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Abstract

We analyze the Douglas-Rachford splitting method for weakly convex optimization problems,
by the token of the Douglas-Rachford envelope, a merit function akin to the Moreau envelope.
First, we use epi-convergence techniques to show that this artifact approximates the original
objective function via epigraphs. Secondly, we present how global convergence and local linear
convergence rates for Douglas-Rachford can be obtained using such envelope, under mild regularity
assumptions. The keystone of the convergence analysis is the fact that the Douglas-Rachford
envelope evaluated at the generated iterates satisfies a sufficient descent inequality, a feature
that allows us to use arguments usually employed for descent methods. We report the results of
numerical experiments that use weakly convex penalty functions, which are comparable with the
known behavior of the method in the convex case.

Keywords. Nonconvex optimization, weak convexity, Douglas-Rachford splitting, Moreau enve-
lope, epi-convergence.

1 Introduction and motivation

Decomposition techniques are fundamental in dealing with complex large-scale systems. Decomposi-
tion can be achieved by breaking up a problem in simpler pieces, depending on the type of variables
and constraints. Separability can also stem from structural properties, such as smoothness and
convexity, or lack thereof. Splitting methods have been successfully applied in signal processing,
image processing, and machine learning, see [10,12–14,26] for a few illustrations of applications.

Operator splitting methods decompose complex structured problems into smaller individual sub-
problems. A solution of the original problem is obtained by iteratively solving separate subproblems
for each involved function or operator. Prominent instances suitable for composite optimization
are the Douglas-Rachford (DR), the forward-backward (FB), and the Peaceman-Rachford splitting
methods, the Alternating Direction Method of Multipliers (ADMM), and the Spingarn’s partial
inverse; we refer to [10,17,20,32,44] and references therein for details. When applied to optimization
problems, these methods were originally studied for linear, and more generally, convex programming.

The cornerstone of most operator splitting methods is the proximal point algorithm (PPA),
introduced in [35] and thoroughly studied in [40] to find a zero of a maximal monotone operator.
In the context of convex optimization, for proper lower semicontinuous (lsc) convex functions
f, g : Rd → R ∪ {+∞}, the problem boils down to minimizing the composite function f + g. As
explained in [20], one DR splitting iteration (given in the scheme (2) below) amounts to applying
the PPA with constant stepsize equal to 1, to an auxiliary maximal monotone operator. In this
manner, the DR splitting method provably inherits properties of the PPA in the convex case, such
as convergence and convergence rates.
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We focus on problems involving the sum of two terms, the more classical setting. More recently,
extensions to the sum of more than two functions/monotone operators have been proposed, see [21,34]
for some examples. In this way, we consider the following minimization problem

min
x∈Rd

φ(x) = f(x) + g(x), (1)

where f, g : Rd → R ∪ {+∞} are proper lsc functions, not necessarily convex.
Given a relaxation parameter λ > 0, a stepsize γ > 0, and an initial point z0 ∈ Rd, we define

one iteration of the (relaxed) DR splitting method [45] as follows:
xk ∈ proxγf (zk)

yk ∈ proxγg(2xk − zk)

zk+1 = zk + λ(yk − xk).

(2)

Note that for λ = 1, scheme (2) reduces to plain DR splitting. As stated, one iteration amounts to
performing successively proximal steps, computed separately for each term of the sum, followed by
a fixed point/correction step. In the district of proximal splitting methods, the DR method has a
close neighbor, the FB method. This method defines the iterates as xk+1 = proxγg

(
x− γ∇f(xk)

)
,

and it is also known as the proximal-gradient method.
The iterative approach (2) has a long history. Lions and Mercier in [32] studied convergence

properties and speed of convergence for splitting methods to find a zero of the sum of two maximally
monotone operators defined on a Hilbert space. As a special case, this analysis covers optimization
problems of the form (1) for proper lsc convex functions, where the corresponding operators are the
subdifferentials of convex analysis of the involved functions. Under mild regularity assumptions,
the DR sequence {zk} converges to some z⋆, for which x⋆ = proxγf (z⋆) solves (1), and both {xk}
and {yk} converge to x⋆ [20, Theorem 3.15,Proposition 3.40]. Additionally, if f is differentiable and
strongly convex, with Lipschitz continuous gradient, then {zk} Q−linearly converges to z⋆, and
{xk} Q−linearly converges to the unique solution to (1). For varying stepsizes and inexact proximal
evaluations, see [22, Theorem 7].

Typically, the analysis of DR splitting relies on the study of the sequence of distances from the
iterates to the solution set, and its monotonicity. However, the sequence of function values is not
monotonically nonincreasing necessarily, and for this reason [37] introduced a special merit function,
called Douglas-Rachford envelope (DRE), that shows a monotone behavior alongside iterations. For
convex composite problems with a convex quadratic term, the DRE is real-valued and continuously
differentiable. Furthermore, one DR splitting iteration corresponds to one variable metric gradient
step applied to the DRE [37, equation (17)]. In a manner similar to how the Moreau envelope
sheds a light on the PPA, the DRE gives an insight on DR. In particular, because the DR splitting
method provides (sufficient) descent for the merit function DRE, a variable metric gradient method
for the DRE yields complexity estimates and rates of convergence for the DR iterates. A point
crucial for this type of analysis is that DRE critical points are related to minimizers of the original
convex problem. For convex composite objective functions with a (sufficiently) smooth and strongly
convex term, a similar approach is adopted in [38] to analyze the FB splitting method by means of
a suitably defined envelope (see (7)).

The literature is much more scarce for nonconvex problems, the setting considered in this
work. The authors in [29,30] study the sum of a differentiable function with Lipschitz continuous
gradient, and a proper lsc function with an easily computable proximal operator. By defining a
merit function related to the DRE, subsequential convergence to a critical point is obtained, as well
as eventual convergence rates under some extra assumptions, namely, that the functions satisfy the
K L inequality [8, 28], a concept related to error bounds [31, Theorem 4.1]. These two notions are
often used in the literature to establish local rates of convergence [4, 9, 15,24,31,33,39].

The purpose of this work is to provide a deeper understanding of splitting methods by using
Moreau-type envelopes, in particular, our focus being the DR splitting method. We first start
examining how the epigraph of the FBE and DRE approximate the epigraph of the composite
objective function, shedding a light on why these envelopes are quite successful not only in explaining
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the convergence of the splitting methods in nonconvex settings, but also in defining appropriate
approximations of the objective function. This is a consequence of the nature of the envelopes
themselves, since they can be interpreted as extensions of the Moreau envelope (defined in (6))
tailored to composite optimization problems. We follow the approach developed in [11].

The second part of our contributions refers to deriving local convergence rates of the DR
splitting method for weakly convex optimization using envelopes. This is achieved by combining the
machinery developed in [45] for the DRE with the unifying framework for descent methods from [4].
Our results resemble the ones briefly referred without proof in [45, page 15] for semialgebraic
functions, and the ones presented in [30] using a different Lyapunov-type merit function.

The remainder of this work is organized as follows. We introduce the notation and background
on variational analysis in § 2. Next, in § 3 we investigate the envelopes for the FB and the DR
methods from a theoretical point of view. In particular, we establish that both FBE and DRE
epi-approximate the objective function of interest, and explore some consequences of this fact. In § 4
we show the necessary components to follow the ideas of [4] to obtain convergence and local rates
of convergence for the nonconvex DR splitting method, under the assumption of a mild regularity
condition. We then proceed in § 5 to show the numerical performance of the DR method when
applied to a regularized linear regression problem using weakly convex penalties. We close in § 6
with some concluding remarks and possible extensions.

2 Background material

2.1 Notation and basic definitions

Unless stated otherwise, ⟨·, ·⟩ denotes an inner product in Rd, and ∥ · ∥ its induced norm. A function
φ : Rd → R ∪ {+∞} is called proper whenever a point x ∈ Rn exists such that φ(x) < +∞. The
set of such points satisfying this condition, the domain of φ, is denoted by dom(φ). The epigrapgh
of φ is defined as epi(φ) = {(x, α) ∈ Rd ×R : φ(x) ≤ α}.

For a set C ⊆ Rd, and a sequence of sets {Ck ⊆ Rd}, the inner limit of {Ck}, denoted lim inf
k→+∞

Ck,

is the set of all limit points of sequences {xk ∈ Ck}, that is,

lim inf
k→+∞

Ck = {x ∈ Rd| ∃{xk} such that Ck ∋ xk → x as k → +∞}.

The outer limit of {Ck}, denoted lim sup
k→+∞

Ck, is the set of all accumulation points of sequences {xk}k

with elements in Ck throughout the respective convergent subsequence, that is,

lim sup
k→+∞

Ck = {x ∈ Rd| ∃{xk} and a subsequence Ckj ∋ xkj → x as j → +∞}.

