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Abstract

This paper considers the problem of minimizing the sum of a
smooth function and the Schatten-p norm of the matrix. Our con-
tribution involves proposing accelerated iteratively reweighted nuclear
norm methods designed for solving the nonconvex low-rank minimiza-
tion problem. Two major novelties characterize our approach. Firstly,
the proposed method possesses a rank identification property, enabling
the provable identification of the ”correct” rank of the stationary point
within a finite number of iterations. Secondly, we introduce an adap-
tive updating strategy for smoothing parameters. This strategy au-
tomatically fixes parameters associated with zero singular values as
constants upon detecting the ”correct” rank while quickly driving the
rest parameters to zero. This adaptive behavior transforms the al-
gorithm into one that effectively solves smooth problems after a few
iterations, setting our work apart from existing iteratively reweighted
methods for low-rank optimization. We prove the global convergence
of the proposed algorithm, guaranteeing that every limit point of the
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iterates is a critical point. Furthermore, a local convergence rate anal-
ysis is provided under the Kurdyka- Lojasiewicz property. We conduct
numerical experiments using both synthetic and real data to showcase
our algorithm’s efficiency and superiority over existing methods.

Keywords— Low-rank minimization, nonconvex Schatten-p norm, rank iden-
tification, extrapolation, Kurdyka- Lojasiewicz property

1 Introduction

We consider the following regularized nonconvex matrix optimization problem

min
X∈Rm×n

F (X) := f(X) + λ∥X∥pp, (P)

where the loss term f : Rm×n → R is twice continuously differentiable and the

regularization term ∥X∥p =
(∑min{m,n}

i=1 σi(X)
)1/p

is commonly referred to as the

nonconvex Schatten-p norm1 with p ∈ (0, 1), and σi(X) is the ith element of the
singular value vector of X. The parameter λ > 0 is tunable, providing a proper
trade-off between the loss and regularization terms. Throughout our discussion,
we assume without loss of generality that m ≤ n.

The problem of the form (P) incorporates an (approximate) low-rank assump-
tion for the desired solution. Indeed, (P) is generally regarded as a potent non-
convex relaxation of the following rank-regularized formulation:

min
X∈Rm×n

f(X) + λRank(X). (1)

Note that Rank(X) = ∥σ(X)∥0, and hence the Schatten-p norm of X approxi-
mates Rank(X) in the sense that limp→0+ ∥X∥p = Rank(X). Problem (1) models
many important problems that emerged in science and engineering fields, including
quality-of-service (QoS) prediction [31], recommender systems [21] machine learn-
ing [18] and image processing [17, 54]. However, such a matrix rank minimization
problem (1) is a well-known NP-hard problem [16]. In this regard, problem (P)
serves as an efficient alternative to (1). Therefore, it arises in an incredibly wide
range of settings throughout science and applied mathematics [21, 5, 19, 43, 36]. In
particular, such an optimization model (P) is used in many modern machine learn-
ing tasks. Examples include low-rank features learning [49], Multi-View learning
[27], and Transfer learning [26], to name just a few.

1It is a matrix quasi-norm when 0 < p < 1. We call it a norm for convenience.
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A commonly employed approach for addressing (P) is the Iteratively Re-
Weighted Nuclear (IRWN) norm-type algorithm, which falls under the majorization-
minimization algorithmic framework. The nonsmooth and non-Lipschitz proper-
ties of the Schatten-p norm typically prompt researchers to initiate their explo-
ration with a smoothed objective function:

Fϵ(X) := f(X) + λ
m∑
i=1

(σi(X) + ϵi)
p, (2)

where ϵi > 0,∀i ∈ [m] refer to the perturbation parameters. The modified function
Fϵ(X) adjusts F (X) by introducing a perturbation parameter to each singular
value. During the kth iteration with the iterate Xk, IRWN effectively generates
the new update Xk+1 by (approximately) solving

Xk+1 ←− argminX∈Rm×nFsurro(X;Xk), (3)

Fsurro(X;Xk) := ⟨∇f(Xk), X −Xk⟩+
µ

2
∥X −Xk∥2F + λ∥X∥∗wk , (4)

where the positive number µ is generally required to exceed the Lipschitz constant
of the smooth loss term f , and ∥X∥∗wk =

∑m
i=1w

k
i σi(X) serves as a surrogate

for ∥X∥pp at Xk. Here, wk
i ≥ 0,∀i ∈ [m] represents the weight assigned to σi(X):

wk
i = p(σi(X

k) + ϵki )p−1.
The major difference between variants of IRWN may be the updating rule

for the perturbation ϵk, since the values of ϵk are critically linked to the well-
posedness and solvability of the subproblem (3). As is proved in [4, Theorem
2.2], to guarantee ∥X∥∗w is indeed a convex matrix-norm, the weights must be
in descending order. This requirement proves impractical within the context of
IRWN, since sufficiently small ϵk leads to weights in ascending order. On the other
hand, the subproblem is nonconvex, yet it boasts a closed-form optimal solution
[30] when the weights are arranged in ascending order. One simple approach is
to maintain ϵ as sufficiently small positive constants during the iteration [42] to
maintain the weights in ascending order. As such, it indeed solves the relaxed
problem (2) as its goal. It is generally believed that (2) approximates the original
problem (P) well only for sufficiently small ϵ. Fixing ϵk as sufficiently small values
(especially those associated with the zero singular values of the initial points) may
cause the algorithm easily trapped into undesired local minimizers near the initial
point. A natural idea to remedy this strategy is to use the same perturbation value
for each singular value, i.e., ϵk = ϵke, and then decrease ϵk during the iteration.
In this way, the performance of the algorithm critically depends on the speed of
driving ϵk to zero. It is conceivable that reducing ϵki associated with the zero
singular values of the iterates too fast may lead to undesired local minimizers, and
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reducing ϵki associated with the positive singular values of the iterates too slow
may cause the algorithm sluggish. An ideal updating strategy should be able to
quickly detect those zero singular values in the found optimal solution, and then
automatically terminate the decrease for ϵki assigned to them and at the same time
keep driving other ϵki rapidly to zero. Another benefit of such a strategy is that
the ϵki associated with the zero singular value does not affect the objective value
near the optimal solution, and the algorithm’s behavior then only depends on the
positive singular value and the decreasing speed of the rest ϵki . However, such an
updating strategy may be sophisticated and challenging to design since the user
typically lacks prior knowledge of the rank of the final solution until the entire
problem is resolved.

In this paper, we propose an Extrapolated Iteratively Reweighted Nuclear
norm with Rank Identification (EIRNRI) to solve (P). We first add perturbation
parameters ϵi to each singular value of the matrix to smooth the Schatten-p norm.
Then we construct the weighted nuclear “norm”2 subproblem of the approximated
function combined with an extrapolation technique. An adaptive updating strat-
egy for ϵ is also designed, such that it can automatically terminate the update
for ϵi associated with the zero singular values and drive those associated with the
positive singular values quickly to zero. This updating strategy keeps the weights
in ascending order so that the subproblem is nonconvex but has a closed-form opti-
mal solution [30, Theorem 3.1]. Our algorithm is designed in a way such that after
finite iterations, the algorithm can automatically detect those zero singular values
in the optimal solution, meaning the algorithm eventually behaves like solving a
smooth problem in the Grassmann manifold. Based on this, the local convergence
rate can be easily derived. It should be mentioned that our work mainly considers
applying the proposed algorithm to solve the representative Schatten-p regular-
ized problem (P), however, it is important to note that the proposed algorithm
can be extended to other nonconvex regularization functions of the singular values
quite straightforwardly, including the Logarithm [8], Exponential-type Penalty [9],
Geman [12], Laplace [44], Minimax Concave Penalty [53] and Smoothly Clipped
Absolute Deviation (SCAD) [6], and more.

1.1 Related Work

Over the last decade, significant attention has been directed towards low-rank
optimization, yielding theoretically and practically efficient algorithms applicable
to diverse problems in signal processing and modern machine learning. Within the
extensive body of work, we specifically review the most relevant works.

2It is indeed not a norm since it is not convex.
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IRWN-type algorithms. The work of [42] proposed a proximal iteratively
reweighted nuclear norm (PIRNN) algorithm. Their algorithm adds a prescribed
positive perturbation parameter ϵi to each singular value σi(X) and fixed it during
the iteration of the algorithm. Therefore, it indeed solves the relaxed problem (2)
as its goal. As a stark contrast, our method is designed for the original problem (P)
in the sense that the perturbation parameter is automatically driven to 0 so that
the iterates can successfully recover the rank of the first-order optimal solution to
(P). It should be stressed that our updating strategy is designed such that ϵ is
decreased to zero in an appropriate speed to maintain the the well-posedness of
the subproblems and the convergence rate of the overall algorithm.

The immediate predecessor of our work, to the best of our knowledge, is the
Iteratively Reweighted Nuclear Norm (IRNN) algorithm proposed in [28] and its
acceleration (AIRNN) introduced in [38, 11]. IRNN considered a general concave
singular value function g(σi(X)) as the regularization term. It first calculates the
so-called supergradient of Schatten-p norm wk

i ∈ ∂g(σ(Xk)) and uses it as the
weight to form the subproblem. In contrast to our method, this method does not
involve the perturbation parameter ϵ; therefore, the weight may tend to extreme
values as the associated singular value is close to 0. (As for the zero singular
value, this method uses an extremely large constant as the weight). We suspect
this might be the reason for the observation “IRNN may decrease slowly since
the upper bound surrogate may be quite loose.” reported in [29]. Then AIRNN
used the extrapolation technique and computed the SVD of a smaller matrix at
each iteration to accelerate IRNN. The biggest difference between our algorithm
to IRNN, AIRNN, and other contemporary reweighted nuclear norm methods is
the rank identification property possessed by our algorithm, meaning the algorithm
can identify the rank of the converged solution after finite iterations. We elaborate
on this in the next subsection.

Rank identification. The major novelty of our work is the rank identi-
fication property of the proposed method, which is an extension of the model
identification for vector optimization. In sparse optimization such as the LASSO
or the support-vector machine, problems generally generate solutions onto a low-
complexity model such as solutions of the same supports. For LASSO, a solution
x∗ typically has only a few nonzeros coefficients: it lies on the reduced space com-
posed of the nonzeros components (the support) of x∗. Model identification relates
to answering the question of whether an algorithm can identify the low-complexity
active manifold in finite iterations. It has become a useful tool in analyzing the
behavior of algorithms and has attracted much attention in the past decades in
the research of machine learning algorithms in vector optimization. For example,
coordinate descent [20, 32] for convex sparse regularization problems are proved
to have model identification, and the convergence analysis is easily derived under
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this property. In the last few years, proximal gradient algorithm [13, 24, 25] have
been shown the model identification for the ℓ1 regularized problem. Recently, the
iteratively reweighted ℓ1 minimization for the ℓp regularized problem is also shown
[46, 47] to have model identification property. This property also belongs to the
research line of active-manifold identification in nonsmooth optimization [22, 14].

While IRWN-type algorithms have been extensively studied, their capability
for rank identification has received limited attention. A recent contribution by
[37] explored the use of the proximal gradient method to identify the correct rank
for a nuclear norm regularized problem. Notably, their algorithm can serve as a
suitable subproblem solver for our approach. In a related vein, the work of [52]
extended the lower bound theory of nonconvex ℓp minimization to Schatten-p norm
minimization and incorporates it as a prior in algorithm design. However, the rank
identification property of their algorithm remains unverified.

In this paper, we formalize the rank identification property as follows.

Definition 1.1 (Rank identification property). An algorithm is said to possess the
rank identification property if and only if for a sequence (or at least a subsequence)
{Xk}k∈N+ generated by the algorithm converges to a solution X∗, then there exists
K ∈ N+ such that for each k ≥ K, Xk ∈ M(X∗) := {X ∈ Rm×n | Rank(X) =
Rank(X∗)}.

Our algorithm is designed to possess this property, meaning the singular values
of the generated iterates satisfy σi(X

k) = 0, i ∈ Z(X∗) and σi(X
k) > 0, i ∈ I(X∗)

for all sufficiently large k, where Z(X∗) is the set of indices corresponding the the
zero singular values in the optimal solution and I(X∗) corresponds the nonzero
singular values. Based on this, a adaptively updating strategy of ϵ can be straight-
forwardly designed to drive ϵi, i ∈ I(X∗) quickly to zero and automatically cease
the updating for ϵi, i ∈ Z(X∗). In essence, this implies the algorithm behaves like
solving a smooth problem in a low-complexity manifold, facilitating a straight-
forward derivation of global convergence analysis and application of acceleration
techniques. To our knowledge, this idea of designing an algorithm with model/rank
identification property for the Schatten-p norm is novel in the context of matrix
optimization problems.

