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Abstract

Inspired by its occurrence as a substructure in a stochastic railway timetabling model, we
study in this work a special case of the bipartite boolean quadric polytope. It models conditional
relations across three sets of binary variables, where selections within two implying sets imply a
choice in a corresponding implied set. We call this polytope the Bipartite Implication Polytope.

We introduce a new class of valid inequalities and prove that, in contrast to the well-known
McCormick inequalities, they are sufficient to completely characterize the description of the
polytope. We develop a separation algorithm that finds these inequalities in polynomial time
and propose an additional clique-based method for precomputing tight cuts. Furthermore, we
show that for a chain of several bipartite implication relations, the descriptions of the bipartite
implication polytopes for each individual relation already yield the convex hull of the chained
polytope. This is present in our application from the field of stochastic timetabling and also enables
a broader application of our results in practice. A comprehensive computational study shows
the usefulness of the new inequalities in state-of-the-art branch-and-cut solvers for real-world
timetabling applications and instances of the quadratic assignment problem.
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1 Introduction
The famous boolean quadric polytope
QP(G) = conv{(x, z) €{0,1}1VIHIEL| XixXj=zj, (ij) € E}

was introduced in [35] for general undirected graphs G = (V, E). In this paper, we consider the case,
where G = (XU Y, E) is bipartite and additional multiple-choice constraints apply to both sets X and
Y. This structure is inherent in diverse optimization problems, for instance where bipartite graphs
serve as a modeling basis, as in assignment and transportation problems, and additionally a single
option must be selected from a large number of alternatives.

For illustration purposes, consider the search for the shortest path in a time-expanded graph,
where the nodes have three attributes: time, velocity, and position. Such a graph is employed to
minimize the energy consumption of a train’s driving profile [47]. Here, the polytope introduced in
this work does not appear only once, but multiple times as a substructure, namely for each bipartite
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Figure 1: Example time-expanded graph with grouped edges.

subgraph with nodes at timestamps ¢, ¢+ 1 for t € {1,..., T — 1} where T is the number of timestamps
considered in the time-expanded graph. Every subgraph that is formed by considering all nodes
between two consecutive timestamps exhibits a bipartite structure. The edges within these subgraphs
are assigned costs that indicate the energy consumption of the train during the travel between the two
timestamps.

The example in Figure 1 neglects the position axis and only considers time and velocity for
illustrative reasons. More formally, we can represent the shortest path problem as a binary quadratic
program. To this end, at timestamp i, we associate each node u € U with a variable x, and at
timestamp i + 1, each node v € V with a variable y,. For each edge (uv) € E, we introduce a variable
puy with assigned costs c¢,,. For each point in time, we have to decide for a specific velocity and
position, which implies a multiple-choice constraint at both observed timestamps. Consequently, the
objective is given by

min{ Y cwburl X xu= Y yo=1, Xuyy = pus, W) €E, (x,,p) € {0,1}'U'+'V'+'El}.
(uv)eE uelU veV

In practice, the specific edge that is chosen can be inferred from the selected node variables, so
explicit edge variables are not needed. Instead of including a variable p,,, for each edge (u, v), we can
group edges that share the same cost ¢; and introduce a single variable z; for each cost group / € L.
The variable z; thus represents the selection of any edge within group /, and the corresponding cost c;
enters the objective function only once. This reformulation can substantially reduce the number of
variables compared to traditional edge-based linear models for shortest path problems, which may be
advantageous in some applications. In the example of Figure 1, these cost groups correspond to three
different levels of braking, coasting and three levels of accelerating. With f : E — L as the function that
maps each edge to its group, we can now formulate the problem as

min{ Yozl Y xu= Y yo=2 2=1 XYy S Zpe, W) €E, (x,y,2) €10, 11UV }
leL uelU veV leL

Note that the multiple-choice constraint on the cost variables z is not directly implied by the
multiple-choice constraints on the node variables x and y but has to be added since exactly one edge
is active per timestamp. This formulation gives rise to a distinctive polytope, termed the Bipartite
Implication Polytope (BIP), because it entails the selection of one variable each from two implying sets
of binary variables, which in turn implies the selection of one binary variable from the implied set.

Potential Applications Potential applications for the BIP are manifold. One natural candidate
emerges in the field of fixed-recourse stochastic programming, which deals with optimization prob-
lems involving decision-making under uncertainty. A subclass of these problems - namely those



with endogenous uncertainties - deals with uncertainties that depend on the decisions made and
optimized. When modeling uncertain outcomes using scenario variables, these variables must be
coupled to the decision variables of the problem. In a planning problem, an initial decision for an
event 48 exists, along with a realization of that event, which may be affected by the outcome of another
event, «. The decisions and realizations of both events are modeled as four distinct sets of binary
variables, each governed by a multiple-choice constraint. Three of the four sets have a bipartite
implication relation. First, the Decision Set B, which represents the planned choice for 3, let this be
the set {by, ..., b;}. Second, the Realization Set A’, which represents the actual outcome or realization
of o, let this be the set {a], ..., a;,}. And third, the Realization Set B’, which represents the actual
outcome or realization of 2, let this be the set {b’, ..., b;,}. The actual realization of 23, the choice
from B’, is jointly determined by both the planned decision for 4, the choice from B, and the actual
realization of <7, the choice from A’. The BIP models this exact scenario. In this context, the implying
sets are the decision set B and the realization set A’, and the implied set is the resulting realization
set B'. The BIP formulation then enforces the logical relationship: "IF decision b; is planned AND
realization a;. is observed, THEN realization b, must occur."

A concrete example of an application with endogenous uncertainties is a stochastic railway
timetabling model, which is one of the main motivations for this paper and is described in [7]. The
underlying clique problem with multiple-choice constraints was introduced in [10] and analyzed in [7].
In [9], the scenario extension was added, where the delay of a train is an uncertain value, depending
on decisions regarding departure and running times.

Another occurrence of the BIP can be found in the quadratic assignment problem (QAP). It poses
a fundamental optimization challenge that has intrigued researchers and practitioners across various
disciplines. Originating in operations research, the QAP involves optimizing the allocation of resources
considering both assignment and distance-related costs, presenting a significant computational
challenge. The QAP finds broad applications in diverse fields. First, it was introduced by [26] in the
context of optimally locating facilities. Other applications include scheduling problems ([17]), airline
maintenance operations ([32]) or reactionary chemistry ([44]). A comprehensive overview of the
QAP is given in [5]. In the quadratic integer formulation, costs are assigned to products of binary
variables that are present in several multiple-choice constraints. Similar to the above mentioned
shortest path problem in time-expanded graphs, we can group products of variables with equal costs
and with that establish a bipartite implication substructure. While we do not aim to compete with
specialized QAP solvers, this well-studied problem with its standard benchmark library QAPLIB [6]
provides an excellent testbed to validate the performance of our developed cuts on problems with
multiple chained bipartite implication substructures, indicating their potential broader applicability.
Further applications in the fields of approximations and relaxations for non-linear programming and
the integration of Bayesian networks into mixed-integer programs are discussed in detail later in this
work.

Related Literature The foundational work in [35], introducing the boolean quadric polytope QP(G)
for general undirected graphs G, has been pivotal, laying the groundwork for a deeper understanding
of unconstrained binary quadratic programming. Although no constraints are involved in these
optimization problems, the quadratic objective alone yields an NP-hard problem, as shown in [2].
Over the last decades, the boolean quadric polytope has been studied intensively, resulting in many
facet classes and corresponding separation algorithms, and the observation of symmetries and other
geometric properties; see e.g. [3, 27, 40]. We refer the reader to [25] for a comprehensive survey on
applications and solution methods for general unconstrained binary quadratic programming. In
recent years, the geometry and other properties of the bipartite boolean quadric polytope BQP(G), the
special case of QP(G) where G is bipartite, have been studied in [37, 38, 42, 43] together with various
heuristic approaches ([15, 20, 23, 45]). Applications containing this polytope stem, for example, in the
fields of data mining [30] and bioinformatics [11].

Binary quadratic programs with linear and/or quadratic constraints are among the best studied



classes of integer nonlinear problems, primarily because they allow to model a large number of
diverse applications [4]. Although a variety of different solution approaches have been proposed
over the last decades, these programs are usually tackled by linearizing the quadratic parts of the
problem and subsequently passing the equivalent linear representation to a general-purpose mixed-
integer linear programming solver. Two of the most commonly used linearization schemes are the
so-called standard linearization from [19] and Glover’s method from [18]. Another frequently utilized
approach is proposed in [39]. Here, the authors introduced a more compact but less tight linearization
formulation and showed its performance advantage on knapsack-constrained instances. Recently,
the authors of [16] conducted a comprehensive computational study on various applications to
determine the optimal manner of applying these linearization methods with additional enhancements.
Alongside these general methods, a wide range of approaches have been developed that are specifically
tailored to different classes of constraints. For example, in [28] a compact reformulation for binary
quadratic programs with assignment constraints has been proposed. A thorough comparison of
different methods for binary quadratic programs with an additional cardinality constraint is given
in [29]. In recent years, multiple-choice (or set-packing) structures have been studied in greater
depth, particularly in relation to the bipartite boolean quadric polytope (BQP). [8] investigated a
specific case of the BQP, incorporating multiple-choice constraints applied exclusively to partitions
of the nodes V of a bipartite graph. This approach was motivated by applications such as pooling
problems with fixed input proportions, where a partition on the V set restricts selection to at most
one node per subset. The authors identified various facet classes and facet-preserving operations
pertinent to this structure, introduced new facet classes arising from the multiple-choice constraints,
and developed lifting operations to extend these facets. Additionally, they find various cases in which
the polytope is completely described via the relaxation-linearization inequalities. In contrast, in this
paper, we consider two multiple-choice equalities for the nodes in the bipartite graph, one for each
part. We also present a hierarchical characterization for the convex hull of the feasible points and
add a graphical interpretation for the discovered inequalities that enhances the understanding of the
complex problem class. The bipartite quadratic assignment problem [36] and the bilinear assignment
problem [48] are also closely related problems that involve the study of BQP(G) with multiple-choice
constraints on multiple, non-disjoint subsets of both X and Y. In these studies, the authors focus
more on complexity analysis for optimizing over the specific polytopes and provide heuristics to speed
up the solving process.

Contribution Initially motivated by an application from real-world stochastic timetabling, we study
a polyhedral substructure of this problem that models conditional relations across three sets of binary
variables, i.e., where selections within two implying sets imply a choice in a corresponding implied
set: the BIP. Our contribution is a new class of valid inequalities for this polytope. In contrast to
the unconstrained (bipartite) boolean quadric polytope, the special structure of the BIP allows us to
prove that this class of inequalities is sufficient for a complete description. We develop a separation
algorithm that finds these inequalities in polynomial time. Supplementary to this, we present a
clique-based method that is able to determine a priori cuts that are helpful for the solving process.
Furthermore, we show that for set descriptions that consist of multiple BIPs which share variable
sets, the descriptions of the individual BIPs already provide a complete description of the whole
polytope. This enables a much broader application of our results in practice. In a comprehensive
computational study, we investigate the aforementioned applications from the field of real-world
stochastic timetabling and the quadratic assignment problem. We demonstrate the strength of the
new cuts by incorporating them into the state-of-the-art solver Gurobi [21], which speeds up the
solution process by orders of magnitude.