Note that lim inf
k→+∞

Ck ⊆ lim sup
k→+∞

Ck. We say {Ck} set-converges to C if lim sup
k→+∞

Ck ⊆ C ⊆ lim inf
k→+∞

Ck. A

sequence of functions {φk : Rd → R∪{+∞}} is said to epi-approximate φ (cf. [11, eq. (3.1)]) if {φk}
epi-converges to φ, that is, {epi(φk)} set-converges to epi(φ). As an example, any proper lsc convex
function can be epi-approximated by its Moreau envelope, defined below in (6) (see [11, Corollary
4.8]). In § 3, we prove that both the FBE and the DRE epi-approximate f + g in a broader setting.

For a proper function φ : Rn → R ∪ {+∞}, and x ∈ dom(φ), we denote by ∂̂φ the Frechet (or
regular) subdifferential of φ, defined as

∂̂φ(x) =

{
v ∈ Rd : lim inf

y→x

φ(y) − φ(x) − ⟨v, y − x⟩
∥y − x∥

≥ 0

}
.

The limiting (or general) subdifferential of φ, denoted ∂φ, is defined as

∂φ(x) = lim sup
y−→

φ
x

∂̂φ(x),
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where y −→
φ

x denotes convergence in the attentive sense, that is, y → x and φ(y) → φ(x). If φ is

proper lsc convex, then the Frechet and limiting subdifferentials coincide with the subdifferential of
convex analysis, namely, the set of vectors v ∈ Rn such that for all y ∈ Rn, φ(y) ≥ φ(x) + ⟨v, y−x⟩.
When φ is differentiable, then ∂̂φ(x) = ∂φ(x) = {∇f(x)}. A notion that is crucial for calculus
rules for subdifferentials is the horizon subdifferential. We denote by ∂∞φ(x) the set of horizon
subgradients v of φ at x ∈ dom(φ), vectors for which there exist sequences xk −→

φ
x, and tk ↓ 0, such

that vk ∈ ∂φ(xk), and tkv
k → v.

We say a point x is critical for φ if 0 ∈ ∂φ(x). This condition is necessary for a point to be a
local minimum. For a critical point x of φ, the real number φ(x) is called critical value.

A special family of differentiable functions is the continuously differentiable functions with
Lipschitz continuous gradient. We say a function f : Rd → R is Lf -smooth for Lf > 0, if f is
continuously differentiable, and for all x, y ∈ Rd, ∥∇f(x)−∇f(y)∥ ≤ Lf∥x−y∥. In the next lemma,
we state a powerful tool supplied by L-smooth functions.

Lemma 2.1 (Descent lemma). Let f : Rd → R ∪ {+∞} be Lf -smooth function. Then, for all
x, y ∈ Rd,

|f(y) − f(x) − ⟨∇f(x), y − x⟩| ≤
Lf

2
∥x− y∥2. (3)

For functions with a benign form of nonconvexity (using the terminology of [47]), we can exploit
convex analysis machinery. A function φ : Rd → R ∪ {+∞} is said to be ρ−weakly convex, for
ρ > 0, if φ(·) + ρ

2∥ · ∥2 is convex. Weakly convex functions can be characterized in a variety of
forms [16]. In particular, a function φ is ρ−weakly convex, if and only if, for any y, x ∈ dom(φ),
and v ∈ ∂φ(x),

φ(y) +
ρ

2
∥y − x∥2 ≥ φ(x) + ⟨v, y − x⟩. (4)

Examples of weakly convex functions are convex functions (ρ = 0) and L-smooth functions (ρ = L) [4,
Proposition 2.4]. More properties and examples of weakly convex functions can be found in [16, 27].
See also § 5 for two examples of weakly convex functions used as regularizers.

2.2 Proximal operator and Moreau envelope

As stated in (2), one iteration of DR splitting is constructed using the proximal operator, defined
as follows. For a point x ∈ Rd, proxγφ(x) denotes the proximal point operator of φ for a stepsize
parameter γ > 0 evaluated at x, and defined by

proxγφ(x) = arg min
y∈Rn

{
φ(y) +

1

2γ
∥y − x∥2

}
. (5)

The optimal value function of the minimization problem in (5) defines the Moreau envelope of φ
with stepsize γ > 0, denoted by eγφ. More precisely,

eγφ(x) = inf
y∈Rd

{
φ(y) +

1

2γ
∥y − x∥2

}
. (6)

In the general case, the operator proxγφ : Rn ⇒ R
n could be empty-valued and eγφ might take

the value −∞. The proximal operator and the Moreau envelope are well-defined for prox-bounded
functions. We say φ is prox-bounded if φ(·) + 1

2γ ∥ · ∥
2 is bounded from below for some γ > 0, and

the supremum γφ > 0 of such parameters is called the threshold of prox-boundedness. In this
manner, if φ is a proper lsc prox-bounded function with threshold γφ > 0, then for any γ ∈ (0, γφ),
the images of proxγφ are nonempty and compact, and eγφ is finite-valued [41, Theorem 1.25]. A
particular case is when φ is a proper lsc convex function, in which case γφ = +∞, and proxγφ is a

single-valued mapping [41, Theorem 12.12, Theorem 12.17]. As a consequence, when f : Rd → R is
a Lf -smooth function, and g : Rd → R ∪ {+∞} is a ρ-weakly convex function, both proximal steps
in (2) are uniquely defined for any γ ∈ (0,min{L−1

f , ρ−1}).
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The proximal operator enjoys a plethora of calculus rules. The following result is standard for
convex functions, and since it can be easily proven using the optimality conditions of the proximal
operator, it also holds in a broader setting. We resort to this lemma to prove the next result.

Lemma 2.2. Let G : Rd → R∪ {+∞} be a proper lsc prox-bounded function with threshold γG > 0.
Define Ga(·) = G(·) + ⟨a, ·⟩ for some a ∈ Rd. Then, for all γ ∈ (0, γG) ,

proxγGa
(·) = proxγG(· − γa).

Likewise, the next result is valid in the convex case [6, Theorem 23.47], and we extend it here
for weakly convex functions, to use it in the following section.

Lemma 2.3. Let G : Rd → R ∪ {+∞} be a proper lsc ρ−weakly convex function, {xk} a sequence
and x̄ ∈ Rd, such that xk → x̄. Given a sequence of real numbers {γk} such that γk ↓ 0, then

proxγkG
(xk) → proj

dom(∂G)
(x̄).

Proof. Denote µ−1
k = γ−1

k − ρ, in such a way that for all k sufficiently large, µk > 0 and µk ↓ 0.
Then

proxγkG
(xk) = arg min

x∈Rd

{
G(x) +

ρ

2
∥x− xk∥2 +

1

2µk
∥x− xk∥2

}
= proxµk(Gρ(·)−ρ⟨xk,·⟩)(x

k)

= proxµkGρ(·)(x
k + ρµkx

k),

where Gρ(·) = G(·) + ρ
2∥ · ∥

2, and the last line follows from Lemma 2.2. Since Gρ is convex, and
xk + ρµkx

k → x̄, the conclusion follows from [6, Theorem 23.47] and dom(∂G) = dom(∂Gρ).

3 Epigraphic approximation through envelopes

The approximation theory for optimization problems via set-convergence has been explored in [42].
In this section, we first introduce the aforesaid envelopes for the FB and DR methods, and state
some properties. Then, we prove that the FBE epi-approximates the original function and, as a
consequence, that the DRE enjoys the same property. The relevance of this result is that these
envelopes not only coincide with the objective function at a global minimum (see (13)), but also
their epigraphs asymptotically coincide with the epigraph of the objective function, a much stronger
notion of approximation as discussed in [42]. The foundation of this behavior is the fact that the
Moreau envelope itself shows it. In some sense, it should be expected that any method of proximal
type satisfies the epi-approximation property.

3.1 Moreau-type envelopes for splitting methods

As stated in the introduction, the FB splitting method has x 7→ proxγg(x− γ∇f(x)) as iteration
operator. A merit function resembling the Moreau envelope can be defined for the FB method,
corresponding to a value function associated with the itetarion operator. More precisely, given
x ∈ Rd and γ > 0, the forward-backward envelope (FBE) [36,46] is defined as

φFB
γ (x) = min

y∈Rd

{
f(x) + ⟨∇f(x), y − x⟩ + g(y) +

1

2γ
∥y − x∥2

}
. (7)

Problem (7) can be seen as an approximation of eγφ(x): f is replaced by its first-order Taylor
model of at x. Observe that any minimizer of the problem in (7) defines the next step of the
FB splitting method. As an optimal value function, the FBE is a real-valued locally Lipschitz
penalty [46, Proposition 4.2] when f : Rd → R is Lf -smooth, g : Rd → R ∪ {+∞} is proper lsc
prox-bounded with parameter γg > 0, and γ ∈ (0,min{L−1

f , γg}). Similarly, for any z ∈ Rn and
γ > 0, the Douglas-Rachford envelope (DRE) [37,45] is defined as

φDR
γ (z) = min

y∈Rd

{
f(proxγf (z)) + ⟨∇f(proxγf (z)), y − proxγf (z)⟩ + g(y) +

1

2γ
∥y − proxγf (z)∥2

}
.