1.2 Contribution

We summarize our main contributions in the following.

• We propose an iteratively reweighted nuclear norm minimization method
for the nonconvex regularized problem, and the extrapolation techniques
are also incorporated into the algorithm to further enhance its performance.
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• The key novelty of the proposed method is the adaptively updating strategy
for updating the perturbation parameters, bringing two benefits: (i) auto-
matic identification of parameters associated with zero and nonzero singular
values, enabling the use of tailored update strategies for each. (ii) consistent
maintenance of weights in ascending order, ensuring the explicit computa-
tion of a global minimizer for the (nonconvex) subproblem.

• We show that the algorithm possesses a rank identification property, which
can successfully identify the rank of the optimal solutions found by the
algorithm within finite iterations. This property, which is barely studied
by the existing related work, signifies a distinct contribution. It implies a
transition of the optimization problem to a smoother form in the vicinity of
the optimal solution.

• Global convergence and local convergence rate under the Kurdyka- Lojasiewicz
(KL) property are derived for the proposed algorithm.

1.3 Notation and Preliminaries

Throughout the paper, we restrict our discussion to the Euclidean space of n-
dimensional real vectors, denoted Rn, and the Euclidean space of m × n real
matrices, denoted Rm×n, where m,n ∈ N. Rn

+ represents the non-negative orthant
in Rn and Rn

++ denotes the interior of Rn
+. Rn

↑ and Rn
↓ are used to indicate

the set of non-decreasingly ordered vectors and non-increasingly ordered vectors,
respectively. Additionally, we use the notation [n] = {1, 2, · · · , n} to denote the
integer set from 1 to n, for any n ∈ N. For any x,y ∈ Rn, the element-wise
(Hadamard) product between x and y is given by (x ◦ y)i = xiyi for i ∈ [n].
By abuse of notation, ◦ is also used to denote function composition. Define the
ℓp-(quasi)-norm of x ∈ Rn as ∥x∥p = (

∑n
i=1 |xi|p)1/p.

For any X,Y ∈ Rm×n (assuming m ≤ n for convenience), the Frobenius norm

of X is denoted as ∥X∥F , namely, ∥X∥F =
(∑m

i=1

∑n
j=1 |Xij |2

)1/2
= tr

(
X⊤X

)1/2
.

The Frobenius inner product is ⟨X,Y ⟩ = tr
(
X⊤Y

)
. Let diag(x) denote the di-

agonal matrix with vector x on its main diagonal and zeros elsewhere. The full
singular value decomposition (SVD) [45] of X ∈ Rm×n is

X = Udiag (σ(X))V ⊤,

where (U, V ) ∈ M(X) with M(X) := {(U, V ) ∈ Rm×n × Rm×n | U⊤U = V ⊤V =
I,X = Udiag(σ(X))V ⊤} and σ(X) ∈ Rm

↓ ∩ Rm
+ denotes the singular value vec-

tor of X. Suppose Rank(X) = r ≤ m. The associated thin SVD of X is
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X = Urdiag(σr(X))V ⊤
r , where Ur and Vr are the first r columns of U and V ,

respectively, and σr(X) ∈ Rr
↓ ∩ Rr

+.
For analysis, we summarize the simultaneous ordered SVD of two matrices

introduced in [23].

Definition 1.2 (Simultaneous ordered SVD). We say that two real matrices X
and Y of size m× n have a simultaneous ordered singular value decomposition if
there exist orthogonal matrices U ∈ Rm×m and V ∈ Rn×n such that

X = Udiag(σ(X))V ⊤ and Y = Udiag(σ(Y ))V ⊤.

In addition, we define two index sets as follows to track the singular values of the
iterates conveniently, which reads

I(X) := {i : σi(X) > 0} and Z(X) := {i : σi(X) = 0} .

For a lower semi-continuous function J : RN → (−∞,+∞], its domain de-
noted by dom(J) := {x ∈ RN : J(x) < +∞}. We first recall some concepts of
subdifferentials that are commonly used in variational analysis and subdifferential
calculus, which is a useful tool in developing optimality conditions of the concerned
optimization problem in nonsmooth analysis.

Definition 1.3 (Subdifferentials). Consider a proper lower semi-continuous func-
tion. φ : RN → (−∞,+∞].

• The Fréchet subdifferential ∂̂φ of φ at an x ∈ dom φ is analytically defined
as

∂̂φ(x) :=

{
v ∈ RN | lim

u→x
inf
u̸=x

φ(u)− φ(x)− ⟨v, u− x⟩
∥u− x∥2

≥ 0

}
.

• The (limiting) subdifferential of ∂φ of φ at an x ∈ dom φ is defined through
the following closure process, which reads,

∂φ(x) :=
{
v ∈ RN | ∃vk → v, xk

φ→ x with vk ∈ ∂̂φ(xk) for all k
}
.

where xk
φ→ x refers to φ-attentive convergence in analysis, meaning xk → x

with φ(xk)→ φ(x).

We mention that ∂̂φ(x) = ∂φ = ∅ for x /∈ dom φ.

We next collect the result on the limiting subdifferential of the singular value
function established in [23]. Upon that, we present the limiting subdifferential
associated with the nonconvex Schatten-p norm.

8



Lemma 1.4 (Limiting subdifferential of singular value function). Let φ : Rn → R
be an absolutely symmetric function, meaning φ(x1, · · · , xn) = φ(|xπ(1)|, · · · , |xπ(n)|)
holds for any permutation π of [n], and let σ(X) be the singular values of a matrix
X ∈ Rm×n(n ≤ m is assumed for convenience). Then the limiting subdifferential
of singular value function φ ◦ σ at a matrix X is given by

∂[φ ◦ σ](X) = Udiag (∂φ[σ(X)])V ⊤,

with Udiag(σ(X))V ⊤ being the SVD of X.

A direct consequence of Lemma 1.4 is the result of limiting subdifferential of ∥X∥pp.

Proposition 1.5. Let Rank(X) = r ≤ m ∈ N. The limiting subdifferential of
∥ · ∥pp : Rm×n → R at a matrix X is given by

∂∥X∥pp = ∂

(
r∑

i=1

σi(X)p

)
= ∂

(
[∥ · ∥pp ◦ σ](X)

)
=
{
Udiag(Σ)V ⊤ | Σ ∈ (∂∥σ(X)∥pp ◦ ∂|σi(X)|)

}
,

(5)

where ∂∥σ(X)∥pp = {ϑ ∈ Rm | ϑj = pσj(X)p−1, j ∈ [r]} and (U, V ) ∈M(X).

We use the following subdifferential-based stationary principle to establish the
first-order necessary optimality conditions of (P).

Theorem 1.6 (Nonsmooth versions of Fermat’s rule). If problem (P) has a local
minimum at X̄, then 0 ∈ ∂̂F (X̄) ⊂ ∂F (X̄).

Using Proposition 1.5 and by Theorem 1.6, we define the critical point of (P)
as follows.

Definition 1.7 (Critical point). We say that an X ∈ Rm×n is a critical point
of (P) if it satisfies 0 ∈ ∂F (X). Moreover, the set of all critical points of (P) is
denoted by

crit(F ) :=
{
X ∈ Rm×n | 0 ∈ ∇f(X) + λUdiag(∂|σ(X)|pp)V ⊤, (U, V ) ∈M(X)

}
.

(6)

The Kurdyka- Lojasiewicz (KL) property plays an important role in our con-
vergence analysis. We next recall the essential components as follows. First, let
Ω ⊂ Rm×n and X ∈ Rm×n, the distance from X to Ω is defined by

dist(X,Ω) := inf{∥X − Y ∥F | Y ∈ Ω}.

In particular, we have dist(X,Ω) = +∞ for any X when Ω = ∅. Next, we provide
the definition of the desingularizing function.
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Definition 1.8 (Desingularizing function). [10] Let η > 0. We say that Φ :
[0, η]→ R+ is a desingularizing function if

(i) Φ(0) = 0;

(ii) Φ is continuous on [0, η] and of class C1 on (0, η);

(iii) Φ′(s) > 0 for all s ∈ (0, η).

Typical examples of desingularizing functions are the functions of the form
Φ(t) = cs1−θ, for c > 0 and θ ∈ [0, 1).

Now we define the Kurdyka- Lojasiewicz property.

Definition 1.9 (KL property). Let F : Rm×n → R ∪ {+∞} be proper lower-
semicontinuous. We say that F satisfies the Kurdyka- Lojasiewicz property at
X̄ ∈ dom(∂F ) := {X ∈ Rm×n | ∂F (X) ̸= ∅} if there exists η > 0, a neighborhood
U(X̄, ρ) of X̄, and a concave desingularizing function Φ : [0, η) → R+, such that
the Kurdyka- Lojasiewicz inequality

Φ′ (F (X)− F (X̄)
)

dist
(
0, ∂F (X̄)

)
≥ 1 (7)

holds, for all X in the strict local upper level set

Levη(X̄, ρ) := {X ∈ U(X̄, ρ) | F (X̄) < F (X) < F (X̄) + η}.

If F satisfies the KL property at any X ∈ dom(∂F ), we then call F a KL
function.

Moreover, due to the existence of multiple critical points in nonconvex opti-
mization, the KL property at a single point X̄ may be insufficient at times. It is
necessary for us to introduce the definition of uniform KL property.

Definition 1.10 (Uniform KL property). [3] Let Ω be a compact set and let
F : Rm×n → R ∪ {+∞} be proper lower-semicontinuous function. Assume that
F is constant on Ω and satisfies the KL property at each point of Ω. We say
that F has uniform KL property on Ω if there exist ϵ > 0, η > 0 and Φ defined
in Definition 1.9 such that the KL inequality (7) holds for any X̄ ∈ Ω and any
X ∈ {X ∈ Rm×n | dist(X,Ω) < ϵ} ∩ {X ∈ Rm×n | F (X̄) < F (X) < F (X̄) + η}.

2 Proposed Extrapolated Iteratively Reweighed

Nuclear Norm Algorithm with Rank Iden-

tification

In this section, we provide the details of the proposed EIRNN framework for solving
(P) by discussing the subproblem solution and a novel updating strategy of the
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perturbation parameter to enable the rank identification property.
Before presenting the proposed algorithm, we make the following assumptions

on (P) as follows throughout.

Assumption 2.1. The function f : Rm×n → R is Lf -smooth, i.e.,

∥∇f(X)−∇f(Y )∥F ≤ Lf∥X − Y ∥F , ∀X,Y ∈ Rm×n,

where the modulus Lf ≥ 0 refers to the smoothness parameter.

Assumption 2.2. Throughout we assume F is level-bounded [40, Definition 1.8].
This assumption on F corresponds to limX∈Rm×n:∥X∥→∞ F (X) = +∞ and fur-
ther implies minX∈Rm×n F (X) = F > −∞ and {X | argminX∈Rm×nF (X)} ̸= ∅
regarding (P).

We state the proposed algorithm in Algorithm 1, which consists of solving
a sequence of weighted nuclear norm regularized subproblems, an extrapolation
technique, and an adaptive perturbation parameter updating strategy.

Algorithm 1 Extrapolated Iteratively Reweighted Nuclear Norm with Rank
Identification (EIRNRI)

Require: X0 ∈ Rm×n, ϵ0 ∈ Rm
++ ∩ Rm

↓ , µ ∈ (0, 1), and α0 ∈ [0, ᾱ] by (10).
Ensure: k = 0 and X−1 = X0.

