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Abstract

In this paper we focus on nonconvex optimization problems with expectation constraints. To
address the challenges posed by possibly nonconvex constraints and the stochastic nature of the
problem, we propose a two-phase stochastic momentum-based algorithm TStoM. The first phase
of TStoM aims to minimize the infeasibility measure searching for a nearly feasible point in the
expectation sense. This point is used to initialize the second phase. In each iteration of the
second phase, we perform a proximal stochastic gradient step to update the primal variable, while
the dual update relies on stochastic constraint function values calculated in a moving average
way. Under certain conditions, TStoM can find a stochastic e-stationary point with a sample
complexity in order O(¢™%). Furthermore, under a nonsingularity condition we show that the
sample complexity is in order O(e~®) to reach a stochastic eKKT point. At this point the
expected error of approximate constraint values is bounded by O(1 - 5) with I being the number
of samples generated during the algorithmic process. Numerical experiments are conducted to
demonstrate the efficiency and effectiveness of T'StoM.
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tum, sample complexity
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1 Introduction
In this paper, we consider the nonconvex constrained optimization problem

3rtléi)rg {fo(z) :== f(x) + h(z) s.t. c(z)=0}, 1)
with  f(z) = B¢[F(3€)], () = E¢[Cla:€)] '

where X C R"™ is a closed convex set, & is a random variable in the probability space = and inde-
pendent of z, and E¢ refers to the expectation taken with respect to . Here F' : R" x 2 — R and
C : R" x 2 — R™ are continuously differentiable with respect to x but possibly nonconvex, and
h:R™ — R is a proper lower-semicontinuous and convex function. We assume that the feasible set of
is nonempty. Although only equality constraints appear in formulation , it actually covers
more general problems. For problems with inequality constraints, we can simply introduce auxiliary
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variables and reformulate the problem into form . Problem arises in many application
fields, including risk averse machine learning [1927], Neyman-Pearson classification |25}26], the fair-
ness constrained problems [12}|22], physics-informed neural networks |18] and churn rate constrained
problems [14].

Extensive research efforts have been dedicated to investigating numerical algorithms for stochastic
optimization with functional constraints. In the context of general convex stochastic optimization
with deterministic constraints, the exact information of constraints is accessible while only stochastic
oracles of the objective function are available. Xu et al. |32] introduce a single-loop primal-dual
stochastic gradient method by leveraging the linearized augmented Lagrangian (AL) function and
investigate the convergence rate of the algorithm. Bollapragada et al. [4] consider problems with
linear deterministic constraints and propose a double-loop augmented Lagrangian method (ALM)
with an adaptive sampling strategy incorporated to control the accuracy of stochastic gradients. For
nonconvex stochastic optimization with deterministic constraints, Berahas et al. [3] propose a line-
search stochastic sequential quadratic programming (SQP) algorithm with adaptive Lipschitz constant
estimates and analyze the algorithm’s global convergence properties. Na et al. [23] present an active-
set stochastic SQP algorithm for problems with both equality and inequality constraints. They utilize
a differentiable exact AL function as the merit function and establish almost sure global convergence.
For the same class of problems, Na et al. [24] develop a fully online stochastic SQP method and analyze
the iteration complexity required to achieve e-stationarity. Curtis et al. [9] propose a stochastic SQP
algorithm that incorporates an adaptive strategy to update merit parameters. Under a strong linear
independence constraint qualification (LICQ) condition, they prove the worst-case iteration complexity
bound.

Penalty methods have also been studied for nonconvex stochastic optimization with deterministic
constraints. Wang et al. [31] introduce a penalty method that minimizes an exact penalty function at
each iteration using only stochastic first-order or zeroth-order information. The worst-case complexity
in terms of calls to first- and zeroth-order oracles to find an e-stochastic critical point is investigated. In
the work by Jin and Wang [17], a class of constrained optimization problems with objective functions
composed of two expectation functions is studied. Under a nonsingularity condition, the proposed
stochastic nested primal-dual algorithm can find an e-stationary point after O(e=*) iterations with
a sample complexity bounded by O(¢~%). If the algorithm starts from a feasible point, the iteration
and sample complexities are reduced to O(e~3) and O(e~?), respectively. Shi et al. [30] investigate
linearized ALM based on momentum [10] and analyze its global convergence properties. Besides,
the sample complexity of the algorithm, which generates an e-stationary point and an e-KKT point
under a mean-squared smoothness condition and a constraint qualification condition, is bounded
by O(e=®). When the initial point is nearly feasible, the complexities can also be reduced, to the
order of O(e~%). Another two related work focuses on feasible methods for inequality constrained
problems. In [6] the proposed proximal point method transforms the original problem into a sequence
of convex subproblems by introducing quadratic terms to objective function and to constraints, with
each subproblem solved by a constraint extrapolation (ConEx) approach. Then an inexact proximal
point method is presented for inequality constrained stochastic optimization. Under a strong feasibility
condition, the iteration complexity of ConEx to achieve an approximate KKT point is established. The
subsequent work [7] introduces a proximal gradient method, which incorporates increasing constraint
level parameters for each subproblem and is extended to solve programs in stochastic settings.

Addressing problems involving stochasticity in functional constraints like is particularly chal-
lenging. For convex programs, Yan et al. [34] provide a primal-dual stochastic gradient method and
adopts an adaptive scheme to update the primal and dual variables. Convergence rates in terms of ob-
jective error and constraint violation are investigated. Zhang et al. [35] present a stochastic augmented
Lagrangian-type algorithm that achieves O(K -1/ 2) expected convergence rates for both objective re-
duction and constraint violation, with K representing the number of iterations. A similar result is
obtained using the proximal method of multipliers proposed in [36]. Regarding nonconvex programs,
inexact quadratically regularized constrained methods, proposed by Ma et al. [22], aim for inequality



constrained optimization whose objective and constraint functions are weakly convex. These methods
are feasible in the way that they transform the initial problem into a sequence of strongly convex
subproblems by adding quadratic terms to objective and to constraints as well. Under a uniform
Slater’s condition the complexities for finding a nearly e-stationary point are investigated. The afore-
mentioned work [6] also analyzes the complexity of finding an approximate KKT point for expectation
constrained optimization merely with inequality constraints in fully-stochastic case. Jin and Wang [16]
introduce a stochastic primal-dual (SPD) method for a class of nonconvex optimization with a large
number of inequality constraints. To ease the computational burden caused by simultaneously eval-
uating all the constraints at a single point, SPD randomly selects a small number of constraints at
each iteration to construct a stochastic approximation to the linearized AL function. When the initial
point is nearly feasible, the iteration and sample complexities can be further reduced. Another two
works that are closely related to ours are [20] and [1]. Li et al. [20] employ the standard inexact ALM
framework and propose stochastic inexact ALMs (Stoc-iIALM), which incorporate subroutines using
momentum-based variance-reduced proximal stochastic gradient approaches. They establish an sam-
ple complexity in order O(¢~?) to find an e-KKT point. It is noteworthy that their method involves
a double-loop structure with intricate subproblems. Alacaoglu and Wright [1| consider single-loop
momentum-based algorithms for smooth equality constrained optimization. In particular, under a
nonsingularity condition (refer to Assumption [4.1|below), [1] establishes the O(¢~?)-sample complex-
ity to find a point satisfying e-approximate first-order conditions (refer to the stochastic e-KKT point
defined below).

