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Abstract. Robust optimization is an approach for handling uncertainty in optimization problems, in which the uncertainty set
determines the conservativeness of the solutions. In this paper, we propose a data-driven uncertainty set using a type of volume-
based clustering, which we call Minimum-Volume Norm-Based Clustering (MVNBC). MVNBC extends the concept of minimum-
volume ellipsoid clustering by allowing clusters to be enclosed within regions defined by a given set of vector norms, while explicitly
detecting outliers at a specified rate. We formulate MVNBC as a mixed-integer conic optimization problem to optimally assign data
points to clusters by minimizing the total volume of the norm-based regions. To address computational complexities, we develop
both an exact decomposition-based algorithm and an efficient iterative approximation algorithm. The exact algorithm employs
generalized Benders decomposition to decompose the problem into an assignment master problem and conic subproblems. The
approximation algorithm, inspired by insights from generalized Benders decomposition, iteratively reassigns data points to different
clusters until guaranteed convergence. Through extensive numerical experiments, we first show that MVNBC effectively captures
data patterns and identifies clusters with minimum total volume. Moreover, we demonstrate that robust solutions derived from our
uncertainty set are less conservative than those obtained using uncertainty sets without clustering or those obtained using selected

benchmarks from the literature.

Key words: Robust Optimization, Uncertainty Sets, Clustering, Data-driven Optimization, Conic Optimization, Generalized

Benders Decomposition

1. Introduction

Uncertainty can significantly affect the performance of solutions obtained from optimization problems
(Ben-Tal and Nemirovski 2002). Robust Optimization (RO) is a widely-used approach for addressing uncer-
tainty in optimization problems, aiming to identify solutions safeguarded against all scenarios within a

specified uncertainty set (Ben-Tal and Nemirovski 2000).
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For a convex optimization problem affected by an uncertain parameter u, the nominal problem assumes
a fixed parameter estimate 4 and reads as

inf {g(x)[f;(x,0) <0, Vje{l,...,m}}, (D

x€R™
where x € R™ is the vector of decision variables, g: R® — R is the convex objective function, and
fi(,u): R =R, j€{1,...,m}, are closed, proper, and convex functions.
The robust counterpart of Problem (1), given that the uncertain parameter lies within the set / reads as

inf {g(x)| f;(x,u) <0, Yucld, ¥j€ {1,....m}}. @)

x€eR™

A common criticism of RO is that it can yield overly conservative solutions (Bertsimas et al. 2011). The
conservativeness of the RO solutions is controlled via the uncertainty set I/, as a larger uncertainty set typ-
ically increases conservativeness, ultimately affecting the objective value (Baron et al. 2011, Kang et al.
2023). Classical uncertainty sets, such as boxes (Soyster 1973), ellipsoids (Ben-Tal and Nemirovski 1998),
or polytopes (Bertsimas and Sim 2004), are commonly used due to their ease of construction, and they result
in computationally tractable reformulations of Problem (2). However, as these sets are constructed solely
based on empirical averages of available data points as a nominal estimate, they often lead to overly con-
servative solutions. To address this limitation, researchers have begun constructing uncertainty sets directly
from data, giving rise to a stream of literature on data-driven uncertainty sets.

Data-driven uncertainty sets generally lead to less conservative solutions than classical uncertainty sets
(Bertsimas and Thiele 2006). There are various ways to construct data-driven uncertainty sets, includ-
ing methods based on statistical tests, moment-based approaches, clustering, and deep learning. We dis-
cuss these in more detail in Section 2. This paper contributes to this research stream by proposing a new
clustering-based uncertainty set.

Clustering is an unsupervised learning method that groups data into distinct clusters, placing data points
with similar attributes together and separating those with differing attributes (Suyal and Sharma 2024).
Clustering is recognized as one of the most explainable Machine Learning (ML) methods (Moshkovitz
et al. 2020) because the clusters provide a direct and interpretable structure, assigning each data point
clearly to a group, often defined by geometric or statistical properties. This ML method has recently gained
attention in constructing data-driven uncertainty sets, where it is used to construct uncertainty sets that
balance interpretability and computational efficiency. One such method is volume-based clustering, which
defines clusters based on minimal enclosing regions.

We propose a data-driven uncertainty set based on a volume-based clustering method, which we call
Minimum-Volume Norm-Based Clustering (MVNBC). MVNBC generalizes Minimum Volume Ellipsoid

Clustering (MVEC) by not restricting cluster shapes to predefined ellipsoids. Instead, it allows clusters to
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be defined through regions characterized by different vector norms, providing greater flexibility to capture
data patterns. We formulate the MVNBC problem as a Mixed-Integer Non-Linear Optimization (MINLO)
problem that identifies optimal clusters by minimizing their multidimensional volume while explicitly con-
trolling the rate of outliers. To improve computational tractability, we reformulate the MINLO problem as
a Mixed-Integer Conic Optimization (MICO) problem. To address the computational complexity of this
MICO problem, we develop an exact decomposition-based algorithm using generalized Benders decompo-
sition (GBD). As the exact algorithm is not computationally efficient for large-scale instances, we further
develop an approximation algorithm inspired by GBD that iteratively reassigns points to clusters, monoton-
ically decreasing clusters’ total volume during this process. We conduct numerical experiments to show the
performance of our method and the corresponding algorithms. The first experiment demonstrates that the
MVNBC method outperforms some typical clustering methods in finding clusters with minimum volumes.
The second experiment confirms the effectiveness of our MVNBC-based constructed uncertainty sets in RO
for a 2-product newsvendor problem. The third experiment shows that our uncertainty set provides about
10% better objective value than one of the recent data-driven uncertainty sets in the literature, and highlights
the potential for our data-driven uncertainty set to be applied to a wide range of RO problems.

The remainder of the paper is organized as follows. In Section 2, we review relevant literature on data-
driven uncertainty sets, minimum volume-based clustering approaches, and highlight our contributions. In
Section 3, we outline the notation and provide essential mathematical preliminaries used throughout. In
Section 4, we introduce the norm-based clustering optimization problem and present its MICO reformula-
tion. In Section 5, we develop an exact solution algorithm for solving the proposed MICO formulation. In
Section 6, we describe an efficient approximation algorithm designed to overcome the computational lim-
itations of the exact algorithm. In Section 7, we provide the robust optimization reformulation of a convex
optimization problem using the presented uncertainty set. We present numerical experiments demonstrat-
ing the effectiveness of our clustering method and its application in constructing uncertainty sets for RO
in Section 8. Finally, in Section 9, we summarize our findings and suggest potential directions for future

research.

2. Literature

In this section, we first review data-driven uncertainty sets in Section 2.1, covering classical approaches and
ML-based methods. Next, we discuss minimum volume-based clustering methods and their limitations in
Section 2.2. Finally, in Section 2.3, we outline our contributions that address these gaps through Minimum

Volume Norm-Based Clustering (MVNBC).

2.1. Data-driven uncertainty sets
There are two major research streams on constructing data-driven uncertainty sets: those that construct clas-

sical uncertainty sets and ML-based ones. Classical uncertainty sets include shapes such as boxes, ellipsoids,
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and polytopes, and they rely on statistical assumptions or distributional knowledge about data. A seminal
contribution in this stream is Bertsimas et al. (2018), which introduced uncertainty sets integrating statisti-
cal hypothesis testing and goodness-of-fit measures with prior assumptions on data distributions. Additional
classical approaches, such as those surveyed by Gabrel et al. (2014) and Gorissen et al. (2015), focus on
defining uncertainty sets using statistical confidence intervals and prior assumptions on distributions. Within
this line of work, Zhang et al. (2017) proposed specific enhancements by adaptively adjusting classical
box, ellipsoidal, and polyhedral uncertainty sets via data-driven confidence intervals, making uncertainty
sets more responsive to data patterns. Despite their computational efficiency and interpretability, classical
methods often yield overly conservative solutions when actual data patterns deviate significantly from their
predefined convex shapes.

The second stream, ML-based methods, relies on learning techniques to capture complex data patterns
without being constrained to predefined structures. One of the first such methods is kernel-based Support
Vector Clustering (SVC) to construct uncertainty sets (Shang et al. 2017). A modification of SVC, proposed
by Asgari et al. (2024), introduced position-regulated SVC to refine the uncertainty set structure. However,
both methods suffer from scalability issues and struggle to represent multiple data patterns effectively. To
address these limitations, Goerigk and Kurtz (2023) proposed deep Neural Networks (NN) to construct
uncertainty sets, showing superior performance over SVC in detecting data patterns and identifying outliers.
However, the resulting RO counterparts derived from NN-based uncertainty sets tend to be computationally
expensive.

To enhance computational tractability, several studies integrated dimension reduction techniques into
the construction of uncertainty sets. Ning and You (2018) utilized Principal Component Analysis (PCA)
combined with Kernel Density Estimation (KDE) to construct uncertainty sets based on the principal com-
ponents of the data distribution. Zhang et al. (2022) employed PCA with a cutting-plane method to construct
polyhedral uncertainty sets. However, PCA-based methods often encounter the curse of dimensionality, and
the cutting-plane methods may include unlikely scenarios within the uncertainty sets.

Recent studies integrate learning techniques into optimization frameworks, aiming to balance compu-
tational efficiency with robust decision-making. Wang et al. (2023) introduced a data-driven method that
reshapes uncertainty sets based on observed performance across a parametric family of problems, ensuring
the satisfaction of constraints. To mitigate computational challenges, Goerigk and Khosravi (2023) devel-
oped scenario reduction techniques that select the centers of clustering of K-means as probable scenarios,
improving the solvability in RO problems. Loger et al. (2024) introduced an approximate kernel learning
method to define uncertainty sets, offering a flexible and computationally efficient alternative.