Structure of the Paper After a short definition of the BIP in Section 2, we derive a new class of valid
inequalities in Section 3. We then prove in Section 4 that these inequalities together with bound
inequalities completely describe the BIP. Additionally, we present efficient ways to use the defined



inequalities to optimize over the BIP using either a precomputation routine or a separation algorithm.
Preparing the comprehensive computational study of Section 6, we first analyze the chaining of
multiple BIPs in Section 5, that arise in the application for stochastic railway timetabling. Finally, we
explore other potential areas of application for future research in Section 7, including approximations
and relaxations for nonlinear programming, as well as the integration of Bayesian networks into
mixed-integer programs.

2 Problem Definition

Let x € {0,1}%, y € {0,1}#, and z € {0,1}" be three vectors of binary variables and a, B, y = 1. The
implications between the three vectors are given by a relation matrix M. We assume that each
combination of implying variables implies a corresponding element in the implied set, otherwise we
can introduce a variable for infeasible combinations and set it equal to 0. We denote the set {1, ..., a} as
[a]. If x; = 1 holds for some i € [a], and y; = 1 for some j € [f], this implies the choice z; = 1, where
I = M;; is the corresponding entry of the implication relation matrix. Note that we assume that each
I € [y] is contained in M. We must choose exactly one x-, one y-, and one z-variable to be equal to
one, while respecting the implications stated in M. The set of feasible points is thus given by:

a B Y
S(M) := {(x,y,Z) €0, P |xiy; sy, YA, Delal (Bl Y xi=Y yj=d 2= 1}.
i=1 j=1 =1

We can linearize the bilinear terms in the definition of S(M) to equivalently write:

a B Y
S(M) = {(x,y,z) €0, P x4y <y, +1VGEHElal B, Y xi=)Y yj=) 2= 1}-
| =1

i=1

In the following, we consider the so-called bipartite implication polytope BIP(M) := conv(S(M)),
which arises as the convex hull of S(M). The multiple-choice equations imply that the polytope is not
full dimensional.

Observation 1. We have dim(BIP(M))<a+f+v-3.

Note that there are cases of M for which dim(BIP(M)) < @ + f+ v — 3 holds. For example, if:
1 2 2
M=|3 11/,
3 1 1
the equation x; + y» + y3 = 21 + 2z, is valid for BIP(M), in addition to the multiple-choice constraints.

Any optimization problem over BIP (M) is inherently easy and can be solved in polynomial time
just by enumerating all the vertices.

Lemma 1. The vertices of BIP(M) are given by e; + eq+j + eq+p+m;; foralli € [a] and j € [B], where ep,
for m € [a + B +7] denotes the m-th standard unit vector in {0,1}%+P*7,

Proof. As BIP(M) is the convex hull of a set of binary points, these are precisely the vertices of
BIP(M). H

It can still be beneficial to study the facet description of BIP (M) whenever there are applications
in which the determined constraints are part of a larger system.



3 Valid Inequalities

In this section we describe and fully characterize a new class of valid inequalities for BIP (M) which
we call n-block inequalities because of their block-like representation in the relation matrix M.
3.1 n-Block Inequalities

A block M,y is defined as the submatrix of M where the selected row indices are in X < [a] and the
selected column indices are in Y < [f]. The consideration of such blocks allows to strengthen the
formulation of BIP(M). We denote the set of z-indices contained in the block My, y by

ZM(X, V)= {M;j: (i, ) e X x Y}

If we have x; =1 and y; =1 with i € X and j € Y, then it follows that z; = 1 for some [ € ZM(xY).
Consequently, we can formulate the following 1-block-inequality

Yx+Xys Y atl W

ieX jey leZM(X,Y)
that is valid for BI P(M) for each subset of rows X < [a] and each subset of columns Y < [S].

Observation 2. There exist at most (2% —1)(2# — 1) many non-equivalent up to scaling 1-block inequal-
ities that are valid for BIP(M).

We can derive even stronger inequalities when taking 7 € N blocks into account. For each k € [n],
select rows Xj € [a] and columns Y < [B] of the matrix M to define n blocks such that the subsets are
sorted by inclusion as follows:

Xi1S€ Xy and Y <SYp, forall kel[n-1]. 2)

For a subset of the chosen blocks, indexed by K < [n], we define the set of entries of M that are located
in the intersection of x-many of the blocks as

EM(K) = {M;;: 1{keK: (i, ) € X x Yi}| = «}. 3)
Then we can construct what we call the n-block inequality

> aixi+ ) bjyj< ) cz+n, €y
i€lal Jelpl lefyl]

where the respective variable coefficients are given by
ai={kelnl:ie Xy}, i€lal, (5)
the number of blocks row i is included,
bj=Wkelnl:jeYi}l, jelpl (6)
the number of blocks column j is included and
ci=maxike[nl: le EX(n)}, lelyl, 7

the maximum number of intersecting blocks at a cell with entry [.

We can use the sorting of the blocks by inclusion to efficiently determine the number of blocks
intersecting in one cell (i, j) of M from the coefficients a; and b - The value of a; indicates that i is
contained in the first a; blocks My, y, for k € [a;], whereas b; indicates that j is contained in the last
bj blocks My, v, for k€ {n—bj +1,...,n}.



Therefore, the indices blocks intersecting in cell (i, j) are {ai +bj-n,.., ai} ifa; =2 a;+b;—n,
otherwise the cut is empty. The number of intersecting blocks in (i, j) is max{0, a; + b; — n}.
The coefficient of an element € [y] can thus be calculated as

= i,je[a]m”%i(:Mij:lmax{O, ai+bj—n} Vielyl ®)
We will use this formula later in this section when characterizing n-block inequalities. Note that
the n blocks are an indexed collection, allowing for repetition; the same block defined by identical
subsets X and Yy can appear multiple times for different k. Consequently, n is not bounded by the
number of distinct blocks that can be formed. In fact, we observe this stacking of identical blocks in
facet-defining inequalities.
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Figure 3: Set of entries of M that are located in the intersection of x = 1, 2,3-many of all 3 blocks of the
3-block inequality in Example 1

Example 1. Figure 2 illustrates the construction of the 3-block inequality
X1+2x3+3X4+2y1+3Y2+ Y3 +2y1 <221 +323+24+3
out of the three blocks M 341,23 M3,41,01,2,4} and Migy,0,2,3,4 of the matrix

4 2

— NN
W = N

1
1
4

W

The color of each cell signifies the number of blocks intersecting there. For each [ € [4], the color of
the darkest cell it is contained in indicates the maximum value of x for which [ is in Efy ({1,2,3}) as
depicted in Figure 3. This value corresponds to its coefficient c;. We can derive the color of a given cell
(i, j) in the matrix M efficiently from the coefficients a; and b; via the previously defined sorting of
the blocks by inclusion. If we take for example (i, j) = (4,1), where a4 = 3 and b; = 2 hold, we know
that row 4 is in the two leftmost and column 1 in the two rightmost of the three blocks depicted in
Figure 2. This implies that they jointly only lie in the two rightmost blocks, which is why (4,1) is in the
intersection of exactly 2 blocks. Note that this 3-block inequality dominates the sum of the 1-block
inequalities derived when considering each block individually, because some of the coefficients of



the z-variables are smaller. For example, / = 4 does not lie in the intersection of any two of the three
blocks, but is contained in each of them. Therefore ¢4 = 1, whereas in the addition of the three 1-block
inequalities the coefficient of z4 would be 3.

Lemma 2. The n-block inequalities (4) are valid for BIP(M) for alln € IN.

Proof. We prove the result by induction over the number of blocks n. For n = 1, the validity of the
1-block inequalities follows from construction.

For the case n = 2, we prove the validity of the 2-block inequalities obtained from two blocks My, v,
and My, y,. To this end, we sum up the two 1-block inequalities for the two blocks (9a), (9b), the
1-block inequality (9c) for the intersection Mx,nx,,v;ny, and the inequalities (9d) and (9e) derived by
adding the multiple-choice constraints for the x- and y-variables and non-negativity constraints for
some of the z-variables, respectively:

Yoxi+ Yy yi— Y & <1 (9

ieX; jen leZM(X1,Y1)

+ Yoxi+t Y vi- Y & <1 (9b)
ieX, 2% leZM(X5,Ys)

+ Y Xt ) yi- 2 21 =1 09
ieXinX, jEYlﬁYZ lEZM(XlﬁXZ,YlﬂYZ)

+ Z Xi+ Z y] <2 (9d)
i€lal Jelpl

+ y -z <0  (9e)

1eZM(Xin X2, YinY2)U((ZM (X0, U ZM (X, I\ (ZM (X1, Y1INZM (X3, Y2)))

- 2L Tar Ty-L ¥ g =5 o

k=1i€X; k=1jeYy k=11ez¥([2)
BIP(M) 2 =
EiP( ZZXH'ZZJ’] YOY oz <2. 9g)
k=1ieX; k=1jeYy k= 1l(—:EfC/I([2])

Inequality (9f) is valid for BIP (M) as it is the sum of five valid inequalities. Further, all variables are
binary, which implies that the 2-block inequality (9g) is equivalent to (9f) for the integer points in
BIP(M).

For the induction step n—1 — n, we can derive the n-block inequality composed of n blocks My, v,
for k € [n] via a combination of the n-many (n — 1)-block inequalities that can be built out of the
blocks Mx,, y,, for k' € K, where K. denotes the index subset of [1] not containing k, i.e., Ky := [n]\ {k}.
We can write the n-block inequality as

Z aixi + Z bjij Z ciz]+n, (10)
i€lal JEIB] lely]

foraeR% be RA and c € RY as defined in (5), (6) and (7), respectively. For k € [n], denote the
corresponding (n — 1)-block inequality composed of the blocks indexed by Kj as

Z aK’“xl+ Z bK"y]_ Z c zi+n—1. 11D
iela) Jelpl lely]
First, we show
(/(n-1) Y a*=a
ke[n]

foralli € [a]. Forany i € [«¢] and k € [n], we have af’c

have |{k € [n] : i € X}.}| = a;,

=a;—1iffi € X;, and af’“ = a; otherwise. As we

K;
Zk(—:[n] ai k _ a; (ai -+ (n—ai) +aj

n-1_ n-1 -



holds. Analogously,

(1/(n-1) Y b*=b;
ke[n]

for all j € [B] follows. Next, we show

1A/ (n=1) Y. ¢l ¢
ke[n]

for all / € [y]. Obviously, removing one block will not cause an element in the matrix to be intersected
by more blocks. Therefore, clKk < ¢; holds for all [ € [y]. Moreover, we can neglect the case where c; is
strictly smaller than n — 1. This is because, for any p € N, the inequality

n(n-p)

>n—-p+1
n-1 p

holds if and only if p < 1.

