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Abstract

We consider Benders decomposition algorithms for multistage stochastic mixed-integer
programs (SMIPs) with general mixed-integer decision variables at every node in the scenario
tree. We derive a hierarchy of convex polyhedral lower bounds for the value functions and
expected cost to-go functions in multistage SMIPs using affine parametric cutting planes in
extended spaces for the feasible regions in the problem. We improve this hierarchy of convex
polyhedral lower bounds using so-called scaled cuts, and moreover we construct a scaled-cut
decomposition algorithm that iteratively improves the convex polyhedral lower bounds of
the expected cost to-go functions at every node of the scenario tree in such a way that the
first-stage lower bound converges uniformly to the convex envelope of the first-stage expected
cost to-go function. This is the best convex polyhedral lower bound possible. Our main
convergence result depends on novel results for scaled cuts of expectations over lower semi-
continuous value functions, and on the analysis of so-called d-exact scaled cuts.

1 Introduction

We consider multistage stochastic mixed-integer programs (SMIPs) with T time stages, where the
uncertainty in the problem can be modelled using a scenario tree 7. We use n € N to denote
the nodes of this scenario tree 7, and let ¢,, denote the time stage in which node n is located.
Moreover, we let n = 1 denote the root node and £ C N the set of leaf nodes of the scenario
tree, respectively, and we let p, € [0,1] denote the probability that node n € N of the scenario
tree is reached. Furthermore, for every n € N, we let a(n) denote the unique ancestor node of
n, where we define a(1) = 0 and xy = 0 for notational convenience, and we let C(n) denote the
set of children nodes of n. Using this notation, the large-scale deterministic formulation of our
multistage SMIP is given by

n* = Ipin{ Z Pl Tn t Tn € Xy TnZan) + WaZy = hyn, Vn € N} (1)
e

Here, c,, denotes the unit cost vector of the decisions z, in node n € N, and z, € X, and
TwTany + Wnrn = hy represent the constraints in node n € N. We use the set X,, to model
simple bounds, including non-negativity constraints, and integrality constraints on the decisions
r,. Moreover, in what follows we will define &), (2,(n)) as the set of feasible decisions in node n
for every n € N and z,(,) € Xy(,,)- That is, for all n € N, we define

Xn(xa(n)) = {xn € X, : Tnxa(n) + Whx, = hn}7 Ta(n) € Xa(n)a
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with the understanding that X, = {0}.
Equivalently, we can define our multistage SMIP in (1) using the following nested formulation,
in which we define for every n € N a value function v,, and an expected cost to-go function Q,, as

'Un(xa(n)) = zneéIVI,}i(Ia:l ) szn + Qn(mn)a La(n) € Xa(n)7 (2)

where the expected cost to-go function equals Q, =0 if n € £, and

Qn(mn) = Z Qnmvm(xn)v Ty € Xna

meC(n)

if n € M\L, with gp,, denoting the conditional probability of moving from node n to node m
in the scenario tree 7. Observe that n* = vy (x), that is, the optimal objective value vy (zp) of
the first-stage value function equals the optimal objective value n* of the large-scale deterministic
equivalent formulation in (1).

If all decision variables x, in our multistage SMIP are continuous, then all value functions v,
and expected cost to-go functions Q,, are convex, see, e.g., [3, 18]. This property has been exploited
to derive convex optimization based algorithms for such continuous multistage stochastic programs
(SPs), including nested Benders decomposition [2], stochastic dual dynamic programming (SDDP)
[10], progressive hedging [13], and variants thereof. The main challenge in solving multistage
SMIPs, however, is that contrary to their continuous counterparts, the value functions v, and
expected cost to-go functions @,, in SMIPs are typically non-convex due to the integer decision
variables involved.

A successful approach to deal with these non-convex function in the special case of two-stage
SMIPs, i.e., when T = 2, is to convexify the second-stage feasible region using cutting planes. In
this way, the integrality restrictions on the decision variables x, can be relaxed, and we obtain a
continuous multistage SP which is convex. See, e.g., Sen and Higle [16] for disjunctive cuts, Gade
et al. [7] for Gomory cuts, Ntaimo [9] for Fenchel cuts, and [12, 14, 17, 19, 21] for other cutting
plane approaches. The challenge, however, with applying cutting planes in a two-stage stochastic
setting compared to deterministic MIPs, is that the second-stage feasible regions depend on the
first-stage decision x7, which means that the cutting planes need to be parametric in z; to be
able to use them in any practical decomposition algorithm. Additionally, these parametric cutting
planes are typically restricted to be affine in x1, because this leads to affine optimality cuts in
the master problem. As a result, the master problem remains computationally tractable. Affine
parametric cutting planes have proven to be effective when the first-stage decision variables are
pure binary. For general mixed-integer first-stage variables, however, they are generally not strong
enough to obtain tight lower bounds.

Van der Laan and Romeijnders [20] show how to improve upon these affine parametric cutting
planes when the first-stage variables are mixed-integer. They do so by constructing nonlinear
lower bounds for the non-convex second-stage value functions, and by transforming the resulting
nonlinear optimality cut in an affine so-called scaled cut for the master problem. Here, the nonlin-
ear lower bounds for the second-stage value functions depend directly on Qh the current convex
polyhedral outer approximation, i.e., lower bound, of the first-stage expected cost to-go function
Q1. Van der Laan and Romeijnders [20] show that by iteratively improving the current outer
approximation Ql using scaled cuts, the outer approximation converges uniformly to the convex
envelope of ()1, which is the best possible convex polyhedral lower bound.

In this paper, inspired by their success in the two-stage setting, we consider affine parametric
cutting planes and scaled cuts for multistage SMIPs. In particular, we investigate the strength
of the convex polyhedral outer approximations of the value functions v, and expected cost to-go
functions @,, that we may obtain using affine parametric cutting planes for the feasible regions
in the model. A surprisingly subtle, but relevant difference between multistage SMIPs and their
two-stage counterparts, is that in two-stage SMIPs the domain X;(xg) of the second-stage value
functions vy, (z1), n € C(1), is fixed, whereas in later time stages of multistage SMIPs, the domain
Xa(n)(Ta2(ny) of Vn(T4(n)) depends on the previous-stage decision x42(,). Here, we define a®(n)



as the ancestor node of a(n), and in general for any r = 1,...,t, — 1, we let a"(n) denote the
r-th ancestor node of n, going back r generations. We will show that although v,, itself does not
directly depend on z42(,), the convex polyhedral outer approximation of v, may improve if we
allow the affine parametric cutting planes for its feasible region to depend on w,2(,y. In fact, by
constructing affine parametric cutting planes in extended spaces, i.e., depending on increasingly
many previous-stage decisions z42(y,), - - ., 1, we are able to derive a hierarchy of convex polyhedral
outer approximations for the value functions and expected cost to-go functions in the model.

In general, however, using affine parametric cutting planes does not lead to tight outer ap-
proximations, similar as for two-stage SMIPs. That is why, we use scaled cuts to improve these
outer approximations, similar as van der Laan and Romeijnders [20] for two-stage SMIPs, leading
to a hierarchy of scaled cut based convex polyhedral lower bounds for the value functions and
expected cost to-go functions in the model. The main additional challenge for multistage SMIPs
compared to two-stage SMIPs, however, is that in two-stage SMIPS all value functions correspond
to mixed-integer linear programs, whereas for multistage SMIPs, the value function at node n of
the scenario tree depends on the non-convex expected cost to-go function @, that in turn is lower
bounded by a convex polyhedral outer approximation. This implies that if the scaled cuts are
applied with the expected cost to-go function @, replaced by an outer approximation, then the
scaled cuts may become inexact. Nevertheless, we are able to prove that by iteratively applying
scaled cuts at different nodes n € A of the scenario tree to convex polyhedral outer approxima-
tions of @,, where these scaled cuts depend on the outer approximations corresponding to all
ancestor nodes of n, we obtain a sequence of outer approximations for which the first-stage outer
approximation converges uniformly to the convex envelope of Q.

To derive our main convergence result, we first extend the scaled cuts results from [20] to
expectations over lower semi-continuous (l.s.c.) value functions. Moreover, we introduce the
concept of so-called d-exact scaled cuts, and analyze the performance of iteratively applying such
d-exact scaled cuts. Finally, we derive a direct link between affine parametric cutting planes in
extended spaces and scaled cuts.

Summarizing, our main contributions are as follows.

e We derive a hierarchy of convex polyhedral lower bounds of the value functions and expected
cost functions in multistage SMIPs using affine parametric cutting planes in extended spaces
for the feasible regions in the problem.

e We derive a direct link between affine parametric cutting planes in extended spaces and
scaled cuts from [20].

e We extend the scaled cut results from [20] to expectations over Ls.c. value functions. More-
over, we introduce d-exact scaled cuts and analyze the performance of applying such cuts
iteratively.

e We use scaled cuts to improve the hierarchy of affine parametric cutting plane based convex
polyhedral lower bounds.

e We construct a scaled-cut decomposition algorithm that maintains a convex polyhedral outer
approximation of Q,, in an extended space at each node n € A/ of the scenario tree. We prove
that by iteratively applying scaled cuts at different nodes n € N, we obtain a sequence of
convex polyhedral outer approximations for which the first-stage outer approximation con-
verges uniformly to the convex envelope of @1, which is the best possible convex polyhedral
lower bound.

Our scaled cut approach deviates from other work on multistage SMIPs in the following ways.
First of all, compared to the stochastic dual dynamic integer programming (SDDiP) algorithm
[22], we do not require to have binary state variables only, but allow for general mixed-integer
state variables. Moreover, an advantage of our scaled cut approach compared to for example
the stochastic Lipschitz dynamic programming algorithm from [1] and the non-convex Benders
decomposition algorithm from [6] is that the outer approximations in our approach remain convex



polyhedral. Alternative works on multistage SMIPs include the MIDAS algorithm from [11] which
applies to multistage SMIPs with monotonic value functions, the dual decomposition algorithm
from [4], and Lagrangian dual decision rules from [5]. See also Maggioni and Pflug [8] and Sandikci
and Ozaltin [15] for bounds on the optimal objective value of multistage SMIPs.

The remainder of this paper is organized as follows. In Section 2 we discuss preliminary results
in the context of two-stage SMIPs. Here, we discuss the potential of applying affine parametric
cutting planes in extended spaces, and we derive a link between such cutting planes and scaled
cuts from [20]. In Section 3, we extend scaled cut results from [20] to the expectation over l.s.c.
value functions, and we introduce and analyze so-called d-exact scaled cuts. In Section 4, we use
affine parametric cutting planes in extended spaces for the feasible region in the problem, to derive
a hierarchy of convex polyhedral outer approximations for the value functions and expected cost
to-go functions in multistage SMIPs, and in Section 5 we improve this hierarchy using scaled cuts,
and we construct a converging scaled-cut decomposition algorithm for SMIPs. We end with a
conclusion and discussion in Section 6. Finally, we note that throughout this paper all proofs are
postponed to the Appendix.

1.1 Notation and assumptions

For any two nodes n,m € N with n = a"(m) for some r = 1,...,t, — 1, we define [,
as Tln:m] = (Tn,- -+ Ta(m)> Tm), 1.€., as a vector containing all decisions along the path in the
scenario tree 7 from node n to m. Similarly, we define X{,,.;n) as Xjpm) = X X -+ X Xy (m) X Xom,
and S, as

S[nm] = {x[nm] € X[n:m] :
Tor+1(m)Tar+1(m) + War(m)Tar(m) = har(m), Vr=0,...,tm —tn — 1}.

Moreover, if n equals the root node, i.e., if n = 1, then we write (,,,, X[p), and S,
Throughout, we let conv(X) denote the convex hull of a set X. Moreover, we let dx :
conv(X) — R U {400} denote the characteristic function of X, defined for all z € conv(X)
as dx(z) =0, if x € X, and dx(z) = +oo, if © ¢ X. Furthermore, for a function @ : X — R, we
define its closed convex envelope cox(Q) : conv(X) — R as the pointwise maximum of all affine
lower bounds of Q. Instead of cox(Q), we may also write co(Q) if the domain of @ is clear from
the context, or co(Q + dx ). With slight abuse of notation, we also write co(Q + do) to denote the
closed convex envelope of Q : © — R with © € X x Y and Q(x,y) = Q(x) for all (z,y) € ©.
Throughout this paper we make the following assumptions.