Within this stream, clustering techniques have emerged prominently, particularly K-means clustering, for
constructing data-driven uncertainty sets. De Rosa et al. (2024) analyzed the effectiveness of linear pro-

gramming relaxations in K-means clustering, offering insights into the integration of clustering techniques
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in RO frameworks. Wang et al. (2024) proposed mean robust optimization, which utilizes K-means to parti-
tion data and define uncertainty sets that balance computational efficiency and conservatism. Neofytou et al.
(2025) introduced a method that combines clustering with a Dirichlet process mixture model to construct
uncertainty sets as the intersection of ¢; and /., norms. Li et al. (2025) constructed the uncertainty set using
a monolithic mixed-integer formulation as a union of multiple subsets to improve computational efficiency
in predictive control applications.

In summary, clustering-based uncertainty sets effectively balance interpretability, robustness, and compu-
tational efficiency. However, existing clustering-based uncertainty sets typically rely on a fixed predefined
geometric shape, such as the ellipsoid, limiting their flexibility in capturing complex data patterns. This
limitation motivates the development of uncertainty sets that allow for more general shapes, enhancing their

adaptability to various data distributions while maintaining computational tractability.

2.2. Minimum volume-based clustering

Clustering methods can broadly be classified into partitioning, hierarchical, and density-based methods
(Han et al. 2012, pp. 383-385). Partitioning methods, such as K-means, segment datasets into K disjoint
clusters, assigning each point uniquely to one group. These methods typically minimize an objective func-
tion, often related to distances between points and cluster centroids (Han et al. 2012, pp. 385-390). Hier-
archical clustering groups data points into nested clusters, forming a tree-like structure by progressively
merging or splitting clusters based on their similarity (Nielsen 2016). Density-based clustering identifies
clusters as regions of high data density, separated by areas of lower density, effectively handling clusters of
arbitrary shapes (Campello et al. 2020).

Among density-based clustering methods, volume-based clustering stands out due to its suitability for
constructing uncertainty sets in robust optimization. Specifically, volume-based clustering directly aligns
with the objective of minimizing uncertainty region volumes, thereby reducing conservativeness in opti-
mization solutions. One classical method, known as Minimum Volume Ellipsoid Clustering (MVEC),
defines clusters using the smallest volume ellipsoid enclosing all points in a cluster. Rosen (1965) formu-
lated the problem of finding a single minimum-volume ellipsoid enclosing a given set of points as a convex
optimization problem for pattern separation. Barnes (1982) later developed an algorithm to compute such
an ellipsoid.

Computing minimum-volume ellipsoids involves solving optimization problems that minimize objective
functions defined by determinants of matrices. Several algorithms have been proposed to efficiently approx-
imate solutions, including heuristic algorithms such as simulated annealing, genetic algorithms, and tabu
search (Woodruff and Rocke 1993), arithmetic-based approximations (Khachiyan 1996), iterative proce-
dures (Candela 1996), convex optimization algorithms (Martinez-Rego et al. 2013), re-sampling algorithms

(Van Aelst and Rousseeuw 2009), and randomized algorithms (Ahipasaoglu 2015).
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Shioda and Tungel (2007) introduced Minimum Volume Ellipsoid Clustering (MVEC), formulating it as
a mixed-integer semidefinite optimization problem that minimizes the geometric mean of the volumes of
ellipsoids covering the clusters. Their method achieves scale invariance and effectively handles asymmetric
and unequal-sized clusters, though it does not explicitly address outlier detection.

Extending MVEC, Kumar and Orlin (2008) proposed a mixed-integer nonconvex optimization formula-
tion capable of simultaneously identifying clusters and detecting outliers. Similarly, Martinez-Rego et al.
(2013), aiming to improve computational tractability, developed a nonconvex formulation that minimizes
the sum of squared ellipsoid volumes but does not explicitly incorporate outlier detection.

Building upon these works on MVEC, we introduce a clustering-based methodology specifically tailored
to construct data-driven uncertainty sets. While MVEC and related methods predominantly utilize ellip-
soidal shapes, our method generalizes uncertainty regions by allowing clusters to be defined through various
norm-based shapes. This enhanced flexibility provides a more accurate representation of diverse data dis-
tributions compared to purely ellipsoidal methods, and enables decision-makers to formulate RO problems
that remain computationally tractable. By explicitly incorporating outlier detection, our uncertainty set fur-

ther balances robustness and conservativeness effectively in data-driven RO.

2.3. Our Contribution
In this paper, we provide a threefold contribution to the literature:

First, we introduce Minimum Volume Norm-Based Clustering (MVNBC), a generalization of Minimum
Volume Ellipsoid Clustering (MVEC). MVNBC formulates clustering as an optimization problem that
incorporates a set of vector norms in R¢ and explicitly accounts for outliers. To enhance computational
tractability, we reformulate this problem as a Mixed-Integer Conic Optimization (MICO) problem, leverag-
ing structured conic constraints, including an exponential cone and a logdet cone for each cluster, as well
as either a quadratic cone or a linear cone for each data point-cluster pair.

Second, we develop two solution algorithms tailored to address the computational complexity associated
with solving the MVNBC problem. First, we propose an exact algorithm based on generalized Benders
decomposition, which decomposes the original problem into an assignment master problem and several
conic subproblems, enhancing computational tractability. Recognizing the limitations of the exact algorithm
for large-scale datasets, we next propose an approximation algorithm. This algorithm iteratively reassigns
data points to clusters while progressively reducing the total volume, thereby substantially improving scal-
ability and computational performance for larger problem instances.

Third, we conduct comprehensive numerical experiments to evaluate MVNBC’s performance. Initially,
we compare MVNBC against K-means and Gaussian Mixture Models (GMM) in terms of capturing under-
lying data patterns. Our results demonstrate that MVNBC provides superior pattern recognition. Subse-

quently, we leverage MVNBC to construct data-driven uncertainty sets tailored for RO. By varying the
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number of clusters and region shapes, we find configurations that significantly improve the quality of robust
solutions when applied to a newsvendor problem. Finally, our experiments show that the MVNBC-based
uncertainty sets achieve up to 10% improvement in the objective value, while considerably reducing com-

putation times, compared to recent uncertainty sets proposed by Goerigk and Kurtz (2023).

3. Preliminaries
In this section, we introduce the notation, define essential mathematical concepts used throughout the paper,
and review relevant results from the literature on calculating the volume of regions.

Throughout the paper, the set of real numbers is denoted by R, while the set of strictly positive integers
is denoted by N. Other general sets are denoted by calligraphic fonts, e.g., /. Matrices are represented
by uppercase bold letters, such as A or B, and vectors by lowercase bold letters, such as x or y. For a
matrix A € R™ ™ its transpose is denoted by AT € R™*". For any positive integer n, we define the set
[n]:={1,2,...,n}.

We define the p-norm (or /,-norm) of a vector x € R? as ||x|| , = (Zie[d] |x2\”) l/p, where | - | denotes
the absolute value. In particular, we use the following norms:

* The {;-norm: [|x|[1 =",y |2

* The {,-norm or Euclidean norm: ||x|[[z =y />~y %> = VxTx

* The {-norm: ||X||o = max;eq ||

For a d x d matrix A, the induced ¢, matrix norm is defined as
[ A[lp = sup {[|Ax|[, [ [|x][, =1}

The determinant of a symmetric matrix A is denoted by det(A). We use A = 0 and A > 0 to denote that
the matrix A is positive semidefinite and positive definite, respectively.

Given T € R4, the matrix transformation associated to T is the transformation F : R? — R? defined
by F(x) = Tx. For a vector t € R?, the vector translation associated to t is the translation G : R? — R?
defined by G(x) =x — t.

A norm-based region is defined as S = {x ER|T(x—-t)|, <1 }, which is compact, where T € R4*¢
is an invertible transformation matrix and t € R? is a translation vector. We denote by B? the unit ball of
the /,-norm, defined as B” = {x x|, < 1}.

Next, we recall some definitions and theorems from the literature that are essential for this paper, specif-
ically focusing on the relationship between linear transformations and the volumes of a given norm-based
region.

DEFINITION 1 (VOLUME OF A REGION, BEMPORAD ET AL. 2004). Let S C R? be a region. The

volume of S is defined as vol(S) = [ dx, representing the Lebesgue measure of S.
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THEOREM 1 (Volume Scaling under Linear Transformations, Kumar and Orlin 2008). Ler T be a

d x d matrix and T(x) = Tx be the associated matrix transformation. For any region S C RY, it holds that
vol(T(S)) = | det(T)]| - vol(S).

Proof See Kumar and Orlin (2008) (Lemma 1) for the special case where S is an ellipsoid, and

Appendix A.1 for the general case. U

COROLLARY 1 (Volume of a Norm-Based Region). Let T € R%*? be a positive definite symmetric
matrix and t € R%. For the region S = {x ER|T(x—t)]|, < 1}, the volume is given by

QL+, 1

vol(S) = F(1+4)  det(T)’ ©)
where I'(-) denotes the gamma function, defined as
I(z)= /OO s" e 5ds.
0
Proof See Appendix A.2. g

For more details regarding volumes of unit balls and the calculation of the gamma function, we refer the

reader to Wang (2005).

4. Minimum volume norm-based uncertainty set
In this section, we formulate the problem of constructing a data-driven uncertainty set using volume-based
clustering based on the available data. First, we provide the MVNBC formulation in Section 4.1 and then

reformulate it as an MICO problem in Section 4.2.

