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ABSTRACT. In the classical best approximation pair (BAP) problem, one is given two
nonempty, closed, convex and disjoint subsets in a finite- or an infinite-dimensional
Hilbert space, and the goal is to find a pair of points, each from each subset, which
realizes the distance between the subsets. We discuss the problem in more general
normed spaces and with possibly non-convex subsets, and focus our attention on
the issues of uniqueness and existence of the solution to the problem. As far as
we know, these fundamental issues have not received much attention. We present
several sufficient geometric conditions for the (at most) uniqueness of a BAP. These
conditions are related to the structure and the relative orientation of the boundaries
of the subsets and to the norm. We also present many sufficient conditions for the
existence of a BAP. Our results significantly extend the horizon of a recent algorithm
for solving the BAP problem [Censor, Mansour, Reem, J. Approx. Theory (2024)].
The paper also shows, perhaps for the first time, how wide is the scope of the BAP
problem in terms of the scientific communities which are involved in it (frequently
independently) and in terms of its applications.

1. INTRODUCTION

1.1. Background and contribution. The classical best approximation pair (BAP)
problem is the following problem: there are two nonempty, disjoint, closed and convex
subsets A and B in a finite- (i.e., Euclidean) or an infinite-dimensional real Hilbert
space (X, || -||), and the goal is to find a pair of points, each from each subset, which
realizes the distance between the subsets. In other words, the BAP problem is the

following minimization problem: to find a pair (a,b) € A x B such that
dist(A, B) :==inf{||la — b|||a € A,b € B}y =inf f(A x B) = f(a,b) = |la—b| (1.1)

where f : X? — [0,00) is defined by f(z,y) := ||z — y|| for all (z,y) € X2 This
problem has a long history which goes back to the classical 1959 work of Cheney
and Goldstein [27] (see also [53]) and, in some sense, even before (the paper [84] of
Nicolescu from 1938), and continues with various other works such as, e.g., [1,4,5,7,
9,10,23,36,50,52,57,64,65,68,75,77,113,116]. See also [18,43,46,54,55] for the
Euclidean linear case, namely when both A and B are affine subspaces and the space
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is Euclidean, and [38,48,105,110] for the case where one of the subsets is a point
(this is the so-called “best approximation problem”, that is, the problem of projecting
a point on another subset).

The BAP problem has many applications in science and technology: for applica-
tions in signal processing see [30,32,52,116], and for applications in solid modelling,
computer graphics, robotics, collision detection, computer aided design, virtual real-
ity and more, as well as for algorithms in convex and non-convex 2D and 3D Eu-
clidean settings, see the following very partial list of references and the references
therein: [17,25,26,40,44,45,47,50,62,72,73,88,92,103,104,106,119].

It can be seen that various scientific communities are involved in the research related
to the BAP problem. One of the byproducts of this wide involvement, often with weak
relations between the various participants and communities, is the widespread non-
uniform terminology which characterizes this domain of research. For instance, a BAP
may be called: “a distance pair”, “a proximal pair”, “a best proximity pair”, “closest
pair”, “near point pair”’, “proximal points”, “proximinal points”, “mutually nearest
points”. Anyway, if one restricts oneself to the mathematical community in general,
and to certain sub-communities in particular (such as the ones working in function
analysis, nonlinear analysis, optimization, convex analysis), then one can see that most
of their attention regarding the BAP problem has been focused on the above-mentioned
classical setting, but there are several works, which are scattered allover the literature,
which go beyond this setting, such as [66,76,83,86,102,107,114,115] (normed spaces
beyond Hilbert spaces, possibly nonconvex sets), [14, 35,67, 80-82, 84, 98] (metric
and non-metric spaces) and [75,78,111,117] (nonconvex sets in Euclidean spaces).
However, the focus of many of these works is on algorithmic or characterization aspects
related to the BAP problem or on other issues.

In this work we discuss the BAP problem in normed spaces which are more general
than Hilbert spaces and we allow possibly nonconvex subsets. We focus our attention
on the fundamental issues of uniqueness and existence of the solution to the problem
which, to the best of our knowledge, have not received much attention, especially
beyond the classical setting. While the core of our work are the new mathematical
results that we introduce, for the sake of completion, and also because (as it has turned
out) not everything has been smooth along the way, we also devote some space for the
historical aspect of the problem. Another contribution of this work is the semi-survey
conducted in this section which describes, perhaps for the first time, how wide is the
scope of the BAP problem in terms of the involved scientific communities which are
involved in it, frequently independently and without being aware of each other.

One of our main goals is to formulate conditions which will imply the (at most)
uniqueness of the BAP. Our motivation comes from the recent work [21] in which
we discussed the alternating simultaneous Halpern-Lions-Wittman-Bauschke (A-S-
HLWB) algorithm for solving the BAP problem in the Euclidean space R* (k € N),
under the additional assumption that both A and B are finite intersections of closed
and convex subsets, that is, A = N2} A; and B = N}_; B; for some m,n € N (this
assumption leads to the computational advantage that one can orthogonally project
iteratively onto the individual subsets A; and B;, i € {1,2,...,m}, j € {1,2,...,n}
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instead of projecting directly onto A and B, a task which can be rather demanding
from the computational point of view.). The practical importance of this scenario
stems from its relevance to real-world situations, wherein the feasibility-seeking mod-
elling is used and there are two disjoint constraints sets: one set, namely A, represents
constraints which must be satisfied (“hard” constraints), while the other set (i.e., B)
represents constraints which, hopefully, will be satisfied (“soft” constraints). In this
scenario the goal is to find a point which satisfies all the hard constraints and located as
close as possible to the intersection set B of the soft constraints. This goal leads to the
problem of finding a BAP relative to these two sets: again, see, e.g., [30,32,52,116|
and the references therein for applications in signal processing.

We showed in [21, Theorem 32] that the A-S-HLWB algorithm converges to a BAP
whenever it is known in advance that there is a unique BAP. This naturally leads to
the task of providing conditions, hopefully easy-to-verify, which ensure that there is
a unique BAP. In [21, Proposition 16(iii)] we presented a sufficient condition for the
uniqueness of the BAP: that A and B are compact, strictly convex (i.e., that their
boundaries do not contain nondegenerate line segments) and satisfy dist(A, B) > 0.
While the strict convexity condition covers a large class of cases, there are many cases
in which there is a unique BAP but the above-mentioned condition does not hold, and
a simple example was given in [21, Figure 3.1].

Here we generalize [21, Proposition 16(iii)] to all normed spaces, and present vari-
ous other sufficient (and sometimes necessary) geometric conditions for the (at most)
uniqueness of a BAP in a wide class of normed spaces. These conditions are related
to the structure of the boundaries of the subsets, their relative orientation, and to the
structure of the unit sphere of X. Roughly speaking, one of these conditions (Corollary
4.3 below) says that if the unit sphere of X does not contain nondegenerate intervals
(that is, if (X, || - ||) is strictly convex), and if either A or B is strictly convex, or if
the boundaries of both of them contain nondegenerate intervals but no interval from
the boundary of one subset is parallel to an interval contained in the boundary of the
other subset, then there is at most one BAP. Our analysis, which is illustrated by
various examples and counterexamples, also covers the case where both A and B are
finite intersections of closed and convex subsets. As can be seen from this discussion,
our results significantly extend the horizon of the A-S-HLWB algorithm.

In connection with the previous paragraph, we note that to the best of our knowl-
edge, the issue of the uniqueness of the BAP has been discussed so far in a limited
manner: in [107, Theorem 1.1] (a general normed space, but the proof suffers from
issues: see Remark 4.4(ii) below), [86, Theorem 3.1] (a strictly convex normed space:
see Remark 4.7(iii) below), [86, Theorems 6.1 and 6.2] (a general normed space, but
the conditions are hard to verify: see Remark 4.4(iii) below), [114] (a strictly con-
vex normed space: see the discussion before Theorem 4.8 below), [76, Section 4] (a
strictly convex normed space: see Remark 4.4(i) below), [1, Proof of Theorem 1]
and [21, Proposition 16 and Theorem 32| (a Euclidean space in both cases).

The issue of existence is considered in Theorem 5.1 below, which presents many
sufficient conditions for the existence of a BAP in various normed spaces and with
possibly nonconvex subsets. This theorem generalizes most of the published results
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and adds many more new ones. See this theorem and Remark 5.2 below for more
details regarding the known results (that we are aware of), for extensions and for
counterexamples. The existence of a BAP is important also because without it various
algorithms aimed at solving the BAP problem, such as the Dykstra algorithm [5], the
alternating projection algorithm [27, Theorem 4], [107, Theorems 1.2-1.4] (inspired
by von Neumann [112, Theorem 13.7, pp. 55-56]), and the A-S-HLWB algorithm [21,
Theorem 32], may not converge.

We finish this introduction by mentioning a few related, but somewhat different,
domains of research. The first deals with the feasibility problem in which AN B # ()
(in the special case where AN B is convex this is the convex feasibility problem, or CFP
for short), in contrast with the BAP problem which is mainly concerned with the case
where AN B = ) (namely the inconsistent feasibility problem): see, for example, the
following (very partial) list of references, as well as the references therein: [6,15, 16,
19,20,22,24,31,49,57]. The second domain of research deals with the so-called “best
proximity pair/points theorems”; here one starts with some space X, subsets A and B
of X, amapping T" defined on X (possibly multivalued, possibly with a non-full domain
of definition), and one is interested in finding conditions on A, B, X and T which ensure
the existence of some = € A such that dist(z,Tx) = dist(A, B), or variations of this
equation (our existence results might enlarge the pool of such sufficient conditions):
for a very partial list of related works, see [39,63,87,93,99,100,102,108] and the
references therein. The third domain of research deals with the issue of genericity
related to the BAP problem, say how much the set of all subsets A and B for which
the BAP problem has at least one solution, a unique solution and so on is large in some
well defined sense: see, for instance, [12,37,69,70,89] and the references therein. The
fourth domain of research is fixed point theory, since, as has already been observed by
Cheney and Goldstein [27, Theorem 2] in the setting where A and B are nonempty,
closed and convex subsets in a real Hilbert space (and where P4 denotes the orthogonal
projection operator onto A and Pg denotes the orthogonal projection operator onto
B), if (a,b) € A x B is a BAP relative to (A, B), then a = Psb, b = Pga, a is a fixed
point of P4 Pp and b is a fixed point of PgP,; conversely, if a = P4b and b = Ppa (and
then a is a fixed point of P4Pg and b is a fixed point of PgPy,), then (a,b) € A x B
is a BAP relative to (A, B). See [7,27,57,118] and the references therein for more
details and for possibly more general results.

1.2. Paper layout. Section 2 presents our notation and recalls a few known concepts.
Section 3 presents various auxiliary results. Section 4 presents several conditions which
ensure the (at most) uniqueness of a BAP, and Section 5 presents many sufficient
conditions for the existence of a BAP. Some of the results are illustrated by various
examples, counterexamples and figures presented in Section 6.

2. PRELIMINARIES

In this section we present some terminology and recall several known concepts and
results. Unless otherwise stated, our setting is a normed space (X, |- ||), X # {0}, but
since some of the notions below hold in a more general setting, such as metric spaces
and vector spaces, we sometimes consider these settings too. We denote by X* the
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dual of X. Given a subset A C X, we denote by A its closure, by A its boundary,
and by int(A) its interior. Given another subset B of X, the distance between A
and B is defined by dist(A, B) := inf{|la — b|||a € A,b € B} (if either A or B is
empty, then dist(A, B) := co). We say that B is proximinal with respect to A if for
every a € A there exists b € B such that d(a, B) := d({a}, B) = ||a — b||. We denote
A+B:={a+blac Ajbe Bland A— B:={a—0bla€ Abe B}. If Ais a linear
subspace, then we say that A is topologically complemented if A is closed and there
exists a closed linear subspace F' such that A @ F = X, that is, AN F = {0} and
A+ F = X. In this case we denote by 14 : X — A the linear projection onto A along
F, that is, if z € X is (uniquely) represented as z = z;+z; for some z; € A and 25 € F,
then I14(2) = z;. Similarly, [Tz : X — F denotes the linear projection onto I along A.
If F is finite dimensional, then we say that A has a finite codimension. We say that A
is an affine subspace if A = u+ A for some u € X and a linear subspace A in this case
we say that A is the linear part of A, and the dimension/codimension of A is defined
to be the dimension/codimension of A. We say that A is polyhedral, or a polytope, if
it is the intersection of finitely many closed real halfspaces, namely there are m € N,
fi€ X*and 5; e Rforalli e {1,...,m} such that A =N {x € X |Refi(z) < G;}.