(8)
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Problem (8) can be interpreted as an approximation of eγφ(x) as well. Namely, in the sum φ = f +g,
f is replaced by its first-order Taylor model of at x = proxγf (z). Under similar assumptions for the
FB method, the DRE is also finite-valued and locally Lipschitz continuous [45, Proposition 3.2].
Furthermore, it is straightforward that the following relationship between envelopes holds

φDR
γ (z) = φFB

γ (proxγf (z)). (9)

An advantage of the DRE (and the FBE) over other merit functions defined for splitting methods,
is that it corresponds to a natural extension of the Moreau envelope in the following sense. Since f
is Lf−smooth, proxγf is a single-valued operator [45, Proposition 2.3(i)], and from the update rule

of xk in (2),
xk = proxγf (zk) ⇐⇒ 0 = γ∇f(xk) + xk − zk. (10)

Combining this last identity with the update rule of yk in (2), then yk is a solution to the following
problem

min
y∈Rd

{
g(y) +

1

2γ
∥y −

(
xk − γ∇f(xk)

)
∥2
}
. (11)

The optimal value of this problem is exactly eγg(xk − γ∇f(xk)), and the same holds for the FBE.
After expanding squares in the above expression, we end up with the form of the DRE presented
above.

Another interpretation of the DRE is available when rewriting it as a penalty function in explicit
form. For this purpose, we first reformulate problem (1) as follows

min
x,y∈Rd

f(x) + g(y) s.t. x− y = 0.

The augmented Lagrangian of this reformulation is, for β > 0 :

Lβ(x, y, w) = f(x) + g(y) + ⟨w, x− y⟩ +
β

2
∥x− y∥2,

where w ∈ Rd is a Lagrange multiplier associated with the constraint x− y = 0. Therefore, by the
definition of the DRE, it holds for all k:

φDR
γ (zk) = Lγ−1

(
xk, yk, γ−1(xk − zk)

)
. (12)

Regarding convergence, one of the crucial properties of the DRE (and FBE) is that it preserves
the minimizers of the original objective function, whenever they exist [45, Theorem 3.4], [46, Theorem
4.4]. More precisely, when f is Lf -smooth, g is proper lsc prox-bounded with threshold γg, and
arg minφ ̸= ∅, then for any γ ∈ (0,min{L−1

f , γg}),

inf φ = inf φFB
γ = inf φDR

γ , arg minφ = arg minφFB
γ = proxγf (arg minφDR

γ ). (13)

In particular, whenever φ is bounded below, so are the FBE and the DRE. Although crucial to
obtain convergence to critical points of the original problem via envelopes, the above identities only
regard the behavior at minimizers of φ and the envelopes. In the following section, we prove that
these envelopes actually approximate the objective function via epigraphs, a more robust property.

3.2 Epigraphic approximation via FBE and DRE

We start the analysis by proving that the FBE of φ = f + g epi-approximates φ in a prox-friendly
nonconvex convex setting, and then extend the results for the DRE. First, we prove a technical
result from which can be deduced that the FBE is an outer epi-approximation of the objective
function.

Lemma 3.1. Suppose f : Rd → R is a Lf -smooth function, g : Rd → R ∪ {+∞} is a proper lsc
prox-bounded function, and φ = f + g. Then,

epi(φ) + lim inf
γ↓0

epi

(
1

2γ
∥ · ∥2

)
⊆ lim inf

γ↓0
epi(φFBγ ).
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Proof. Let (x, ξ) ∈ epi(φ) and (y, η) ∈ lim infγ↓0 epi(∥ · ∥2/(2γ)). Take any γk ↓ 0 and (yk, ηk) →
(y, η), such that (yk, ηk) ∈ epi(∥ · ∥2/(2γk)) for all k. Consequently,

φ(x) +
1

2γk
∥yk∥2 ≤ ξ + ηk.

In view of Lemma 2.1, it holds for all z ∈ Rd,

f(x + yk) + ⟨∇f(x + yk), z − (x + yk)⟩ + g(z) ≤ φ(z) +
L

2
∥z − (x + yk)∥2.

Define {µk} such that γ−1
k = µ−1

k + L for all k, that is, γk = µk
1+µkL

. Note that for all sufficiently
large k, µk > 0, and thus µk ↓ 0. Combine the latter estimate with the definition of the FBE to
obtain, for all sufficiently large k,

φFB
µk

(x + yk) ≤ inf
z∈Rd

{
φ(z) +

1

2

(
1

µk
+ L

)
∥z − (x + yk)∥2

}
= inf

z∈Rd

{
φ(z) +

1

2γk
∥z − (x + yk)∥2

}
≤ φ(x) +

1

2γk
∥yk∥2

≤ ξ + ηk.

Hence, (x + yk, ξ + ηk) ∈ epi(φFB
µk

), and (x + yk, ξ + ηk) → (x + y, ξ + η) as µk ↓ 0, or equivalently,

(x + y, ξ + η) ∈ lim infµ↓0 epi
(
φFB
γ

)
.

Next, we prove that the FBE is an inner epi-approximation of φ for weakly convex problems,
and thus it defines an epi-approximation (cf. [11, Proposition 4.5]).

Theorem 3.2 (Epi-approximation: forward-backward envelope). Suppose f : Rd → R is a Lf -
smooth function, g : Rd → R ∪ {+∞} is a proper lsc ρ-weakly convex function, and φ = f + g.
Then, for any γk ↓ 0, {φFBγk

} epi-approximates φ.

Proof. First, it holds that
lim inf

γ↓0
epi(φFB

γ ) ⊇ epi(φ).

Indeed, since ∥0∥2/(2γ) ≤ 0, then (0, 0) ∈ epi

(
1

2γ
∥ · ∥2

)
, and thus Lemma 3.1 gives the inclusion.

Next, we prove
lim sup

γ↓0
epi(φFB

γ ) ⊆ epi(φ).

Let (x̄, ᾱ) ∈ lim supγ↓0 epi(φFB
γ ). Then, up to a subsequence, there exist γk ↓ 0, xk → x̄, and αk → ᾱ,

such that φFB
γk

(xk) ≤ αk. Setting zk = proxγkg
(xk − γk∇f(xk)), note that zk → proj

dom(∂g)
(x̄) in

view of Lemma 2.3 and xk − γk∇f(xk) → x̄. Observe that, actually, zk → x̄. Indeed, by way of
contradiction, assume that {zk − xk} stays bounded away from 0. By definition of zk,

f(xk) + ⟨∇f(xk), zk − xk⟩ + g(zk) +
1

2γk
∥zk − xk∥2 ≤ αk,

and Lemma 2.1,

f(xk) + ⟨∇f(xk), zk − xk⟩ ≥ f(zk) − L

2
∥zk − xk∥2,

it follows that

φ(zk) +
1

2

(
1

γk
− L

)
∥xk − zk∥2 ≤ αk. (14)

Since g is ρ−weakly convex, there exists an affine function ℓφ that globally lower bounds φ+ ρ
2∥ · ∥

2.
In this way, (14) implies

ℓφ(zk) +
1

2

(
1

γk
− L

)
∥zk − xk∥2 ≤ αk +

ρ

2
∥zk∥2.
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Take µk ∈ R such that µ−1
k = γ−1

k − L. For all sufficiently large k, µk > 0, and also µk ↓ 0.
Rearranging terms in the estimate above and dividing by ∥zk − xk∥, it yields

1

2µk
∥zk − xk∥ ≤ αk − ℓφ(zk)

∥zk − xk∥
+

ρ

2

∥zk∥2

∥zk − xk∥
.

Since both {zk} and {αk} are convergent sequences, the assumption on {zk − xk} implies that the
right-hand side of the last estimate is bounded, while the left-hand side is unbounded, yielding a
contradiction. Therefore, zk − xk → 0, and thus zk → x̄. Furthermore, (14) implies that {φ(zk)} is
upper bounded, and since φ is lsc, then φ(x̄) ≤ lim inf

k→+∞
φ(zk) < +∞. Hence x̄ ∈ dom(φ). In order

to show that (x̄, ᾱ) ∈ epi(φ), note that (14) is equivalent to

1

2µk
∥xk − zk∥2 ≤ αk − φ(zk). (15)

Up to a subsequence if necessary, φ(zk) → lim inf
k→+∞

φ(zk). Then, from (15), it holds that 0 ≤

ᾱ− lim inf
k→+∞

φ(zk) ≤ ᾱ− φ(x̄), and thus (x̄, ᾱ) ∈ epi(φ).

