varies, but typically takes into account the infrastructure cost. Example
works in this category are by Funke, Nusser, and Storandt, 2015; Kinay, Gzara, and



Alumur, 2021} Storandt and Funke, 2013 Y.-W. Wang and Chuah-Chih Lin, 2009
Y.-W. Wang and C.-R. Wang, 2010; You and Hsieh, 2014l

. Literature dealing with origin-destination pairs that have to be connected with
respect to range limitations. The first problem of this category is the flow-refueling
location problem introduced by Kuby and Lim (2005). For given origin-destination
pairs with assigned flow volumes one locates refueling stations on a network such
that the total (refueled) flow volume is maximized. Each flow is assumed to follow a
fixed shortest path from origin to destination. This problem received much attention
in the literature and several extensions and adaptations have been studied (Capar
and Kuby, 2012, Kuby and Lim, 2007; Kuby, Lines, et al., 2009; Lim and Kuby,
2010; S. A. MirHassani and Ebrazi, [2013; Rose et al., 2020; Scheiper, Schiffer, and
Walther, 2019; Upchurch and Kuby, 2010; Upchurch, Kuby, and Lim, 2009; Vries
and Duijzer, 2017)). Kim and Kuby (2012)) propose an extension that allows flows
to deviate from the assigned shortest path to refuel. The authors propose a MILP
that requires precomputation of possible detour paths. Since this precomputation
step is very expensive, Kim and Kuby (2013) also propose heuristic approaches.
Again, many alternative approaches as well as extensions were studied (Gopfert
and Bock, 2019; Hosseini, S. MirHassani, and Hooshmand, [2017; Huang, S. Li,
and Qian, 2015; Cheng-Chang Lin and Chuan-Chih Lin, 2018} Nordlund, Tassiulas,
and Lange, 2023} Yildiz, Arslan, and Karagan, [2016). Yildiz, Arslan, and Karagan
(2016)) present a branch-and-price approach to an extension that respects a distance
threshold that limits the length of a deviation path. Subsequently, Gopfert and
Bock (2019) present a branch-and-cut approach to the problem and compare the
performance with the results of Yildiz, Arslan, and Karagan (2016)).

Another class of related problems, not motivated by alternative fuel infrastructure
design, are network design problems that aim to locate special vertices or arcs that,
for example, refresh a signal. Cabral et al. (2007) introduce the network design
problem with relays. Given an undirected graph with edge costs and lengths, one
must select edges and locate relays at vertices such that given origin-destination
pairs are connected by a path that does not violate a length constraint on the
travel distance of a signal without passing through a relay. The sum of the edge
and relay costs is minimized, where each selected edge and relay just have to be
paid once. Many variations of the problem have been studied, e.g., in the context
of optical networks (S. Chen, Ljubi¢, and Raghavan, 2010; S. Chen, Ljubi¢, and
Raghavan, 2015; Hartstein, Shalom, and Zaks, 2016)), or in the presence of multiple
commodities and other additional constraints (Kabadurmus and Smith, [2016; X.
Li et al., 2017; Zheng et al., [2017). While many heuristic approaches exist, recent
work also presents exact approaches based on branch-and-cut and branch-and-price
(Leitner et al., 2019; Leitner et al., 2020; X. Li et al., 2017; Nigam and Agarwal,
2014; Yildiz, Karagan, and Yaman, 2018)). In addition, there is more related work
that is not directly linked to the already mentioned problems, like the work of
Kinay, Gzara, and Alumur (2021), who consider origin-destination round trips and
minimize the total required charging in addition to the infrastructure cost.

. Vehicle routing literature that additionally considers refueling and locating refueling
stations. For an extensive overview we refer to the work of Schiffer, Schneider, et al.
(2019). Location routing problems combine the routing of vehicles and the place-
ment of stations (for refueling at intermediate stops). In recent years, many works
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dealing with location routing problems and solution approaches were published (Al-
mouhanna et al.; 2020; Calik et al.; [2018; Y. Chen et al., 2021; Hof, Schneider, and
Goeke, 2017; Schiffer and Walther, 2017; Worley, Klabjan, and Sweda, 2012; Yang
and Sun, 2015)).

4. Literature considering predefined trips with more than two stops (origin and desti-
nation). This literature is often motivated by (fast-)charging electric buses. Trips
are predefined as ordered lists of stops, at each of which a charger could be placed.
In this context, deviations from the already existing routes are not allowed (Ding
Yalcin et al., 2023; Esmaeilnejad, Kattan, and Wirasinghe, 2023; He, Song, and
Liu, 2025; Kunith, Mendelevitch, and Goehlich, 2017; Tzamakos, Iliopoulou, and
Kepaptsoglou, [2023)). In some cases, even charging is only allowed when no passen-
gers are transported (Alamatsaz, Quesnel, and Eicker, 2024; Stumpe, 2024)). Most
recently, a closely related work studies a continuous station location problem with
intermediate stops along trips, but with partly different assumptions (Nayeem et
al., 2025). On the one hand, the authors also assume full recharging, linear driving
costs, and no capacity constraints at stations. On the other hand, they consider
repeatedly driven roundtrips whose length is bounded by the driving range of the
vehicles, i.e., intra-city traffic is the main application scenario. This assumption
clearly separates their work from ours, as it suffices that each trip is covered by at
least one station.

Most related work falls into the first two categories. However, the approaches tackling
those kinds of problems are not suited for the MSLP. The instance depicted in Figure
clarifies the differences. For the entire graph a coverage approach would install at least
three stations (I to G requires H or J, and A to G requires B and F or E and I), whereas
the MSLP just requires two stations. Furthermore, for the subgraph with the nodes
{A,B,C,D,E} no station is required for coverage (but the MSLP requires one). As a
solution of a coverage based approach is also feasible for an instance considering origin-
destination pairs, this example also separates the MSLP from such problems. Literature of
the third category deals with problems that share the typical vehicle routing assumptions.
In contrast to those problems, the MSLP does not consider depots or vehicles that have to
be assigned to customers, i.e., in the context of the MSLP customers are already assigned
to vehicles (in a fixed order) and can be visited multiple times. Hence, the routing part of
the MSLP differs as it allows only routing to stations between two stops. Category four
is most related, but typically does not allow detours.

The general MSLP was introduced by Willamowski, Ganz, and Mihmer (2020). The
authors discuss theoretical results and propose an approximation algorithm to solve the
MSLP. We integrate the idea of their approximation algorithm into our approaches. To
the best of our knowledge, ours are the first exact approaches to solve a problem like the
MSLP that considers trips with predefined multiple stops (and not only origin-destination
pairs) and allows for deviations to visit additional charging stations.

2 Formulations
Before introducing mathematical formulations to capture the MSLP, we first formally

define the problem (Willamowski, Ganz, and Miihmer, 2020). The directed multi-stop
station location problem is given by a directed graph G = (V, E), edge costs c& : E —



>0, edge lengths ¢ : E — Q>¢, a set F' C V of nodes at which stations can be placed,
station costs ¢! : F' — Qx¢, and a set of trips 7. Each trip ¢ € T is given by a sequence of

stops S; = (v1, ..., Un,) € V™ for m; € Nxso and its associated maximum range b; € Q.
Let S;[i] with i € [my] := {1,...,m;} denote the i-th element of S;. For convenience, we
use the abbreviation t[i] := &;[i]. Each trip ¢ consists of segments S; := [m; — 1], which

are implicitly given by the stops, i.e., the start and the end of a segment correspond to
two consecutive stops of the trip. The goal is to select stations F* C I and for each trip
t € T a path

k k k., —
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where v; = t[i] for all i € [my], each ks € N>o denotes the number of station visits in
segment s € S;, and f¥ € F* for all s € S; and k € {1,...,k,}. The path P; contains
exactly the ordered stops of t and additional stops at stations. Between two consecutive
stops of ¢ the path P, must only visit stations f € F* that are used to reset the remaining
range to b, (i.e., in the context of electromobility, we assume full charging). Since each P,
has to obey the range, the lengths of the paths between the first stop and the first station
stop, any two consecutive station stops (there could be planned stops of ¢ in between), the
last station stop and the last stop, or, if P; = S;, between the first stop and the last stop,
must be within ;. In the following, we assume that G is a complete directed auxiliary
graph on V| where each edge (u,v) € FE represents a precomputed route from u to v
in the underlying transportation network. Accordingly, c®(u,v) denotes the cost of that
route, whereas /(u, v) denotes its length with respect to range consumption. Moreover, we
assume that c” satisfies the triangle inequality, which ensures that it is not advantageous
to visit a station only to reduce the path cost. The objective is to minimize the sum of
the station costs and the path costs

> )+ (P
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Additionally, we introduce useful definitions for the multi-stop station location prob-
lem. Often we need to refer to specific edges depending on the trip and its segments.
Therefore, we distinguish different types of edges. We can enter a segment, i.e., we move
from a stop of a trip (the start of the segment) to a station node. If we are in a segment,
we can move to other stations or leave the segment again by moving to the next stop
of the trip. Moreover, we can omit any additional station stops in a segment by moving
directly from the start to the end of the segment. Thus, for a trip ¢ € T" and a segment
s € S;, we define

o lys:=((t[s], f) Vf € F (the length of the entering edge (v, f) connecting the start
node of s and station f),

o Uy, = ((t[s],t[s +1]) (the length of the traversing edge (v;, vs) connecting the start
node and the end node of s), and

o [1o;:=L(f t[s+1]) Vf € F (the length of the leaving edge (f,v) connecting station
f and the end node of s).

Analogously, concerning the edge costs, we define for a trip ¢t € T' and a segment s € S,

o ¢ i=cl(t[s], f)Vf €F,
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Figure 2: Nomenclature for variables and cost/length parameters on arcs: A path P,
for trip ¢ with three segments, with different numbers of stations visited on each (pos-
sibly none). The caret accent signifies entering a segment (usually with less remaining
range than b;), the tilde accent is for leaving a segment, and the bar accent stands for
just passing through (“shortcut”) the segment without any visit to a station. All arc
variables/parameters without an accent represent direct/shortest connections between
stations, of which there can be many per segment.

o i, = cP(t[s], t[s + 1]), and
o ¢ i=cP(f t[s+1]) VfeF.