1: repeat

2: Compute weights wk
i = p

(
σi(X

k) + ϵki
)p−1

, ∀i ∈ [m].
3: Compute Y k+1 according to the extrapolation (9).
4: Compute the new iterate as the solution of (13).
5: Update ϵk by the subroutine of Algorithm 2.
6: Choose αk ∈ [0, ᾱ].
7: Set k ← k + 1.
8: until convergence

2.1 A Weighted Nuclear Norm Surrogate with Extrap-
olation

Our presented approach for solving (P) is primarily motivated by the substantial
literature on proximal gradient-type methods employing acceleration techniques
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[51] and iteratively reweighted techniques [48]. Specifically, we first add perturba-
tion parameters ϵ ∈ Rn

++ to each singular value of the matrix to smooth the p-th
power of the Schatten-p norm,

F (X; ϵ) := f(X) + λ
m∑
i=1

(σi(X) + ϵi)
p. (8)

Obviously, F (X; 0) = F (X). Drawing upon the Nesterov’s acceleration technique
[34, 38], our approach begins by computing an extrapolated Y k, using the current
iterate Xk and the previous one Xk−1, i.e.,

Y k = Xk + αk(Xk −Xk−1), (9)

where αk ∈ [0, ᾱ) refers to the extrapolation parameter and is selected according
to the following rule [46]{

ᾱ ∈ (0, 1), if f(x) is convex and Lf -smooth,

ᾱ ∈ (0,
√

β
β+3Lf

), if f(x) is Lf -smooth.
(10)

At Y k, it follows for any feasible X that the perturbed objective F (X; ϵ) admits
a useful upper bound presented below, i.e.,

F (X, ϵ) := f(X) + λ

m∑
i=1

(σi(X) + ϵi)
p

(a)

≤ f(Y k) + ⟨∇f(Y k), X − Y k⟩+
Lf

2
∥X − Y k∥2F

+ λ
m∑
i=1

p(σi(X
k) + ϵki )p−1(σi(X)− σi(X

k))

(b)

≤ f(Y k) + ⟨∇f(Y k), X − Y k⟩+
Lf

2
∥X − Y k∥2F +

Lf

2
∥X −Xk∥2F

+ λ
m∑
i=1

p(σi(X
k) + ϵki )p−1(σi(X)− σi(X

k)),

(11)

where (a) is a direct consequence of Lf -smoothness of f under Assumption 2.1
and the concavity of (·)p, and (b) naturally holds due to the nonnegativity of the

proximal term
Lf

2 ∥X −Xk∥2F . Omitting the constants on the right-hand side, we
obtain the following surrogate function L(X;Xk, Y k, ϵk) to approximate F (X) at
Xk, i.e.,

L(X;Xk, Y k, ϵk) := f(Y k)+⟨X,∇f(Y k)⟩+β

2
∥X−Y k∥2F+

β

2
∥X−Xk∥2F+λ

m∑
i=1

wk
i σi(X),

(12)
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where wk
i = w(σi(X

k), ϵki ) = p
(
σi(X

k) + ϵki
)p−1

,∀i ∈ [m] and β > Lf > 0. The
new iterate Xk+1 is computed as L(Xk;Xk, Y k, ϵk), i.e.,

Xk+1 ∈ argminX∈Rm×nL(X;Xk, Y k, ϵk)

= argminX∈Rm×n

{
β

2

∥∥∥∥X − (Xk + Y k

2
− ∇f(Y k)

2β

)∥∥∥∥2
F

+
λ

2

m∑
i=1

wk
i σi(X)

}
.

(13)

2.2 Subproblem Solution

It should be mentioned that solving such a weighted nuclear norm minimization
problem (13) is not a direct extension of solving a weighted ℓ1 norm minimization
counterpart in the vector case. In fact, problem (13) is nonconvex and hence
generally posts challenges to find the global minimizer. As shown in [4, Theorem
2.2], the weighted nuclear norm of X ∈ Rm×n, ∥X∥∗w, is convex with respect
to X if and only if both the singular value σi(X) and its corresponding weights
wi, ∀i ∈ [m] are in descending order. However, it is unrealistic to design such a
strategy, since w(σi(X), ϵi) = p(σi(X) + ϵi)

p−1 < p(σj(X) + ϵj)
p−1 = w(σj(X), ϵj)

for σi(X) > σj(X) as ϵi → 0 and ϵj → 0. Nonetheless, a closed-form global
optimal solution to (13) is available by imposing the ascending order on all weights
wi, ∀i ∈ [m] [30, 42]. We restate such a result for (13) in the following theorem.

Theorem 2.3. Consider (13). Let wk ∈ Rm
↑ ∩ Rm

++, that is,

0 < wk
1 ≤ wk

2 ≤ . . . ≤ wk
m. (14)

Then a global optimal solution to (13) reads

Xk+1 = Uk+1diag

([
Σk+1
i − λwk

i

2β

]
+

)
V k+1⊤ (15)

with Uk+1diag(Σk+1)V k+1⊤ being the SVD of the matrix Xk+Y k

2 − ∇f(Y k)
2β .

Proof. The proof follows the same argument of [30, Theorem 3.1].

With the help of Theorem 2.3 and Definition 1.2 of simultaneous ordered SVD,
we establish the following result whose proof follows the similar argument of [11,
Proposition 2].
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Proposition 2.4. Consider (13). Suppose wk ∈ Rm
↑ ∩ Rm

++. Then there exist

ξk+1 ∈ ∂|σ(Xk+1)| ⊂ Rm such that

Uk+1diag

(
λ

2β
wk ◦ ξk+1

)
V k+1⊤ ∈ ∂

{
m∑
i=1

wk
i σi(X

k+1)

}
, (16)

where Xk+1 and Xk+Y k

2 − ∇f(Y k)
2β have a simultaneous ordered SVD.

Proof. By Theorem 1.6 and Theorem 2.3, we have

0 ∈ β

(
Xk+1 −

(
Xk + Y k

2
− ∇f(Y k)

2β

))
+

λ

2
∂

(
m∑
i=1

wk
i σi(X

k+1)

)
. (17)

Note also that matrices Xk+1 and Xk+Y k

2 − 1
2β∇f(Xk) have the simultaneous

ordered SVD. From (17), we know there exists ξ̂k+1 ∈ ∂
(∑m

i=1w
k
i σi(X

k+1)
)

such
that

ξ̂k+1 =
2β

λ

((
Xk + Y k

2
− ∇f(Y k)

2β

)
−Xk+1

)
=

2β

λ

(
Uk+1diag(Σk+1)V k+1⊤ − Uk+1diag

((
Σk+1 − λwk

2β

)
+

)
V k+1⊤

)
=

2β

λ

(
Uk+1diag

(
Σk+1 −

(
Σk+1 − λwk

2β

)
+

)
V k+1⊤

)
.

(18)

If σi(X
k+1) =

(
Σk+1
i − λwk

i
2β

)
+

> 0 for i ∈ [m], we know ∂(σi(X
k+1)) = 1 and

Σk+1 −
(

Σk+1 − λwk

2β

)
+

= λwk

2β . Then, it follows from for any i ∈ [m] such

that ξk+1
i = 1 that λwk

2β ◦ ξ
k+1 = λwk

2β ∈ λwk

2β ◦ ∂(σi(X
k+1)). If σi(X

k+1) =(
Σk+1
i − λwk

i
2β

)
+

= 0 for i ∈ [m], we know ∂(σi(X
k+1)) = [−1, 1] and Σk+1

i −(
Σk+1
i − λwk

i
2β

)
+

= Σk+1
i ∈ [0,

λwk
i

2β ]. Then, it follows from for any i ∈ [m] such

that ξk+1
i =

2βΣk+1
i

λwk
i

∈ [0, 1] ⊂ [−1, 1] that λwk

2β ◦ ξ
k+1 = Σk+1

i ∈ λwk

2β ∂(σi(X
k+1)).

Therefore, the proof is completed.

Since Xk+1 is a global minimum to (13) by Theorem 2.3, it follows from The-
orem 1.6 and Proposition 2.4 that there exist ξk+1 ∈ ∂|σ(Xk+1)| such that

0 = ∇f(Y k) + β(Xk+1 − Y k) + β(Xk+1 −Xk) + λUk+1diag
(
wk ◦ ξk+1

)
V k+1⊤.

(19)
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2.3 An Adaptive Updating Strategy for Perturbation
ϵ

A key component of our proposed algorithmic framework is the updating strategy
for the perturbation ϵ, which controls how the perturbation evolves during opti-
mization and is critical for analyzing the behavior of our proposed algorithm. The
updating strategy should be designed such that we can manipulate the values of
ϵi,∀i ∈ [m] to maintain the ascending order of {w1, . . . , wm} during iteration. This
ensures that a global optimal solution to subproblem (13) can be obtained accord-
ing to Theorem 2.3. Our proposed updating strategy is presented in Algorithm 2.

Algorithm 2 Update perturbation ϵ.

Require: µ ∈ (0, 1).
1: if I(Xk+1) ⊂ I(Xk) then
2: ϵk+1

i = µϵki , ∀i ∈ Ik+1.
3: Set τ1 = σk+1

|Ik+1| + ϵk+1
|Ik+1| and τ2 = ϵk|Ik+1|+1

.

4: ϵk+1
i =

{
ϵki , if τ1 ≥ τ2,

min(ϵki , µτ1), otherwise,
∀i ∈ I(Xk)\I(Xk+1).

5: Set τ3 = ϵk+1
|I(Xk)|

6: ϵk+1
i = min{ϵki , τ3}, ∀i ∈ Z(Xk).

7: end if
8: if I(Xk) ⊂ I(Xk+1) then
9: ϵk+1

i = µϵki , i ∈ I(Xk).
10: Set τ3 = ϵk|I(Xk)|
11: ϵk+1

i = µmin{ϵki , τ3}, ∀i ∈ I(Xk+1)\I(Xk)
12: Set τ1 = σk+1

|I(Xk+1)| + ϵk+1
|I(Xk+1)| and τ2 = ϵk|I(Xk+1)|+1

.

13: ϵk+1
i =

{
ϵki , if τ1 ≥ τ2,

min(ϵki , µτ1), otherwise,
∀i ∈ Z(Xk+1).

14: end if
15: if I(Xk) = I(Xk+1) then
16: ϵk+1

i = µϵki , ∀i ∈ I(Xk+1).
17: Set τ1 = σk+1

|I(Xk+1)| + ϵk+1
|I(Xk+1)| and τ2 = ϵk|I(Xk+1)|+1

.

18: ϵk+1
i =

{
ϵki , if τ1 ≥ τ2,

min(ϵki , µτ1), otherwise,
∀i ∈ Z(Xk+1).

19: end if
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Assume the initial ϵ0i , i ∈ [m] are in descending order. Algorithm 2 includes
three cases. Our focus is mainly on providing detailed explanations for the first
case, as other cases follow similar arguments. Case 1: I(Xk+1) ⊂ I(Xk) holds
true in Line 1. This case corresponds to a situation in which Xk+1 have more
zero singular values than Xk, meaning |I(Xk+1)| < |I(Xk)|, or, equivalently,
Rank(Xk+1) < Rank(Xk). Notice that all elements in σ(Xk+1) are organized
naturally in descending order. Our goal is to maintain the descending order of
σk+1
i + ϵk+1

i , i ∈ [m] (or, equivalently, the ascending order of wk+1
i , i ∈ [m]).

To achieve this, we first decrease ϵk+1
i ,∀i ∈ I(Xk+1) by a fraction (Line 2), so

that σk+1
i + ϵk+1

i , i ∈ I(Xk+1) are descending after the update. Let τ1 be their
smallest value. Line 3-4 handle the update of ϵk+1

i ,∀i ∈ I(Xk)\I(Xk+1). Let
τ2 be the largest value of ϵki ,∀i ∈ I(Xk)\I(Xk+1) (they are in descending or-
der). If τ1 ≥ τ2, there is no need to reduce ϵki , ∀i ∈ I(Xk)\I(Xk+1), since
σk+1
i + ϵk+1

i , i ∈ Ik = I(Xk+1) ∪ (I(Xk)\I(Xk+1)) are now descending. Oth-
erwise, ϵki ,∀i ∈ I(Xk)\I(Xk+1) is set to be a fraction of τ1 to maintain this order.
As for i ∈ Z(Xk), letting τ3 be the smallest value of σk+1

i + ϵk+1
i , i ∈ Ik, we then

use threshold τ3 to trim i ∈ Z(Xk) (Line 6). After the update, σk+1
i +ϵk+1

i , i ∈ [m]
maintain the desired non-decreasing order.

3 Convergence Analysis

We make heavy use of the following auxiliary function in our analysis, which is
useful in establishing the convergence properties of the proposed algorithm.

H(X,Y, ϵ) = f(X) +
β

2
∥X − Y ∥2F + λ

m∑
i=1

(σi(X) + ϵi)
p. (20)

The following lemma indicates that H(X,Y, ϵ) is monotonically nonincreasing.

Lemma 3.1 (Sufficient decrease property of EIRNRI). Suppose Assumptions 2.1-
2.2 are satisfied. Let {Xk} and {Y k} be the sequences generated by Algorithm 1.
Then the following statements hold.

•
{
H(Xk, Xk−1, ϵk)

}
is monotonically nonincreasing and lim

k→+∞
H(Xk, Xk−1, ϵk)

exists. Indeed, we have for each k ∈ N that

H(Xk, Xk−1, ϵk)−H(Xk+1, Xk, ϵk+1) ≥ C∥Xk −Xk−1∥2F (21)

with constant C = β
2 (1− 3Lf+β

β ᾱ2) > 0.
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•
∑∞

k=0 ∥Xk+1 −Xk∥2F < +∞, implying lim
k→+∞

∥Xk+1 −Xk∥F = 0. In addi-

tion, lim
k→+∞

max{∥Y k −Xk∥F , ∥Y k −Xk+1∥F } = 0.

