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Abstract

In automated decision making processes in the online fashion industry, the ’predict-then-
optimize’ paradigm is frequently applied, particularly for markdown pricing strategies. This
typically involves a mixed-integer optimization step, which is crucial for maximizing profit
and merchandise volume. In practice, the size and complexity of the optimization problem is
prohibitive for using off-the-shelf solvers for mixed integer programs and specifically tailored
approaches are a necessity. Our paper introduces specific heuristics designed to work along-
side decomposition methods, leading to almost-optimal solutions. These heuristics, which
include both primal heuristic methods and a cutting plane generation technique within a
Lagrangian decomposition framework, are the core focus of the present paper. We provide
empirical evidence for their effectiveness, drawing on real-world applications at Zalando SE,
one of Europe’s leading online fashion retailers, highlighting the practical value of our work.
The contributions of this paper are deeply ingrained into Zalando’s production environment
to its large-scale catalog ranging in the millions of products and improving weekly profits
by millions of Euros.

1 Introduction

Online retailers face challenges that are especially important in periods where economies stagnate
and companies focus on efficiency: they need to guarantee a smooth experience throughout the
whole customer journey, organize distribution of large assortments (in the millions of products)
and efficiently manage inventory across multiple countries. A crucial aspect for the success
of an online retailer is its capability to dynamically scale commercial processes to account for
sales periods, traffic growth and external market conditions. This puts strict constraints on the
underlying algorithms and systems, which need to deliver results in tight timelines (minutes or
hours), even if suboptimal, to ensure business continuity. The large assortment necessitates a
high degree of automation so that human oversight cannot be guaranteed for both scale and
response time requirements. Key operational questions are hence fully automated. A prime
example for such a system that is both operationally and commercially critical and is subject
to scaling and response-time requirements is markdown pricing. where The goal in markdown
pricing is to maximize profit by managing a given inventory for the entire season.
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In this paper, we consider large-scale price optimization systems for online retailers and
the challenges that arise. Our show case throughout the paper will be Zalando SE, a leading
online fashion retailer in Europe. With more than 50 million customers, presence in over 25
European countries and close to 2 million articles in its assortment, efficient pricing is one of the
cornerstones of the Zalando business. To be successful, pricing systems and algorithms need to
be

1. scalable, as the assortment is constantly growing to account for varying tastes and demands
for novel propositions

2. fast, as the price update cycle has to meet commercial needs and match competitors’ pacing.

In addition, markdown pricing is one of the most effective levers to boost various dimensions of
commercial performance (discounts depth, revenue, profit, etc.), both in specific countries/mar-
kets and on a company-wide level. This requires the pricing system to be able to steer towards
strategic company goals, which in turn necessitates an integrated optimization (due to linking
constraints) for all, or at least larger sets of markets. This poses an additional challenge for
algorithm design, since the aforementioned commercial needs demand timely execution.

A typical approach in markdown pricing follows the predict-then-optimize paradigm (see
e.g., (Ferreira et al., 2016; Loh et al., 2022; Kedia et al., 2020; Caro and Gallien, 2012) for ex-
amples in pricing) where a number of forecasting models (e.g., (Kunz et al., 2023; Schultz et al.,
2023) for forecasting for pricing at Zalando and (Salinas et al., 2020; Lim et al., 2021; Rasul et al.,
2021) for more general examples) provide input to an optimization problem. In practice, mixed-
integer programming (MIP) solutions are often employed given their adaptability to changing
constraints (Kedia et al., 2020; Li et al., 2022; Caro and Gallien, 2012). The pricing approach of
our show case Zalando follows this paradigm and here, we will consider in particular the ”opti-
mize” part. Previous work (Li et al., 2022) described the basic setup of the pricing optimization
problem at Zalando and key ingredients necessary for its solution, such as a Lagrangian decom-
position framework, modelling approaches and basic heuristics. However, in the years since the
deployment of this solution in production, roughly since 2021, there were occasional repercus-
sions from unfavourable practical situations that led to non-convergence of the solution. As a
further motivation for improving the heuristic performance of the markdown-pricing system, the
scale of large online retailers like Zalando implies that even modest percentual gains in finding
more profitable prices result in large absolute monetary gains – easily in the multi-digit million
Euro range.

The main contribution of this paper are extensions of the pricing algorithm described by
Li et al. in (Li et al., 2022) via novel combinations of existing heuristic techniques both for the
Cutting Plane iterations and primal solution construction. The focus is on providing high quality,
but potentially sub-optimal solutions within tight time boundaries as commonly dictated by
commercial processes. These extensions address the aforementioned challenges around scalability
and speed. We also show in empirical evaluations that our approach allows to improve revenue
by 3%–6% and profit by 2%–5% for our show case Zalando SE while having negligible impact
on solution speed.