Given two points ay and a; in X, the interval, or line segment, connecting them is
denoted by [ag, a1] := {a(t) := ag + t(ay — ap) |t € [0,1]}. This interval is said to be
nondegenerate if ag # a;. We denote by (ag,a1) := {a(t) |t € (0,1)} the open interval
connecting ag and ay, and by [ag,a;) = {a(t)|t € [0,1)} and (ag,a1] := {a(t)|t €
(0,1]} the respective half-open intervals. We say that A C X is strictly convex if for
all distinct points ag,a; € A, the open interval (ag,a;) is contained in int(A). Any
strictly convex set is obviously convex. A real line in X is an affine set whose linear
part is a one-dimensional real linear subspace. Given two real lines L and M in X, we
say that they are strictly parallel if they are disjoint and there is a real two-dimensional
affine subspace in which they are located; we say that L and M are parallel if either
they coincide or they are strictly parallel. Given two nondegenerate intervals [ag, a4]
and [bg, b1, we say that they are parallel (respectively, strictly parallel) if there are
two parallel (resp., strictly parallel) real lines L and M, such that [ag,a;] C L and
[bo, bl] Cc M.

We say that A is a generalized hypercylinder with a base C' and an axis L if A =
L + (C — ¢), where C' is a subset of X and L is a real line such that L N C = {c} for
some ¢ € X. In the special case where X is a real Hilbert space, L is a real line passing
via some point ¢ € X, and C is a ball with respect to L' whose radius is » > 0 and
its center is ¢, then A is a right (standard) hypercylinder; in the previous setting, if
the angle between L and C' is not m/2 but rather is strictly between 0 and /2, then
A is a tilted hypercylinder. See Figures 7-9 for a few examples in R? (Euclidean and
non-Euclidean norms).

We say that ((ag, bg))ren is a distance minimizing sequence in A x B if

lim [y, — byl = dist(A, B). (2.1)
k—00

The definition of dist(A, B) obviously implies the existence of at least one (not neces-
sarily convergent) distance minimizing sequence when A # () and B # (). We say that



6 DANIEL REEM AND YAIR CENSOR

(A, B) satisfies the distance coercivity condition if AU B is unbounded and

i T —yll = oo, 2.2
l(z,y)||—o0,(z,y)EAX B | l (2.2)

where [|(z,y)[| := v/[lz][* + [ly[* for all (x,y) € X*.

If a sequence (z)ren converges weakly to x € X, then we write z = (w) limy_, oo .
If X is a dual of a Banach space Y and (x)ren converges to z € X in the weak-star
topology, then we write z = (w*)limy_, 5. We say that A is weakly sequentially
closed if for every x € X and (z)ken in A, the condition x = (w) limy_, 2 implies
that x € A. Note that if A is weakly closed, then it is weakly sequentially closed (since
in general, if a subset is closed with respect to some topology, then it is sequentially
closed with respect to that topology), but the converse is not necessarily true even in
Hilbert spaces [8, Example 3.33, p. 60]. We say that A is weakly sequentially compact
if every sequence in A has a subsequence which converges weakly to some z € A (this
is a standard notion but occasionally, as in [42, Definition 11.3.25, pp. 67-68], one
requires less and gets less, namely that the limit z exists in X and not necessarily in
A). We say that A is locally compact if for every z € A there is a (non-degenerate)
closed ball D centered at z such that D N A is compact. We say that A is boundedly
compact if DN A is compact for every closed ball D.

Finally, we say that the underlying space X is strictly convex if its unit ball (and
hence any other ball) is a strictly convex subset. Equivalently, the boundary of the
ball does not contain nondegenerate intervals. Well-known examples of strictly convex
spaces are Euclidean spaces, Hilbert spaces, the sequence spaces ¢, (sequences with
possibly finitely many components) where p € (1, 00), the function spaces L,(£2) where
p € (1,00) and Q is a Lebesgue measurable set in R* for some k € N, uniformly
convex spaces, and sums of strictly convex spaces with the || - ||, norm (p € (1, 00)).
Well-known examples of spaces which are not strictly convex are the (1, £, L1(2) and
L () spaces. For more details and examples, see, for instance, [11,29,42,51,74,91].

3. AUXILIARY RESULTS

In this section we formulate and prove several auxiliary results which we need in
order to prove our main results. We start with the following two simple (and probably
known) lemmata whose proofs are presented for the sake of completeness.

Lemma 3.1. Given two nonempty subsets A and B in a metric space (X,d), one has
dist(A, B) = dist(A, B), where dist(A, B) := inf{d(a,b) | (a,b) € Ax B}. Moreover, if
ANB = 0 and there exists a BAP with respect to (A, B), namely a pair (ag, by) € Ax B
such that d(ag,by) = dist(A, B), then dist(A, B) > 0.

Proof. Since A x B C A x B, we have dist(A, B) = inf{d(a,b)|(a,b) € A x B} <
inf{d(a,b) [ (a,b) € A x B} = dist(A, B). For the converse direction, let e > 0 be
arbitrary. By the definitions of dist(A, B), A and B there are @ € A and b € B

such that d(a,b) < dist(A, B) + 0.5¢ and there are some a € A and b € B such that

d(a,a) < 0.25¢ and d(b,b) < 0.25¢. Thus, by the triangle inequality and because

dist(A, B) < d(a,b), we have dist(A,B) < d(a,b) < d(a,a) + d(a,b) + d(b,b) <
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0.25¢ + dist(A, B) + 0.5¢ 4+ 0.25¢ = dist(A, B) + ¢. This inequality is true for all
¢ > 0 and hence dist(A, B) < dist(A, B). The final assertion is clear because if
(ag,by) € A x B and ag = by, then AN B # (), a contradiction. Thus ag # by and
dist(A, B) = d(ag, by) > 0, as required. O

Lemma 3.2. Suppose that (X, ||-||) is a normed space and that A and B are nonempty
and disjoint subsets of X. Then dist(A, B) = dist(0A,0B).

Proof. Let € > 0 be arbitrary. By the definition of dist(A, B) there are a € A and
b € B which satisfy |ja — b|| < dist(A,B) + €. Let g : [0,1] — X be defined by
g(t) := a+ t(b— a) for every t € [0,1]. Since g(0) = a € A and g(1) = b € B,
the subsets {t € [0,1]|g(t) € A} and {t € [0,1]]|g(t) € B} are nonempty. Let
ty :=sup{t € [0,1]| g(¢t) € A}. Since g is continuous, for all n > 0 there is 6 > 0 such
that ||g(t) — g(t1)]] < n whenever |t —t;| < ¢ and ¢t € [0,1]. Since t; — 0 < t;, the
definition of ¢; implies that there is s € {t € [0,1] | g(t) € A} such that t; —d < s <1;.
This s satisfies ||g(s) —g(t1)|| < n by the choice of §. Since 1 was an arbitrary positive
number and since g(s) € A, it follows that in any neighborhood of g(¢;) there are
points from A. Now, if ¢t; = 1, then g(t;) = b ¢ A because AN B = (), and hence
obviously in any neighborhood of ¢(t1) there are points outside A. Thus g(t;) € JA.
Otherwise t; < 1, but then g(t) ¢ A whenever t; < t < 1 by the definition of ¢;, and
since g(t1) = limy, ¢~1, g(t) by the continuity of g, we see that also in this case in
any neighborhood of ¢(t1) there are points outside A. Hence g(¢;) € 0A. Similarly,
ty ;= inf{t € [0,1]| g(t) € B} satisfies ¢(t2) € OB. In particular 9A # () and 9B # ().
Thus dist(0A,0B) < ||lg(t1) — g(t2)|| = |t1 — t2||la — b]] < |la — b|| < dist(A, B) + e.
Since € was an arbitrary positive number, we conclude that dist(0A, 0B) < dist(A, B).
Conversely, since A C A and OB C B, we have dist(A, B) < dist(0A,0B), and
therefore Lemma 3.1 implies that dist(A, B) = dist(A, B) < dist(0A, B). O

Remark 3.3. Lemma 3.2 does not hold in every path connected metric space. Indeed,
suppose that X is the subset of R? defined by ([—2,2] x {—2}) U ({2} x [-2,2]) U
([-2,2] x {2}) U ({—2} x [1,2]) U ({—2} x [-2, —1]), that is, X is the subset obtained
by removing the line segment {—2} x (=1, 1) from the boundary (in R?) of the square
[—2,2]2. Let d : X? — [0,00) be the metric induced by the Euclidean norm, namely
d((Il, .1’2), (yl, yg)) = \/(l’l — y1)2 -+ (5132 — y2)2 for all (.Tl, 1’2), <y17y2) € X. Let A =
{—2} x [-2,—1] and B := {—2} x [1,2]. Then 0A = {(—2,-2)}, 0B = {(—2,2)},
AN B =0and 2 = dist(A, B) < dist(0A,0B) = 4.

We continue with the following definition. See Section 6 below for illustrations.

Definition 3.4. Let (X, || - ||) be a normed space, let ag,ar,bo, by € X and let A and
B be two nonempty subsets of X. We say that:

(1) (ag,bo) is a best approzimation pair (BAP) with respect to (or relative to) (A, B)
if ag € A, by € B and ||ag — bo|| = dist(A, B).

(i1) ([ag, a1], [bo, b1]) is a BAP of intervals with respect to (A, B) if for allt € [0,1] one
has a(t) € A, b(t) € B and ||a(t)—b(t)|| = dist(A, B), where a(t) := ap+t(a;—ap)
and b(t) = bo + t(bl — bg)
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(111) ([ao,a1],[bo, b1]) is a nondegenerate BAP of intervals with respect to (A, B) if it
is a BAP of intervals with respect to (A, B) and either ag # ay or by # by.

() ([ag, a1], [bo, b1]) is a strictly nondegenerate BAP of intervals with respect to (A, B)
if it is a BAP of intervals relative to (A, B) and both ay # a1 and by # by.

Lemma 3.5. Suppose that (X, ||-||) is a normed space and that A and B are nonempty
and convex subsets of X such that ag,a; € A and by, by € B. Then the following two
conditions are equivalent:
(i) (ao,bo) and (ay,by) are BAPs with respect to (A, B).
(i1) (a(t),b(t)) is a BAP with respect to (A, B) for all t € [0,1], where a(t) := ag +
t(a; — ag) and b(t) := by + t(by — by).

Proof. Condition (ii) obviously implies Condition (i). Conversely, assume that Con-
dition (i) holds. Since both (ag,by) and (ai,b;) are BAPs with respect to (A, B),
we have ||ag — bg|| = dist(A, B) = |la; — by]|. By the convexity of A and B and the
fact that a(t) = (1 — t)ag + ta; and b(t) = (1 — t)by + tby, we have a(t) € A and
b(t) € B for each t € [0,1]. Thus dist(A, B) < ||a(t) — b(t)||. On the other hand, the
triangle inequality and Condition (i) imply that |ja(t) — b(t)|| < (1 — t)||ao — bol| +
tllar — || = (1 — t)dist(A, B) + tdist(A, B) = dist(A, B) for all t € [0,1]. Hence
|la(t) — b(t)|| = dist(A, B) for all ¢t € [0, 1], namely Condition (ii) holds. O

The next lemma is related to, but definitely different from, [99, Proposition 3.1]
(which, by the way, has a minor gap in its proof, where it is claimed without a proof
that the line segment K defined there must intersect 0A; in this connection, see the
proof of Lemma 3.2 above).

Lemma 3.6. Suppose that (X, ||-||) is a normed space and that A and B are nonempty
and disjoint subsets of X. If (ag,bo) is a BAP with respect to (A, B), then it is a BAP
with respect to (0A,0B); in particular, ag € OA and by € OB. Conversely, if (ag,bo)
is a BAP with respect to (0A,0B) and A and B are also closed (in addition to being
nonempty and disjoint), then (ag,by) is a BAP with respect to (A, B).