In this manner,
lim sup

γ↓0
epi(φFB

γ ) ⊆ epi(φ) ⊆ lim inf
γ↓0

epi(φFB
γ ),

and the conclusion follows.

In view of the intrinsic relationship between the forward-backward and the Douglas-Rachford
splitting methods, the DRE enjoys the same type of epi-approximation properties of the FBE, as
stated in next result.

Corollary 3.3 (Epi-approximation: Douglas-Rachford envelope). Suppose f : Rd → R is a Lf -
smooth function, g : Rd → R ∪ {+∞} is a proper lsc ρ-weakly convex function, and φ = f + g.
Then, for any γk ↓ 0, {φDR

γk
} epi-approximates φ.

Proof. Let (z, α) ∈ lim supγ↓0 epi
(
φDR
γ

)
, then there exist γk ↓ 0 and, up to a subsequence, (zk, αk) ∈

epi
(
φDR
γk

)
, zk → z, and αk → α. In view of (9),

epi
(
φDR
γ

)
= epi

(
φFB
γ ◦ proxγf

)
,

and thus (proxγkf
(zk), αk) ∈ epi

(
φFB
γk

)
. Taking the limit, Theorem 3.2 and Lemma 2.3 imply

(z, α) ∈ lim sup
γ↓0

epi
(
φFB
γk

)
= epi(φ).

On the other hand, take (z, α) ∈ epi(φ). In view of Theorem 3.2, there exist γk ↓ 0, zk → z and
αk → α, such that (zk, αk) ∈ epi

(
φFB
γk

)
. Set wk = zk + γk∇f(zk), then zk = proxγkf

(wk), and

wk → z. In this way, (9) yields (wk, αk) ∈ epi
(
φDR
γk

)
, and thus (z, α) ∈ lim infγ↓0 epi

(
φDR
γ

)
. Hence,

lim sup
γ↓0

epi
(
φDR
γ

)
⊆ epi(φ) ⊆ lim inf

γ↓0
epi
(
φDR
γ

)
,

and the conclusion follows.

Epi-approximation of the objective function via envelopes complements the set of relationships
in (13). More precisely, the handy characterization of epi-convergence is provided in [41, Proposition
7.2] guarantees that for any x̄ ∈ arg minφ, any approximation xk → x̄ with γk ↓ 0, φFB

γk
and φDR

γk
approximate inf φ from above:

lim inf
k→+∞

φFB
γk

(xk) ≥ φ(x̄), and lim inf
k→+∞

φDR
γk

(xk) ≥ φ(x̄).
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Furthermore, it also certifies the existence of a sequence yk → x̄ that approximates inf φ from below:

lim sup
k→+∞

φFB
γk

(yk) ≤ φ(x̄), and lim sup
k→+∞

φDR
γk

(yk) ≤ φ(x̄).

Therefore, for such approximation,

lim
k→+∞

φFB
γk

(yk) = lim
k→+∞

φDR
γk

(yk) = inf φ.

Another consequence of Theorem 3.2 and Corollary 3.3 is that subgradients of φ can be
approximated using gradients of the envelopes, under further regularity assumptions. We follow the
approach in [1, Theorem 5.3] to first characterize the subdifferentials of the FBE and the DRE.

Lemma 3.4. Suppose that f : Rd → R is a twice continuously differentiable Lf -smooth function
with Lipschitz continuous Hessian, and g : Rd → R ∪ {+∞} is a proper lsc prox-bounded function
with threshold γg > 0. Then, for any γ ∈ (0,min{L−1

f , γg}),

∂φFBγ (x) = γ−1
(
I − γ∇2f(x)

)[
x− conv

(
proxγg

(
x− γ∇f(x)

))]
.

Proof. In view of [1, eq. (52)], for all x ∈ Rd,

φFB
γ (x) + Aγg

(
x− γ∇f(x)

)
= f(x) +

1

2γ
∥x∥2 − ⟨∇f(x), x⟩,

where Aγg is the Asplund function of g with parameter γ, a convex and globally Lipschitz function

whenever γ ∈ (0, γg) [1, Proposition 2.7]. Since φFB
γ is a locally Lipschitz function and ∇f is

Lipschitz continuous, then ∂∞φFB
γ (x) = {0} and ∂∞(Aγg(· − γ∇f(·))

)
(x) = {0}, and thus the

transversality condition ∂∞φFB
γ (x) ∩ −∂∞(Aγg(· − γ∇f(·))

)
(x) = {0} trivially holds. Therefore,

the sum rule for subdifferentials, [41, Exercise 8.8] and [3, Lemma 1] give

∂φFB
γ (x) + ∂

(
Aγg(· − γ∇f(·))

)
(x) = γ−1

(
I − γ∇2f(x)

)
x.

Furthermore, due to [41, Theorem 10.6] and [1, Proposition 2.7],

∂
(
Aγg(· − γ∇f(·))

)
(x) = γ−1(I − γ∇2f(x))conv

(
proxγg

(
x− γ∇f(x)

))
.

Combining the last two equations gives the desired result.

An expression for the subdifferential of φDR
γ can be deduced then by resorting to the relationship

between the FBE and the DRE in (9).

Corollary 3.5. Suppose that f : Rd → R is a twice continuously differentiable Lf -smooth function
with Lipschitz continuous Hessian, and g : Rd → R ∪ {+∞} is a proper lsc prox-bounded function
with threshold γg > 0. Then, for any γ ∈ (0, γ ∈ (0,min{L−1

f , γg}),

∂φDR
γ (z) = γ−1∇ proxγf (z)

(
I − γ∇2f(proxγf (z))

)(
proxγf (z) −Rγ(z)

)
,

where Rγ(z) = conv
[

proxγg

(
proxγf (z) − γ∇f(proxγf (z))

)]
.

Proof. Since Aγg is convex, then it is subdifferentiable regular. Applying the chain rule [41, Theorem
10.6] to the identity (9) to conclude by using Lemma 3.4 and [3, Lemma 1]

Under the assumptions of Lemma 3.4 and Corollary 3.5, if in addition we assume that g is weakly
convex, then the FBE and the DRE are continuously differentiable. Indeed, for all sufficiently small
γ > 0, for all x ∈ Rd,

∇φFB
γ (x) = γ−1

(
I − γ∇2f(x)

)[
x− proxγg

(
x− γ∇f(x)

)]
,

9



and for any z ∈ Rd,

∇φDR
γ (z) = γ−1

(
I − γ∇2f

(
proxγf (z)

))[
proxγf (z) − proxγg

(
proxγf (z) − γ∇f(proxγf (z))

)]
.

Furthermore, these gradients provide and outer approximation of the subdifferential of φ. In fact,
in view of [41, Corollary 8.47], Theorem 3.2 and Corollary 3.3, for any x ∈ dom(φ) and v ∈ ∂φ(x),
there exists a sequence {yk} such that, up to a subsequence,

yk → x, φFB
γk

(yk) → φ(x), and ∇φFB
γk

(yk) → v,

and, analogously, there exists a sequence {xk} such that, up to a subsequence,

xk → x, φDR
γk

(xk) → φ(x), and ∇φDR
γk

(xk) → v.

In this section, we have examined variational analysis properties of the proximal-type envelopes
defined for the FB and DR methods. In the following section, we focus on algorithmic consequences
of the properties of these envelopes.

4 Convergence of Douglas-Rachford splitting through envelopes

We now proceed to examine envelopes from a different perspective, and focus on the behavior of the
iterates generated by the DR method. Different from the PPA and the FB splitting method, the
sequence generated by the DR splitting method does not define a monotone sequence of function
values. In this regard, the DRE arises as a device that allows to analyze the DR method using
arguments of descent methods.

As mentioned in [45, Remark 3.1], if f : Rd → R is Lf -smooth and g : Rd → R ∪ {+∞} is
proper lsc, then the scheme in (2) is well-defined for any 0 < γ < 1

Lf
, as long as problem (1) has a

nonempty set of solutions. Under the same assumptions, for the sequence {(xk, yk, zk)} generated
by (2), it also holds

φDR
γ (zk) ≤ φ(xk), (16)

φ(yk) ≤ φDR
γ (zk) −

1 − γLf

2γ
∥xk − yk∥2. (17)

As a consequence, any limit point (x⋆, y⋆, z⋆) of the sequence {(xk, yk, zk)}, whenever they exist,
satisfy

φDR
γ (z⋆) ≤ φ(x⋆), and φ(y⋆) ≤ φDR

γ (z⋆) −
1 − γLf

2γ
∥x⋆ − y⋆∥2. (18)

4.1 Douglas-Rachford splitting as a descent method

Convergence properties for the DR splitting method can be obtained using customary arguments of
descent methods and the DRE. The authors in [45] construct the tools to employ the line of reasoning
detailed in [4,5]. The first main ingredient is to prove that the DR splitting method is a descent
method for the DRE, which means {φDR

γ (zk)} satisfies a sufficient descent estimate [45, Theorem
4.1]. The second ingredient is an estimate for a subgradient of the Augmented Lagrangian in (12),
briefly mentioned in [45], that let us understand DR splitting as a descent method for the DRE in
the sense of [4]. The next result summarizes these two key properties.