Our paper is structured as follows. In Section 2, we discuss work related to this paper.
In Section 3, we introduce the necessary notation and give the formalization of the markdown
pricing problem. Section 4 discusses the algorithms used to solve the markdown pricing problem
and in Section 5, we present the main methodological novelties of this paper, namely the heuristics
for solving the markdown problem. Section 6 provides extensive experimental results. We
conclude in Section 7.
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2 Related Work

Pricing and revenue management are mature areas of research stretching multiple disciplines,
see e.g., (Phillips, 2021) for an introduction to the topic from an Economics perspective. The
Machine Learning community typically covers aspects involving prediction, like demand fore-
casting, e.g., (Eisenach et al., 2020; Kunz et al., 2023; Oreshkin et al., 2020) and sometimes also
taking a reinforcement learning perspective (e.g., (Madeka et al., 2022) for an example of an
industrial application). Econometricians tend to focus on causal aspects or price elasticity esti-
mation (Athey and Imbens, 2007; Strauss et al., 2018; de Chaisemartin and D’Haultfœuille, 2020;
Deaton and Muellbauer, 1980; Fogarty, 2010; Hughes et al., 2008; DeFusco and Paciorek, 2017)
and in the formulation of the optimization problems needed for profit-optimal pricing (Phillips,
2021). Here, we take an Operations Research perspective (see (Ferreira et al., 2016; Li et al.,
2022) for examples), where we take both the predictive problems and the problem formulation as
given and rather work on solving the optimization problem most efficiently within the require-
ments dictated by production purposes. This is, to the best of our knowledge, under-explored
in this specific form in pricing. Chen et al. (2024) present a notable exception with a recent
contribution, however, not for markdown pricing but for multi-product pricing in a ride-hauling
setting.

Beyond pricing, in the larger context of mathematical optimization, heuristic methods are
omnipresent, see (Berthold, 2014a) for an overview. For complex MIP problems, a plethora of
general-purpose heuristics exist, see, e.g., (Berthold, 2014b; Berthold et al., 2019; Fischetti and
Lodi, 2003; Gamrath et al., 2019). Also, cut generation, aggregation, and selection strategies are
often of a heuristic nature, consider, e.g., (Andersen et al., 2005; Bonami et al., 2008; Caprara
and Fischetti, 1996; Turner et al., 2023) and in particular, (Fischetti and Salvagnin, 2011) which
heuristically generates cutting planes from a Lagrangian relaxation of a general MIP. While our
approach is general in the sense that it can be easily adapted to other applications of using
Lagrangian relaxations to solve MIPs, we believe that the particular tuning of thresholds, limits,
and selection criteria would not generalize as easily.

3 Background and Problem Formulation

The pricing problem we tackle can be formalized as follows. For an assortment of n articles, we
want to determine for each article i ∈ N = {1, . . . , n} a price xi to maximize the long-term profit
(LTP) maxxi∈Xi

fi(xi). Here, the set Xi, with liberty in the notation, denotes the feasible set of
a mixed integer programming formulation for the article prices, described by (linear) constraints,
bounds, and auxiliary variables not explicitly mentioned. Similarly, the linear objective function
f(x) depends on auxiliary variables. The notation is deliberately kept general to demonstrate
the broad possible applications. For the showcase of Zalando, this entails that xi models varying
prices for the article in different countries and various (future) weeks. Auxiliary variables model,
amongst others, the sales and the stock of the article over the future weeks. In this showcase, we
consider around 500 000 articles. For a single article, the model contains up to 10 000 variables
(5 000 binary) and 10 000 constraints. More details on the formulation of the pricing problem at
Zalando can be found in (Li et al., 2022).

Additional business constraints restrict the solution space. Typical examples are targets for
an average discount rate or a gross merchandising volume, both aggregated over each country.
These targets are often referred to as linking constraints, as they depend on all articles. In a
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general form, the primal pricing problem is thus given as

P = max
x∈X
Ax≤b

∑
i∈N

fi(xi), (1)

where Ax ≤ b enforces the linking constraints, the set X = X1×· · ·×Xn describes the Cartesian
product of the individual articles feasible sets and x = (x1, . . . , xn).

We again refer to (Li et al., 2022) for a comprehensive descriptions of the linking constraints
and the basic Lagrangian algorithm which we summarize in the next section. For a concrete
example of linking constraints, consider the average discount rate over all articles per given
country which we typically constrain to a certain range as a leverage for business leaders to steer
prices. The sales weighted discount rate extends the discount rate by weighing discounts by sales,

sDR =

∑
i(pi − x̄i) · si,x̄i∑

i pi · si,x̄i

where pi denotes the undiscounted price of article i and si,x̄i
the number of items sold of article i

when offered for price x̄i, and the set of variables x̄i is a subset of the decision variables xi.

Lagrangian Relaxation

With typical sizes of online retailer assortments ranging in the millions of articles (which would
result in billions of variables in our problem), the pricing problem is prohibitively large for off-the-
shelf solvers. Techniques such as decomposition or aggregation become inevitable for identifying
high-quality solutions in practice.

A standard technique for decomposition approaches is based on a Lagrangian relaxation.
Here, the violation of each linking constraint is penalized using Lagrangian multipliers λ ≥ 0 in
the objective

LR(λ, x) =
∑
i∈N

fi(xi)− λ⊤(b−Ax).