(i) We assume relatively complete recourse. That is, —00 < v, (Z4(n)) < 400 for all n € A and
La(n) € Xa(n)‘

(ii)) We assume that all data is rational. That is, ¢, T, Wy, and h,, are rational for all n € N.
(iii) We assume that X,, is bounded for all n € N.

(iv) As a result of (i)—(iii), for every n € N there exists an upper bound U, € R such that
Qn(xy) < U, for all z,, € X,,.

2 Preliminaries

In this section we discuss how to obtain convex polyhedral lower bounds for the expectation of
mixed-integer value functions using affine parametric cutting planes, extended spaces, and scaled
cuts in Sections 2.1-2.3, respectively. We use these results extensively in Sections 4 and 5 to derive
our hierarchy of convex polyhedral lower bounds for the expected cost to-go functions @,. The
results in Sections 2.1 and 2.2 can also be found in, e.g., [19], whereas the results in Section 2.3
are new.



2.1 Affine parametric cutting planes

Throughout this section we restrict ourselves to a generic expected cost function Q(z), defined on
a bounded mixed-integer polyhedral set X, with Q(z) := Ey[v. ()], € X, where

v, () == Zergir}gﬂ) a2, reX,weQ, (3)

represents a generic mixed-integer value function in which the feasible region Z,(x) = {z € Z :
Tox+ W,z > h,} is a mixed-integer polyhedral set parametrized by x.

Since v, () is the value function of a mixed-integer linear program for every z € X, we can
equivalently solve it by replacing the feasible region Z,(z) by its convex hull conv(Z, (x)). That
is,

v, () == zecog(igw(z)) q) 2, reX,we (4)

The problem with this approach, however, is that the cutting planes with which Z,(z) need
to be strengthened to obtain conv(Z,(x)) differ for every z, and thus cannot be reused. Hence,
instead we may strengthen Z,,(x) using parametric cutting planes in x. However, the form of these
parametric cutting planes has significant impact on the computational tractability of the master
problem, since non-linear parametric cutting planes for the feasible region of v,, may translate to
non-linear lower bounds for the expected cost functions Q. A sufficient condition to obtain convex
polyhedral lower bounds for Q is to use parametric cuts for Z,(x) that are affine in x.

Definition 1. An affine parametric cutting plane ' (x,z) > m is valid for the feasible region
Z,,(x) with respect to X if and only if for every # € X and z € Z,(z) it holds that " (z,%) > .

An important observation is that any affine parametric cut in x for Z,(x) is also valid for
P, ={(z,2) e X x Z:T,x + W,z > hy,}, and since it is an affine cut, also for conv(FP,).

Proposition 1. Let w € Q be given and consider the feasible region in (3) for some x € X. Then.
every affine parametric cutting plane for Z,,(x) with respect to X is valid for

conv(P,) = conv{(:az) eEXXZ:Tyx+Wy,z> hw}.

Proposition 1 implies that the best lower bound for v, that we may obtain using affine para-
metric cuts, is to use all of those required to construct conv(F,,). In a practical algorithm, we never
intend to add all those cuts. However, from a theoretical perspective we will use this observation
to analyze the strength of the best possible lower bound that can be obtained using these affine
parametric cuting planes.

Definition 2. Consider the mixed-integer value function v, as defined in (3). Then, we define
v, as the best possible convex polyhedral lower bound of v,, that can be obtained using affine
parametric cutting planes, given by

v,(x) == mzin {q;rz i (x,2) € conV(Pw)}, x € conv(X). (5)

The function v, defined on conv(X), is a convex polyhedral lower bound of v,. However,
contrary to the optimization problem in (4), the convexification in v, (x) does not necessarily
yield the exact optimal objective value v, (z) unless x is a vertex of conv(X).

Theorem 1. Consider the mixed-integer value function v, as defined in (3), and the convex
poyhedral lower bound v,, from Definition 2. Then,

(i) vo(x) <wv,(z) for all z € X, and



(ii) v, (x) = v, (x) if x is an extreme point of conv(X).

The next example shows that the inequality in Theorem 1 (i) may be strict.

Example 1. Consider the one-dimensional mixed-integer value function

U (x) = min {z Tz w— 0.51‘},
2€Z

forx € X :=7Z, N[0,2] and w = 1. Figure 1 shows the set P,, = {(z,2) € Z, N[0,2] x Z, :

z > w— 0.5z} for w =1, from which it is not hard to derive the feasible regions Z,(x) of v,(x)

for different values of x. In particular, for x = 1 and w = 1, the feasible region Z,(x) of v,(x)

Figure 1: The regions P, = {(x,2) € Z, N[0,2] xZ, : 2 > w— 0.5z} and conv(P,) corresponding
to Example 1 for w = 1. The dots in the figure represent P,, and the shaded region corresponds
to conv(R,).

equals Z,(z) = {z € Z, : z > 0.5}. Hence, z* = 1 is the optimal solution in v, (), and thus
vy(z) =1, for x = 1 and w = 1. However, for v, (z), as defined in (5), it holds for w = 1 that
conv(P,) = {(z,2) € [0,2] x R, : 2 > 1— 0.5z}, see Figure 1, and thus for x = 1 the optimal
solution in

V,(z) = min{z : (x,2) € conv(PR,)} = m]}kn {z:2>1-0.5z},
z z€R

equals z* = 0.5 with corresponding objective value v, (x) = 0.5. Hence, for w =1 and x = 1, the
convex polyhedral lower bound v,,(x) is strictly smaller than v, (x). Note that indeed in this case

conv (Zw(m)) =[1,00) #[0.5,00) = {z eER: (z,2) € conv(Pw)}.

2.2 Affine parametric cutting planes in extended spaces

Example 1 shows that the lower bound v, is not necessarily tight for all x € X, since affine
parametric cutting planes are not strong enough to yield conv(Z, (x)) for all z € X. A surprising
way to improve this lower bound is to consider v, on an extended (x,y)-space, which we call
O. This may seem counterintuitive since y itself does not impact the value of v, (x). However,
Theorem 1 (ii) guarantees us that if (Z,y) is a vertex of conv(0), then we obtain a tight lower
bound of v, (Z) even when Z is not a vertex of conv(X).

Definition 3. Let X be a bounded mixed-integer polyhedral set. Then, we call © an extended
space of X if © is of the form

@:{(x,y) EX XY :(z,y) ef},

where F is a mixed-integer polyhedral set.



Definition 4. Consider the mixed-integer value function v,, as defined in (3), and let © be an
extended space of X. Then, we define the best possible convex polyhedral lower bound of v,, that
can be obtained using affine parametric cutting planes in the extended space © as

Uy(z,y) = mzin {qlz (x,y,2) € conv(é’w)}, (6)

where &, = {(z,y,2) € © X Z: (z,2) € B, }.

Note that by interpreting v,, as a mixed-integer value function defined on the extended space
O instead of X, it follows directly from Theorem 1 (i) that 7, defined on conv(©), is a convex
polyhedral lower bound for v,,. Moreover, by Theorem 1 (ii) we have that o, (z, y) = v, () if (z,y)
is a vertex of conv(©). Furthermore, it turns out that the lower bound 7, (z,y) in the extended
space O is always as least as good as the lower bound v, (z) in the original space X.

Theorem 2. Consider the mixed-integer value function v,, as defined in (3), and let © be an
extended space of X. Consider the the convex poyhedral lower bounds v, (x) and U, (z,y) from
Definitions 2 and 4, respectively. Then,

(i) vo(x) < D,(z,y) for all (z,y) € conv(O),
(ii) D, (z,y) < v, (x) for all (z,y) € O, and

(iii) Dy (z,y) = vy (z) if (z,y) is an extreme point of conv(O).

Example 2 below shows that the inequality in Theorem 2 (i) may be strict.

Example 2. Consider the mixed-integer value function v, (x) from Example 1, and consider the
extended space

@:{(x,y)eXxR:y2|1—a:|}.

Then, the convex polyhedral lower bound from Definition 4 is given by U, (z,y) := min, {z :

(x,y,2) € conv(é'w)}, where &, := {(x,y,2) € © X Z, : 2 > 1 —0.5x}. Figure 2 shows the sets &,
and conv(&,) for w = 1.

Based on the right figure in Figure 2, we conclude that for (z,y) = (1,0) and w = 1, we
have that D, (x,y) = 1, and thus D, (z,y) is a tight lower bound for v, (x). Observe that all z-
solutions in [0.5,1) are cut away by affine parametric cutting planes in the extended (x,y)-space
for (z,y) = (1,0), whereas this was not possible for x = 1 in the orginal z-space, see Example 1.
Hence, in this case we have v, (z) < D, (z,y).

2.2.1 Monotone extended spaces

In some cases, extended spaced exhibit a certain special structure, which we refer to as monotone
extended spaces.

Definition 5. We call an extended space © = {(a:, y) € X XY : (x,y) € ]-'} a monotone extended
space of X if and only if

(i) yt €Y and y* > y' = y?> € Y, and
(ii) for every y',y? € Y with y* < y?, it holds that

{xEX:(ﬂc,yl) 6]-'} - {xGX:(ﬂc,yQ) GJ"},

with the possibility that one of these two sets, or both, are empty.



Figure 2: The right figure displays the regions &, and conv(&,,) corresponding to Example 2 for
w = 1. The black arrows represent &, and the entire area above the shaded region represents
conv(&,). The left figure is added to show that an additional cutting plane x + y + 2z > 3 in the
(z,y, z)-space is necessary to obtain conv(&,) compared to the original constraints y > |1 — x| and
z > 1—0.5z. This additional cutting plane is left out in the left figure.

Obviously, the smaller y, the smaller the set {x € X : (z,y) € F}, and the better the
corresponding lower bound 7, (z, y).

Theorem 3. Let © be a monotone extended space of X, and consider the convex polyhedral lower
bound 9, from Definition 4 for some w € Q. Then, for every x € conv(X) and (z,y'), (z,y?) €
conv(©) with y! < y?, it holds that

Doz, yt) > Dz, y?).

An example of a monotone extended space O is the extended space
6= {(x,G) eX xR:HZcp(x)},

where ¢ : conv(X) — R is a convex polyhedral function. For this extended space it follows from
Theorem 3 that 7, (x,0') > 0, (z,0%) if * < 2. In other words, the lower bound 7, (x, #) improves
if @ decreases. Since U, (z,0) = 400 if § < ¢(x), we conclude that 7, (x, p(z)) > D, (z,0) for all
(x,0) € conv(©). That is, D, (z, p(x)) is the best lower bound that we may deduce from the lower
bound 7, (z,0) based on the extended space O, since this lower bound is best if 0 is small. The
larger 0, however, the worse the lower bound.

Lemma 1. Consider the monotone extended space
@:{(x,G)GXXR:HZgo(x)}

for some convex polyhedral function ¢ : conv(X) — R, and consider the corresponding convex
polyhedral lower bound 7, from Definition 4 for some w € ). Then, there exists * € R such that
U, (2,0) = v,(x) for all x € conv(X) and 6 > 6*.

Lemma 1 shows that the lower bound 7, (x, #) defined on the extended space conv(©) does not
improve the lower bound v, (x) defined on the original space conv(X) if 6 is too large. Intuitively,
this makes sense, since if 0 > sup,cconv(x) ©(*), then knowledge of 6 does not restrict the set of
feasible solutions x in any way.

It turns out that there is a direct relation between the type of monotone extended spaces from
Lemma 1 and nonlinear second-stage cuts that depend on ¢, as Theorem 4 illustrates.