1.1 Contributions

In this paper, we propose a two-phase stochastic momentum-based algorithm, TStoM, for nonconvex
expectation-constrained optimization. The first phase involves applying a stochastic momentum-
based approach to solve the infeasibility minimization problem, pursuing a nearly feasible point (in
expectation sense) which initializes the next phase. In the second phase we adopt a single-loop
approach trying to reduce the criticality measure. To update primal variables we compute stochastic
gradients of the linearized augmented Lagrangian function based on momentum. This enables us to
construct much simpler subproblems, facilitating the optimization process. For the dual update, we
utilize a moving average strategy to obtain stochastic approximations of constraint function values.
This strategy helps us effectively estimate the constraints and incorporate them into the optimization
process. Under certain conditions, the sample complexity to find a stochastic e-stationary point is
bounded by O(¢~°). By assuming a nonsingularity condition, we show that the sample complexity of
the algorithm to reach a stochastic e-KKT point is in order O(¢~°). At this point the expected error of
the approximate constraint value is in order O(1 -1/ %) with I representing the number of samples. We
also conduct numerical experiments on solving three instances: MIMO transmit signal design with
imperfect channel state information, the multi-class Neyman-Pearson classification problem, and a
chance constrained program. Numerical results demonstrate promising performances of the proposed
algorithm.

1.2 Notation and preliminaries

Without any specification, ||-|| denotes the Euclidean norm. The distance between X, Y C R™ is defined
as d(X,Y) = infyex yey ||z — yl|. We define Ve(z) = (Ve (z), Vea (), ..., Ve (), VC(z;€) =
(VC1(x;£),VCs(x;8),...,VCp(x;€)) and [k] = {1,...,k} for a positive integer k. E[] refers to the
full expectation taken with respect to all random variables generated during an algorithmic process.
The subgradient set of h at z is defined as Oh(z) = {v € R™ | h(y) > h(z) + (v,y — z),Vy € R"}. The
normal cone to X at € X is given by Nx(z) = {v | (v,x — z) <0, Vz € X}.

In general, finding a global or even a local minimizer of nonconvex constrained optimization is
NP-hard. Therefore, our primary focus is to pursue a more trackable point, a KKT point. A point



x* € X is called a KKT point of (1.1)), if there exists \* € R™, such that
d(Vf(z*) + Oh(z*) — Ve(z*)A\*, —Nx(z*)) =0 and c(z*) = 0.

However, in the course of an algorithmic process, it is inevitable that the iteration might be stuck
around an infeasible stationary point which is a solution to the problem:

. 1 9
mip > e(z)| (1.2)

We next give definitions of approximate solutions of problem (1.1]).

DEFINITION 1.1. Given € > 0, we call x € X an e-KKT point of (1.1)), if there exists A\ € R™ such
that
d(Vf(z)+ 0h(xz) — Ve(z)\, —Nx(z)) <€ and |c(z)] <e. (1.3)

A point x € X is called an e-stationary point of (1.1), if there exists A € R™, such that
d(Vf(z) + 0h(z) — Ve(z)\, —Nx(z)) < e and d(Ve(zr)e(z), —Nx(z)) <e. (1.4)

We call © € X a stochastic e-KKT point (resp. stochastic e-stationary point) of (L.1), if (1.3) (resp.
(1.4) ) holds in expectation.

Next, we lay out assumptions that are utilized throughout the rest of this paper.

Assumption 1.1. The set X is closed and convex. The objective function value of (L.1)) over X is
lower bounded by C*. And there exist M,G > 0 such that ||C(z;€)|| < M for all £ € E,

Vi) <G and ||v|| <G, Yv € Oh(x),z € X. (1.5)

Assumption 1.2. F(+;€) and C(+; &) are differentiable over X almost surely for any £ € Z, and there
exist oy, 0. > 0 such that for any v € X,

Ee[VF(2:6)] = Vf(2), E[|VF(2:€) = Vf(2)|"] < o7,
E¢[VC(w;€)] = Ve(z), Ee[IVC(x;€) — Ve(a)|] < o2,
Ee[C(x;€)] = c(x), Ee[||C(2:€) — c(@)[’] < o2

Assumption 1.3. For any x,y € X, there exists L > 0 such that
E¢[|VF(2;€) = VF(y: O)II°] < L?|le —yl”, Eel|[VC(z;€) — VC(y:€)|1°] < L[|z — I,
and E¢[[|C(z;€) — C(y; OI°] < G|z — y>.

It is worthy to note that Assumption [I.3] also refers to the mean-squared smoothness assumption,
which is widely used in works on stochastic approximation methods, such as |2}/20,/30]. By Jensen’s
inequality, Assumption implies that

IVf(z) = VIl < Lz —yll, [Ve(z) = Ve(y)|| < Lz -yl and [[c(z) —c(y)|| < Gllz —yl, (1.6)
which indicates that |[Ve(z)|| < G. And it follows from Assumption [1.1] and Assumption [1.2] that
le(@)|l < M, Ee[|VC(x;€)|%] < GF := 2G” + 207. (1.7)
In addition, with & and & being independent, Assumptions imply that for any x,y € X,

Ee, e, [[VC(2;6)C(x; &) — VC(y; &1)Cly: &)|1°]
=E¢, ¢, [(VC(;&1) — VC(;£1))C(7:&2) + VC(y; €1)(C(z; &) — Cly: &) |I°]



< 2B, [[IVC(;&1) — VC(y: &)%) Ee, [IIC(2: &2)|]
+2E¢, [[VC(y: &)%) Ee, [IIC(2:€2) — Cly; &2)|1°]
< L3||lz — y||*, where Lo := /2(L2M?2 + G2G?). (1.8)

Similarly, we can derive
E¢, & [[VC(2;6)C(x; &) — Ve(a)e(w)|’] < 0F := 202(M* + G7). (1.9)

Unlike (1.7)), the uniform boundedness of VC(x; &) for all £ € = is assumed in [1]. Besides, |1] requires
the objective function be upper bounded, which is not assumed in this paper.

1.3 Outline

The remainder of this paper is outlined as follows. In section [2| we present details of a two-phase
stochastic momentum-based algorithm for . In section [3, we give the auxiliary lemmas and in
section [l we conduct a complexity analysis of the proposed algorithm towards approximate solutions.
In section [p| we report numerical experimental results on solving three test examples. Finally, we
draw conclusions.

2 A two-phase stochastic momentum-based algorithm for (1.1))

As studied in previous works [16,[17,/30], the (near) feasibility of the initial point can induce lower
sample complexities of algorithms for nonconvex constrained optimization under certain conditions.
Motivated by this, we introduce a two-phase stochastic approximation algorithm TStoM for solving
, presented in Algorithm The first phase is a feasibility pursuing phase, which aims for a
nearly feasible point. By using this point as an initial guess, we delve into the second phase for an
approximate solution of .