• The sequences {Xk} and {Y k} are bounded. As a result, there exists constant
C1 such that for any i ∈ [m]

max
i

σi

(
Xk + Y k

2
− 1

2β
∇f(Y k)

)
≤ C1, ∀k ∈ N.

Proof. (i) From (13), we know that Xk+1 ∈ argminX∈Rm×nL(X;Xk, Y k, ϵk), and
it follows from L(Xk+1;Xk, Y k, ϵk) ≤ L(Xk;Xk, Y k, ϵk) that

⟨Xk+1,∇f(Y k)⟩+
β

2
∥Xk+1 − Y k∥+

β

2
∥Xk+1 −Xk∥2F + λ

m∑
i=1

wk
i σi(X

k+1)

≤ ⟨Xk,∇f(Y k)⟩+
β

2
∥Xk − Y k∥+ λ

m∑
i=1

wk
i σi(X

k).

(22)
By rearranging (22) and adding a positive term on both sides, it holds that

⟨Xk+1,∇f(Y k)⟩+
β

2
∥Xk+1 − Y k∥+ λ

m∑
i=1

wk
i (σi(X

k+1)− σi(X
k)) + λ

m∑
i=1

(σi(X
k) + ϵki )p

≤ ⟨Xk,∇f(Y k)⟩+
β

2
∥Xk − Y k∥ − β

2
∥Xk+1 −Xk∥2F + λ

m∑
i=1

(σi(X
k) + ϵki )p.

(23)
Denote ϕ(X;Y ) = f(Y ) + ⟨∇f(Y ), X − Y ⟩ for notional convenience. It leads us
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to

F (Xk+1; ϵk+1)

(a)

≤ ϕ(Xk+1;Y k) +
Lf

2
∥Xk+1 − Y k∥2F + λ

m∑
i=1

(σi(X
k+1) + ϵki )p

(b)

≤ ϕ(Xk+1;Y k) +
β

2
∥Xk+1 − Y k∥2F + λ

m∑
i=1

(σi(X
k) + ϵki )p

+ λ
m∑
i=1

wk
i (σi(X

k+1)− σi(X
k))

(c)

≤ ϕ(Xk;Y k) +
β

2
∥Xk − Y k∥2F −

β

2
∥Xk+1 −Xk∥2F + λ

m∑
i=1

(σi(X
k) + ϵki )p

(d)

≤ f(Xk) + ⟨∇f(Y k)−∇f(Xk), Xk − Y k⟩+
Lf + β

2
∥Xk − Y k∥2F

− β

2
∥Xk+1 −Xk∥2F + λ

m∑
i=1

(σi(X
k) + ϵki )p

(e)

≤ F (Xk, ϵk) +
3Lf + β

2
∥Xk − Y k∥2F −

β

2
∥Xk+1 −Xk∥2F ,

(24)

where inequalities (a) follows from the result in [33, Lemma 1.2.3] under Assump-
tion 2.1 and leverages the monotonicity of (·)p over R+ resulting from the non-
increasing property of σi(X

k) + ϵki ,∀i ∈ [m], k ∈ N by Algorithm 2, (b) is true
because β > Lf and the concavity of (·)p over R+, (c) makes use of (23), (d)
again follows from the result in [33, Lemma 1.2.3] under Assumption 2.1, and
(e) is by the Cauchy-Schwarz inequality and hence immediately a consequence of
Assumption 2.1.

Rearranging (24), together with (9), yields

F (Xk; ϵk)−F (Xk+1; ϵk+1) ≥ β

2
∥Xk−Xk+1∥2F −

3Lf + β

2
α2
k∥Xk−Xk−1∥2F . (25)

This further implies

H(Xk, Xk−1, ϵk)−H(Xk+1, Xk, ϵk+1)

= F (Xk; ϵk) +
β

2
∥Xk −Xk−1∥2F −

[
F (Xk+1; ϵk+1) +

β

2
∥Xk+1 −Xk∥2F

]
(a)

≥ β

2

(
1− α2

k

3Lf + β

β

)
∥Xk −Xk−1∥2F

(b)

≥ β

2

(
1− ᾱ2 3Lf + β

β

)
∥Xk −Xk−1∥2F ≥ 0,

(26)
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where inequality (a) holds by (25) and (b) is true thanks to αk ∈ [0, ᾱ],∀k ∈ N with

ᾱ ∈ (0,
√

β
3Lf+β ) imposed in (10). Consequently, {H(Xk, Xk−1, ϵk)} is monotoni-

cally nonincreasing. Moreover, by Assumption 2.2, we know minX∈Rm×n F (X, ϵ) >
F > −∞, implying {H(Xk, Xk−1, ϵk)} is bounded from below, and hence, lim

k→+∞
H(Xk, Xk−1, ϵk)

exists. This proves statement (i).
(ii) Summing both sides of (26) over k = 0, . . . , t, we obtain

β

2

(
1− ᾱ2 3Lf + β

β

) t∑
k=0

∥Xk −Xk−1∥2F ≤ H(X0, X−1, ϵ0)−H(Xt+1, Xt, ϵt+1)

≤ F (X0; ϵ0)− F (Xt+1; ϵt+1) < +∞,
(27)

Let t → +∞, and it follows from Assumption 2.2 and ᾱ ∈ (0,
√

β
3Lf+β ) that

lim
k→+∞

∥Xk+1 −Xk∥F = 0. Furthermore,

lim
k→+∞

∥Y k −Xk∥F = lim
k→+∞

αk∥(Xk −Xk−1)∥F = 0, and

lim
k→+∞

∥Y k −Xk+1∥F = lim
k→+∞

∥(Xk −Xk+1) + αk(Xk −Xk−1)∥F = 0,
(28)

as desired. The proof of statement (ii) is completed.
(iii) For each k ∈ N, we derive that

F (Xk) ≤ F (Xk; ϵk) ≤ H(Xk, Xk−1, ϵk)
(a)

≤ H(X0, X−1, ϵ0) = F (X0; ϵ0)
(b)
< +∞,

(29)
where inequality (a) holds by (26) and Theorem 3.3(i), and (b) is true due to
Assumption 2.2. We hence deduce from (29) that {Xk} is bounded. This, together
with the boundedness of αk,∀k ∈ N, shows the boundedness of {Y k}. Therefore,
it follows from Assumptions 2.1-2.2 that there exists C1 > 0 such that for any
i ∈ [m]

max
i

σi

(
Xk + Y k

2
− 1

2β
∇f(Y k)

)
≤ C1, ∀k ∈ N.

This completes proofs of all statements.

3.1 Local Properties: Stable Support and Adaptively
Reweighting

The following proposition asserts that the support of the index set of singular
vectors remains unchanged after a finite number of iterations.
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Proposition 3.2. Let Assumptions 2.1-2.2 hold. Suppose the sequence {Xk} is
generated by Algorithm 1. Then there exists constant C1 > 0 defined in Lemma 3.1
and k̂ ∈ N such that the following statements hold.

• If w(σi(X
k̂), ϵk̂i ) > 2βC1

λ for k̂ ∈ N, then σi(X
k) ≡ 0 for all k > k̂.

• The index set sets I(Xk) and Z(Xk) remain unchanged for all k > k̂.
Therefore, there exists index sets I∗ and Z∗ such that I(Xk) = I∗ and
Z(Xk) = Z∗ for sufficiently large k.

• For any k > k̂, σk
i is strictly bounded away from 0 for any i ∈ I(Xk). Indeed,

it holds that σk
i >

(
λp

2βC1

) 1
1−p − ϵki > 0, ∀i ∈ I(Xk), implying lim inf

k→+∞
σk
i >(

λp
2βC1

) 1
1−p

, ∀i ∈ I∗.

Proof. Recall (13) and by Proposition 2.4, we know that matrices Xk+1 and
Xk+Y k

2 − 1
2β∇f(Xk) have the simultaneous ordered SVD, and

0 ∈ β

(
Xk+1 −

(
Xk + Y k

2
− ∇f(Y k)

2β

))
+

λ

2
∂

(
m∑
i=1

wk
i σi(X

k+1)

)
,

which implies

0 = σ(Xk+1)− σ

(
Xk + Y k

2
− 1

2β
∇f(Y k)

)
+

λ

2β
wk ◦ ξk+1 (30)

with ξk+1
i ∈ [0, 1]. Then, we have for each i ∈ [m] that

σi(X
k+1) =

[
σi

(
Xk + Y k

2
− 1

2β
∇f(Y k)

)
− λ

2β
wk
i ξ

k+1
i

]
+

. (31)

(i) Suppose that there exists k̂ ∈ N such that wk̂
i ≥

2βC1

λ for i ∈ [m]. By

Proposition 2.4 and from (31), we know that σi(X
k̂+1) = 0. Then, σi(X

k̂+1) +

ϵk̂+1
i ≤ σi(X

k̂) + ϵk̂i by Algorithm 2 and monotonicity of (·)p−1 indicate wk̂+1
i ≥

wk̂
i > 2βC1

λ . Therefore, we have σk̂+2
i = 0. By induction we know that σk

i ≡ 0 for

any k > k̂. This completes the proof of statement (i).
(ii) We prove this by contradiction. Suppose this statement is not true. Then

there exist i ∈ [m] and k ∈ N such that σi(X
k) takes zero and nonzero value both

for infinite times. We know that there are two subsequences S1∪S2 = N such that
|S1| = +∞, |S2| = +∞ and that

σi(X
k) = 0, ∀k ∈ S1 and σi(X

k) > 0, ∀k ∈ S2.
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Hence, there exists subsequence S3 ⊂ S2 such that |S3| = +∞ and i ∈ ZXk ∩
I(Xk+1) for any k ∈ S3. In other words, σi(X

k) = 0 and σi(X
k+1) ̸= 0 for

any k ∈ S3. Thus, Ik ⊂ Ik+1, ∀k ∈ S3. It then follows from Algorithm 2 that
lim

k→+∞
ϵki = 0 for k ∈ S3 owing to |S3| = +∞. Hence there exists k̂ ∈ S1 such that

wk̂
i = w(σk̂

i , ϵ
k̂
i ) = p

(
σi(X

k̂) + ϵk̂i

)p−1
= p(ϵk̂i )p−1 ≥ 2βC1

λ
.

This indicates that σi(X
k) = 0 for any k > k̂ by statement (i), implying {k̂+1, k̂+

2, k̂ + 3, · · · } ⊂ S1 and |S2| is finite. This contradicts |S2| = +∞. Consequently,
statement (ii) holds.

(iii) We know from statement (i) that if wk
i ≤

2βC1

λ , i ∈ I(Xk) occurs, it then
follows that

σi(X
k) ≥

(
λp

2βC1

) 1
1−p

− ϵki > 0, ∀i ∈ I(Xk).

This completes proofs of all statements.

We shall further demonstrate the properties for the updating strategy of ϵ. We
specifically show that after some k, ϵi,∀i ∈ I(Xk) diminish while ϵi, ∀i ∈ Z(Xk)
are fixed as constants. Hence, our proposed Algorithm 1 locally behaves like
minimizing a smooth problem in a low-dimensional manifold.

Theorem 3.3. Suppose Assumption 2.1-2.2 hold true. Let {Xk} and {ϵk} be
the sequences generated by Algorithm 1 and I∗ and Z∗ be defined in Proposition
3.2(ii). Then the following asserts hold.

• The perturbations {ϵki , ∀i ∈ I(Xk)} and perturbed singular values {σi(Xk) +
ϵki ,∀i ∈ [m]} are all in strictly descending order for k ∈ N, while {ϵki ,∀i ∈
Z(Xk)} are in non-increasing order for k ∈ N. Consequently, for all k ∈ N,
the non-strictly ascending order constraint on the non-negative weights in
(14) can be automatically satisfied.

• There exist k̂ ∈ N such that for all k ≥ k̂, the update ϵk+1
i = µϵki with

µ ∈ (0, 1), ∀i ∈ I∗ will always be triggered. Consequently, the sequence
{ϵki }, ∀i ∈ I∗ converges monotonically to 0, i.e., ϵki → 0 as k → +∞ for all
i ∈ I∗.