Proposition 4.1 (Descent properties of DR splitting). Suppose f : Rd → R is a Lf -smooth function,
g : Rd → R ∪ {+∞} is a proper lsc prox-bounded function, and for φ = f + g, arg minφ ̸= ∅. For

λ ∈ (0, 2), and γ ∈
(

0, 2−λ
2Lf

)
, consider the iterates {(xk, yk, zk)} generated by (2). Then, for all

k ≥ 1,

φDR
γ (zk) ≥ φDR

γ (zk+1) + cmax

{
1

(1 + γLf )2
∥zk − zk+1∥2, ∥xk − xk+1∥2

}
, (19)
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where

c =
2 − λ

2λγ
−

Lf

λ
> 0.

Furthermore, for ξk =
(
xk, yk, γ−1(xk − zk)

)
, it holds

sk :=
(
γ−1(xk − yk), 0, xk − yk

)
∈ ∂̂Lγ−1(ξk), (20)

and
∥sk∥ = λ−1

√
γ−2 + 1∥zk+1 − zk∥. (21)

Proof. First, the estimate (19) for ∥zk − zk+1∥2 corresponds to [45, (4.2)] for σφ1 = −L. The
estimate for ∥xk − xk+1∥2 appears in the proof of [45, Theorem 4.1]. For the second result, the
subdifferential of Lγ−1 at ξ = ξk can be computed taking partial derivatives with respect to the
different components of the primal-dual vector ξ, as follows:

• Since f is differentiable, ∂̂xLγ−1(x, y, w) = {∇f(x)+w+γ−1(x−y)}. Then, taking (x, y, w) =
ξk, and using (10), it follows that

∂̂xLγ−1(ξk) = {∇f(xk) + γ−1(xk − zk) + γ−1(xk − yk)} = {γ−1(xk − yk)}.

• From the optimality condition of yk for problem (8), 0 ∈ ∂̂g(yk) + ∇f(xk) + γ−1(yk − xk),
and thus it follows that ∂yLγ−1(ξk) = ∂̂g(yk) − γ−1(xk − zk) + γ−1(yk − xk) ∋ 0.

• Since Lγ−1 only depends on w linearly, then ∂̂wLγ−1(ξk) = {γ−1(xk − zk)}.

Therefore, from ∂̂Lγ−1(ξk) = ∂̂xLγ−1(ξk) × ∂̂yLγ−1(ξk) × ∂̂wLγ−1(ξk), identity (20) follows. To
prove (21), note that due to the update rule for {zk} in (2), it follows

∥sk∥2 = γ−2∥xk − yk∥2 + ∥xk − yk∥2
= (γ−2 + 1)∥xk − yk∥2
= (γ−2 + 1)λ−2∥zk − zk+1∥2.

The following result is not a straightforward application of the general scheme in [4]. As made
clear in the proof, in our setting, the DRE functional decrease is measured only in terms of some
components of the norm of primal-dual term ∥ξk − ξk+1∥2. This feature prevents us to directly
apply the unifying convergence theory of [4].

The next result states subsequential convergence of DR splitting to critical points of φ, retrieving
[45, Theorem 4.3]. Here, we provide an alternative proof, based on the developments in [4]. This
shows that it is possible to see DR splitting as a method of descent through appropriate lenses.

Theorem 4.2 (Subsequential convergence of DR splitting). Suppose f : Rd → R is a Lf -smooth
function, g : Rd → R∪{+∞} is a proper lsc prox-bounded function, and for φ = f+g, arg minφ ≠ ∅.

For λ ∈ (0, 2), and γ ∈
(

0, 2−λ
2Lf

)
. Then any bounded sequence {(xk, yk, zk)} generated by (2) satisfies,

(i) The sequence {φDR
γ (zk)} monotonically converges to a critical value φ⋆ of φ, and the sequence

{f(xk) + g(yk)} converges to the same value φ⋆.

(ii) xk − yk → 0, xk − xk+1 → 0, yk − yk+1 → 0, and zk − zk+1 → 0, as k → +∞.

(iii) All cluster points of {xk} and {yk} coincide, and are also critical points of φ, with same

critical value φ⋆ = lim
k→∞

φDR
γ (zk) = lim

k→∞
f(xk) + g(yk).
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Proof. Since φ is bounded from below, then (13) implies φDR
γ is also bounded from below, and thus

so is the sequence {φDR
γ (zk)}. Furthermore, the descent condition (19) implies that {φDR

γ (zk)} is

a nonincreasing real sequence. Thus, there exists φ⋆ ∈ R such that φDR
γ (zk) → φ⋆. In turn, (19)

then yields zk − zk+1 → 0, and xk − xk+1 → 0. Therefore, xk − yk → 0, due to the update rule for
{zk} in (2), and thus {xk} and {yk} have the same limit points. Moreover, from (21), it follows that
sk → 0, and yk − yk+1 = yk − xk + xk − xk+1 + yk+1 − yk+1 → 0. This proves item (i). As for item
(ii), let x⋆, y⋆, and z⋆ be accumulation points of the sequences {xk}, {yk}, and {zk}, respectively.
Note that y⋆ = x⋆, φ(y⋆) = φ(x⋆), and up to a subsequence, yk → y⋆. Following the arguments
in [45] and using (17), (16) and (18), it follows that

φ(y⋆) ≤ lim inf
k→+∞

φ(yk) ≤ lim sup
k→+∞

φ(yk) ≤ lim sup
k→+∞

φDR
γ (zk) = φDR

γ (z⋆) ≤ φ(x⋆) = φ(y⋆).

Therefore, φ(yk) → φ(y⋆), and Lγ−1(ξk) = φDR
γ (zk) → φ(y⋆), with φ(x⋆) = φ(y⋆) = φDR

γ (z⋆) = φ⋆.

Note that since {xk−zk} is bounded, and xk−yk → 0, then ⟨γ−1(xk−zk), xk−yk⟩+ 1
2γ ∥x

k−yk∥2 → 0,
and thus

f(xk) + g(yk) = Lγ−1(ξk) −
(
⟨γ−1(xk − yk), xk − yk⟩ +

1

2γ
∥xk − yk∥2

)
→ φ⋆.

Furthermore, from the definition of the Augmented Lagrangian, Lγ−1(x⋆, x⋆, γ−1(x⋆ − z⋆)) = φ(x⋆),
that is, {Lγ−1(ξk)} converges to Lγ−1(x⋆, x⋆, γ−1(x⋆−z⋆)), as ξk → (x⋆, x⋆, γ−1(x⋆−z⋆)). Therefore,
taking the limit in (20) (passing through a subsequence if necessary) yields

0 ∈ ∂Lγ−1(x⋆, x⋆, γ−1(x⋆ − z⋆)),

which is equivalent to the following criticality conditions
0 = ∇f(x⋆) + γ−1(x⋆ − z⋆) + γ−1(x⋆ − y⋆)

0 ∈ ∂g(y⋆) − γ−1(x⋆ − z⋆) + γ−1(x⋆ − y⋆)

0 = y⋆ − x⋆

Adding the first two relations, the final result follows, as we obtain 0 ∈ ∇f(x⋆) + ∂g(x⋆).

Remark 4.3. Some comments about Theorem 4.2 are in order.

• By items (i) and (ii), the sequence of DRE functional values φDR
γ (zk) converges monotonically

to a critical value of φ. By contrast, the sequence of functional values f(xk) + g(yk) converges
to the same critical value, but not necessarily in a monotone manner.

• Boundedness of the iterates {(xk, yk, zk)} generated by (2) can be ensured by assuming that
φ has bounded level sets [45, Theorem 4.3(iii)], which is equivalent to φDR

γ having the same
property [45, Theorem 3.4(iii)].

Before analyzing the rate of convergence of the DR splitting method, it is worth mentioning
that it is possible to replace (20)-(21) with a bound for a subgradient of φDR

γ , by the expense of
requiring more smoothness for f , as in Lemma 3.4 and Corollary 3.5. This corresponds to a slightly
more restrictive alternative that does not require the use of the Augmented Lagrangian, and fits the
setting in [4, 5]. We start by first studying the FBE, and then extend the results to the DRE.