Our main strategy in Phase I of TStoM is to apply a stochastic gradient approach to minimize the
infeasibility measure, i.e. solving . More specifically, given z' € X, we randomly generate i.i.d.
samples ¢, ¢1 from Z and compute Wl = VC(z1;¢1)C(z1;63). Then for any ¢t > 1, we update z'*!
and compute stochastic gradient W*+! based on momentum technique through

v
t+1 _ : t ot Yo, o ot2

2 = argmin{(W5 z — 2°) + oIz — 27}, (2.1)
W = ot (1 — 3 (W =t (2.2)

with V' > 0, 3 € (0,1), v't! = VO ITHC(2t ¢kt and wit! = VC(24 ¢ C(2h i),
where ¢IT1 ¢I*! are i.i.d. samples from Z. After T iterations, we randomly choose an iterate from
2!+t € [T] as the output of Phase I and set it as the initial point for Phase II.

The aim of Phase II is to pursue an approximate solution of . To proceed, let us first
recall the augmented Lagrangian function associated with . It can be expressed as Lg(z,\) =

f(z) = ATe(z) + gHC(.’L')HQ + h(x), where 8 > 0 is a penalty parameter and A € R™. We define

Vs, \) = —ATe(z) + ch(m)H2 and Zs(z,\) = f(z) + ¥a(z, N)

for simplicity. Due to the stochastic nature of problem (1.1f), the exact function information of f and
c are difficult to obtain. We thus generate i.i.d. samples &, (7, (5 from = and define

Ga(z, A&, ) := VF(x;€) + Ga(z, X; ), (2.3)



where Gg(z, \; ¢) = —VC(z; (1)A+ BVC(7; (1) C(z; ¢2) with ¢ := (1, (2). Obviously, Ga(x, \; €, () and
Ga(z, A€, C) are unbiased estimates of V,9(z, A) and V;Pg(x, A), respectively. We then compute
an approximate gradient d* through

w2 Gs (@t A€ G, k=1,
JEM

G, (x, NF; €8 CF) + (1 — oy ) (dP 1 = G, (2R 1 MR gR (F)), k> 2,

d* =

(2.4)

where a1 € (0,1), ¢f = ((j1,¢j2), €% o= (CF,¢5) and €],y Gard € M, EF,CF, (5, k> 2, are iid
samples generated from =. For ease of notation, we denote ¢! := {fjl,j e M}, ¢t i= {(C}p <172)7j €

M}. Then the primal iterate is updated through
1
P = argumin{ (&) + e — oFJ? 4 h(o)) (25)

where 7, > 0. Note that in the work for deterministic constrained stochastic optimization like
[16,[17,130], the dual variable is updated by A\¥*1 = A\ — pyc(2xF+1), where pp € (0, Bx], while the
work for optimization with expectation constraints such as [1] applies A**1 = \¢ — p, C(2F+1;()
based on a randomly generated sample . Different from previous work, we adopt a moving average
way to approximate c(z**1) based on which we compute \¥*1 through

ML= 2\F — ppyf T where ot = (1 — 7p)y* + . C(2" T 0%), k> 1, (2.6)

with y' = C(z';6°), and 6,k > 0 being randomly and independently chosen from Z. Since y**! is a
weighted average of the previous constraint value estimate y* and newly updated stochastic constraint
function value, it is expected to have a lower variance compared to C(z**1;0%). In particular, we will
show that E[||y®*+! — c(zf11)||?] = O(K~2/%), as demonstrated in Proposition

Algorithm 2.1 Two-phase Stochastic Momentum-based algorithm (TStoM)

Input: Initial point 2! and dual point A\! = 0, positive integers T and K, parameters v; € (0, 1) for
te[T], V>0,and B >0, nx >0, pr € (0,B8k], ar € (0,1), 7, € (0,1) for k € [K].
Output: ! where R € [K] is uniformly chosen at random.
Phase I
: Generate i.i.d. samples ¢}, s from = and compute W' = VC(z';¢])C(21;63).
:fort=1,...,T do

1

2

3. Compute 2!+ through (2.1)).
4:  Compute W' through (2.2).
5

6

: end for

: Set z! =z

Phase 11

for k=1,...,K do
Compute d* through (2.4).
Compute z**! through (2.5).
Compute A\¥*+1 through (2.6)).

end for

Rot1 with Ry selected from [T] uniformly at random.

3 Auxiliary lemmas

In this section, we will present auxiliary lemmas which are useful for the forthcoming sample com-
plexity analysis of TStoM.

LEMMA 3.1. Under Assumption it holds that ||y*|| < M for any k > 1.



Proof. We show the result by induction. The result holds obviously for & = 1. Assume ||y*|| < M ,
then it derives from Assumption [L.1] and ([2:6) that [|y*+!|| = [|(1 — 7,)y* + 7 C(aF+1;0%)| < M. O

LEMMA 3 2. Under Assumption it holds that for any k € [K], [|A¥T1 — \F|| < pr.M and | \F|| <
MZt 1Pt

Proof. Filrstly7 it follows from Lemma that, [[A*HL — XE|| = pplly* Y| < ppM. Tt further yields
INFIF < MOSZES) e by [INFI] = AR = AT < DR AR = A O
LEMMA 3.3. Suppose that Assumptions[I.I{1.3 hold. Then for any k > 1, we have

E[||VeZp, ("1, N) = VoD, (%, A)|?] < L3, E[|lz"! — 2*|?), (3.1)
E[l|Gp, (z" T N €51 (M) — G, (2%, N R VY] < L3 B[l — 277, (3.2)
E[[|Gp, (2", \¥; €5, ¢F) — VoD, (2%, AF)|1?) < 03,

where Lg, = BrL with L := max{v2(G* + ML),v2Lo} + B (L + vV2ML Zf:_ll pt), and og, =
o5 +V2(0.M i) pi+ Bro).

Proof. It follows from the definition of ¢g(z, A), (1.6)-(L.7) and Lemma [3.2| that

E[|Vatp, (2", A7) = Vi, (2%, A0)]]
= E[|Ve(a"™)[(Bre(a™1) = AF) — (Bre(a®) — X)) + (Ve(@*!) — Ve(a")) (Bre(z®) — A%)]l]
< ElBille(@*) — e@)[| Ve )| + L™ — a®||[|Bre(a) — X¥|]

k—1

< (BG® + BML + MLZpt [lz*+ — 2],
t=1

which further indicates

E[|VaZp, (z"1, A") = Vo D, (a*, A7) |
S E[IVF(a") = V()P + 2E[V (") = V(@) [ Vabs, (@71 AF) = Vi, (28, A7)

+E[|Vathp, (a1 M%) = Voips, (2, )|
k—1
< (L+V2(BeG + Be ML+ ML py))°E[[la* ! — 2*|%] < L3 E[|a*T — 2*|?].
t=1