• There exists k̂ ∈ N such that for all k ≥ k̂, the update of ϵki ,∀i ∈ Z(Xk)

will never be triggered. That is, ϵki ≡ ϵk̂i after some k̂, ∀i ∈ Z∗. Conse-
quently, the sequence {ϵki }, ∀i ∈ Z∗ converges to fixed positive constants for
all sufficiently large k.
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Proof. (i) We prove this statement by induction. Indeed, by the setting of ϵ0

in Algorithm 1 and the property that the singular values are naturally sorted in
descending order, the statement is vacuously true at k = 0. Suppose now this is
also true at the kth iteration. Without loss of generality, we only have to prove
the statement (i) in which I(Xk+1) ⊂ I(Xk) holds in Algorithm 2, and the proof
of other cases follows the similar spirits and arguments.

Consider Algorithm 2. Line 2 and Line 4 indicate that {ϵk+1
i , ∀i ∈ I(Xk)} is

in descending order by the descending nature of {ϵki , ∀i ∈ I(Xk)} and µ ∈ (0, 1).
Line 11 guarantees {ϵk+1

i , i ∈ Z(Xk)} is non-increasing, since {ϵki ,∀i ∈ Z(Xk)} are
in non-increasing order. This, together with the monotonicity of (·)p−1, ensures
the satisfaction of (14). This finishes the proof of statement (i).

(ii) This statement holds true by Proposition 3.2(ii) and Line 16 of Algorithm 2.
(iii) Seeking a contradiction, suppose the update of ϵki , ∀i ∈ Z(Xk) for k > k̂

is triggered for infinite many times. By Proposition 3.2(ii), we note that ϵk+1
i ≤

µτ1, i ∈ Z(Xk+1) whenever it is reduced by Line 18 in Algorithm 2. If the update
is triggered for infinite many times, then τ2 ≤ τ1 is always satisfied for any k > k̂,
which contradicts that τ1 is strictly bounded below from 0 after some k > k̂
by Proposition 3.2(iii). Therefore, ϵki , i ∈ Z(Xk) is never reduced after finite
iterations. This contradiction completes the proof.

3.2 Rank Identification

The following theorem establishes the rank identification property of Algorithm 1,
which is a straightforward result from Proposition 3.2 and Theorem 3.3. It asserts
the rank of the iterates generated by Algorithm 1 will eventually remain fixed,
and is equivalent to the rank of the cluster point X∗. Moreover, all cluster points
have the same rank. Consequently, the iterates {Xk} will eventually reside in a
low-dimensional active manifoldM(X∗) := {X ∈ Rm×n | Rank(X) = Rank(X∗)},
implying the original problem eventually reverts to a smooth problem after iden-
tifying an active manifold M(X∗).

Theorem 3.4. Suppose Assumptions 2.1-2.2 hold true. Let {Xk} be the sequence
generated by Algorithm 1. Then Rank(Xk) = r∗ := |I∗| for sufficiently large
k. Moreover, for any limit point X∗ of {Xk}, Rank(X∗) = |I(X∗)| = r∗, and

σi(X
∗) ≥

(
λp

2βC1

) 1
1−p

> 0, i ∈ I(X∗).

Remark 3.5. Theorem 3.4 suggests that the proposed Algorithm 1 identifies the
rank of the optimal solution after finite iterations. That is, all subsequent iterates
Xk satisfy Xk ∈ M(X∗). Moreover, all limit points of iterates will be confined
to a low-dimensional manifold. This feature of the proposed algorithm represents
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a stark contrast to the results established in [37, Theorem 6], where the rank
identification property merely holds for any convergent subsequence.

We illustrate the rank identification property of Algorithm 1 through a simple
example.

Example 3.1. Consider

min
X∈R15×15

1

2
∥PΩ(X)−PΩ(X∗)∥+ λ∥X∥pp, (32)

where X∗ ∈ R15×15 with Rank(X∗) = 3 is the ground-truth matrix to be found,
Ω denotes the random sample set with sampling ratio SR = 0.5 and |Ω| satisfies
|Ω| = ⌈152 ∗ SR⌉, PΩ is the projection onto the subspace of sparse matrices with
nonzeros restricted to the index set Ω, and λ = 0.1, p = 0.5.

Figure 1: A sample example to show the rank-identification property.

The y-axis on the left represents the rank and the one on the right represents
the relative residual. We use solid lines and dash lines to show the rank of the
iterates and relative residual ∥Xk−X∗∥2F /∥X0−X∗∥2F of our method, respectively.
The gray line represents the rank at the optimum X∗. We can see from Figure 1
when the rank reaches rank(X∗), the relative distance also drops significantly,
indicating that it finds a solution with high precision on the smooth manifold.
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3.3 Global Convergence

By Proposition 1.5, the necessary optimality condition of (P) is given by:

∇f(X∗) + λU∗diag(w∗ ◦ ξ∗)V ∗⊤ = 0, (33)

where w̄∗ ∈ ∂∥σ(X∗)∥pp, ξ∗ ∈ ∂|σ(X∗)|, and (U∗, V ∗) ∈M(X∗)

To show the global convergence properties of Algorithm 1, we investigate the
optimality error at Xk+1.

Theorem 3.6 (Bounded subgradients). Suppose Assumptions 2.1-2.2 hold true.
Let {Xk} be the sequence generated by Algorithm 1. For each k ∈ N, define the
optimality error associated with (P) as

Ek+1 = ∇f(Xk+1) + λUk+1diag(w̄k+1 ◦ ξk+1)V k+1⊤, (34)

where w̄k+1
i = p(σi(X

k+1))p−1, i ∈ I(Xk+1), w̄k+1
i = wk

i , i ∈ Z(Xk+1) and ξk+1 ∈
∂|σ(Xk+1)|. Then it holds that Ek+1 ∈ ∂F (Xk+1) and there exists C2 > 0 such
that

∥Ek+1∥F ≤ (Lf +2β+C2)∥Xk+1−Xk∥F +(Lf +β)ᾱ∥Xk−Xk−1∥F +C2ϵ
0
1, (35)

with C2 = mp(1− p)(C3)
p−2 and 0 < C3 ≤ mini∈[|I(Xk+1)|] σi(X

k+1),∀k ∈ N.

Proof. By Proposition 1.5, we know that w̄k+1 ∈ ∂∥σ(Xk+1)∥pp. This, together
with differentiability of f [40][10.10 Exercise], leads to the desired result Ek+1 ∈
∂F (Xk+1). On the other hand, by subtracting (19) from both sides of (34), we
have

Ek+1 = [∇f(Xk+1)−∇f(Y k)]− β[(Xk+1 − Y k) + (Xk+1 −Xk)]

+ λUk+1diag((w̄k+1 −wk) ◦ ξk+1)V k+1⊤.
(36)

It follows from Assumption 2.1 and (9) that the first term in (36)

∥∇f(Xk+1)−∇f(Y k)∥F ≤ Lf∥Xk+1 − Y k∥F
(a)

≤ Lf∥Xk+1 −Xk∥F + Lf ᾱ∥Xk −Xk−1∥F ,
(37)

where (a) holds due to the triangle inequality and (10). Similarly, we have from
the second term in (36) that

∥β[(Xk+1 − Y k) + (Xk+1 −Xk)]∥F ≤ 2β∥Xk+1 −Xk∥F + βᾱ∥Xk −Xk−1∥F .
(38)
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As for the third term in (36), we have

∥Uk+1diag((w̄k+1 −wk) ◦ ξk+1)V k+1⊤∥F
= ∥diag((w̄k+1 −wk) ◦ ξk+1)∥F
(a)

≤ ∥w̄k+1 −wk∥2 ≤ ∥w̄k+1 −wk∥1

(b)
=

|I(Xk+1)|∑
i=1

p(1− p)
(
σ̂i(X

k)
)p−2 (

σi(X
k+1)− (σi(X

k) + ϵki )
)

(c)

≤
|I(Xk+1)|∑

i=1

p(1− p)
(
σ̂i(X

k)
)p−2 (∣∣∣σi(Xk)− σi(X

k+1)
∣∣∣+ |ϵki |

)
(d)

≤
|I(Xk+1)|∑

i=1

p(1− p)
(
σ̂|I(Xk+1)|(X

k)
)p−2 (

∥Xk −Xk+1∥F + ϵki

)
,

(39)

where (a) holds due to ξk+1
i ∈ [−1, 1],∀i ∈ [m], equality (b) makes use of the

mean value theorem with σ̂i(X
k) lying between σi(X

k) + ϵki with σi(X
k+1) for

each i ∈ [m], inequality (c) is true by triangle inequality and inequality (d) is true
because of the monotonicity of (·)p−2 over R++ and conclusions drawn by [15,
Problem 7.3].

Therefore, combining (37), (38) with (39) leads to

∥Ek+1∥F ≤ ∥∇f(Xk+1)−∇f(Y k)∥F + ∥β[(Xk+1 − Y k) + (Xk+1 −Xk)]∥F

+ ∥Uk+1diag((w̄k+1 −wk) ◦ ξk+1)V k+1⊤∥F
(a)

≤ (Lf + 2β)∥Xk+1 −Xk∥F + (Lf + β)ᾱ∥Xk −Xk−1∥F

+

|I(Xk+1)|∑
i=1

p(1− p) (C3)
p−2

(
∥Xk −Xk+1∥F + ϵki

)
(b)

≤ (Lf + 2β + mp(1− p)(C3)
p−2)∥Xk+1 −Xk∥F + (Lf + β)ᾱ∥Xk −Xk−1∥F

+ (mp(1− p)(C3)
p−2)ϵ01,

(40)
where (a) holds since 0 < C3 ≤ mini∈[|I(Xk+1)|] σi(X

k+1), ∀k ∈ N and (b) is true

because |I(Xk)| ≤ m,∀k ∈ N and ϵ0 ∈ Rm
↓ ∩ Rm

++. This completes the proof.

Based on the previous analysis, we now demonstrate the global convergence
properties of the EIRNRI algorithm. Before proceeding, we use χ∞ to denote the
cluster point of {Xk} generated by Algorithm 1.
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Theorem 3.7. Suppose Assumptions 2.1-2.2 hold true. Let {Xk} be the sequence
generated by Algorithm 1. Then the following assertions hold.

(i) The set of cluster points χ∞ is nonempty, compact and connected set.

(ii) {F (Xk)} is convergent. Moreover, the objective function F is constant on
χ∞.

(iii) lim
k→+∞

∥Ek+1∥F = 0. Therefore, any cluster point X∗ ∈ χ∞ is a critical

point of F , meaning χ∞ ⊂ crit(F ).

Proof. (i) Lemma 3.1(iii) implies χ∞ is nonempty. On the other hand, Lemma
3.1(ii)-(iii), combined with the classical Ostrowski result [35, Theorem 26.1], leads
to the desired results. This proves statement (i).

(ii) The convergence of {F (Xk)} is direct consequence of (20) by invoking
Theorem 3.3(ii) and Lemma 3.1(ii). On the other hand, it holds from Theorem 3.4
and Lemma 3.1(i)-(iii) that for each X∗ ∈ χ∞ with Rank(X∗) = r∗,

F (X∗) = f(X∗) + λ
r∗∑
i=1

(σi(X
∗))p

(a)
= lim

k→+∞

[
f(Xk+1) + λ

m∑
i=1

(σi(X
k+1) + ϵk+1

i )p + β∥Xk+1 −Xk∥2F

]
− λ

m∑
i=r∗+1

(ϵk̂i )p

= lim
k→+∞

H(Xk+1, Xk, ϵk+1)− λ
m∑

i=r∗+1

(ϵk̂i )p

(b)
= H∗ − λ

m∑
i=r∗+1

(ϵk̂i )p,

where (a) is true because Theorem 3.3 guarantees that there exists k̂ ∈ N such

that ϵk → ϵ∗ = [0, · · · , 0, ϵk̂r∗+1, · · · , ϵk̂m]⊤ as k → +∞, and also by Lemma 3.1(ii),
and (c) holds simply by Lemma 3.1(i).

(iii) Recall (37) and (38), we can deduce from Lemma 3.1(iii) that

lim
k→+∞

∥∇f(Xk+1)−∇f(Y k)∥F = 0 (41)

and
lim

k→+∞
∥β[(Xk+1 − Y k) + (Xk+1 −Xk)]∥F = 0. (42)
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On the other hand, by Proposition 3.2(iii) and monotonicity of (·)p−2 over R++,
we have from (39) that for sufficiently large k ∈ N

∥Uk+1diag((w̄k+1 −wk) ◦ ξk+1)V k+1⊤∥2F

≤
|I(Xk+1)|∑

i=1

p(1− p)
(
σ̂|I(Xk+1)|(X

k)
)p−2 (

∥Xk −Xk+1∥F + ϵki

)

<

|I(Xk+1)|∑
i=1

p(1− p)

((
λp

2βC1

)1/(1−p)

− ϵki

)p−2 (
∥Xk −Xk+1∥F + ϵki

)
.