Now, for [(1/(n—1)) X ken ClKkJ to be strictly greater than c;, it would be necessary that ¢; = n—1.
This leaves us with two possible cases:

Case 1: ¢; = n. If there exists some I’ € [y] such that ¢; = n, then we have

1

cllf’c <cp
n=1 e
f" <n-1forall k€ [n].
Case 2: ¢; = n— 1. Suppose there exists some [ € [y] such that c; = n— 1. Consider any tuple
(i, j') € X x Y that belongs to exactly n — 1 blocks. There is exactly one index k € [n] for which (i', j') is
not contained in Xy x Y;.
Due to the ordering of the blocks, i.e.,

because ¢

X1 € X and Y <Yy forallke[n-1],

the missing block must be either the first or the last one. Since n > 2, this block cannot be the second
one.
As aresult, we obtain cl{Q = n—2. Now, we verify

mn-2)+n-1)-(n—-1) n-2
= +(n-1)<n
n-—1 n-—1

for n = 3. Consequently, we conclude that

[(1/(n=1) Y el =<cp.
ke[n]
Now summing up all the (n — 1)-block inequalities (11) for all k € [n] and dividing result by n -1

yields

Y. aixi+ Y bjyj< ) czi+n,

ielal JEIB] lelyl]

for some ¢’ € RY. Further, Lc;J < ¢; holds for all | € Ugex ZM (X}, Yi), as we have already shown.
The inequality remains valid when rounding down the coefficients of the z-variables because of the
multiple-choice constraints and the z-variables being binary. Now adding the appropriate bound
inequalities, namely 0 < z; for I | |¢}] < ¢; we obtain (10). O



The proof demonstrates a hierarchical construction of n-block inequalities from (n — 1)-block
inequalities. Similar to the concept of ranks used for other well-known constraint classes like Chvétal-
Gomory cuts [12], Mixed-Integer Rounding inequalities [33], or cuts produced by the Reformulation
Linearization Technique [41], we can interpret n-block inequalities in terms of their constructive
complexity. This leads to the following definition:

Definition 3 (Rank-m Closure). For a given m € N, the rank-m closure is defined as the polytope that
emerges when adding all n-block inequalities for n < m to the bounds and multiple choice constraints:

a B Y
P (M) = {(x, ,2) €[0,1]%*F*Y | all n-block inequalities forn<m, Y x;= Y y;=Y z=1 }
=1 ==

We will use this rank concept for a more structured analysis in our numerical study.

3.2 Characterization of n-Block Inequalities

We begin by addressing the question of when a general inequality of the form

Y aixi+ ), biyj= Y cz+d (12)
iclal Jjelpl lely]

with a’,b', ¢, d’' € N constitutes an n-block inequality. If the inequality is already in the canonical
form described in Section 3.1, the verification is straightforward: we set n := d’' and construct the
n blocks My,y for k € [n] by defining X = {i € [a] : a,= k} and Y := {j elpl: b;. >n-— k}. This
construction guarantees both the nested structure of the blocks (2) and ensures that Conditions (5)
and (6) hold. It then suffices to verify Condition (7).

However, this direct approach fails when the inequality is merely equivalent to an n-block inequal-
ity rather than identical to one. Indeed, the addition of multiple-choice constraints for the x-, y-,
and z-variables, combined with scaling, may produce inequalities that are equivalent to n-block in-
equalities but for which no subsets X and Y} exist satisfying Conditions (5), (6) and (7) simultaneously.
We therefore seek a characterization that is invariant under these operations.

Our approach is to derive necessary and sufficient conditions on the coefficients of (12) that
determine whether it can be transformed into an n-block inequality through addition of multiple-
choice constraints and scaling. To formulate these conditions, we introduce notation for the extreme
coefficient values. Let i € argmin;.,, 4} and i € argmax;,,, 4; denote indices of the minimum and
maximum coefficients of a’, respectively, and define j, j and [, analogously for ' and ¢’. Since
scaling preserves equivalence, we may assume without loss of generality that all coefficients in (12)
are integers.

We now derive three conditions that any such equivalent inequality must satisfy. The key obser-
vation is that the nested block structure (2) of n-block inequalities imposes strong regularity on the
coefficient values. Specifically, since each of the n blocks contains at least one row indexed by i € [a]
and at least one column indexed by j € [B], the maximum coefficients for the x-, y-, and z-variables in
any n-block inequality all equal n. To achieve unambiguity we assume the minimum coefficient for z
equals zero.

To normalize a general inequality (12) to this form we subtract appropriate multiples of the three
multiple-choice constraints:

l)

! / / / / / / / / / / / / /
(ai+c_l—ci)-2x,-:ai+c_l—ci, (bj+c_l—cz)-Zyj:bf+c_l—c- C_I~Zzlzc_l.
ielal Jjelpl lely]

For this transformation to yield an inequality where the maximum coefficients of x, y, and z all equal
the right-hand side constant d’, we require our first condition:

/ I /
a{+bj—ci+d. @D
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Beyond coefficient normalization, the transformation must preserve the fundamental relationship
between the coefficients established in Section 3.1. For any n-block inequality, we have

c = max max40,a; +b;i—nt VIey]. (13)
LT L jelalx M =1 {0, +bj—nj ¥

Translating this relationship to the transformed coefficients yields our second condition:

¢ = max maxcy, (a; - a; +b' b.+cl Yie[y). I
L, pelalx |B1:My =1 {’( J l)} ] b

Finally, since n-block inequalities have non-negative coefficients, the transformation must not
produce negative values. This requirement imposes our third condition:

a.—a;<ci-¢, b.-b=c

/
I il G-¢

(I1T)

~.
~~

The following lemma establishes that Conditions (I), (II) and (III) provide a complete characteriza-
tion of inequalities equivalent to n-block inequalities.

Lemma 4. Aninequality of theformy jcq) @, Xi+X jeip) b} Vi < Liery ¢;z1+d’ is equivalent to an n-block
inequality for some n € N up to addition of multiple-choice constraints and scaling iff Conditions (1),
(D) and (I1I1) are met.

Proof. Consider the inequality

Y aixi+ ), biyj= Y cz+d, (14)
i€lal JElpl lely]

where w.l.o.g. d/, b', ¢, and d’ shall be integer. Further, we assume that this inequality fulfills Condi-
tions (I)-(I1T). We now show that via subtraction of multiple-choice constraints, we can transform this
inequality to an n-block inequality of the form

Y x+) YyisY Y z+n (15)
k=1 324

k=1jeX; k=1jey, (n])

by determining the appropriate n € N as well as the sets X;. and Yy, that need to be sorted by inclusion
as follows: Xy, € X and Yy € Y1 for all k € [n— 1]. Additionally Iuke[n]Z (Xk, Yi)| <y has to hold.
By Condition (I), the following sum of multiple-choice constraints is valid for BIP(M):

- +c——cl) e b'+c——Cl) Y yi= ;fi-// —cl > Zz+ci—cl.

" i€lal €[l A lely]
1 jelp —ai—bj+cl U
- =1 =1
Adding this equation to Inequality (14) yields
Y (a;—a: +cl- cl)xl+ > (b’ b' +c-—cl)y] <) (- cl)zl+cl- cl (16)
i€lal JELB] lely]

Note that now the maximum coefficient for each set of variables x, y and z equals c;_ — ¢;. Additionally,
each coefficient is non-negative due to Condition (III). Now define for k € [c;_ —¢;] the subsets

Xp={ielalla;—a;+c;—c;z k}, Yk:={je[ﬁ]|b;.—b}>—k}.

Each i € [a] is contained in (a] - a + CZ - })-many sets in {Xk ke [ -c ]} Similarly, each j € [B] is

contained in (b;. - b} + c;_ - cg)-many sets in {Yk tke [cl. - cl]}. Further, let n:= c;_ — ¢;. Now, for (16) to

11



be an n-block inequality it remains to show that each [ € [y] lies in the intersection of c; - c; and not
more blocks from {X; x Y} : k€ [n]}, i.e., _

max{ke [c] -]l : Le 2} (e}~ ]} =]~ ¢] VIelyl.

=M

! Tk-1 !
trivially. The sorting of Xj and Y implies that for a pair (i, j) € [a] x [f] to be in X} x Y} for some
k' e [c;_— c;1, the conditions i € X for k € (k'] and j € Y} for k € {k’,...,c;_—c;} have to hold. In
particular, for the defined sets X; and Y} for k € [c;. —¢;], the number of blocks containing the cell (i, /)

Namely, if for any [’ € [y] we have I’ € E]]:I([C?— —¢;]) for some k > 1, then I' € ([c}— c;]) follows

of M can be calculated as

I{kc—: [c;-—c_;] 2 (i, ) € X x Yk}l :max{O,(a;.—a%+c;-—c_;+b}—b}-kc}—c_}—n)}.

Therefore, we need to have

r_
l

max max10,|a;—a.+c,—c;+ b —b-+c—c;—n|r=c;—c.
i 1 J j T I~

(i, )elal x[Bl:M;;=1

This is indeed equivalent to Condition (II). Thus, we have shown that any inequality of the form

Licla) @;%i + Ljeip D yj < Liepy €21+ d' is equivalent to an n-block inequality for some n € N if
Conditions (I),(I) and (III) are met.

The reverse implication, i.e., every inequality equal to an n-block inequality for n € N up to

addition of multiple-choice constraints and scaling fulfills Conditions (I),(II) and (III), follows directly

from their derivation. U

4 Facets

Facets are the tightest possible linear cuts which can be added to the description of BIP(M) and are
therefore useful for the branch-and-cut algorithm for solving optimization problems over BIP(M). In
the following it is shown that the so-far described classes of valid inequalities namely n-block and
bound inequalities are sufficient to fully describe BIP(M). Additionally, we introduce a separation
algorithm and a preprocessing routine to efficiently make use of these inequalities in a branch-and-cut
procedure.

4.1 Convex Hull
Lemma 5. All facets of BIP(M) are induced by either n-block inequalities or lower bounds.

Proof. Let F be a facet of BIP(M) which is induced by the valid inequality

Z a;x;+ Z bjij Z ClZl+d, (17)
i€lal Jelpl lelyl]
a,b',c',d € Ny. Further, let V = {v,,,..., v;,} be a set of affine independent vertices for

v :=dim(BIP(M))
with V € F. By Lemma 1, all vertices in V have the form
Uy, = et; + eLH_tIJC' + ea+ﬁ+M,x[y
k'k

for some t; = (t7, ti) € [a] x [B]. The tuple t; sufficiently characterizes the vertex v;. It indi-
cates that x; = 1 for i = £, x; = 0 otherwise and y; =1 for j = t), yj = 0 otherwise. If there is
an index i’ € [a] such that there is no vertex in V fulfilling x; = 1, then F lies on the hyperplane
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{(x, ¥,2) € RAtA+Y . Xy = O} and since we can rule out that this hyperplane is a superset of BIP(M), F
is induced by the bound inequality x; = 0. This holds analogously for j € [8] and [ € [y]. Note that
BIP(M) ¢ {(x, V,2) € Ra*A+Y . zZ]= 0} for all / € [y] follows from the assumption that each [ € [y] is
contained in M.

Now assume that for all i € [@] there is at least one k' € [v] with t}cc, = i, and that the same holds for
all je[B] and [ € [y]. Wl.o.g., we can assume

g = bt,f = CM:,{:{ =d=0

for one x € [v] where M,x,y = [ since any inequality can be transformed to this form by subtracting
multiple-choice constraints. Inserting those informations in (17) implies that all vertices v,, in V fulfill
the equation ag + b[{ =CM, - We now want to show that Conditions (I), (II) and (III) from Lemma 4

k'k
hold.
First, we verify

(Zlf-f-bf: cj.

By assumption, there is a k' € [v] for which M = [ holds, hence ar + b,y = c;. Now consider the
o KK ! K

vertex characterized by the tuple (i, j). Since the inequality defining F must be valid for this vertex, we

have a; + bj < cu;; < ¢ and therefore a;x = a; and by = bj. This implies a; + b; = ¢;, which certifies

k!
Condition (I).
Now, we show
= max max40,a; + b; (18)
L el M =1 104+ bj}
forall [ € [y]. For all k" € [v] for which M,x = [ holds, we have ar, + bty = ¢;. Thus, there are i € [a]

and j € [f] such that a; + b; = ¢; holds. Tf’léc validity of the cons1dered 1nequa11ty for BIP(M) implies
ai+bj <cy;; J forall i, j € [a] x [B]. This validates Condition (II).
Finally, we have to show

a_,-za;—ci, bij]T—Cl'.