Hence, (3.1) is derived. From (|1.8), Assumption and Lemma we can obtain
EC’C“ [”g_ﬁk (mk-H’ )‘k; Ck—H) - g_Bk (xk7 Ak? Ck—H) H]
< Eeen [B[ VO 5 (P C ) = VO ) Ch; Y1+ IV et ¢
k—1
—VCE@ L I < (BeLo + ML) p) [ — ¥,
t=1
which implies from Assumption [I.3] and Jensen’s inequality that
Egror cnit [|Gay (a1, N €94, (RFY) — G, (2% AP €51 VD))
< Eeon [|[VE(@ €50 = VE (@ € |1P] + Eern [[|Ga, (251, A5 ¢FFY) = G, (2%, A8 CFHY)|P?]
+ 2Eehir nnt [[[VF (@M €M) — VE(@R; €84)[[[1Ga, (274 A% ¢FF) = G (A5 P

< (L4 V2(BeLo + ML pe))*[Ja* ! — ¥,
t=1



It then yields (3.2 by taking full expectation on above inequality. Note that due to (1.9, Assumption
and Lemma [3.2
Ecr[[1Gp, (2, X*; ¢F) = Vb, (2%, A7) 7]
= E[[| = VC(a*; ()N + Ve(@®)A\* + 8, VC(a*; (F)C(a*; ¢F) — BrVe(a®)e(a®)||]
< 2B [P VC (2" ¢f) — Ve(@®)|P] + 267Ec+ [[|IVC (2 () Cla™; ¢5) — Ve(a®)e(a®)|1?]
k-1

<20.M Y p)? + 28005, k=2

t=1
Then it derives from the independence of ¢* and ¢* that

Eer o+ [[|Gp, (25, NF; €%, ¢CF) — V., D, (2, AF)|2]
= Eea[|[VE(2"; %) = V()] + Ece[l|Gs, (2%, A¥; ¢F) — Varpg, (2%, AF)||?]
+ 2Eer o1 [(VE (2% €F) — V f(2*), Gp, (2%, NF; ¢F) — Vi, (2F, AF)))]
k—1
< Uj% +2(o.M Z pe)? +2B%03%.

t=1

By taking full expectation on above inequality, we establish (3.3]) for k& > 2. It is straightforward to
derive (3.3) for k = 1, since

%,
M|
The proof is completed. O

E[”gﬁl (xla )‘1;51741) - vl@ﬁl (xlv )‘1)”2] <

. (3.4)

In the following, we denote the error of d* by ¥ := d¥ — V, P, (aF, \F).
LEMMA 3.4. Let Assumptions be satisfied. Then it holds that for any k € [K],

E[dQ(Vm@m (xk-i-l, )\k-i-l) + 8h(x’“+1), —Nx($k+1))}

1
< A(peMG)* +4(L5, + ?)]E[ka“ — 2|7 + 4E[[l" ().
k

Proof. By the definition of Z3(z, \) and Lemma we have
E[| V. 2, (a1 N = Vo D, (2" A0 2] S B[N = A2 Ve(@*)[1%) < (0 MG)?.

Then by optimality conditions for ([2.5)), i.e. d(d* + oh(z**1) + nik(:z:k+1 —aF), —Nx (zF*+1)) = 0, it
indicates from Jensen’s inequality and (3.1) that

]E[dQ(Vz.%k (xchrl7 )\kJrl) + ah(l‘k+1), *NX(ZEk+1))]

1
< E[[|VaZp, (2" N —dF — ;(33“1 —2")|?]
k
= E[va‘@ﬁk (xk—Ha )‘k+1) - vw‘@ﬁk (xk+1> )‘k) + vw'@ﬁk (xk+17 )‘k) - vw'@ﬁk (xka )‘k)
1
+ VoD, (2% NF) — dF — — (@M — 2V |7
Nk

4
< 4(ppMG)? + ALE E[l|"1 — 2" |*] + 4Bl %) + ?E[Ilﬂck+1 — 2",
k

which completes the proof. O



LEMMA 3.5. Assume that Assumptions be satisfied, then for any k € [K],

1 L
(5= = 5 Ellz* " — )
M 5 4 (3.5)
k kg 77k
< E[Lp, (28 A) = Loy (28 N 4 M 4 2R o+ M),

Proof. Lemma [3.2| together with (1.7)) implies that

E[Lg, ("7, A%)] = E[Lg, (2L AT — (W = M Te(a" )] > E[Lg, («"F, M) — puM?). (3.6)

k k

According to optimality conditions for (2.5)), there exists a vector s € dh(z*1) such that

1
(dF + s+ — (" — ¥y 2 —2Fty >0, Ve X

Nk
Then by the convexity of h and setting = z*, we have
1
E[h(z"TY) — h(2®)] < E[(s, 21 — 2F)] < —E[(d* + 77—(37;’“Jrl — ), 2Pt k).
k

It thus together with
L
E[Z5, (251, X)) < B, (2, 3) + (Va D (2, A1), 21 — 2) + a1 — o7

indicates from Young’s inequality and ¥ = d* — V, %, (x*, A\F) that

Lg, 1

E[Lg, (2571, M) S E[Lg, (28, M) + (Ve D (28, A7) = dF, 2t = ab) 4 (0 = )t = b))

Nk LB 1
BlLa, (2, X0) 4+ M + (S = 5 )l — b))

Together with (3.6)), we obtain

1
%)E[Ilﬂﬁk+1 =P+ oM (3.7)

Lﬁk B

E[Lg, (a1 N — Lg, (a5, A)] < R[] + (=

Due to Lg, ., (2, ) = Lg, (z,\) + ﬁk“gi_ﬁ’“ﬂc(z)ﬂz, it holds that

Br+1 — B

E[’Cﬁk (‘rk+17 )‘k+1) - ’Cﬁk (‘rk7 Ak)] = E[‘Cﬁk+1 (xk+17 >‘k+1) - E,Bk (xk7 Ak) 9 ” ( k+1)H2]'

Substituting the above equality into (3.7) and rearranging the terms, we derive the conclusion. O

The lemma below provides a recursive bound on .

LEMMA 3.6. Under Assumptions the following relation holds for any k € [K],
E[lle*1%) < (1 = a)’E[|e" %] + 20803, ., +4(1 — ay)? L3, E[|lz"*" — *||?]
+8(1 — ar)® (B — Br)*M2G2 + 8(1 — a ) pp MG (3.8)
Proof. By the definition of ¥ we know that

= (1= ag)(d* = o, (28 N5 €T ) = Vo T (N G (8 N €4 R
= (1= 1) (V2 T, (%, X) = G (N5 €541, CFH)) 4 (1= ag)eh



+ gﬁk+1 (xk-l‘l’ )\k-‘rl; §k+17 Ck-‘rl) _ Vz@,ﬁk“ ($k+1, )\k—i—l).