Proposition 4.4. Suppose that f : Rd → R is a twice continuously differentiable Lf -smooth
function with Lipschitz continuous Hessian, and g : Rd → R ∪ {+∞} is a proper lsc prox-bounded
function with threshold γg > 0. Consider a bounded sequence {(zk, xk, yk)} generated by (2) for
some γ ∈ (0,min{L−1

f , γg}). Then, there exists K > 0, such that for all k,

wk := γ−1∇ proxγf (zk)
(
I − γ∇2f(xk)

)(
xk − yk

)
∈ ∂φDR

γ (zk),

and ∥wk∥ ≤ K∥zk − zk+1∥.

12



Proof. From (2) and Corollary 3.5, it follows that yk ∈ Rγ(zk), and wk ∈ ∂φDR
γ (zk). Furthermore,

the boundedness assumption and [3, Lemma 1] imply that {∇ proxγf (zk)
(
I−γ∇2f(xk)

)
} is bounded.

Therefore, the bound for {wk} can be thus deduced from the third step in (2).

Although this result would allow following [4, 5] to obtain subsequential convergence, in the
next section we do not assume that f is twice continuously differentiable, because Lf -smoothness is
enough, as shown in Theorem 4.2.

4.2 Rate of convergence of nonconvex Douglas-Rachford splitting

The analysis for global convergence and local rates of convergence requires additional regularity
assumptions for problem (1). This section is an extension of [45], by applying the machinery of [4]
to (2) through the envelope φDR

γ and the augmented Lagrangian Lγ−1 . Recall that in this section,
we do not assume that f is twice continuously differentiable.

We say a function φ : Rn → R∪ {+∞} satisfies a local error bound, if for any φ̄ ≥ inf φ > −∞,
there exist constants ε, ℓ > 0, such that whenever φ(y) ≤ φ̄,

dist
(
y, (∂φ)−1(0)

)
≤ ℓdist

(
0, ∂φ(y) ∩B(0, ε)

)
. (22)

Another assumption we need for the analysis of rates of convergence is the following. We say a
function φ : Rn → R ∪ {+∞} satisfies the proper separation of isocost surfaces property if there
exists δ > 0, such that

∀x, y ∈ (∂φ)−1(0), ∥x− y∥ ≤ δ =⇒ φ(x) = φ(y). (23)

For locally Lipschitz functions, the above subdifferential-based error bound is implied by metric
subregularity of the subdifferential ∂φ at x̄ ∈ arg minφ for 0. See [18, 19] for relationships between
metric subregularity and quadratic growth in nonconvex settings, and [2] in the convex case. In
addition, the error bound above together with the proper separation of isocost surfaces imply the so
called Kurdyka- Lojasiewic inequality with exponent 1/2 [31, Theorem 4.1] .

The next result relates the sequences generated by (2) with the error bound condition in (22),
resulting in an estimate crucial to obtain local rate of convergence.

Proposition 4.5. Suppose f : Rd → R is a Lf -smooth function, g : Rd → R ∪ {+∞} is a proper
lsc prox-bounded function, and φ = f + g has a nonempty set of minimizers. In addition, assume the
local error bound (22) holds. Take any λ ∈ (0, 2), and γ ∈ (0, 2−λ

2Lf
). Then, for any bounded sequence

{(xk, yk, zk)} generated by (2), there exist ε > 0, ℓ > 0, φ̄ > 0, and a sequence {dk} given by

dk = γ−1(xk − yk) − (∇f(xk) −∇f(yk)),

such that dk → 0, and for all sufficiently large k, dk ∈ ∂φ(yk) ∩B(0, ε), φ(yk) ≤ φ̄, and

dist
(
yk, (∂φ)−1(0)

)
≤ ℓ∥dk∥. (24)

Proof. Since {φDR
γ (zk)} monotonically converges to φ⋆, then for any ϵ > 0, and for any sufficiently

large k, Lγ−1(ξk) = φDR
γ (zk) ≤ φ⋆ + ϵ, and thus

f(xk) + g(yk) + γ−1⟨xk − zk, xk − yk⟩ +
1

2γ
∥xk − yk∥2 ≤ φ⋆ + ϵ.

Combining this inequality with Lemma 2.1 and (10), we obtain

φ(yk) ≤ φ⋆ + ϵ +
1

2

(
Lf − 1

γ

)
∥xk − yk∥2.

Since γ < L−1
f , the right-most term is negative, and thus φ(yk) < φ for φ = φ⋆ + ϵ.
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Furthermore, from the optimality conditions of (11) (as shown in the proof of [45, Theorem
4.3]), it follows that dk ∈ ∂̂φ(yk). Since ∇f is Lf -Lipschitz continuous, then

∥dk∥ ≤ γ−1(∥xk − yk∥ + γLf∥xk − yk∥) = γ−1(1 + γLf )∥xk − yk∥. (25)

In this manner, from Theorem 4.2(ii), dk → 0. Then, for ε > 0 given in (22), and all sufficiently
large k, dk ∈ ∂φ(yk) ∩B(0, ε), and φ(yk) ≤ φ̄. This allows us to apply (22) to obtain (24).

Before giving the main result of this section, first we need some technical estimates deduced
from Proposition 4.5. As a consequence of the error bound, it is possible to bound the difference of
φDR
γ at two consecutive iterates using the primal-dual sequence {ξk} (cf. Proposition 4.1).

Lemma 4.6. Suppose the conditions of Proposition 4.5 hold. For any pky ∈ proj(∂φ)−1(0)(y
k), define

pk = (pky , p
k
y , γ

−1(pky − zk)).

Then, there exists C > 0, such that for all k,

∥pk − ξk∥2 ≤ C(φDR
γ (zk) − φDR

γ (zk+1)). (26)

Proof. From the definition of pk and ξk, we have

∥pk − ξk∥2 = ∥pky − xk∥2 + ∥pky − yk∥2 + ∥γ−1(pky − zk) − γ−1(xk − zk)∥2

= (1 + γ−2)∥pky − xk∥2 + ∥pky − yk∥2.

From (24), it follows that ∥pky − yk∥ ≤ ℓ∥dk∥. As for ∥pky − xk∥, it holds that

∥pky − xk∥2 ≤ (∥pky − yk∥ + ∥yk − xk∥)2

≤ 2∥pky − yk∥2 + 2∥yk − xk∥2

≤ 2ℓ2∥dk∥2 + 2∥yk − xk∥2

= 2ℓ2∥dk∥2 + 2λ−2∥zk − zk+1∥2

where for the first inequality we apply the triangle inequality, for the second inequality we use the
estimate (a + b)2 ≤ 2(a2 + b2), and for the last equality we use the update rule for {zk} in (2).
Therefore,

∥pk − ξk∥2 ≤ 2(1 + γ−2)(ℓ2∥dk∥2 + λ−2∥zk − zk+1∥2) + ℓ2∥dk∥2.

Now, we bound the terms in the right-hand side of the above estimate. First, note that the
descent condition (19) implies

∥zk − zk+1∥2 ≤
(1 + γLf )2

c
(φDR

γ (zk) − φDR
γ (zk+1)). (27)

Secondly, (25) together with (2) and (27) imply

∥dk∥2 = γ−2(1 + γLf )2∥xk − yk∥2

= (λγ)−2(1 + γLf )2∥zk − zk+1∥2

≤ (λγ)−2(1 + γLf )2
(1 + γLf )2

c
(φDR

γ (zk) − φDR
γ (zk+1))

(28)

Hence, (26) follows for

C =
(1 + γLf )2

cλ2

((
2(1 + γ−2) + 1

)
(1 + γLf )2ℓ2

γ2
+ 2(1 + γ−2)

)
.
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In order to relate an error bound for φ with the descent properties of Theorem 4.1, we need to
assume that g is ρ-weakly convex. In this manner, both f and g are weakly convex. In view of (4),
subgradients of weakly convex functions can be characterized as proximal subgradients [41, Definition
8.35] in the whole space. This particular form for subgradients is key for the next technical result,
showing that the augmented Lagrangian satisfies the (proximal) subgradient inequality for weakly
convex functions throughout the path defined by {ξk}.

Lemma 4.7. Suppose f : Rd → R is a Lf -smooth function, g : Rd → R ∪ {+∞} is a proper lsc
ρ-weakly convex function, and φ = f + g has a nonempty set of minimizers. Then the subgradient
defined in (20) satisfies the following estimate for all k:

Lγ−1(ξk) + ⟨sk, pk − ξk⟩ ≤ Lγ−1(pk) +
max{Lf , ρ, γ}

2
∥pk − ξk∥2.