Definition 6. Consider the mixed-integer value function v,, from (3), and let ¢ : conv(X) — R
be a convex polyhedral function. Then, we define 11, () as the set of cut coefficients (cv,, By Tw)

with 7., > 0 such that the nonlinear function o, — 5;'—30 — Tup(x) is a lower bound for v,, on X.
That is,

I, () = {(aw,ﬂw,rw) DU () > — BIJC —1up(x) Ve e X, 1, > 0}.

Theorem 4. Consider the monotone extended space © = {(z,0) € X xR : 0 > ¢(z)} for some
convex polyhedral function ¢ : conv(X) — R. Then, for (z,6) € conv(0), the convex polyhedral
lower bound from Definition 4 is given by

U, (z,0) = sup a, — Ble—1,0.
(0w Bu,Tw) €L (9)

Theorem 4 implies that for monotone extended spaces of the form © = {(z,0) € X xR : § >
o(x)} for some convex polyhedral function ¢, the convex polyhedral lower bound 7, (z,6) from
Definition 4, obtained using affine parametric cuts in the extended space ©, can be equivalently
expressed as the pointwise maximum of affine functions in (x, §) depending on the cut coefficients
(0w, B, Tw) € Ty ().

2.3 Scaled cuts

We can use our analysis from the previous sections to derive a lower bound for the expected value
function Q, since for every extended space © of X, it holds that

Q(z) = Ey [t (2, 0)], V(z,0) € ©.

This lower bound Q, defined as Q(x, ) := E [0, (x, 8)] for (x,0) € conv(®), is convex in (z,6) on
conv(0), but not necessarily in = on conv(X) when we select 0 := 0(x) as a function of . We will
show in this section that for monotone extended spaces of the form

@:{(x,&)eXxR:HZw(x)},

where ¢ : conv(X) — R is a convex polyhedral function and a lower bound of Q with p(z) < Q(x)
for all z € X, it is possible to select #(x) such that the resulting function Q(z) = E, [0 (z, (x))]
is convex in x and at least as good a lower bound of @ as .

The intuition behind the selection of #(x) is as follows. Theorem 3 implies that the best
possible lower bound of Q(x) is obtained by selecting 0(z) = ¢(x), 2 € conv(X), yielding Q(z) =
E,[Dw(z, o(x))]. Tt can be shown that E,[,(x, o(z))] > ¢(x) for all € conv(X). On the
other hand, Lemma 1 shows that selecting 6(x) large enough, i.e., 6(x) constant and equal to
sup;c x Q(#), yields Q(x) = Ey[v, ()], # € conv(X). The first lower bound is typically nonlinear
and non-convex, whereas the second may not be strong enough, see Examples 1 and 2. However,
these bounds do show that for a given € conv(X), we have 8 < E [0, (z,0)] when 6 = ¢(z), and
0 > E, [0, (z,0)] for § large enough. Since E,[#,(x,0)] is non-increasing and continuous in 6, it
follows that there exists ¢(z) < 6 < Q(z) such that 6 = E, [, (x, 0)]. Thus, selecting 0(z) > ()
such that

0(z) = E, [f/w(x, H(x))}, z € conv(X), (7)

guarantees that Q(z) = 6(z) is a lower bound of Q(z). Note that the solution 6(x) (7) can be
determined without knowing Q(z). Surprisingly, this solution #(x) turns out to be convex in x.



Theorem 5. Consider the expected cost function Q(z) := Ey[v,(x)],x € X, with X a bounded
mixed-integer polyhedral set, and v, (z) as defined in (3). Let ¢ : conv(X) — R denote a convex
polyhedral lower bound of Q. Then, for 6(x), defined as

L Ew[aw] - Ew[ﬂw]—rx .
O(x) := (aj;lf),m) { L+ Eo] : (g By Tw) € T, () Yw € Q}, (8)

it holds that 0(z) = E, [, (x,0(x))] for all x € conv(X).

Theorem 5 provides a direct link between affine parametric cutting planes in extended spaces
and scaled cuts from [20], since 6(x) corresponds to the scaled cut closure of p(z) as defined in [20].
This scaled cut closure is the pointwise maximum of affine functions, and hence convex. Moreover,
each such affine function, defined by a set of feasible cut coefficients (o, B, Tw) € (@) for all
w € €, corresponds to a scaled cut of the form

Eu[aw] — Ey, [Bw]—rx
1+ Ey 7]

In Section 3 we analyze such scaled cuts in detail for the more general setting of the expectation
of l.s.c. value functions. This is a generalization of the setting in this section since every mixed-
integer value function is l.s.c.; this generalization is necessary for us to develop scaled cuts in a
multistage context later.

3 Scaled cuts for the expectation of l.s.c. value functions

Let @@ denote the expected value function
Qz) = Eu[vu(@)|,  zeX, (9)

where v, () is an l.s.c. value function defined on a bounded mixed-integer polyhedral set X for
every w € Q. We are interested in deriving convex polyhedral lower bounds ¢(x) of Q(x) using
scaled cuts. In fact, we can derive scaled cuts for @) defined in (9) in a similar fashion as in
Theorem 5 by using cut coefficients (o, 8w, Tw) € Il () for all w € Q. For all such feasible cut
coefficients, it holds that v, (x) + 7,0(z) > a,, — Bl for all z € X and w € €, and thus for all
reX,

(14 Euln]) Q@) 2 Q@) + Bulrulp(@) 2 Bulo] - Bul8] T, (10)

Here, the first inequality holds since 7, > 0 for all w € © and ¢ is a lower bound for ). By
dividing the inequalities in (10) by 1 + E,[7,], we directly derive a scaled cut as the right-hand
side of the inequality

E, [O‘w] —E, [ﬁw}Tx

Q@) = = Fom

Ve X. (11)

?

Obviously, selecting different feasible cut coefficients (o, S, Tw) potentially leads to different
scaled cuts in (11). Van der Laan and Romeijnders [20] define the dominating scaled cut at & € X
as the scaled cut that is as large as possible at z. Moreover, they define the scaled cut closure as
the pointwise maximum over all possible scaled cuts.

Definition 7. Let ¢ : conv(X) — R denote a convex polyhedral lower bound of Q. Then, we
define the scaled cut closure SCC(y) of ) with respect to ¢ as

aw] - Ew [ﬁw]—l—x
1+ E,[]

SCC(p)(x) := sup {]Ew[ (s By Tw) € (), Yw € Q}

for all x € conv(X).
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Van der Laan and Romeijnders [20] analyze this scaled cut closure operator in detail when @ is
the expected value function of a two-stage stochastic mixed-integer program. However, we observe
that their proofs directly apply to the expectation of l.s.c. value functions. Hence, based on their
results we directly conclude that the SCC operator from Definition 7 is monotone non-decreasing
and Lipschitz continuous with Lipschitz constant 1.

Proposition 2. Let ¢ and ¢’ denote convex polyhedral lower bounds of the expectation Q of
Ls.c. value functions, defined in (9), and consider the scaled cut closure operation defined in Defi-
nition 7. Then,

(i) SCC(p) = ¢,
(ii) SCC(p) > SCC(¢") if ¢ > ', and
(iii) [[SCC(p) = SCC(¢)]oo < [l = ¢'lloo-
Proof. See [20]. O

Moreover, the main convergence theorem of [20] also holds, which means that iteratively ap-
plying the scaled cut closure operation to any initial convex polyhedral lower bound ¢° of Q,
converges uniformly to cox (@), the convex envelope of Q) with respect to X.

Theorem 6. Let @ : X — R be defined as the expectation Q(x) = E,[v,(z)] of ls.c. value
functions v, : X — R, and let ¢° : conv(X) — R be an initial convex polyhedral lower bound of
Q. Then, the sequence ©* k € N, defined as

" = 85CC(p" 1), keN,
converges uniformly to cox (Q), i.e., the convex envelope of Q with respect to X.

Proof. See [20]. O

To be able to apply this convergence result to multistage stochastic mixed-integer programs,
however, we need several additional results regarding the scaled cut closure. The first, i.e., Propo-
sition 3 below, shows that instead of knowing the exact functions v, it suffices to have a sufficiently
good lower bound for v, in an extended space. The remaining results show that even if we use
a lower bound that is close but not sufficiently large, then we obtain inexact scaled cut closures
that are close to the exact one.

Proposition 3. Let ¢ : conv(X) — R denote a convex polyhedral lower bound of the expectation
Q of l.s.c. value functions, defined in (9), let © = {(x,0) € X xR : § > ¢(x)}, and consider the
set of feasible cut coefficients 11, () as defined in Definition 6 for some w € Q. Then, for all
¥, : © — R such that

co(vy, + do)(z,0) < v,(x,0) < v,(z), VY(z,0) €O, (12)

it holds that 11, () is equivalent to
IL,(p) = {(aw,ﬁw,rw) (2, 0) > ay, — Bl o — 1,6, V(x,0) €0, 1, > O}. (13)

Remark 1. Note that Proposition 3 also holds if inequality (12) is true for all x € X and
p(x) <0< U, with U := sup,¢c x p(z) < +00.

Proposition 3 shows that the scaled cut closure SCC(p) of @ may be computed using value
functions 9, (x,#) in an extended space that are at least as large as the convex envelope of v,, + dg.
If worse lower bounds 9, (z, 8) of v,, are used, then the corresponding scaled cut closure operation
becomes inexact.
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Definition 8. Let ¢ : conv(X) — R denote a convex polyhedral lower bound of the expectation
Q of Ls.c. value functions, defined in (9), and let 9,,(x,0) be a lower bound of v,, on the extended
space © = {(z,0) € X xR : 0 > ¢(x)} for every w € Q. Then, we define the corresponding
inexact scaled cut closure SCC(yp) as

a,] — E, [ﬂw]Tx
14+ Ey[r]

SCC(p) = sup{E“[ (s B ) € T (), Vi € Q}

with

Iy (p) = {(aw,ﬁw,m) (2, 0) > ay, — Bl — 1,0, V(z,0) € 0,7, > o}. (14)

The scaled cut closure SCC(yp) is called §-exact if ||SCC/(p) — SCC(¢)||s0 < 6.

Remark 2. Note that the inexact scaled cut closure operation SCC' depends on the lower bounds
U, on the extended space © of X. For notational convenience we will suppress this dependence in
our notation.

A sufficient condition for the inexact scaled cut closure operation SCC' to be d-exact is that
every lower bound 9, w € , is close enough to co(v,, + dg).

Theorem 7. Let ¢ : conv(X) — R denote a convex polyhedral lower bound of the expectation @
of L.s.c. value functions, defined in (9), and consider lower bounds 9,,(x,6) of v, on the extended
space © = {(z,0) € X xR : 0 > p(z)}, such that for every w € €,

sup {co(vw +66)(z,0) — T, 9)} <6 (15)
(z,0)€0

Then, the corresponding inexact scaled cut operation SCC as defined in Definition 8 is -exact.

In the final result of this section, we show how the error of an inexact scaled cut closure
operation propagates when inexact scaled cut closures are computed iteratively.

Corollary 1. Let ¢ : conv(X) — R denote a convex polyhedral lower bound of the expectation
Q of Ls.c. value functions, defined in (9), and consider sequences {p* }ren and {$*}ren, obtained
by exact and inexact SCC-operations, respectively, where ° = 3 = ¢, ¥ := SCC(¢* 1),k € N,
and ¢F = SC’C’(@’“_l),k‘ € N. If the k-th inexact SCC operation, with corresponding lower
bounds 9F (z,0), is d-exact for every k € N, then for every K € N, we have

K
16" = ¢¥lloc <> b
k=1

4 Affine parametric cutting planes for multistage SMIPs

In this section we discuss the strength of affine cutting planes for multistage SMIPs. That is,
we construct convex polyhedral lower bounds for the value functions v,, n € N, defined in (2),
using affine parametric cutting planes for the feasible regions involved. By constructing these
cutting planes in increasingly larger extended spaces, we derive a hierarchy of convex polyhedral
lower bounds. We first derive this hierarchy for value functions corresponding to the leaf nodes in
Section 4.1, and next for value functions in general in Section 4.2.
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4.1 Leaf nodes

For leaf nodes m € L of the scenario tree NV, the expected cost to-go function @,, equals zero, so
that the value function v,,(x,) with n = a(m) is given by
. T
Um(Tn) = min ¢ Tpy,
m( n) Lo, €E X (T,) me

for every z, € X,. Thus, v,, is the value function of a mixed-integer linear program, and of a
similar form as the value functions v,,, w € €2, considered in Section 2. Hence, we may strengthen
the feasible region X, (z,) with affine parametric cutting planes in z,. From Proposition 1 it
follows that any affine parametric cutting plane in ,, for &y, (x,) is also valid for conv(Sp,.m1),
where Si,,.,,) is defined as

Sinim] = {(xn,xm) EXy XX Tm € Xm(mn)}.