By squaring both sides of above equality and taking expectation with respect to £¥*1 and ¢*+1, we
obtain

Eciir cnnn [T = (1 = an)[|€¥ 1 + Egrsr e [ Gppy (27 AHL EHL ML) =V, D, (a1, AP
+ (1= o) (Vo Dg, (2%, NF) — Gg, (¥, NF 5L CFH)) |12

= (1= )| + Egrsr crva [[lanArsr + (1 = ag) (Brsr — Corn)|1%],
where the first equality is derived from the relations

E£k+1’<k+1 [<g6k+1 (.,I:k-i-l7 )\k-i-l; gk-‘,—l7 Ck+1) _ V$95k+1 (.’L‘k+1, )\k+1), €k>] _ O7

Eerir crt1[(Ga, (2F, NF €M ¢RI — v, 95, (2%, 0F),eM)] = 0,
and the second equality uses the notations

Api1 = Ggp, (PP NRFL AL (M) @ 9, (T AR,
Brir = Gp, ., (&P T ML L b Gy (2, N g F1 R,

Crt1 := VoD, ., (aFTL N — v, 9, (2, \F).
It is easy to check from (3.2)-(3.3) and E¢r+1 crt1[Bry1] = Cry1 that

Egrer conn [|€5F11%] < (1 — an)?[|€¥1* + Egrr e [207 | Arga|* + 2(1 — ar)?|| Brra — Ciqa|l’]
= (1= o)?|E¥1” + Egrer enen 202 [Ar a1 + 201 — )| Breya |* — 2(1 — k) ?[|Crra 1]
< (1= o)’ [P + Egrrr cren 202 [ Agia|1* + 201 — o) (| Brya [1*)
<(1- ozk)2||€k|\2 + 204%022“1
+4(1 — o) Egirr e [[|Gp, (27T N €5 (M) — G, (28, AR R (M) |7
+4(1 = ap)’Egrrr con [|Gg, y, (P T AT EHL R — Gy (2R F1 AR R (V)12
< (1—ar)?|le"® + 20403, , +4(1 — ax)’L3, [l — 2*|?

+4(1 = ap) x| Gpyy (@1 NHL L) — Gg (L AR P2

For the last term of the above inequality, it can be derived from (1.7]), Assumption Lemma
and the independence of Cf“ and CSH that

Eceni [, (257, W13 1) = Gy, (041, X5 ¢H+1) 2]
< 2B G, (1, AT CFHY) — G (2R, AT (R4 2]
2B i [ G, (1, NFE CEFY) — G, (241, X ¢HH)
< 2(Best — B Bewn [IVC( G2 Cb 15 ¢4 2
2 IV = WP [VC(A T CIP) < 2(Brss — B)2MG? + 20 MG,

Then the conclusion can be derived by taking full expectation. O
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4 Sample complexity analysis

In this section, we analyze sample complexities of TStoM to find approximate solutions. We assume
that parameters used in T'StoM satisfy

1 4772L2 477,%L%
wlg, <=, —R B <oy, B
TS T L, 1= L,

LEMMA 4.1. Suppose that Assumptions hold, then it gives that for any k € [K],

<7<l (4.1)

oh |, 2iaokoh,, | BMEGE S 8M2G2 &
L E[ k k=1""k" Bry1 c _ 2 c 2
Zak [lle®11?] K|/\/l| K T Z(ﬁkﬂ Br)” + K Pk

k=1 k=1

2 1- .
K Z Wﬁ[ﬁﬁk (%, XF) = Ly, (2FFH N + ﬁkﬂg Ok a2 4 pdr?),

Proof. Substituting (3.5)) into . ) leads to
E[eH7) < (1 - an)Ell* 2] + 20303, ., +8(Brer — ) MGE + 803 MG
+4(1 — o)’ L3, E[[]2* T — 2*||7]
< (1= arE[IM2) + 20202, + 8(Bs — B) M2 + 8p2 M2G?
8(1 — o)*mi L Br+1 — B Mk
TP (2R W) = L (N BB 4 e 1 )
k
< (1— aw)’E[||€¥1°] + 20303, ., + 8(Brs1 — Br)*M>G? + 8pi MP G
+ 2ak(l — Ckk)2
Mk
= (1= ap)*(1+ ap)E[||e"|1?] + 20303, , , + 8(Brt1 — i) M26‘2 + 8 M2 G2
+ 20lk(1 — Oék)2
Nk
< (1= B[] + 20303, ., + 8(Buss — ) M2GE + 803 MG
+ 20¢k(1 — Oék)2
Nk

Brr1 = Br L
E[Lg, (25, 0) = La, (2871 N 4 D2 M2 4 SR 4 ]

(@, AR 4 Br+1 — B Prir = Bk ppa oo ar2)

k+1 9

E[Ls, (", X*) = Lg

AN Bry1 — 5kM2+pkM2L

E[ﬁﬁk (xkv)‘k) - £5k+1( ’ 2

where the third inequality follows from (4.1)) and the last inequality comes from aj, € (0,1). Summing
2
the above inequality over k = 1,..., K and using E[||e![]?] < \U/&ll by (3.4), we derive

K K
Z iy |‘j\ﬁ| +2 Z OR0R,., +8MPG Y (Brr — Br)® +8MGZY i
B k=1 k=1
22 ap(l —ay)? E[Ls, (xk’)\k) — Lp,,( k41 /\k+1) ﬁk+12 B M2+ pkMQ].
= (4.2)
The desired result is then obtained by dividing the inequality in by K. O

LEMMA 4.2. Under Assumptions and (4.1), set pr, = % and positive parameters By, = B1,n, =
m, o = a1,k > 1, then it holds that with \¥T1 .= \F+L — grc(aF*h), k € [K],

4(pMG)* | 140f,
- K2 a1K|M\

E[d2(Vf(?ER+1) + 3h($R+1) _ VC(IR+1)5\R+1, *Nx(ZL'RJrl))}

11



28I 0l 112M2G2p?
+ k=1 B1 + cP

N 20 + 28(1 — ap)?
K OélK2

K (Ls, (x4, A — C* +2M?p).  (4.3)

Proof. To begin with, we provide an upper bound for the stationarity measure as represented in
It follows from Lemma [3.4] that

k=1

I Z]E[dQ(Vx%;k (g[;kJrl7 )\k+1) + ah(xk+1)7 *Nx(xkﬂ))]

K K
(pMG 4 4

+ e (L E[|a" ! — 271+ 2 > Ellle™(”] (4.4)
k:l k=1

For the second item in R.H.S. of (4.4)), it is easy to attain from Lemma and [, = (; that
1 & 1
7 2 (Lh + Bl —at |

1+77kL/3 ) i
< = k k \ky _ k+1 \k+1 Tk | k|2 M2
< Y o I (o) = Ly (LX) 4 BRI 4 )

K K
5 5
72 £, (25, 00) = Ly @FFL N 4 M2 + o SR (45)
k=1

where the second inequality comes from 7 = 1 for all k& € [K], together with 1‘“’
and (4.1]). Note that

< Sforve(0,3)