For this modified objective the Lagrangian relaxation searches for an optimal solution x for
given λ, leading to the optimization problem

LR(λ) = max
x∈X

LR(λ, x) =
∑
i∈N

max
xi∈Xi

(fi(xi) + λ⊤Aixi)︸ ︷︷ ︸
single article problem

− λ⊤b︸︷︷︸
constant offset

By relaxing the linking constraints, we end up with one independent optimization problem
per article as presented at the beginning of this section. An interesting aspect in solving the
optimization problem comes via business requirements. For example, throughout a week, Zalando
needs to re-optimize prices several times for its entire assortment of several hundred thousands of
articles. The window for taking the markdown pricing decision is determined by the time when
the most recent data becomes available and commercial steering meetings. This is typically a
few hours. In practice, a single article’s optimal long-term profit can be computed well below
10 seconds on a single machine. Via parallelization, the entire assortment can be solved in
acceptable time (not exceeding a few hours), when enough computational resources are provided,
i.e., a cluster of machines which provides around 1000 cores, provisioned by a cloud provider.
The memory required for optimization of the entire assortment easily extends several hundreds
of gigabyte.
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4 Overview of Algorithms

The objective value of the Lagrangian relaxation yields an upper bound on the pricing problem
for every λ ≥ 0. The optimization challenge is to find a combination of multipliers that provides
a smallest upper bound, via the Lagrangian multiplier problem µ∗ = minλ≥0 LR(λ). We will
describe how we managed to find suitable multipliers for the markdown pricing problem in the
following.

Cutting Plane Procedure

There are different approaches to obtain µ∗, e.g., Subgradient or Bundle methods, see Guignard
(2003) for an overview. Here, we follow the approach by (Li et al., 2021) and use a Cutting Plane
procedure. To motivate this approach, note that the multiplier problem to compute µ∗ can be
reformulated as a linear problem where each constraint corresponds to a feasible solution x ∈ X
of the pricing problem as

µ∗ = min
λ≥0,µ

µ s.t. µ− (b−Ax)⊤λ ≥
∑
i∈N

fi(xi) ∀x ∈ X . (2)

Since every point in X is a mixed-integer solution to a linear system of inequalities, it is com-
putationally hard to obtain all constraints and therefore the model explicitly: the number of
solutions can be exponential in the number of variables.

The Cutting Plane approach avoids this problem by considering a relaxation to Problem (2),
which contains only a subset of these potentially exponentially many constraints. The relaxation
is tightened in every iteration by adding further valid inequalities. In more detail, assume that
in iteration j a number of inequalities determined by points X1, . . . , Xj ∈ X are included in the
relaxation. Then the relaxation is given by

µj , λj = argmin
λ≥0,µ

µ s.t. µ ≥
∑
i∈N

fi(X
k
i ) + λ⊤(b−AXk) ∀k ≤ j. (3)

The solution to (3) yields a lower bound on µ∗ and is simple to solve, see below. To check
whether the relaxation solution solves the original problem, i.e., whether µj , λj belong to the
feasible set of Problem (2) it suffices to search for a point x ∈ X such that the respective
inequality

µ− (b−Ax)⊤λ ≥
∑
i∈N

fi(xi) (4)

is violated for µj , λj . The separation problem is equivalent to computing LR(λj) and comparing
its value against µj . If LR(λj) > µj , the maximizing solution of LR(λj) is added as Xj+1. In the
next iteration this leads to another inequality in the relaxation cutting off the current solution
µj , λj . Otherwise, the optimal Lagrangian solution value is found.

This approach enables us to evaluate the quality of our relaxation in each iteration. On the
one hand, the value mink≤j LR(λ

k) yields an upper bound on µ∗ and also P and is therefore
called the dual bound. On the other hand, the relaxed primal bound µj yields a lower bound to
µ∗, as a relaxation is solved.

It is worth mentioning that the relaxation of the Cutting Plane problem (3) itself is very
easy to solve. It is a linear problem with one variable for each linking constraint and with
j constraints. In contrast, computing violated cuts involves higher computational effort, since
a single new cut requires all subproblems of the entire assortment to be solved. Therefore, it’s
crucial to aim for a small number of iterations to reach convergence.
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Practical considerations for the Cutting Plane procedure

To avoid that the relaxations given by (3) are unbounded during the first iterations, an upper
bound λ ≤ λ̄ is added to the linear problem. This upper bound is also useful in case a linking
constraint is infeasible. The corresponding multiplier would otherwise grow indefinitely. We
choose the upper bound λ̄ large enough that nearly all feasible linking constraints should have a
non-violating solution to the Lagrangian relaxation with λ̄. Consequently, we start the algorithm
with λ0 = 0, and it will choose λ1

ℓ = λ̄ for all linking constraints ℓ violated by X0. In cases
with a large number of linking constraints (and consequently a high-dimensional Cutting Plane
problem) it might require a large number of iterations and added cuts until all occurrences of
λj
ℓ = λ̄ for at least one ℓ have been dropped from the cutting plane problem. Indeed, in practice,

we observe that most early iterations will contain multipliers at λ̄, even though such multipliers
over-fulfill on the constraints and are likely too high.

Primal Heuristic

The Cutting Plane procedure yields in each iteration a potential solution Xk with price sug-
gestions for the assortment. However, even if the procedure is converged and the optimal value
of the Lagrangian Relaxation is found, in practice the solutions commonly violate the linking
constraints. This problem is amplified by the fact that there is not sufficient time to perform all
iterations necessary for convergence.

To obtain a good solution from the information collected during the Cutting Plane procedure
we use a MIP in order to provide a solution close to the optimum with only a minimal amount
of constraint violations.