To this end, define the two subsets X := {i € [a]\{i} : a; <0} and Y := {j € B\ {j} : b; <0} and sup-
pose that X or Y is non-empty. Lifting these selected coefficients leads to a valid block inequality
dominating (17), contradicting the assumption that (17) is facet-defining. Consider the inequality

Y alxi+ ) b;.’yjs Y caz+d, (19)
i€lal JElp] le[y]

where a” =0 holds for all i € X, and a” = a’ otherwise, and where b;.’ =0 holds for all j € Y, and
b’ ! b' otherw1se We can construct the sets

Xe=liclal: a =k}

1

and
Ve={jelpl: by>d -k}

and set n' ;= ¢;. Now as in the proof of Lemma 4 the number of blocks containing the cell (i, j) of M
can be calculated as
{keld): (i, j)e X x Vil = max{o, a) + b - n’}.

Together with (18) for the transformed variables,

C1 = max max O,a_i_b ,
: i,jelalx[Bl:M;;=1 10,a; +bj}
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we observe the equivalence of (19) and the following n’-block inequality, which is valid for BIP(M):

il

7] n
o Xty Y yi—) ) asn.
kzliEXk

k=1jey; k=11e=M([n])

Since Inequality (19) dominates Inequality (17), the latter cannot be facet-defining, which contradicts
the assumption. Thus, Condition (III) holds as well. Altogether, this means that (17) is equivalent to
an n-block inequality. O

Theorem 6. The full convex-hull description of BIP(M) is given by the rank-1i closure for some fixed
ineN.

4.2 Separating n-Block Inequalities

To support a branch-and-cut algorithm by adding useful cuts we develop a separation routine which
identifies n-block inequalities which cut off a given non-integer point with maximum violation. As
shown in Section 3.2 there are many different inequalities equivalent up to addition of multiple-choice
constraints and scaling. Hence, we need to find a unique representation for these cuts.

Definition 7. An inequality of the form }_;c(q) @i Xi + X je(p) 0jVj < Liefy) €121+ d is called a normalized
block inequality if it is equivalent to an n-block inequality and if mine(y) ¢; = 0 as well as max;e(q) a; =
max e bj = maxe(y) ¢; = 1 hold.

Note that any n-block inequality can be transformed to a normalized r-block inequality by sub-
tracting multiples of the multiple-choice constraints until miney) ¢; = 0 as well as maxe(q) a; =
maxe(g) bj = maxepy) ¢; = d hold and then dividing by max;e|y) ¢;, which also leads to d = 1. This is
possible because of Condition (I) from Lemma 4. As a consequence, all normalized block inequal-
ities also satisfy this condition. We can make use of the fact that for normalized block inequalities,
Condition (II) simplifies to

cy = max maxi0,a; +b; -1 VIe][y].
P jetalx BlMy=1 {0,ai+b; =1} Y
Further, Condition (III) can be ensured by bounding the a- and b-variables from below by zero. This
allows us to state an optimization problem to find normalized block inequalities which are maximally
violated by a given not necessarily integer point q = (%, y, 2) ¢ BIP(M) with g = 0:

machP Z a;x; + Z ij_/j_ Z c1z1—1, (20)
(@b P> M) je[a) jelp lelyl

PSEP (M) ::{ae 0,11%,b€[0,11F,c€(0,1) : ;= a; +bj—1 Vielyl, (i, j)€lal x [Bl: M;j = l}

The variables (a, b, ¢) € [0,1]%*A*Y are the left-hand side coefficients of the normalized block inequality
we search for while the constraints enforce Conditions (I) - (III).

Theorem 8. Assume q =0 and}iciq) Xi =X jeip) Vj = Liery) 21 = 1. Then every vertex of PSEP (M) which
is optimal for (20) yields the coefficients of a normalized block inequality.

Proof. Lets=(a, b, &) a vertex of PSEP (M). We show that conditions (I) - (III) are satisfied. Since s is a
vertex of PSEP (M) and optimal for (20), there is no s’ € PSEP (M), s’ # s which has the same or a higher
objective value as s.

We have to verify that the highest value in each variable set is equal to one, a; = b i=C=1
If none of the highest values is equal to one, we can multiply all values by some positive factor staying
feasible and increasing the objective value. We know a; + b 7 —1=j, otherwise we could decrease ¢;
while again staying feasible and increasing the objective value. Therefore, w.l.0.g. assume a; = 1. If
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now b ; # 1 it follows ¢; # 1. Now we add 1 - b ; to all values of b and é. The multiple-choice constraints
lead to the fact that we arrive at a feasible point s’ which has the same objective function value as s.
This proves a; = b = ¢; =1, conditions (I) and (III) follow trivially.

The non-bound constraints in PSE” (M) directly imply

o™

1=

max  max{0,a;+b; -1} VIelyl.

i, jelal < [Bl:M;;=1 {0.ai+bj—1j ¥

The equality and therefore condition (II) is obvious given that increasing values of ¢ leads to decreasing
the objective value. O

Remark 1. Normalized block inequalities can be separated from points satisfying multiple-choice
constraints in polynomial time.

To separate only 1-block inequalities to obtain the rank-1 closure it suffices to limit the solution
space to binary values of a, b and c. By adding the constraint }_c|y) ¢; = v the number of z-variables
in the resulting inequality is restricted to a chosen value v.

There are cases in which a non-facet n-block inequality is more violated by an infeasible point
than any facet. The following is an example for this exception.

Example 2. Consider the relation matrix

i
w NN
= = O
w &~ =

and p = (0, %, %, %, 0, %, 0,0,0,0,1). The constraint

1 1 1
§x1+x2+x3+y1+5y2+y35 §Z1+Z2+Z3+Z4+1
is violated by 1. It can be conically combined by the facets

0.5-) x1+x2+y1+y2+y35z1+zz+z4+z5+1

(1.5-) —1 +—2 +x3+ +—2 + <—1 +—2 + +—2 +1
5 X X2 + X ==z 22+ 2z z

3 X1t n SJ/z Y3 g1tz TaTaa
and the multiple-choice constraints

(0.5-) —X1—Xp—X3=-1
1) =y-y2-ys=-1
0.5+) Z1+2p+23+24+25<1

and is therefore not itself a facet. But it nevertheless is more violated by p than the facets it can be
assembled from and in fact any facet of BIP(M).

4.3 Precomputing 1-Block Inequalities Using Cliques

Experience shows that 1-block inequalities form the largest part of the facets of BIP(M). Since it is
relatively computationally easy to find good 1-block inequalities for BIP(M) it can be useful to add
some of them before starting the optimization process. The problem to find a block in M as large
as possible which contains only a given subset Z of [y] can be formulated as a clique problem with
a quadratic objective function. For that, we build a graph G¢(M) = (V€ (M), E€(M)) whose nodes

vem) = V)g(M) U Vf(M) = {vf,..., v(’i} U {vly, . v%} correspond to either a row or a column of M.
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Now, edges are introduced such that the subgraphs of G (M) induced by the variable set V)g (M) and
VE (M), respectively, are complete. Additionally, two nodes v¥ € V(M) for i € [a] and v? € Vi (M) for
J € [B] are connected by an edge if the z-index M is contained in Z. The selected nodes in a clique in
GC (M) correspond to the rows and columns of M forming a block which only contains indices in the
given subset Z of [y]. If all rows and all columns of a block A are contained in a block B and both A
and B contain the same set of z-indices, the inequality induced by A is dominated by the inequality
induced by B. Hence, to make the block as big as possible, we want to optimize over its volume. The
quadratic objective function is given as the number of selected nodes in V)g (M) times the number of
selected nodes in Vg (M). We can either solve this clique problem exactly or use a heuristic.

=N N

AN

W | [N

Figure 4: Clique problem to find maximum 1-block only containing indices in {1, 2}.

Example 1 (Example 1 continued). Figure 4 shows a Matrix M and the corresponding graph GE(M).
To find the largest 1-block in M which contains only the z-indices 1 and 2, we find a clique in GC(M)

which maximizes the function f(y) = (Z‘i‘:l )(,,lgc) . (Z‘;zl )(ij), where the binary variable y indicates the
selection of a node. The optimal solution forms the grey shaded block of size 4 in Figure 4. The 1-block
inequality xp + x3 + y2 + ¥3 < 21 + 22 + 1 can be added to the model.

5 Chained Bipartite Implication Polytopes

Inspired by an application in stochastic programming, we now chain several bipartite implication
related variable sets with multiple-choice constraints over a given planning horizon ¢ € [T], T € N.
For each time step ¢t € [T], there are two vectors of binary variables with multiple-choice condition
xt €{0,1}% and yt € {0,1}A* and a matrix M! describing the implications between the variable sets,
which are given as follows:

IF x| = 1 for some i € [a;] AND y]‘.‘1 =1for j € [B;-1], THEN yj, =1,

forall ¢ € [T], where j := M fj and y° € {0,1} is a given vector with multiple-choice condition. The set

of feasible points can thus be expressed as all binary vectors (xt, y’ ) € {0, 1}%+Pe+Yt for t € [T] which
fulfill the following constraints:

2 Xj= ) yp=1 Vte[T] (22)
i€la;] J'€lB
x§+y]€‘1 syj% +1  Vte[Tl,Viela,Vje Bl (23)

Let 4 = {M L. telT ]} denote the set of all implication matrices used in the instance. By
S(MH) = {(xl,...,xT,yl,...,yT) € {0, Zen@*h) yie (7] : (22), (23)},

we denote the binary feasible points for Constraints (22) and (23). We then call the convex hull of
these feasible points BIP(.#) := conv(S(.#)).
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Lemma9. Therearel],.r a; vertices of BIP(.).

Proof. Each pointin S(.#) can be identified by the x-variables which are set to one. For a given vec-
tor y° € {0,1}%, the values of the variables y]t., can be derived recursively via y]t., =X M= x! y]'?‘l.
Further, each of the [];c7 a; configurations of possible values for the x-variables lead to feasible
points in S(.4). As BIP () is the convex hull of a set of binary points, these points are all vertices
of BIP(). O

To derive a full outer description of BIP(.#) we model it as an instance of the clique problem with
multiple-choice constraints (CPMC) under a cycle-free dependency graph which has been studied in [7].
In CPMC the task is to find an m-clique in an m-partite graph G = (V, E). This can be seen as a clique
problem with additional multiple-choice constraints on the selection of the nodes from each subset
in the m-partition 7 of V. The convex hull polytope for an instance (G, ¥) is denoted as P**M¢(G, 7).

We first construct an undirected graph G = (Vv E) as follows. For all t € [T], each variable xl.t,
i €la;] and y]t.,, j' € [B:], is represented by a node Uyt OF Uy]’., in V#, respectively. For each cell ij’

in the implication matrices M’, t € [T], we further introduce a node v,,: . Each node is assigned
ij!

to exactly one node subset, namely Uyt 10 Vi, vy, to Vyr and Ui, to Ve, te [T, i€ [ayl, j € [B:],

J € [Bs-1]. Figure 5 depicts this procedure for two chained bipartite implication instances. Additionally,

we introduce the node subset V)» containing only one node v, where y? = 1. These node subsets
)

constitute a partition 7/ of V-# into disjoint stable subsets. Now we introduce edges such that

for each ¢ € [T] the subgraph of G induced by all nodes in V., VyH and Viyrisa complete tripartite

graph on the three variable sets. Additionally, each node v, , i € [a;], j € [B;-1], is connected to the
ij

nodes vy, vyi-1 and vy: , where j "is the entry M l.‘j in the corresponding implication matrix. We can
i J i

y
now decompose G-# into subgraphs G4, ..., G”T” , where G;” = (V;” , E;” ) is induced by the node set
V;” = VyH U Ve UV U Ve for all ¢ € [T] and connect each pair of nodes which are not in the same
subgraph.