We conclude that the best lower bound for v, that we may obtain using affine parametric cutting
planes in X, is to use all of those required to construct conv(Sp,.,)). We do not intend to add
all these cutting planes in a practical algorithm. However, from a theoretical perspective we will
use this observation to analyze the strength of the best possible lower bound that can be obtained
using affine parametric cutting planes. That is, we are interested in the strength of the lower
bound

U (%) 1= min {c;;xm P T[nim) € conv(S[n:m])}, Ty € conv(X,,). (16)

This lower bound is similar in nature to v, defined in Definition 2, however, there is a subtle,
yet crucial difference: contrary to its two-stage counterpart v, the domain of v,,, i.e., the set of
possible input values x,, may depend on the decisions z,(,) made in an earlier time stage. Thus,
interestingly, even though knowing x,(,) does not impact the value of vy, (), it may improve the
quality of the lower bound v, (z,) defined in (16), since the affine parametric cutting planes for
X (7,) only need to be valid for X, N X, (74(,)), and not for X,.

Remark 3. It is even possible to improve the lower bound in (16) without knowledge of x(y)
if some xz, € X, are never feasible for any x,n) € Xo(n), L€, if Uz, eX,, Xn(2amy) C Xn.
Moreover, taking more previous-stage constraints into account may reduce the set of feasible x.,,
and thus improve the lower bound in (16). However, for ease of exposition we will assume that
such improvements are not possible, i.e., we assume that

Xn C U U Xn(xa(n))-

r1€X1 ma(n)exa(n)(xa2(n))

The challenge, however, with using 4(,) to improve the lower bound v, in (16) is that we do
not want to construct affine parametric cutting planes that cannot be reused for different values of
Tq(n)- That is why instead we use affine parametric cutting planes in (74, ¥,) that are valid for
all 4(n) € Xo(n). By constructing affine parametric cutting planes involving increasingly many
previous-stage decisions, we derive a hierarchy of lower bounds.

Definition 9. Consider a leaf node m € L of the scenario tree N'. Then, for everyr =1,...,T—1,
we let n denote n = a”(m), and define 1}, for all Z|,.q(m)] € cONV(S[n:q(m)]) as

Uy (T[n:a(my)) = min {c;xm C Tpem) € COHV(S[n;m})}.

m

The convex polyhedral lower bounds of Definition 9 have an interpretation in terms of affine
parametric cutting planes defined on extended spaces. In fact, for every r = 1,...,T —1, the lower
bound 7, corresponds to the lower bound of Definition 4 using the extended space Siar(im):a(m)) of
Xa(m)- Interestingly, if 1 > 73, then for ny := a™(m) and ny := a"(m), it holds that S, .q(m))
is an extended space of Sjp,.q(m)- Hence, applying Theorem 2 repeatedly yields the following
hierarchy of lower bounds.
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Theorem 8. Consider a leaf node m € L of the scenario tree N'. Then, for everyr =1,...,T—1
and for all Tla(m)] € S[a(m)], we have

Vi (Z(ar (m):a(m)]) < Vm(Za(m))-
Moreover, for every x(,(m) € conv(S(a(m))), it holds that

U (Ta(m)) < V(a2 (my:a@m)) < -+ < Ty (Ta(m))-

Theorem 8 shows that the strength of the lower bounds 7, improves when affine parametric
cutting planes can be made in extended spaces involving more previous-stage decisions. However,
even for the best lower bound in which we involve all decisions up to and including the root node
of the scenario tree, the resulting lower bound 7L~ of v,, is not necessarily tight.

Proposition 4 provides a sufficient condition for the lower bounds to be tight.

Proposition 4. Consider a leaf node m € L of the scenario tree, and let v}, r =1,...,T — 1,
denote the convex polyhedral lower bounds of vy, from Definition 9. Then, for every T(,(m) €
Sla(m)]; we have that

Uy (Tar (m):a(m)]) = VUm(Ta(m)) (17)

if Z{ar (m):a(m)) 1 an exteme point of conv(Siae (m):a(m))) for some p=1,... 7.

4.2 Non-leaf nodes

For non-leaf nodes n € N\ L of the scenario tree, the expected cost to-go function @, is typically
non-zero, so that the epi-graph formulation of the value function v, (24(y)) is given by

= i T : > .
Vn(Ta(n)) et D R {cn Tp+ 0y 0, > Qn(wn)} (18)

However, in algorithms that only utilize affine parametric cutting planes for the feasible regions of
the mixed-integer value functions involved, we do not know the exact expected cost to-go function
Q.., but only have a convex polyhedral lower bound of it based on convex polyhedral lower bounds
for the value functions v, (z,), m € C(n), derived using affine parametric cutting planes. In
particular, for nodes n € N with t,, = T — 1, i.e., if all child nodes of n are leaf nodes, then
the expected cost to-go function @, can be lower bounded by taking the expectation over convex
polyhedral lower bounds 7], m € C(n), from Definition 9. That is, for every r =1,...,7 — 1,

Q@) = Y dnmP (Tfar=1(nyem]);

meC(n)

is a lower bound of Q,(z,) for every Zr-1(n)m] € Sjar—1(n)m], With the understanding that
a®(n) = n. We define the corresponding lower bound %!, of v,, as

a7 T . AT
O (@far (ny:a(m)) = T €X, (xalﬁl)) 0, €R {C" Tn A On s On 2 Q”(x[ar_l("):"])}’ (19)

for every Zigr(n):a(n) € Sap(n) a(n)] with p := max{1l,r — 1}. Note that since Q" is convex
polyhedral, we can interpret o, as a mixed- mteger value function similar as v, in Section 2,
defined on the extended space S [a?(n):a(n)] Of Xa( Thus, 9;, is not necessarily convex since it
involves the minimization over the mlxed-lnteger polyhedral set X (T4(n)). However, similar as for
leaf nodes m € L in Section 4.1 we can use affine parametric cutting planes for the feasible region
of 0, possibly in extended spaces of S(4r(n).a(n)]; t0 construct convex polyhedral lower bounds of
07, In fact, we can derive a similar hierarchy of lower bounds as in Theorem 8 by looking back
g=r—1,...,T — 2 time periods. However, for ease of presentation we focus on affine parametric
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cutting planes in the extended space Siar(n):a(n)] Of Siar(n):a(n)- The corresponding lower bound
v is for all T[ar(n):a(n)] € COIlV(S[ar(n):a(n)]) given by

’7;<x[ar(n):a(n)]) = ;nlen {szn +0p (‘fc[a’“(n):n]a 0n) € COHV(GZ)},
where
o) = {(z[ar(n):n],én) € S[ar(n):n] xR:0, > Q:L(m[a7‘*1(n):n])}-

Since 7;, is a tighter lower bound of v,, for larger values of r, this again yields a hierarchy of convex
polyhedral lower bounds. Moreover, by recursively defining " for all nodes n € N of the scenario
tree, we obtain the following result.

Definition 10. Let r =1,...,T — 1 be given, and consider the convex polyhedral lower bounds
vr . m € L, from Definition 9. In backward recursion fashion we define for all n € N\L, the

m?

convex polyhedral lower bound Q7 of Qy, for all Z(gr—1(n):m] € cONV(S|gr—1(5):n]) as
Q;(x[arfl(n):n]) = Z qnmﬁfn(m[arfl(n):n])a
meC(n)

and the convex polyhedral lower bound vy, of v, for all Z|qr(n):a(n)] € conv(S[ar(n):a(n)]) as
U (T[ar (n):a(m)]) = ;nign {cla:n + 00t (Tlar(n)in], On) € conv(@:l)},

where
@Z = {(m[a’”(n):n}ven) € S[a"‘(n):n] xR: Q;(l‘[a’”*l(n):n]) < en < Un}

Note that for all n € N, we define a”(n) as the root node, ie., a"(n) =1, if r > t,.

Theorem 9. Consider the convex polyhedral lower bounds v;, from Definitions 9 and 10 for all
n €N and for all7 =1,...,T —1. Then, foralln e N, r =1,...,T — 1, and x[,) € S}, it holds
that

Qn(Tlar-1(n)m)) < Qn(xn)  and  Up(Tlar(n):a(n))) < n(@a(n))- (20)
Moreover, for all n € N and x,; € conv(S[,)), it holds that

and

Up (Ta)) < - SO @ a(n)- (22)

The lower bounds in Theorem 9 for the value function vy (xg) in the root node of the scenario
tree, define lower bounds on the optimal objective value n* of the multistage SMIP, obtained by
iteratively using affine parametric cutting planes involving previous-stage decisions looking back
r stages.

Corollary 2. Consider the convex polyhedral lower bounds from Definition 10 for the root node
n =1, and define 7" := U] (xq) for allr = 1,...,T — 1. Then,

Proof. Follows directly from Theorem 9. O
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We remark that the inequality between 77~ and n* may be strict. That is why, in the next

section we will show that we can close this gap using scaled cuts. As a final result in this section,
however, we provide sufficient conditions for the convex polyhedral lower bounds in Theorem 9 to
be tight.

Proposition 5. Consider the convex polyhedral lower bounds U}, from Definitions 9 and 10 for
alln € N and for allv =1,...,T — 1. Then, for all T[n) € S}y, it holds that

(1) Qi (%(ar—1(n)n)) = @n(2n) if and only if U, (2(gr—1(n)in]) = Vm(xs) for all m € C(n).

(i) 7p(Z(ar(n):a(n)]) = Vn(Ta(ny) if for some p = 1,...,r, an optimal solution (z;,, ;) of the mini-

mization pI“OblCIH m Up( Llar(n ).a(n)]) satisfies 9* Qn( ) and (l‘[ap(n) a(n)]s Q (Q?[ap—l(n):n]))
is an extreme point of conv(©?F).

5 Scaled cuts for multistage SMIPs

In this section, we discuss the intuition behind our scaled-cut decomposition algorithm in Sec-
tion 5.1 and its proof of convergence in Section 5.2. In Section 5.3 we derive a hierarchy of scaled
cut lower bounds that improves the hierarchy of Theorem 9.

5.1 The intuition behind the scaled-cut decomposition algorithm

Consider the first stage of a multistage stochastic mixed-integer programming problem, given by

* : T

‘= min ¢ x 7).
M= min e T + Q1(71)
Here, Q1(z1) := ZnGC(l) qinvn(z1), 1 € X1, is the expectation over ls.c. value functions v,,n €
C(1). Hence, it follows directly from Theorem 6 that starting from an initial convex polyhedral
lower bound ¢? of Q, iteratively applying the scaled cut closure operation ¥ := 5001“0]1671),
k € N, defined as

Z qinGn — Z (hnﬂJl'

n C 1 neC(1
SCCy (¢1)(x) = sup { =0 ce) (s Ba ) € T () 5

1+ Z qinTn

neC(1)

with for every n € C(1),
I, (p1) = {(an,ﬁn,rn) ERXR™ xR, :vy(21) > 0 — Blay —mhoi(z1) Vo € Xl},

yields a sequence {F 122, that converges uniformly to cox, (Q1). That is, the objective value of

: T k
min cy T1 + T
x1€conv(Xy) 11 (pl( 1>
converges to the true optimal objective value n*.