Proof. Suppose first that (ag,by) is a BAP with respect to (A, B). Then |lag — by|| =
dist(A, B), and because of Lemma 3.2, we have dist(A, B) = dist(0A, 0B), namely,
lag — bo|| = dist(0A,0B). Therefore, in order to prove that (ag,b) is a BAP with
respect to (0A, dB) it remains to show that (ag, by) € OAx IB. Let r > 0 be arbitrary
and consider the open ball with radius r around ay. Obviously ag € A is in the ball.
In addition, let ¢t € (0, min{r/(||by — ao|| + 1),1}). A simple calculation shows that
a(t) := ag + t(bg — ap) is both in (ag,bp] and in the ball, and since ||a(t) — bo|| =
(1—1t)||ao—bol|| < ||lao—bo|| = dist(A, B), it follows that a(t) ¢ A because the distance
between a point from A and a point from B is at least dist(A, B). Since r > 0 can
be arbitrarily small, we have aqg € 0A. Similarly, by € 0B. Conversely, if A and B
are closed and that (ag,b) is a BAP with respect to (0A,0B), then ay € 0A C A,
by € OB C B and |jag — by|| = dist(0A,0B) = dist(A, B), where the last equality is
by Lemma 3.2. Hence (ag, by) is a BAP with respect to (A, B). O

Lemma 3.7. Let A and B be nonempty, convex and disjoint subsets of a normed space
(X, || -1). Assume that ag,a1 € A and by,by € B. If (ag,by) and (a1,by) are BAPs
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with respect to (A, B), then ([ao, a1, [bo, b1]) is a BAP of intervals with respect to both
(A, B) and (0A,0B). In particular, [ag,a1] € OA and [by,b1] C 0B.

Proof. Let t € [0, 1] be arbitrary. Lemma 3.5 implies that (a(t),b(t)) is a BAP with
respect to (A, B), and so ||a(t) — b(t)|| = dist(A, B). Because (a(t),b(t)) is a BAP
with respect to (A, B), Lemma 3.6 (with (a(t),b(t)) instead of (ag,bg)) implies that
(a(t),b(t)) is also a BAP with respect to (0A,0B). Thus, a(t) € 0A, b(t) € 0B and
|la(t) — b(t)|| = dist(DA, dB). Since [ag, a1] = {a(t) |t € [0,1]} and [bg, bs] = {b(¢) |t €
0,1]}, we have [ag,a1] C 0A and [by,b1] € OB. Thus, Definition 3.4 implies that
([ag, a1], [bo, b1]) is a BAP of intervals with respect to both (A, B) and (0A,0B). O

Lemma 3.8. Let A and B be nonempty, convex and disjoint subsets of a strictly
convez normed space (X, |- ||). If ([ao, a1], [bo, b1]) is @ nondegenerate BAP of intervals
with respect to (A, B), then it is a strictly nondegenerate BAP of intervals relative to
both (A, B) and (0A,0B). In particular, [ag, a1] is a nondegenerate interval contained
in A, and [by, b1] is a nondegenerate interval contained in 0B.

Proof. Since ([ag, a1], [bo, b1]) is a BAP of intervals with respect to (A, B), we have, in
particular, that (ag,bo) and (ai,b;) are BAPs with respect to (A, B). Hence Lemma
3.7 implies that ([ag, ai1], [bo, b1]) is a BAP of intervals with respect to (0A,0B). In
particular, [ag, a1] C 0A and [by, by] C 0B.

It remains to be shown that the pair ([ag, a1], [bo, b1]) is strictly nondegenerate. Since
this pair is a nondegenerate BAP of intervals with respect to (A, B), we have that either
ag # ay or by # by. Assume that ag # a;: the case by # b; can be treated similarly. If,
for the sake of contradiction, by = by, then this equality and the fact that (ag, by) and
(a1, by) are BAPs with respect to (A, B) imply that ||ag—bo|| = dist(A, B) = |ja;—b1|| =
la; — bo||. This equality means that both ag and a; are located on the boundary of
the ball whose center is by and its radius is dist(A, B), which is positive according to
Lemma 3.1. Since ag # a; and the space is strictly convex, the open interval (ag, a;)
is strictly inside this ball, and so, in particular, ags is strictly inside this ball. Thus,
|laos — bol|| < dist(A, B). On the other hand, since ags € A by the convexity of A
and since by € B, the definition of dist(A, B) implies that ||ags — bo|| > dist(A, B), a
contradiction. Hence by # by and indeed ([ao, ai], [bo, b1]) is a strictly nondegenerate
BAP of intervals relative to (A, B) (and relative to (0A,0B)). O

Lemma 3.9. Suppose that (X, || -||) is a strictly convex normed space and that A and
B are nonempty, convexr and disjoint subsets of X. If (ag,by) and (ai,by) are two
distinct BAPs with respect to (A, B), then both [ag, a1] and [by, bi] are nondegenerate
intervals, they are strictly parallel, [ag,a1] € OA and [by,b1] C 0B.

Proof. Since (ag,bo) and (aq,b;) are BAPs with respect to (A, B), Lemma 3.7 im-
plies that ([ag, a1], [bo,b1]) is a BAP of intervals with respect to (A, B), and since
(ag,by) # (a1, by), either [ag, a;] is nondegenerate or [by, b1] is nondegenerate. Thus
([ag, a1], [bo, b1]) is a nondegenerate BAP of intervals with respect to (A4, B), and since
X is strictly convex Lemma 3.8 implies that both [ag, a1] and [bg, b;] are nondegenerate.
In addition, Lemma 3.7 implies that [ag, a1] C 0A and [by, b;] C 0B.

It remains to be shown that [ag,a1] and [by, b1 are strictly parallel. Lemma 3.5
implies that (a(t),b(t)) is a BAP with respect to (A, B) for each t € [0, 1]. Thus, if we
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define ¢ : [0,1] — [0, 00) by

g(t) = lla(t) = b(t)[| = [lao — bo + (a1 — by — (a0 = bo))t[l,  VE € [0,1],  (3.1)
then we have g(t) = dist(A, B) for all t € [0,1]. In particular,
9(0.5) = dist(A, B). (3.2)

Assume for the sake of contradiction that ag — by # a3 — by. Since ||ag — byl = ¢g(0) =
g(1) = |la; — by|| = dist(A, B) and since dist(A, B) > 0 according to Lemma 3.1, the
distinct points ag — by and a; — by are located on the boundary of the ball of positive
radius dist(A, B) around the origin. Since (X, || - ||) is strictly convex, [|0.5(ag — by) +
0.5(a1—by)|| < dist(A, B). But from (3.1) we have g(0.5) = ||0.5(ap—bo)+0.5(a;—b1)||.
Therefore g(0.5) < dist(A, B), a contradiction to (3.2). Thus ag — by = a3 — by and
hence v := a1 — ap = by — bp. Since we already know that by # b; (because [bg, by] is
nondegenerate as we showed earlier), we also have v # 0.

Consider the real lines L := {ag+tv : t € R} and M := {by+sv : s € R}. By letting
t,s € [0,1] in the definitions of L and M, we see that [ag,a;] C L and [by, b1] C M.
We claim that by ¢ L. Indeed, suppose for the sake of contradiction that by € L.
Then by = agp + tv for some ¢ € R and hence either t € [0,1] or t > 1 or t € [—1,0)
ort < —1. If t € [0,1], then by € [ag,a;] € A, a contradiction since we assume
that AN B = 0. If t > 1, then ||by — a1|| = |[(ag + tv) — (ag + )| = (t — 1)||v]| <
t||vl]] = ||bo — ao|| = dist(A, B), a contradiction to the minimality of dist(A, B). If
t € [-1,0), then t +1 € [0,1), and so by = by +v = ag + (t + 1)v € [ag,a1] C A,
a contradiction to the assumption A N B = (). Therefore only the case ¢ < —1
remains; in this case t + 1 < 0, and since by = by + v = ag + (¢t + 1)v, we have
b1 —ao|| = [t+1]||v|| = = (Et+1D)||v|| < =t||v|| = ||bo—aol|| = dist(A, B), a contradiction
to the minimality of dist(A, B). As a result, indeed by ¢ L.

It must be that v and by — ag are linearly independent over R. Indeed, if, for the
sake of contradiction, A;(by — ag) + Agv = 0 for a pair of real scalars (A, Ay) # (0,0),
then \; # 0 since otherwise Aov = 0, and since the assumption that (A1, A2) # (0,0)
implies that Ay # 0, we have v = 0, a contradiction; thus \; # 0, and hence b, =
ao+(—A2/A1)v, that is, by € L, a contradiction to what has been proved in the previous
paragraph. In addition, LN M = (), since otherwise ag+tv = by + sv for some ¢, s € R,
and so by = ag + (t — s)v € L, a contradiction. Thus L and M are strictly parallel
since their intersection is the empty set and both of them are located on the same real
two-dimensional affine subspace (namely on ag + span{v, by — ag}). Hence [ag, a;] and
[bo, b1] are strictly parallel since they are located on the strictly parallel real lines L
and M, respectively. O

The following lemma, which actually holds in any topological vector space with
essentially the same proof, might be known.

Lemma 3.10. Let C' be a nonempty and convex subset of a normed space (X, || -||).
If x,y and z are three distinct points in OC' satisfying y € |z, z], then [z, z] C OC.

Proof. Let w € [z, 2]. Since z and z are in C' and since C' is convex (because C' is
convex, see, e.g., [109, Theorem 2.23(a), p. 28]), we have w € C. Since [z,z] =
[z, y] Uy, 2], either w € [z,y] or w € [y, z]. Suppose that the first case holds. If w =z
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or w =y, then w € JC' by our assumption on x and y. Otherwise, w € (z,y). Assume
for the sake of contradiction that w ¢ OC. This assumption and the fact that w € C
imply that w € int(C'). Since, as is well known [109, Theorem 2.23(b), p. 28], the
half-open line segment between an interior point of C' and a point in C is contained
in int(C), we have [w, z) C int(C). From the fact that y € [w, z) we conclude that
y € int(C'), a contradiction to our assumption that y € dC. Hence w must be in 9C,
and since w is an arbitrary point in [z,y|, we conclude that [z,y] C 9C. Similarly,
ly,z] COC. Thus [z,z] C IC. O

The final two auxiliary assertions will be used in Section 5.

Lemma 3.11. Let (X,|| - ||) be a normed space, A and B be nonempty subsets of X,
and ((ag, bg))ken be a distance minimizing sequence in A X B. Then:

(1) Either both (ar)keoo and (bg)ken are bounded or both of them are unbounded.
(i1) If either AU B is bounded, or AU B is unbounded and (2.2) holds, then both
(ax)keoo and (by)ren are bounded.

(iii) If ((ag,br))ren has a subsequence which converges weakly in X? to some point
(a,b) € A x B, then (a,b) is a BAP relative to (A, B).

Proof. (i) If both (ax)reco and (bx)ren are bounded, then we are done. Otherwise,
one of these sequences, say (ax)reco, is unbounded. Hence there is an infinite
subset Ny of N such that limy_, ren, ||ax|| = co. Since (ay — by)ren converges to
the finite number dist(A, B), this sequence is bounded. Since by = a — (ay — by)
for all k& € Ny, it follows that (bg)ren, is a difference between an unbounded
sequence and a bounded one, and therefore limg_,o0 ken, ||bk|| = 00. Thus (by)ren
is unbounded too.

(ii) The assertion obviously holds if AUB is bounded since then A and B are bounded,
and so are any sequences contained in them. Now assume that AUB is unbounded
and (2.2) holds. If, say, (ax)keoo is unbounded, then by Part (i) there is an infinite
subset Ny of N such that limy oo ken, ||ak]] = imy oo ke, ||bk]| = co. But then
(2.2) implies that limy_,oo ken, ||ar — bk|| = oo, a contradiction to (2.1). Thus
(ax)reso 1 bounded, and from Part (i) also (bg)reso is bounded.

(iii) Suppose that (a,b) = (w) limg_eo ken, (ak, b) for some infinite subset N; of N.
Then a = (w)limy o0 ken, ax and b = (w) limg_00 ken, b, and hence a — b =
(w) limy 00 ken, (ar — by). Since the norm is weakly sequentially lower semicon-
tinuous [42, I1.3.27, p. 68|, we have ||a—b|| < limg_o0 ken, ||ar—bk|| = dist(A, B).
On the other hand dist(A, B) < ||a — bl| since (a,b) € A x B. Hence ||a —b|| =
dist(A, B) and (a,b) is a BAP relative to (A, B).