(43)

By Theorem 3.3(ii) and Lemma 3.1(iii), we know from (43) that

lim
k→+∞

∥Uk+1diag((w̄k+1 −wk) ◦ ξk+1)V k+1⊤∥2F = 0. (44)

Combining (41), (42) and (44) yields

lim
k→+∞

∥Ek+1∥F = 0,

meaning 0 ∈ ∂F (X∗) for any X∗ ∈ χ∞, as desired. This completes the proof.

4 Convergence Analysis Under KL Property

In this section, we analyze the convergence properties of the sequence {(Xk, Y k, ϵk)}
generated by Algorithm 1 under the KL property of F for sufficiently large k. We
first define a reduced form of (20) as

Ĥ(X,Y, δ) = f(X) +
r∗∑
i=1

(
σi(X) + (δi)

2
)p

+
β

2
∥X − Y ∥2F , (45)

where ϵi = δ2i with δi ≥ 0 since ϵi is restricted to be non-negative. Notice that by

Theorem 3.3, δki ≡ δk̂i , i ∈ Z∗ and δk+1
i =

√
µδki , i ∈ I∗ for all sufficiently large k.

We consider the Cartesian product of triplets (X,Y, z) ∈ Rm×n × Rm×n × Rr∗ .

Definition 4.1. Consider a set S = {(X,Y, z) | (X,Y, z) ∈ Rm×n×Rm×n×Rr∗}.
Define the Cartesian product of any X = (X1, X2,x3) ∈ S and Y = (Y1, Y2,y3) ∈
S as

X × Y = ⟨X1, Y1⟩+ ⟨X2, Y2⟩+ ⟨x3,y3⟩.

The norm of any X ∈ S is defined as

∥X∥ = (∥X1∥2F + ∥X2∥2F + ∥x3∥22)
1/2,
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and thus the distance between X ∈ S and Y ∈ S is

dist (X,Y ) =

√
∥X1 − Y1∥2F + ∥X2 − Y2∥2F + ∥x3 − y3∥22.

We assume that the uniform KL property holds for Ĥ in this Cartesian product
space.

Assumption 4.2. Suppose Ĥ : S → R satisfies the uniform KL property on
Ω := {(X∗, X∗,0r∗) | X∗ ∈ crit(F )}.

Remark 4.3. The assumption that Ĥ satisfies uniform KL property at any point
of Ω is indeed no stronger than the assumption that it satisfies the KL property.
Note that the compactness of χ∞ by Theorem 3.7(i) implies that Ω is compact,
and additionally, Theorem 3.3 and Theorem 3.7(ii) indicates that Ĥ is constant
on Ω. Furthermore, the KL property is generally satisfied across a broad range of
function classes [2]. Therefore, Assumption 4.2 can be considered reasonable and
mild.

Now we prove the convergence properties of {(Xk, Y k, δk)} using KL property.

Lemma 4.4 (Uniqueness of convergence properties under KL condition). Suppose
Assumptions 2.1-4.2 hold true. Let {Xk} be the sequence generated by Algorithm 1.
There then exists k̂ ∈ N such that the following statements hold.

(i) There exists D > 0 such that for all k ≥ k̂∥∥∥∇Ĥ(Xk+1, Xk, δk+1)
∥∥∥
F
≤ D

(∥∥∥Xk −Xk+1
∥∥∥
F

+
∥∥∥Xk−1 −Xk

∥∥∥
F

+ ∥δk∥1 − ∥δk+1∥1
)
.

Moreover, lim
k→+∞

∥∇Ĥ(Xk+1, Xk, δk+1)∥F = 0.

(ii) {Ĥ(Xk, Y k−1, δk)} is monotonically decreasing and there exists D1 such that

Ĥ(Xk, Y k−1, δk)− Ĥ(Xk+1, Y k, δk+1) ≥ D1∥Xk −Xk−1∥2F .

(iii) Ĥ(X∗, X∗,0) = ζ := lim
k→+∞

Ĥ(Xk, Y k−1, δk), where (X∗, X∗,0) ∈ Γ with Γ

being the set of cluster points of {(Xk, Y k−1, δk)}, that is, Γ := {(X∗, X∗,0) : X∗ ∈ χ∞}.

(iv) For any t, T t :=
+∞∑
k=t

∥Xk−1 −Xk∥F < +∞. Therefore, lim
k→+∞

Xk = X∗.
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Proof. Since Ĥ is differentiable with respect to its all input variables (X,Y, δ)
separately, we have

∇XĤ(X,Y, δ) = ∇f(X) + β(X − Y ) + λUdiag(ŵ)V ⊤,

∇Y Ĥ(X,Y, δ) = β(X − Y ),

∇δiĤ(X,Y, δ) = 2λpδi(σi(X) + δ2i )p−1, ∀i ∈ [r∗],

(46)

where ŵ = (p(σ1(X) + (δ1)
2)p−1, · · · , p(σr∗(X) + (δr∗)2)p−1, 0, · · · , 0)⊤ ∈ Rm by

Proposition 1.5.
For each k > k̂, we have from (19) and Proposition 3.2(ii)-(iii) that

0 = ∇f(Y k) + β(Xk+1 − Y k) + β(Xk+1 −Xk) + λUk+1diag
(
ŵk
)
V k+1⊤, (47)

where ŵk = (p(σ1(X
k) + (δk1 )2)p−1, · · · , p(σr∗(Xk) + (δkr∗)2)p−1, 0, · · · , 0)⊤.

(i) Combining the first expression in (46) and (47), we have

∇XĤ(Xk+1, Xk, δk+1)

=∇f(Xk+1)−∇f(Y k)− β(Xk+1 − Y k) + λUk+1diag
(
ŵk+1 − ŵk

)
V k+1⊤.

(48)
It follows from (9) that

∥β(Xk − Y k)∥F ≤ βᾱ∥Xk −Xk−1∥F . (49)

For any k ≥ k̂, we then have

∥Uk+1diag(ŵk+1 − ŵk)V k+1⊤∥F
≤ ∥diag(ŵk+1 − ŵk)∥F = ∥ŵk+1 − ŵk∥2 ≤ ∥ŵk+1 − ŵk∥1

≤
r∗∑
i=1

p(1− p)(σi(X
k))p−2(|σi(Xk)− σi(X

k+1)|+ |(δki )2 − (δk+1
i )2|)

(a)

≤
r∗∑
i=1

p(1− p)

(
2βC1

λp

) 2−p
1−p (

∥Xk −Xk+1∥F + |(δki )2 − (δk+1
i )2|

)
,

≤Dp

(
∥Xk −Xk+1∥F + max

i
(δki + δk+1

i )∥δk − δk+1∥1
)

≤Dp

[
∥Xk −Xk+1∥F + 2∥δ0∥∞(∥δk∥1 − ∥δk+1∥1)

]
,

(50)

where Dp = p(1 − p)
(
2βC1

λp

) 2−p
1−p

, and inequality (a) holds by Proposition 3.2(iii)

and conclusions drawn by [15, Problem 7.3]. This, together with (48), (37), (49)
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and (50), yields

∥ ∇XĤ(Xk+1, Xk, δk+1)∥F

≤ ∥∇f(Xk+1)− f(Y k)∥F + β∥Xk − Y k∥F + λ∥Uk+1diag(ŵk+1 − ŵk)V k+1⊤∥F
≤ (λDp + Lf )∥Xk+1 −Xk∥F + (Lf + β)ᾱ∥Xk −Xk−1∥F

+ 2λDp∥δ0∥∞(∥δk∥1 − ∥δk+1∥1).
(51)

Similarly, we have

∥∇Y Ĥ(Xk+1, Xk, δk+1)∥F = ∥β(Xk+1 −Xk)∥F ≤ β∥Xk+1 −Xk∥F , (52)

and note that
∇δĤ(Xk+1, Xk, δk+1) = 2λŵk+1 ◦ δk+1.

It then follows that

∥∇δĤ(Xk+1, Xk, δk+1)∥2 ≤ ∥∇δĤ(Xk+1, Xk, δk+1)∥1

=

r∗∑
i=1

2λŵk+1
i δk+1

i

(a)

≤
r∗∑
i=1

2λ(2βC1

λ )
√
µ

1−√
µ

(
δki − δk+1

i

)
≤ 4βC1

√
µ

1−√
µ

(
∥δk∥1 − ∥δk+1∥1

)
,

(53)

where inequality (a) holds by Proposition 3.2(ii) and δk+1
i ≤ √µδki , i ∈ [r∗].

Therefore, combining (51), (52) and (53) gives

∥∇Ĥ(Xk+1, Xk, δk+1)∥F ≤ D
(∥∥∥Xk −Xk+1

∥∥∥
F

+
∥∥∥Xk−1 −Xk

∥∥∥
F

+ ∥δk∥1 − ∥δk+1∥1
)

with D = max
(
λDp + Lf + β, (Lf + β)ᾱ, 2Dpλ∥δ0∥∞ +

4βC
√
µ

1−√
µ

)
< +∞. Further-

more, by Lemma 3.1 and Theorem 3.3, we know that lim
k→+∞

∥∇Ĥ(Xk+1, Xk, δk+1)∥F =

0. This completes the proof of statement (i).

(ii) It is straightforward from D1 = β
2

(
1− 3Lf+β

β ᾱ2
)
> 0 by Lemma 3.1(i).

(iii) Theorem 3.7(ii) shows H(Xk+1, Xk, δk+1)→ ζ as k → +∞ and It follows
from Lemma 3.1(iii) and Theorem 3.7(i)-(ii) that {Ĥ(Xk+1, Y k, δk+1)} uniquely
converges.

(iv) By statement (iii), we know that

lim
k→+∞

Ĥ(Xk+1, Xk, δk+1) = Ĥ(X∗, X∗,0) ≡ ζ.
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If Ĥ(Xk+1, Xk, δk+1) = ζ for each k > k̂, then we know Xk+1 = Xk by statement

(ii) after k̂, indicating Xk = X k̂ ∈ χ∞. The proof then is complete. We otherwise
have to consider the case in which Ĥ(Xk+1, Xk, δk+1) > ζ after k̂.

By Definition 1.10 and Assumption 4.2, we know that there exist a desingu-
larizing function Φ, η > 0 and ρ > 0 such that

Φ′
(
Ĥ(X,Y, δ)− ζ

)
∥∇Ĥ(X,Y, δ)∥ ≥ 1, (54)

for all (X,Y, δ) ∈ U((X∗, X∗,0); ρ)∩
{

(X,Y, δ) ∈ S : ζ < Ĥ(Xk+1, Xk, δk+1) < ζ + η
}

.

Note that X∗ ∈ χ∞, we have

lim
k→+∞

dist((Xk, Xk−1, δk),Γ) = 0,

meaning ∀ρ > 0, there exists k1 ∈ N such that dist((Xk, Xk−1, δk),Γ) < ρ for all
k > k1. Since {Ĥ(Xk+1, Xk, δk+1)} → ζ as k → +∞, we know that there exists
k2 ∈ N such that ζ < Ĥ(Xk+1, Xk, δk+1) < ζ + η for all k > k2. Thus, we have
from the smoothness of Ĥ that for any k > max (k1, k2),

Φ′
(
Ĥ(Xk+1, Xk, δk+1)− ζ

)
∥∇Ĥ(Xk+1, Xk, δk+1)∥ ≥ 1. (55)

Then, we have for any k > k̂ that[
Φ
(
Ĥ(Xk, Xk−1, δk)− ζ

)
− Φ

(
Ĥ(Xk+1, Xk, δk+1)− ζ

)]
×D

(
∥Xk−2 −Xk−1∥F + ∥Xk−1 −Xk∥F + ∥δk−1∥1 − ∥δk∥1

)
(a)

≥
[
Φ
(
Ĥ(Xk, Xk−1, δk)− ζ

)
− Φ

(
Ĥ(Xk+1, Xk, δk+1)− ζ

)]
× ∥∇Ĥ(Xk, Xk−1, δk)∥

(b)

≥
[
Ĥ(Xk, Xk−1, δk)− Ĥ(Xk+1, Xk, δk+1)

]
Φ′
(
Ĥ(Xk, Xk−1, δk)− ζ

)
× ∥∇Ĥ(Xk, Xk−1, δk)∥

(c)

≥D1∥Xk −Xk−1∥2F ,

(56)

where the inequality (a) holds by Lemma 4.4(i), the inequality (b) makes use of
the concavity of Φ and the inequality (c) follows from (54) and Lemma 4.4(ii).
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Therefore,

∥Xk −Xk−1∥F
(a)

≤
√

2D

D1

[
Φ
(
Ĥ(Xk, Xk−1, δk)− ζ

)
− Φ

(
Ĥ(Xk+1, Xk, δk+1)− ζ

)]
×
√

1

2
(∥Xk−2 −Xk−1∥F + ∥Xk−1 −Xk∥F + ∥δk−1∥1 − ∥δk∥1)

(b)

≤ D

D1

[
Φ
(
Ĥ(Xk, Xk−1, δk)− ζ

)
− Φ

(
Ĥ(Xk+1, Xk, δk+1)− ζ

)]
+

1

4

(∥∥∥Xk−2 −Xk−1
∥∥∥
F

+
∥∥∥Xk−1 −Xk

∥∥∥
F

+ ∥δk−1∥1 − ∥δk∥1
)
,

(57)

where the inequality (a) holds by (56) and the inequality (b) is true because of the
AM-GM inequality. Then, subtracting 1

2∥X
k − Xk−1∥F from both sides of (57),

we obtain

1

2
∥Xk −Xk−1∥F ≤

D

D1

[
Φ
(
Ĥ(Xk, Xk−1, δk)− ζ

)
− Φ

(
Ĥ(Xk+1, Xk, δk+1)− ζ

)]
+

1

4

(
∥Xk−2 −Xk−1∥F − ∥Xk−1 −Xk∥F + ∥δk−1∥1 − ∥δk∥1

)
.