The challenge in applying the scaled cut closure operation SCC; is that the value functions
vp,n € C(1), defined as

vp(z1) = min ¢z, + Qul(zn), x1 € X1,
Tn €Xp (x1)
depend on the expected cost to-go function @Q),,. Similar as for @)1, we do not know @Q,, exactly
but intend to approximate @, by iteratively improving convex polyhedral lower bounds ¢, on
extended spaces. If these lower bounds are not tight enough, then the resulting scaled cut closure
operation becomes inexact.
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Proposition 3 and Remark 1 show that to obtain the exact scaled cut closure SCC1(pq) it
suffices to obtain lower bounds @, (x1,61), n € C(1), with

co(Vn + 06, (o)) (@1,61) < Bu(w1,01) Swalwr)  V(x1,61) € O1(1), (23)

where él(gol) = {(z1,01) € X1 xR : p1(z1) < 6 < Uy}. We will show in Lemma 2 in
Section 5.2 that such functions v,,, n € C(1), can be obtained by replacing @,, in the minimization
problem corresponding to v, by a convex polyhedral lower bound of @, on the extended space
O (p1) = {(2p),01) € Sy X R ¢ @i(z1) < 61 < Ui} of X,,. That is, 0, defined for all
(z1,61) € ©1(¢1), and n € C(1), as

Op(21,01) = min ¢ x, + ©On (), 01), (24)
Ty €Xp (1)
satisfies (23) if ¢y, (@[], 01) = co(Qn + doy,(p1)) (T[], 01) for all (21, 01) € Opy(1).

Thus, to be able to carry out an exact first-stage scaled cut closure operation it suffices to
construct co(Qy + 6oy, (1)) ([, 1) for all n € C(1). Observe that for every n € C(1), Q, itself
can be interpreted as a first-stage expected cost to-go function of a multistage SMIP consisting of
T — 1 stages with node n as the root node of the scenario tree. Moreover, notice that in this case
Qn is not defined on X,,, but on the extended space O, (¢1). Hence, we can apply our scaled cut
closure procedure recursively to obtain co(Q,, + 5@[n](¢1)).

Moreover, it turns out that if we do not know CO(Qn‘F(S@m (1)) exactly, but obtain a sufficiently
accurate approximation, i.e., if for all n € C(1),

||90n - CO(Qn + 5@[71](%:1))”00 < 57

then the inexact scaled cut closure operation SCC1, defined with IL,, (1) replaced by f[n(gol)
defined as

IL,(¢1) = {(an,ﬁan) L On(21,601) >y — By — a1, Y (21,61) € é1(<P1)}

with 9, (z1,61) given in (24), is d-exact; see Proposition 7 in Section 5.2.

5.2 A scaled-cut decomposition algorithms for multistage SMIPs

In our scaled-cut decomposition algorithm for multistage SMIPs, we assume that at each node
n € N, we maintain a convex polyhedral outer approximation ¢, of @Q,. For the first-stage
expected cost to-go function ()1, this outer approximation is defined on X;. However, following
the discussion in Section 5.1, for nodes n € A in later stages, these outer approximations are
recursively defined on extended spaces ©(,)(@[q(n)]) of Xy, defined as

O} (Pla(m)) = {(x[n]ve[a(n)]) F 2] € Sn)s Pla(m)] (Zla(m)]s Gla2 (m) < Gla(n) < U[a(n)]}

where the latter constraint is shorthand notation for the set of constraints ¢i(z1) < 67 <

UL, s @am) (Tam))s Ola2(n)]) < Oan) < Ua(ny- Note that the extended spaces O, (p[a(n)]) de-
pend on all outer approximations of all ancestor nodes [a(n)] of n. Similarly, we define é[n](go[n])
as

O () = {(x[n}79[7L]) L Zpn) € Shnl, P} (Tn]s Ola(n)]) < ) < U[n]}'
We make sure that at any point in time during the algorithm, it holds that

en (@], Oran)) < @n(@n) + 06, (1) () Ola(n)) (25)

for all (z(,,], Oa(n)]) € Om)(Pla(n)))- Since @, is convex polyhedral it follows that ,, is also a lower
bound for the convex envelope of the right-hand side in (25). In our algorithm, we iteratively
improve these outer approximations ¢, using scaled cuts at different nodes n € N.
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Definition 11. Let ¢ define a set of outer approximations {¢y fnenr. We call p feasible, denoted
@ € ®, if and only if for all n € N, ¢, is convex polyhedral on conv(0(,)(¢[a(n)))), and moreover

for all (x[n]vg[a(n)]) € COHV(@[H] (‘p[a(n)]))z

Pn((n]; Oa(ny]) < CO(Qn(xn) + 5@[n1(wa<nm) (@[] Ofa(n)- (26)

Definition 12. Let ¢ = {¢n}nen € © denote a feasible set of outer approximations. Then, for
every n € N\L, we define ¢ := SCC,(p) as the result of a scaled cut closure operation at node
n, defined as ¢ (T, Oja(n))) for every (1), Ojan)) € conv(O,)(Pran)])) as

Z dnm (am - 57—1:(x[n]7 0[a(7l)])>
meC(n)

San (I[n]a a[a(n)]) = sup )
(@ T ) €T () 1+ ) tumTm
vmec(n) meC(n)

where for every m € C(n), we have that (m, Bm, Tm) € ILn(p) if and only if

O (@(n]s O1n) = m = B (@) Opa(my)) = Tl Y (@ On)) € Oy (), (27)
with Oy (2}, ) = main )c;:cm + @ (T, Opny) for all (), 0)) € Opn)(@pn)), and defined
T €EXm (Tn

for all (l‘[m],e[a(m)]) S CODV(@m((ﬁ[a(m)])) as
Sam (m[m]v g[a(nL)]) = Pm (l'[m]a a[a(m)])
for m € N' with m # n, recursively.

Remark 4. Since Q,, = 0 for all n € L, we define ¢, for p = SCC,(p) with n € L as
(ﬁn(l‘[n],e[a(n)]) =0 for all (.’L‘[n], O[G(n)]) S COHV(@{n](QD[a(n)])).

The scaled cut closure operations SCC,, satisfy the following monotonicity properties: (i)
applying any SCC,-operator typically increases the lower bounds ¢ = {p,}nen, and at least
does not reduce them, and (ii) applying any SCC,, operator with a set of higher initial lower
bounds typically leads to better lower bounds.

Proposition 6. Let ¢, ¢’ € ® denote sets of feasible convex polyhedral outer approximations.
Then, for every n € N,

(i) SCCy(p) € @,
(ii) SCCn(p) = ¢, and
(iii) SCCy(p) > SCC,(¢") if p > ¢

Remark 5. When comparing two sets of outer approximations o, @’ € ® in Proposition 6, we
say that ¢ > ¢ if and only if for all n € N, we have (i) Op,)(¢la(n))) < O] (Plany)> and (ii)

(@), Oa(n)) = €' (T[], Ola(ny)) for all (z(n), 0p)) € conv(Op,) (@la(n)))-

For fixed n € A and ®la(n)], the best possible convex polyhedral lower bound ¢, of @,, that
we may obtain is ¢, satisfying (26) with equality for all (2(,], O[a(n)]) € On)(Pla(n)))- Indeed, if we
interpret @, as the expectation of L.s.c. value functions defined on the extended space O] (P[a(n)))
of X,,, then iteratively applying the exact scaled cut closure from Definition 7 to any initial
convex polyhedral lower bound ¢”, converges uniformly to this best possible convex polyhedral
lower bound. The main difference, however, between the SCC operation from Definition 7 and the
SCC, operator defined in Definition 12 is that the SCC' operation in Definition 7 assumes that
the expected cost to-go functions @,,, m € C(n), are known, whereas the SCC,, operator from
Definition 12 uses convex polyhedral lower bounds ¢,,, of @,,. Theorem 10 shows that both scaled
cut closure operators may coincide if for every m € C(n), the lower bound ¢, of Q,, is accurate
enough. In this case, we call the SCC,, operator exact.
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Definition 13. Let ¢ = {¢n }nen € P denote a feasible set of outer approximations and consider
n € N. Interpret Q, as the expectation of ls.c. value functions defined on the extended space
O (Pla(ny)) of Xypn. Then, we call the SCC,, operator from Definition 12 exact if it coincides with
the SCC operator from Definition 7.

Lemma 2. Let ¢ = {¢n}tnen € © denote a feasible set of outer approximations and consider
n € N\L. Then, for all m € C(n), it holds that vy,, defined for all (z[,),0[n)) € O,)(¢m)) as

ﬁm(a:[n], G[n]) = . en.%i,,?(xn) c;l‘m + co(Qm + 6@[ﬂl](¢[n]))(a:[m], G[n]),

satisfies
CO(Um + 5é[n](¢[n]))(l‘[n]’ a[n]) < ﬁm(m[n]v o[n]) < vm(xn)

for all (},),0pn)) € é[n](‘ﬁ[n])-

Theorem 10. Let ¢ = {p, }nen € ® denote a feasible set of outer approximations and consider
n € N\L. Then, the SCC,, operator from Definition 12 is exact if for all m € C(n),

P (2 (m], Opa(m)]) = €0(Qm + 00y, (1)) (m Om)) V(@ ()5 On) € Opm) (n))- (28)

Typically, however, the SCC,, operations will be inexact. The next proposition provides a
sufficient condition for the SCC,, operations to be §-exact, conform Definition 8.

Proposition 7. Let ¢ = {¢, }nen € P denote a feasible set of outer approximations and consider
n € N\L. Then, the SCC,, operation from Definition 12 is §-exact if for all m € C(n),

||Spm - CO(Qm + 6@[m](tp[n]))||00 S 5 (29)

We are now ready to prove our main convergence result, which shows that iteratively applying
scaled cut closure operations yields a sequence {{¢"},cn }ren for which ¥ converges uniformly
to cox, (Q1). To prove this, we only need mild conditions on the order of nodes ny € N at which
scaled cut closure operations are carried out. Obviously, convergence does not necessarily hold if
no, or only finitely many, SCC,, operations are carried out at a particular node n.

Definition 14. Let {ny}ren C N denote a sequence of nodes. We call such a sequence admissable
if and only if there exists a number B € N such that for every k € N and n € N there exists | € N
with k <1 < k + B such that n; = n.

Intuitively, a sequence {ny }ren is admissable if every node n € N occurs frequently enough,
i.e., at least once after a fixed number B. In practice, this assumption is not very restrictive
since we allow B to be large. For example, an SDDP-like sequence based on moving through the
network with forward and backward passes is admissable.

Theorem 11. Consider a multistage SMIP as defined in (1), and let ¢° = {©°},,cnr € ® be an
initial feasible set of outer approximations. Then, for every admissable sequence {ny}reny C N,
and corresponding sequence of outer approximations, defined as

oF = SCC,, (¢ 1), keN,

it holds that {¢©¥}ren converges uniformly to cox, (Q1).
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5.3 A hierarchy of scaled cut lower bounds

To obtain a scaled-cut decomposition algorithm satisfying our main convergence result in Theo-
rem 11, we have to keep track of convex polyhedral lower bounds ¢,, of @Q,, n € N, that depend
on all lower bounds ¢4(,y and decisions 2[4 of all ancestor nodes [a(n)] of n. By letting these
lower bounds ¢,, depend on fewer previous-stage decisions and lower bounds we may improve the
computational tractability of the scaled cuts at the expense of their strength. We will show in
this section that restricting the dependence of ,, at node n € N on decisions T[qr—1(n):n) Only, for
r=1,...,T —1, improves the hierarchy of convex polyhedral lower bounds in Theorem 9, leading
to a hierarchy of scaled cut lower bounds.