4.1. Minimum Volume Norm-based Clustering

The volume-based clustering optimization problem is similar to an assignment problem with a non-linear
objective function. It aims to find the optimal assignment of N different points, a‘, i € [N], to multiple
clusters, allowing some of them to be outliers. The objective function is to minimize the summation of the
volumes of the norm-based regions. Similar to the formulation by Kumar and Orlin (2008) and Martinez-
Rego et al. (2013) for the ¢5-norm, we formulate the problem for a general norm region as

inf Z Z vol(Sy,) (4a)

S il
kp ™y peP kpe[Kp)

subjectto a’' €Sy, if z;p =1, Vi€ [N], k, € [K,], p€ P, (4b)
W< L <w' Y K, Vi e [N], (4¢)
PEP kp€[Kp) peEP
> w'=(1-7)N, (4d)
i€[N]
w' € {0,1}, Vi € [N], (4e)

I, €{0,1}, Vi€ [N], k, € [K,], p€ P, (4f)
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where P is the desired set of norms, K, is the number of £,-norm-based regions, for each p € P, S, is the
norm-based region defined as S, := {x € R? | | Ty, (x — ty,) Hp <1} forall p € P and k, € [K,]|, where
Ty, € R4*4 is a positive definite transformation matrix and t kp € R? is the translation vector, and l};p is the
membership indicator, a binary variable that equals 1 if the data point a’ is assigned to region Sk,» and 0
otherwise.

Problem (4) aims to minimize the total volume of regions. Constraint (4b) assigns the points to clusters,
Constraint (4c) ensures that non-outlier data points are assigned to at least one cluster. Constraint (4d)
ensures that at most r portion of the data points are treated as outliers. To define the assignment indicators,
w’, and the membership indicators, lip, we use binary values, which are enforced by Constraints (4¢e)-(4f).

Our formulation is originally devised for minimizing Objective (4a), representing the aggregated volume
of the clusters. It can, however, easily be revised to minimize the geometric mean, which is also considered
in the literature. We emphasize that Shioda and Tuncel (2007) formulate the Minimum Volume Ellipsoid
Clustering (MVEC) as a mixed-integer semidefinite optimization problem with P = {2}, minimizing the
geometric mean of the cluster volumes, expressed as > > kp (K] log(vol(S,)). Our formulation gen-
eralizes this by detecting outliers while considering regions defined by general vector norms rather than
restricting them solely to ellipsoids. Thus, our model achieves greater flexibility while ensuring the tractabil-
ity of the resulting robust counterpart. As we show in our numerical experiments, this flexibility provides
computational advantages for the reformulation of the robust counterpart.

To improve tractability of (4), we now reformulate the problem as a Mixed-Integer Conic Optimization

(MICO) problem.

4.2. Minimum Volume Norm-based Clustering Conic Formulation
This section provides an MICO problem to find the clusters with minimum volume. Clearly, Problem (4) is
equivalent to the following optimization problem, where Constraint (4b) is reformulated to Constraints (5b)-

(5¢)

_ inf S vol(S,) (5a)

Sk, 1t Tp te ,wi
kpotkp T Rp PR pep e K]

subjectto [ | Ty, (a’ — tkp>Hp <1, Vi€ [N], k, € [K,], p€ P, (5b)
T), =0, Vk, € [K,], pe P, (5¢)
(4c), ..., (41).

Problem (5) is a mixed-integer non-convex optimization problem, which is computationally intractable.

In the following theorem, we introduce a reformulation for this particular problem.
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THEOREM 2 (Conic Refomulation of MVNBC). The optimization problem (5) is equivalent to

inf _ Z Z Hkp (6a)

(20(1+ 1)

01619"l;.ép’T’“zﬂt’“zﬂ’wZ pEP F(lJr kp€[Kp)
subjectto  —log 6y, —logdet(Ty,) <0, Vk, € [K,], peP, (6b)
Ty, =0, Vk, € [K,),peP, (6¢)
0, >0, Vk, € [K,],peP, (6d)
P P p
lhy [Ty (2" =t |, <1, Vi€ [N, ky€[K,), peP,  (6e)

(4o), ..., (4.

Proof Since Sy, := {x e R?| HTkp (x—tx,) Hp < 1} for all desired norm p € P and all k,, € K], using

Corollay 1, we rewrite Objective (5a) as

Z Z vol(Sk,) Z Z det( Tk,,) -vol(BP)

PEP kpe[Kp] PEP kpE[Kp]
= vol(BP)
=2 > det
peEP kp€[Kp]

Let 6, be a new variable for each region k, € [K,]. Using epigraph reformulation, Problem (5) reads as

inf Y vol(BY) > 6, (7a)

Hkp’l;cp’Tkp’tkp’wz pEP kp€[Kp]
. 1
subject to m <O, Vk, € [K,], p€ P, (7b)
Ty, >0, Vk, € [K,],peP, (7¢)
Ok, >0, Vk, € [K,),peP, (7d)
lszTkp(ai_tkp)Hpgl, VZG[N], kPG[Kp],pEP, (76)
(4c),...,(41).

Since log(+) is a strictly increasing function, we replace Constraint (7b) with
—logdet(Ty,) <logby,, Vk,<c[K,],pcP. )

O
Theorem 2 shows how an optimal clustering is obtained by reformulating the det(-) function into a conic

form. More explicitly, introducing new variable 7;,,, Constraint (6b) can be further reformulated as

—logdet(Ty,) <,, Vk,€[K,],peP, (9a)
Tk, <logby,, Vk,€[K,], peP. (9b)
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Thus, given P C {1,2, +-00}, Constraint (9a) is equivalent to (—7y,, 1, T, ) belonging to the logdet cone,
and Constraint (9b) is equivalent to (6, 1,7,,) belonging to the exponential cone.

Despite having the cones in Problem (6), the problem is not yet an MICO problem due to the products
of l}, and | T, (2" — t,) Hp in Constraint (6¢). We know that if | Ty, (a’ — t,)

’p is bounded from above,
then the product has a mixed-integer convex quadratic reformulation, due to l}cp being binary. However,
HTkp (a’ — tkp) Hp may not necessarily be bounded. To see this, let l};p be 1 for only one ¢ and k,,. Let Ty,
be a diagonal matrix where all the diagonal elements are x > 0, and t;, = a’. Therefore, Constraint (6e)
holds for this solution. Furthermore, increasing x decreases the objective function, implying the norm is
unbounded. Even though HT k(@ —t) Hp cannot be bounded from above, in the next theorem, we provide

a necessary condition on an optimal clustering, helping us to bound ”Tkp (a’— tr,) Hp.

THEOREM 3 (Bounding || T, (a’ — tkp)Hp for optimal clustering). Ler 0 < w < 3 be given. Also, let
<6,jp, l}'j;, sz,tzp,wi*) be an optimal solution of Problem (6). For any p € P and k, € [K,], if 0, >0,

then T,*QZ:I

>, where
p

Y :=w - min min ‘
pEP i,j€[N]
i#]

al—cﬂH .
P

Proof Suppose, for contradiction, that there exist p € P and k, € [K,] such that 0, > 0 and
|7,

<. Letus denote by 8% (a) the ball {x € R* | ||x —al|, < x}. Given this notation, we first show
p
that for any a € R¢, the ball BE(a) contains at most one data point. To see this, let us assume the contrary

and that there are two points ¢ and j in the ball. So, we have
la’ —al, <v, [’ —all, <~.
Therefore,
la’ —a’[l, < [|la" —all, + [la —a’[|, < 2y < [la’ — &’ ],

which is a contradiction, where (from left) the first inequality is the triangle inequality, the second one is
because both i-th and j-th data points are in the ball, and the last one is because of the definition of ~.

We now show that the region HT’,Q (x —tj )H <1 is contained in the ball B?(t} ). We know
P Py YA Rp

sup Hx —t;
xeR?
HTZP(xitzp)”pgl

= sup

<7
Pllp yp<a

=
p

] <
which shows that the cluster is contained in the ball BY (t;p ). Therefore, the cluster contains at most one data
point since the ball has this feature. If the cluster does not contain any data point, then clearly its volume,
and hence G,jp, is 0, which contradicts the assumption. So, let a’ be the point in the cluster. Then, setting
T}, to be a diagonal matrix where all diagonal elements are x > 0, and t;, = a’, we have the same cluster
of data, which is a singleton, with 0, = é. Since increasing x does not change the cluster while reducing

the objective function, we have H,jp = 0. This contradicts the assumption, which concludes the proof. U
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Theorem 3 asserts that for clusters with positive volume, we have a lower bound on the norm of the
inverse of the transformation matrix. Since for any induced matrix norm || - ||,,, we have m < |A7Y,,
we conclude that we are looking for transformation matrices T',,, whose norm does not exceed % More-
over, without loss of generality, we can assume that ||a’ — t;, ||, < 1. Therefore, we limit ourselves to the
feasible points where HTkp (a’— tkp) Hp is bounded from above by % Therefore, Problem (6) has an outer
approximation (enlarging the feasible region) that is an MICO problem.

We emphasize that this new approximation and Problem (6) extends the mixed-integer nonconvex opti-
mization problem (MINOP) introduced by Shioda and Tungel (2007), which was limited to p = 2.

While there are solvers that can tackle MICO problems, our formulation present computational challenges
due to the large number of cones, which grows with the number of clusters, and the increasing number of

constraints, which depend on the number of data points. Consequently, in the next section, we present an

exact solution algorithm based on GBD to solve this problem efficiently.

5. Exact Solution Algorithm

In this section, we present an exact solution algorithm based on generalized Benders decomposition (GBD)
(Geoffrion 1972) for solving the Minimum Volume Norm-Based Clustering (MVNBC) problem formulated
in Problem (6).

GBD is an optimization technique that decomposes complex optimization problems into a simpler mas-
ter problem and a set of manageable subproblems, significantly enhancing computational efficiency. It is
highly effective for handling Mixed-Integer Nonlinear Optimization (MINLO) problems. Specifically, the
GBD framework identifies complicating variables that, when fixed, reduce the complexity of the remaining
optimization problem (Geoffrion 1972).