Observation 3. An integer point in BIP () corresponds to an integer point in PCPMC (Gt -yl

Figure 5: Exemplary construction of the compatibility graph for two chained bipartite implication
instances.

The dependency graph ¢ = (V,6) of a CPMC instance (G, 7¥) is defined as follows. Each node
partition set in G is represented by a node in ¢. Two nodes V; and V; are connected by an edge if and
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only if there exist two nodes v € V; and w € V; such that there is no edge connecting v and w in G.
The dependency graph for the CPMC instance constructed above is depicted in Figure 6.

Figure 6: Dependency graph for the CPMC extension of BIP (.#).

It can be observed that ¢ is a forest, which is the prerequisite for the main result of [7] giving a
complete description for PCPMC (G 7y,

Theorem 10 ([7], Theorem 3.1). Let.¥ = (G, V) be an instance of (CPMC) with a cycle-free dependency
graph. Then PPMC(G, V') is completely described by the constraints

Y xy=1 YUeV (24a)
veU
Y xy<1 V stablesetsS<V (24b)
veS

xy,=20 VveV. (24¢)

Theorem 10 implies that the convex hull of the feasible points in the extended formulation of the
chained BIP is given by the multiple-choice constraints (24a) on the variable sets V:, V) and V,;,: for
all £ € [T], the stable-set constraints (24b) and the non-negativity constraints (24c) for all variables.

Note that the nodes in the intersection of two of the subgraphs G;” yeeer G“T” form a stable setin G .
Since the stable-set polytope for G- is identical to the clique polytope for its complement graph G-,

we can use the following result from [13] to state that the outer description for PCPMC(G# -4
decomposes into the outer descriptions for each of the polytopes PCPMC(GIM'} 3 iM'}y for all £ € [T).

Theorem 11 ([13], Theorem 4.1). Let G' = (V1,EY) and G? = (V?, E?) be graphs such that G' N G? :=
(VInVZ E'nE? is complete and let A1x) < by, A»2Xx2 < by be complete descriptions of the stable-set
polytopes of G' and G?, respectively. Then the union of these linear systems is a complete description of
the stable-set polytope of the graph G' U G? := (V! U V?, E' U E?).

To obtain an outer description of BIP(.#), we use Fourier-Motzkin elimination to project the
variables ml?j, i €las, jelBs1l, t €[T], out of the linear system describing the convex hull of
PCPMC(G# ) Each variable my;, i € (@], j € [B-1], t € [T] is included in the inequality system
describing the convex hull of PCPMC(G{M t},7/{M t}) for exactly one ¢ € [T]. Therefore, the Fourier-
Motzkin elimination can be performed for each ¢ € [T] separately. This implies that the linear system

describing the convex hull of BIP(.#) decomposes into the inequalities describing the convex hull of
BIP(M) forall M e /.

Corollary 12. The polytope BIP () is completely described by the non-negativity constraints and all
n-block inequalities which are facet-defining for any of the polytopes BIP(M), M € /.
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6 Computational Results

We now conduct numerical experiments to validate our theoretical findings and evaluate the practical
impact of n-block inequalities. Our computational study follows a three-part strategy:

* First, we analyze the effectiveness of our separation routine and clique-based preprocessing
algorithm on random instances of individual BIPs. This validates the core strength of our
approach on the fundamental polytope structure.

* Second, we examine the performance on tree-like chained BIP structures through a real-world
application in fixed recourse stochastic programming, specifically railway timetabling. Since
our theoretical results guarantee complete convex hull descriptions for tree-like chainings, this
study demonstrates the practical value of this special case.

* Finally, we investigate the broader applicability of our cutting planes on problems that involve
cyclic BIP chainings, using instances from the quadratic assignment problem (QAP) benchmark
library. Our results highlight that the proposed cuts substantially improve the formulation of
QAP instances that involve general chaining structures. However, we emphasize that our goal is
not to compete directly with specialized QAP solvers or the most efficient QAP formulations,
but rather to illustrate the strength and general usefulness of our cuts for problems exhibiting
chaining characteristics.

All algorithms were implemented in Python 3.10.13 using Gurobi 11.0.0 with default parameter
settings to solve mixed-integer problems. We performed the calculations on a server with an Intel
Xeon E3-1240 v6 CPU, 32 GB RAM, 4 cores, HT disabled and 3.70 GHz base frequency.

6.1 Random Matrix Tests

In this first study, we focus on validating our core algorithmic contributions by analyzing individual
BIP instances without chaining.

To estimate the benefit of adding block inequalities to problems which lack observable structure in
the relations between the three variable sets indexed in [a], [f], and [y], we first conduct performance
tests with random relation matrices. To this end, we insert n-block inequalities into the problem at
two access points: before the solution algorithm is started and during the branch-and-cut procedure.
First, we focus on the rank-1 closure, which involves adding all 1-block inequalities to the initial
formulation.

6.1.1 Precomputing 1-Block Inequalities Using Cliques Tests

We evaluate the impact of 1-block inequalities generated by the clique-based algorithm in Section 4.3
on quadratic matrices of various sizes with different ratios for the number of z-indices in relation to
the matrix size. For each configuration of a, 3, and y, we perform 300 runs on randomly generated
relation matrices to stabilize the results. Instances where the LP relaxation solution is integer directly
are discarded. Each run involves optimizing a cost function over BIP(M). We select random cost
coefficients for the x- and y-variables and determine the cost coefficients for the z-variables such
that the mean cost of all integer points in BIP(M) equals zero. This is achieved by iterating over all
feasible integer points of BIP(M). By normalizing the mean cost to zero, we aim to objectively assess
the performance of the developed methods without bias towards specific elements in [y].

As the set [y] increases in size, the number of different combinations of z-indices also increases.
Since 1-block inequalities can be built for each subset of [y], 1-block inequalities for only one [ € [y]
make up a relatively small part of the total set of facets of BIP(M), assuming that the facets are evenly
distributed across the subsets of z-indices they contain. To evaluate this distribution, we measure the
relative reduction of the integrality gap when adding all 1-block inequalities for different-sized subsets
of [y] in the corresponding blocks. We define the integrality gap as the difference between the optimal
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integer solution value and the optimal value of the linearly relaxed problem. In each run, we alternate
between optimizing the LP relaxation of BIP (M) and cutting off the resulting non-integer point using
an 1-block inequality containing a fixed number of z-variables found by the adjusted separation
algorithm described in Section 4.2. Table 1 shows that increasing the number of combinations of

Config 1ZM <1 |ZM|<2 |1ZzM|<3 |ZM]<4 |ZM|<5
a=p=10,y=12 827%  71.87%  93.34%  97.59%  98.58%
a=p=10,y=20 2.75%  42.28%  70.22%  86.03%  93.59%
a=p=10,y=28 1.34%  29.69%  52.68%  69.74%  82.31%
a=p=15y=27 2.25%  40.18%  65.90%  82.88%  92.13%
a=pf=15y=45 0.62%  19.62%  37.59%  53.42%  66.65%
a=p=157=63 0.14%  12.50%  24.29%  35.52%  45.91%
a=pf=20,y=48 0.55%  24.55%  44.14%  59.79%  73.18%
a=[4=20,y=80 0.16%  11.79%  22.27%  31.89%  41.06%

a=p=20y=112 0.07% 8.26% 16.14%  23.37%  30.26%

Table 1: Integrality gap reduction by the rank-1 closure.

z-variables in the added 1-block inequalities yields solution values of the LP relaxations which are
significantly closer to the solution value of the IPs. As a result, more cuts have to be computed, which
can slow down the subsequent branch-and-cut process. Therefore the achieved reduction of the
integrality gap is relativized by the number of cuts which were produced. In Table 2, the cells of Table 1

Config IZM| <1 |ZM|<2 |ZM|<3 |ZM|<4 |zZM|<5

a=p=10,y=12 0.6890% 0.9214% 0.3132% 0.1231% 0.0622%
a=p=10,y=20 0.1373% 0.2014% 0.0520% 0.0139% 0.0043%
a=p=10,y=28 0.0477% 0.0731% 0.0143% 0.0029% 0.0007%
a=p=15y=27 0.1872% 0.5151% 0.2211% 0.1045% 0.0581%
a=pB=15,y=45 0.0309% 0.0934% 0.0278% 0.0086% 0.0031%
a=p=15v=63 0.0049% 0.0308% 0.0066% 0.0015% 0.0004%
a=06=20,y=48 0.0462% 0.3147% 0.1481% 0.0754% 0.0462%
a=p=20,y=80 0.0082% 0.0561% 0.0165% 0.0051% 0.0019%
a=06=20,y=112 0.0025% 0.0204% 0.0044% 0.0010% 0.0002%

Table 2: Integrality gap reduction by the rank-1 closure per cut.

are divided by the number of possible combinations of z-indices which are contained in the generated

blocks Zlkzjl (). For all observed instances, including 1-block inequalities with two z-variables has the
biggest impact on the average integrality gap reduction per cut. Building on that finding, we configure
the performance test for the clique algorithm to precompute 1-block inequalities such that for each
z-index (ZM = {I}) and for each pair of z-indices ZM = {11, 15}) we calculate the largest block (X, Y) in

M which contains only [ € ZM. We then add the corresponding 1-block cut

in+ Zij Z z1+1,

ieX jey lezM
to the description of BIP(M). We present the achieved integrality gap reductions in Table 3. For small
instances @ = f = 8, y = 4 the integrality gap is getting closed by almost two thirds. But the amount
of gap reduction decreases when increasing the size of M, while keeping its ratio to the number of
z-indices constant. Table 4 shows that the average size of the computed blocks | X|-|Y| does not
increase for larger matrices M. Therefore, the computed blocks cover a smaller portion of M for
larger matrices. Nevertheless, adding 1-block inequalities computed by the presented clique-based

20



Config Y/ (a@-f)=0.0625 vy/(a-p)=0.125 vy/(a-P)=0.1875 vy/(a-p)=0.25

a=0p=8 64.67% 61.55% 46.85% 40.70%
a=p=12 40.85% 28.65% 22.91% 16.24%
a=p=16 25.95% 17.19% 14.34% 9.62%
a=p=20 18.55% 12.05% 9.81% 6.65%

Table 3: Percentage of gap reduction via clique block generation.

Config yl(a-P)=0.0625 y/(a-f)=0.125 y/(a-P)=0.1875 7y/(a-f)=0.25

a=0=8 11.67 6.85 4.64 4.43
a=p=12 9.55 6.17 4.29 4.22
a=06=16 8.60 5.81 4.11 4.09
a=p=20 8.02 5.57 3.97 4.00

Table 4: Average size of the maximum blocks.

algorithm to the description of BIP(M) can be beneficial for the solution process if the ratio y/(a - §)
is small.

6.1.2 CutAlgorithm Tests

Since we established that the class of all n-block inequalities defines the convex hull of BIP(M), we
can use a purely n-block-cut based solution algorithm to optimize over BIP(M). This algorithm
follows a standard cutting plane approach: we start by solving the LP relaxation of S(M) defined in
Section 2, then iteratively separate violated n-block inequalities and add them as cuts until an integer
solution is found or optimality is proven. This algorithm is tested in this section. The following test
instances were generated in the same way as in the previous section. The presented measurements
include the average number of n-block-cuts which were used to separate non-integer solutions (Table
5), what percentage of these cuts are facet-defining (Table 6), and their distribution over the number
n of blocks they consist of (Table 7). To check whether added cuts are facet-defining, we can compute
the number of affinely independent vertices of BIP(M) that satisfy the inequality with equality since
they can be enumerated as stated in Lemma 1.