To understand why scaled cuts may improve the hierarchy of lower bounds in Theorem 9,
consider the convex polyhedral lower bound 77 (x1) from Definition 10 for some n € C(1), r =
1,...,7—1, and z; € Xy, given by

vy (1) = min {czxn + 00 Tjar-1(n)m) € conv(@fl)},

Tn,Un

where O, := {(Zar—1(n)n)» On) € Slar—1(n)yin) X R+ Q(T[ar-1(n):n)) < O < Un}. Observe that
v} (x1) is a convex polyhedral lower bound of

Oy (1) == min {C;ern+Q_;(x[a"'*1(n):n])}a

Tp €Xp (1)

where ©;, is not necessarily convex and can be interpreted as 7, with conv(6},) replaced by
©!. In Definition 10, the convex polyhedral lower bound @ of @ is defined as Qj(z1) =
Znec(l) Q75 (x1), 1 € X1, which since 7/, is convex can be interpreted as

Y qmcox, () (@), @€ Xi.
neC(1)

Instead, we may iteratively apply scaled cuts to obtain the lower bound cox, (Q%)(x1), with
Z qin 0y (1), r1 € X;.
neC(1)
Since for all x; € conv(X7), we have
cox, (@ > ) qincox, (0 > Y quncox, (7)(x1) = Qi (a1),
et nec(1)

where the first inequality is typically strict, this shows why scaled cuts may improve the hierarchy
of lower bounds in Theorem 9.

Next, we define for every r =1,...,T — 1, similar scaled cut closure operators SCC), at each
node n € N, and derive a hierarchy of scaled cut closure lower bounds.

Definition 15. Let r = 1,...,T — 1 be given, and let ¢ define a set of outer approximations
{@n}nen- We call o feasible, denoted ¢ € ®", if and only if for all n € N, ¢y, is convex polyhedral
on conv(Sigr-1(n):m)); and moreover for all Tigr—1(n):n] € cONV(S[ar—1(n)in]),

©On (w[ar—l(n):n]) < CO(Qn (xn) + 6C°nV(S[aT—1(n);n])) (.’E[aT—l(n):n])- (30)

Definition 16. Let r =1,...,T —1, be given, and let ¢ = {¢y, }nen € P denote a feasible set of
outer approximations. Then, for every n € N'\L, we define ¢ := SCC!(y) as the result of a scaled
cut closure operation at node n, defined as ¢n (T[qr—1(n):m]) for every zjzr—1()m) € cOnv(Sigr—1(n):m])

as
Z qnm (am - 57—|;Lx[arfl(n):n])

meC(n)

@n(x[arfl(n):n]) = sup ’
(m s Bm s Tm ) ELL () 1+ Z nmTm
vmeC(n)

meC(n)
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where for every m € C(n), we have that (Cum, Bm, Tm) € 11}, (¢) if and only if for all Z{gr—1(n).) €
S[arfl(n):n] we have

fﬁn(z[arfl(n):n]) > Qp — /Bw—rrrr[a“"*l(n):n] - Tm‘Pn(x[anl(n):n]%

with f}:n(x[amq(n):n]) = N €H/%Hl(z CLxm‘F@m(ﬂj[ar—l(m):m]) for all (I[arfl(n):n]) S S[arfl(n):nb and

defined for all T[gr—1(m):m] € CONV(S[gr—1(1m):m)) aS

@m(x[arfl(m):m]) = ‘Pm(x[arfl(m):m])
for m € N' with m # n, recursively.

Remark 6. Similar as for SCC,,, we define for alln € L, 4, for = SCC] () as P (T[ar—1(n)m]) =
0 for all Llar—1(n)m] € COHV(S[arfl(n):n]).

Theorem 12. For any r = 1,...,T — 1, let ¢" := limp_,oc ©"*, where ™F := sCcy, (pmF1),

k € N, for a feasible set of initial outer approximations ¢™° € ®" and any admissable se-
quence {ny}ren C N. Then, for every n € N, r = 1,...,T — 1, and xp,) € S, it holds
that @], (2[gr-1(n)in]) < Qn(n). Moreover, for alln € N and x,) € conv(S,)), it holds that

=T-1

with Q7 from Definition 10 satisfying Q% (Z(ar—1(nym]) < Bp(T(ar—1(n)m]) O every Tgr—1(n).n) €
COHV(S[arfl(n):n]) and r = 1, ce ,T —1.

6 Conclusion and discussion

In this paper, we consider Benders decomposition algorithms for multistage stochastic mixed-
integer programs (SMIPs) with general mixed-integer decision variables. We analyze the strength
of the convex polyhedral lower bounds for the expected cost to-go functions resulting from using
affine parametric cutting planes for the feasible regions in the model. By constructing such affine
parametric cutting planes in increasingly higher dimensional spaces, we derive a hierarchy of
convex polyhedral lower bounds. Moreover, we improve this hierarchy using so-called scaled cuts,
and we derive a scaled-cut decomposition algorithm for which the lower bound of the first-stage
expected cost to-go function converges to its convex envelope.

We note that in this paper we do not discuss how to derive the affine parametric cutting planes
in a practical algorithm, but merely discuss the strength of the lower bounds obtained when adding
all possible affine parametric cuts. In a practical algorithm, however, we do not intend to add all
of these cutting planes, but only those relevant for the direction in which we are optimizing. A
future research direction is to investigate how to do this in a numerically efficient way.

Another numerical consideration for future research is the order in which to strengthen the
feasible regions and convex polyhedral lower bounds at the various nodes of the scenario tree in
the model. For example, at the leaf nodes first, or at the root node, or in SDDP-fashion. The
same question applies to our scaled-cut decomposition algorithm. Theoretically, we have proven
convergence of the algorithm under very mild conditions, however, the speed of convergence may
significantly depend on the order in which the scaled cut closure operations are applied. Moreover,
in practice it is possible to add only a single scaled cut in each iteration, instead of the entire
scaled cut closure, similar as for two-stage SMIPs, see [20]. Finally, we remark that our affine
parametric cutting planes and scaled cuts, possibly in extended spaces, may also be embedded
in decomposition or B&B schemes, akin to branch-and-cut for deterministic mixed-integer linear
programming.
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Appendix

Proof of Proposition 1. Let 7' (2, 2) > 7o be an affine cutting plane in z for Z,,(x) with respect
to X. Then, by definition, this affine cutting plane is valid for every P,,, which implies that for
every (Z,%) € P, we have 7' (Z,%) > mp. Moreover, observe that the cutting plane 7' (z,2) > m
defines a half-space H = {(z,2) : 7' (z,2) > 7o}, and thus P, C H. Since every half-space
is convex and conv(P,) is the smallest convex set containing P,, it now follows directly that
conv(P,) C H, and thus the affine parametric cutting plane is valid for conv(P,,). O

Proof of Theorem 1. Let x € X be given and observe that we can rewrite v, () as
v, (z) = min{q 2 : (z,2) € P,}.
z

The feasible region corresponding to the minimization problem in v, (z) is at least as large as that
of v, (x), since conv(P,) D P, and thus (i) holds.

To prove (ii), let Z € X be an extreme point of conv(X), and suppose for contradiction that
V,(x) < vy(z). This would mean that there exists Z € Z such that (z,z) € conv(P,) and
¢}z = v,(7) < v,(Z). Since (Z,2) € conv(P,), it follows from Caratheodory’s theorem that there
exist finitely many extreme points (z¥, z¥) € conv(P,) with (2, 2*) € P, such that

K
(j’ 2) = Z )‘k(xkv Zk):
k=1

for some A\* € [0,1], k =1,..., K, with Zszl A¥ = 1. However, by definition of conv(P,) we need
to have z* € conv(X) for all k =1,..., K, and since Z is an extreme point of conv(X), it follows
that z* =z forallk =1,..., K. Hence, (Z,2") € P, forallk=1,..., K, and thus z* € Z,(Z) for
all k=1,..., K, from which it follows that Z € conv(Z,(Z)). Hence, Z is feasible in (4), implying
that v, (Z) < ¢! 2, contradicting that v, (%) < v,,(Z). We conlclude that v, (Z) = v,,(7), and thus
(ii) holds. O

Proof of Theorem 2. As already discussed, (ii) and (iii) follow directly from Theorem 1 applied
to O, (z,y) = vy (z) defined on the extended space © of X. To prove the inequality in (i), let
(z,y) € conv(O) be given, and consider z such that (x,y, z) € conv(&,). Then, by Caratheodory’s
theorem, there exist A\, >0, k=1,..., K, with Zle A =1, and (2%, yF, 2F) € &, k=1,... K,
such that (z,y,z) = Zszl e (2%, 9%, 2F). Moreover, since (2*,y", 2¥) € £,, it holds that for all
k=1,...,K, that 2* € X, 2F € Z, and (2*,2*) € P,,. Hence,

K
(x,2) = Z (2", 2F) € conv(P,),
k=1
and thus (z,y, z) € conv(&,,) implies that (z,z) € conv(P,). We conclude that the feasible region
of the minimization problem corresponding to the first problem is at least as large as that of the
second problem. Hence, the desired result follows. O

Proof of Theorem 3. Let (z,y') € conv(©) be given. Then, for every z such that (z,y',2) €
conv(&,), it holds that there exists Ay, > 0, k =1,..., K, with Zszl M =1, and (aF,y*, 2%) € &,
such that (z,y%,2) = Zszl e (2, y¥, 2%). Observe that since (z*,y*,2¥) € &,, it holds that
(%, y*¥) € F. Now define §* := y* + (y*> — y!). By definition of a monotone extended space, it
holds that §* € Y and (z*,7*) € F for all k= 1,..., K, and thus, (z*, ", 2¥) € &,. We conclude
that

=

(z,9%,2) = Z)\k(mk,]]k,zk) € conv(&,).
k=1

Hence, (x,y!,2) € conv(&,) implies that (z,y?, z) € conv(&,), and thus the second feasible region
is larger. O
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Proof of Lemma 1. Since X is compact, conv(X) is compact, and since ¢ is convex polyhedral
it is continuous on conv(X). Hence, by Weierstrass’ theorem ¢ has a finite supremum on conv(X),
which we denote by 6* = sup,coony x ¢(2). We will show that 7, (x,0) < v, (x) for all z € conv(X)
and 6 > 0*. The claim then follows since the reverse inequality holds by Theorem 2 (i).

Let x € conv(X) and 6 > 6* be given. Then, for any feasible z in the optimization problem
of v,(x), i.e. for any z € Z such that (z,z) € conv(P,), there exists A\, > 0, k = 1,... K,
with Zle M = 1, and (2F,2%) € P, k = 1,...,K, such that (z,2) = Zszl \e(xF, 2%). By
definition of © and since § > 6*, if holds for all &k = 1,..., K, that (2*,0,2*) € &,, so that
(x,0,2) = Zszl e (7%, 0, 2%) € conv(E,). Thus, the feasible region in the optimization problem
of D,(x,0) is at least as large as that of v, (z), and thus v,(z) > 7,(x,0). We conclude that
V() = Dy(x,0) if 0 > 0*. O

Proof of Theorem 4. By Definition 4 it holds that for all (z,6) € conv(O),
U, (x,0) := min {qu (x,0,2) € conv(é'w)}, (31)

where &, := {(z,0,2) € © x Z : (x,2) € B,}. Since 0,(z,0) is convex in (z,0), it follows that
v, = co(?,), and thus 7, can be expressed as the supremum of all its affine lower bounds, i.e.,

’}w(za 0) = sup Ay — ﬂ;;rx - 7,0,
(au:BwJ—w)eﬁw (90)

where (o, B, ) represents the coefficients of an affine function in (z,6), and this function is a
lower bound of 7, if (a,, Bu, Tw) € I, (¢) with

I, (¢) := {(aw,ﬂw,fw) D (2,0) > 0 — Bz — 7,0 Y(z,0) € @}.
To prove the desired result we will show that II,,(¢) = IL, (). We have by Definition 6 that

I, (p) = {(aw,ﬂw,rw) tv () > o — Bla — 7,0 for all (z,0) € @}
= {(aw,ﬁw,ﬂu) cqlz>a, —Ble— 1,0 forall (z,0) €O, (x,2) € Pw}

= {(aw,ﬁw,m) Lqr 2>, — Bl —7,0 forall (z,0,2) € 5w}.
Since the constraint ¢!z > «a,, — 82 — 7,0 is affine in (z,6, z), we may replace &, in the last

equation by conv(&,,). Moreover, it follows from (31) that ¢z > o, — 8]z — 7,0 for all (z,0, 2) €
conv(E,) is equivalent to 7, (z,0) > o, — B} x — 7,0 for all (x,0) € ©. Hence,