The computational difficulties of the Minimum Volume Norm-Based Clustering (MVNBC) problem stem
from both conic constraints and binary variables. We identify the binary assignment variables (/,w) as
the complicating variables. The master problem assigns data points to clusters, providing binary decisions
that inform the subsequent solution of the subproblems. Each subproblem, given these assignments, com-
putes the minimum-volume norm-based region enclosing the assigned points. By iteratively solving these
subproblems, we derive valid generalized Benders cuts that progressively refine the feasible region of the
master problem until convergence.

In Section 5.1, we present the decomposition formulations for the master problem and the subproblems
of Problem (6). Section 5.2 details the derivation of GBD cuts and a linear subgradient for them. Finally, in

Section 5.3, we discuss the feasibility and convergence of the algorithm.
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5.1. Decomposition Reformulation
Isolating (/,w) as complicating variables in the master problem, by removing Constraints (6b)—(6¢), the

MVNBC problem reduces to a Mixed—Integer Linear Optimization (MILO) assignment problem

2r+1)
inf Y N gy, (10a)
(szo er TA+5) Fp€[Kp]
subjectto w'<> M L <w' > K, Vi e [N], (10b)
PEP kp€[Kp) pEP
> w'>(1-7)N, (10c)
1€[N]
Bry, > O, (1), Vi€ [N], k, € [K,)], (10d)
w' € {0,1}, Vi € [N], (10e)
I, €{0,1}, Vi € [N], k, € [K,], p€ P, (10f)

where the convex function 6, (1) in Constraint (10d) gives the minimum volume of norm-based region for
any given [ that is feasible according to other constraints.

As ¢y, > 0, removing Constraint (10d) results in the objective value of 0, and Problem (10) serves as
a feasibility problem. For any feasible [, 6, (I) acts as a lower bound for ¢y,. Each 6, (l) is the objec-
tive function of a conic subproblem to find the minimum-volume norm-based region given current binary
assignments from the master problem. These subproblems can be solved independently for each cluster. To

efficiently formulate the subproblems, for a given [, we define Cy, =: {i € [V] | l_f;p > (0} as the set of points

assigned to cluster k,, so for k, € [K,] and p € P, the subproblem is

O, () = Tifio O, (11a)

ekvakpvtkp
subjectto 73, <log0y,, (11b)
— Ti, < logdet(Ty,), (11¢)
i, | T (@ = t,)|| < 1, Vi € Cy,, (11d)
Ty, =0, Vk, € [K,],peP, (11e)
Ok, >0, Vk, € [K,], peP, (116)

which can be solved efficiently using a conic solver like MOSEK (MOSEK ApS 2025).

5.2. Cut Generation and Subgradients
Each solution of the subproblem provides dual variables used to derive generalized Benders cuts, which
serve as linear outer approximations of the convex function 6y, (1), improving the master problem’s accuracy

and guiding its search toward optimality. Specifically, these cuts are constructed as follows:

O, (1) > 0, (1 —l—Zs (i, — 11, (12)
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where s*};p is a subgradient of 6, (-) at l.
Let T} and t} denote the optimal solution of the Subproblem (11) given l_ip, and let u*};p denote the
optimal dual variable associated with the Constraint (11d). By leveraging Lagrangian duality, the Karush-

Kuhn-Tucker (KKT) conditions, and as Slater’s conditions hold for Problem (11), we can compute a sub-

)

gradient as (see Fischetti et al. (2017))

T (@ - t7,)

ddet(Ty) 0 <l;€p
TR al
—0+u ’T* —t;)

p

T, (@ - t,)

P
p

Substituting S*Zp in Problem (12), the generalized Benders cuts can be explicitly written as

b1y, > Ok, (1) Z u'y,

i€[N]

T, (0~ t,) | (5, ~1,). (13)

For a detailed description of computational aspects, including solver implementation and practical refine-

ments to improve efficiency, we refer the reader to Appendix B.

5.3. Feasibility and Convergence

In each iteration of the algorithm, if the number of data points assigned to a cluster is too low, the volume of
the corresponding norm-based region collapses to zero, making it infeasible to define a region with T > 0.
Therefore, the solution obtained from the master problem must ensure that every cluster contains enough
points to maintain a positive volume. This guarantees that the subproblem remains well-defined and that the
generated cuts contribute effectively to guiding the optimization process.

To ensure convergence, we define an optimality gap € > (. At each iteration, the master problem provides
a valid lower bound on the objective function, while the best-known solution from the subproblems serves
as an upper bound. The algorithm terminates when the gap between these bounds falls below €, ensuring
that additional iterations will not yield an improvement exceeding the specified tolerance.

As the subproblems are convex in its decision variables for fixed master variables, the iterative refinement
ensures that the master problem asymptotically recovers the optimal solution. The finite e-convergence
property (Theorem 2.5 in Geoffrion (1972)) guarantees that for any e > 0, the algorithm terminates in a
finite number of iterations, provided that the generated cuts sufficiently approximate the projection of the
feasible region. Additionally, as the master problem is a mixed-integer formulation with a finite number of
possible solutions, the algorithm achieves exact convergence within a finite number of steps (Theorem 2.4
in Geoffrion (1972)).

While this algorithm guarantees convergence, its computational complexity increases with the number

of data points, clusters, and problem dimensions. As a result, solving the problem exactly may become
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impractical for large-scale instances. In the next section, we introduce an approximation algorithm that
leverages insights from GBD to provide computationally efficient solutions while maintaining high-quality

results.

6. Approximation Algorithm

In this section, we introduce an approximation algorithm designed to approximate Problem (6). The closest
algorithm in the literature is that of Martinez-Rego et al. (2013), which is developed specifically for the
£y-norm and is highly sensitive to the initial solution. However, our approximation algorithm extends to
general vector norms and mitigates sensitivity to the initial solution.

While the GBD framework provides an exact solution for MVNBC, it faces scalability challenges in high-
dimensional settings or when the number of data points and clusters increases. The subproblems involve
solving complex conic optimization problems with exponential and logdet cones, making them computa-
tionally demanding as the dimensionality grows. Furthermore, the master problem becomes increasingly
difficult to solve due to the rapid growth in binary decision variables, leading to impractical solution times
for large-scale problems.

To address these computational difficulties, we propose an iterative approximation algorithm inspired by
GBD cut generation. The algorithm iteratively refines clustering assignments, but instead of solving the
master problem in each iteration, it employs a heuristic reassignment algorithm that efficiently reduces the
total volume of clusters while maintaining feasibility. This algorithm is particularly effective in balancing
computational efficiency and clustering quality, as it captures key insights from the GBD framework without
incurring its full computational cost.

Our algorithm consists of two key components. The reassignment algorithm iteratively removes and reas-
signs a subset of points to refine the clustering structure, ensuring a progressive reduction in total volume.
The exploration mechanism dynamically adjusts the reassignment rate to prevent premature convergence
to poor local minima while maintaining computational efficiency. Together, these components provide a
practical alternative to scale the clustering method to larger datasets and higher-dimensional spaces.

First, in Section 6.1, we provide an overview of the approximation algorithm. Next, in Section 6.2, we
introduce the reassignment algorithm, which iteratively refines the assignment of points to clusters based
on boundary points and overlapping regions. Finally, in Section 6.3, we present the exploration mecha-
nism, which adjusts parameters dynamically to balance local refinement and global exploration, ensuring

improved convergence.

6.1. An overview of our solution algorithm
The intuition behind this algorithm comes from analyzing Problem (13), where the dual variable u*" is
strictly positive only for data points assigned to clusters and located on their respective boundaries. This

observation suggests that boundary points contribute significantly to the total volume, making them key
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candidates for reassignment. To systematically adjust assignments, we define the norm-based distance of
point a’ to cluster k, in Section 6.2.

The algorithm operates in two main stages: a reassignment algorithm, which iteratively removes and
reassigns points to improve clustering, and an exploration mechanism, which adjusts the number of points
considered for reassignment to balance local refinement with global adjustments.

At each iteration, the algorithm first updates the transformation matrices and translation vectors defin-
ing the cluster regions by solving the minimum-volume subproblems, Problem (11), based on the current
assignment of points. Once these region parameters are determined, the algorithm identifies critical points
for reassignment, focusing on those near the regions’ boundaries. The selected points are then removed from
their current clusters and reassigned in a way that minimizes total volume while preserving the feasibility of
the Problem (10). Finally, the exploration mechanism adjusts the reassignment rate, which initially results

in more considerable modifications and progressively refines the clusters as the algorithm converges.

6.2. Reassignment algorithm
In this algorithm, we focus on points that are either on the boundary of their assigned cluster or are assigned
to multiple clusters simultaneously. The algorithm refines the cluster regions by adjusting their assignments

while maintaining feasibility.

Boundary points Boundary points are those that lie close to the edge of their assigned region. Their
reassignment can significantly affect the shape and size of the clusters. Inspired by the structure of the
GBD cuts in Problem (13), we observe that boundary points are those where the dual variable u*" is strictly
positive, meaning that they are actively constraining the solution. To formalize this, we define the norm-

based distance of a point a’ to cluster k, as

dist(a’, k,) = || Ty, (@' — t, )| (9

»

For a specific a’, let (p, k;l) € argmin, ¢, ) epdist(a’, k,). We then select i data points that have the
smallest values of |dist(a’, k:l*f) — 1| for each iteration and label them as points in the boundary zone. The

value of 7 is dynamically determined by the exploration mechanism.

Overlapping points Some points may satisfy the membership conditions of multiple clusters, leading

to the potential for a reduction of total volume. A point a’ is classified as overlapping if
dist(a’,k,) <1 and dist(a’, k) <1,

for two distinct clusters k:; and kf, These points are potential candidates for reassignment to improve the

total volume.
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Reassigning Procedure Once boundary and overlapping points are identified, the reassignment pro-
cedure removes them from their initial clusters and reassigns them to reduce total volume. Given an initial
solution with membership indicators [ *};p, the following steps are performed: Once the key points for reas-
signment are identified, the clustering structure is updated by removing these points from their original
clusters and reassigning them in a way that reduces the total volume. The steps are as follows:

1. Initialize shrunk membership indicators: Define
Lo =1, Vi€[N] k,e[K,],peP.

2. Shrink regions: Remove points in the boundary and overlap zones by setting l’ip =0.
3. Solve subproblems for shrunk regions: Update the transformation matrices and translation vectors
by solving the subproblems (11) for all clusters given [’.
4. Update point assignments: Recalculate membership indicators based on the updated cluster shapes
. {1, if dist(a’, k,) <1,
10, otherwise.