Proof. From the definition of sk in (20), it holds for all k,

Lγ−1(ξk) + ⟨dk, pk − ξk⟩
= f(xk) + g(yk) + γ−1⟨xk − zk, xk − yk⟩ + 1

2γ ∥x
k − yk∥2

+γ−1⟨xk − yk, pky − xk⟩ + ⟨xk − yk, γ−1(pky − zk) − γ−1(xk − zk)⟩
= f(xk) + g(yk) + γ−1⟨xk − zk, xk − yk⟩ + 1

2γ ∥x
k − yk∥2 + 2γ−1⟨xk − yk, pky − xk⟩.

We will reduce the inner products and the squared term, by first working on them separately. Define
dk2 = −∇f(xk) − γ−1(yk − xk), which in view of the optimality conditions of yk = proxγg(x

k −
γ∇f(xk)), satisfies dk2 ∈ ∂g(yk). In this way, from (10),

γ−1⟨xk − zk, xk − yk⟩
= ⟨−∇f(xk), xk − yk⟩
= ⟨dk2, xk − yk⟩ + γ−1⟨yk − xk, xk − yk⟩
= ⟨dk2, pky − yk⟩ + ⟨dk2, xk − pky⟩ − γ−1∥xk − yk∥2.

Furthermore,

2γ−1⟨xk − yk, pky − xk⟩
= 2γ−1⟨xk − yk, pky − xk⟩ − ⟨∇f(xk) + γ−1(yk − xk), xk − pky⟩ − ⟨dk2, xk − pky⟩
= 2γ−1⟨xk − yk, pky − xk⟩ + γ−1⟨2xk − zk − yk, xk − pky⟩ − ⟨dk2, xk − pky⟩
= ⟨γ−1(zk − yk), pky − xk⟩ − ⟨dk2, xk − pky⟩
= ⟨∇f(xk), pky − xk⟩ + γ−1⟨xk − yk, pky − xk⟩ − ⟨dk2, xk − pky⟩,

where the third identity and the last line follow from (10). Therefore, gathering the aforementioned
terms, it holds that

γ−1⟨xk − zk, xk − yk⟩ + 1
2γ ∥x

k − yk∥2 + 2γ−1⟨xk − yk, pky − xk⟩
= ⟨dk2, pky − yk⟩ − γ−1∥xk − yk∥2 + ⟨∇f(xk), pky − xk⟩ + γ−1⟨xk − yk, pky − xk⟩ + 1

2γ ∥x
k − yk∥2

= ⟨dk2, pky − yk⟩ + ⟨∇f(xk), pky − xk⟩ − ( 1
2γ ∥x

k − yk∥2 − γ−1⟨xk − yk, pky − xk⟩)
= ⟨dk2, pky − yk⟩ + ⟨∇f(xk), pky − xk⟩ − ( 1

2γ ∥x
k − yk − (pky − xk)∥2 − 1

2γ ∥p
k
y − xk∥2)

≤ ⟨dk2, pky − yk⟩ + ⟨∇f(xk), pkx − xk⟩ + 1
2γ ∥p

k
y − xk∥2

Hence, Lemma 2.1 and (4) yield,

Lγ−1(ξk) + ⟨sk, pk − ξk⟩
≤ f(xk) + ⟨∇f(xk), pky − xk⟩ + g(yk) + ⟨dk2, pky − yk⟩ + 1

2γ ∥p
k
y − xk∥2

≤ f(pky) + L
2 ∥p

k
y − xk∥2 + g(pky) + ρ

2∥p
k
y − yk∥2 + γ

2∥γ
−1(pky − xk)∥2

= f(pky) +
Lf

2 ∥pky − xk∥2 + g(pky) + ρ
2∥p

k
y − yk∥2 + γ

2∥γ
−1(pky − zk) − γ−1(xk − zk)∥2

= Lγ−1(pk) +
Lf

2 ∥pky − xk∥2 + ρ
2∥p

k
y − yk∥2 + γ

2∥γ
−1(pky − zk) − γ−1(xk − zk)∥2,

from where we can conclude.
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The next theorem is the main result of this section, establishing local linear rates of convergence
of DR splitting for weakly convex problems.

Theorem 4.8 (Rate of convergence of nonconvex DR splitting). Suppose f : Rd → R is a Lf -
smooth function, g : Rd → R ∪ {+∞} is a proper lsc ρ-weakly convex function, and φ = f + g has
a nonempty set of minimizers. In addition, assume the local error bound (22) holds, as well as
the proper separation of isocost surfaces property (23). Then, for λ ∈ (0, 2), γ ∈ (0, 2−λ

2Lf
), and any

bounded sequence {(xk, yk, zk)} generated by (2),

(i) The sequence {φDR
γ (zk)} Q−linearly converges to a critical value φ⋆ of φ, and the sequence

{f(xk) + g(yk)} R−linearly converges to the same value φ⋆.

(ii) The sequences {xk} and {yk} R−linearly converge to a critical point x⋆ of φ, and {zk}
R−linearly converges to a point z⋆, such that x⋆ = proxγf (x⋆).

Proof. First, from Proposition 4.5, since dk → 0, then yk − pky → 0, which in turn implies

pky − pk+1
y → 0, in view of Theorem 4.2(ii). Then, applying the proper separation of isocost

surfaces property (23), for all sufficiently large k, φ(pky) = φ(pk+1
y ), and thus φ(pky) = φ⋆, for some

critical value φ⋆ of φ. From Theorem 4.2(iii), up to a subsequence, yk → x⋆, for a critical point x⋆

of φ. Therefore, pky → x⋆ and φ(pky) → φ(x⋆), for the same subsequence. Hence φ⋆ = φ(x⋆).

Furthermore, from the definition of the augmented Lagrangian, we have Lγ−1(pk) = φ(pky). In
view of Lemma 4.7, for all sufficiently large k,

φDR
γ (zk) − φ(pky) = Lγ−1(ξk) − Lγ−1(pk)

≤ −⟨dk, pk − ξk⟩ +
ρ̄

2
∥pk − ξk∥2,

where ρ̄ = max{L, ρ, γ}. Hence,

φDR
γ (zk) − φ⋆ ≤ ∥sk∥∥pk − ξk∥ +

ρ̄

2
∥pk − ξk∥2. (29)

Combine Proposition 4.1 and (26) to obtain

φDR
γ (zk) − φ⋆ ≤

(
C̃ + C

ρ̄

2

)
(φDR

γ (zk) − φDR
γ (zk+1)) (30)

for C̃ = λ−1
√

γ−2 + 1(1+γLf )

√
C
c . Set Ĉ := C̃+C

ρ̄

2
, r =

Ĉ

1 + Ĉ
∈ (0, 1), and ϕk := φDR

γ (zk)−φ⋆.

Monotonicity of {φDR
γ (zk)} implies ϕk+1 ≤ ϕk. Thus, from (30), for all sufficiently large k,

ϕk+1 ≤ Ĉ(ϕk − ϕk+1) ⇐⇒ ϕk+1 ≤ rϕk,

from which the first part of item (i) follows.
For item (ii), suppose that above estimate holds for all k ≥ k0. Then,

ϕk+1 ≤ (ϕk0r1−k0)rk,

or equivalently, for q = ϕk0r−k0 and all k ≥ k0 + 1

ϕk ≤ qrk. (31)

From the descent condition of Proposition 4.1, it follows

∥zk − zk+1∥ ≤
1 + γLf√

c

√
ϕk, and ∥xk − xk+1∥ ≤ 1√

c

√
ϕk. (32)

Therefore, from [4, Lemma 4.1], there exists m > 0, α ∈ (0, 1), z⋆ ∈ Rd such that for all sufficiently
large k

∥zk − z⋆∥ ≤ mαk, ∥xk − x⋆∥ ≤ mαk.
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Note that {xk} converges to the critical point x⋆, since {xk} and {yk} have the same limit points.
Observe that since f is Lf -smooth, then proxγf is Lipschitz continuous [45, Proposition 2.3(ii)],

therefore xk = proxγf (zk) → proxγf (z⋆), and x⋆ = proxγf (z⋆).

In addition, the rate of convergence of {yk} can be deduced using the triangle inequality, the
update rule for {zk} in (2), and (32) as follows:

∥yk − yk+1∥ ≤ ∥yk − xk∥ + ∥xk − xk+1∥ + ∥xk+1 − yk+1∥
= λ−1∥zk − zk+1∥ + ∥xk − xk+1∥ + λ−1∥zk+1 − zk+2∥

≤ λ−1 1 + γLf√
c

√
ϕk +

1√
c

√
ϕk + λ−1 1 + γLf√

c

√
ϕk+1.

Since {ϕk} is nonincreasing, then

∥yk − yk+1∥ ≤
(

2λ−1(1 + γLf ) + 1√
c

)√
ϕk.