Accents on the variables in the following compact formulation (and later pricing problems)
follow the same semantics, see also Figure [2]

2.1 Arc-based Formulation

The MSLP can be described mathematically by an arc-based compact formulation, which
allows us to solve an MSLP instance as a mixed-integer program (MILP) using a standard
MILP solver. We call this approach Ax. Let Fy, :={f | f € F,v # f,{(v, f) < b} be the
set of all stations that are directly reachable from v € V' with respect to the range b; of trip
t € T'. Thus, reachability in Fi, is defined with respect to the route lengths ¢, not with
respect to adjacency in the underlying transportation network. We use different types of
z-variables to model the possible arcs of each trip, see Figure[2] The binary variable z; ; ;
indicates whether station j is visited directly after station ¢ within segment s of trip ¢.
Similarly, the binary variables Z; ;; and ;s ; indicate whether a station i is visited as first
or last station in a segment s of trip ¢, respectively. The binary (“shortcut”) variable z; g
represents that no station is visited at all (set to 1) on segment s of trip ¢. Additionally,
the binary variable y; indicates whether a station is installed and the continuous variable
7¢,s is used to keep track of the remaining range when leaving segment s of trip t. We
model the directed MSLP as follows:



min Z CF(f)yf + Z (Ct,s$t,s + Z (&f,s,ifﬁt,s,i + Ct,5,iTt,5,i + Z cE(i,j)xt,s,i,j)) (2)
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fer ris—1, else
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fer
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by + 1 -1, else
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T € {0,1} VteT, Vs e S, (10)
&5 € {0,1} VteT, Vse S, Vie F (11)
Ty € {0,1} VteT, Vse S, Vie F (12)
yr € {0,1} VfeF (13)
Tt.s >0 Vt € T, Vs € St (14)

The objective function minimizes the cost of installing new stations and the path
cost of all trips. For each segment of a trip, the flow-conservation constraints ensure
that a station node is entered and left if it is visited. The trip constraints ensure
that each trip is completely planned and that no segment is omitted. The station-linking
constraints ensure that a station must be selected if it is visited in at least one segment
of a trip. In , the left-hand side collects all ways in which station f can be entered within
segment s, either directly from the segment start via Z;, y or from another station via an
arc Ty, . The remaining constraints implement the range restrictions. In a segment we
only have the option of either going directly from the start node of the segment to the end
node of the segment, or visiting one or more stations from the start node before reaching
the end node of the segment. The x-variables are defined only for the edges for which
0(i,7) < by where i,j € F. This ensures that the range restrictions for edges connecting
two stations are not violated. Constraints @ and limit the available range at the end
of each segment of a trip. More specifically, @ ensures that the remaining range after
the previous segment is large enough to enter the next segment. Likewise, @ ensures
that the remaining range at the end of a segment takes into account the last step needed
to reach the end of the segment. Moreover, links the remaining-range variable of a
segment to that of the previous segment if no station is visited.



(a) trip patterns (b) segment patterns

Figure 3: The two exploited structures of a MSLP instance are visualized by the re-
arranged coefficient matrices of the arc-based formulation. Black dots correspond to
non-zero entries. The dark blue boxes represent the master problems and the light blue
boxes represent the pricing problems.

2.2 Pattern-based Formulations

The arc-based formulation allows us to solve instances of the multi-stop station loca-
tion problem using a MILP solver. However, for large instances, the size of the formu-
lation grows rapidly because it uses O(N?M) variables and O(NM) constraints with
N = |V]and M = ¥ ,c7|S¢|. Thus, we propose multiple decompositions that result in
pattern-based formulations. These are then solved with branch-price-and-cut. In what
follows, we assume the reader to be familiar with column generation and branch-price-

and-cut (Desrosiers et al., 2026)).

2.2.1 Trip Patterns

The first formulation (“trip-pattern-based,” denoted by At) decomposes the problem by
its trips, as visualized in Figure[3a] It can be viewed as a slightly modified Dantzig-Wolfe
reformulation (Dantzig and Wolfe, [1960) of the arc-based formulation with one block
per trip. The pricing problems handle the detailed path construction for an entire trip,
whereas the master problem contains trip-covering and station-linking constraints. That
is, the master problem only decides which trip patterns and which stations are selected,
while the pricing problem ensures that the corresponding path visits the stops in the
correct order and satisfies the range restrictions. For trip t € T, denote by P, the set of
all valid paths of the form , i.e., all stops are visited in the correct order and the ranges
are not violated (by visiting stations if necessary). We call p € P, a pattern for trip . The
cost ¢, of p is the sum of the costs of all edges used on the path. The master problem is
based on binary variables that reflect whether a pattern is selected or not. Since there is
a huge number of such variables, we use column generation to solve its linear relaxation.
The restricted master problem with only a (small) subset of variables is alternately solved
with several pricing problems that generate further pattern variables. While the master
problem consists of only two different types of constraints, the pricing problems are much
more involved.

Master Problem The master problem of the trip-pattern-based formulation has to
select a pattern for each trip and compute the total costs. This is realized with pattern



variables A\, € {0,1} with p € P, and station variables y; € {0, 1} with f € F', which we
already know from the arc-based formulation. We denote the set of stations visited by a
pattern p by F,.

min Z I (fys + Z CpAp (15)
feF teT,
pEP:
s.t. >l vteT [ > 0] (16)
pEP;
> A <yy VteT, VfeF [mep < 0] (17)
pEPt:
fEF,
Ap € {0,1} VteT, Vpe P, (18)
yr € {0,1} VfeF (19)
(20)

The objective function minimizes the costs of all selected patterns and the costs of the
selected stations. The trip-covering constraints ensure that each trip is covered by
a selected pattern, and the station-linking constraints push the station variables to
1 if station f is visited by a selected pattern of trip t. We write in covering form.
Since all pattern costs are non-negative, any optimal solution satisfies it at equality, and
we exploit this fact instead of explicitly enforcing equality. For constraints containing
pattern variables, the corresponding dual variables are given (in brackets) as we need
them to formulate the pricing problems.

Pricing Problems The role of the pricing problem(s) is to identify pattern variables
with negative reduced cost. As mentioned earlier, each pattern variable corresponds to a
specific path for a trip. We use one pricing problem for each trip t € T"
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Tys: € 10,1} Vie F (31)
yr € {0,1} VfeF (32)
Tt,s >0 Vs € St (33)

For a fixed single trip ¢, constraints 1’ correspond to constraints — of the
arc-based formulation. In particular, uses the same incoming-arc convention as
of the compact formulation. A solution to the pricing problem in z-variables represents a
valid path of the form , which allows us to compute its cost in the objective function
and, therefore, the reduced cost of the corresponding pattern variable. Note that the
pricing problem contains more information about the path than is needed in of the
master problem, namely the information about which stations are visited.

2.2.2 Segment Patterns

The second formulation (“segment-pattern-based,” referred to as Ag) decomposes the
problem by its segments. It can be seen as a Dantzig-Wolfe reformulation of the arc-
based formulation with one block per segment. The pricing problems handle the path
construction within a segment, whereas the master problem retains the station-linking
and range-coupling constraints and explicitly keeps the z-variables . Figure [3b| visu-
alizes the exploited structure. This formulation uses binary pattern variables that rep-
resent paths through a specific segment using at least one station. As with the previous
formulation, this would result in too many variables, and we use column generation. We
experiment with this model because the resulting pricing problems can be solved very ef-
ficiently. The segment-pattern-based formulation moves the path construction for a single
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segment into the pricing problem and keeps the coupling decisions in the master problem.
In particular, the master problem contains the station variables, the shortcut variables,
and the constraints that link the remaining range across consecutive segments of a trip.
As a consequence, the pricing problems are much simpler than in the trip-pattern-based
formulation and can be solved as shortest path problems.

Master Problem The master problem of the segment-pattern-based formulation is
more involved, since it must ensure that the patterns selected for the segments of a trip
are compatible with respect to the range. The main difference is that the segment-pattern-
based formulation uses patterns p € P, s that describe a (valid) path through a segment
s € Sy of a trip t € T with cost ¢,. For a given pattern p, the new parameters @p € Q>
and gp € Q> specify the length of the edge from the start of the segment (a stop) to
the first station and from the last station to the end of the segment (the next stop),
respectively. That is, for a pattern p belonging to a segment s of trip ¢, we have ép = lﬁm’i
and gp = (Z’S’j where ¢ € F' is the first station visited and j € F' is the last station visited
according to pattern p. Moreover, variables and constraints responsible for finding a path
through a segment in the arc-based formulation are removed.

min Z CF(f)yf + Z (Et,sft,s + Z cp)\p) (34)

fEF tGT, pEPt,s
seS
s.t. Test+ D, Ap>1 VteT, Vs € S, [ > 0]
pePt,s
(35)
S A <uyy VteT,Vse S, Vf€F [may <0l
pEP; s:
fEF,
(36)
_ R b if s =1
st + > by < { Lo B VteT, Vs e S, [7r.s < 0]
pEPrs ris—1, else
(37)
Uy, sTes + Z ép)\p < by — s VteT, Vs €Sy (.5 < 0]
pePt,s
(38)
- 2b ifs=1
Pos+ (b + lps)Tys <40 ne VteT, Vs € S, (39)
b + 1 s—1, else
Ay €{0,1} VteT, Vs Sy, Vp e P (40)
zs € {0,1} VteT, Vs €S (41)
yr € {0,1} VfeF (42)
rts > 0 VteT, Vse S, (43)

Constraints — correspond, respectively, to constraints (4)—(8)) of the arc-based
formulation. As in the trip-pattern-based formulation, we write in covering form.
Since all corresponding pattern and shortcut costs are non-negative, any optimal solution
satisfies it at equality. For constraints containing pattern variables the corresponding dual
variables are given in brackets.
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Pricing Problems FEach pattern variable corresponds to a particular path through a
segment of a trip that visits at least one station. We use a pricing problem for each
segment s € Sy and each trip t € T":

min —Tt,s + Z ((ét,s,i — Tt,s5 — 7A"'t,sl?t,s,i)j;t,s,i + (6t,87i - ﬁ't,sgt,s,i)-ft,s,i) (44)
i€F
0 (P(0,4) = Trsg)Tusiy
i€F jeF ;
st T+ Z Tisij = Ttsj + Z Tt,s,5,i VjeF (45)
i€F: i€Fy
JEFi
D sy =1 (46)
fer
Tt sij € {07 1} VieF,je Ft,’i (47)
25 € {0,1} Vi€ F (48)
Ty € {0,1} Vi€ F (49)

As before, the z-variables represent a valid segment pattern, and the objective func-
tion minimizes the reduced cost of the corresponding pattern variable. Here,
corresponds to of the arc-based formulation. In addition, , corresponding to ,
ensures that the computed path leaves the first node of the segment. Note that every pric-
ing problem is a shortest path problem and can be solved efficiently. Therefore, we create
a graph G(V;, Es) to solve the pricing problem of segment s. The node set V; contains
all possible stations F', an artificial source node, and an artificial sink node. The source
node corresponds to the start node of the segment (a stop) and the sink node corresponds
to the end node of the segment (the next stop). The source has only outgoing edges to
station nodes and the sink has only incoming edges from station nodes. Furthermore,
E, C F contains all edges between possible stations that do not violate the range. As a
result, all paths between two stations in G are valid with respect to the range. A feasible
solution to a pricing problem is a path through the modified graph starting at the source
and ending at the sink. We define the edge lengths such that the length of a path from the
source to the sink is equal to the non-constant part of the objective function. By the sign
restrictions of the dual variables given above, all resulting edge lengths are non-negative.
Hence, the pricing problem can be solved as a shortest path problem and, in particular,
negative cycles do not occur. We obtain the reduced cost of the corresponding pattern
by subtracting 7, s from the length of the path. Figure 4| depicts a small example.

2.2.3 Nested Decomposition Approach

As mentioned in Section [2.2.1], the trip-pattern-based formulation At uses pricing prob-
lems that solve the MSLP with respect to a trip and a modified objective function. Hence,
we can again exploit the segment structure within such a pricing problem by decomposing
it into segments, referred to as Ay. Figure [5| visualizes this nested decomposition. More
precisely, Ay applies the segment-pattern-based formulation Ag to the single-trip pricing
problem of Ar. In the resulting inner problem, the cost of a charging station f € F is
replaced by the negative value of the dual variable m; s of , while the reduced cost of
the resulting trip pattern is obtained by subtracting m;, the dual variable of , from
the inner objective value.
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Figure 4: A pricing problem modeled as a shortest path problem. The left circle represents
the start node and the right circle represents the end node of the considered paths.