5. Check feasibility constraints: Compute the proportion of points that remain unassigned

HZ € [N]| ZPGP kaE[Kp] Z,, - OH
~ .

T =

If " <r, accept the updated regions. Otherwise, proceed to the next step.

6. Expand the best cluster: Select the cluster k;, to which assigning ’Jzi unassigned data points mini-
mizes the total volume increment and reassign additional points by solving the corresponding subproblem.
7. Update [*: Based on the new assignment from the previous step, update the clustering assignment.

8. Iterate until convergence: Continue to refine the clusters by iterating through steps 1-7 until the
convergence criteria are met.

By iteratively shrinking and expanding the regions, the reassignment algorithm approximates the opti-
mal assignments while ensuring that the outlier constraint is satisfied. The number of points selected for
reassignment, 7, plays a critical role in the algorithm’s performance. Therefore, we develop an exploration

algorithm to adjust the value of 7 for the reassignment algorithm.

6.3. Exploration mechanism
The value of 1 directly impacts the convergence behavior of the algorithm. A small constant value for ) can
cause the algorithm to get stuck in local optima, and a large value can lead to meaningless approximations,
disrupting stable cluster structures and reducing the quality of the solution. To address this, we introduce an
exploration mechanism that dynamically adjusts 7 throughout the iterative process.

This mechanism allows the algorithm to balance exploration (making large adjustments early in the pro-
cess) and exploitation (fine-tuning cluster assignments in later iterations). Initially, the algorithm performs
more aggressive point reassignments to explore different clustering structures. As the iterations progress, 7

is gradually reduced to refine the solution and stabilize the clusters.
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Adaptive Control of 1 To regulate the reassignment intensity, we define a phased decreasing schedule
for 7. Let the total number of iterations allowed for the algorithm be 7, and let iter be the current iteration
number. We divide the total iterations into phases, each consisting of W iterations. The algorithm undergoes
T /¥ phases, with 1) denoting the phase index.

At the start of each phase 1), 7 is initialized to its maximum allowable value, 7),,,.,, and is then progres-

sively reduced to

Tlmax
nwlz 2¢—1. (15)

As 1) increases, 7) is halved, ensuring a gradual transition from aggressive exploration to fine-tuned exploita-

tion. Within each phase, the specific value of 7 at iteration iter is determined as

iter — 1 dvw
n=0- BT BT ), (16)

where || is the floor function.
This procedure ensures that 7 starts at a high value at the beginning of each phase and gradually decreases

within that phase.

Exploration Procedure Having established the adaptive adjustment of 7, the exploration mechanism
follows the steps below to refine the clustering solution:

1. Initialize clustering parameters: Start with the current best transformation matrices T}, translation
vectors t;, and the total volume Obj".

2. Check termination criteria: If iter = T, terminate the algorithm and return the current best solution.
Otherwise, increment the iteration count and compute 7 for the current phase using (15) and (16).

3. Perform reassignment step: Using the reassignment algorithm in Section 6.2, update cluster assign-
ments by identifying and reassigning 7 points.

4. Evaluate solution improvement: If the new total volume Obj is lower than Obj”, update the best-

known clustering solution
Ty, < Ty, ti, < ty,, Obj < Obj.

5. Repeat until convergence: Continue to adjust 1 and refine the clusters until the solution does not

change during a complete phase.

7. Robust Optimization Reformulation based on Minimum-Volume
Norm-Based Clustering Uncertainty Set

Having a solution algorithm to solve Problem (6), we can construct our uncertainty set using available data.
In this section, we provide the mathematical reformulation of Problem (2) using the presented uncertainty

set.
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The uncertainty set derived from Problem (6) is

u=J U th,, (17

pEP kpEKp
where Uy, = {u | [T} (u—t; )|, < 1}. Implementing (17) as the uncertainty set for Problem (2), the

robust counterpart reads as

inf {g(x) | fi(x,u) <0, Vuaeldy,, k, €[K,],peP,j e [m]} (18)

x€R™

Substituting z = T, (u—t; ), for a given j € [m], we can reformulate each constraint of Problem (18)

as
fi(x,ty + T 2) <0,Vz € 2.k, € [K,],pe P, (19)

where Z;, = {z | ||z||, < 1}. Using Theorem 2 in Ben-Tal et al. (2015) and Theorem 2 in Bertsimas et al.

(2004), each constraint in Problem (19) reads as

t*prkp + H (T*IZPI)TCkp

= [1.(x,¢;,,) <0, Vk, € [K,],p€P, (20)
ap

where ¢, € R? is a new decision variable for any &, € [K,] and p € P,

g, is the dual norm of any p € P,
and f;_(x,-) is the concave congugate function.
EXAMPLE 1 (LINEAR CONSTRAINT IN THE OPTIMIZATION VARIABLE). Consider a linear constraint

as
u'x—-pB<0,Vueld 1)

where u € R? is the coefficient vector of the variables, 3 € R is the right-hand side parameter, and I/ is the

uncertainty set defined in (17) with P = {2.0}. Note that for f(x,u) =u”x — 3, we have

B, ifx=g,

fo(x,0) = {oo if x #£ (.

So, using Constraint (20), the Constraint (21) reads as
6, x+ | T %2 < 8, Vk, € [K,],p € P.

O
Reformulating a general RO problem using the MVNBC uncertainty set, the next step is to evaluate the

performance of our method in numerical experiments.
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8. Numerical Experiments

In this section, we evaluate the effectiveness and efficiency of our proposed method in comparison to exist-
ing ones. To ensure transparency and facilitate further research, we provide our implementation in a public
repository. !

All experiments were conducted using Julia 1.11 and JuMP 1.24.0, with conic subproblems (11) solved
using MOSEK 11.0 (MOSEK ApS 2025) and the master problem (10) solved using Gurobi 12.0 (Gurobi
Optimization, LLC 2025). K-means clustering was implemented using the Clustering.jl package?, and
Gaussian Mixture Model (GMM) clustering was performed with GaussianMixtures.jl.> All experiments
were executed on a high-performance computing (HPC) cluster, specifically on a Genoa partition compute
node with 12 tasks, each allocated 16 CPU cores.

As a preliminary step, we assessed the performance of existing solvers on Problem (6) using the Pajar-
ito.jl package (Coey et al. 2020). However, even for small instances, the solver failed to produce reasonable
solutions. Due to this limitation, we report results only for our proposed algorithms alongside established
benchmarks for clustering and uncertainty set construction.

The remainder of this section presents a comprehensive evaluation of our method across different settings.
Section 8.2 evaluates both exact and approximation algorithms for solving a newsvendor problem. Finally,
Section 8.3 compares the robust solutions achieved by our uncertainty set with the ones proposed by Goerigk

and Kurtz (2023).

8.1. Minimum-Volume Noem-Based Clustering as a Clustering Method
In this section, we compare the clustering performance of our proposed method, MVNBC, against two
conventional methods: K-means and the Gaussian Mixture Model (GMM).

Data generation We generate 30 synthetic datasets using a multi-cluster Gaussian mixture model. Each
dataset consists of 500 data points, distributed across 3 clusters with varying scaling factors, rotation matri-
ces, and centers. The scaling factors are drawn from the normal distribution N (0.5, 1), and a random rota-
tion matrix is applied to each cluster to induce correlations across dimensions. Cluster centers are sampled
uniformly from the range [—6, 6], and a Gaussian cloud of data points is generated around each center. To
introduce outliers, we generate an additional 25 points uniformly over the bounding range of the clusters.

Visual results We fix the number of clusters to K = 3 for all methods to ensure a fair comparison under
the known ground truth. Experiments are conducted using one cluster per member of P = {1.0,2.0,00}.
Since K-means and GMM are not designed to detect outliers, we define outliers as the points with the
highest values of dist(a’, k;) (as introduced in Section 6.2). Subproblems are solved for each clustering

"'The code repository is available at https://github.com/alirezaSfid/MVNBC _Optimization. It can be used for further experimenta-
tion and insight.

% https://github.com/JuliaStats/Clustering.jl
3 https://github.com/davidavdav/GaussianMixtures.jl


https://github.com/alirezaSfid/MVNBC_Optimization
https://github.com/JuliaStats/Clustering.jl
https://github.com/davidavdav/GaussianMixtures.jl
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Figure 1 Clustering performance comparison: The left column presents results using K-means as the initial

solution, while the right column shows results using GMM.
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Table 1 Comparison of K-means, GMM, and MVNBC in Terms of Total Volume Reduction and
Computational Efficiency

MVNBC Normalized Total rel-Gap .
Method 1o ations Volume (Std. Dev) (%)  Lme(s)
Initial Solution 1.00 (0.00) 0.0 2
K-means 20 Iterations 0.33 (0.19) 67.0 1599
40 Iterations 0.26 (0.15) 73.5 1503
80 Iterations 0.25 (0.14) 74.6 2108
Initial Solution 1.18 (0.33) -18.4 35
20 Iterations 0.31 (0.20) 69.3 1652
GMM 40 Iterations 0.27 (0.15) 73.3 1791
80 Iterations 0.25 (0.14) 74.9 2588

membership index (I%). For MVNBC, we consider two initialization strategies: one based on K-means and
the other on GMM. Due to the computational intractability of solving large instances to optimality, we
report results obtained using the approximation algorithm.