Config Y/ (@-f)=0.04 vy/(a-p)=0.12 y/(a-f)=0.2 y/(a-p)=0.28

a=p=5 - 1.51 1.97 2.55
a=p=10 1.80 3.24 5.38 11.54
a=p=15 2.75 6.07 15.60 26.31
a=p=20 4.02 10.65 29.97 46.79

Table 5: Number of used cuts.

Table 5 shows that the number of required cuts increases both with the matrix size a - f and with
the number of z indices in M. The total amount of runtime in the solution process which accounts for
the cut generations scales well with the instance size.

The data in Table 6 reveals an interesting pattern: For small matrices with few z-indices (low
Y/(a - B) ratio), almost all separated cuts are facet-defining for the bipartite implication polytope
they were generated from. For example, with @ = f =10 and y/(a - ) = 0.04, 99.63% of the cuts are
facets. However, as either the matrix size or the ratio of z-indices increases, this percentage drops
dramatically. For large instances with many z-indices (a = f =20 and y/(a - ) = 0.28), only 0.11% of
the cuts are facet-defining. As shown in Table 7, 1-block inequalities make up the largest part of the
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Config Y/ (@-f)=0.04 vy/(a-p)=0.12 y/(a-f)=0.2 vy/(a-p)=0.28

a=p=5 - 98.24% 88.31% 65.80%
a=p6=10 99.63% 91.36% 43.15% 11.82%
a=p=15 99.88% 70.66% 9.70% 1.25%
a=p=20 99.75% 40.18% 1.61% 0.11%

Table 6: Facet quota.

Config n=1 n=2 n=3 n=4 n=z=5

a=p=5 y=7 95.05% 4.24% 0.29% 0.43% 0.00%
a=p=10,y=28 96.12% 3.55% 0.17% 0.14% 0.03%
a=6=15,v=63 9754% 2.23% 0.12% 0.06% 0.06%
a=p=20,y=112 98.12% 1.72% 0.09% 0.06% 0.01%

Table 7: Distribution of 7.

used cuts for all tested instances. Hence, even though there is no upper bound on the number of facets
for BIPs presented in this paper, the bound on the number (2% — 1)(2? — 1) of 1-block inequalities from
Observation 2 is numerically a good estimate for the maximum number of facets around an integer
solution to the problem.

6.2 Application to Fixed Recourse Stochastic Programming

We now explore a practical application of the BIP within the context of fixed recourse stochastic
programming (FRSP), specifically focusing on stochastic railway timetabling. This real-world example
involves multiple bipartite implication instances that are interconnected, forming a tree-like chain
as detailed in Section 5. The following studies are carried out on a case study for energy-efficient
timetable optimization in underground train networks. Note that the model analyzed is, to the best of
our knowledge, the most efficient representation of this application case. We employ the fastest MIP
solver, Gurobi, with the goal of advancing the state-of-the-art approach to solving stochastic, energy-
efficient timetable optimization in underground train networks. The underlying model synchronizes
braking and acceleration phases of locally close trains to make use of recuperation energy which
braking trains generate. Additionally, power-saving driving behavior is supported. This is done by
slightly changing departure times and running times in the train timetable. For every leg in the table,
one can choose from a discrete set of departure and running time combinations. The mixed-integer
optimization model to minimize the total energy consumption is given by

min Z Zt

teT

s.t. Z PijdrtXijdr = Zt YteT
(i,j)e],(d,r)eC;;

z; =0, VteT
xe X.

Finding a feasible timetable x € X is modeled as a clique problem with multiple-choice constraints. A
detailed description of the mathematical model can be found in [7].

The fixed recourse stochastic aspect is present in the scenario extension of the timetabling model.
This feature is described in [9] and provides a way to deal with endogenous uncertainties and delays
in the operation of the underground network. Decisions for the running- and departure times in the
table have influence on the realization of the uncertainties with respect to delays. We now observe the
inequalities added for the full recovery model in [9]. The constraints linking the timetable variables
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Xijar and the variables y;; ;147 of scenario s for each leg (i, j) and the leg before (i, j — 1) with
departure times d,d” and running times r, r”’ are given by

Xijdr + Vsij-1d"r" — 1< Vsijarr'-
The departure time d’ and running time r’ can be calculated from d,d” and r, " as follows:
d' =max{d,d" +r" + h;j_1} +8sij,
r' =max{r;j, v~ (d'—d —8sij) + psij}-

Here, h;j is the minimum dwell time for leg (i, j), r;; is the minimum running time for leg (i, j), 8;; is
the deviation from the nominal dwell time before leg (i, j) in scenario s, and p; ; denotes the deviation
from the nominal running time for leg (i, j) in scenario s.

The bipartite implication relation can be expressed as if a train arrives at a station at time d" + r”
and it is planned to depart at time d with running time r, we forecast that the train will depart at
time d' with running time r'. For each leg (i, j) and each scenario s, there are three binary vectors
xij € {0,131, y; ;4 € {0,1}/Ci1], and y;; € {0,1}/%! with multiple-choice constraints for which a
relation matrix can be set up. For one leg (i, j) and one scenario s, the relation matrix M*"/ is similar
to Figure 7.

Y1060 Y1560 Y1,10,60 Y1,1560  Y1,20,60

X2,105,50
X2,105,55
X2,105,60
X2,110,50
X2,110,55
X2,110,60

Figure 7: Example relation matrix structure for one leg and one scenario. Equal indices marked by the
same gray tone.

The observable L-shaped structure for equal indices holds for every instance. For each index /
in M*"J there are at most two blocks in M**/ which contain ! and these blocks contain all / in M*/.
This property makes the following preprocessing step feasible.

Preprocessing In the preprocessing for the scenario instances, we remove all McCormick constraints
from S(M*/) and replace them by at most two 1-block inequalities. These blocks can be constructed
such that they contain exactly one index and the union of these blocks form M*/. In this way, we can
both reduce the number of constraints in S(M*/) and strengthen the formulation.

Instances The computations were performed on 60 instances of timetables grouped into 6 instance
configurations. All instances are generated from real-world data provided by our partners at VAG,
the operator of public transport in the city of Nuremberg, Germany. The names of the instance
configurations follow the scheme dy|dt|ss|nt|sn, where dy € {s, w} indicates whether the timetable
is for Sundays (s) or weekdays (w). For each leg in the timetable model, d ¢ is the maximum time by
which the departure time can be delayed or advanced, ss is the step size in the resulting time interval,
and nt is the number of possible running times. The number of included scenarios is given by sn.
The scenarios are generated from real-world tests conducted at VAG in Nuremberg, where a scenario
represents the deviation of observed departure and running times from the planned ones on a single
test day. We tested on 5 days (two Sundays and three weekdays), which limits the number of available
scenarios. For each instance configuration, we test 10 different time horizons throughout the day;,
with each time horizon spanning 30 minutes. To obtain instances that can be solved to optimality
within the given time limit of 10 hours by at least one of the considered methods, we optimize over
one subnetwork of the train system containing 13 line segments.
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Config Con ORI Con PRE Sep SEP Sep PRE+SEP

s|1015|2]2 19450 3124 671 319
s|12(3[112 27397 3568 821 365
s[12|6]4]2 80392 6347 726 339
s|15]3(3]2 170094 8321 1409 814
s[18|2[1]2 108811 6929 4039 2129
w|10]|5]1|3 37217 8637 8344 4769

Table 8: FRSP test: Number of constraints which are added before and after the solution process starts
and percentage of separated cuts which are facets of BIP(M).

Config ORI PRE PRE+SEP Cuts=0 SEP x Factor
s110]5]2|2 4474 24.1 24.6 15.4 60.5 29.0
s112]3]1]2 2272.2 137.7 47.3 37.8 131.9 60.1
s[12|6/4]2 16722.9 465.7 112.5 142.5 180.6 148.7
s15]313/2 33910.7 5176.3 4379 604.3 936.0 77.4
s118]2]1]2 25010.6 2453.8 485.9 593.8 1278.1 51.5

w|10|5]113 17756.2 1337.9 740.0 1004.8 2314.6 24.0

Table 9: FRSP test: Geometric mean runtime solving to optimality.

Computational Results For each test instance, we compare five solution configurations. ORI is
the model without n-block inequalities. For PRE the preprocessing step described above is applied.
Additional to the preprocessing for PRE+SEP the separation algorithm is performed. A variant of
PRE+SEP where we only use separated n-block inequalities and disallow Gurobi to use other cut
types is carried out in Cuts=0. In SEP n-block inequalities are only separated during the solution
process but no preprocessing was performed. We separate via a Gurobi callback at each node in the
branch-and-bound tree one maximally violated normalized n-block constraint for each bipartite
implication substructure in the problem if the violation is greater or equal 0.1. The number of n-block
inequalities added to the model is presented in Table 8. It presents the mean values for each instance
configuration of constraint counts. Con ORI and Con PRE denote the number of constraints in the
model after Gurobi presolve without and with the inclusion of preprocessed cuts, respectively. Sep SEP
and Sep PRE+SEP represent the counts of constraints added as user cuts during the solution process
without and with preprocessing.

To evaluate the impact of the n-block inequalities discovered in this paper on the solution perfor-
mance we compare the time the Gurobi solver takes to solve the instances to optimality and, since
this may be interesting from a practical point of view, to a MIP optimality gap of 1%. This was enough
time to solve each instance to optimality in at least one solution configuration. Tables 9 and 10 show
for each instance configuration and each solution configuration the geometric mean of the runtime to
optimality and to a MIP optimality gap of 1%, respectively. The column x Factor is the impact indicator
and represents the factor by which the runtime of ORI could be shortened by the separated cuts. If
for an instance the solver did not reach the demanded gap in under 10 hours it was counted as 10
hours. The number of instances which could be solved to optimality is presented in Table 11 for each
instance configuration and each solution configuration.

Results Analysis The special structure in the relation matrices seems to be very suitable for the appli-
cation of n-block inequalities. Preprocessing 1-block inequalities reduced the number of constraints
after Gurobi presolve by more than 75%, for 15|3|3|2 by 95% on average. Although the constraint matrix
in this new formulation is more densely filled, it results in much shorter runtimes of PRE compared to
ORI. All of the constraints separated as user cuts in a Gurobi callback were 1-block inequalities. This is
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Config ORI PRE PRE+SEP Cuts=0 SEP x Factor

s|1015|2]2 85.0 4.3 6.5 5.9 34.0 19.9
s|12(3[112 171.0 10.7 12.0 7.6 69.0 22.6
s[12|6]4]2 396.2 81.7 55.8 72.6 116.6 7.1
s|15]3(312 3451.8 267.6 187.9 143.6 554.1 24.0
s[18|2[1]2 3545.0 201.7 106.2 136.1 371.6 33.4
w|10]|5]1|3 547.4 91.1 53.1 103.2 189.7 10.3

Table 10: FRSP test: Geometric mean runtime solving to a MIP optimality gap of 1%.

Config ORI PRE PRE+SEP Cuts=0 SEP
51015122 10/10 10/10 10/10 10/10 10/10
s112]3]1]2 10/10 10/10 10/10 10/10 10/10
s[12|6]4|2 8/10 10/10 10/10 10/10 10/10
s15]3]3]2 1/10 10/10 10/10 10/10 10/10
s[18|2[1]2 2/10 9/10 10/10 10/10 9/10
w|10|5]113 5/10 10/10 10/10 10/10 10/10

Table 11: FRSP test: Number of instances which were solved to optimality in under 10 hours.

due to the special block structure in the relation matrix. However, the conclusion that this observation
suggests, namely that BIP (M) for a relation matrix M with the above mentioned L-shaped structure
can only be described by bounds and 1-block inequalities, is wrong, as the following counterexample
shows.