Figure 5: The nested structure of a MSLP instance is visualized using re-arranged coeffi-
cient matrices. Black dots correspond to non-zero entries, the dark blue boxes represent
the master problems, and the light blue boxes represent the pricing problems. On the left
is the structure exploited by the outer trip-pattern-based formulation, and on the right
is the structure of a single pricing problem exploited by the inner segment-pattern-based
formulation.

3 Algorithmic Components

While our arc-based formulation (Section[2.1]) can be solved with a standard MILP solver,
the pattern-based formulations presented in Sections [2.2.1 require branch-and-price
algorithms.

3.1 Primal Heuristic

We use a problem specific primal heuristic that works on the original problem. The main
idea is to transform the problem into a shortest path problem for each trip by constructing
a new graph using a given set of allowed stations. If the constructed graphs are connected,
a shortest feasible path is computed for each trip. We have adapted the construction used
by the approximation algorithm presented by Willamowski, Ganz, and Mithmer (2020)).
Instead of using the actual station costs, we set all station costs to 0. To prevent the
heuristic from repeatedly computing the same solution, we restrict the set of stations
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based on the current fractional solution to the restricted master problem. Note that for
a given fixed set of stations (i.e., F'* is known in advance), the primal heuristic computes
an optimal solution if a feasible solution exists: the given stations can be used at no
additional cost, and by construction a shortest path is computed for each trip such that
the range is not violated. Thus, the path costs of the trips are minimum with respect
to the provided stations. From the heuristic’s solution, a solution to the master problem
is created. Since the heuristic works on the original problem, it may find solutions that
cannot be represented by the current variables of the restricted master problem. In this
case, we generate them and add them to the restricted master problem.

3.2 Pricing

Each of our pattern-based formulations comes with their own (restricted) master and
pricing problems. The restricted master problem in the current node of the branch-
and-price tree can be infeasible, e.g., at the root node (if there is no trivial solution) or
after branching. In this case, Farkas pricing (Achterberg, 2007)) is applied, and standard
reduced cost pricing otherwise.

3.2.1 Farkas Pricing

Exploiting the structure of our problem, we use a tailored Farkas pricing. We apply the
primal heuristic described in Section since it produces a feasible solution if and only
if the problem instance is feasible. We distinguish two cases. At start, if the restricted
master problem does not contain any priced variables yet, we run the algorithm with
multiple configurations to generate a set of initial patterns. We use static station costs
(set to 0 and to the actual costs) as well as dynamic station costs, which are iteratively set
to 0, see Willamowski, Ganz, and Mithmer, 2020. For each subsequent call to the Farkas
pricing procedure, the primal heuristic is run with all stations that are not disabled (e.g.,
by branching) and costs set to 0. After that, we know that either the current node is
infeasible, or which patterns we can add to make the restricted master problem feasible.

3.2.2 Reduced Cost Pricing

Depending on the used pattern-based formulation, the reduced cost pricing procedure
differs in whether the primal heuristic (see Section is called. For Arp and for the
outer master problem of Ay, we call the heuristic at each pricing iteration at the root
node and once when a new branching node is processed. For Ag and for single-trip
segment-pricing instances, including the inner solver of Ay, we invoke it at most once
per node after the initialization phase. We distinguish these cases because preliminary
experiments showed that the segment-pricing setting typically results in larger trees and
benefits from heuristic solutions found during branching. In contrast, for At and for the
outer master problem of Ay, more frequent heuristic calls at child nodes did not justify
their additional cost. For all formulations, we select the allowed stations provided to the
heuristic by evaluating the current solution to the restricted master LP. All stations whose
variables have a value of at least 7 € QQ>¢ in the current LP solution can be selected by
the heuristic. Preliminary tests have shown that invoking the heuristic with the threshold
7 = 0.5 yields comparable results to other thresholds or even multiple invocations with
different thresholds. If the heuristic is successful (i.e., the heuristic found a valid solution)
and we need new pattern variables, they are added to the restricted master problem and
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the primal bound is updated if necessary. Moreover, if all station variables are fixed, we
do not need to price new variables since the heuristic computes an optimal solution for the
specific set of stations. Otherwise, we price new variables by solving the pricing problems
using the current dual information. Then, the priced variables are added to the restricted
master problem and we update the current lower bound by computing the Lagrangian
lower bound using the results of the pricing problems and the current objective value of
the LP relaxation.
Outline of the main pricing procedure:

1. Run the heuristic with the allowed edges and all stations that currently have a
solution value of at least 7. For At and for the outer master problem of Ay, do this
at each pricing iteration at the root node and once when a new branching node is
processed. For Ag, including the inner solver of Ay, do this at most once per node
after the initialization phase.

2. Check whether all stations are fixed (e.g., due to branching).

e If so, no pricing is required. The result of the heuristic is processed and the
node is marked as solved.

3. Solve the pricing problems parameterized with the current dual information.

4. Update the current lower bound based on this iteration.

3.3 Cutting Planes

We use cutting planes in the master problem of Ag that are similar to knapsack cover
cuts (Achterberg, 2007). The cuts exploit (fractional) paths that would violate the range
limitation in the integer case. Figure [] shows an example of such a situation. We assume
that (for a fixed trip t) we have found a fractional path starting at segment s; using
variable )\, and ending at segment s, using variable \,, with

‘gt,sl,SQ - Z‘gt,s’ .

s'€Sy:
51<8'<s9
If )
épl + gpz + €t731752 > bt
and
/\pl +)‘p2 + th,S’ > |{3, € 5 | s1<s < 32}| -1,
s'eSy:
s1<s'<s2

then is a violated valid inequality:

Ay +Apy £ Ty S €S| s1 <6’ <so}|—1. (50)
s'eSy:
51<8'<s2
In addition to A\, and A,,, we can include other pattern variables belonging to s; and s,
in the inequality if the corresponding patterns would also violate the range. Hence, we

can lift to by choosing the bounds b; and by such that by + by + Et781782 > by

SNEY N+D By < €S |51 < <s}—1. (51)
pePt,sl: PEPt,SQZ s'€8y:
£p>b by>by  S1<8'<s2
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Finally, a path can start or end with a shortcut instead of a pattern. Let

Xbl’b2 = {i't,s’ ’ s’ c St, S < s’ < 82} U {i’qul | Equl > bl} U {0@52 ‘ Zt,SQ > b2}

t,s1,82

denote the set of all shortcut variables relevant for this extension. We can then again lift
(51) resulting in ((52)

SN+Y N+Y < eSS [si<s <s}—1. (52)
PEP:s;: pEP syt zeoxt1ob2
lp>bi fy>by o2

These inequalities are valid for the MSLP and do not cut any feasible integer solution
because for every feasible integer solution there exists a segment s € S; with 51 < s < 59
for which all related variables are zero since otherwise the range bound would be violated.
Thus, the sum of the variable values of any presented inequality is at most [{s’ € S; | s1 <
s' < s9}| — 1. Since these cuts are added to the master problem, the pricing problems
must handle the new dual values. Let 7, denote the associated dual value of cut r, which
is added as a new row to the master problem. We need to add

- Z 71—7“1‘1‘,,51,2'

i€F:

Ly sq,i>b1

to the objective function of the pricing problem of s; and

- Z ﬂ-T"/‘Et,SQ,Z'
. i€F:
Lt sq,i>b2

to the objective function of the pricing problem of s; (see Section . Therefore, in the
graph used to solve a pricing problem, we must adapt the lengths of the edges entering
the sink or leaving the source if they violate the maximum range b; or bs, respectively.
This modification cannot lead to negative distances in the graph because 7, < 0. Thus,
we do not need to worry about negative lengths when solving a pricing problem even in
the presence of these cuts.

Note that these valid inequalities can also be obtained by using an idea described
by Wolsey (1990). This is achieved by aggregating the range-coupling constraints ,
, and . For a trip ¢t € T and two segments s, sy € S; with s; < s9, we obtain
a knapsack constraint by combining the inequality of corresponding to segment sq,
the inequalities of corresponding to all segments s’ € S; with s; < s’ < s, and the
inequality of corresponding to segment s,. Because of , any sum of pattern and
shortcut variables of a segment is bounded from above by 1. Thus, we can apply the
idea described by Wolsey (1990) to the obtained knapsack constraint with respect to the
upper bounds implied by .

Furthermore, the inequalities can also be translated to the arc-based formulation. By

replacing the pattern variables in , we get .

Zit,m,f + Z-@t’SQ,‘f +Zf < ‘{3/ €S, ‘ s < s < 82}’ 1 (53)
5 feF: fEF: feXbl’bQ
b sy, 7>b1 ét,527f>b2 t,51,82

Thus, we can separate the cuts while solving the arc-based formulation as well as while
solving the pricing problems of Ar.
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Figure 6: A part of a fractional solution is visualized. The graph shown is not the
underlying instance graph. The circles represent stops of a trip (two consecutive stops
belong to a segment as start and end). The rectangles are copies of station nodes. For
each segment all possible stations are available (here we have 2 stations). In this example,
b, is equal to 8. The edges show the (fractional) path used by the current solution. A tuple
(a,b) corresponds to the (fractional) value a of the solution variable and to the length b
of the edge. The dashed edges belong to a path that would be invalid in the integer case.

We separate cuts for each trip at each tree node by a single-pass greedy scan over
consecutive segments. The procedure maintains one current fractional path. For each
segment, it inspects shortcut variables and positively valued pattern variables of the
current LP solution. If the current path can be extended by a shortcut, the shortcut is
used. Otherwise, the current segment closes the current candidate path and starts a new
one. Whenever the accumulated length exceeds the trip range, we derive a candidate cut
and check explicitly whether it is violated. If the current segment is represented by a
shortcut, we discard the first segment of the current fractional path and continue with
the remaining path, so that the previous second segment becomes the new first segment
of the updated path. This is a heuristic separation procedure and may miss violated cuts.

3.4 Branching

In order to obtain integer solutions, we have implemented multiple branching strategies.
At every tree node we decide which one should be used. This is done by static rules and
a pseudo-cost branching scheme.

3.4.1 Branching on Station Variables

The first type of branching candidates is used by Ar, Ag, and Ay. All fractional station
variables y; with f € F' are branching candidates. When such a candidate is selected,
we branch directly on the corresponding variable. Since these are binary variables, the
branching decisions correspond to selecting or forbidding the station f, i.e., the variable is
fixed to 1 or 0 in the master problem. In addition, the pricing problems can no longer use
this station if it is forbidden. This can be achieved by fixing the corresponding variables
(of the pricing problems) to 0 or by removing the corresponding node from the graph so
that it cannot be selected by the shortest path algorithm.
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3.4.2 Branching on Shortcut Variables

In addition to fractional station variables, Ag may encounter fractional shortcut variables
Z;s with t € T', s € S;. Therefore, we also use these variables as branching candidates.
When such a candidate is selected, we branch directly on the corresponding variable.
Since these are binary variables, the branching decisions correspond to forbidding any
station or enforcing at least one station in the segment s, i.e., the variable is fixed to 1
or 0 in the master problem. The pricing problem of the corresponding segment does not
need to be called anymore if the shortcut variable is fixed to 1 (and all pattern variables
of this segment can be fixed to 0).