Given the solutions Xk for 1 ≤ k ≤ j, the MIP selects for each article i an iteration ki ≤ j
such that the offer xi given by xi = Xki

i minimizes a combination of linking constraint violation
and profit loss scaled by the highest violation per linking constraints and highest profit observed
during the Cutting Plane procedure. The resulting MIP is then

max p̄f(x) + v̄⊤δ

s.t. δ ≤ Ax− b

xi =
∑

1≤k≤j

Xk
i yik ∀1 ≤ i ≤ n

∑
1≤k≤j

yik = 1 ∀1 ≤ i ≤ n

yik ∈ {0, 1}, δ ≤ 0,

(5)

where the binary variables yik are one if and only if article i takes the values of iteration k and
each δℓ measures the violation of the linking constraint ℓ. The constants 1

p̄ = maxk f(X
k) and

1
v̄ℓ

= maxk A
⊤
ℓ X

k − bℓ − mink A
⊤
ℓ X

k − bℓ for each linking constraint ℓ are furthermore used

as scaling factors. This MIP is easier to solve than the original primal problem (1), since the
interaction of variables for one article described by Xi and fi is already evaluated. We refer to Li
et al. (2022) for an in-depth explanation of this final feasibility step.

5 Heuristics for the Markdown Pricing Problem

In this section, we enhance the previously outlined general methodology by introducing a new
strategy for identifying violated inequalities for the relaxation. As we will demonstrate, this
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cut1

cut2
X1

λ1
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λ3

(a) With two solution for multiplier λ1 and λ2 the
Cutting Plane procedure chooses multiplier λ3 for
the next iteration.

λ

µ,LR(λ)

cut1

cut2
X1

λ1

X2

λ2

µ2

heuristic cut

µ3

λ3

(b) An additional cut improves the bound µ2 pro-
vided by the cutting plane bound and picks a dif-
ferent next multiplier λ3.

Figure 1: After evaluating two multipliers λ1. λ2, we obtain solutions X1 and X2. Their
implied inequalities reside on the convex shape, which is implicitly given and not known. The
two generated cuts provide a lower bound for µ∗ given by µ2 (left). An additional heuristic cut
can be created by arbitrary solutions (right). If it cuts off the next multiplier candidate µ2,
we improve the gap without evaluating LR(λ). This cut will most likely not be a facet of the
unknown boundary.

enhancement not only improves the algorithm’s performance but also addresses potential con-
vergence issues. This improvement can have a substantial impact on practical outcomes, leading
to a significantly better objective, which translates into improved long-term profitability.

The original Cutting Plane procedure obtains cuts by solving LR(λ). In our setting this
involves heavy usage of (distributed) computational resources because determining objectives
fi(xi) still is costly – each models the long-term profit for one article for a season and includes
the determination of prices and sales in various countries for all weeks of the season. Thus, we
investigate heuristic methods to obtain valid cuts with less overhead, i.e., given λj and µj we
would like to find x ∈ X such that Inequality (4) is violated for the current iterations multipliers.
Figure 1 illustrates this. The generation of such heuristic cuts has to trade-off speed vs. potential
much stronger improvements by computing LR(λj). Furthermore, changing the strategy has a
down-stream impact as the evaluated solutions Xk are used to construct the final solution, see
the last part of the previous section.

The core of our idea is to efficiently combine past found solutionsX1, . . . , Xj for which fi(X
k
i )

is already computed for every iteration k and article i. In that case we can find a new solution
Xj+1 which is a combination of past solutions such that for all i there is a k ∈ 0, . . . , j with
Xj+1

i = Xk
i . Importantly, Xj+1 is a valid solution in X , but not necessarily optimal for LR(λ, x)

under any Lagrangian multiplier λ. Thus, there is no guarantee for finding a cut that maximizes
the violation or even finding a violated cut at all.

Several strategies can be thought of to obtain Xj+1. We investigate the following three:

• Random heuristic: For each article i sample Xk
i uniformly from k ≤ j. This gives us a

baseline for comparing the other two strategies.

• Maximum violation heuristic: Restrict the separation problem solved, i.e., the computation
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of LR(λj) to already evaluated price strategies∑
i∈N

max
xi∈{Xk

i :k≤j}
fi(xi)− λ⊤Aixi. (6)

Since past evaluations of fi(X
k
i ) as well as the contribution of each article to the linking

constraints AiX
k
i are stored, this can be done efficiently by reweighing the violations and

sorting.

• Feasibility heuristic: Execute the primal heuristic from the previous section, using the
current set of solutions (obtained from the preceding iterations). This process strives
to derive a cut from a feasible and almost optimal solution. This approach is the most
computationally involved among the three strategies discussed. Moreover, unlike the other
two heuristics, repeatedly applying this strategy in sequence is not advantageous because
it does not consider changes of the Lagrangian multipliers.

Note, that it does not suffice to only rely on these heuristic cuts. When the heuristic cutting
process stalls, it can be beneficial to solve LR(λ), since this might help to get out of a ”local op-
timum” when the cut information obtainable from X1, . . . , Xj is already or almost fully utilized.
Finally, if no violated heuristic cut can be found, this might also be because the current solution
value µj is in fact optimal for Problem (2), which, however, can only be proven by solving LR(λ).

To make a trade-off between adding heuristic cuts and solving the Lagrangian relaxation we
set a limit on the number of heuristic cut rounds before solving the Lagrangian relaxation again.
Further, we employ two criteria to evaluate the usefulness of the latest heuristic cut and switched
back to the exact separation of Inequality (4) if:

1. The cut did not change the Lagrangian multipliers that minimize the cutting plane problem.

2. The efficacy, a common measure for the quality of cuts (see, e.g., Turner et al. (2023)), falls
below a defined threshold tole. In iteration j the efficacy of the cut given by Xj is given as

e(λj , µj , Xj) =
LR(λj , Xj)− µj

∥λj∥
. (7)

Figuratively, we stop if the generated cut is not separating µj for multiplier λj deep enough.