Among the 30 datasets, one instance with a more complex structure is selected for visual illustration.
Figure 1 displays the clustering performance of our approximation algorithm over multiple iterations. The
top row shows the initial clusterings from K-means (Figure 1a) and GMM (Figure 1b). The subsequent rows
display the clustering results after 20 (Figures 1c, 1d), 40 (Figures le, 1f), and 80 iterations (Figures 1g, 1h)
for both initialization strategies. As shown in this figure, K-means and GMM are ineffective at capturing
the underlying data patterns. For MVNBC, while the quality of clusters is initially influenced by the starting
solution, both initialization paths converge to similar results as the algorithm proceeds.

Algorithm effectiveness and computational efficiency We compare the clustering methods in terms
of both computational time and the total volume of the resulting clusters. Since datasets exhibit different
geometries, we normalize the total volume by dividing it by the volume obtained from the K-means initial-
ization. We also define the relative gap (rel-Gap) as the percentage reduction in total volume compared to
K-means; higher values indicate greater improvement.

Table 1 reports average performance across the 30 datasets. While MVNBC requires more computational
time, it achieves a substantial reduction—up to 90% in total volume compared to K-means and GMM.
The effectiveness of the approximation algorithm is consistent across both initializations. Furthermore,
the decreasing standard deviation with increased iterations suggests that MVNBC yields more stable and

consistent solutions. This highlights its reliability in effectively capturing underlying patterns in the data.

8.2. Newsvendor Problem
In this section, we assess the performance of our uncertainty set on a two-item newsvendor problem, fol-
lowing the experimental setup of Wang et al. (2024). We conduct experiments on two groups of datasets: (i)

30 small-scale datasets, for which both the exact and approximation algorithms are implemented, and (ii)
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30 medium-scale datasets, where only the approximation algorithm is implemented due to the intractability
of the exact algorithm for larger instances.

Problem description At the beginning of each day, the newsvendor must decide the order quantity €
R?, where d = 2, for two products. Each unit is purchased at cost i = (4,5) and sold at price ¢ = (5,6.5).
The actual demand u € R¢ is uncertain, and only the minimum of the available stock and realized demand
can be sold.

Rewriting the objective function, the problem can be reformulated as minimizing a maximum of affine

functions under uncertainty
min  A'2 — ¢’ min{x,u}
x

where the minimum is taken component-wise.
Rewriting the objective, the problem can be expressed as minimizing a maximum-of-affine uncertain

function
(z,u) = h"2 + max{—c,@, — CoZa, —C1o — Calla, —C1lly — Can, —C1ly — Calln} (22)
glr,u T +—Inax C1T1 Colg, —C1T1 ColUg, —C1U71 Cog, —C1U7 CoUg .

The uncertain demand vector w is assumed to lie within a union of norm-based uncertainty sets
u=U U t,
PEP kpEKyp

where each norm-based region is defined as
Uy, ={u ||| Ty, (u—1t4,)[, <1,0<efu<40, 0<eju<40},
with e; = (1,0)” and e, = (0,1)7.
Thus, the resulting robust counterpart of the problem is

minsup g(x,u),
T uweld

whose reformulation is provided in Appendix C, and solved using MOSEK (MOSEK ApS 2025).

8.2.1. Small-size data set In this experiment, we apply the clusters obtained using both our exact
and approximation algorithms.

Data generation We generate 50 data points for each dataset, assuming that demand « is bounded within
[0,40]?. Following Wang et al. (2024), demand is generated based on a log-normal distribution derived from

a multivariate normal distribution with the following parameters
_ |30 y_[03 —01
F=128|" — =01 02|
If a generated data point lies outside the region [0, 40]?, we project it back onto the region.

To evaluate the robust solution, we generate 30 independent datasets (each with 50 data points) to con-

struct uncertainty sets and generate 100 testing scenarios per dataset to simulate demand realizations.
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Table 2 Relative optimality gap of total volume obtained using the approximation algorithm compared to
the exact algorithm

P r=0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.50

1] 0.00 0.01 0.01 0.01 0.01 0.02 0.01 0.03 0.03 0.02 0.01
2] 0.00 0.00 0.00 0.01 0.02 0.02 0.01 0.02 0.03 0.01 0.02

o] 0.00 0.01 0.01 0.01 0.02 0.02 0.01 0.01 0.02 0.03 0.03
1,2] 0.00 0.00 0.01 0.00 0.00 0.04 0.07 0.09 0.08 0.10 0.28
1,00] 0.00 0.00 0.00 0.04 0.00 0.07 0.10 0.17 0.10 0.23 0.17
2,00 0.01 0.00 0.00 0.00 0.05 0.02 0.05 0.10 0.10 0.11 0.09

Results We construct uncertainty sets for each of the 30 datasets using the exact algorithm
introduced in Section 5 and the approximation algorithm from Section 6. Specifically, we evalu-
ate three commonly used norms in the RO literature, namely p = {1,2,00}, across a range of
outlier rate r € {0.0,0.05,0.10,...,0.45,0.50}. We consider all combinations of norm sets P €
{{1},{2},{o0},{1,2},{1, 00}, {2, 00} }, with the number of clusters fixed at K, =1 for all p € P.

To assess the efficiency of the approximation algorithm, we compute the relative optimality gap between
the total volume obtained using the exact algorithm (GBD) and the Approximation Algorithm (AA), defined

as
. I AA —-GBD
Relative Optimality Gap = ~GBD
Table 2 reports the relative for different values of r. The gap remains small at low values of 7, demonstrat-
ing that the approximation algorithm effectively captures data patterns when sufficient points are included
in the uncertainty sets. However, as r increases, more data points are excluded as outliers, substantially
reducing the representativeness of the uncertainty set. This reduction increases sensitivity to individual data
point assignments and diminishes the performance of the approximation algorithm. In particular, given the
small dataset size (50 points), even minor changes in cluster assignments can cause significant variations
in volume. Despite this, the approximation algorithm remains a practical alternative, especially for larger
datasets where sensitivity to individual points diminishes.

Figure 2 shows the computational time required by the exact and approximation algorithms for vari-
ous outlier rates and norm sets. As expected, the exact algorithm is significantly more computationally
expensive, with a notable increase around r = 0.3, where identifying outliers becomes more complex. The
approximation algorithm maintains a relatively stable and much lower runtime.

For the sake of exposition, the remainder of this section focuses on results obtained using the approxima-
tion algorithm. Results for the exact algorithm are provided in Appendix D.

Figure 3 illustrates the financial performance of robust solutions obtained using various uncertainty sets.
As shown in Figure 3a, uncertainty sets constructed using multiple norms, particularly P = {2, 0o}, results

in robust solutions that yield the highest net profit on average. This result suggests that employing multiple
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norms allows for a more expressive and better-fitting representation of uncertainty. Moreover, using two
clusters improves the stability of results across datasets, more effectively capturing the underlying data
patterns.

Figure 3b highlights how net profit varies with the outlier rate r. As expected, higher outlier rates yield
less conservative solutions and, consequently, higher net profit. However, beyond a certain point, this trade-
off diminishes as removing too many data points (interpreted as outliers) results in poorly structured uncer-
tainty sets, reducing their reliability.

Overall, the results highlight the significant influence of both the choice of norm and the outlier rate on
solution quality. The inferior performance of P = {1} underscores the importance of selecting appropriate
norm-based uncertainty sets. In particular, P = {2,000} achieves a desirable trade-off between robustness

and performance for these datasets.



Yazdani et al.: A Clustering-Based Uncertainty Set
26 Article submitted to INFORMS Journal on Computing

8.2.2. Medium-size data set As discussed in the previous section, the exact algorithm effectively
finds optimal clusters for small-scale instances but does not scale computationally. Therefore, in this sec-
tion, we evaluate the performance of our approximation algorithm on medium-size instances. To assess the
resulting robust solution, we generate 30 independent datasets, each consisting of 200 data points, used to
construct uncertainty sets. For each dataset, we generate 200 testing scenarios representing possible demand
realizations. To introduce outliers, we add 10 data points drawn uniformly from the bounding range of the
previously generated points.

Data generation We generated demand using a mixture of two log-normal distributions, each derived
from a multivariate normal distribution with the following parameters

3.5 0.01 0.05 2.6 0.03 —0.01
= {2.8} = {0.05 0.01] o= [3.4} ;2= {0.01 0.02 } '
As before, if a generated data point falls outside the range [0,40]?, we project it onto the region.

Results We construct uncertainty sets using the same experimental parameters as for the small-scale
dataset. Specifically, we consider p = {1, 2, 0o}, outlier rates r € {0.0,0.05,0.10,...,0.50}, and norm sets
P e {{1},{2},{o0},{1,2},{1,00},{2,00}}. For each p, we fix the number of clusters at K, = 1.

To evaluate performance, we analyze how the outlier rate r affects revenue and overage cost (i.e., the cost
of ordering more than the realized demand). Figure 4a illustrates how revenue increases with r, as higher
outlier rates result in less conservative uncertainty sets. This reduction in conservativeness allows the vendor
to order more aggressively, capturing higher revenue. Notably, we observe a performance jump at r = 0.05
since excluding a small number of outliers significantly decreases the conservatives of the uncertainty sets.
Furthermore, using multiple clusters improves performance, suggesting that additional flexibility in shaping
the uncertainty set enhances the algorithm’s ability to capture complex data patterns.

Figure 4b shows that for single-cluster uncertainty sets, overage cost remains relatively stable across
different values of r. In contrast, two-cluster uncertainty sets exhibit increased overage cost as r increases,
which is expected since removing more points leads to a less conservative set. However, at high outlier rates
(e.g., r =0.5), the uncertainty sets become less structured, reducing their effectiveness.