3.4.3 Branching on Distances

The last branching candidates, used exclusively by Ag, refer to fractional sums of pattern
variables A\, with p € P, ,,t € T', and s € S;. They are closely related to the cuts described
in Section [3.3] We look for a fractional path (for a fixed trip ¢) that would violate the
range in the integer case. Such a path starts with leaving a segment s; € S; and ends
with entering a segment s, € S; with s; < s5. All segments between s; and s, must not
visit any station, i.e., for all segments s’ € S; with s; < s’ < sy the value of 7, ;, must be
1. We assume that we have found such a path starting with pattern p; € P, 5, and ending

with pattern p, € P, 5,. Let B B
£t751732 - Zét,s’
s'€Sy:
51<8'<s9

denote the length of the segments between s; and s;. The branching is realized by creating
three child nodes, each covering another restriction that would invalidate the path. We
calculate two length bounds and to define the two sets By = {\, | p € P.s, AL, >

b1} and By = {\, | p € P, AL, > by} such that \,, € By, A, € By, and By N By = 0,

- ¢ - N _
by=0, — — (0 40 0. —b) 54
1 P1 €p1+€p2 (Pl D2 t,51,52 t) ( )
b2 - bt - bl - Et,sl,sz . (55)

In addition, we define the set By = {Z; ¢ | s1 < ¢’ < s}, which contains all shortcut
variables between the first and second segments (whose values are equal to 1). The first
branching node fixes the variables of By to zero, the second of By, and the third enforces
that not all shortcut variables of Bs are equal to 1. In case that all shortcut variables
of Bs are fixed to 1, the third node can be omitted as it would be infeasible and can be
pruned. Figure [7| depicts the branching decision (in the master problem). No feasible
solution is excluded because we have by = by + by + lz,slm and, thus, solutions that do
not belong to any branch would violate the range. In the pricing problem, we need to
ensure that we do not generate patterns that violate these bounds. Therefore, we remove
all edges from the graph that do not satisfy the branching decision, i.e., all starting or
ending edges that are too long. As a result, we can still use our shortest path approach
to generate new patterns. Since the violated cutting planes are not separated exactly, it
can happen that we find a violated cutting plane while examining the distance branching
candidates. In such a case, we add this cutting plane and perform no branching.
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Figure 7: The nodes created with respect to a distance branching candidate are shown.
The constraints of the first and second branch can be enforced by fixing the affected
pattern variables to 0. The third branch is realized by a linear constraint that is added
to the master problem.

3.4.4 Completeness of the Branching Scheme

For At and for the outer master problem of Ay, it is sufficient to branch on station
variables. Assume that we have an LP-feasible solution in which all station variables are
integral. Then, for each trip t € T, every positively valued pattern variable uses only
stations whose station variable is equal to 1. If, for some trip ¢, more than one pattern
variable is fractional, all positively valued pattern variables for that trip must have the
same objective coefficient. Otherwise, we could improve the LP solution by shifting weight
from a more expensive feasible tour to a cheaper one. Hence, for each such trip, we can
set one positively valued pattern variable to 1 and all other positively valued pattern
variables of that trip to 0 without destroying feasibility or changing the objective value.
Repeating this argument trip by trip yields an integral solution with the same objective
value.

For Ag and for the inner solver of Ay, station branching alone is not sufficient because
fractional pattern and shortcut variables can induce a fractional path that would violate
the range in the integer case, as illustrated in Figure [f, Whenever such a path exists, we
either separate a violated cut, apply distance branching, or branch on a shortcut variable.
Consequently, if no branching candidate is available, all station and shortcut variables
are integral and no fractional path violating the range remains. Hence, every remaining
fractional path is feasible in the integer case. By LP optimality, all positively valued
feasible paths of a trip must then have the same cost. Otherwise, we could improve the
LP solution by shifting weight to a cheaper path. Therefore, we may choose one such
path for each trip without worsening the objective value.

3.4.5 Selection of a Branching Candidate

At each node that requires branching, we must decide which branching candidate to use.
All approaches rely on a branching score calculated using strong branching (Achterberg,
2007) and pseudo-costs (Achterberg, 2007).

For At and for the master problem of Ay, only fractional station variables are con-
sidered as branching candidates.

For Ag, we use a hierarchical selection process if the current instance consists of
multiple trips. We first consider station variable branching candidates. If no fractional
station variable is available, we consider distance branching candidates. If neither a
station nor a distance branching candidate is available, we consider shortcut branching
candidates.

For single-trip instances, Ag (including the inner solver of Ay ) uses a modified selection

20



process of branching candidates. We collapse the hierarchy and evaluate all branching
candidates at once. The final choice among the evaluated candidates is based on the
same branching score. Preliminary experiments indicated that this variant yields better
performance for such single-trip instances.

We prefer station branching in the multi-trip setting because we observed that fixing
station variables helps the primal heuristic (see Section and may affect multiple trips.
As a result, the overall solving process can benefit from a strong primal bound during
branching.

To select a branching candidate, we rely on pseudo-cost values (Achterberg, 2007)).
For all branching candidates, pseudo-cost values are maintained that are used to predict
the objective gains if we branch on a candidate. Let j € {1,2} be a branch’s direction
(first or second branch). Then, the pseudo-cost value 1)y, ; is the normalized objective
gain we expect when we branch on candidate h. For a branch, we know the fractional
part dp,; of the solution values restricted by that branch. For example, if we branch on
a station variable with value 0.4, the fractional parts are 0.4 and 0.6 (first branch and
second branch). Using these values, we can calculate the predicted objective gain of a
branch

Whenever we have to decide between branching candidates, we calculate the branching
score

Oh = Gn,1 " 9h2 (57)

for each branching candidate h. We choose a candidate with the highest branching score.
After branching we need to update the pseudo-cost values. The experienced objective
value gain is used to update the pseudo-cost values by calculating

e 1 Zighﬂd o learent
Uhi =+ © (péwp —Unj |, (58)

where k is the number of branchings performed on branching candidate A and zfg}ﬂd and
zﬁfrent are the objective values of the master problem’s relaxation of the child and parent
nodes, respectively. If we have branched only a few times (or not at all) on a branching
candidate, we have no reliable pseudo-cost values available (all are initially zero). Then,
strong branching is used to compute the objective gains. If we have branched at least five

times on that candidate, we use the pseudo-cost values to predict the objective gains.

3.5 Preprocessing

In a preprocessing step we reduce the size of the original problem instance by removing
inactive members of the station-linking constraints , , and . In other words,
if a station assignment cannot be part of an optimal solution, we can forbid it. This
preprocessing exploits the triangle inequality with respect to ¢. We identify such as-
signments by using a solution provided by the heuristic, which is run at the beginning of
the solving process. The preprocessing considers each trip separately. The idea is that
assigning a station to a distant segment can cause such high detour costs that the path
of a known solution for that trip dominates all possible paths that use this assignment,
even if no other trip uses any of the selected stations. L.e.; if the minimum cost of a path
visiting a station in a particular segment is larger than the sum of the installation costs
of the used stations and the cost of a path used in another valid solution with respect to
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a single trip, we can forbid that station for this segment. In the trip-based formulation,
if this is true for all segments of a trip, we can forbid the station for the entire trip. In
the segment-based formulation, we forbid the corresponding segment-station assignments.
We use this preprocessing throughout the computational study.

We exclude all variables that correspond to edges that violate the range of the trip.
Furthermore, we do not have to include the corresponding inequalities of @, , ,
and for the first segments.

3.6 Implementation

We solve the arc-based formulation f using the C++ interface of Gurobi 9.5.2
(Gurobi Optimization, LLC., 2023). Our branch-price-and-cut implementation is based
on SCIP 8.0.2 (Bestuzheva et al., [2021)), which provides a C/C++ API. The solver was
built on Debian 11 using g++ 10.2.1.

In addition to the model reductions from Section [3.5] we exploit presolving routines
provided by Gurobi and SCIP to strengthen the formulations before the main solution
process starts. For example, redundant variables, such as the range variables assigned to
the last segment of a trip, are removed.

For the arc-based approach, we register the primal heuristic and the problem-specific
cuts through Gurobi callbacks. The heuristic is executed once at every tree node, and cut
separation is performed whenever Gurobi has solved the LP relaxation to optimality.

For the branch-and-price approaches, we use SCIP because it provides a state-of-
the-art branch-price-and-cut framework that allows us to focus on the problem-specific
algorithmic components. In particular, we implement custom plugins for pricing, branch-
ing, and cut separation. Moreover, we use the Boost Graph Library (Siek, Lee, and
Lumsdaine, 2001) (version 1.75) for the shortest-path computations arising in the pric-
ing problems and in the heuristic. Parts of the implementation (mentioned below) are
parallelized using OpenMP (OpenMP Architecture Review Board, 2018)).

The SCIP-based implementation is centered around a SCIP object that manages the
restricted master problem, that is, we do not maintain separate SCIP structures for the
original problem. We include the default plugins but disable SCIP’s default separation
routines. The main component is the pricer, which performs Farkas pricing and reduced
cost pricing and generates new variables by solving the corresponding pricing problems
through designated SCIP callbacks.

For branching, we register a branching rule that is executed before SCIP’s default
branching rules. We use SCIP’s strong branching and pseudo-cost machinery to evaluate
branching candidates by means of SCIP’s branching score. Once a candidate has been
selected, the branching rule creates the corresponding child nodes and attaches branching
constraints to them. These constraints are enforced by a dedicated constraint handler,
which updates variable fixings and the pricing problems whenever branching constraints
become active or inactive.

We also implement a custom separator and disable SCIP’s default separators. The
separator searches for violated problem-specific cuts, works on multiple trips in parallel,
and is called at every node of the search tree.

The implementation of Ag maintains explicit data structures for all pricing problems.
Each pricing problem is represented by a graph, and a shortest-path algorithm is used to
solve it. By default, these graphs are cached and modified only as needed during pricing.
For large instances, caching can be disabled to reduce memory consumption. Since each
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shortest-path computation returns only one path, each pricing problem generates at most
one new variable per call. Because we solve pricing problems in parallel, we add new
variables to the master problem in a deterministic order so that runtime variations do
not affect the overall solution process. For Ar, the pricing problems are solved by Gurobi
using the implementation of A,, that is, the arc-based formulation together with the
primal heuristic and the cuts. Likewise, Ay uses Ag as the solver for its pricing problems.
For At and Ay, we rebuild the pricing models in each pricing iteration instead of reusing
them across iterations. This keeps preprocessing and the removal of unnecessary variables
aligned with the current cost vector. Within Ay, each inner segment-pricing solve still
uses the cached graph representation.

The actual heuristic computations are triggered from the pricing routines because
the heuristic may produce solutions that are not representable by the current restricted
master problem. In such cases, the missing variables are generated and added before the
solution is processed by the master problem. The heuristic is also registered as a SCIP
plugin, but its callback is used only to submit previously computed solutions to SCIP. If
static station costs are used, the heuristic can process multiple trips in parallel.

4 Experiments

We experimentally compare the performance of the arc-based formulation and the pattern-
based formulations solved with branch-price-and-cut. For Ag, the problem-specific cuts
are treated as an integral part of the final solver. Preliminary runs without these cuts
led to a severe degradation in performance, so we do not report this variant separately.
First, we present the instance sets and the platforms used. We then evaluate and discuss
the results.