Using the described heuristic with these stopping criteria we arrive at a modified algorithm for
the cutting plane based Lagrangian descent, which is outlined in Algorithm 1 for the maximum
violation heuristic.

In its outer loop starting in Line 2, the algorithm performs up to n̄ exact evaluations of
multiplier λ. Once the gap between dual bound and relaxed primal bound is within a configured
tolerance, Line 14 stops the algorithm.

After each multiplier evaluation, Line 6 adds up to m̄ heuristic cuts to speed up the con-
vergence. If an additional cut generated does not meet the efficacy tolerance tole, the resulting
multipliers are not changing or the overall gap tolµ is reached, Line 9 ends the heuristic cut
generation.

We did not perform intense parameter tuning, the chosen values are mostly ad-hoc with some
sensitivity tests. We limit the algorithm to n̄ = 10 iterations. Up to m̄ = 100 additional cuts
could be generated. As tolerances, we ran our experiences with tole = 1 for the efficacy and
tolµ = 1e−6 for the dual bound gap.
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Algorithm 1: Extended cutting plane algorithm with heuristic cuts loop

Parameter: n̄, m̄, tolµ, tolν , tole

1: Let j ← 0, λj ← 0.
2: for n← 1 to n̄ do
3: Compute Xj as optimal solution of LR(λj) and add the corresponding cut to Problem (3)
4: Compute µj , λj as optimal solutions to Problem (3)
5: j ← j + 1
6: for m← 1 to m̄ do
7: Compute a heuristic solution Xj ∈ X and add the corresponding cut to Problem (3)
8: Compute µj , λj as optimal solutions to Problem (3)

9: if
mink≤j LR(λk)−µj

µj < tolµ or λj = λj−1 or e(λj , µj , Xj) < tole then
10: break
11: end if
12: j ← j + 1
13: end for
14: if

mink≤j LR(λk)−µj

µj < tolµ then
15: break
16: end if
17: end for

Comparison with a disaggregated Cutting Plane formulation

The cut heuristics are based upon the special characteristic of the markdown pricing problem:
It is decomposable, i.e., the feasible set is the Cartesian product of the individual article level
feasible sets, X = X1 × · · · × Xn. This characteristic actually allows to also obtain a so-called
disaggregated Guignard (2003); Frangioni (2005) or multi-cut Mitra et al. (2016) formulation

µj , λj , νj = argmin
λ≥0,µ,ν

µ+ λ⊤b

s.t. µ ≥
∑
i∈N

νi,

νi ≥ fi(X
k
i )− λ⊤AXk

i ∀i ∈ N ∀k ≤ j.

(8)

Compare this with the formulation to obtain a bound after applying the maximum violation cut
heuristic t times:

µj , λj = argmin
λ≥0,µ

µ+ λ⊤b s.t. µ ≥
∑
i∈N

fi(X
k
i )− λ⊤AXk,

µ ≥
∑
i∈N

fi(X
ks

i )− λ⊤AXks

i ∀1 ≤ s < t,
(9)

where ks indicates the maximizing indices in Formula 6 in round s of applying the maximum
violation heuristic.

One can show that the following strength guarantees on µj from the different optimization
problems holds: The disaggregated formulation (8) is at least as strong as the aggregated formu-
lation with heuristic cuts (9), which in turn is at least as strong as the aggregated formulation (3).
The first follows as the heuristic cutting planes are implied from the extended formulation of (8)
via the summation of individual constraints. The latter follows, since (3) contains fewer con-
straints.
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However, the aggregated formulation (3) contains only j + 1 variables and j constraints
compared to j + s constraints with heuristic cuts and approximately N + j variables and Nj
constraints of the disaggregated formulation (8). It turns out in our experiments, see Section (6),
that solving (8) is not possible in practice due or very time consuming to its size. Thus using
disaggregated cutting plane is not possible in our case. A compromise, which randomly partitions
articles into M groups N = N1 ∪ · · · ∪NM to form the partially aggregated formulation

µj , λj , νj = argmin
λ≥0,µ,ν

µ+ λ⊤b

s.t. µ ≥
∑

1≤ℓ≤M

νℓ,

νℓ ≥
∑
i∈Nℓ

fi(X
k
i )− λ⊤AXk

i ∀1 ≤ ℓ ≤M ∀k ≤ j

(10)

is therefore evaluated below.
One can furthermore show that after a finite (but worst-case jN ) number of cut heuristics

application, the computed bound is equal to the bound from the disaggregated formulation.
To see this, note that after projecting ν away in the disaggregated formulation, one obtains
constraints of the form

µ ≥
∑
i∈N

fi(X
ki
i )− λ⊤AXki

i ∀i ∈ N ∀k1, . . . , kN , ki ≤ j. (11)

Exactly this family of constraints is separated in the maximum violation cut heuristic.

6 Experiments and Real-world Impact

In the following section we illustrate the practical relevance of the methods described previously
for the use case of the large-scale markdown price optimization system at Zalando. We report
results here on a subset of the assortment for around 500,000 articles (depending on the exact
time of the season), and for 14 countries, each with different discounts on weekly granularity until
the season end of each article. Updated pricing recommendations are delivered at least twice a
week, with 48 linking sales-weighted discount rate (sDR) constraints submitted as targets (24
lower and upper bounds each). To integrate with Zalando’s business processes, the turn-around
time between the setting of targets and the delivery of results should usually not exceed 3 hours.