Then, from [4, Lemma 4.1] it follows that for all sufficiently large k,

∥yk − y⋆∥ ≤ m̄ᾱk.

for some m̄ > 0 and ᾱ ∈ (0, 1).
Finally, to obtain the rate of convergence of {f(xk)+g(yk)}, first note that since φDR

γ (zk+1) ≥ φ⋆,
then from (19), (31), and (2), it follows

λ2∥xk − yk∥2 = ∥zk − zk+1∥2 ≤
[

(1 + γLf )2q

c

]
rk. (33)

Furthermore, in view of (12),

|f(xk) + g(yk) − φ⋆| ≤ φDR
γ (zk) − φ⋆ +

1

γ
∥xk − zk∥∥xk − yk∥ +

1

2γ
∥xk − yk∥2.

By assumption, {xk} and {zk} are bounded sequences, therefore there exists M2 > 0, such that for
all k, ∥xk − zk∥ ≤ M2. Substituting this estimate, (31) and (33) in the above inequality, yields

|f(xk) + g(yk) − φ⋆| ≤ qrk +

(
M2(1 + γLf )

γλ

√
q

c

)√
r
k

+

(
(1 + γLf )2q

2γcλ2

)
rk.

Since r ∈ (0, 1), then r ≤
√
r, and thus

|f(xk) + g(yk) − φ⋆| ≤ K̃
√
r
k
,

where

K̃ = q +
M2(1 + γLf )

γλ

√
q

c
+

(1 + γLf )2q

2γcλ2
.

This proves the second part of item (i).

In this section, we show that the convergence results of the DR splitting method in the convex
case can be extended to the weakly convex setting under appropriate regularity assumptions, and
by resorting to the DRE. In principle, as long as it is possible to define a Moreau-type envelope for
a nonmonotone method, such as DR, the same line of reasoning can be applied, which resembles
the one employed in [4] for descent methods.
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5 Numerical experiments

In this section, we present the numerical performance of the DR splitting method applied to the
regularized least squares problem with nonconvex regularizers. The code and data sets are available
at https://github.com/fatenasm/wcDR.

The role of regularization is to induce sparsity in the solution via approximation of the ℓ0
pseudonorm, and one way to achieve that is to use penalties that are sharp around the origin, such
as the ℓ1 norm [43]. In our experiments, we analyze two nonconvex penalties. First, we consider
the minimax convex penalty (MCP) defined as follows: for x ∈ R, and σ, θ > 0, g(x) = σ|x| − 1

2θx
2

if |x| ≤ θσ, and g(x) = θσ2

2 otherwise. This function is θ−1-weakly convex [7], and its proximal
operator, called the firm threshold [25], is given by

proxγg(x) =


0 if |x| < γσ

x− σγsign(x)

1 − γ
θ

if γσ ≤ |x| ≤ θσ

x if |x| > θσ.

(34)

whenever θ > γ. Secondly, we examine the smoothly clipped absolute deviation (SCAD) penalty,

defined for x ∈ R and σ > 0 and θ > 2 as: g(x) = σ|x| if |x| < σ, g(x) = −x2+2θσ|x|−σ2

2(θ−1) if

σ ≤ |x| ≤ θσ, and g(x) = (θ+1)σ2

2 if |x| > θσ. This function is (θ − 1)−1-weakly convex [7], and its
proximal operator is given by [23]

proxγg(x) =


sign(x) max{0, |x| − σ} if |x| < σ(γ + 1)
(θ − 1)x− θσγsign(x)

θ − γ − 1
if σ(γ + 1) ≤ |x| ≤ θσ

x if |x| > θσ.

(35)

The classical approach of using the ℓ1 norm as penalty function has the disadvantage of introducing
bias, since the proximal operator of the ℓ1 norm, the soft thresholding operator, does not approach
the identity for arguments with large magnitude, while both (34) and (35) both do.

The battery of problems we address have the structure in (1), with f(x) = 1
2∥Ax− b∥22, where

A is a convolution matrix of dimension m× n,

(m,n) ∈ {(10, 30), (30, 90), (50, 150)},

and b is a m-dimensional vector generated as follows: given a sparse randomly generated target
point x̄ ∈ Rn, define b = Ax̄ + e, where e is a random noise vector. Regarding the regularization
component, g takes the form of the MCP and SCAD penalties. Clearly, f is a continuously
differentiable function with Lipschitz continuous gradient with Lipschitz constant Lf = ∥A⊤A∥21.
We use λ ∈ {0.5, 1.0, 1.5} for the over-relaxation parameter, and γ = α · 2−λ

2Lf
for the proximal

parameter with α ∈ {0.3, 0.5, 0.9}. For both nonconvex regularizers, we set σ ∈ {1, 10−1, 10−2}, and
for penalty-dependent parameters, we use θ = 1.5γ for MCP, and θ = 1.5(γ + 1) for SCAD. We also
set 5000 as the maximum number of iterations, and ∥xk − yk∥ ≤ 10−6 as stopping test, based on
Proposition 4.1 and Corollary 3.5: a small value of ∥xk − yk∥ yields an approximate critical point.

Figures 1–4 show the behavior of different measures of progress alongside iterations, for 10
randomly generated initial points. Clearly, they show the anticipated linear rate of convergence
of the method for the residual ∥xk − yk∥, the distance of two consecutive iterates, and also the
progress of the DRE and the value {f(xk) + g(yk)} (cf. Theorem 4.8).

Finally, we report the performance profile for the stopping test mentioned above for MCP, SCAD
and the ℓ1 norm as penalties. Just to illustrate, Table 1 shows that for a particular configuration
using the MCP penalty, in all the instances run the measure ∥xk − yk∥ achieved the order of
magnitude of 10−4, while only roughly 12% of them surpassed the set threshold 10−6.

Figure 5 is the performance profile comparing the two weakly convex regularizers and the convex
ℓ1 regularizer in terms of the order of magnitude of {∥xk−yk∥} by the final iteration performed. We

1∥ · ∥2 denotes the spectral norm.
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(a) {∥xk − yk∥} (b) {∥xk+1 − xk∥}

Figure 1: Progression (log scale) along iterations of DR splitting using MCP penalty, n = 30,
m = 10, 10 different random starting points, λ = 1, γ = 0.9 · 1

2Lf
, θ = 1.5γ, and σ = 0.01.

(a) {∥zk+1 − zk∥}. (b) {∥yk+1 − yk∥}

Figure 2: Progression (log scale) along iterations of DR splitting using the SCAD penalty, n = 150,
m = 50, 10 different random starting points, λ = 0.5, γ = 0.5 · 1

2Lf
, θ = 1.5γ, and σ = 0.1.

(a) φDR
γ (zk+1) − φDR

γ (zk) (b) |f(xk+1) + g(xk+1) − (f(xk) + g(xk))|

Figure 3: Progression (log scale) along iterations of DR splitting for different random starting points,
MCP n = 90, m = 30, λ = 0.5, γ = 0.5 · 1

2Lf
, θ = 1.5γ, σ = 0.1.
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(a) {φDR
γ (zk+1) − φDR

γ (zk)} (b) {|f(xk+1) + g(xk+1) − (f(xk) + g(xk))|}

Figure 4: Progression (log scale) along iterations of DR splitting for 10 different random starting
points, SCAD n = 30, m = 10, λ = 1, γ = 0.9 · 1

2Lf
, θ = 1.5γ, σ = 0.01.

accuracy < 10−1 < 10−2 < 10−3 < 10−4 < 10−5 < 10−6 < 10−7

fraction 1 1 1 1 0.511 0.237 0.126

Table 1: Fraction of problems solved by DR splitting using MCP regularizer for different levels of

accuracy, λ ∈ {0.5, 1.0, 1.5}, γ ∈ {0.3, 0.5, 0.9} ·
(
2−λ
2Lf

)
, σ = 1 and 10 different initial points.

observe that the SCAD penalty achieved an accuracy of 10−7 for slightly over 40% of the instances,
while MCP does it for 30% to 40% of the instances. Furthermore, both nonconvex penalties
performed better than the ℓ1 norm for accuracy equal or better than 10−6. For all instances, both
MCP and SCAD showed accuracy of at least 10−4, while for the convex regularizer, around 10%
of the runs could not achieve this order of magnitude. These results suggest that SCAD is more
promising than the other two penalties, at the possible expense of having an arguably more intricate
proximal operator to compute.

Figure 5: Performance profile of the Douglas-Rachford splitting method to solve the regularized
least squares problem using convex and nonconvex regularizers.

6 Concluding remarks

In this article, we proved that the Moreau-type envelopes defined for the FB and the DR splitting
methods approximate the objective function via epigraphs. This fact has a number of consequences,
two of them discussed here. We then proceeded to analyze the behavior of the DR method itself via

20



envelopes, showing that it is possible to retrieve linear convergence of the algorithm by resorting to
techniques usually employed for descent methods. The author is currently working to extend these
results to other types of splitting methods for weakly convex optimization.
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