4.1 Platform and Instances

For our experiments, we generated random instances based on instances of the TSPLIB
(Reinelt, [1991)), excluding instances with more than 500 nodes. We processed the TSP
instances using the Python library tsplib95 (version 0.7.1). Each instance inherits the
graph of the corresponding TSP instance and the cost of an edge is equal to its length,
so ¢ = cP. A station can be placed at any node (i.e., F' = V). Let Cuips = Yoser Yoses, Chs
be the total cost of all trips without detours. Then, we balance the trip and station costs
such that the cost of building 20% of the stations is equal to cyips (i-e., 20% of the stations
are worth the same as a detour that doubles the trip cost). Hence, we uniformly set the
installation cost of all stations f € F' to

CF(f) _ 5Ctrips .
||

We have created two instance sets, I; and I;. Both instance sets contain the same number
of instances with the same sizes (in terms of number of nodes and number of trips): for
each TSP instance we created instances with 10, 20, 30, and 40 trips. In addition, for both
instance sets and for each trip, the number of stops was chosen uniformly at random from
[2,1/|V|]. For instances of I, a stop of a trip was chosen uniformly at random from the
set of all nodes without its direct predecessor. In contrast, for instances of I, a (new) stop
of a trip was chosen based on a normal distribution and based on the distances to the last
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three (already chosen) stops. Let s be the total length of all trips, i.e., liyips = Ctrips-
We use the same range
2 Uiy
b — | 2 rips
'* L’a 7] J

for all trips t € T, which ensures that a trip of average length cannot be completed
without visiting at least one station. We ran these experiments on Debian 11 computing
nodes equipped with two Intel Xeon L5630 processors (providing 16 logical processors in
total) and 128 GB of DDR3 RAM. We enforced a time limit of one hour. All reported
branch-price-and-cut runs use the preprocessing described in Section [3.5]

Moreover, we created one large instance based on real-world data. For this purpose, we
used public GTFS data (MobilityData, 2019), containing public transportation schedules
including stops and routes. We decided to use data of an intercity bus service. The data
contain trips offered in Europe from January to March 2020. Since the raw data are not
directly suitable for our purpose, we preprocess them as follows. We restrict attention
to bus trips and remove trips of other types. First, we aggregate stops with the same
postal code and choose as representative the stop that occurs most frequently in the
data. Second, we merge representative stops whose routed distance in both directions is
below 10 kilometers, again keeping the more frequently used representative. If clustering
creates consecutive identical stops within a trip, we remove duplicates and discard trips
that collapse to a single stop. We also remove trips that are contained as consecutive
subsequences of other trips. Since the range of electric buses is roughly between 90 and
550 kilometers (Automotive World Ltd, 2021} Perumal, Lusby, and Larsen, [2022), we set
the range to 250 kilometers and remove trips whose total routed length, rounded down
to kilometers, does not exceed this value. After preprocessing, the final instance contains
1644 nodes, 2408 trips, and 17405 segments. Furthermore, all nodes are possible locations
for stations. We computed directed routes between all remaining nodes with travel time
as objective. The length ¢ of an edge corresponds to the routed distance in kilometers and
the cost ¢ to the routed travel time in minutes. The underlying route lengths and route
times are rounded down to kilometers and minutes, respectively. Hence, the instance is
a discretized approximation of the routed network. Minor numerical deviations from the
triangle inequality may therefore remain. Furthermore, we balanced station cost against
trip cost by setting the cost of one station to 15% of the average travel time of all trips,
ie.,

F Ctrips

c(f) {0.15 7] J 65
for all stations f € F. Thus, if the travel time of a trip would increase by more than this
value, it is beneficial to install a proper station (which does not imply a detour). We ran
this instance (without a time limit) on a Debian 11 workstation equipped with an Intel
i7-8700 processor (providing 12 logical processors in total) and 32 GB of DDR4 RAM.

4.2 Results and Discussion

In the following, we present and discuss the results of the conducted experiments. For
the synthetic benchmarks, we focus on three questions: which exact approach is compu-
tationally strongest overall, which approach yields the best bounds when the time limit
is reached, and how the branching behavior of Ag and Ay differs. The GTFS-based case
study serves a different purpose: it illustrates how the strongest approach behaves on
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Figure 8: Performance profile with respect to the solving times. The x-axis is truncated
for better readability. The right dot of each line corresponds to the proportion of instances
solved to optimality within the time limit.

a large transportation instance derived from public data. Appendix [A] reports the per-
instance solving times and gaps in Tables A.4) and the performance profiles for each
instance set and size category in Figure In the following, all box plots show the first,
second, and third quartiles of the data. Moreover, the whiskers in a box plot visualize the
range of all data points that fall within the range of the first quartile minus 1.5 times the
interquartile range and the third quartile plus 1.5 times the interquartile range. Outliers
are not shown unless otherwise stated. Figure |8 shows the performance profiles (Dolan
and Moré, [2002) with respect to the solving time, Figure |§| shows the proportions of
instances solved to optimality within the time limit for each synthetic instance family
and trip count, and Figure [10| summarizes the remaining relative gaps after an approach
terminated. The relative gap is defined as
Z—2z
gap = )
z

where z is the best found primal bound and z is the best computed dual bound. If
instances are infeasible and the solver detected this within the time limit, the gap is
recorded as 0%.

The aggregated performance profiles in Figure |8 show that Ay and Ag dominate the
other approaches. Overall, Ay is the fastest approach on the largest fraction of instances
(44.1%), followed by Ag (42.6%), and it solves 82.4% of all instances to optimality within
the time limit, compared with 77.8% for As. Figure [J] shows, however, that this over-
all comparison depends strongly on the instance family: Ag is consistently stronger on
the uniformly generated instances I1, where it solves between 78.8% and 100.0% of the
instances for each trip count, whereas Ay is consistently stronger on the more clustered
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Figure 9: Proportions of synthetic instances solved to optimality within the time limit.
The two plots correspond to the instance families I; and I, respectively.

instances I, where it solves between 83.3% and 97.0% of the instances. Thus, the nested
approach performs best overall, while the segment-pattern-based formulation remains
highly competitive on ;. The picture is similar if we look at the remaining gaps when
the approach terminates (either optimal or when the time limit is reached). Figure
summarizes these remaining gaps over all synthetic instances. Both Ay and Ag termi-
nate with markedly smaller gaps than At and A. As in the timing results, the appendix
plots show that Ag has an advantage on I;, whereas Ay is stronger on I,. Moreover,
Ar typically terminates with a smaller remaining relative gap compared to A,. This is
consistent with the fact that At manages to solve more instances to optimality within the
time limit than Ax. Note that the maximum remaining gap achieved by A, is infinite,
since it is unable to compute the required bounds for some instances.

Furthermore, we want to provide some insights into the branching behavior of Ag, Ar,
and Ay. Figure [11{shows that Ag requires branching on 96.4% of all synthetic instances,
whereas the branching incidence is only 8.7% for At and 14.8% for Ayx. Conditional on
branching, the median number of created tree nodes is 921 for Ag but only 2 for both At
and Ay. Hence, the main branching burden is specific to Ag, while the stronger outer
reformulation used by At and Ay usually suffices to prove optimality without branching.
Since At and Ay branch only rarely, the additional computational advantage of Ay over
Ar is primarily due to the nested pricing approach rather than a markedly different
branching behavior. Nevertheless, At has a lower branching incidence and requires fewer
branching nodes on average, indicating that it produces columns that are better suited
to reach integrality. Since both approaches rely on the same master problem, this leaves
room for improving Axy.
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synthetic instances.

Finally, we evaluate our approaches on a real-world instance. Preliminary experiments
with large real-world instances showed that Ay performs best among all our presented
approaches, which is consistent with the results presented earlier. In particular, the
memory requirements of A are so large that we were not able to run it on large real-world
instances. On such instances, even the restricted master problem of Ag dominates the
runtime, so that the advantage of the fast pricing problems vanishes. Therefore, we only
evaluate Ay on the real-world instance. The solving process terminated after 40.06 hours
with an optimal and feasible solution. The found optimal solution and two illustrative
high-detour trips are visualized in Figure A total of 297 stations are selected in the
solution. Table [I| reports the solve time, the number of selected stations, and selected
summary statistics of the resulting travel-time increases.

Figure [I3|summarizes these travel-time changes over all trips. The left subfigure shows
the empirical cumulative distribution function (ECDF) of the relative travel-time increase
compared with the input trip times, and the right subfigure shows the ordered tail of the
50 largest additional travel times. On average, the travel time increases by about 1.2%,
and the median increase is about 0.2%. The mean additional travel time is 6.0 minutes
and the median is 1.0 minute. Even the 90th and 95th percentiles of the additional travel
time are only 15.0 and 24.7 minutes, respectively. Together, these diagnostics show both
the concentration of small changes and the magnitude of the worst affected trips.

The real-world instance also yields useful planning diagnostics. As Figure [13| shows,
most trips exhibit only small increases in travel time, while only a small tail incurs sub-
stantial additional travel time. These trips merit closer inspection in a planning study.
The two right-hand subfigures of Figure [12| show two illustrative high-detour trips. The
upper subfigure shows the most extreme case, which almost doubles its travel time and
incurs an additional 331 minutes. This suggests that the current candidate-station set
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Figure 11: Branching incidence and branching-node counts on the synthetic instances.
The right subfigure uses a logarithmic y-axis and considers only instances for which
branching occurs.

leaves poor charging opportunities in that part of the network, so the trip has to be
rerouted between distant stations. The lower subfigure is representative of a broader
pattern: several of the next-largest detours share essentially the same detour corridor.
Hence, adding candidate stations in that sparse area would not only improve one isolated
route but several of the most affected trips simultaneously. Table [2| summarizes the seven
repeated detour areas with the largest cumulative additional travel time over all segments.
We define a detour area by a set of inserted off-route charging stops used by segments in
the solution, and name it after the region of these stops. Detour areas are merged if one
is a subset of another. The table reports the number of affected segments, the cumulative
additional travel time, the share of the total additional travel time over all segments, and
the maximum additional travel time caused by the detour area. The listed seven areas
affect 361 trips and account for 44.1% of the total additional travel time. The table shows
both frequent moderate detours and smaller groups with much larger maxima.

This observation also supports our decision not to impose an explicit detour bound.
Large detours are rarely attractive in the optimum, but a strict bound could render such
an instance infeasible and would hide where the candidate-station set is too sparse.

5 Conclusion

In this paper, we study exact approaches to the (directed) multi-stop station location
problem. First, we present an arc-based mixed-integer formulation that can be solved
with any MILP solver. Then, we propose several pattern-based formulations solved by
branch-price-and-cut. Specifically, we propose a pattern-based formulation that assigns a
complete path to each trip and another formulation that assigns paths to the segments of a
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visualized. In the two right-hand subfigures, dashed lines indicate the original routes and
solid lines the detoured routes in the solution. Trips are represented by blue lines and
charging stations by red dots. The visualization relies on data licensed under the Open
Data Commons Open Database License (ODbL)) by the OpenStreetMap Foundation.
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Figure 13: GTFS travel-time diagnostics. The left subfigure shows the empirical cumu-
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right subfigure shows the 50 largest additional travel times, in minutes.
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Table 1: Summary statistics for the GTFS-based case study.

Statistic Value
Solve time (h) 40.06
Selected stations 297
Mean relative increase (%) 1.21
Median relative increase (%) 0.22
Mean additional travel time (min) 6.03
Median additional travel time (min) 1.00

90th percentile additional travel time (min)  15.00
95th percentile additional travel time (min)  24.65
Maximum additional travel time (min) 331.00

Table 2: Detour areas with the largest cumulative additional travel time over all segments.