0

The next definition and lemma seem to be new.

Definition 3.12. We say that a nonempty subset C' of a normed space (X]|| - ||) is
normed locally weakly sequential compact if for every x € C there is a closed ball
D C X centered at x such that D N C' is weakly sequentially compact.

Example 3.13. Here are a few examples of normed locally weakly sequential compact
subsets: any locally compact set in any normed space (because strong convergence
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implies weak convergent); any weakly sequentially closed set in a reflexive Banach space
(because closed balls are weakly compact and hence weakly sequentially compact); any
closed and convex set in a reflexive Banach space (because closed and convex sets in
a reflexive Banach space are weakly sequentially closed); a not necessarily countable
union U;¢;C; of nonempty and closed and convex sets C; in a reflexive Banach space
having the property that 0 < inf{dist(C;,C;)|j € I} for all i € I (because in this
case any z in the union satisfies x € C; for some ¢ € I, and then the closed ball D of
radius r; := 0.5inf{dist(C;,C;) | j € I} centered at z satisfies D N (U;e;C;) = DN,
which is a nonempty, closed, convex and bounded set in a reflexive Banach space and
hence weakly sequentially compact).

Lemma 3.14. Suppose that C is a nonempty, convex, closed and normed locally weakly
sequentially compact subset of a normed space (X, || -||). Then any bounded sequence
in C' has a weakly convergent subsequence whose weak limit is in C.

Proof. Let (ck)ren be an arbitrary bounded sequence in C. We need to show that there
exists an infinite subset ' C N and a point ¢ € C such that (w) limy_ gex cx = ¢. Fix
an arbitrary point z € C. If € := inf{||c; — z|| |k € N} = 0, then the definition of the
infimum implies that there is an infinite subset K C N such that limy_, ek ||cx—2|| =
0. Since (cx)rex converges strongly to z, it also converges weakly to z, and so we are
done (with ¢ := z). Otherwise € > 0, and so ||cx — z|]| > € > 0 for all £ € N. Since
C is closed and normed locally weakly sequentially compact, there is a closed ball D,
centered at z, with radius r € (0, €), whose intersection with C' is weakly sequentially
compact. Since (¢g)ren is bounded, there is some p > 0 such that ||cx| < p for all
k € N. Define ay, := 0.57/||cx, — z||. Then oy € [0.57/(p + ||z]|),0.5r /€] for all k € N
by the triangle inequality and the choice of r and p. Hence the compactness of the
real-line interval [0.57/(p + ||z||), 0.57 /€] implies that there is an infinite subset S C N
and a real number a € [0.57/(p + ||2||), 0.57 /€] such that limy_,o ges i = .

Define ¢}, := z 4+ ag(c, — 2) for all k € S. Then ¢, € D for every k € S. Moreover,
¢, € [z,¢] € C because C is convex and o € [0,1]. Hence ¢, € C'N D for all
k € S, and therefore, since C' N D is weakly sequentially compact, there is a point
¢ € CND and an infinite subset K C S such that (w)limgyeokerx ¢, = . We
claim that (w)limg_ e kex cx = ¢, where ¢ := z 4+ (1/a)(¢’ — z). Indeed, given an
arbitrary continuous linear functional g € X*, the triangle inequality, the definitions
of ¢}, and ¢, the linearity of g and the definition of ||g|, the limits limy_,o0 pex o = @
and limy_, ker 9(¢, — ¢) = 0, and the fact that ||}, — z|| = 0.5r for every k € K, all



THE BAP PROBLEM IN NORMED SPACES 13

imply that for each k € K,
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Because g € X* was arbitrary, we have ¢ = (w) limy_,0 kex cx. Since C'is closed and
convex, it is also weakly closed [33, Corollary 1.5, p. 126], and hence, because (c¢x)rex
isin C', also c € C. O

Remark 3.15. A result related to (but definitely different from) Lemma 3.14 says
that if (X,d) is a locally compact and almost complete geodesic metric space, then
every infinite set in X has an accumulation point with respect to the topology induced
by the geodesic metric: see [79, Theorem 4.3].

4. UNIQUENESS
This section presents our results regarding the (at most) uniqueness of the BAP.

Theorem 4.1. Suppose that A and B are two nonempty, convex and disjoint subsets of
a normed space (X, ||-||). If there does not exist a nondegenerate BAP of intervals with
respect to (0A, OB), then there ezists at most one BAP relative to (A, B). Conversely,
if A and B are also closed and there exists at most one BAP with respect to (A, B),
then there does not ezist a nondegenerate BAP of intervals relative to (0A,0B).

Proof. Assume first that there does not exist a nondegenerate BAP of intervals with
respect to (0A,0B). If dist(A, B) is not attained, then there does not exist any BAP
relative to (A, B), and hence obviously there exists at most one BAP relative to (A, B).
Otherwise dist(A, B) is attained, and hence there exists at least one BAP (ag, by) with
respect to (A, B). If, for the sake of contradiction, there exists another (different)
BAP (aq, by) with respect to (A, B), then Lemma 3.7 implies that ([ag, a1], [bo, b1]) is
a BAP of intervals with respect to (0A,0B), and ([ag, a1], [bo, b1]) is nondegenerate
since either ag # a; or by # by. This contradicts the assumption that there does
not exist a nondegenerate BAP of intervals with respect to (0A,0B). Hence (aq, bo)
is the unique BAP relative to (A, B). Conversely, suppose that A and B are also
closed and that there exists at most one BAP with respect to (A, B). If, for the
sake of contradiction, there exists a nondegenerate BAP of intervals ([ag, ai], [bo, b1])
with respect to (0A,0B), then either ag # a; or by # by, and in both cases (ao, by)
and (aq,b;) are two distinct BAPs with respect to (0A,dB) and hence, according to
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Lemma 3.6, also with respect to (A, B). This is a contradiction to the assumption

that there exists at most one BAP with respect to (A, B). O
Theorem 4.2. Let (X, || - ||) be a normed space. Suppose that m and n are natural
numbers and that Ay, As, ..., A, and By, Bs, ..., B, are nonempty and strictly convex

subsets of X. If A:= N1 A; and B := N}_, B; are nonempty and disjoint, then there
exists at most one BAP relative to (A, B). If, in addition, dist(A, B) is attained, then
there exists exactly one BAP relative to (A, B).

Proof. Since, as follows immediately from the definition, any finite intersection N_, C,
of strictly convex sets is strictly convex (indeed, if z,y € N{_,Cy, then z,y € C}, for
all k € {1,...,¢}, and hence the strict convexity of Cj implies that the open interval
(z,y) is contained in int(Cy) for all k € {1,...,¢}, and hence (z,y) C Ni_,int(Cy) C
int(N,_,Cy), as required), it follows that A and B are strictly convex and, in particular,
convex. Now, if dist(A, B) is not attained, then obviously there exists at most one
(actually zero) BAP relative to (A, B). Otherwise, there exists at least one BAP
(ap,by) relative to (A, B). Assume for the sake of contradiction that there exists
another BAP (ay,b;) # (ag,bo) relative to (A, B). Then either [ag,a1] or [by, b;] is
nondegenerate. Since the conditions of Lemma 3.7 hold, we conclude from it that
lag, a1] € OA and [by,b;] € 0B. This contradicts the fact that both A and B are
strictly convex and hence their boundaries do not contain any nondegenerate intervals.
Therefore there exists exactly one BAP relative to (A, B), as claimed. U

Corollary 4.3. Let (X, ||-||) be a normed space and ) # A and ) # B be strictly convex
and disjoint subsets of X. Then there exists at most one BAP relative to (A, B), and
there exists a unique such BAP if, in addition, dist(A, B) is attained.

Proof. This follows from Theorem 4.2 by letting m :=n := 1. U

Remark 4.4. (i) Corollary 4.3 generalizes [76, Theorem 4.1}, where there the strictly
convex subsets A and B are assumed to satisfy dist(A, B) > 0 (this condi-
tion is not written explicitly in [76, Theorem 4.1], but rather in the beginning
of [76, Section 3]). We obtained Corollary 4.3 more than a year before being
aware to [76, Theorem 4.1]. See [76, Theorems 4.2 and 4.3] for additional related

results.
(ii) In [107, Theorem 1.1] it is claimed that if A and B are two nonempty and
disjoint subsets of a normed space (X, ||-||) and if either A or B is strictly convex,

then there exists at most one BAP relative to (A, B) (this was formulated in the
following somewhat different manner: “the distance between A and B is attained
at most at one point”). This claim is false, as Example 6.2 below shows. The
main mistake in [107, Proof of Theorem 1.1] is the implicit assumption that the
line segment [Pg(z), Pp(y)] mentioned there is non-degenerate, and this is not
necessarily true if X is not strictly convex even if B is strictly convex: again, see
Example 6.2. We also note that [107, Proof of Theorem 1.1] suffers from other
issues, such as the unproven claim that if A and B are disjoint and if (a,b) is a
BAP relative to (A, B), then a € 0A and b € OB (this claim is true but requires a
proof, as we showed in Lemma 3.6 above) and the somewhat ambiguous notations
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Pg(z) and Pg(y) (while it is clear from [107, Proof of Theorem 1.1] that both
(x, Pg(x)) and (y, Pg(y)) are BAPs with respect to (A, B), when presenting the
operator of best approximation projection onto B one needs to consider the
issues of existence and uniqueness of this operator, and this has not been done
in [107, Proof of Theorem 1.1]).

(iii) The sufficient condition (which is also necessary if both subsets are assumed to be
closed) mentioned in Theorem 4.1 for the at most uniqueness of a BAP relative to
two nonempty, convex and disjoint subsets A and B of a general normed space is
not easily verified. Other non-easily verified sufficient (and necessary) conditions
in a general normed space appear in [86, Theorems 6.1 and 6.2], where there
the subsets are convex and have positive distance (this is not written explicitly,
but follows from the proof which uses [86, Theorem 4.4] which assumes positive
distance). For instance, in [86, Theorem 6.2] one needs to verify the non-existence
of a continuous linear functional g having the following properties (where we
adopt our notation): its norm is 1, its real part attains a minimum over A at
two different points ag and aq, its real part attains a minimum over B at two
different points by and by, g(ag — by) = ||agp — bo|| and g(a; — by) = [ja; — by||.

Theorem 4.5. Given m,n € N, suppose that Ay, As, ..., Ay and By, B, ..., B, are
nonempty and conver subsets of a strictly convexr normed space (X, || - ||) such that
A=, A and B := (\;_, B; are nonempty and that AN B = ). If for each pair
(i,7) € {1,2,...,m} x {1,2,...,n} either:

(1) A; is strictly convez, or
(1I) Bj is strictly convez, or
(III) there does not ezist a pair of two nondegenerate and strictly parallel intervals
such that one of them is contained in OA; and the other is contained in 0B;,

then there exists at most one BAP with respect to (A, B). If, in addition, dist(A, B)
is attained, then there exists a unique BAP with respect to (A, B).

Proof. By our assumption both A and B are convex and disjoint. If dist(A, B) is not
attained, then obviously there exists at most one ( in fact, zero) BAP with respect
to (A, B). Otherwise, there exists at least one BAP (ag,by) with respect to (A, B).
Suppose by way of contradiction that there exists another BAP (aq,b1) # (ag,bo)
relative to (A, B). Then Lemma 3.9 implies that [ag, a1] € 0A and [by, b1] C OB, that
both [ag, a;] and [by, b;] are nondegenerate, and that [ag,ai] and [by, b;] are strictly
parallel. As is well known, and can easily be proved (see, for instance [3] for the
case of two subsets; the case of any finite number of subsets follows immediately by
induction from the case of two subsets), the boundary of a finite intersection of subsets
is contained in the union of the boundaries of the subsets which induce the intersection.
Therefore, 0A C |J;*, 0A;. Hence, [ag, a1] C J;~, 0A;, and so for each ¢ € [0, 1] there
is at least one index ¢(t) € {1,2,...,m} such that a(t) = ao + t(a1 — ag) € OAyw).
Then ¢ is a function from [0, 1] to {1,2,...,m}, and hence we have [0, 1] = U™, ¢~ (7).