K
Y E[Ls (2" AF) = L, (@ NN = L, (27, A) = ElL gy, (257 A
k=1

Lo, (" X))~ B @) + AR — ) Te(@h ) 4 2 ep R

K
< L (' N) = C*+ M?Y pp=Lp, (z',A) = C* + M?p

. (4.6)
k=1
Substituting (4.6 into (4.5) we can obtain
T
Z E[l|lz*+ —a*||] < — (L (2, A1) = €™ + 2M%p) ZE [P (4.7)
k:l
For the last term of (4.4), by Lemma [4.6), ar = a1, Br = B1 and pp = £, we have
K 2 K 2 2,12 2 2
95 2 Zk:l 103, 8M ch 2(1 - al) 1 41 * 2
L ) —=C*+2M*p).
2_: "1 a K| M| * K a1 K? mK (Lo (@A) * 2
(4.8)
Then, plugging (4.7) into (4.4)), we obtain

E[d?(V (2B + oh(zBTY) — Ve (2B AT Ny (2fTH1)]

= S B (Va5 (2N 4 Oh(E ), N (a5 4))]
k=1

12



4([)MG)2 20 * 2
<= +mK(£ﬁl(x A = CF 4 2M?)p

ij: [lle*11%],

which yields the conclusion by (4.8]). O

= \

LEMMA 4.3. Suppose that the conditions in Lemmal[].9 are satisfied, then it holds that

K
( (pMG) 140’%1 n 282]@:1 0410'%1
K2 OélK|M| K

E[d*(Ve(a™ 1 )e(@™™), Ny (+™))] < =

l\'J

1
112M2G?p? N 20 + 28(1 — aq)?
041[(2 771K

Proof. Tt is apparent that there exists s**! € dh(2**1) such that

A(VF (@) 4 s51 = Ve(aF AT Ay (25

=d(Vf(@"h) + Oh(a"h) = Ve(@ TN Ny (a5 11). (4.9)
For any k > 1, it follows from (L.5)-(L.6), Lemmam 3.2l and A\FHL = \FHL — B c(2FH1) that

(Ls, (21, AY) — CF +2M2p) + (2 + M2p2)G2>.

E[d*(Ve(z"e(@ ), -Nx (")) = E[d* (B Ve(z" ("), ~Nix (a")]

IBk

< SE[@ V(2 + s = Ve HAFL N (")) + [ V)2 + |72

4
3
k
+ AR Vet

k
< ﬁ—E[dQ(Vf( M) 4 OR(aM ) = Ve(@F ML Ny (2" + 24+ (MY pi)*)G?).
1 t=1

Hence, from Lemma [£.2] and
K
1
E[d*(Ve(z™)e(a™), —Nx (a1))] = e Y E[d*(Ve(@e(@* ), =Nx (2*11))],
k=1
we derive the conclusion. O

4.1 Towards a stochastic e-stationary point

We will establish the sample complexity of TStoM to locate a stochastic e-stationary point of ([1.1)).

Following (4.1) we set

n 4am?
= oK = — g = e Ve [K 4.10
ﬂk BO » Nk L K2L7ak K2L(K2L _?7)7 € [ ]7 ( )
where B,v,0> 0,7 € (0, 1=1) and a € [1, 471;]) are constants independent of K. With M| = K1/3,

. = O(Bk) and Lg, = O(ﬁk) the upper bounds given in Lemmas [4.2) and [£.3] are in order
(’)(K‘2 +K4L+2u—§ + KAy 2 +K2L+2v—1)7
O(K’zv,K’%(K’z +K4L+2’U7% 4 K204y g2 K2L+2’U71))’

respectively. Then to derive the lowest possible complexity order, we can determine v, ¢ by solving

4
min max{4¢ + 2v — — 44,204 20— 1, —2v}. (4.11)
v,1>0 3
It is easy to verify that its optimal value is reached at v = ¢+ = %. We thus obtain the complexity

result to find a stochastic e-stationary point.
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THEOREM 4.1. Suppose that Assumptions hold, and By, = K6, pp = £, np = W,
k

2 . — — .
M| = K3, oy, = %,k € [K] with p € (0,K™/%],n € (0,@),0[ € [1,17;7) being

constants independent of K, then
E[d?(V (21 4+ Oh(zFF) — Ve(zTHHYARH Ny (2fF1)] = O(K~1/3), (4.12)
E[d?(Ve (2 e(a ), —Nx (F))] = O(K~1/3). (4.13)

Consequently, to find a stochastic e-stationary point of (1.1)) the sample complezity of TStoM with
T =0 is in order O(e™5).

Proof. Under the assumed parameter settings and letting v = ¢ = %, it is straightforward to obtain

from Lemmas and that ([4.12) and (4.13) hold. To attain a stochastic e-stationary point of
(1.1), K should be in order O(¢~%). Given that four samples are generated per iteration, the total
number of samples used in TStoM with T = 0 is bounded by O(e~5). O

4.2 Towards a stochastic e-KKT point

In this subsection, we will establish the sample complexity of TStoM to find a stochastic e-KKT
point of . As can be seen from Lemmas and the term Lg, (z1, A1), or more specifically
B1lle(z1)]|? has a direct impact on the upper bound of criticality measure. In order to further reduce
the sample complexity characterized in , we must take into account mitigating the impact of
possibly large values of ;. The ideal case is to reduce f31||c(z1)]|? to the order O(1), which can be
realized when the initial point is sufficiently close to the feasible region. This inspires us to search in
Phase I of T'StoM for an approximate feasible point to initialize Phase II. To proceed, we impose the
following assumption.

Assumption 4.1. There exists v > 0 such that v||c(z)| < d(Ve(z)e(z), —Nx () for any z € X.

Assumption [{.I] requires a nonsingularity condition on the Jacobian of constraint functions. The
necessity of such conditions has been revealed in |20} 28] to pursue an approximate KKT point
of nonconvex constrained optimization problems. The definition of uniform regularity presented
in [5] bears a resemblance to Assumption Unlike our work, [6] and [3] require the MFCQ
condition and strong LICQ condition, respectively. According to [21], the relationship between
the MFCQ condition and Assumption is not clearly defined in terms of strength or weakness.
Besides, Assumption [£.I] can be implied by assuming a strong LICQ condition. More specifically,
suppose that X := {z | rj(z) < 0,5 = 1,...,p}, where r; : R” — R are convex and contin-
uously differentiable. For every z € X, let Z(x) := {j | rj(x) = 0}, then the normal cone of
X at @ is given by Nx(z) = {3 cz(,) 9;Vrj(z) + 9; = 0}. Without loss of generality, we define
J(z) == [Vea(z),...,Ven (), Vri(z),. .., Vry(z)] with Z(x) = {1,...,¢}, ¢ < p. By assuming that
singular values of J(x) over X are uniformly lower bounded by v > 0, we can infer that

d(Ve(@)e(a), ~Nx (@) = |3 c@Veile) + Y7 89r,@)|| = [J@es(@)] = vle(@)

where cs5(z)T := [c(z)T,87] and § € RY.