Sum add. Share of Max add.
Detour area Segments time (min) total (%) time (min)
Mecklenburg-Vorpommern 41 1566.0 10.8 41.0
Central Serbia 7 1495.0 10.3 218.0
Budapest 74 949.0 6.5 31.0
Bourgogne 83 775.0 5.3 18.0
Campania 140 735.0 5.0 15.0
Banskobystricky 6 459.0 3.2 77.0
Castille and Leon 10 448.0 3.1 77.0

trip. Our approaches use a problem-specific primal heuristic and branching strategies, and
for the segment-pattern-based formulation also problem-specific cuts. We conduct exper-
iments using randomly generated instances based on TSPLIB instances. Our experiments
show that the pattern-based formulations clearly outperform the arc-based formulation.
Among them, the segment-pattern-based formulation is strongest on the uniformly gen-
erated instance family, whereas the nested approach performs best overall and is clearly
strongest on the clustered family. Moreover, we create a large instance using real-world
data of an intercity bus service to illustrate that the nested approach also scales to a large
public-data transportation instance. In fact, the nested branch-price-and-cut approach is
able to solve this instance to optimality in less than two days.

The primary purpose of our paper is to introduce a sound exact solution methodology
for a new combinatorial optimization problem that is motivated by, among others, in-
frastructure planning for electromobility. We therefore deliberately adopt a foundational
scope. Nevertheless, our work naturally suggests several extensions of different difficulty.
Some seem accessible with comparatively small changes to the model or even only the
data. For example, one might want to weight or prioritize trips individually or impose ca-
pacity limits at stations. Other extensions require more substantial changes but still seem
within reach with the presented setup, such as upper bounding the extra costs caused by
detours. Extensions that introduce an explicit timing component, for example to respect
charging profiles, would change the character of the problem more fundamentally. Yet,
we hope to have provided a solid foundation to build on in order to answer such questions
in the future.
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Table A.1: Achieved times (in seconds) for each instance of I; and approach.

10 trips 20 trips 30 trips 40 trips

Instances

AN As  Ar Ax  Ax As Ar Ax An  As Ar Ay Ax As  Ar  Aa
a280 1579 301 tl 2446 tl 1131 tl tl tl 1808 tl tl tl 2724 tl tl
att48 9 1 60 7 41 36 246 80 32 38 130 211 106 148 380 492
bayg29 4 1 8 1 6 11 25 17 6 15 20 19 13 32 47 35
bays29 3 1 6 6 2 2 11 5 3 20 15 32 2 40 15 85
berlin52 7 10 68 62 13 61 164 361 376 74 661 278 120 146 761 959
bier127 562 106 tl 2439 951 427 tl tl 1798 691 tl tl 1862 1299 tl tl
brazil58 9 6 159 60 72 41 412 285 70 191 649 605 168 94 1348 465
brg180 345 10 tl 152 284 42 1417 347 503 91 tl 531 621 65 901 534
burmal4 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
ch130 177 60 620 628 436 119 2866 1277 644 185 tl 1941 1220 421 tl tl
ch150 229 67 tl 966 2357 830 tl tl 2058 453 tl tl 1438 1769 tl tl
d198 1530 301 tl t1 tl tl tl tl tl 3030 tl tl tl1 1931 tl t1
d493 tl 1473 tl tl tl tl tl tl tl tl tl tl tl tl tl t1
dantzigd2 5 3 89 15 8 13 93 35 16 27 110 135 37 89 196 80
eil101 96 13 746 295 135 83 1936 1286 484 131 tl tl 331 201 3269 tl
eil51 21 15 241 36 40 25 288 123 26 29 258 140 66 63 412 282
€il76 35 14 629 116 81 38 411 349 90 121 1369 996 109 198 2310 2087
fl417 tl 1849 tl tl tl tl tl tl tl tl tl tl tl tl tl tl
fri26 1 1 4 8 6 4 22 11 5 12 20 13 4 5 32 32
gil262 2386 1085 tl tl 3267 1372 tl tl tl tl tl tl tl tl tl tl
grl120 60 23 1190 393 252 162 tl 1844 947 272 tl tl 3114 1481 tl 2646
grl37 171 44 785 104 680 243 3587 tl 1020 442 tl 2351 2924 1730 tl tl
grl7 0 0 0 0 0 0 2 1 1 0 2 1 1 1 6 4
gr202 1346 260 tl 2626 tl 757 tl tl tl tl tl tl tl tl tl tl
gr2l 0 0 0 0 1 1 6 2 2 7 6 8 2 8 6 8
gr229 662 206 2615 2387 tl 2294 tl tl tl tl tl tl tl tl tl tl
gr24 1 1 2 2 1 4 9 11 1 6 4 12 4 11 18 14
grda31l tl 2416 tl tl tl tl tl tl tl tl tl tl tl tl tl tl
gra8 5 2 30 18 110 8 244 62 9 12 164 95 29 41 228 641
gro6 75 14 957 87 109 48 322 596 269 139 1240 tl 403 914 tl tl
hk48 7 3 40 29 15 46 83 53 61 54 307 118 65 127 186 165
kroA100 74 15 481 143 74 52 679 985 2924 186 3561 tl 629 269 tl tl
kroA150 1999 42 tl 319 980 705 tl tl 830 401 tl tl 1611 692 tl tl
kroA200 544 128 2620 1188 1245 196 tl 2075 2820 801 tl tl tl 1752 tl tl
kroB100 54 13 643 218 361 72 900 615 468 229 t1 tl 430 272 3125 t1
kroB150 324 77 2460 tl 612 181 tl 1483 2726 449 tl tl 1271 1111 tl tl
kroB200 1655 122 tl 1801 2945 435 tl tl tl 878 tl tl tl 3239 tl tl
kroC100 101 25 541 341 423 79 tl 1958 279 152 3446 2405 980 515 tl tl
kroD100 60 10 152 173 197 60 1266 686 270 164 1378 978 717 478 tl tl
kroE100 117 27 494 225 193 181 1288 2055 137 82 2719 759 378 335 3586 tl
lin105 1241 11 1179 65 203 150 1338 1794 305 161 2985 tl 1603 245 tl tl
lin318 tl 951 tl tl tl 3419 tl tl tl tl tl tl tl tl tl tl
linhp318 1272 699 tl tl tl tl t1 tl tl tl tl tl tl tl tl tl
pcb442 tl 1107 tl tl tl tl tl tl tl tl tl tl tl tl tl tl
prl07 713 98 tl 801 469 357 tl tl 1500 456 tl tl 1188 tl tl tl
prl24 259 24 1583 347 1450 501 tl tl 576 881 tl tl 489 1016 tl tl
prl36 161 46 1114 522 tl 406 tl tl 976 717 tl tl 839 482 tl tl
prld4 303 210 2323 2767 tl 768 tl tl 397 318 tl tl tl 1874 tl tl
prl52 215 45 933 259 437 132 2884 1204 1478 731 tl tl 1119 636 tl tl
pr226 tl 2607 tl tl tl 2275 tl tl tl 1948 tl tl tl tl tl tl
pr264 1784 826 tl tl tl tl tl tl tl tl tl tl tl tl tl tl
pr299 tl 231 tl 1758 tl 798 tl tl tl 2233 tl tl tl 2924 tl tl
pr439 3169 791 tl 3056 tl tl tl tl tl tl tl tl tl tl tl tl
pr76 55 12 355 60 57 84 756 610 94 185 1434 tl 232 307 2272 3473
rat195 542 78 tl 358 1903 1188 tl tl 2878 467 tl tl tl 1507 tl tl
rat99 40 11 288 154 109 100 1349 1144 178 170 2528 1044 485 319 2894 tl
rd100 224 59 tl 876 421 133 tl tl 414 137 2232 tl 443 160 tl tl
rd400 tl 536 tl t1 tl 2515 tl tl tl tl t1 tl tl t1 tl t1
sil75 1340 193 tl 2570 2200 631 tl tl 2478 988 tl tl tl 2019 tl tl
st70 14 9 237 81 145 59 914 280 389 73 1211 1443 188 208 2130 tl
swiss42 20 7 95 20 15 35 101 68 24 67 189 101 59 125 165 129
ts225 896 359 tl tl 2380 537 tl tl tl 1132 tl tl tl 1368 tl tl
tsp225 445 113 tl 975 2981 482 tl tl tl 3271 tl tl tl 3378 tl tl
ulb9 144 38 1445 641 371 194 tl tl 1848 311 tl tl 1462 483 tl tl
ulysses16 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ulysses22 2 1 10 3 0 0 0 0 0 0 0 0 0 0 0 0

tl: time limit reached without proving optimality. Bold: shortest time per instance and number of trips.
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Table A.2: Achieved gaps (as percentages) for each instance of I; and approach.