If ~'(i) is finite for each i € {1,2,...,m}, then so is the finite union U™ ¢~ (7)
namely [0, 1] is finite, a contradiction. Hence ¢! (i) is infinite for some i € {1,2,...,m},

)
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i.e., there is an infinite subset T; C [0, 1] such that a(t) € 0A; for each t € T;. In par-
ticular, there are three points t; < to < t3 in T}, and since a(t) = ag +t(a; — ap) for all
t € [0, 1], the points ay,, as,, and ay, are three distinct points in 9A;. In addition, these
points are contained in [ag, a1], and since t; < ty < t3 they satisfy ay, € [as,, at,]. We
conclude from Lemma 3.10 that [a,, ar,] C 0A;. Hence A; is not strictly convex, and
so Assumption (I) in the formulation of the theorem does not hold. Similarly, there
are some j € {1,2,...,n} and ¢} and #; in [0, 1] such that [by, by ] is a nondegenerate
interval contained in [by, b1]N0B;. Hence B, is not strictly convex, and so Assumption
(IT) in the formulation of the theorem does not hold. Since [ag, a;] is strictly parallel
to [bo, b1] and since [as,, ar,] C [ag, a1] and [by, by] C [bo, b1], it follows that [ay,, as,]
is a nondegenerate interval which is contained in 0A; and is strictly parallel to the
nondegenerate interval [by, by | which is contained in 0B;, and this shows that also
Assumption (IIT) in the formulation of the theorem does not hold.

We conclude that none of the Assumptions (I)-(III) in the formulation of the
theorem holds, a contradiction. Consequently, the assumption that there exists more
than one BAP with respect to (A, B) cannot hold, namely, there exists a unique BAP
with respect to (A, B). O

From Theorem 4.5 with m :=n := 1 we obtain the following corollary.

Corollary 4.6. Suppose that A and B are two nonempty, conver and disjoint subsets
of a strictly convex normed space (X, || - ). If either

(1) A is strictly convez, or
(II) B is strictly convez, or
(III) there does not exist any pair of two nondegenerate and strictly parallel intervals
having the property that one of them is contained in the boundary of A and the
other is contained in the boundary of B,

then there exists at most one BAP with respect to (A, B). If, in addition, dist(A, B)
is attained, then there exists a unique BAP with respect to (A, B).

Remark 4.7. (i) The strict convexity of the norm in Theorem 4.5 and Corollary
4.6 is essential for uniqueness (if not both A and B are strictly convex): see
Examples 6.2 and 6.3 below for counterexamples.

(il) Without imposing the non-parallelism assumption in Theorem 4.5 and Corollary
4.6, there can be counterexamples. Indeed, consider for instance Example 6.4
and Figure 5, where the boundaries of both A and B contain non-degenerate
parallel intervals which constitute a strictly non-degenerate BAP of intervals with
respect to (A, B), and so there are (infinitely) many BAPs relative to (A, B)
in this case. On the other hand, uniqueness can hold even without the non-
parallelism assumption, as Example 6.5 and Figure 6 show. Hence one can think
about the non-parallelism condition as being analogous to the non-vanishing
condition on a smooth operator T if its derivative (or Jacobian) is non-vanishing
at some point xg, then the equation T(x) = yo := T'(zo) has a unique solution
(i.e., x = x) in a neighborhood of xy, but there might be cases in which this
equation has a unique solution even if 7"(xy) = 0. In this connection, we note
that asymptotic parallel lines do not necessarily lead to many BAPs: indeed, as
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the counterexample in Remark 5.2(i) shows, they can lead to the non-existence
of any BAP at all.

(iii) Theorem 4.5(1III) significantly generalizes [86, Theorem 3.1] which says that if
X is a uniformly convex Banach space (actually strict convexity is sufficient),
A and B are closed and convex and (A — A) N (B — B) = {0}, then there
exists at most one BAP relative to (A, B) (see also [82, Theorem 1.1] for a
generalization of this theorem to strictly convex metric linear spaces). Indeed, we
can assume that ANB = (), since otherwise everything is trivial. Suppose that the
above-mentioned condition holds and assume, for a contradiction, that Theorem
4.5(IIT) does not hold, namely that there are nondegenerate and strictly parallel
intervals [ay, as] € A and [by, be] C OB. Then either u := (az—ay)/||as—a4 || and
v := (ba—b1)/||ba—b1|| are equal, or u = —v. Assume that the first case holds: the
proof in the second case is similar. Let r := min{||ag—ay||, ||[b2—b1]|}. Thenr > 0,
ar+ru € A, bi+rv € B,and ru = (a1+ru)—a; € A—A, ru =rv = (by+rv)—b; €
B — B. Hence ru is a nonzero vector in (A— A)N (B — B), a contradiction which
proves the assertion. We also note that the condition (A — A) N (B — B) = {0}
is frequently violated: indeed, just consider the case where both A and B have
nonempty interior, as in the case of Figure 11: in this case Theorem 4.5(III)
holds but there are r > 0, a € A and b € B such that the open balls of radius
r and centers a and b, respectively, are contained in A and B, respectively, and
hence, given an arbitrary unit vector u € X, we have ¢’ := a + 0.5ru € A,

V:=b+0b5ue B and0#05ru=a —a=V—-be (A—A)N(B— B).

We finish this section with the following theorem which generalizes [114, Theorem
4, p. 51], which says that if (X, || - ||) is a strictly convex Banach space, and A and B
are closed and convex subsets of X, and if (ag,by) is a BAP relative to (A, B), then
(ap, bp) is the unique BAP relative to (A, B) if and only if (A —ag) N (B — by) = {0}.
Our proof is partly inspired by the proof of [114, Theorem 4, p. 51] and also corrects
a minor issue which appears there.

Theorem 4.8. Suppose that (X,|| - ||) is a normed space, that A and B are two
subsets in X, and that (ap,by) is a BAP relative to (A, B). If (ag,bo) is the unique
BAP relative to (A, B), then (A — ag) N (B —by) = {0}. Conversely, if (X,||-]) is
strictly convex, B — A is convex, and (A — ag) N (B — by) = {0}, then (ag,by) is the
unique BAP relative to (A, B). In particular, if (X, ||-]|) is strictly convex and B — A
is conver (as happens, in particular, when both A and B are convezx), then (ag,bg) is
the unique BAP relative to (A, B) if and only if (A — ag) N (B —by) = {0}.

Proof. Suppose that (ag, by) is the unique BAP relative to (A, B) and assume, by way
of contradiction, that (A — ag) N (B — by) # {0}. Then there are a; € A, b; € B and
0 # v € X which satisfy a; — ag = v = by — by. Therefore by — ag = b; — a;, and hence
b1 — a1|| = ||bo — ao|| = dist(A, B). Thus (aq,b;) is a BAP relative to (A, B). On the
other hand, since v # 0, it follows from the equalities a; —ag = v = by — by that a; # ag
and by # by, and so (ag, bg) # (a1, b1). Therefore (ag,by) and (ay,b;) are two distinct
BAPs relative to (A, B), a contradiction to our assumption that (ag, by) is the unique
BAP relative to (A, B). This contradiction shows that (A — ag) N (B — by) = {0}.
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Conversely, suppose that (X, || - ||) is strictly convex, that (A —ag) N (B —by) = {0}
and that B — A is convex. Assume, for a contradiction, that (a;,b;) is a BAP relative
to (A, B) which satisfies (a1, b1) # (ag, bo). It must be that by —a; # by — ag, otherwise
vi=a; —ag = by —by,and so v € (A—ag) N (B —by) = {0}, and hence v =0, by = by
and a; = ag, a contradiction to (ay, by) # (ag,bg). Since both (ag,by) and (ay, by) are
BAPs relative to (A, B), we have dist(A, B) = ||by —a1|| = ||bo — aol|. These equalities
imply that dist(A, B) > 0, otherwise dist(A, B) = 0 and hence ay = by and a; = by,
a contradiction to (ag, by) # (a1,b1). The previous lines imply that ¢; := by — ay and
co := by — ag are two different vectors which belong to B — A and are located on the
boundary of the ball of radius dist(A, B) and center 0. Since X is strictly convex, the
middle point ¢ 5 := 0.5¢5 + 0.5¢1 of the line segment [cg, ¢1] is located strictly inside
this ball, namely |cos|| < dist(A, B). On the other hand, since we assumed that
B — A is convex and since ¢g 5 is a convex combination of points from B — A, we have
co5 = U —d for some v/ € B and @' € A. Therefore ||cos5|| = |0/ — &'|| > dist(A, B)
by the definition of dist(A, B), a contradiction to the inequality ||cos| < dist(A, B)
which we showed before. This contradiction implies that our initial assumption that
there is a BAP (ay, by) relative to (A, B) which is different from (ao, by) is false. Hence
(ap,bp) is the unique BAP relative to (A, B). O

5. EXISTENCE

In this section we present, in Theorem 5.1 below, many useful conditions which
ensure the existence of a best approximating pair, and by doing this we significantly
extend the known pool of such sufficient conditions. In particular, in some of these
conditions we do not assume that A and B are convex. Most of these conditions are
new, but some of them are known and we formulate them for the sake of completeness,
and frequently provide some new information regarding them such as a new proof.
In this connection, see Remark 5.2 below for various relevant comments, including
counterexamples (Parts (i)—(ii)), a comparison with several published results (Parts
(i)—(vii)), and some extensions (Part (viii)).

Theorem 5.1. Suppose that A and B are two nonempty subsets of a normed space
(X, |- |)- If at least one of the following conditions holds, then dist(A, B) is attained,
namely there exists at least one BAP with respect to (A, B):
(i) AN B # 0,
(11) ( [86, pp. 58—59]) A — B is proziminal with respect to {0}. Equivalently, there
is a minimal norm vector in A — B, that is, inf{||u|| |u € A — B} is attained.
(i1i) A is weakly sequentially compact and B is closed, conver and normed locally
weakly sequentially compact (see Definition 3.12);
(iv) A is compact and B is closed, convex and locally compact;
(v) ( [115, Theorem 4]): A is weakly sequentially compact and B is convex and
proximinal with respect to A;
(vi) [115, Corollary 1] A is compact and B is proximinal with respect to A;
(vii) A is boundedly compact and B is bounded and proximinal with respect to A;
(viii) [80, p. 1138], [115, p. 322] A and B are boundedly compact and one of them
15 bounded;
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(ix) A and B are weakly sequentially compact;

(z) (classic, [84, p. 123]) A and B are compact;

(zi) For all closed balls D in X? about the origin the intersection D N (A x B) is
weakly sequentially compact, and either AU B is bounded or it is unbounded and
the coercivity condition (2.2) holds;

(zit) X is a reflezive Banach space, A and B are weakly sequentially closed, and there
is at least one distance minimizing sequence ((ag, bg))ken such that (ag)ren has a
bounded subsequence;

(xiii) X is a reflexive Banach space, A is weakly sequentially compact (alternatively,
bounded and weakly sequentially closed), and B is weakly sequentially closed;

(ziv) ( [115, Corollary 2]): X is a reflexive Banach space, A is bounded and weakly
closed, and B 1s closed and convex;

(rv) [107, Theorem 1.1] X is a reflexive Banach space, both A and B are convex
and closed, and A is bounded;

(zvi) X is a reflexive Banach space, A and B are weakly sequentially closed, the union
AU B is unbounded, and the coercivity condition (2.2) holds;

(zvii) X is a reflexive Banach space, both A and B are convexr and closed, AU B is
unbounded and the coercivity condition (2.2) holds;

(zviii) X is a reflexive Banach space and A — B is weakly sequentially closed.

(ziz) X is a reflexive Banach space, A and B are convez, and A — B is closed;

(xzz) X is a reflerive Banach space, A = A+Aand B=B+ §, where both A and B
are weakly sequentially compact, and A—Bis weakly sequentially closed;

(zzi) X is a reflexive Banach space, A is a closed affine subspace with a closed linear
part A which is complemented by a closed linear subspace F', and B is an affine
subspace with a linear part B such that 11p(B) is closed;

(zzii) X s a reflexive Banach space, A is a closed affine subspace, and B is a finite-
dimensional affine subspace;

(zziii) X is a reflexive Banach space, A is a closed affine subspace of finite codimension,
and B is an affine subspace;

(zziv) X is the dual of a separable Banach space Y (e.g., X = Lo(Q), Y = Li(9),
where € is a Lebesque measurable subset of a Euclidean space), A is weak-star
sequentially compact, and B is weak-star sequentially closed.