Let us first look at Phase I of TStoM. Under Assumptions we know that ||[Ve(u)c(u) —
Ve(v)e(v)|| < (G2 + ML)|ju — v||, Yu,v € X. Therefore, the gradient function of (1.2)), denoted by
g(x) := Ve(z)c(x), is (G + M L)-Lipschitz continuous over X. Define

Py(z,d) = V(z —z"), where 21 = arg rni)r(l{(d, x) + %Hx —2|1?}.
TE
Let {W',t € [T +1]} be generated by Phase I of TStoM. As the approach in Phase I is a momentum-

based variance-reduced stochastic gradient method targeted at a least square problem over a convex
set, inspired by [33] we obtain the following lemma.
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LEMMA 4.4. Suppose that Assumptions hold, V- = 4(G? + ML)T/3, v, = 3[(t + 1)'/? — (t +
)13, t € [T), and T = [K3/197, then

E[|[Py (2", g"™)[P] = O(K /%), E[|[WTe — g™ |%] = O(K V%), E[|[Py (=7, W) ||?] = O(K /),

where gfo is an abbreviation for g(zF°).

Proof. Under the parameter settings of this lemma, by using Theorem 2.5 in and definition of
Py (-,-) we obtain E[|Py (250, g™0)||?] = O(T~%/3) = O(K~'/5). Besides, by (2.34) in , we can
derive E[|[WFo — gFo|2] = O(V/T) = O(K~'/%). Then due to ||[Py (zflo, W) — P(zfo, gfo)|| <
[WEo — gfo|| indicated by Proposition 1 in [13], we attain E[||Py (2%, WFo)|?] = O(K~1/?). O

The lemma below ensures that Phase I can find an approximately feasible point of (|1.1]).

LEMMA 4.5. Under Assumptions and same parameter settings as Lemma [{.J, Phase I of
TStoM returns a point x' satisfying E[||c(z!)|?] = O(K~1/%).

Proof. Due to the independence of ¢; and ¢z, we can infer that the stochastic gradient of (1.2]) satisfies
E[VC(z;51)C(x;2)] = Ve(x)c(z). By Lemma we can derive

(G? + ML)?

Bflg"+ = g™ ) < (G2 + MLPE[|s+ — 2] = 13

E[”PV(ZRO ) WRO)HQ]’

which is bounded by O(K~%°). Then from the optimality condition for [2:1)), i.e. d(W* + V(z*+! —
z2t), —Nx (1)) = 0, together with V(2! — 2!) = —Py(z*, W) and Lemma [4.4]it follows that
E[d*(Ve(z ez, N (270F1))] = E[d* (g7, —Nix (=77))]
< E[lghett — g + g — (W 4 V(foft — 2 Fo))||2]
< BBy — g 2] 4 3E[IVR — g™ 2]+ SE[V(:Ro — s = O(K 1.

Hence, under Assumption |4.1)and letting ! := 270+ we obtain E[||c(z!)||?] = O(K~1/%). O

Based on above analysis, we arrive at the following theorem, which characterizes the sample
complexity of TStoM to reach a stochastic e-KKT point of (|1.1)).

THEOREM 4.2. Under Assumptions and conditions of Lemma suppose that |M| = K3/°,

2 . —
By = K5, pp = £, ”kzm’ ak_Kz/j(*% Vk € [K ]wzthpe(O,K6/5]7ne(0,@)

and o € [17 e 1) being constants independent of K. Then it holds that

E[A?(Vf(zY) + 0h(zBH) — V(BN Ny (25F1))] = O(K—2/9), (4.14)
E[[le(z™))?] = O(K /7). (4.15)

Consequently, the sample complexity of TStoM to reach a stochastic e-KKT point of (1.1)) is in order
O(e™®).

Proof. As demonstrated in Lemmal4.5] Phase I returns a point 2! such that E[]|c(z")||?] = O(K ~1/%).
By the setting of S, we obtain f[c(z!)||? = (’)(1). Then it is straightforward to derive
by substituting the above parameter settings into . To prove (4.15]), recall that there exists

s*T1 € Oh(a* 1) such that (1.9) holds, then it follows from Assumption 4.1} (T.5)-(L.6), and Lemma
-that

K K
Bllo(e™ )] = & 3 Bl I < 1 3 (am Eld* (3eTele et ), ~Nx (o))

k:l k::l
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K
< ﬁ ;E[dQ(Vf(ﬁkH) 4 P Ve(@F ) (Bee (@) — AFFL), Ny (2511))

FITAEDIR 4+ 54 + X Ve )
<~ (BIOP(V ) 4 O(a ) = V@™ DA, A (2 ))] 4 (24 M%) GP),
1

which is in order O(K~2/%).

To attain a stochastic e-KKT point of (1.1)), K should be in order O(¢~%). Then in analogy to
Theorem the number of samples in Phase II is in order O(e =3 +¢7°?) = O(e~®). Meanwhile, since
Phase I requires at most two samples per iteration and due to T' = [K 3/ 107 we can conclude that the
total number of samples is in order O(e~5). O

As a byproduct, the moving average way to approximate c(x) as in (2.6)) ensures an explicit bound
on the expected error of yf*+1, which however is not provided in [1].

Proposition 4.1. Suppose same conditions as Theorem hold and set T, = W, ke [K]
with n € (0, @),T € [1,7@;"). Then we have E [[|[yf+! — c(zf+1)||] = O(K /%), which is in

order O(I7Y/) with I being the number of samples generated during iteration of TStoM.
Proof. Denote p*f*1 := yk+1 — c(2*+1). By (2.6)), we obtain

P = (=m0 — eah) + (G0 — ea ) + (1 - m)(e(eh) - efat)
= (1= m)p" + 7 (pr + ex), (4.16)

where py, := C(z"1;0F) — c(z"*1), e), := 1= (c(2*) — c(2¥*1)). Then squaring both sides of lj

.
and taking expectation with respect to 6% leads to

Ege[||1" %] = Egr [| (1 = mi)u® + 7 er, + pi) 1)
o [I1(1 = 7)® + Twer]|] + 2 Bon [llpkll*) + 27 Egr [(1 — 7i)* + Ther, pi)]
< (=) K*1? + TiEgx [llex®] + TEgn [[lp2]1%]

1—713,)2G?
< (1=l + S R o — a2+ 7202

+Tkac>

where the first inequality follows from the convexity of |- ||* and Eg« [px] = 0 and the second inequality
is derived from (|1.6) and Assumption Then by taking full expectation on both sides of the above

inequality, summing it over k =1,..., K and applying E [[|4!||*] < 2, we obtain
= k412 < k2 K+1)2 KGQ(l_Tk)Q k41 k2 K22
Y Tent B[] < B (7] + B[] < Y0 SR 2R+ (4 r)er
k=1 k=1 k=1 k k=1
It further implies from (3.5, (4.1) and Bx+1 = B1 that
K
ZTk+1E [l 417
k=1
K 2
< G2 k r k )\k - k+1 Ak+1 k2 M2 1
Zm—mm (30 (0% AY) = Ly (a1, 041 4 Db 4 +Zm
K o2, . K
k k yk k+1 yk+1 kK2 2 2\ 2
< 32 Gz LA N = Lo ) + R+ ] (1 3 e
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where the second inequality uses the nonnegativeness of the first term by (3.5). Due to 7441 = 71

together with (4.6)) and (4.8)) we have

K K K
1 G? 1+>,_,m3)o?
E [[y™" —e(@™ 7] = 2 D_E 167 < D EllF)PT+ oLk
k=1

2
4Ly K Pt K
G® . k yk k41 yk+1 2
+mkz:lﬂ3[£ﬂk($ S AT) = Ly (@A) 4 pp M7
K
__ Geh | GPNiLimol | 2GPMAGER (14 Y o
- 4&1L%1K|M| 2L%1K angle T1K
(1+(1—0a1)*)G? 141 2 —2
L A)—=C*"+2M°p) =O(K™5
+ 27]1L%1K ( ﬂl(x ? ) + p) ( ))
which is in order O(I~2/%). The proof is completed. O