10 trips 20 trips 30 trips 40 trips

Instances

Av As Ar Ax Ax A5 Ar Ax Ax As Ar Ax Ax As At Aa
a280 0.0 0.0 2.1 0.0 0.1 0.0 3.6 2.1 0.8 0.0 3.7 3.0 1.8 0.0 3.7 -
att48 0.0 00 00 O00 00 00 00 00 00 00 00 00 00 0.0 0.0 0.0
bayg29 0.0 00 00 00 00 00 00 00 00 00 00 00 00 0.0 0.0 0.0
bays29 0.0 00 00 O00 00 00O 00 00 00 00 00 00 00 0.0 0.0 0.0
berlin52 0.0 00 00 00 00 00 00 00 00 00 00 00 00 0.0 0.0 0.0
bier127 0.0 0.0 1.0 0.0 0.0 0.0 0.3 46 0.0 0.0 0.5 2.1 0.0 0.0 5.8 3.4
brazil58 0.0 00 00 00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
brg180 0.0 0.0 0.1 0.0 00 00 00 00 0.0 o0.0 20 0.0 0.0 0.0 0.0 0.0
burmal4 0.0 00 00 00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
ch130 0.0 00 00 00 00 oO00 00 00 0.0 o0.0 03 0.0 0.0 0.0 0.1 2.2
ch150 0.0 0.0 02 0.0 0.0 0.0 1.1 28 0.0 0.0 0.3 24 0.0 0.0 1.4 3.0
d198 0.0 0.0 1.7 09 0.0 0.8 4.2 2.1 1.0 0.0 6.8 2.5 1.4 0.0 4.9 3.2
d493 1.2 0.0 1.2 1.8 20 1.1 2.1 - 39 1.5 5.2 - 3.5 1.1 3.6 -
dantzigd2 0.0 00 00 00 00 00 00 00 00 00 00 00 0.0 o0.0 0.0 0.0
eil101 0.0 00 00 00 O00 O00 00 00 0.0 0.0 1.0 1.5 0.0 0.0 0.0 1.8
eil51 0.0 00 00 00 00 00 0O 00 00 00 00 00 00 0.0 0.0 0.0
eil76 0.0 00 00 00 00 00 OO0 00 00 00 00 00 00 0.0 0.0 0.0
417 1.3 0.0 2.7 1.5 24 0.8 5.3 - 24 0.5 2.7 - 26 0.6 2.6 -
fri26 0.0 00 00 00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
gil262 0.0 0.0 2.2 22 0.0 0.0 4.2 1.9 35 0.8 5.0 2.0 42 0.5 5.9 3.0
grl120 0.0 00 00 00 00 00 00 00 0.0 0.0 1.3 20 0.0 0.0 0.8 0.0
grl37 0.0 0.0 00 00 00 0.0 o0.0 1.1 0.0 0.0 05 0.0 0.0 0.0 5.6 3.3
grl7 0.0 00 00 O00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
gr202 0.0 0.0 1.8 0.0 0.7 0.0 9.0 3.3 3.2 0.9 6.2 2.3 2.8 2.0 6.4 3.7
gr2l 0.0 00 00 O00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
gr229 0.0 00 00 00 0.0 o0.0 4.8 2.4 23 1.3 4.0 2.8 4.2 2.7 7.8 7.3
gr24 0.0 00 00 O00 00 00O 0O 00 00 00 00 00 00 0.0 0.0 0.0
grda31l 1.0 0.0 2.9 0.6 1.7 0.5 1.9 - 2.6 3.3 5.0 - 3.2 1.0 3.3 -
grd8 0.0 00 00 00 00 0O 00O 00 00 00 00 00 00 0.0 0.0 0.0
gro6 0.0 00 00 00 00 00 O00 00 00 0.0 0.0 22 0.0 0.0 0.1 4.4
hk48 0.0 00 00 00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
kroA100 0.0 00 00 O00 00 00 00 00 00 0.0 0.0 3.0 0.0 0.0 0.0 2.2
kroA150 0.0 0.0 04 0.0 0.0 0.0 0.8 3.2 0.0 0.0 1.5 1.0 0.0 0.0 1.3 1.3
kroA200 0.0 00 00 00 0.0 o0.0 0.1 0.0 0.0 0.0 2.2 2.9 2.2 0.0 3.4 2.7
kroB100 0.0 00 00 00 00 00 00 00 0.0 o0.0 0.1 22 0.0 0.0 0.0 0.9
kroB150 0.0 0.0 0.0 1.1 0.0 0.0 0.3 0.0 0.0 0.0 1.6 22 0.0 0.0 4.3 1.4
kroB200 0.0 0.0 02 0.0 0.0 0.0 2.0 0.4 0.7 0.0 3.1 25 0.0 0.0 8.3 2.8
kroC100 0.0 00 00 00 00 0O 00 00 00 00 00 00 00 0.0 0.2 4.1
kroD100 0.0 00 00 00 00 00 o000 00 00 00 00 00 00 0.0 1.1 2.5
kroE100 0.0 00 00 00 00 00 00 00 00 00 00 00 00 0.0 0.0 1.9
lin105 0.0 00 00 00 00 00 O00 00 00 0.0 0.0 1.0 0.0 0.0 0.0 0.8
1in318 0.7 0.0 1.1 1.1 0.8 0.0 2.8 2.7 1.2 1.3 3.8 - 29 1.3 7.0 -
linhp318 0.0 0.0 0.5 1.5 1.3 0.9 4.2 1.9 59 0.7 3.3 - 1.5 1.6 3.4 -
pcb442 09 0.0 2.3 1.4 1.4 04 1.6 - 3.1 1.3 3.2 - 2.6 1.3 5.3 -
prl07 0.0 0.0 1.1 0.0 0.0 0.0 2.0 29 0.0 0.0 4.9 3.3 0.0 3.6 10.2 4.0
prl24 0.0 00 00 00 0.0 o0.0 4.7 3.7 0.0 0.0 0.2 34 0.0 0.0 1.2 2.4
prl36 0.0 0.0 0.0 0.0 0.5 0.0 1.0 28 0.0 0.0 0.3 27 0.0 0.0 6.7 1.8
prld4 0.0 0.0 0.0 0.0 0.2 0.0 2.1 34 00 0.0 0.0 1.6 0.8 0.0 2.0 3.4
prlb2 0.0 00 00 00 00 O00 00 00 0.0 o0.0 3.2 1.8 0.0 0.0 1.7 1.7
pr226 0.3 0.0 3.1 2.8 0.2 0.0 3.5 24 0.0 0.0 7.1 4.0 3.6 2.2 5.9 2.6
pr264 0.0 0.0 0.6 1.9 3.7 0.7 5.0 2.4 8.8 1.9 9.5 4.1 3.2 0.8 3.6 5.0
pr299 0.4 0.0 1.3 0.0 2.0 0.0 2.6 0.9 1.6 0.0 3.6 2.8 51 0.0 5.5 4.2
pr439 0.0 0.0 20 0.0 1.6 1.0 2.5 - 3.5 1.5 3.9 — 3.7 1.6 5.0 —
pr76 0.0 00 00 00 00 oO00 O00 00 00 0.0 0.0 1.0 0.0 0.0 0.0 0.0
rat195 0.0 0.0 09 0.0 0.0 0.0 4.3 29 0.0 0.0 2.7 0.4 0.3 0.0 3.5 3.0
rat99 0.0 00 00 00 00 00 00O 00 00 00 00 00 00 0.0 0.0 3.1
rd100 0.0 0.0 14 0.0 0.0 o0.0 0.5 20 0.0 0.0 0.0 1.1 0.0 0.0 0.0 1.8
rd400 0.1 0.0 2.6 0.6 1.5 0.0 1.9 - 2.5 1.3 4.6 - 23 1.1 2.5 -
sil75 0.0 0.0 14 0.0 0.0 0.0 2.1 27 0.0 0.0 2.7 2.9 0.1 0.0 2.5 2.5
st70 0.0 00 00 00 00 00 0O 00 00 00 00 00 00 0.0 0.0 1.9
swiss42 0.0 00 00 00 00 00O 00 00 00 00 00 00 00 0.0 0.0 0.0
ts225 0.0 0.0 0.2 20 0.0 0.0 0.7 1.2 0.1 0.0 4.1 2.6 06 0.0 1.9 4.3
tsp225 0.0 0.0 00 00 0.0 o0.0 2.5 06 0.0 0.0 4.7 2.3 50 0.0 7.3 2.6
ulb9 0.0 00 00 00 00 0.0 o0.0 1.3 0.0 0.0 0.8 1.4 0.0 0.0 1.2 1.2
ulysses16 0.0 00 00 00 00 00 00O 00 00 00 00 00 00 0.0 0.0 0.0
ulysses22 0.0 00 00 O00 00 00O 0O 00 00 00 00 00 00 0.0 0.0 0.0

—: no primal bound found within the time limit. Bold: smallest gap per instance and number of trips.
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Table A.3: Achieved times (in seconds) for each instance of I and approach.

10 trips 20 trips 30 trips 40 trips

Instances

Av  As At Ax A As A A AN As AT Ax Ax As AT Aa
a280 305 552 2445 1015 762 tl 3331 tl 2652 tl tl tl 3409 tl tl t1
att48 3 4 47 13 7 14 7 25 8 61 58 226 16 126 81 246
bayg29 2 1 6 3 2 5 9 8 9 33 39 33 T 18 19 34
bays29 1 1 4 4 2 8 10 13 5 13 23 21 2 18 20 25
berlin52 6 2 30 9 14 31 90 595 32 144 218 359 19 260 129 768
bier127 321 54 2570 443 245 147 2012 1635 700 tl tl t1 391 314 tl tl
brazil58 9 5 124 29 15 48 166 93 37 80 225 497 35 178 312 967
brg180 126 35 1027 551 193 100 1124 tl 557 1080 2986 tl 721 1900 tl t1
burmal4 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ch130 43 53 127 186 156 371 1123 tl 311 3144 tl tl 254 tl 1594 tl
ch150 42 64 233 218 119 2434 1243 tl 295 3310 tl tl 333 tl tl t1
d198 263 146 2338 1446 768 tl tl tl 3094 t1 tl tl 1709 tl tl t1
d493 tl tl tl tl t1 tl tl tl t1 tl tl t1 t1 tl tl t1
dantzig42 1 0 22 2 14 33 89 36 19 50 87 118 17 86 107 144
€il101 56 100 463 477 60 369 1726 tl 121 426 1466 tl 444 3430 tl tl
eil51 22 5 66 30 14 49 114 151 32 81 194 424 29 378 234 1045
eil76 3 7 31 61 52 54 396 463 128 291 729 t1 133 2595 1287 t1
fl417 903 tl tl 2386 697 tl tl tl tl tl tl tl t1 tl tl tl
fri26 3 1 8 5 2 3 11 9 2 5 8 15 3 22 24 26
gil262 240 tl 1802 tl 1527 tl tl tl tl tl tl tl 1359 tl tl tl
grl120 29 11 286 130 45 180 303 1770 84 344 550 tl 539 1511 tl tl
grl37 228 84 1856 570 252 207 1719 3309 237 793 1097 tl 1139 1570 tl tl
grl7 0 0 1 0 1 0 7 1 1 0 1 0 1 0 1 1
gr202 295 76 2004 943 1670 940 tl tl 2895 tl tl t1 t1 tl tl t1
gr2l 0 0 1 0 1 1 4 3 1 3 8 4 2 14 8 14
gr229 1769 2243 tl tl 2306 tl tl tl 2363 tl tl tl 2495 tl tl t1
gr24 1 1 4 3 0 0 1 1 0 3 2 3 2 7 8 15
grda31l tl tl tl tl tl tl tl tl tl tl tl tl tl tl tl tl
grd8 10 5 126 27 12 23 151 95 10 94 58 193 20 420 209 738
gr96 41 19 234 81 102 294 1234 tl 147 481 tl tl 94 873 1041 tl
hk48 4 3 38 19 19 17 162 57 79 136 305 390 25 276 124 338
kroA100 66 52 618 257 260 96 1320 653 105 660 1401 tl 167 2927 702 tl
kroA150 38 110 241 125 254 838 669 tl 399 2561 2659 tl 320 tl 2254 t1
kroA200 91 1020 637 2677 346 367 2043 tl 1850 tl tl tl 1070 tl tl tl
kroB100 30 21 153 184 49 155 478 1581 75 1283 999 tl 98 512 998 t1
kroB150 81 1417 455 2791 571 765 tl tl 305 tl 1726 tl 620 tl tl t1
kroB200 461 155 2999 2236 508 tl 3246 tl 894 tl tl tl 987 tl tl tl
kroC100 17 9 204 86 44 56 606 952 72 370 321 tl 230 888 1561 tl
kroD100 94 15 210 93 113 927 878 tl 109 511 606 tl 255 tl 2236 tl
kroE100 67 152 308 174 81 852 761 t1 69 537 526 t1 103 tl 750 t1
lin105 35 33 217 161 139 759 1778 tl 135 596 1028 tl 310 998 tl tl
lin318 370 2716 2375 2741 1072 tl tl tl 3016 tl tl tl 2683 tl tl t1
linhp318 425 2835 1953 tl tl tl tl tl tl tl tl tl t1 tl tl tl
pcb442 626 tl 1947 tl 1878 tl tl t1 tl tl tl tl tl tl tl tl
prl07 0 0 0 8 78 41 300 180 1 1 1 26 1 1 1 44
prl24 212 409 716 1241 147 3169 1328 tl 434 tl tl tl 132 tl 2305 tl
prl36 39 49 214 377 232 119 554 1398 208 1347 2020 tl 281 2336 1371 t1
prld4 84 1900 336 tl 132 1225 598 tl 358 2879 1775 tl 328 tl 2394 tl
prls2 40 1114 534 80 133 598 1312 tl 1420 tl tl t1 tl tl tl t1
pr226 56 tl 425 288 215 tl tl tl 2234 tl tl tl 999 tl tl t1
pr264 235 506 1222 501 524 tl tl tl t1 tl tl tl 2302 tl tl t1
pr299 477 2108 2089 1049 2038 tl tl tl 2729 tl tl t1 t1 tl tl t1
pr439 1525 tl tl tl tl tl tl tl tl tl tl tl tl tl tl tl
pr76 158 26 3074 73 51 107 724 1853 58 106 285 948 488 2677 2597 tl
rat195 86 672 629 682 192 268 1277 tl 1973 tl tl tl 1385 tl tl tl
rat99 27 32 167 189 48 248 553 tl 59 830 1105 t1 719 353 2341 t1
rd100 19 82 134 490 37 141 568 1359 70 3234 568 tl 157 2340 1189 tl
rd400 1305 tl tl tl 2417 tl tl t1 tl tl tl tl tl tl tl t1
sil75 150 254 413 902 509 tl 3519 tl 810 tl tl tl 880 tl tl tl
st70 38 29 309 102 59 68 343 1082 53 89 552 919 83 909 547 3099
swiss42 6 6 50 32 6 20 50 44 16 32 75 65 8 151 64 550
ts225 241 141 1025 777 710 1386 tl tl 1042 tl tl tl 2365 tl tl tl
tsp225 316 795 1553 827 1839 tl tl tl 1851 tl tl t1 tl tl tl t1
ulb9 50 130 613 612 359 1245 tl tl 422 3543 2122 tl 403 1707 tl tl
ulysses16 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
ulysses22 0 0 2 1 0 0 0 0 0 0 0 0 0 0 0 0