(58)
Summing up both sides of (58) from l = t to k, we have

1

2

k∑
l=t

∥X l −X l−1∥F

≤ D

D1

[
Φ
(
Ĥ(Xt, Xt−1, δt)− ζ

)
− Φ

(
Ĥ(Xk+1, Xk, δk+1)− ζ

)]
+

1

4

(
∥Xt−2 −Xt−1∥F − ∥Xk−1 −Xk∥F + ∥δt−1∥1 − ∥δk∥1

)
.

(59)

We then have δk → 0 and ∥Xk − Xk−1∥F → 0 by taking k → +∞ according to
Lemma 3.1 and Theorem 3.3(ii), respectively. Furthermore, we have from taking

k → +∞ and continuity of Φ that Φ
(
Ĥ(Xk+1, Xk, δk+1)− ζ

)
→ Φ(ζ − ζ) =

Φ(0) = 0 by Definition 1.8(i). Therefore, for any t > 0, it holds that

T t =
+∞∑
l=t

∥X l −X l−1∥F

≤ 2D

D1
Φ
(
Ĥ(Xt, Xt−1, δt)− ζ

)
+

1

2

(
∥Xt−2 −Xt−1∥F + ∥δt−1∥1

)
< +∞,

(60)
implying that {Xk} is a Cauchy sequence and consequently converges uniquely.
This completes the proof of all statements.
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Now we are ready to prove the convergence rate under the KL property. We
mention that the ideas for the proof much follow those presented in [1, 50].

Theorem 4.5 (Local convergence rate). Let Assumptions 2.1-4.2 hold. Let {Xk}
be generated by Algorithm 1 and converge to a critical point X∗ ∈ crit(F ). Consider
a desingularizing function of the form Φ(s) = cs1−θ where c > 0 and  Lojasiewicz
exponent θ ∈ [0, 1). Then the following statements hold.

(i) If θ = 0, then there exist k̂ ∈ N such that Xk ≡ X∗ for all k > k̂.

(ii) If θ ∈ (0, 12 ], there exist γ ∈ (0, 1) and c0, c1 > 0 such that

∥Xk −X∗∥F ≤ c0γ
k − c1∥δkI∗∥1 (61)

for all sufficiently large k.

(iii) If θ ∈ (12 , 1), there exist d0, d1 > 0 such that

∥Xk −X∗∥F ≤ d0k
− 1−θ

2θ−1 − d1∥δkI∗∥1 (62)

for all sufficiently large k.

Proof. Since Xk → X∗ as k → +∞, we have from Lemma 4.4(iv) and (60) that

∥Xk −X∗∥F = ∥Xk − lim
t→+∞

Xt∥F = ∥ lim
t→+∞

t∑
l=k

(X l −X l+1)∥F ≤ T k, (63)

and

T k ≤ 2D

D1
Φ
(
Ĥ(Xk, Xk−1, δk)− ζ

)
+

1

2
(T k−2 − T k−1) +

1

2
∥δk−1∥1. (64)

(i) If θ = 0, then Φ(s) = cs and Φ′(s) = c. we claim that there exists

k̂ ∈ N such that Ĥ(X k̂, X k̂−1, δk̂) = ζ. Seeking a contradiction, suppose this
is not true, so Ĥ(Xk, Xk−1, δk) > ζ for all k ∈ N. Since limk→+∞Xk = X∗ and
{Ĥ(Xk, Xk−1, δk)} monotonically decreases to ζ by Lemma 4.4(ii). We have from
the KL inequality that for all sufficiently large k

∥∇Ĥ(Xk, Xk−1, δk)∥F ≥
1

c
> 0 (65)

with Φ′(s) = c. This is a contradiction with ∥∇Ĥ(Xk, Xk−1, δk)∥ → 0 by Lemma

4.4(i). Thus, there exists k̂ ∈ N such that Ĥ(Xk, Xk−1, δk) = Ĥ(X k̂, X k̂−1, δk̂) ≡
ζ for all k ≥ k̂. Hence, we conclude from Lemma 4.4(ii) that Xk = X∗ = X k̂ for
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all k > k̂, i.e., the sequence converges in a finite number of iterations. This proves
statement (i).

(ii)-(iii) If θ ∈ (0, 1), then Φ′(s) = c(1− θ)s−θ. If there exists k̂ ∈ N such that

Ĥ(X k̂, X k̂−1, δk̂) = ζ, then we know from Lemma 4.4(ii) that Xk+1 = Xk for all

k > k̂, indicating Xk ≡ X k̂ ∈ χ∞. Therefore, we need only to consider the case in
which Ĥ(Xk, Xk−1, δk) > ζ for all k ∈ N.

Note that Assumption 4.2 implies

c(1− θ)(Ĥ(Xk, Xk−1, δk)− ζ)−θ∥∇Ĥ(Xk, Xk−1, δk)∥F ≥ 1, (66)

for all k > k̂ from Lemma 4.4(iv). On the other hand, we obtain from Lemma
4.4(i) that

∥∇Ĥ(Xk, Xk−1, δk)∥F ≤ D
(
T k−2 − T k + ∥δk−1∥1 − ∥δk∥1

)
. (67)

This, together with (66), yields

(Ĥ(Xk, Xk−1, δk)− ζ)θ ≤ cD(1− θ)
(
T k−2 − T k + ∥δk−1∥1 − ∥δk∥1

)
. (68)

Taking a power of 1−θ
θ to both sides of (68), we have for all k ≥ k̂ that

Φ(Ĥ(Xk, Xk−1, δk)− ζ) =c(Ĥ(Xk, Xk−1, δk)− ζ)1−θ

≤ c
[
cD(1− θ)

(
T k−2 − T k + ∥δk−1∥1 − ∥δk∥1

)] 1−θ
θ

≤ c
[
cD(1− θ)

(
T k−2 − T k + ∥δk−1∥1

)] 1−θ
θ

.

(69)
This, together with (64), yields

T k ≤ν1
(
T k−2 − T k + ∥δk−1∥1

) 1−θ
θ

+
1

2

(
T k−2 − T k + ∥δk−1∥1

)
(70)

with ν1 = 2cD
D1

[cD(1− θ)]
1−θ
θ > 0.

It then follows from (70) that

T k +

√
µ

1− µ
∥δk∥1

≤ ν1

(
T k−2 − T k + ∥δk−1∥1

) 1−θ
θ

+
1

2

(
T k−2 − T k + ∥δk−1∥1

)
+

√
µ

1− µ
∥δk∥1

(a)

≤ ν1

(
T k−2 − T k + ∥δk−1∥1

) 1−θ
θ

+
1

2

(
T k−2 − T k + ∥δk−1∥1

)
+

µ

1− µ
∥δk−1∥1

(b)

≤ ν1

(
T k−2 − T k + ∥δk−1∥1

) 1−θ
θ

+ ν2

(
T k−2 − T k + ∥δk−1∥1

)
,

(71)
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where inequality (a) holds simply due to δki ≤
√
µδk−1

i , i ∈ [r∗] and inequality (b)
with ν2 = 1

2 + µ
1−µ > 0 is true because T k−2 − T k ≥ 0 and µ ∈ (0, 1).

Now consider θ ∈ (0, 12 ]. It follows from Lemma 3.1(ii) and Theorem 3.3(ii)
that

lim
k→+∞

T k−2 − T k + ∥δk−1∥1 = 0.

Since 1−θ
θ ≥ 1, we thus know for sufficiently large k that(

T k−2 − T k + ∥δk−1∥1
) 1−θ

θ ≤
(
T k−2 − T k + ∥δk−1∥1

)
. (72)

This, together with (71), yields

T k +

√
µ

1− µ
∥δk∥1 ≤ (ν1 + ν2)

(
T k−2 − T k + ∥δk−1∥1

)
. (73)

On the other hand, by Theorem 3.3(ii), we have that δki ≤
√
µδk−1

i and δk−1
i ≤

√
µδk−2

i , i ∈ [r∗], and it implies that

δk−1
i ≤

√
µ

1− µ
(δk−2

i − δki ), i ∈ [r∗], (74)

leading to

∥δk−1∥1 ≤
√
µ

1− µ
(∥δk−2∥1 − ∥δk∥1). (75)

Therefore, we have from (73) for any k ≥ k̂ that

T k +

√
µ

1− µ
∥δk∥1

(a)

≤ (ν1 + ν2)

(
T k−2 +

√
µ

1− µ
∥δk−2∥1 −

(
T k +

√
µ

1− µ
∥δk∥1

))
≤
(

ν1 + ν2
1 + ν1 + ν2

)(
T k−2 +

√
µ

1− µ
∥δk−2∥1

)

≤
(

ν1 + ν2
1 + ν1 + ν2

)⌊ k−k̂
2

⌋(
T [(k−k̂)mod 2]+k̂ +

√
µ

1− µ
∥δ[(k−k̂)mod 2]+k̂∥1

)

≤
(

ν1 + ν2
1 + ν1 + ν2

) k−k̂
2
(
T k̂ +

√
µ

1− µ
∥δk̂∥1

)
,

(76)

where inequality (a) holds by (75). We hence have for any k ≥ k̂ that

∥Xk −X∗∥F ≤ T k ≤ c0γ
k − c1∥δk∥1 (77)
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with

γ =

√
ν1 + ν2

ν1 + ν2 + 1
, c0 =

T k̂ +
√
µ

1−µ∥δ
k̂∥1

γk̂
, c1 =

√
µ

1− µ
.

This completes the proof of statement (ii).
Consider now θ ∈ (12 , 1). We have from 1−θ

θ < 1 and lim
k→+∞

T k−2 − T k +

∥δk−1∥1 = 0 for sufficiently large k that(
T k−2 − T k + ∥δk−1∥1

)
≤
(
T k−2 − T k + ∥δk−1∥1

) 1−θ
θ

. (78)

This, together with (71), gives

T k +

√
µ

1− µ
∥δk∥1 ≤ (ν1 + ν2)

(
T k−2 − T k + ∥δk−1∥1

) 1−θ
θ

. (79)

Raising a power of θ
1−θ to the both sides of (79) and considering (75) gives(

T k +

√
µ

1− µ
∥δk∥1

) θ
1−θ

≤ ν3

[
(T k−2 +

√
µ

1− µ
∥δk−2∥1)− (T k + ∥δk∥1)

]
, (80)

where ν3 = (ν1 + v2)
θ

1−θ .
Split the sequence {k2, k2 + 1, · · · } into even and odd subsequences. For the

even subsequnce, define ∆t := T 2t +
√
µ

1−µ∥δ
2t∥1 for t ≥ ⌈ k̂2⌉ := N1. Following from

the techniques presented in the proofs of [46, Theorem 4] and [1, Theorem 2], we
have

∆k ≤
(

∆
1−2θ
1−θ

N1−1 + ν(k −N1)

)− 1−θ
2θ−1

≤ d2k
− 1−θ

2θ−1 , (81)

for some d2 > 0. As for the odd subsequence of {k2, k2 + 1, · · · }, define ∆t :=

T 2t+1 +
√
µ

1−µ∥δ
2t+1∥1. We know that (81) still holds. Therefore, for all sufficiently

large and even number k, it holds that

∥Xk −X∗∥F ≤ T k = ∆ k
2
−
√
µ

1− µ
∥δk∥1 ≤ 2

1−θ
2θ−1d2k

− 1−θ
2θ−1 −

√
µ

1− µ
∥δk∥1. (82)

For all sufficiently large and odd numbers k,

∥Xk−X∗∥F ≤ T k = ∆ k−1
2
−
√
µ

1− µ
∥δk∥1 ≤ 2

1−θ
2θ−1d2(k−1)−

1−θ
2θ−1−

√
µ

1− µ
∥δk∥1. (83)

Overall, we thus have for any sufficiently large k that

∥Xk −X∗∥F ≤ d0k
− 1−θ

2θ−1 − d1∥δk∥1, (84)

where d0 = 2
1−θ
2θ−1d2 max

(
1, 2

1−θ
2θ−1

)
and d1 =

√
µ

1−µ . The proof is complete.
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5 Numerical Experiments

In this section, we conduct low-rank matrix completion tasks on both synthetic
data and natural images to showcase the effectiveness and efficiency of the proposed
EIRNRI algorithm. The presented examples revolve around addressing the matrix
completion problem, defined as follows:

min
X∈Rm×n

1

2
∥M −PΩ(X)∥2F + λ∥X∥pp, (85)

where M ∈ Rm×n, Ω is the set of indices of samples, and PΩ denotes the projection
onto the subspace of sparse matrices with nonzeros restricted to the index set Ω.
In this problem, the Lipschitz constant Lf = 1.