In Figure 4c, we analyze the trade-off between revenue and overage costs. As expected, uncertainty sets
with two clusters outperform those with a single cluster in terms of revenue while maintaining a more
controlled overage cost. In particular, the single-cluster uncertainty set with P = 2.0 performs better than
other single-cluster sets. However, all two-cluster uncertainty sets still lead to higher revenue, demonstrating
the advantage of increased flexibility in capturing demand patterns. This result is presented in Figure 4d
more clearly. We observe a hidden cap for the Net profit, and the vendor cannot make more profit than that
at an average net profit of around 27.

This trade-off highlights an important characteristic of robust decision-making. A less conservative solu-

tion, reflected in increased overage costs, allows for higher revenue. However, an overage cost that is too



Yazdani et al.: A Clustering-Based Uncertainty Set
Article submitted to INFORMS Journal on Computing

27

25

N
o

Avg Net Profit

-
o

i

0.

o

0.1 0.2 0.3
T

I
IS
=}
wn

(a) Average net profit across different uncertainty sets
defined by P

6

it

W
28

IS

Total Overage Cost

5 10 15 20 25
Avg Net Profit

(¢) The trade-off between overage cost and net revenue

Figure 4

ol

¢t

o
VIS

REEREE

88

Avg Total Overage Cost

(b) Average overage cost across different outlier rate r

Il

P={1,2} P={l,00} P={2,00}

[ Net Profit
[ Total Cost
100 [ Revenue

1l

7={1) P={2)  P={x}

~
o

Average Value
g

N
o

(d) Average total cost, revenue, and net profit across dif-

ferent uncertainty sets defined by P

Financial performance of Approximation Algorithm for medium-size data set. The shaded ribbons

represent the 1 SEM (standard error of the mean).

high suggests an increased risk of exposure. We observe that two-cluster solutions not only achieve higher

revenue but also provide a more balanced trade-off, ensuring that decisions remain relatively robust. Thus,

employing multiple clusters mitigates conservativeness while maintaining solution robustness

Computational Efficiency We also assess the computational cost of the approximation algorithm by

measuring the time required to construct uncertainty sets. Figure 5 presents the total runtime for different

norm sets when GMM is used for initialization and the number of iterations is fixed at 7 = 100. As expected,

two-cluster uncertainty sets take approximately three times longer to construct than single-cluster sets.

However, their superior performance justifies this additional computational effort.

8.3. Robust Optimization with a Big-size Data Set

In this section, we compare our uncertainty set with the one proposed in Goerigk and Kurtz (2023), using

the same RO problem and datasets.
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Problem description We consider the following RO problem

iré?é{ Z T; (23a)

i€[d]
subject to  ¢’x <1000, Veel, (23b)
x € [-1,1]% (23¢)

where x € R? is the vector of decision variables, ¢ € R? is the vector of uncertain parameters, and / is the
uncertainty set.

Data generation We use the datasets from Goerigk and Kurtz (2023), which include three types. The
first, denoted Gaussian, is sampled from a multivariate normal distribution. The second, Mixed Gaussian,
consists of samples from one of two independent Gaussian distributions, selected with equal probability.
The third type, Polyhedral, is uniformly sampled from a polyhedron resembling a budgeted uncertainty set
(Bertsimas and Sim 2004)

d
EZ{56Rd3£z‘:§+59i729i3%96[071]d}7

i=1
where the bounds &; and &, are randomly selected, and p = d/2.

For each of these three data types, 10 configurations were generated, yielding a total of 30 datasets. Each
dataset includes a training set of 500 points with 5% noise uniformly sampled from [0, 300]¢ (with d = 20),
and a test set containing 10,000 samples.

Results We construct uncertainty sets / using MVNBC with 1, 2, and 3 clusters when p = 2. We restrict
this experiment to P = {2} to leverage the MinimumVolumeEllipsoids.jl package, which provides a signifi-

cantly faster solution process than conic solvers such as MOSEK (MOSEK ApS 2025). Since subproblems
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must be solved repeatedly during the approximation algorithm, solving them for p = 1 or p = oo becomes
computationally prohibitive.

For comparison, we also use the uncertainty sets constructed via the neural network (NN) method from
Goerigk and Kurtz (2023). We test various outlier rates r € {0.10,0.15,0.20,0.25,0.30,0.35,0.40}, and
solve Problem (23) under each uncertainty set.

Table 3 reports the resulting objective values for all uncertainty sets and outlier rates. Higher values
indicate better performance. MVNBC consistently outperforms NN by approximately 10%, which is a
notable margin. Remarkably, even the most conservative MVNBC setting (r = 0.10) outperforms the least

conservative NN setting (r = 0.40).

Table 3  Objective value comparison of MVNBC and NN approaches.

Objective value (Z;’l:1 x;)

Type r MVNBC-1 MVNBC-2 MVNBC-3 NN

0.10 9.58 9.56 9.57 8.95

0.15 9.60 9.60 9.58 8.97
5 0.20 9.63 9.63 9.63 9.01
2 0.25 9.64 9.64 9.64 9.05
8 0.30 9.66 9.62 9.65 9.08

0.35 9.69 9.65 9.64 9.11

0.40 9.70 9.66 9.64 9.14
- 0.10 8.81 3.83 8.83 7.82
= 0.15 8.84 8.85 8.86 7.88
g 0.20 8.87 8.89 3.88 7.92
S 0.25 8.91 8.90 8.89 7.98
3 0.30 8.91 8.92 8.92 8.04
& 0.35 8.92 8.96 8.93 8.09
= 0.40 8.92 8.97 8.95 8.14

0.10 8.56 8.56 8.57 8.13
- 0.15 8.59 8.61 8.56 8.14
£ 0.20 8.65 8.63 8.62 8.14
s 0.25 8.65 8.63 8.60 8.16
< 0.30 8.68 8.63 8.64 8.17
~ 0.35 8.68 8.64 8.62 8.19

0.40 8.71 8.69 8.64 8.20

In terms of feasibility, we observe that Constraint (23b) is almost never violated across all out-of-sample
test scenarios. Notably, the results do not show any preference for the number of clusters we used. This result
is because of the structure of the problem and objective function. As the objective function in Objective (23a)
is linear on x, the worst-case scenario happens at the boundary of the uncertainty set in 1 cluster case,
coinciding with the boundary of one of the clusters in 2 clusters case. Consequently, despite the differing
representations of data patterns, the objective values obtained under both uncertainty sets are identical. This
equivalence underscores the robustness of uncertainty sets constructed using 2 clusters compared with 1

cluster, indicating that both provide the same conservative solutions.
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Table 4  Average training time and solution time of Problem (23)

MVNBC-1 MVNBC-2 MVNBC-3 NN
Data type Training  Solution  Training  Solution  Training  Solution  Training  Solution
time (s) time (s) time (s) time (s) time (s) time (s) time (s) time (s)
Gaussian 12.1 <0.1 88.0 <0.1 183.8 <0.1 2.8 102.3
Mix. Gaussian 10.4 <0.1 48.7 <0.1 122.5 <0.1 6.6 133.9
Polyhedral 20.3 <0.1 117.0 <0.1 180.2 <0.1 15.7 124.7

Computational efficiency For computational efficiency comparison, we provide the average training
and solution times for different methods in Table 4. We utilized the pre-trained network in the repository of
Goerigk and Kurtz (2023). We are using a different machine to conduct experiments, so we do not have the
exact training time information for the NN case. However, we can estimate the training time by considering
the correlation between training times and solution times reported in Goerigk and Kurtz (2023) and the
solution time we achieved using our system. This allows us to extrapolate the training times for NN.

Training times for MVNBC-1 and NN require comparably little effort, with averages ranging from 12
to 21 seconds and 2 to 16 seconds, respectively. MVNBC-3 has the longest training times among all, as
the optimization problem size is larger. There is a significant difference in solution times between NN and
MVNBC. The robust counterpart achieved from MVNBC involves solving a second-order conic optimiza-
tion problem (see Example 1), which can be solved quickly. On the other hand, the solution algorithm
for solving the robust counterpart achieved from the NN uncertainty set generates scenarios iteratively. It
is clear that MVNBC is much faster than NN by two orders of magnitude. Furthermore, solving time is
more important than training time since we only need to train and construct uncertainty sets once based on
historical data.

As demonstrated in Goerigk and Kurtz (2023), the NN-based uncertainty set outperforms the kernel one
proposed in Shang et al. (2017) and the box uncertainty set in their experiments. Using the same datasets
and computational environment, our numerical results show that our uncertainty set outperforms the NN-
based uncertainty set in the problem under consideration. This suggests that our method provides a more

effective uncertainty set within this specific setting.

9. Conclusion

We have proposed a norm-based clustering method called Minimum Volume Norm-Based Clustering
(MVNBC) to minimize the volumes of norm-based regions defining clusters of data points. MVNBC effec-
tively captures data patterns and identifies outliers at a specified rate. We formulated MVNBC as a Mixed-
Integer Conic Optimization (MICO) problem, which includes a quadratic or linear cone for each data point
and region, as well as exponential and logdet cones for each region. To solve this problem, we developed
an exact solution algorithm based on generalized Benders decomposition (GBD), which exploits the prob-

lem structure by decomposing it into a master problem (handling binary assignments) and subproblems
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(optimizing the volume of norm-based regions). Furthermore, we introduced an iterative approximation
algorithm that iteratively refines cluster assignments to minimize total volume, making the algorithm scal-
able to larger datasets.

Beyond clustering, we utilized the MVNBC-generated regions as a data-driven uncertainty set in RO.
We formulated the robust counterpart for a general convex optimization problem and demonstrated that the
reformulation remains computationally tractable and solvable with conic solvers.

To evaluate our method, we conducted three numerical experiments. First, we tested MVNBC as a clus-
tering method and demonstrated its superior performance compared to K-means and GMM in capturing
data patterns and minimizing total cluster volume. Second, we analyzed the performance of both the exact
GBD-based algorithm and the approximation algorithm in solving the newsvendor problem, highlighting
the advantages of multiple clusters and flexible region shapes in improving solutions. Finally, we applied
MVNBC-based uncertainty sets to a benchmark RO problem (Goerigk and Kurtz 2023) and showed that
it improved the objective value by 10% while significantly reducing computational time compared to the
selected uncertainty set from the literature.