Although considerable work has been put into improving the speed at which we can solve
the article problems for one set of Lagrangian multipliers since we last reported on it (Li et al.,
2022), the time to solve the Lagrangian relaxation once remains at 150-700 CPU hours (using
AWS C5 instances, exact time depending on the expected lifetime of the article). Even after
parallelization over very large clusters the time to complete one iteration is therefore 3-12 minutes.
Given additional overhead and because of both time and budgetary constraints we are limited to
10-15 iterations, a number that is far below the number of iterations one might usually expect
for a problem with this number of constraints Guignard (2003).

In the experiments, we evaluate first which of the three cut generating strategies appears to
be most effective, then the influence of the quality of the cuts on the dual bound. We go on to
demonstrate that the cut heuristics are faster and easier to tune compared to partial aggregation
strategies. Finally, we show how the associated commercial key performance indicators (KPI)
benefit from the approach presented here.
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Comparison of cut generation heuristic strategies

To explore whether the heuristics described above help improve the quality of solutions, we first
tested the relative effectiveness of the different strategies. Fig. 2 illustrates the performance via
a case study of a problem with problematic convergence in the baseline (no-heuristic) strategy;
other instances behave similarly. We find that the maximum violation heuristic is most effec-

tive, closing the relative dual gap, dj =
mink≤j LR(λk)−µj

mink≤j LR(λk)
, to less than 2% after six outer loop

iterations and 0.4% in the 10th iteration for a particularly hard problem which did not converge
after 10 iterations in the baseline (with a relative gap much larger than 100%). We observed,
however, that during the first few iterations, the relaxed primal bound hardly improved, and our
imposed efficacy criteria would interrupt the heuristic cut generation early and continue with a
full Lagrangian step.

Applying the feasibility heuristic is also effective in generating useful additional cuts, but
less so. For that heuristic, the gap only drops below 100% in the 10th iteration, with a final
gap of 7.4%. Random cuts are not effective, with the results being virtually indistinguishable
from not applying any heuristic. We have observed similar results on other problem instances
and concluded that the maximum violation heuristic strategy is performing the best. Thus we
selected it as the most promising candidate for production and further results focus only on the
maximum violation heuristic.
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Figure 2: Solid lines and left y axis: relative dual gap of the cutting plane problem over number
of outer loop cutting plane iterations. Dashed lines and right axis: L2 norm of Lagrangian
multipliers λj+1 selected in the cutting plane problem. Each iteration is one new solution of the
Lagrangian dual. Baseline uses no heuristic to add cuts to the cutting plane problem. For details
on the heuristics see Section 5.
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Comparing the maximum violation heuristic with partial aggregation formulations

As discussed earlier, solving the Lagrangian relaxation quickly is of utmost importance to us.
Therefore, we wanted to compare directly the effectiveness of the maximum violation cut heuristic
and compare it to the previously reported partial aggregation formulation, see Section 5 and
Guignard (2003); Frangioni (2005); Mitra et al. (2016). Importantly, we want to ensure that
the maximum violation strategy produces as good or better bounds as the partial aggregation
formulation would in similar time.

In order to compare these strategies, we first look at their performance in isolation. We take
dual problems that were previously identified as ”difficult” as they required a large number of
dual solutions (iterations) for the dual gap to close. For each of those problems we selected a set
of dual solutions and applied one of two strategies:

• For the maximum violation heuristic, we take the dual solutions and repeatedly apply the
heuristic. Each repetition reduces the dual gap, at the cost of time. We can therefore
determine the dual gap as a function of time.

• For the partially aggregated problem, we solve the optimization problem for different group
sizes, starting from a single group (creating the equivalent of baseline cutting plane prob-
lem) up to a fully disaggregated problem. The assignment of articles into groups is done
randomly.

Larger group sizes will lead to larger problems and thus slower solving times, but also
usually result in tighter gaps. Hence, we can visualize the gap as a function of elapsed
time.

This is equivalent to taking a set of solutions Xj as described in Algorithm 1 and only
applying steps 6 through 13. An example of a single problem is shown in Fig. 3. We can see that
the maximum violation strategy closes the dual gap much quicker than the partially aggregated
strategy for this example.

To test if this generalizes, we collected a set of 86 other ”difficult” dual problems. For all
these instances, we were able to solve the fully disaggregated problem and thus obtained the best
primal bound achievable given the parameters. As discussed in Section 5, the primal bounds
provided by the disaggregated problem and by the maximum violation heuristic will eventually
reach the same value. This is exactly what we see in our experiments: The bound provided
by running the maximum violation heuristic until convergence was in all cases at the level of
numeric precision of the best primal bound.

To compare the two strategies, we compute the time needed to reach a given gap to the best
primal bound. For the heuristic, it is the time needed to achieve this gap by repeatedly applying
the heuristic. For the partially aggregated strategy, we individually solve again the problem for
different levels of aggregation and take the minimum of the solving times for the aggregations
leading to a primal bound within the gap.