The codes of all methods tested in this section are implemented in Matlab on a
desktop with an Intel Core i5-8500 CPU (3.00 GHz) and 24GB RAM running 64-
bit Windows 10 Enterprise. We have made the code publicly available at https://
github.com/Optimizater/Low-rank-optimization-with-rank-identification.

In our experiments, the relative error is defined as

RelErr =
∥Xk −X∗∥F
∥X∗∥F

. (86)

To verify whether X is a critical point of problem (85), we use the distance defined
as dist(0, ∂F (X)) = ∥U⊤

r ∇f(X)Vr + λpΣp−1∥F define the relative distance error

as RelDist ≤ dist(0,∂F (X))
∥M∥F . We adopt the same criterion as used in [39, 42], and say

a matrix X∗ is successfully recovered by Xk if the corresponding relative error or
the relative distance is less than 10−5.

5.1 Synthetic Data

For synthetic data, our target is to recover the generated matrix X∗ from M . Thus,
we call a correct low-rank detecting (CLD) that the rank of the termination point
is the same as the rank of X∗. In our experiments, we compare the performance
of IRNRI and EIRNRI with PIRNN [42] for solving (85) on random data, where
IRNRI does not consider the extrapolation technique. We set m = n = 150, r =
5, 10, 15 for the matrix X∗, select p = 0.5 for Schatten-p norm. The rank r matrix
X∗ is generated by X∗ = BC, where B ∈ Rm×r and C ∈ Rr×n are generated
randomly with i.i.d. standard Gaussian entries. We randomly sample a subset Ω
with sampling ratio SR(|Ω| satisfies |Ω| = ⌈SR ∗ (mn)⌉), and select three values
0.2, 0.5 and 0.8, and then the observed matrix is M = PΩ(X∗).

All algorithms are initialized with a random Gaussian matrix X0, and ter-
minate when RelErr ≤ opttol or RelDist ≤ opttol or the number of iteration
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exceeds the preset limit itmax. Furthermore, we add another termination condi-
tion ∥Xk+1 −Xk∥∞ ≤ KLopt by Lemma 4.4. Unless otherwise mentioned, we use
the following parameters to run the experiments: β = 1.1 > Lf , ϵ0i = 1, i ∈ [m],
µ = 0.1 for IRNRI and EIRNRI, opttol = 10−5, itmax = 1×103 and KLopt = 10−7.
For EIRNRI, α = 0.7 is roughly tuned for the best performance correspondingly.
For PIRNN, ϵi, i ∈ [m] are fixed as sufficiently small values: ϵi = 10−3.

The number of problems (out of 2000 problems in total) converging to a solu-
tion with the correct rank satisfying Rank(Xtrue) = Rank(X∗) := r∗ are depicted
in Figure 2. The average of the final relative errors of each algorithm for each
case are shown in Table 1. We can observe from these results that our proposed
algorithms can always return a solution with low relative error and the correct
rank.

(a) The number of CLD with
r∗ = 5.

(b) The number of CLD with
r∗ = 10.

(c) The number of CLD with
r∗ = 15.

Figure 2: The number of problems that achieve model identification for dif-
ferent r∗. For each r∗, 2000 problems are generated and set λ = 10−1∥X∗∥∞
for those problems. We set different ϵ = 10−3 for PIRNN and the default
values for our algorithm.

r∗ = 5 r∗ = 10 r∗ = 15
IRNRI 6.42× 10−7 2.67× 10−5 9.15× 10−4

EIRNRI 6.42× 10−7 2.67× 10−5 9.15× 10−4

PIRNN 5.13× 10−6 3× 10−4 1.1× 10−2

Table 1: The average of the final relative errors of each algorithm with dif-
ferent r∗.

To compare the efficiency of the algorithms, we also plot the evolution of
the relative distance for each case in Figure 3. We can see that the proposed
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IRNRI achieves roughly the same speed as PIRNN, while the proposed EIRNRI
significantly outperforms PIRNN.

(a) r∗ = 5 (b) r∗ = 10 (c) r∗ = 15

Figure 3: Comparison of matrix recovery on synthetic data with initial point
X0 satisfies Rank(X0) = r∗, initial parameters satisfy ϵ0i = ϵ = 10−3.

Since Algorithm 1 involves a new parameter α to accelerate the convergence,
we set the different values of α = {0, 0.1, 0.3, 0.5, 0.7, 0.9} to test the sensitivity
to αk for the EIRNRI algorithm. The experiments show the best value is always
around α = 0.7.

(a) r∗ = 5 (b) r∗ = 10 (c) r∗ = 15

Figure 4: The performance of EIRNRI with different α for three kinds of
problems.
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5.2 Application to Image Recovery

In this section, we compare our method with four solvers, PIRNN [42], AIRNN
[38]3, Scp [41]4, and FGSRp [7]5. We consider the real images though they are
usually not low rank, but the top singular values of the real images dominate the
main information. The nature images are of scale 300×300×3, we observe the top
singular values first and sample the 80% of the elements uniformly for the random
mask. The block mask is also been used. We set λ = 0.5 as the regularization
parameter. The iteration is terminated when RelDist ≤ 10−5 or KLopt ≤ 10−5

or the number of iteration exceeds itmax= 103. We set β = 1.1 for the three
algorithms. In order to guarantee the accuracy of the solution returned by PIRNN,
we set ϵ = 10−4 for PIRNN, and ϵ0 = 1, µ = 0.1 for IRNRI and EIRNRI. As for
EIRNRI, we set α = 0.7. The default parameter values for other algorithms are
used. The performance of all algorithms is compared on two measurements: (1)
the difference of the rank of the final iterate and X∗, (2) the peak signal-to-noise
ratio (PSNR), defined as

PSNR(M,X∗) = 10× log10
2552

1
3mn

∑3
i=1 ∥X∗

i −Mi∥2F
, (87)

where M is the restored image and X∗ is the original image.

PIRNN AIRNN EIRNRI Scp FGSRp
PSNR Rank PSNR Rank PSNR Rank PSNR Rank PSNR Rank

r∗ = 15 24.971 15 24.107 29 24.971 15 24.981 187 20.918 187
r∗ = 20 26.547 20 26.37 24 26.547 20 26.571 187 21.433 187
r∗ = 25 27.805 25 27.804 25 27.805 25 27.86 187 21.687 187
r∗ = 30 28.86 30 28.263 36 28.86 30 28.975 187 21.885 187
r∗ = 35 29.845 35 27.614 47 29.846 35 30.063 187 22.064 187
r∗ = 40 30.715 40 30.019 43 30.716 40 31.099 187 22.133 187

Table 2: The performance of different methods to recover random mask
images. Bold values correspond to the best results for each task.

Figure 5 depicts the recovered results for random cover, and Table 2 shows the
quality of each recovered result. We can see that all those algorithms can recover

3Available at https://github.com/ngocntkt/AIRNN
4Available at https://github.com/liguorui77/scpnorm
5Available at https://github.com/udellgroup/Codes-of-FGSR-for-effecient-low-rank-

matrix-recovery
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(a) Original im-
age

(b) Low-rank im-
age

(c) Random mask (d) PIRNN

(e) AIRNN (f) EIRNRI (g) Scp (h) FGSRp

Figure 5: The performance of different methods in image recovery with a
random mask(SR= 0.8). (a) Original image, Rank(X) = 300; (b) Low-rank
image, Rank(X∗) = 30; (c) Noised picture; (d) PIRNN: Rank(X) = 30,
PSNR=28.855; (e) AIRNN: Rank(X) = 36, PSNR=28.854; (f) EIRNRI:
Rank(X) = 30, PSNR=28.855; (g) Scp: Rank(X) = 187, PSNR=28.971; (h)
FGSRp: Rank(X) = 187, PSNR=21.806;
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the image under the random mask, and our proposed algorithm can always find a
lower rank than the others.

Figure 6 depicts the recovered results for block mask, and Table 3 shows the
quality of each recovered result. We can observe that AIRNN can pursue low-rank
targets but it can not achieve a credible recovery for block mask image recovery.
Though Scp makes the biggest PSNR in both two tasks, the restored image always
has a higher rank than the low-rank target image. EIRNRI restores a low-rank
image with a similar PSNR with Scp, indicating that it can recover an accurate
low-rank structure of the image.

(a) Original im-
age

(b) Low-rank im-
age

(c) Random mask (d) PIRNN

(e) AIRNN (f) EIRNRI (g) Scp (h) FGSRp

Figure 6: The performance of different methods in image recovery with
block mask. (a) Original image, Rank(X) = 300; (b) Low-rank im-
age, Rank(X∗) = 30; (c) Noised picture; (d) PIRNN: Rank(X) = 30,
PSNR=32.696; (e) AIRNN: Rank(X) = 32, PSNR=16.423; (f) EIRNRI:
Rank(X) = 30, PSNR=32.654; (g) Scp: Rank(X) = 126, PSNR=33.237; (h)
FGSRp: Rank(X) = 126, PSNR=23.132;

6 Conclusion

In this paper, we have proposed, analyzed, and implemented iteratively reweighted
Nuclear norm methods for solving the Schatten-p norm regularized low-rank op-
timization. Our work features two main novelties. The first is the exhibition of a
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PIRNN AIRNN EIRNRI Scp FGSRp
PSNR Rank PSNR Rank PSNR Rank PSNR Rank PSNR Rank

r∗ = 15 30.848 15 16.276 19 30.844 15 31.003 75 26.307 75
r∗ = 20 31.893 20 16.305 24 31.887 20 32.185 100 26.687 100
r∗ = 25 32.468 25 16.356 28 32.448 25 32.881 121 26.946 121
r∗ = 30 32.696 30 16.423 32 32.654 30 33.237 126 27.132 126
r∗ = 35 32.794 35 16.433 36 32.703 35 33.378 131 27.272 131
r∗ = 40 32.465 38 16.502 39 32.357 38 33.044 136 27.38 136

Table 3: The performance of different methods in image recovery with block
mask. Bold values correspond to the best results for each task.

rank identification property, enabling the algorithm to identify the rank of station-
ary points of the concerned problems in finite iterations. Leveraging this property,
we have designed a novel updating strategy for ϵi, so that ϵi associated with the
positive singular values can be driven to zero rapidly and those associated with
zero singular values can be automatically fixed as constants after a finite number
of iterations. The crucial role of this strategy is that the algorithm eventually
behaves like a truncated weighted Nuclear norm method so that the techniques for
smooth algorithms can be directly applied including acceleration techniques and
convergence analysis.

The convergence properties established for our algorithm are illustrated empiri-
cally on test sets comprising both synthetic and real datasets. We remark, however,
that several practical considerations remain to be addressed for enhancing the per-
formance of the proposed method. One potential avenue for improvement involves
integrating the rank identification property into the implementation. Once the
correct rank has been identified within a finite number of iterations, the algorithm
can be terminated and subsequently switched to a traditional Frobenius recovery
with a fixed rank to further enhance the quality of the recovered solution. We
defer the exploration of this aspect to future research endeavors.
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