tl: time limit reached without proving optimality. Bold: shortest time per instance and number of trips.
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Table A.4: Achieved gaps (as percentages) for each instance of I, and approach.

10 trips 20 trips 30 trips 40 trips

Instances

Av  As Ar Ax A As AT Ay A As Ar Ay Av As  Ar Aa
a280 0.0 0.0 0.0 0.0 0.0 1.8 0.0 3.4 0.0 3.5 4.6 52 0.0 3.1 3.3 9.1
att48 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
bayg29 0.0 00 00 00 00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
bays29 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
berlin52 0.0 00 00 00 O00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
bier127 0.0 00 00 00 00 oO00 00 0.0 o0.0 2.5 1.1 6.8 0.0 0.0 0.2 0.8
brazil58 0.0 00 00 00 ©00 00 00 ©O00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
brg180 0.0 00 00 00 00 0.0 o0.0 1.7 0.0 0.0 0.0 6.0 0.0 0.0 0.6 5.5
burmal4 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
ch130 0.0 00 00 00 00 0.0 o0.0 44 0.0 0.0 o0.0 4.9 0.0 1.5 0.0 4.1
ch150 0.0 00 00 00 0.0 0.0 0.0 52 0.0 0.0 0.6 6.4 0.0 3.8 0.0 5.7
d198 0.0 0.0 0.0 0.0 0.0 3.7 0.5 34 0.0 2.2 3.4 3.8 0.0 4.1 4.2 4.4
d493 0.5 0.6 1.6 1.6 1.3 1.1 2.8 - 26 1.5 3.4 - 2.8 1.7 3.1 -
dantzigd2 0.0 0.0 00 00 00 00 00 00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
eil101 0.0 00 00 00 00 0.0 o0.0 65 0.0 0.0 0.0 3.1 0.0 0.0 0.3 6.6
eil51 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
€il76 00 00 00 00 00 00 00 00 00 0.0 o0.0 3.2 0.0 o0.0 0.0 6.3
fl417 0.0 1.3 0.3 0.0 0.0 1.4 1.9 2.5 0.1 2.4 5.7 29 0.1 4.0 6.5 4.9
fri26 00 00 00 00 00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
gil262 0.0 2.0 0.0 1.7 0.0 2.2 1.8 53 0.2 2.6 3.8 43 0.0 3.5 4.2 7.0
grl120 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 28 0.0 0.0 0.5 5.0
grl37 00 00 00 00 00 00 00 00 00 0.0 o0.0 34 0.0 0.0 3.1 3.1
grl7 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
gr202 0.0 00 00 00 0.0 0.0 3.2 1.9 0.0 1.3 4.1 3.0 0.4 1.8 5.3 2.8
gr2l 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
gr229 0.0 0.0 0.7 2.8 0.0 2.3 2.5 50 0.0 1.2 1.1 1.5 0.0 2.6 2.2 4.7
gr24 0.0 00 00 00 ©00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
grda31l 0.6 0.8 1.9 1.9 1.1 1.7 2.4 2.7 3.6 0.6 4.4 - 3.3 2.6 5.7 -
gra8 00 00 00 00 00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
gro6 0.0 00 00 00 0.0 0.0 0.0 3.1 0.0 0.0 0.0 39 0.0 0.0 0.0 5.7
hk48 00 00 00 00 00 00 00 00 00 0.0 o0.0 0.0 0.0 0.0 0.0 0.0

kroA100 00 00 00 00 00 00 00 00 0.0 0.0 o0.0 3.0 0.0 0.0 0.0 4.8
kroA150 00 00 00 00 0.0 0.0 o0.0 40 0.0 0.0 0.0 4.3 0.0 4.4 0.0 6.0
kroA200 00 00 00 00 0.0 0.0 o0.0 2.3 0.0 2.2 2.9 72 0.0 3.7 1.0 9.7

kroB100 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 57 0.0 0.0 0.0 5.6
kroB150 0.0 00 00 0.0 0.0 o0.0 0.1 3.6 0.0 22 0.0 52 0.0 2.1 0.2 5.5
kroB200 0.0 00 0.0 0.0 0.0 2.1 0.0 39 0.0 1.5 0.1 4.0 0.0 3.0 0.3 5.7

kroC100 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 3.2 0.0 0.0 0.0 6.1
kroD100 00 00 00 00 0.0 0.0 o0.0 38 0.0 0.0 0.0 3.7 0.0 2.9 0.0 5.2
kroE100 0.0 00 00 0.0 0.0 0.0 0.0 25 0.0 0.0 0.0 3.7 0.0 2.1 0.0 5.9

lin105 00 00 00 00 0.0 0.0 o0.0 1.6 0.0 0.0 0.0 42 0.0 0.0 0.1 3.8
lin318 0.0 0.0 0.0 0.0 o0.0 3.0 0.5 5.7 0.0 4.0 2.5 83 0.0 3.3 3.9 7.3
linhp318 0.0 0.0 0.0 1.2 0.4 2.6 1.2 4.5 0.1 4.5 5.9 8.3 0.1 3.2 2.8 9.5
pcb442 0.0 1.0 0.0 1.3 0.0 3.0 2.8 3.4 0.5 3.2 4.3 5.8 3.2 3.5 5.8 -
prl07 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
pri24 00 00 00 00 0.0 0.0 o0.0 4.0 0.0 3.7 0.0 6.7 0.0 4.4 0.0 8.3
prl36 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 48 0.0 0.0 0.0 5.0
prl44 0.0 0.0 0.0 08 00 0.0 0.0 52 0.0 0.0 0.0 5.8 0.0 3.3 0.0 7.5
prl52 0.0 00 00 0.0 0.0 0.0 0.0 1.6 0.0 2.6 5.8 6.1 0.2 5.3 0.8 10.8
pr226 0.0 1.2 0.0 0.0 0.0 4.1 2.4 54 0.0 3.0 2.3 44 0.0 3.9 6.1 6.7
pr264 0.0 0.0 0.0 0.0 0.0 1.8 0.2 29 0.2 1.5 4.0 3.2 0.0 3.3 10.6 5.5
pr299 0.0 0.0 0.0 0.0 o0.0 1.3 0.7 25 0.0 1.8 4.6 40 24 24 8.1 6.3
pr439 0.0 1.0 0.2 1.0 0.3 2.1 2.9 3.6 0.9 2.3 2.7 2076 1.8 3.0 4.1 -
pr76 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 0.0 0.0 0.0 0.0 5.2
rat195 00 00 00 00 0.0 0.0 o0.0 1.7 0.0 2.3 4.3 44 0.0 2.3 1.5 5.0
rat99 0.0 00 00 00 0.0 0.0 0.0 23 00 0.0 o0.0 42 0.0 0.0 0.0 2.7
rd100 00 00 00 00 00 00 00 00 0.0 0.0 o0.0 6.0 0.0 0.0 0.0 5.7
rd400 0.0 1.4 0.1 0.8 0.0 2.2 1.2 3.3 1.3 2.6 4.5 5.6 2.6 3.6 6.0 -
sil75 0.0 0.0 0.0 0.0 o0.0 3.8 0.0 84 0.0 5.1 1.5 109 0.0 3.7 3.8 9.6
st70 00 00 00 00 00 00 00 00 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
swiss42 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
ts225 00 00 00 00 0.0 0.0 o0.0 1.8 0.0 2.4 5.1 52 0.0 2.1 6.1 6.0
tsp225 0.0 0.0 0.0 0.0 o0.0 2.5 1.8 48 0.0 3.0 6.3 49 0.2 3.1 7.1 6.9
ul59 00 00 00 0.0 0.0 o0.0 0.8 28 0.0 0.0 0.0 43 0.0 0.0 0.0 3.9

ulysses16 0.0 00 00 00 00 00 00 00 0.0 0.0 o0.0 0.0 0.0 0.0 0.0 0.0
ulysses22 00 00 00 00 00 00 00 00 0.0 0.0 o0.0 0.0 0.0 0.0 0.0 0.0

—: no primal bound found within the time limit. Bold: smallest gap per instance and number of trips.

40



100% > 100%
-
80% 4
. .
g g
g g
g g
g 8 60% o
£ £
k) s
: :
2 2
£ £
o S 40% o
: :
2 g
2 2
20%
0 - 9 -
0% T T T T T 0% T T T T T T
1 20 40 60 80 100 1 5 10 15 20 25 30
performance ratio performance ratio
(a) Iy, 10 trips (b) I, 20 trips
100% 100%
80% - . 80%
. .
g g
g g
T 60% S 6%
£ £
k) s
: :
2 2
£ £
S 40% o S 40% o
: :
2 g
4 2
20% — An 20%
== As
- A
...... "
0% T T T T T T 0% T T T T T T T T
1 5 10 15 20 25 30 1 5 10 15 20 25 30 35 40
performance ratio performance ratio
(c) I, 30 trips (d) I, 40 trips
100% 100%
80% o 80%
. .
g g
g g
g g
T 60% 3 60%
£ £
k) s
: :
2 2
£ £
S 40% o S 40% o
: :
2 g
4 2
:
20% — An 20%
== As
- A
...... "
% T T T T 0% = T T T T T T T T
40 60 80 100 1 5 10 15 20 25 30 35 40
performance ratio performance ratio
(e) Iz, 10 trips (f) I, 20 trips
100% 100%
80% 80% "’H
. .
g g
g g
g g
T 60% 3 60%
£ £
k) s
: :
2 2
£ £
S 40% o S 40% o
: :
2 g
4 2
20% o 20% o
0% T T T T 0% T T T T T T

20 30
performance ratio

(g) Iz, 30 trips

performance ratio

(h) I, 40 trips

Figure A.1: Performance profiles with respect to the solving times.
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