Looking at the geometric means across the tested samples (Tab. 1) we can see that the
maximum violations strategy clearly outperforms the partially aggregated strategy in speed when
solving to small gap sizes (0.1% and 0.01%), with the advantage increasing as the target gap gets
smaller. For a gap of 0.01%, the geometric mean of solving times for the partially aggregated
strategy is 48 s, while the maximum violation strategy takes less than 2 s. Interestingly, for a
larger target gap of 1%, the geometric mean of solving times is nearly identical (0.12 s vs 0.11
s), but the geometric standard deviation is much larger for the partially aggregated problem.

The reason for this difference can be seen in the distribution of solving times for different gaps
(Fig. 4). For larger target gaps (10% or 1%), the partially aggregated problem often solves them
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Figure 3: Example of applying the partial aggregation model or the maximum violation strategy
to a fixed set of dual solutions. For maximum violation (red), the heuristic is applied repeatedly,
and the observed dual gap dj and elapsed time are noted. For the disaggregated formulation
(blue), different levels of aggregation are solved independently, and the elapsed solving time and
dual gap is noted.

gap to best bound partially aggregated maximum violation

0.1% 0.12 ± 18.43 0.11 ± 4.12
0.01% 4.27 ± 10.24 0.59 ± 3.45
0.001% 47.98 ± 3.35 1.69 ± 2.90

Table 1: Geometric mean ± geometric standard deviation of solving time (s) for different gaps
to best primal bound across 86 examples.

faster to that gap, with a lower median solve time, in cases where a partially aggregated problem
with few groups was sufficient to solve to that target gap. At the same time, the longest solving
times to the 10% and 1% gaps are much more extreme in the partially aggregated problems,
sometimes exceeding 100 s, even though all problems took less than 20 s for the maximum
violation heuristic. This split in the partially aggregated problems, where some problems are
solved fast, while others are very slow, is also seen in the 0.1% gap target (with more problems
taking longer than for the maximum violation heuristic). For the 0.01% target gap we see the
heuristic very consistently outperforming.

All-in-all, this leaves us with several clear advantages for the maximum violation heuristic
over the partial aggregation strategy in our setup:

• The maximum violation heuristic reaches tight primal bounds faster than the partial ag-
gregation strategy. Particularly for tight bounds, the heuristic is more than 20 times faster
(in geometric mean).

• The maximum violation heuristic produces more consistent bounds at a given time. This
consistency makes it easier to tune, as one can easier select how much time will usually
result in ”tight enough” bounds.
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Figure 4: Elapsed time to reach different gaps to best dual bound. For 86 different initial problems
(a set of solutions to the relaxed dual problems, iterations from the Lagrangian decomposition)
the partial aggregation and heuristic strategies were applied to find primal bounds. For partial
aggregation, different group sizes were tested and used to determine the minimum time to gap.
For the maximum violation heuristic, the heuristic was applied repeatedly, and the cumulative
time to reach the target gap was recorded.

• Because the primal bound can be checked on every application of the maximum violation
heuristic, it is easier to define stopping criteria.

Still, we want to compare how well these strategies perform when applying them to the
complete solving of dual problems (that is, the full Algorithm 1). Here, we need to balance
between the time spend obtaining dual solutions (solutions to LR(λj)) and getting tight primal
bounds and good corresponding Lagrangian multipliers λj . As we have seen in Fig. 4, this is
particularly challenging for the partial aggregation strategy, as the quality of the bound for a
given aggregation level can vary drastically between problems. Therefore, based on those results,
we decided to try two different partial aggregation levels: the sub-problems are aggregated to
either groups of 2000 (small) or 5000 (large) articles. Along with the maximum violation heuristic
(adding 100 heuristic cuts on each multiplier evaluation) and the baseline (baseline cutting plane
without either partial aggregation or cut heuristic), these strategies are applied to 3 problems
that were previously found to be difficult to solve. The dual gaps for these problems are shown
against the elapsed time in Fig. 5.

We see that the maximum violation heuristic (blue) provides a marked improvement over
baseline (red), which fails to close the dual gap in all 3 examples. Interestingly, the maximum
violation heuristic also outperforms the partially aggregated formulation for both aggregation
levels. While both partially aggregated problems do provide reasonable gaps on the problems
(with gaps at or below 0.01%), the maximum violation strategy reaches smaller gaps (around
0.0001%), and closes the gap faster. The maximum violation heuristic also takes less time per
multiplier evaluation (outer loop in Algorithm 1) compared to the partially aggregated problems.
Given that reaching very tight bounds consistently would require more than 100 s per multiplier
evaluation, it is therefore unlikely that any further increasing of the group size would change the
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advantage we see for the maximum violation heuristic.
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Figure 5: Full Lagrangian descent using different solving strategies. For 3 different problems
(different weeks), the maximum violation strategy was applied (blue, 100 times per solving of the
LR), and compared to baseline (red, baseline cutting plane), partially aggregated small (orange,
creating 2000 random groups), and partially aggregated large (cyan, using 5000 groups). For
each problem the dual gap dj was noted after each solving of the Lagrangian relaxation.

Based on these findings, i.e., quicker convergence, higher consistency and better tunability,
we decided to select the maximum violation heuristic over the partial aggregation strategy for
further experimentation and the real application.

Impact on commercial KPIs

For a fair comparison of the overall improvement that applying the maximum violation heuristic
gives in a time-constrained setting, we went on to compare final solutions (after application of the
primal heuristic described in Section 5) both with the maximum violation heuristic cut strategy
and without a heuristic cut strategy.