While our method shows strong performance, some challenges remain. The exact GBD-based algorithm
becomes computationally expensive for high-dimensional and large-scale datasets, suggesting the need for
further scalability improvements. Future research could explore alternative decomposition techniques, adap-
tive strategies to refine the approximation algorithm, and extensions to more RO problems. Additionally,
applying MVNBC in dynamic settings, where uncertainty evolves over time, could open new avenues for

robust decision-making.
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Appendices

The appendix of this paper contains four sections. Section A provides mathematical proofs related to minimum
volume transformations. In Section B, we provide implementation details of our generalized Benders decomposition
(GBD) framework. Section C explicitly formulates the robust counterpart of the newsvendor problem discussed in
the paper. Section D presents numerical results obtained from the exact algorithm (GBD) applied to the newsvendor

problem.
A. Mathematical Supplements
A.1. Proof of Theorem 1

A brief proof of this theorem is provided in Section 4.3.3 Margalit et al. (2019). Here is a more elaborate proof for the
theorem.

DEFINITION 2 (SEE DEFINITION 4.3.1 IN MARGALIT ET AL. (2019)). The paralellepiped determined by n

vectors vy, Vg, - - -, U, in R"™ is the subset
P={ajv; +asvs+- -+ a,v,[0<a,as,...,a, <1} (24)
THEOREM 4 (See Theorem 4.3.6 in Margalit et al. (2019)). Let vy, vy, ..., v, be vectors in R", let P be the
parallelepiped determined by these vectors, and let T be the matrix with rows v, Vs, ..., V. Then the absolute value

of determinant of T is the volume of P
| det(T)| = vol(P) (25)

Proof (See Section 4.3.2 from Margalit et al. (2019))

Proof of Theorem I  Let C be the unit cube in d dimesnion, vy, va, ..., v4 be the columns of T, and P be the
paralellepiped determined by these vectors, i.e. T(C) = P and vol(T(C)) = | det(T)| (from Theorem 4). Let ¢ > 0 and
eC be the cube with side lengths ¢, i.e., the parallelepiped determined by the vectors ceq, ces, .. .,ce4 and e P defines

similarly. We have
vol(eP) = e%vol(P) = | det(T)| (26)

where vol(P) = vol(T(C)). The volume of eC is £¢, because we scaled each of the d standard vectors by a factor e.
We obtain that the volume of € P equals to £¢| det(T)|.

Moreover, for any x € R¢
T(x+eC)=T(x)+T(eC) =T (x) +cP 27

Since a translation does not change the volumes, T scales the volume of a translate of eC by | det(T)| (from Theo-

rem 4), i.e.

vol(T(x +&C)) = vol(T(eC)) = | det(T)| (28)

vol(S):% ds:/~--/ dz (29)
S XES

Furthermore, we know
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where S is a region in R? and
ds=de;-deg----- deg = liH(l) €€ ECy--n- ceg=e€1- €y - eq lim 2. 30)
e—

where e; be the vector of all zeros except the i-th component, which is 1. The translation of this subset (S) by T is

another subset (1), which consists of translated ds. The volume of this subset (V) is calculated by

vol(V):?{dv:/--~/ dz 31
% xeV

where
dv="T(ds) (32)
=T(ey-eg---- €d E112% Ed) (33)
= lim ¥ xT(ey-eg----- eq) (34)
= iii%ed x |det(T)| X eq-eq----- eq (35)
=|det(T)| x ds. (36)

So,

vol(V ?{dv—f (ds) 7{ | det(T)|-ds = |det(T)|- %ds 37
= | det(T)|- vol(S (38)
O

A.2. Proof of Corollary 1

Proof Given x € R%, let us set y = T(x —t). Since T is invertible, we have
x=T 'y +t. (39)
Therefore, S can be represented as
S={T 'y +t|llyll, <1} =T(B"), (40)
where T(x) = T~ 1x + t. As translation t does not change the volume, using Theorem 1, we have

vol(S) = |det(T~1)|- vol(B?) = -vol(BP), (41)

1
[ det(T)]
where BP is the unit ball of £,-norm in R, i.e., B? = {x € R? | ||x||, < 1}. So, the volume of the region S is inversely
proportional to the determinant of T. The fact that the volume of the unit ball B in R¢ is equal to (See e.g., Wang
(2005))

vol(BP) (e %))d (42)
r(a+4) -’
p
concludes the proof. |

B. Implementation Details of the Generalized Benders Decomposition Framework
This appendix provides implementation details of the generalized Benders decomposition (GBD) framework used
to solve Problem (6), including computational setup, solver integration, and specific enhancements employed for

computational efficiency.
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B.1. Master Problem Setup and Solver Enhancements
We solve the master problem (10), formulated as a Mixed-Integer Linear Optimization (MILO), using Gurobi (Gurobi
Optimization, LLC 2025). We utilize Gurobi’s callback mechanism to dynamically handle binary variable assignments.
Within each callback iteration, binary assignments are evaluated, and corresponding conic subproblems are solved.
GBD cuts are then generated based on these subproblem solutions and dynamically added to the master problem using
Gurobi’s addLazyConstraints. This technique ensures only violated cuts are included, significantly reducing
computational overhead.

To improve solver performance and avoid generating infeasible clusters, we refine the original feasibility region
(Constraints (10b)—(10c¢)) as follows

w=>" > I, Vi € [N],

PEP kp€[Kp]

Z w'=(1-7)N,

i€E[N]

> b =d+, Vky, € [K,), pEP.

i€[N]
These refinements ensure each cluster contains a sufficient number of points, eliminating the possibility of degenerate

clusters and thus eliminating the need for feasibility cuts.

B.2. Solving Conic Subproblems and Warm-starting

The conic subproblems are solved using MOSEK (MOSEK ApS 2025), a specialized solver for conic optimization
problems. These subproblems, which arise from fixed binary assignments provided by the master problem, are solved
independently for each cluster and norm in parallel. After each subproblem solution, we retrieve optimal dual variables
associated with Constraint (11d) to calculate subgradients used for GBD cut generation.

To leverage computational efficiency, we initialize each conic subproblem formulation only once at the beginning of
the algorithm for each cluster k,,. Instead of reconstructing these formulations from scratch at each iteration, we update
the existing formulations to reflect new binary assignments, I. This strategy enables MOSEK (MOSEK ApS 2025)
to utilize warm-start information from previous iterations, significantly reducing the computational time required for

subsequent subproblem solutions.

B.3. Warm-start Initialization via Gaussian Mixture Models

We employ a warm-start initialization strategy using Gaussian Mixture Models (GMM), implemented via the
GaussianMixtures. jl package (Avdija 2025), to obtain an initial clustering of data points. This clustering
provides a high-quality initial solution, accelerating convergence by reducing the time spent exploring suboptimal
clustering.

Additionally, we adopt experiment-specific tolerances for numerical convergence, ensuring they are tight enough
to yield accurate results without incurring excessive computational cost. This adaptive technique strikes a balance

between numerical precision and computational performance.
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C. Robust Counterpart of the Newsvendor Problem

In this section, we provide the robust counterpart of Problem (22) in Section 8.2.

Using the uncertainty set provided by MVNBC, Problem (22) reads as

: T
min h*x+y (44a)

11 21 12 22 13 23

ey, wit wil wi? wi? wl® wid

subjectto  —clz <y, (44b)

T..T
—efcelx—escer Ty tk

+ (T, [40,40]" + t4,) " Lwy) + [[wil ||, <w, k,€[K,],peP,
(44c¢)
wk +wk _62662 Tk17 k, € [Kp), peP,
(444d)
Igw,ii >0, k, € [K,], peP,
(44e)
—etcelx —elcel' T}, 1tk
+ (T, [40,40]7 + tx,) T Lwy? + [[wi ||y <y, ky € [Ky], pEP,
(441)
wii + wii = —efce?T,?pl, kp € [Kp], pEP,
(44g)
IQw >0, k, € [K,], peP,
(44h)
- CTTk:pltkp + (Tkp [40740} +t7€ )TIQw + ||wk3||q < Y, kp € [KP], pe 7)7
(441)
wiy Hwip = =TT ky € [K,), pEP,
(44j)
Igw,ii’ >0, k, € [K,], peP,
(44k)

where w,lgz), wi; for j € {1, 2,3} are auxiliary decision variables introduced to reformulate the robust constraints using
conic representations, I is the 2x2 identity matrix, and ¢ =1 + p%l is the dual norm associated with the norm p.

Problem (44) is a conic problem when p € {1,2, 00}, and we solve it using the MOSEK (MOSEK ApS 2025).
D. Results for the Newsvendor Problem Using the Exact Algorithm

In this appendix, we present the results for the Newsvendor problem using the exact algorithm. These results com-
plement the analysis in Section 8.2, where we focused on the solutions obtained by our Approximation Algorithm
(AA).

Figure 6 shows the performance of various uncertainty sets in terms of cost, revenue, and net profit. Unlike the
results from the approximation algorithm, the exact algorithm provides globally optimal clusters but at a significantly
higher computational cost.

The exact algorithm (GBD) provides globally optimal clusters but comes at a significantly higher computational
cost. The results confirm that using multiple norm sets (P = {2, 00}) leads to more effective uncertainty sets for RO.
However, as seen in Figure 7, the exact algorithm becomes computationally infeasible for a higher number of clusters

or data points, making the approximation algorithm a practical alternative for larger datasets.
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Figure 7

Financial performance of Exact Solution Algorithm for a small-size data set. The shaded ribbons
represent the 1 SEM (standard error of the mean).
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