(zzv) (implicit in [7]) X is a real Hilbert space and both A and B are polyhedral;

(xzvi) X is a Hilbert space, A C X is weakly sequentially closed, p € X\ A, and B is the
Voronoi cell of P := {p} with respect to A, i.e., B:={z € X ||z—p| <d(z,A)};

(xxvii) X is a Hilbert space, A is a closed hyperplane, p € X\A, and B is the full
hyperparaboloid induced by p and A, that is, the set of all points in X whose
distance to p is not greater than their distance to A;

(zzviii) X is a reflexive Banach space and both A and B are generalized hypercylinders
with weakly sequentially compact bases.

(zziz) A and B are finite-dimensional affine subsapces;

(zzxz) X is finite-dimensional, A and B are closed, and either AU B is bounded or
AU B is unbounded and the coercivity condition (2.2) holds;
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(zzxi) X is finite-dimensional, A is closed, ) # P C X is bounded, and B is the Voronoi

cell of P with respect to A, namely B := {z € X |d(z,P) < d(z,A)};

(xzzii) ( [27, Theorem 5], [113, the Theorem on p. 209]) X is a finite-dimensional

Euclidean space and both A and B are polyhedral.

Proof. In what follows ((ay, bx))ren is a distance minimizing sequence in A X B.

(i)
(i)

(i)

(vi)

Since AN B # () there is b := a € AN B, and hence 0 = ||ja — b|| = dist(A, B)
and (a,b) is a BAP relative (A, B).

By our assumption there is some v € A— B such that ||v|| = inf{||u| |u € A— B},
and so there is a pair (a,b) € A x B such that ||a — b|| = inf{||u| |u € A — B}.
It is immediate to verify that dist(A, B) = d(0, A — B) = inf{]|u|| |u € A — B}.
Therefore dist(A, B) = |ja — b|| and (a, b) is a BAP relative to (A, B).

Since A is weakly sequentially compact there is an infinite subset N; C N and a
point a € A which satisfy a = (w) limg_,c0 ken, ax. Since any weakly convergent
sequence is bounded [42, 11.3.27, p. 68|, it follows that (ay)ken, is bounded, and
therefore, by Lemma 3.11(i), also (bg)ken, is bounded. Thus (Lemma 3.14)
b = (w)limg_e ken, b for some infinite subset No € N; and b € B. Hence
(a,b) = (w)limy_eo ken, (ak, by) and Lemma 3.11(iii) implies that (a,bd) is a
BAP relative to (A, B).

This is an immediate consequence of Part (iii) because a compact subset is se-
quentially compact and hence (strong convergence implies weak convergence) also
weakly sequentially compact, and a locally compact subset is locally sequentially
compact and hence also normed locally weakly sequentially compact.

Since A is weakly sequentially compact there exist an infinite subset N; C N
and a point a € A such that (w)limg_yeo ken, ax = a. We claim that d(a, B) =
dist(A, B). Indeed, consider the function g : X — [0, 00) defined for all z € X by
g(x) :=d(z, B). Asis well known, g is continuous (even Lipschitz continuous [61,
p. 19]), and it is also convex since B is convex [109, Examples 5.18(b), p.
66]. Hence g is weakly lower semicontinuous [13, Corollary 3.9, p. 61]. In
addition, since (bg)ren is in B, we have d(ax, B) < |la — by| for all & € N;
by the definition of d(ax, B). Hence d(a, B) = g(a) < liminfy_,o0 ken, g(ar) =
lim infy o0 ken, d(ag, B) < liminfy o [Jax — bi|| = dist(A, B). On the other
hand dist(A, B) < d(a,B) because a € A. Thus d(a, B) = dist(A, B). Since
B is proximinal with respect to A there is b € B such that d(a, B) = |la — b||.
Therefore ||a — b|| = dist(A, B) and so (a, b) is a BAP relative to (A, B).

From the compactness of A there are a € A and an infinite subset Ny C N
such that limy_, ken, ax = a. Since B is proximinal with respect to A there is
b € B such that ||a — b|| = d(a, B). Since (bg)ken is in B, we have d(ay, B) <
|lar, — by|| for all & € N. Hence, because the function g : X — [0,00) defined
for all z € X by g(x) := d(x, B) is continuous [61, p. 19]), we have ||a — b|| =
d(a, B) = limk_mqke]\/l d(ak,B) S 1imk_>oo7k€]\/1 Hak — ka = diSt(A, B), where
the last equality is by the assumption that ((ax,b))ken is a distance minimizing
sequence. Therefore ||a — b|| < dist(A, B), and obviously dist(A, B) < |la — b||
since (a,b) € A x B. Thus (a,b) is a BAP relative to (A, B).
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Since B is bounded, so is (bx)ren. Hence Lemma 3.11(i) ensures that (ag)ken is
bounded too. Let C' be a closed ball which contains both (ay)ren and (by)gen-
Since A is boundedly compact, A N C' is compact. Hence there are a € ANC
and an infinite subset Ny C N such that limy_,o ken, ar = a. From now on we
continue word for word as in the proof of Part (vi) and conclude the existence
of a BAP (a,b) relative to (A, B).

Suppose that A is bounded. The proof is similar if B is bounded. Then (ag)en
is bounded, and hence, as follows from Lemma 3.11(i), also (bx)ken is bounded.
Thus there is a closed ball C' such that both (ag)keny and (by)gen are in C, and
since both A and B are boundedly compact, the intersections AN C and BN C
are compact. Thus (AN C) x (BN C) is a compact subset of X? which contains
((ag, bg))ken, and so there are (a,b) € (AN C) x (BN C) and an infinite subset
Ny € N such that limg_, ken, (ak, br) = (a,b). Since the norm is continuous
and since ((ag,bx))ren is a distance minimizing sequence, we have ||a — b|| =
limy oo ke, |lax — bil| = dist(A, B), and so (a,b) is a BAP relative to (A, B).
Since A and B are nonempty and weakly sequentially compact, so is their product
Ax B, and so there is some (a,b) € Ax B which is the weak limit of a subsequence
of ((ak,b))ken, that is (a,b) = (w) limg_,00 ken, (ax, bg) for some infinite subset
N; € N. Hence Lemma 3.11(iii) implies that (a,b) is a BAP relative to (A, B).
This is a consequence of Part (ix) because any compact set is also sequentially
compact and hence (strong convergence implies weak convergence) weakly se-
quentially compact. Alternatively, one can show directly, using the continuity of
the norm, that any accumulation point of ((ax,bx))ken (Which exists because of
the compactness of A x B) is a BAP relative to (A, B).

Since either AU B is bounded, or AU B is unbounded and the coercivity condi-
tion (2.2) holds, Lemma 3.11(ii) implies that (ag)keoo and (by)ren are bounded.
Hence ((ax,br))ren is contained in some closed ball D of X? about the origin.
Since ((ak, bg))ken is contained in A x B, we conclude that ((ax,by))ren is con-
tained in C':= DN (A x B), which is a weakly sequentially compact subset by the
assumption in the formulation of this part. Hence there is a pair (a,b) € C' and an
infinite subset N; C N such that (a,b) = (w) limg_00 ke, (ak, bi). Consequently,
Lemma 3.11(iii) implies that (a,b) is a BAP relative to (A, B).

Let ((ax, bx))ken be a distance minimizing sequence with the property that (ax)ren
has a bounded subsequence (ay)ren, for some infinite subset N; C N. Since X is
reflexive, any bounded sequence in it has a weakly convergent subsequence [42,
Theorem 11.3.28, p. 68]. Hence there is some a € X and an infinite subset
Ny of Ny such that a = (w)limg_eoken, ar. Since A is weakly sequentially
closed, we have a € A. Since (ay)ren, is bounded, also (bg)ken, is bounded by
Lemma 3.11(i). Hence the reflexivity of X implies that there is some b € X
and an infinite subset N3 of Ny such that b = (w) limy_,o gen, bx. Thus (a,b) =
(w) imy_ 0 ken, (ak, br) and b € B since B is weakly sequentially closed. Hence
Lemma 3.11(iii) implies that (a,b) is a BAP relative to (A, B).

Since A is weakly sequentially compact, it must be bounded (otherwise there
is some sequence (zy)ren in A such that limg_, ||2x]] = oo, and hence (z)ren
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cannot have a weakly convergent subsequence since any weakly convergent sub-
sequence is bounded [42, I1.3.27, p. 68]; thus not every sequence in A has a
convergent subsequence, in contradiction with the assumption that A is weakly
sequentially compact). In addition, as a weakly sequentially compact subset,
A is evidently weakly sequentially closed. Hence for every distance minimizing
sequence ((ag, bg))ken, the sequence (ag)ren is automatically bounded. Thus the
assertion follows from Part (xii).

Since A is weakly closed and bounded and since X is reflexive, A is weakly
compact [42, Corollary V.4.8, p. 415], and hence weakly sequentially compact
since any weakly compact subset of a normed space is weakly sequentially com-
pact [58, Corollary in Section 18A, p. 146]. Since B is closed and convex, it is
weakly closed [42, Theorem V.3.13, p. 422|, and so weakly sequentially closed.
Thus the assertion follows from Part (xiii).

The result follows from either Part (xiv) or Part (xiii) because any nonempty,
closed and convex subset is weakly closed and hence weakly sequentially closed,
and any nonempty, closed, convex and bounded subset of a reflexive Banach
space is weakly compact and hence weakly sequentially compact.

Because AUB is unbounded and the coercivity condition (2.2) holds, we conclude
from Lemma 3.11(ii) that (ax)keoo and (bg)ren are bounded for every distance
minimizing sequence ((ag, bx))ren. The assertion now follows from Part (xii).
The assertion follows from Part (xvi) because any closed and convex subset of
a Banach space is weakly closed and hence weakly sequentially closed.

Since limy_, ||ax —bi|| = dist(A, B) < oo, if we denote z := aj — by, for every k €
N, then (2x)xen is bounded and hence (because X is reflexive) (w) limy o0 ken, 26 =
z for some infinite subset N; C N and some z € X. Because A — B is weakly
sequentially closed and (zg)gen is in A— B, we have z € A— B. Thus z = a—b for
some (a,b) € Ax B. In addition, since the norm is weakly sequentially lower semi-
continuous [42, 11.3.27, p. 68|, we have |la — b|| = ||z|| < liminf; o ren, |2k =
dist(A, B). Since (a,b) € A x B, we obviously have dist(A, B) < |la —b||. Hence
|la — b|| = dist(A, B) and (a,b) is a BAP relative to (A, B).

By the assumptions on A and B we see that A — B is closed and convex. Hence
A — B is weakly closed and therefore weakly sequentially closed. Since X is
reflexive, the assertion follows from Part (xviii).

Since A= A+ Aand B = B+ E, an immediate verification shows that A— B =
(A—B)+(A—B). Hence by Part (xiii) it is sufficient to show that A— B is weakly
sequentially compact because we already assume that A-DBis weakly sequentially
closed. This is immediate because both A and B are  weakly sequentially compact
(hence if (zy — yk)keN is an arbitrary sequence in A — B where (k) ken 1s in A
and (yx)gen 18 in B then we can find infinite subsets Ny C N; C N and points
z € A and Yy € B such that = = (w) imy 0 gen, Tk and y = (w) iMoo ke n, Yr;
thus © — y = (w) imy_e0 ken, (Tx — Yi), namely (x; — yi)ren has a subsequence
which converges to a point in A — B).
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Our goal is to use Part (xix). Since A and B are affine and hence convex, it

remains to show that A — B is closed. We can write A = p; + Aand B = P2+ B

for some p1,p2 € X and linear subspaces A and B of X. Since A — B = (p1 —
p2) + (A — B), it is sufficient to show that A — B is closed.

We claim that A — B = A@ HF(B) Indeed, let z € A — B be arbitrary. Then
z = x — y for some x € A and Yy € B. From our assumption that X = Ao F
we can write y = y; + yo, where y; =1I;(y) € A and Yo = (é) € F. Because
A as a linear subspace, is closed under sums, we have z —y; € A. In addition,
;(B) = —p(B) since Ip(B) is a linear subspace. Hence —y, € I1;(B) and
r—y=(x—y)+(—y)€ A IIp(B B). Since z € A — B was arbitrary, we have
A-BC A + I1p(B). Because IIx(B) C F and AN F = {0}, we actually have
A+Tp(B) = A®lp(B). Now let z € A@I1p(B) be arbitrary. Then z = z +w
for some (unique) = € Aandw € HF(E). Since w € HF(E), there is some y € B
such that w = IIp(y). Hence z = 2 +w = (z — I3(y)) + (z(y) + Ur(y)) =
(z —I5(y)) +y = (z — ;(y)) — (—y). Because A and B are linear subspaces,
we have x — Il 3(y) € A and —y € B. Therefore z € A— B. Since z € A& I1p(B)
was arbitrary, we have A @ IIp(B) C A — B, as required.