Example 3. Consider the relation matrix

=N
O w NN
= W s W
[S2BNE2 NS, BRe)|

The 2-block constraint
2X1+ X2 +2X3+X4+2y1 + )2 +2y3 <2Z1+ 224223+ 24 +2
is a facet inducing inequality for BIP(M).

Yet, the separated 1-block inequalities seem to be very effective in closing the dual bound. Due to
the quickness of the separation LP, frequently calling the separation routine does not have a negative
effect on the runtime. Comparing ORI and SEP we observe a constant improvement across all instance
configurations by this separation. Combining the preprocessing and the separation routine we observe
a significant impact of n-block inequalities to the solution of the scenario timetable models both to
optimality and to a MIP gap of 1%. PRE+SEP in contrast to ORI was able to solve all tested instances
to optimality. Particularly impressive is the difference in the number of solved instances in the
configuration 15|3|3|2. While the model without 7n-block inequalities could not be solved to optimality
after 10 hours in 90% of the instances, the geometric mean runtime of PRE+SEP was 437.9 seconds. In
a little less than 1 hour, Gurobi was able to reduce the MIP gap to 1% but was not able to close the dual
bound further in the next 9 hours. Here the separation of 1-block inequalities turned out to be crucial.
Setting the Gurobi parameter Cuts to 0 and with that disallowing any other cut class than n-block
inequalities to be separated did improve the runtime to optimality in 2 of the 6 test configurations. The
runtime to a MIP gap of 1% was improved in half of the instance configurations. Overall these classical
cut classes like MIR, RLT or BQP cuts did not have a major impact on the solution performance when
n-block inequalities were added.
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Evaluation on Realistic Problem Sizes To demonstrate the practical applicability of our approach,
we evaluate its performance on large-scale instances that reflect realistic problem sizes. The previous
experiments were conducted on a subnetwork of 13 line segments to ensure tractability. In this
section, we test instances on the full network of the two autonomously driving lines in Nuremberg,
which consists of 46 line segments. Additionally, we evaluate scalability with respect to the number of
scenarios by increasing from 2 to 10 scenarios for Sunday timetables (the additional 8 scenarios are
randomly generated). For these large-scale tests, we compare ORI and PRE+SEP, the best-performing
method from the previous experiments. We again report results over 10 different time horizons of 30
minutes each. Table 12 presents the geometric mean runtime (instances that reached the time limit of
10 hours are set to 36000), the mean optimality gap after 10 hours, and the number of instances solved
to optimality.

Config Method Solved Runtime (s) Gap (%)

10 scenarios ORI 4/10 29321.2

§/10]5]2|]10 PRE+SEP  10/10 603.9
Full network ORI 0/10 3.53
s/10|5|2|2 PRE+SEP 1/10 0.54

Table 12: Large-scale FRSP test: Comparison of ORI and PRE+SEP on full network and increased
scenario counts.

The results demonstrate that n-block inequalities are essential for solving realistic problem sizes.
For 10 scenarios, PRE+SEP solves all instances to optimality, whereas ORI solves only 40% within the
time limit, with a geometric mean runtime nearly 50 times slower. On the full network, both methods
struggle, but PRE+SEP achieves a substantially better mean optimality gap of 0.54% compared to
3.53% for ORI. With PRE+SEP, all 10 instances reached an optimality gap of 1% in under 10 hours,
while none did with ORI These results confirm that the developed preprocessing and separation
routines enable the solution of operationally relevant instances that would otherwise be intractable.

6.3 Application to the Quadratic Assignment Problem

Our final study investigates the broader applicability of n-block inequalities to problems where the
chaining of BIP structures contains cycles. While we can no longer guarantee a complete convex hull
description in this case, our cutting planes remain valid and can still be highly effective. The QAP
provides an excellent benchmark to evaluate their practical strength in such general settings.

Koopmans and Beckmann presented a quadratic integer formulation for the quadratic assignment
problem in [26]. In their application case, they aim to optimize the allocation of a set of m plants to m
specific locations, modeled by binary variables x € {0,1}"**"". The objective is to minimize the total
cost, which combines distance-based costs, flow-based costs, and placement costs. Mathematically, it
involves three input matrices representing commodity flows between facilities (F € R**""), distances
between locations (D € R”**"™), and placement costs (B € R7**"). The quadratic integer model
becomes

m m m m m
min ) Y Y Y fijxiduXj+ Y bijxij (QAP)

i=1j=1k=1l=1 ij=1
m

S.t. inj=1, Vjelm]
i=1
m
injzl, Vie[m]

.
Il
—

xij€10,1}, Vije[ml*
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We can reformulate (QAP) into a BIP based model as follows. Define
X':={iyip e (m? | iy =i} forall i € [m] and Y/ = {j, j» € (m)?| jo = j} forall j € [m].

We can group pairs of elements iiy € X’ and j,j € Y/ with identical costs f”2 j1j together and
introduce a variable Zz] for each cost group ! € Z'/ with corresponding costs c . Foreach ij € [m]?,

we define a function f%/ : [m]?> — Z'J which maps i, j; to the cost group of llgjlj for each pair of
elements ii, € X’ and j; j € Y/. This yields an equivalent formulation of (QAP):

mn Y Y ¥ &lzl+ Z bijxij (ITQAP)

ie[m] je[m] e Zi] i,j=1
st Y xip=1, Vie[m]

il eX!

Y xjj=1, Vjelm

j]]EYJ

Yz’ =1, Y jelm)

leZii
ij
fii(izj1)’

xij€10,1}, V(i) eml

Xii,X),j <2 Vi, iz, j1, j) € [m]*

Here we can directly observe an bipartite implication instance with relation matrix M*/, where
12]1 = flj(lg,jl) for iy € [m] and j, € [m] as a substructure of (QAP) foreach ij € [m)?. The chaining
of these instances differs from the one observed in Section 5.

Figure 8: Dependency graph for the chaining of bipartite implication instances of Model (QAP) with
n=2.

As Figure 8 shows, the dependency graph of the CPMC extension for (QAP) is not a forest, therefore
n-block inequalities for the substructured BIPs are not necessarily sufficient to define the convex
hull of the feasible points of Model (QAP). Still, these n-block inequalities are valid and lead to
significant improvements for the solution process of (ITQAP), as the subsequent computational study
demonstrates.

Note, that there have been many strong improvements to the linearization of the Koopmans
and Beckmann formulation, in which the BIP is not directly applicable [46]. When combined with
problem-specific solving strategies, these improvements render state-of-the-art QAP solvers far supe-
rior to methods based on the linearization of the Koopmans and Beckmann formulation, even when
enhanced by the separation of n-block inequalities. Nevertheless, comparing the performance of this
formulation with and without the separation routine provides a valuable way to highlight the practical
effectiveness of the cutting planes, particularly in scenarios where multiple bipartite implication
substructures exist that do not form a simple chained tree structure.
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Config v/ (a-B) Sep Provided Sep Used ORIGINAL BIP

chrl8b 0.0357 1841 1333 5.1% 124.1
nugl6b 0.0606 557850 55105 61.2% 5.1%
nugl6a 0.0693 405074 66239 81.2% 8.9%
nuglb 0.0712 239121 38906 52.1% 22155.7
nugl4 0.0781 222419 30857 64.2% 15185.7
scr20 0.0826 86759 29343 29.9% 8.0%
had20 0.0867 66820 28312 96.0% 14.3%
chrl8a 0.0959 16026 11053 27207.8 1417.5
had18 0.0973 221810 25076 94.6% 11.0%
nugl2 0.0979 13508 6231 16053.8 439.3
hadl6 0.1127 190317 22271 87.7% 6.8%
scrld 0.1134 5741 3042 6359.4 762.6
chrl5a 0.1141 5717 5 802.5 236.3
chrl5b 0.1141 4602 590 304.4 192.0
chrl5c 0.1141 5777 574 122.2 179.5
scrl2 0.1375 2692 1426 207.1 83.5
had14 0.1396 60990 11162 67.9% 10607.3
had12 0.1525 65653 7391 41.3% 2649.1
lipa20b 0.2080 86306 11493 94.0% 2.6%
tail5b 0.2893 112754 12128 0.6% 29469.7
tail2b 0.3888 59506 6771 4167.9 7806.2
tailOb 0.4047 4273 3330 67.0 182.9
tailOa 0.6558 9824 2830 1803.9 2385.6
tail2a 0.6934 158225 3529 17.5% 22.2%
rou20 0.7010 12756 12204 94.4% 100.0%
tailba 0.7133 27661 6482 76.2% 99.9%
roulb 0.7472 31620 8878 71.1% 88.4%
roul2 0.7645 7772 3517 22.9% 39.6%

Table 13: QAP study results: z-ratio y/(a - ), number of separated cuts (Sep Provided), number of cuts
used by Gurobi (Sep Used), runtime/MIP optimality gap after 10 hours without separation (ORIGINAL)
and with separation (BIP).

Instances We analyze 28 instances from the well established QAPLIB [6]. Note that the number in
the name of the instances equals the parameter m in Model (ITQAP).

Computational Results We solve each instance both with and without the use of the separation
algorithm for normalized n-block inequalities described in Section 4.2. At each node in the branch-
and-bound tree, we collect the maximally violated cut in each BIP subproblem. All cuts with violations
greater than or equal to 0.01 and at least 10% of the maximum observed violation at the node are
then passed to Gurobi as UserCuts. Gurobi then decides, whether to add the cut to the model. We
omitted a comprehensive analysis of the relation matrix which could be used to add instance-adapted
constraints to the model in preprocessing in order to show the performance of the separated cuts on
general QAP instances. The precomputing of cuts using the clique technique described in Section 4.3
was also not carried out, because the z-ratio, i.e., the ratio of the number of z-indices (y) to the matrix
size (a - f) was too big, as we can see in Column y/(a - §) of Table 13.

All instances were solved with a time limit of 10 hours. Column Sep Provided of Table 13 shows the
number of separated n-block inequalities for each instance. Sep Used displays the number of cuts
which were added to the model by Gurobi. The runtime to optimality or the relative MIP optimality gap
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in case of the time limit being exceeded for the model with (BIP) and without (ORIGINAL) separated
n-block inequalities are also displayed in Table 13. The shorter runtime or smaller optimality gap are
marked in bold.

Results Analysis We sorted Table 13 by the z-ratio to illustrate the strong correlation of this parameter
with the positive impact of the separated n-block inequalities. For low values of y/(a - 8), the separation
of n-block inequalities yields a significant improvement in reducing the relative MIP optimality gap
and shortens the runtime drastically. The fast runtime of the separation LP enables to add a large
number of inequalities which help the solver to cut off non-integer solutions. However, higher z-ratios
worsen the performance of the separated cuts. They can even lead to higher MIP optimality gaps.
The numerical results in Table 13 indicate a positive effect of n-block inequalities for z-ratios up
to about 0.3. The results are consistent with the observations in Section 6.1. Low z-ratios lead to
potentially larger 1-blocks when fixing the z-indices in the block. These 1-blocks can be utilized
to form tight n-block inequalities. In contrast to the FRSP case study, in the QAP study not only
1-block inequalities were separated, but also blocks for higher values of n < 80, even though 1-block
inequalities make up the largest proportion at around 90%.