Since the use of the maximum violation heuristic cut strategy does not significantly increase
run times, both strategies would take approximately equal time to solve and the results should
be directly comparable. In this final experiment we want to investigate whether an improvement
in solving the dual problem also leads to an improvement of the primal solution generated after
applying our primal heuristic by solving problem (5).

Testing the improvement for 8 different dates we can see that through the application of
the maximum violation heuristic in forward running simulations we achieve an uplift in all
critical commercial KPIs: long-term profit (LTP, the primal objective in our formulation), first
week gross merchandise volume (GMV) and the first week profit contributor 2 (PC2, which
is a company accounting metric, that measures revenue minus the combined cost of sales and
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fulfilment). For the selected dates, we find an average weekly improvement of more than 3M€
in LTP and GMV and a 0.9M€ improvement in PC2 (Table 2). Our simulation indicates that
using our suggested strategy could lead to a long term profit-increase of about 27M€ in eight
weeks, which projects to 175M€ per year.

LTP GMV PC2
Experiment

0 0.18M€ 0.31M€ 0.09M€
1 0.55M€ 0.87M€ 0.23M€
2 3.30M€ 6.02M€ 1.42M€
3 3.63M€ 6.07M€ 1.54M€
4 3.65M€ 1.38M€ 0.75M€
5 3.97M€ 4.74M€ 1.28M€
6 5.71M€ 0.00M€ 0.00M€
7 6.20M€ 7.25M€ 2.09M€
avg 3.40M€ 3.33M€ 0.93M€
sum 27.19M€ 26.64M€ 7.40M€

Table 2: Simulated improvement (in M€) of the primal solution in key KPIs for 8 start dates
throughout the season. Improvements are the difference between the primal solution generated
without the maximum violation heuristic, and the solution generated by applying the maximum
violation heuristic 100 times per iteration. The last two rows show the average and the sum of
the eight weeks

The significant enhancements observed in our simulations, combined with the minimal risk
of solution deterioration (given that the heuristic cuts added are still valid, just potentially
less effective), have convinced us and the responsible stakeholders to implement the maximum
violation heuristic in Zalando’s production environment.

Due to parallel, unrelated AB tests, we were unable test the improvements through direct com-
parisons, and instead opted to follow the improvements using causal impact analysis (Brodersen
et al., 2015). In causal impact analysis, we select predictors that can be used to train a Bayesian
structural time-series model to forecast the variables of interest. Assuming that the predictors
are unaffected by the treatment we can use them to forecast what would have happened if no
intervention had taken place. See also Mehrotra et al. (2020) for another usage of causal impact
analysis to estimate treatment effects without relying on AB testing.

Since long term profit (the immediate objective in our markdown optimization) is not directly
measurable over short observation horizons, we instead opted to focus on the improvements in
PC2 and GMV we observed in our forward running simulations. We chose to use 25 weeks prior
to treatment (the application of the maximum violation heuristic) for training of the time-series
model and monitored the effect of treatment for 10 weeks. As covariates for the time-series model
we chose the respective predictions of the markdown optimization model without the maximum
violation heuristic for PC2 and GMV. Since these covariates are obtained by computing the old
optimization without heuristic cuts and are therefore unaffected by the treatment (the use of the
maximum violation heuristic in the model), this gives us a good estimator of the observed effect.

In the causal impact model (Fig. 6) we see an improvement in PC2 in the treatment period
(p=0.0001, observed weekly effect: 5.8M€, expected effect 1.56M€) and an effect on GMV that
is not significant, but consistent with expectations (p=0.18, observed weekly effect: 7.9M€,
expected effect: 16.7M€) These findings indicate that the improvement computed in the forward
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Figure 6: Causal impact analysis of the switch to the maximum violation heuristic. Analysis
was performed using 25 weeks prior and 10 weeks post switching the heuristic online, using an
optimizer without the heuristic as predictor and an observed PC2 and GMV as variable. We
show the uplift in percent of the average weekly performance for GMV and PC2. Blue are the
causal impact effects (observed - Bayesian structural time-series forecast), orange are the effects
comparing optimization results without heuristic to those with heuristic.
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running simulations are actually observable in practice, and that applying the maximum violation
heuristic leads to tangible real world improvements.

7 Conclusion

In this paper, we addressed the practical challenges encountered in implementing large-scale
markdown strategies using a predict-then-optimize framework. These challenges primarily re-
volve around the stability and efficiency of identifying close-to-optimal solutions for huge mixed
integer programs. We introduced novel heuristics that enhance the performance of existing meth-
ods, facilitating the rapid identification of high-quality solutions through a Lagrangian relaxation
approach. An important component was the implementation of a heuristic cut generation scheme,
based on a maximum-violation measure, and its seamless integration within an existing exact
separation procedure. We demonstrated the practical impact of our methodology with empirical
evidence from Zalando SE’s pricing systems. Our approach not only accelerates the process
of finding high-quality solutions but also leads to multi-million revenue and profit increases,
underscoring its commercial relevance.
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cuts for mixed integer linear programs. Mathematical Programming 113, 241–257.

Brodersen, K.H., Gallusser, F., Koehler, J., Remy, N., Scott, S.L., 2015. Inferring causal impact
using bayesian structural time-series models. Annals of Applied Statistics 9, 247–274.

Caprara, A., Fischetti, M., 1996. {0, 1/2}-Chvátal-Gomory cuts. Mathematical Programming
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