I, (p) = {(aw,ﬂw,m) D (2,0) > ay, — B;rx — 1,0 for all (z,0) € @} = f[w(go).
O

Proof of Theorem 5. Let z € conv(X) be given and consider (z) as defined in (8). We define
(o, B, 72) € I, () for all w € Q as the maximizers of the supremum in (8), so that

Ey o] — Ey [@Z]Tfﬂ

S S (29

Rewriting this expression yields
0(z) = B, [of] — B, [81] o — By [7]0(x). (32)

w w

Recall that by Theorem 4,

ﬁw(x, @((E)) = sup Qy — ﬂ(jx - Twa(x)'
(O‘W)BWxTW)EHW(‘P)
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<, 7.) is feasible but not necessarily optimal for the supremization in 2, (z, 6(x)) for
every w € (), it follows that

Since (o, B, 72

Eu[ow(2,0(x))] > Eulog] - Eu[8] @ — Eu[r1]0(2)
= 0(x),

where we used (32) for the final equality. Similarly, it holds that

9($) > ]Ew[&w] B Ew[ﬁw]—rfﬁ

STt E R (33)

where (d,, B, 7.) € I, (¢) are optimal solutions to the supremization problems in ,(z, #(x)) for
all w € Q. Since Ey[7,] > 0, we can multiply both sides of the inequality in (33) by 1+ Ey[7,] to
obtain (1 + E,[7,])0(z) > Eyla,] — Eu[8.] Tz, and thus

0(z) > Eu[aw] — ]Ew[Bw]Tx — Eu[fu]f(z) = Ey [0 (z, 6(2))].
Hence, 0(x) = Ey, [0y (z,0(x))] for all z € conv(X). O

Proof of Proposition 3. We first rewrite I, (¢) as given in Definition 6. Since 7, > 0, this set
equals

Hw(@) = {(awaﬁwaﬂu) : Uw(l') >, — ﬂ;,rx - 71,,;97 V(JJ,Q) S @}

By adding do(z,0) to the left-hand side of the inequality we make sure that the inequality holds
for all (z,0) € conv(O), that is,

I, (¢) = {(Oéw,ﬁw,ﬂu) v () + do(x,0) > o — Blx — 7,0, V(x,0) € conv(@)}.

Moreover, since the right-hand side of the inequality is affine in (x, #), we may replace the left-hand
side of the inequality by co(v,, + de)(z, 8).

Now let 9, be given such that (12) holds. Then, for every (a,fSu,7w) € Hu(p), we have
co(vy, +6e)(z,0) > o, — Bl — 7,0 for all (x,0) € ©, and thus

(Qrs B 7o) € {(amﬁwm) Lo (2,0) > aw — Bla — 100, Y(x,0) € @}7

since 9,,(z,0) > co(v, + do)(x,0) > a, — Bl x — 7,0 for all (z,0) € ©. On the other hand, for
every (u, Buw, Tw) With 7, > 0 satisfying 9,,(z,0) > o, — )z — 7,0 for all (z,0) € O, it holds that
(s B, Tw) € TLy(p), since vy, (z) > Oy (z,0) > o, — Bz — 7,0 for all (z,0) € ©. We conclude
that (13) holds. O

Proof of Theorem 7. Since the lower bounds 9, of v, satisfy (15), it follows that for every
w € € there exists 9,,(z,0) with co(v, + de)(z,0) < 0, (z,0) < v, (x) for all (z,0) € © such that
19w — Uwlloo < d. Comparing IL,(¢) as defined in (14) and II,(¢), which by Proposition 3 equals

I, () = {(aw,ﬁw,m) (2, 0) > ay, — Bl — 1,0, V(x,0) € ©,7, > O},
for every w € €2, we observe that if (a,, 8., 7,) € Ilu(p), then (a, — 6, By, Tw) € I, (), and vice

: e (
versa, if (G, Buw, Tw) € w(p), then (&, — 0, By, 7w) € I, (). Hence, for every = € conv(X), we
have

Ew[dw] _Ew[BW]Tx L~ s ~ it
{ TR et H”(w)}

E,la, — 6] — Ey[Bu] Tz
= sup { 1+ Ew['rw]

(s Buos o) eHw(@}
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where the second inequality holds since 7, > 0 for all w € Q, and thus —d/(1 + E,[r.]) > —9.
Similarly, it holds that

Oéw] B ]Ew[ﬂw]—rz .
L H“(¢)}

Eo[d, — 6] — Eu[Bu] Tz
= sup { 1+ Ey 7]
> SCC(p)(x) — 0.

SCC(p)(x) = > sup{Ew[

(G By T eﬁw(w)}

We conclude that |[SCC/(p) — SCC(¢)|s0 < 6. O

Proof of Corollary 1. We will prove the claim by mathematical induction. For K = 1, it holds
by definition of a J-exact scaled cut closure operation. Next, we assume that the claim holds for
some K € N, i.e.,

K
165 = " loe < 6.
k=1

By Proposition 2 (ii), it holds that ||SCC(¢%) — SCC(¢F)|lse < |" — @ ||, and thus using
that e+ = SCC(pX), it holds that

K
g5 — SCC($")loo <D k-
k=1

At the same time, since the (K + 1)-th inexact SCC' is dx 41-exact, we have that [|[SCC/($F) —
@K H o < 6k41, and hence

K+1
165+ = " H oo < [[95H = SCC(") e + ISCC(") = 35 Tl < D
k=1

O

Proof of Theorem 8. Let m € £ be a leaf node of the scenario tree N and consider o" as
defined in Definition 9 for » = 1. Observe that v,,(2,(m)) can be interpreted as a mixed-integer
value function v, () defined in (3) and that 7}, (€4(m)) corresponds to the lower bound v, from
Definition 2. Hence, by Theorem 1 (i) it holds that 7}, (€4(m)) < Vi (Za(m)) for all Z4(m) € Xa(m)-
Moreover, for any » = 2,...,T — 1, we have that S},.q(m) with n = a"(m) is an extended space
of X,(m), see Definition 3, so that 7, corresponds to the lower bound 7, from Definition 4. By
Theorem 2 (ii), it holds that

17,:;1 (ﬁ[na(m)]) < Um (xa(m))

for all x[4(m)] € S[a(m))- Finally, let 71,79 € {1,...,T — 1} with ry > ry be given and define n; =
a™(m) and ny = a"(m). Note that it is possible to define v,, on the extended space S[p,:q(m)] as
(I (:U[m:a(m)]) = U (Tq(m)) for all Zp,,.0(m)] € Shnaia(m)]- Hence, v)2 can be interpreted as a mixed-
integer value function v, from (3) with 72 corresponding to the lower bound from Definition 2,
and since S, .q(m)) i an extended space of S[p,.q(m)], With 7! corresponding to the lower bound
from Definition 4. It follows directly from Theorem 2 (i) that for all [,(mm)) € conv(Si,(m)),

ﬂ:;f (x[nQ:a(m)]) < 71:% (x[nlza(m)])~

This proves our hierarchy of lower bounds since r; > ro are arbitrarily given. O
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Proof of Proposition 4. Let Z(q(;m)] € Sja(m)) be given. If T[4 (m):a(m)) 18 an extreme point of
conv(Siar (m):a(m))) for some p = 1,... 7, then it follows from Theorem 2 (iii) that 7, ([4r (m):a(m)]) =
Um(Za(m)), and thus by Theorem 8, it holds that

U5 (@ (ar (m):a(m)) = U (Tlar (my:a(m)]) = Vm(Ta(m))-

Hence, if there exists p € {1,...,r} such that (40 ():a(m)] is an extreme point of conv(Siae (m):a(m)]),
then (17) holds. O

Proof of Theorem 9. We will prove the result by mathematical induction on the time stage
t=1,...,T, starting at ¢t = T and moving back to t = 1. For ¢ = T and all nodes n € N, the
inequalities in (20)—(22) hold by Theorem 8 and since Q}(zn) = ... = QL (2}n)) = Qun(zn) =0
for all xf,) € Sp,). Next, assume that (20)—(22) hold for all n € N with t,, > ¢ for some 1 <
t <T —1. Then, for n € N with t,, = £, we have Q,(x,) = Zmec(n) GnmVm (Zn), Tn € X,, and
Q,’Z(m[arfl(n):n]) = ZmGC(n) qnmf/:n(l'[arfl(n):n]),.T[arfl(n):n] S S[ar—l(n):n], so that (21) holds for n
by (22) and the induction hypothesis. Similarly, the first inequality in (20) holds.

Next, it follows from (21) that 97, (Z[ar (n):a(n)]) as defined in (19) is a lower bound for v, (24 (n))
for every r =1,...,T—1. We can interpret 9], as a mixed-integer value function v,, from Section 2
with 77, (Z[ar (n):a(n))) corresponding to the lower bound 7,, from Definition 4. By Theorem 2 (ii)
it holds that 7 (Z(ar(n):an)]) < Un(Zlar(n):a(ny)s and thus o) (Tiar(n):am)) < Un(Tagn)) for all
Tpn] € S[n].

Finally, let r1,70 € {1,...,T7 — 1} with r; > ro be given. We define the auxiliary lower bound
1777;17742 (x[arl (n)a(n)]) as

"2 (2 g (n):a(n)]) = Jcrinari {czxn + 00 2 (Tam1 (n):a(m)]> On) € conv(@%l’”)},

where
@ZI’TZ = {(x[arl (n)n}»en) € S[aﬁ (n):n] X R: on > Q:ﬁ (x[arzfl(n);n])}~

Since Q" (Tlar1-1(ny:m)) = Qr: (T[ar2=1(ny:n)) Dy (21), it follows immediately that ©1 C ©71"2, and
thus 7 (Z(ar1 (n):a(n)]) = Znt"2 (Tar1 (n):a(n)]). On the other hand, since Sigr1 (n):a(n)] is an extended
space of S[4r2 (n):a(n)], We can consider

072 (Z[ar2 (n):a(n)]) = zmin {c;';xn +0n : (Tiar2(n)m]» On) € 622}7
as a mixed-integer value function v,, from Section 2, where 7]> corresponds to the convex lower
bound v, from Definition 2, and 7);'""2 corresponds to the convex lower bound 7,, from Defini-
tion 4. Hence, by Theorem 2 (i) it follows that )2 (z[ar2 (n):a(n)]) < Znt" (Z[ar1 (n):a(n)]), and thus
it holds that 72 (Z[ar2 (n):a(n)]) < P5' (T(ar1 (n):a(n))) for all zp,) € conv(Sp,). Since r1 > ro are
arbitrarily given, we conclude that (22) holds for all n € N with ¢, = ¢. The proof now follows
by mathematical induction. O

Proof of Proposition 5. Since by definition Q,,(z,) = ZmEC(n) GrmVm (z,) and Q;(x[arfl(n):n]) =
Zmec(n) GnmVp (Tiar—1(n):n]), and 7], m € C(n), are lower bounds for v,,, it follows directly that
(i) holds.