6.4 Summary and Practical Recommendations

Our computational experiments validate the theoretical framework and demonstrate that the separa-
tion of n-block inequalities is computationally efficient, scaling well with instance size. For tree-like
chained bipartite implication substructures, as demonstrated in the fixed recourse stochastic pro-
gramming application, our cutting-plane approach establishes a new state-of-the-art with significant
improvements in solution times. Moreover, the method remains effective even for general chaining
structures, as evidenced by the improvements on quadratic assignment problem instances, indicating
broader applicability.

Based on our numerical results, we offer practical guidance for practitioners. The ratio of z-
variables to the matrix size serves as a key indicator, with problems where this ratio is small showing
the most significant benefits. An important finding is that one-block inequalities constitute the
vast majority of effective cuts across all test cases. For most practical applications, restricting sep-
aration to one-block inequalities, particularly those involving few z-variables, provides substantial
improvements with minimal computational overhead. When the relative number of z-indices is low,
preprocessing with the clique-based algorithm from Section 4.3 can dramatically reduce the number
of constraints. We recommend implementing separation as a callback within the branch-and-cut
framework. In summary, n-block inequalities provide a powerful tool for optimization problems with
bipartite implication structures, with one-block inequalities alone offering an accessible and effective
approach for a wide range of applications.

7 Further Applications

The computational study showed that separating n-block inequalities can substantially improve the
runtime of problems with bipartite implication substructure. Therefore, we want to explore further
applications with bipartite implication substructure that are promising to analyze in future studies.

7.1 Stepwise Interpolation of Non-Linear Functions

While stepwise interpolations provide a natural way to handle non-linear equations in engineering
applications, the resulting binary formulations are rarely used in practice due to the computational
burden of introducing many binary variables. However, our computational results suggest that the
strengthened formulations obtained through BIP theory could make binary modeling approaches
competitive again. The significant improvements in LP relaxation quality and solution times we
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Figure 9: Piecewise constant approximation of the function pé - pi =lqlqg

observed might outweigh the increased model size. In many engineering applications, non-linear
equations appear in the constraints. One possibility to deal with the complexity of these non-linearities
is to approximate them by staircase functions. Let’s consider a general nonlinear equation:

flx1,x2,...,x,) =0 (25)

where f is any nonlinear function with n variables. A classic example from gas network optimization
is the Weymouth equation [24]

pE—p5i=l4lq, (26)

which describes the pressure loss within a pipeline, i.e., the relationship between the pressure at
the inlet pg and outlet p,4 of a pipe section and the transport volume g. This equation can be
approximated by discretizing both the pressure domain (pg and p4) and the flow domain (g) into
intervals, as illustrated in Figure 9. The selection of intervals for the inlet and outlet pressures then
implies a specific interval for the flow value according to the physical equation.

For equations involving exactly three variables, like this gas network example, we can directly
apply the BIP theory developed in this paper. After discretizing each variable’s domain into intervals,
two variables can be considered as the implying variables and one as the implied variable. The relation
matrix M contains the mapping between interval combinations of the two implying variables to the
intervals of the implied variable based on the physical equation. For equations involving more than
three variables or multiple nonlinear terms, we need to extend the bipartite implication concept to
multiple implying sets.

7.2 Piecewise Linear Relaxations for MINLP

Another very promising candidate for applying BIP theory are piecewise linear relaxations for mixed-
integer nonlinear programming (MINLP). The multiple-choice method [1] for piecewise linear ap-
proximations divides the domain of each variable into intervals and introduces binary variables to
indicate which interval is active. For a function f(x), let {x°,..., x""} be the breakpoints of the intervals.
The continuous variable x is then expressed as

n
X = Z /11',
i=1
n
Y vi=1
i=1
i-

1
yix' ls/Iisyixi Vi€ |[n],
yi€10,1} Vie[n],

where y; are the binary interval indicator variables and A; is the residual in interval i for i € [n]. When
applying this method to relations between 3 continuous variables in the model, a bipartite implication
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structure naturally emerges, though with a slight modification from our basic theory. These relations
do not need to be explicitly expressed as equations in the original model. When using expression
trees to reformulate the problem such that it contains only one-dimensional non-linear functions,
relations between both original variables and artificially created variables emerge naturally. Consider
the constraint sin(xy) = 0: we introduce a new variable z and add the constraints z = xy, sin(z) = 0.
After discretization using the multiple-choice method, each variable’s domain is partitioned, and we
introduce binary variables for the intervals of x, y, and z.

The key difference from our basic BIP theory is that selecting specific intervals i and j for x and y
does not necessarily determine a unique interval [ for z. Instead, it restricts z to a subset of possible
intervals, depending on the actual values chosen within the intervals of x and y. This means the
relation matrix M would need to map each pair (i, j) to a set of possible [ values rather than a single
value.

To properly apply our BIP theory in this context, we would need to extend it to allow for set-valued
entries in the relation matrix M, where M;; represents the set of possible intervals for z when x is
ininterval i and y is in interval j. This would require adapting the theory of n-block inequalities to
handle these set-valued relationships.

Over the past two decades, piecewise linear approximations have been extensively studied in the
literature, establishing them as a viable alternative to spatial branching methods for solving MINLPs,
see [14, 22]. The multiple-choice method described here is one of several modeling techniques, but it is
rarely used in practice due to its weak LP relaxation bounds. The more commonly applied incremental
method [31], which is also directly compatible with our BIP framework (as discussed in Appendix A),
often yields tighter relaxations. While a systematic exploration of these methods in the context of
BIP is beyond the scope of this paper, our preliminary results suggest that integrating BIP-based cuts
into piecewise linear relaxation techniques has the potential to significantly improve computational
performance, particularly in cases where the resulting BIP substructures exhibit favorable properties
(e.g., low z-ratios and tree-like dependencies).

7.3 Scenario Expansion for Bayesian Networks

Bayesian networks provide a powerful framework for modeling probabilistic dependencies between
variables. In optimization contexts, some nodes in these networks may represent decision variables
rather than random variables. Consider a discrete Bayesian network where one of the parent nodes
represents our decision variable (with states that are scenario-independent), while the other parent
and the child node represent uncertain outcomes.

An illustrative example appears in healthcare resource planning: A hospital needs to decide
on staffing levels (low/medium/high). This is our decision variable represented by the first parent
node, whose state choice remains constant across all scenarios. The second parent node might
represent patient arrival rates (low/medium/high), and the child node represents quality of care
(sufficient/insufficient).

When generating scenarios, we sample from the conditional probability tables of the Bayesian
network. For each scenario s, this sampling process determines exactly which state of the child node
will occur for each combination of parent node states - there is no probability involved anymore within
a single scenario. This deterministic relationship for each scenario s is captured by the relation matrix
M?*. In other words, sampling converts the probabilistic Bayesian network into a set of deterministic
bipartite implication relationships, one for each scenario.

For a basic two-parent network structure (which can represent any tree network through divorcing
as described in [34]), let:

* X ={1,...,ny} be the states of the decision parent node (scenario-independent)
* % ={1,...,ny} be the states of the uncertain parent node

e Z ={l1,...,n;} be the states of the child node
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¢ se.% be the set of scenarios

We introduce binary variables:

{ 1 if decision parent is in state i
Xj =

0 otherwise

1 if uncertain parent is in state j in scenario s
Vijs= .
! 0 otherwise

1 if childisin state ! in scenario s
Is — .
0 otherwise

Each scenario s generates its own relation matrix M*, where M is]. indicates which state in the child
node becomes active when the decision parent is in state i and the uncertain parent is in state j. The
sampling process thus does not directly determine the states of the nodes, but rather shapes how
the states of the parent nodes relate to the states of the child node in each scenario. This creates a
natural bipartite implication structure per scenario: if we choose a certain staffing level (scenario-
independent) and a certain arrival rate occurs in scenario s, then this implies a specific quality of care
level according to the relation matrix M* for that scenario.

This concept allows us to apply the BIP theory to a wide range of practical problems involving
decision-making under uncertainty, where the relationships between decisions and outcomes may
vary across scenarios.

8 Conclusion

In this article, we introduced the bipartite implication polytope (BIP), a special case of the bipartite
quadric polytope that models conditional relations across three sets of binary variables, where se-
lections within two implying sets imply a choice in a corresponding implied set. We provided the
complete description of the polytope using solely newly defined and characterized n-block inequali-
ties and bound constraints. Additionally, we showed how to separate these n-block inequalities in
polynomial time and presented a routine to efficiently precompute tight 1-block inequalities if the
structure of the relation matrix is known.

Our computational study demonstrated the practical value of the BIP theory through two distinct
applications: First, in fixed recourse stochastic programming, specifically for railway timetabling. Here,
the present tree-like chaining of the substructured BIPs caused significant runtime improvements
in a real-world application. Second, through the quadratic assignment problem, where - while not
competing with specialized QAP solvers - we demonstrated how our separated cuts can improve
the solution process for problems with arbitrary chained bipartite implication substructures. This
twofold validation underscores the broad applicability of our approach. Beyond these applications,
we explored several other promising fields including stepwise interpolation of non-linear functions,
piecewise linear relaxations for MINLP, and scenario expansion for Bayesian networks.

Overall, this work provides a deeper insight into the structure of binary quadratic problems with
multiple-choice constraints and a new approach to efficient optimization over the BIP. However,
there is still significant potential for further research. On the theoretical side, two main extensions of
the BIP theory appear particularly promising: First, allowing multiple implying sets instead of just
two, and second, extending the theory to handle set-valued entries in the relation matrix where one
combination of implying variables implies a set of possible implied variables. These extensions would
be particularly valuable for applications in stepwise interpolation and piecewise linear relaxations of
nonlinear functions.

Additionally, the chaining of relation matrices that was present in the stochastic railway timetabling
model can be extended to other tree-like structures. With regard to possible applications, we see a wide
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range even beyond the areas addressed in this paper. The approach presented here can therefore serve
as a foundation for developing more general theoretical frameworks to handle complex relationships
in discrete optimization problems.
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A Bipartite Implications in the Incremental Method

The incremental method for piecewise linear approximations, introduced in [31], models the domain
of a variable by sequentially activating segments between breakpoints. For a function f(x) with
breakpoints {x°,...,x™, the method introduces continuous variables §; € [0, 1] for i € [n] and binary
variables z; € {0,1} for i € [n— 1]. The variable x is expressed as an incremental combination of the
segments:

n
x:x0+26i(x’—xl_1),

i=1

subject to constraints that enforce the sequential activation of segments:

011,

0i:1<2z;<6; Vie[n-1],
0,=0,
z;€{0,1} Vie[n-1].

Here, §; represents the fraction of the segment between x’ and x?*! that is utilized. The binary variable
z; ensures that segment i + 1 can only be active if segment i is fully traversed (§; = 1). This formulation
guarantees that at most one §; is fractional, maintaining a single active segment in the approximation.

To utilize the developed BIP theory, we need sets of binary variables with multiple-choice con-
straints. This can be achieved by mapping the z-variables to a set of binaries y; € {0,1} for i € [n — 1],
setting

n=1-z,
Vii=zi-1—2; VYie€{2,.,n-1}
Yn'=2p-1-

As in the multiple-choice method these variables indicate which interval between two breakpoints
is active. Hence, a multiple choice constraint on this set of binaries is implied. Again, if relations
between three of the continuous variables exist, a bipartite implication structure emerges.

The presented mapping from activation indicator variables z to segment indicator variables y is
bijective, therefore after separating n-block inequalities on the y-variables, we can re-substitute the
z-variables in the obtained cut, which is then feasible for the original problem.
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