We claim that A @ HF(B) is a closed subset of X. Indeed, let (z;)gen be
any convergent sequence in Ael F(é), and let z € X be its limit. Then for
all £ € N, one has z;, = xp + wy for some (unique) x; € A and w, € HF(E)
Since A and B are topologically complemented in the Banach space X, the linear
projection II 7 is continuous [33, Theorems 13.1, 13.2, p. 94]. Hence limj_o 24 =
limy oo I 5(2) = 3(2) € A. Thus w = limy_ o wy, = limy, soo(2r — a) =
z — I13(2). Because (wy)ken is in the closed subspace Ix(B), its limit w is in
I1;(B). Hence z = H(2) +w € A @ p(B) and A @ Ip(B) is closed. Since
A-B=A®o HF(E), also A — B is closed, as required.

Since the linear part A of Ais closed (because so is A), and since we assume that
the linear part B of B is finite dimensional, we conclude from [61, Proposition
20.1, p. 195] that A+ B is closed. Since obviously B = —B because B is a linear

subspace, we see that A-B=A+DBis closed, and hence so is its translated
copy A — B. Therefore the assertion follows from Part (xix).

By our assumption X = A @ F for some finite dimensional linear subspace F'.
Therefore I1 F(E), which is a linear subspace of F', is also finite dimensional and
hence closed [61, p. 196]. The assertion now follows from Part (xxi).

Since A is weak-star sequentially compact, it is evidently weak-star sequentially
closed. Moreover, A must be bounded, otherwise there is some sequence (z)ren
in A such that limy_, ||| = 00, and hence (zj )ken cannot have a weak-star con-
vergent subsequence since any weak-star convergent subsequence is bounded [13,
Proposition 3.13(iii), p. 63]; therefore not every sequence in A has a convergent
subsequence in the weak-star topology, in contradiction with the assumption that
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A is weak-star sequentially compact. Hence A is bounded and thus for every dis-
tance minimizing sequence ((ag,bx))ren, the sequence (ay)ren is automatically
bounded. Therefore, as follows from Lemma 3.11(i), also (by)ren is bounded.
Since X is the dual of a separable Banach space Y, every bounded sequence
in X has a weak-star convergent subsequence: see, for instance, [13, Corollary
3.30, p. 76]. Hence there is some @ € X and an infinite subset N; of N such that
a = (w*) limy_, gen, ax, and there is an infinite subset Ny of Ny and b € X such
that b = (w*) limy 00 ken, bg- Thus a—b = (w*) limy_00 ke, (@ —bx). Since A and
V' are weak-star sequentially closed, we have a € A and b € B. Since the norm
of X, which is the dual of the norm of Y, is weak-star lower semicontinuous [13,
Proposition 3.13(iii), p. 63], and since ((ax,0br))ren is a distance minimizing
sequence, we have ||a—b|| < liminfyey, ||ar —bi|| = dist(A, B). But dist(A, B) <
|la — b|| because (a,b) € A x B. Hence ||a — b|| = dist(A, B) and (a,b) is a BAP
relative to (A, B).
According to [7, Corollary 3.4.8], the infimum o := inf{||z — PpPaz|| |z € X} is
attained at some b € X, namely o = ||b — PgPyb||, where P, is the orthogonal
projection on A and Pg is the orthogonal projection on B, which are well defined
since A and B are nonempty, closed and convex. According to [7, Corollary
4.4.3, Fact 4.4.4 and Remark 4.4.6], since o is attained, one has ¢ := 0. Thus
||b— PgP4b|| = 0, namely b is a fixed point of PgPy, and, in particular, b € B. But
according to [7, Fact 5.1.4(i)], which is actually [27, Theorem 2], any fixed point z
of Pp P, satisfies d(z, A) = dist(A, B). Since d(z, A) = ||z—Paz|| by the definition
of Pa, if we let z := b and a := P4b, then a € A and dist(A, B) = ||b — al|, that
is, (a,b) is a BAP relative to (A, B).
Since B = MgeaH(p,a), where H(p,a) = {z € X ||z —pl < ||z — 4|}, it
follows that B is an intersection of closed real halfpsaces and hence closed and
convex (since simple arithmetic shows that H(p,a) = {z € X |Re(z,a — p) <
0.5(||a||* = ||pl|?)}, and this set is a real halfspace because the relation p ¢ A
implies that p # a for all @ € A). Thus B is weakly closed and thus weakly
sequentially closed. Therefore if B is bounded, then the assertion follows from
Part (xiii) (where B and A are interchanged there). Otherwise, B is unbounded
and so is AU B. We claim that (2.2) holds. Indeed, let © > 0 be arbitrary and
denote p := 3(u + ||p||). Let (z,y) be an arbitrary pair in A x B which satisfies
|(z,y)|| > p. Either ||y|| > p+ [Ip]| or |ly]] < p+ |lp|l.- In the first case the
relations y € B, x € A and the triangle inequality imply that p < ||y|| — [|p|| <
ly —pll <d(y,A) < ||y —z|. In the second case we must have ||z|| > 2(u + ||p|)
because otherwise [[(z,y)[|* = l|lz[1* + [lyl|* < 5(u + lIpl})* < 9(u + [Ipl))* = #?,
a contradiction to what we assumed on (z,y). Thus the triangle inequality and
the inequalities [ly]| < u+ [lp|] and [lzl] > 20 + |l]) imply that s < s+ [pl] <
|lz|| = ly|| < |ly — z||. Therefore u < ||z — y|| whenever (z,y) € A x B satisfies
|(z,y)|]| > p. Since p was an arbitrary positive number, the definition of the
limit implies that (2.2) holds. Consequently, Part (xvi) implies the existence of
a BAP with respect to (A, B).



(xxvii)

(xxviii)

(xxix)

(xxx)

(xxxi)

THE BAP PROBLEM IN NORMED SPACES 25

B is nothing but the Voronoi cell of P := {p} with respect to A, i.e., B :={z €
X ||z —p| < d(z,A)}. Since A is closed and convex, it is weakly closed and
hence weakly sequentially closed. Thus the assertion follows from Part (xxvi)
By our assumption A = (C] —¢;) + Ly and B = (Cy — ¢3) + Lo for two real lines
L, and L, and two weakly sequentially compact sets C; C X egld Cy C X such
that L, N C; = {¢;} for some ¢; € X, i € {1,2}. Since L; = u; + L;, where u; € X
and L; is the linear part of L;, i € {1,2}, the linear part of L; — Ly is the linear
subspace Zl — Eg. This is a finite-dimensional linear subspace (whose dimension
is at most 3) and hence a closed set [61, p. 196]. Thus L; — L, is closed. Because
Ly — L, is also convex, it is weakly closed and hence weakly sequentially closed.
The assertion now follows from Part (xx) since C) — ¢; and Cy — ¢y are weakly
sequentially compact as translations of weakly sequentially compact sets.

Since both A and B are finite-dimensional affine subspaces, so is their difference
A — B. As is well known, the distance from any point x in a normed space X
to a finite-dimensional affine subspace F' of X is attained (this is immediate: let

(g )ken In F satisfy limg o || — 2|| = d(x, F); then (xj)ken is bounded, and
so has a convergent subsequence since F' is finite-dimensional, and the limit z
of this subsequence satisfies || — z|| = d(z, F') by the continuity of the norm).

Hence d(0, A — B) is attained and the assertion follows from Part (ii).

Since any finite-dimensional normed space is a reflexive Banach space and since
in finite-dimensional normed spaces a sequence converges weakly if and only if
it converges strongly, the assertion follows from either Part (xiii) (if AU B is
bounded) or Part (xvi) (if AU B is unbounded).

The proof is somewhat similar to the proof of Part (xxvi), but because there are
differences in the settings, some modifications are needed. First we observe that
since the function ¢g : X — R defined by ¢(z) := d(z, P) — d(z, A) for all z € X
is continuous (even Lipschitz continuous) and B is its O-level-set, it follows that
B is closed and hence weakly sequentially closed since X is finite dimensional.
We also observe that since d(z, P) = d(z, P) for every z € X (as follows, from
instance, from Lemma 3.1), we have B = {z € X |d(z, P) < d(z, A)}.

If B is bounded, then the assertion follows from Part (xiii) (where B and
A are interchanged there). Otherwise, B is unbounded and so is AU B. We
claim that (2.2) holds. Indeed, let > 0 be arbitrary. Since P is bounded, so
is P, and there is some 7 > 0 such that P is contained in the ball of radius r
about the origin. Denote p := 3(u + r) and let (z,y) be an arbitrary pair in
A x B which satisfies ||(z,y)|| > p. Either ||y|| > p+r or |ly|]| < p+ r. Suppose
that the first case holds. Since P is closed and X is finite dimensional, there
is some p € P (hence ||p|| < 7) such that ||y — p|| = d(y, P) (this also follows
from Part (xiii), where A there is replaced by {y} and B there is replaced by
P). These facts, as well as the triangle inequality and the fact that y € B, all
imply that p < [ly|| —r < [ly[| = [lpll < lly —pll = d(y, P) < d(y, A) < |ly — =
Now suppose that the second case holds, that is, ||y|| < w4+ r. It must be that
[zl > 2(n + ) because otherwise [[(z,y)||* = ||=[|* + [ly||* < 5(n +r)* < p?
by the definition of p, a contradiction to what we assumed on (z,y). Hence the
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FIGURE 1. Two open FIGURE 2. Illustration of the
and disjoint discs in second counterexample in Re-
the Euclidean planei no mark 5.2(i): two closed, strictly
BAP (Remark 5.2(i)). convex, boundedly compact and
disjoint sets in the Euclidean
plane where there is no BAP rel-
ative to them (here the coercivity
condition (2.2) does not hold).

inequalities ||y|| < p+ r and ||z|| > 2(u + ), as well as the triangle inequality,
imply that p < p+7r < [z — |yl < [y —=[|. Thus p < [lz —y| for all
(x,y) € A x B which satisfies ||(z,y)|| > p. Since p was an arbitrary positive
number, the definition of the limit implies that (2.2) holds. Hence Part (xvi)
implies that there is a BAP relative to (A4, B).

This is just a particular case of Part (xxv). Alternatively, since B is polyhedral,
also —B is polyhedral, and since the sum of finite-dimensional polyhedral sets
is polyhedral by [97, Corollary 19.3.2] (see also [113, Lemma 2]), it follows that
A — B is polyhedral and hence closed because a polyhedral set is closed as an
intersection of closed sets. The assertion now follows from Part (xix).

O

Remark 5.2. Here are a few comments related to Theorem 5.1:

(i)

In general, existence of a BAP is not ensured even in very simple settings. One
example is two open and disjoint line segments in the real line, such as A = (0, 2)
and B = (5,10) and two open and disjoint discs in the Euclidean plane. (in the
first case if we replace both sets by their closures, then the pair (2,5) will be the
unique BAP, in accordance with the combination of Corollary 4.6 and Theorem
5.1(x)). For a second counterexample, let X be the Euclidean plane, A :=
{(z1,29) € R?| 2y > €™ + 1} and B := {(x1,22) € R* |29 < —e™ — 1}. Then A
and B are closed, strictly convex and boundedly compact, but any (a,b) € Ax B
satisfies ||a — b|| > 2 = dist(A, B), and so there is no BAP relative to (4, B).
See Figure 2. Of course, in this case the coercivity condition (2.2) does not
hold. This example shows that [105, Theorem 2.3, p. 385], which claims that
there is a BAP relative to (A, B) whenever A and B are boundedly compact and
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closed, is incorrect, as observed before in [80, p. 1138] and later in [115, p. 322]
using different (counter)examples. Nevertheless, by adding to [105, Theorem 2.3,
p. 385] the assumption that either A or B is bounded, the assertion becomes
correct, as was observed without a proof in both [80, p. 1138] and [115, p. 322]
and is proved in Part (viii). A third counterexample appears in Part (ii) below.
A fourth counterexample appears in [71, Theorem 5], which says that in every
infinite-dimensional real normed space there exist closed, convex and linearly
bounded subsets A # () and B # () such that there is no BAP relative to (4, B).
While various parts of Theorem 5.1 do not require the space to be reflexive,
the reflexivity assumption, which is imposed in many parts of the theorem, is
not a coincidence. Indeed, in any real non-reflexive Banach space there are
very simple closed, convex and disjoint subsets A and B such that there is no
BAP relative to them. In fact, A can be taken to be a singleton and B can
be taken to be a closed hyperplane. This property actually characterizes real
non-reflexive Banach spaces [90, p. 253], [58, Theorem 19C(a), p. 161], [71,
Theorem 1], a result which is attributed in [90, p. 253] to James, based on
his celebrated theorem (in its earlier version formulated for separable spaces)
which says that a real Banach space is non-reflexive if and only if there exists a
linear continuous functional which does not attain a maximum on the unit sphere
of the space: see [59, Theorem 5] (which discusses only the difficult direction)
and [60, Theorem 2]. Closely related characterizations of real reflexive Banach
spaces appear in [71, Theorems 3 and 4]: for instance, [71, Theorem 4] says that
a real Banach space is reflexive if and only if for all pairs (A, B) of nonempty,
closed, convex and bounded subsets A and B of X there is a BAP relative to
(A, B).