5 Experimental results

5.1 MIMO Transmit Signal Design with Imperfect CSI
For the MIMO transmit signal design problem with imperfect channel state information (CSI), as

discussed in [11], the base station is equipped with n antennas and its MIMO signal, based on estimated
CSL h; € C", i =1,2,...,k, simultaneously transmits k data streams to k users. For each i, there
is an error between the true CSI h; and the estimated CSI, which is defined as e;. To enhance the
average MIMO transmission performance, this problem aims for minimizing the total power while
enabling each user’s expected rate not below a preset threshold. Mathematically, it is formalized as

k
i P):=S Tu(P) st. E[G(PiE)>r, i=12...k,
ij?gﬂg?mf() ; r(P;) s (Gi(PsE)] =1y, i

where G;(P; E) := log(1 + %), i € k], P={P;,i€[k]}, E={e;i € [k]}. For user i, P;
denotes the covariance matrix of the transmit signal, o2 is the variance of the thermal noise, while r;
represents the expected rate. In numerical tests, we set k =4, n =8, r;, = 0.1 and o; = 0.1.

We first compare the performance of our proposed TStoM and SPD [16] on this problem. We
set the maximum number of samples to 1.2 x 10* and «; = 0.6,7, = 0.3 for TStoM, then adopt
identical settings for the remaining parameters in both algorithms to compare the numerical effects
of these two algorithms starting from a nearly feasible initial point. From Figure [1| we can see that
TStoM by introducing momentum, not only reduces the objective function value more rapidly than
SPD but also arrives at a lower constraint violation level. This indicates that the momentum indeed
brings benefit to the algorithm’s performances. Next, we modify the parameters oy and 75 to 0.85
and 0.5, respectively, while ensuring that the remaining parameters of both algorithms maintain their
consistency. We then compare the two algorithms starting from a randomly infeasible point within
2 x 10* sample passes, as shown in Figure 2} In addition, under the same parameter settings we also
demonstrate the numerical performance of TStoM-P2, which merely implements Phase IT of TStoM,
in Figure It can be observed that TStoM outperforms the other two in terms of both objective
value reduction and constraint violation. This further proves the necessity and effectiveness of finding
an initial feasible point.

5.2 Multi-class Neyman-Pearson Classification Problems

We now focus on the multi-class Neyman-Pearson classification problem [21], whose goal is to learn
K models xy, k € [K] given a set of training data with K classes, and predict the class of a data point
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Figure 2: Comparison of TStoM, TStoM-P2 and SPD starting from a randomly infeasible initial point

¢ by choosing the model that maximizes x]¢. It aims to minimize the loss related to a specific class
while controlling the loss values of the other classes, taking the form

iy e |j|ZZl »¢)

p>1€e

Z Zlﬂ%f—ﬂfo)<’7k, k=2,..,K,

p#k E€ETk

st. fr(z |J|

where X = {a, € R" : ||zi|| < A, k € [K]} and I(z) = 1/(1 + €*) is the loss function, J, C R™ for
k=1,2,..., K are sets of training data characterized by K classes. We utilize two datasets from
LibSVM : covtype (K =7) and mnist (K =10). Weset v, =K —1,k=2,..., K, and A = 0.3.

We evaluate the performances of TStoM compared with SLQPM , ICPPC @ and Stoc-iALM
[20]. As can be observed from Figure |3 TStoM shows superior performance on the dataset covtype,
demonstrating a more rapid decrease in the objective function value and a lower level of constraint
violation within the same sample numbers. For the dataset mnist, TStoM and Stoc-iALM perform
similarly in reducing the objective function, but TStoM stands out in reducing constraint violation,
as shown in Figure

5.3 Chance Constrained Program

The chance constrained program is generally given by

i ; .t (&) < ,=1,... >1-—
L EF@E)] st P{Gi(5;0)<0,i=1,...,m} 217,
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where v > 0 is a probability bound. With G(z;¢§) = maxi<i<m{Gi(x; &)}, the chance constraint
is reformulated as E[Ljp o)(G(2;§))] < 7. Nevertheless, since the characteristic function L o) (-)
is discontinuous, we introduce a smoothing function ¢ : R — R and transform the constraint into
E[¢(G(x;&))] — v < 0. We test the norm optimization problem with slight modifications:

P{ Eni in%Z'

Jj=1

in —E[n"z] + Alz[|* st
in —Eln-a] + Alle]” s

guza i€ [m]} 21_’73
where components of 7 are i.i.d. random variables with both mean value and variance equal to 1,
while &;;,7 € [m] and j € [n] are i.i.d. standard normal random variables, A > 0 is a regularization
parameter. We employ the smoothing function ¢(y) := (1 +exp(—y/s))~! with parameter s > 0 .
In Figure [5| we report the numerical comparison results between TStoM, ICPPC, Stoc-iALM,
SLQPM and SPD. For all five algorithms, the maximum number of samples are set as 1.5 x 104,
and m = 8 n = 3. It can be observed from Figure [§] that TStoM prevails over the other four in
terms of reducing the objective function. With regard to the constraint violation, TStoM exhibits
slightly superior performance compared to SPD and SLQPM, outperforming the other two algorithms.
Furthermore, while SLQPM excels in KKT residuals, its constraint violation falls short compared to
TStoM, and it also performs weakly in objective function reduction. In summary, TStoM demonstrates
a more balanced and comprehensivly comparative performance in solving the test problem. Moreover,
the comparison between TStoM and SPD further highlights the crucial role that momentum plays.
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6 Conclusion

We study in this paper a two-phase stochastic momentum-based algorithm for nonconvex constrained
optimization problems whose objective and constraint functions are in expectation forms. The first
phase of algorithm plays as a feasibility search phase, aiming to find an approximately feasible point
to initialize the second phase. In the second phase of the algorithm, we incorporate a momentum
step to compute the stochastic gradient and construct a stochastic approximation to the linearized
augmented Lagrangian function to update the primal variable. The dual update relies on stochastic
constraint function values computed through a moving-average scheme. Under certain conditions, we
analyze the sample complexities of the proposed algorithm to find a stochastic e-stationary point and
a stochastic e-KKT point. We verify the effectiveness of our proposed approach through evaluating
its performance in three numerical experiments.
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