Part (i) is, of course, well known and is mentioned in [5, p. 434 in Section 5]
and [9, Fact 2.3(v)], in the context of Hilbert spaces. Part (iv) generalizes [115,
the assertion after Theorem 3] (which by itself generalizes [101, Theorem 3], a
result whose proof suffers from issues), where there X is restricted to be a Banach
space and A (denoted by G there) is also assumed to be convex (the proof of
this assertion suffers from a gap, namely the convexity of F' there - denoted by B
in Part (iv) - is crucial for the existence of a convergent subsequence in F, but
is omitted from the proof). Part (v) significantly generalizes [86, Theorem 3.1]
and also generalizes [66, Theorem (8), p. 345] because any closed, convex and
weakly locally compact subset of a normed space is proximinal with respect to the
whole space [66, Theorem (1), p. 343]. Part (ix) generalizes an assertion made
in [39, between Theorem 2.4 and Definition 2.5] in a Banach space setting. Part
(xix) generalizes [5, Lemma 2.1(ii) and p. 434 in Section 5] (see also [7, Theorem
5.4.3]) from the case where X is a real Hilbert spaces and A and B are closed and
convex. Parts (xxii)-(xxiii) combined generalize [5, Facts 5.1(iii)] from the case
where X is a real Hilbert spaces and A and B are closed and convex. Part (xxx)
extends related existence results in the Euclidean case, such as [18, Corollary
4.16], [46, Proposition 2.2, Corollary 2.3|, [54, Proposition 2.3 (without giving
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explicit formulae as done there; note that there a BAP is referred to as “the”
BAP, although there can be several other BAPs).

Part (vi) is stated without a proof in [115, Corollary 1]. It is claimed there that
the proof can be obtained from [115, The proof of Theorem 4], but this is not
very clear since [115, The proof of Theorem 4] is based on the convexity of B
(denoted by G there), which is not assumed in [115, Corollary 1].

A more general version of Part (vii) is claimed in [115, Corollary 1], again
without a proof: that A is locally compact instead of being boundedly compact
(the rest of the assumptions are the same as in Part (vii)). It is not clear to
us whether this statement is correct, and it might be that the author of [115]
actually meant “boundedly compact” instead of “locally compact”. The problem
with the proof of [115, Corollary 1] is also mentioned in [83, p. 128].

It is claimed in [66, the remark on page 345, after the proof of (8)] that if X is
a reflexive Banach space, A is closed and bounded, and B is closed and convex,
then there is a BAP relative to (A, B). This assertion is repeated in [83, p. 128§]
in an attempt to claim that [115, Corollary 2] (which we proved in Part (xiv)),
follows from a known and more general result. However, [66, the remark on page
345, after the proof of (8)] is incorrect, and a simple counterexample is X = /s,
A={((k+1)/k)er|k € N} and B = {0}, where ¢, is the k-th basis element,
namely the k-th component of e, is 1 and the other components are 0. Indeed, X
is a Hilbert space and hence reflexive, A is discrete (since the distance between
any two distinct elements in A is at least 2) and hence closed, and B is obviously
closed and convex; however, d(A, B) =1 < (k+1)/k = d(ey, B) for all k£ € N.
Part (xxv) is claimed without a proof in [5, Fact 5.1(ii)]. It is said there that
a proof will appear in a certain future work, but eventually that specific work
neither presented the claim nor presented the proof. Moreover, as far as we know,
the proof of Part (xxv) has not been published elsewhere (beyond the one given
here).

One might wonder regarding possible extensions of Theorem 5.1. This is defi-
nitely possible. For example, see [13, Ex. 2.16, p. 52] (as well as Part (xix))
regarding the case where X is a reflexive Banach space, A and B are closed affine
subspaces of X with linear parts A and B, respectively, such that ANB |
and there is some o > 0 such that d(z, AN B) < ad(z, B) for each z € A. As
another example, see [58, Lemma 15D, p. 104], combined with Part (xix), for
the case where X is a reflexive Banach space, A and B are closed and convex,
B is locally compact, and the intersection of the recessions cones of A and B is
{0} (see also [5, Facts 5.1(iv)] for the real Hilbert space case, with the modifica-
tion that the intersection of the recessions cones should be {0}). For additional
extensions, see [71, Theorem 7| (normed spaces) and [35,80,81] (metric spaces).
Some of the assertions formulated in Theorem 5.1 hold, with essentially the
same proofs, in metric spaces: these are Parts (i), (vi) (see also [80, Theorem
2]), (vii), (viii) and (x).

Given a collection (Py)rex of nonempty subsets of the ambient space X, called
sites or generators, the Voronoi cell Vj, of Py is the set Vj := {x € X |d(x, P) <
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d(xz,Ap)}, where Ay = Ujex\p P The collection (Vi)rer is the so-called
Voronoi diagram of the given sites. Voronoi diagrams have numerous applications
in science and technology: see, for example, [2,28,34,41,56,85,94-96] and the
references therein, and in particular see [44, 73| for applications regarding the
BAP problem itself. If all the sites are closed and either K is finite or K is infi-
nite and the gap between the sites is positive (namely 0 < inf{dist(P;, P;) | i,j €
K,i # j}, as happens, e.g., if each site is a lattice point or a subset located in a
small neighborhood of a lattice point), then Ay is closed for all & € K (in the first
case this is obvious, and in the second case this follows from the fact that any
sequence in Ay, which converges to some point in X, must belong to the same
site P; starting from some place because of the positive gap between the sites).
Therefore, if, in addition, X is finite dimensional and all the sites are bounded,
then Theorem 5.1(xxxi) ensures that for every k € K the distance between the
Voronoi cell of P, and the union A;, of the other sites is attained.

6. EXAMPLES

This section presents several examples and counterexamples which illustrate some
of the results established earlier.

Example 6.1. Let (X, || - ||) be the Euclidean plane, A := [-2,2] x [-2,0] be a
rectangle, and B := {(21,z2) € X |5 + (22 — 2)* < 1} be an ellipse. See Figure 3.
Then (X, | - ||) is strictly convex, both A and B are nonempty, convex and compact,

and B is actually strictly convex, and so, according to Corollary 4.6, there is a unique
BAP (aop, by) with respect to (A, B). In fact, ay = (0,0) and by = (0, 1).

Example 6.2. Let X := R? be the plane with the || - || norm |[(z1,22)| :=
max{|xy|, |zal}, (z1,22) € X, and let A and B be defined as in Example 6.1. See
Figure 4. Since (X, | - ||) is not strictly convex, the existence of a unique BAP with
respect to (A, B) is not guaranteed. Indeed, now ([ag, ai], [bo, b1]) is a nondegenerate
(but not a strictly nondegenerate) BAP of intervals with respect to (0A, 0B), where
ap := (—1,0), a; := (1,0), and by := (0, 1) =: by, because ||a(t)—bo||lc = 1 = dist(A, B)
for all t € [0,1].

Example 6.3. Let X := R3 with the ||-|| o norm ||(z1, 22, ¥3)||eo := max{|z1], |z2]|, |z3]},
(x1,22,23) € X. Let A := {(z1,22,23) € X |2y € [-1,1],29 = 0,23 = 0} and
B :={(x1,79,73) € X |21 = 0,29 € [—1,1], 23 = h} for some fixed h > 1. Then A and
B are nondegenerate intervals. Since any x = (21,22, 72) € A and y = (y1,¥2,y3) € B
satisfy |x1 —y1| = |z1] < 1, |22 — y2| = |yo| < 1 and |23 — y3| = h > 1, we have
|z — y|loo = h and dist(A, B) = h, namely (z,y) is a BAP relative to (A, B) for all
(x,y) € A x B. Moreover, (A, B) is a strictly nondegenerate BAP of intervals with
respect to (A, B) although A and B are not parallel.

Example 6.4. Let X := R?® with the Euclidean norm. Fix o1, 09, hy, ho € (0,00) and
let A be the elliptical cylinder defined by A := {(z1, 22, x3) € X | (2%/0%) + (23/03) <
1,23 € [=h1,0]}. Let B be the ellipse defined by B := {(x1, 22, 23) € X | (22/03) +
(g — 09)?/02) < 1,m3 = hy}, namely B is a translated copy of the ellipse which
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generates A. See Figure 5. Here (X, || - ||) is strictly convex but both A and B are
not (even though B is strictly convex in the affine hull that it spans, namely when
restricted to the plane {(z1,z9,23) € X : 23 = hy}) and indeed, (S1,.51) and (S5, S5)
(see Figure 5) are strictly nondegenerate BAPs of intervals with respect to (A, B). Of
course, there are infinitely many other such pairs.

Example 6.5. Figure 6 presents a two-dimensional example in which there exists at
least one BAP with respect to (A, B) because of Theorem 5.1(x), and this pair is
unique because of Theorem 4.1 since there does not exist a nondegenerate BAP of
intervals with respect to (0A,9B) (because if (14, [p) is a pair of intervals satisfying
Iy COA and Ig C 9B, then we can find a pair (a/,b') € A x B such that ||’ — V| <
dist(Ia,Ig)). Nevertheless, there do exist intervals contained in A which are parallel
to intervals contained in 0B.

Example 6.6. Figure 11 presents two compact shapes in the Euclidean plane whose
boundaries contain intervals, but no interval contained in the boundary of one shape
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is parallel to an interval contained in the boundary of the other shape. Hence the
conditions of Corollary 4.6 and of Theorem 5.1(x) are satisfied, and thus there exists
a unique BAP relative to (A, B).

Example 6.7. Let (X, ||-]|) be the plane with any norm, let A be a closed and bounded
subset, and let B be a closed and unbounded subset of the plane as in Figure 10. Here
the coercivity condition (2.2) holds, and existence of a BAP relative to (A, B) follows
from Theorem 5.1(xvi).

Example 6.8. Let (X, [|-||) be the R? with the Euclidean norm, and let A and B be two
straight cylinders, either parallel (Figure 7) or non-parallel (Figure 8). Then Theorem
5.1(xxviii) ensures that there exists at least on BAP with respect to (A, B) (in the
case of non-parallel cylinders the coercivity condition (2.2) holds, and existence of a
BAP relative to (A, B) also follows from Theorem 5.1(xvi)). Since the norm is strictly
convex, Corollary 4.6 ensures the uniqueness of the BAP in the case of non-parallel
cylinders.

Example 6.9. Consider R? with any norm. Let A and B be two disjoint and gener-
alized (hyper)cylinders as in Figure 6.9, with axes L4 and Lp and bases C'4 and Cp,
respectively. Then Theorem 5.1(xxviii) ensures that there exists at least one BAP
with respect to (A, B): see Figure 9.

Example 6.10. An illustration of Theorem 4.2 in the plane, with any norm, is pre-
sented in Figure 12. This theorem and Theorem 5.1(x) imply that there is a unique
BAP relative to (4, B).

Example 6.11. An illustration of Theorem 4.5 in the plane, with any strictly convex
norm, is presented in Figure 13. This theorem, as well as Theorem 5.1(x), ensure
that there is a unique BAP relative to (A, B).
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