To prove (ii), suppose that for some p = 1,...,T —1, it holds that an optimal solution (x7, 67)
of the minimization problem in 0} ((ar(n):a(n))) satisfies 6* = Qn(z},). Then, 05 (T(ar(n):a(n))) =
Un(Ta(ny). Moreover, if (Z(ar(n):a(n)]s @n(T[ar—1(n):n))) 1S an extreme point of conv(©7), then it
follows by Theorem 2 (iii) that 7% (%[ae(n):am)]) = U4 (T{ar(n):a(n))). The result in (ii) follows by
Theorem 9 since if the lower bound is tight for p, then it will be tight for all r =1,...,7 — 1 with
r>p. O
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Proof of Proposition 6. We first prove (ii) before proving (i). To do so, it suffices to prove
that for ¢ € ® and n € N, we have ¢, > ¢, for ¢ := SCC,(p). Indeed, then for m € N with
g #(m, it h;ﬂds that @ (T(m)s Oa(m)) = Pm(Tm]s Oa(my)) for all (Zpmy, Olam))) € O (Plaemy) S

[m”][‘o(pl[)ar((;zi)e]z that ¢, > @n, observe that O, (Pa(n)]) = O (Pla(n)))- Moreover, if n € L, thenp, >
¢n by definition. On the other hand, if n € M\ L, then byDefinition 12 it holds for all (x[,}, 04(n))) €
COHV(@[n](QD[a(n)])) that

> tom (am = B (@) 9[a(n)1))

On(Zin), Ola(n)]) = sup  sup meet)
Tm >0 (Oémﬁm)i 1 + g dnmTm
(amvﬁma"—m)enm(w[n]) mGC(n)

For all m € C(n), we have that (., Bm, Tm) € (@) if and only if

O (@10, Ofa(m)) + Tmbn = @ = B (@] Opam))s V(@ (n]s Opn)) € Opn) (91m)-
Since (:)[n] (©[n)) is bounded, there exists L € R such that for all m € C(n),

L< min TA}m(I[n]a 9[”])
(Z[n]:01n]) €O (P[n])
= min min clxm + ©m(Tpm), Opm)-
(@(n],01n) ) EOn) (#[n)) Tm EXm (T

Here, we use that ¢ € ®, and thus c;xm—i—gom (x[m] , Q[n]) is a convex polyhedral function minimized
over a compact set. Using this lower bound L, we conclude for all m € C(n) that if (aumn, Bm, Tm)
satisfies

L+ T > i — B (@], 0am))s - V(@ 0pn]) € Ol (911

then (am,Bm,Tm) € n(pp)). Hence, for every m € C(n), 7, > 0, and (2], 0an)) €
conv (O (Pra(n)))), we have

( Suéf) ) {O‘m - B;(x[n]a e[a(n)})} 2> co (L + TmPn + 59[n](<ﬁ[a(n)])) (‘T[n]’ 9[‘1(")])'

(B Trm ) €Ly, (So[n] )

Applying this inequality and letting 7, — 400 for every m € C(n), yields for all (x[,, Oja(n))) €
COHV(@[n](QD[a(n)])) that

Z dnm CO (L + Tm¥Pn + 5@[71](90[«1(71)])) (x[n]a a[a(n)])

N meC(n)
&) Oa(n))) = sup

Tm 20 1+ Z gnmTm

meC(n)
Z Inm CO(L + Tm®n + 5@[n](tp[a(n)]))(x[n}ae[a(n)])
. meC(n)
>  lim
Tm—+00 1+ Z GnmTm
meC(n)

=co (SDn + 69[n](sa[a(n)])) (:C[n], o[a(")])
= On @], OLa(n)))s

where the last equality holds since ¢ € ®, and thus ¢, is convex. We conclude that (ii) holds.
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To prove (i), observe that ¢, = ¢, for all m € N with m # n, and thus ¢, is convex
polyhedral, since ¢ € ®. Moreover, by definition of the SCC, operator, ¢, is the pointwise
maximum of affine functions, and hence convex. Similar to Proposition 1 in van der Laan and
Romeijnders [20], we can show that ¢, is also polyhedral. Hence, it remains to show that (26)
holds for ¢ for all n € N and (2], Oja(n)]) € O] (Pla(n)))- Since ¢ > ¢ by (ii), and ¢ € ®, we
conclude that (26) holds for all m € N with m # n. Indeed, since ¢, = ., only the right-hand
side in (26) may increase by applying the scaled cut closure procedure at node n, and inaddition
the inequality is require to hold for a potentially smaller set ©1,,)(Q[a(m)). To show that (26)
holds for ¢,, and all (ﬁ[n},e[a(n)]) € @[n](@[a(n)]), observe that @[n] (Qﬁ[a(n)]) = @[n](@[a(n)])7 and
moreover since ¢ € ®, the functions @, (2, 0},)) used in the definition of o, in Definition 12 to
apply the SCC,, operator satisfy (26), and thus the result of applying the inexact SCC,, operator
is upper bounded by applying the exact SCC operator, cf. Definition 7, to ¢,, which is upper
bounded by the right-hand side in (26). Hence, ¢ € ®.

Finally, to prove (iii), let ¢,¢’ € ® with ¢ > ¢’ and n € N\L be given. We will show that
for m € C(n), we have ILy(ppn)) 2 Wn(gp,), implying that SCCp(p) = SCCp(¢'). Hence, let
(atm, BmTm) € Wi (gf,) be given for some m € C(n). Then, for all (z(,),0p,)) € @[n] (¢},)) it holds
that

U (200, ) 2 @ — By (@[], Ofa(n))) — Timbn,s (34)

where 0], (%[, 0]) := ming, cx, (z,) c;zgcm—i—ap;n(x[m], 0n1). Since p > ¢’, it holds that é[n] (o)) €
@[n](gofn]) and ¢, > @), so that (34) implies that

O () On)) = m — B (T (s Opa(n)]) — Tmbn,

for all (x[n],ﬁ[n]) S é[n](gp[n]), and thus (am,ﬁm,Tm) S Hm(gO[n]). We conclude that Hm(@[n]) D)
Hm(cp{n]) for all m € C'(n), and thus (iii) holds. O

Proof of Lemma 2. The second inequality holds since for every (zpm],0)) € Opy(@m) we
have that co(Q,, + 5@[m](w[n]))(x[m}’9[n]) < Qm(xm). To prove the first inequality we use that by
definition of the closed convex envelope, we have

CO(Um + 5@[n](w[n]))(l‘[n], H[n]) = SuP {Oén — ,B,I(x[n},e[n])},
(O"ruB'rL)EHn(‘P[n])

where ﬂn((p[n]) = {(an,ﬂn) : Um(.%‘n) > Qp — ﬁ;(x[n],a[n]z V(l’[n]79[n]) S (:)[n](ap[n])}. Since
Um(7y) is @ minimization over z,,, it holds for all (ay, 8,) € 1L, (w[,)) that

emTm + Qu(Tm) > an — B (T, 0n)) V(@) Opn)) € Opny (@1m))s
and since the right-hand side is affine in (2,), 0[,)), it also holds that
EmTm + €0(Qm + 0oy, (o) (@n] Op)) = O = By (@], Op) - V() Op) € Ol (91)-

Since for all (z(,,0},)) € (:)[n](go[n]) this inequality holds for all z,, € &, (z,), we can minimize
the left-hand side over x,, € Xy, (), yielding for all (z(,),0p,)) € (:)[n] (¢[n)) that
min ¢, T + c0(Qum + 66y, (o) (Eim)s On) = n = By (T, Oy

xmeXm(zn)

which is equivalent to

O (Tpn)s On)) > n — By (g On)) V(@) 0n)) € Opmy(Ppn))- (35)
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Since the inequality in (35) holds for all (av,, ) € ﬂn(<p[n]), we conclude that for all (2, 0},,)) €
(;)[n](ap[n]), we have

(anyﬁn)enn(‘p[n])

= c0(Vm + 06y, (o)) () On))»
which implies that also the first inequality holds. O

Proof of Theorem 10. Interpret (), as the expectation of L.s.c. value functions defined on the
extended space O,)(¢[a(n)) of Xyn. Then, it follows from Definition 13 that the SCC,, operator
from Definition 12 is exact if it coincides with the SCC operator from Definition 7. This is true
if (28) holds for all m € C(n), since then Lemma 2 implies that for every m € C(n), the function
Oy, from Definition 13 satisfies

CO(U’W + 6é)[n](<p[n]))(x[n]7 a[n]) < ﬁm(m[n]a e[n]) < Um(.’I?n)

for all (xp,,0,) € C:)[n] (©[1), which by Proposition 3 is a sufficient condition for the SCC,
operator to be exact cf. Definition 7. O

Proof of Proposition 7. Observe that if (29) holds for all m € C(n), that then oy, defined for
all (2(n), ) € Opni (¢[n) a8

satisfies for all (2(,),0[n)) € (:)[n] (¢[n)) that

f)m(x[n], 9[n]) > min C;[b.%'m + CO(Qm + 5@[”1](@[”])(1‘[7,1], G[n]) -9

Tm €Xm (Tn

> CO(’Um + 5é[n](¢[n]))(m[n]7 o[n]) - 67

where the last inequality follows from Lemma 2. Hence, applying Theorem 7 yields that the SCC,,
operator is d-exact. O

Proof of Theorem 11. Consider any subsequence {7, }ien of {ny }ren, and let {¢!'}en denote
the corresponding sequence of outer approximations, defined as

Al Al—1
@' = 8CCn, (¢), leN,

with ¢¥ := ¢°. By monotonicity of the scaled cut closure operator, see Proposition 6, it holds
that for every [ € N,

ot > ¢l
Hence, ¥ converges uniformly to cox, (Q1) if ¢} does, since o} < cox, (Q;) for all k € N. Thus,
it suffices to prove that there exists a subsequence {fiy, }ien of {ny}ren such that ¢} converges
uniformly to cox, (Q1).

Next, we prove the existence of such a subsequence {7, }ien. Observe that by definition of
an admissable sequence, any sequence {f;};eny € N is a subsequence of {ny}ren. To prove the
result, we will prove the stronger claim that for any feasible initial set of outer approximations
©° = {2 }en € @, for every n € N, and for every € > 0, there exists a finite sequence {ny}&_, C
C(n) for some N € N such that

ol = co(Q@un + By (o, )lloe < €
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for ! iteratively defined by ¥ := SCC,, (¢*~1), k = 1,...,N. The result for n = 1 then
implies that ¢¥ converges uniformly to cox, (Q1) as desired. Here, we let C(n) denote te set of all
descendant nodes of n including n itself, for all n € N.

We will prove the claim by mathematical induction on the time t =1,...,T, starting at t =T
and moving backward to ¢ = 1. For all leaf nodes n € L, i.e., for all nodes n in time stage T, it
holds that @,, = 0, so that after a single SCC),-operation it holds that

||S0;L - CO(Q" + 6®[n](¢’?a(n)]))H°° =0.

Hence, the claim holds for all n € £. Next, assume that the claim holds for all nodes n € N
with t,, > t for some arbitrary 1 < ¢ < T. We will prove that under this assumption the claim
also holds for all nodes n € N with ¢,, =t —1. Todo so, let n € N with ¢, =t—1and e >0
be given. Define {¢"}.cn as the sequence of lower bounds obtained by iteratively applying exact
scaled cut closure operators at node n. It follows from Theorem 6 that the sequence {@%}.en
converges uniformly to co(Q, + 6@[n]( ])). Hence, there exists K € N such that for all kK € N

with k > K,

0
Pla(n)

€

||¢n - CO(Qn + 5@[”](@?&(")]))“00 < D)

The exact scaled closure operations differ from the inexact scaled cut closure operations SCC,,
that we intend to apply at node n. However, Corollary 1 shows that if we apply K times a §-exact
scaled cut closure operations with § := ¢/(2K), leading to the sequence {¢*}X . with ¢0 = ¢°,
then ||¢% — p¥|| < €/(2K) x K = ¢/2, and thus
165 = co(Qu + boy s, o < 185 = 5w + 25 = c0(@n + Fopy s, )l
€ €
< 5 + 5= €.

Thus, to prove our claim it suffices to prove that before the xk-th SCC,, operation, Kk =1,..., K,
there exists a finite sequence of SCC,,» operations with {nf Y= C C(n), such that the x-th SCC,,
operation becomes (e/(2N))-exact when first these SCC,,; operations are iteratively carried out.

By Proposition 7 a sufficient condition to achieve this is that for every x = 1,..., K, and

m € C(n), there exists a finite sequence {nf}ll\i“im C C(m) for some N, ,,, € N such that

€

kNm,rn _ . -
2 = 00(@m + oy prt)llso <

for ¢! iteratively defined by ¢! := SCCpnr($'™1), I = 1,..., Ny, with @0 := ¢"~1. By the
induction hypothesis, such sequences {nf}f\i"l’m do indeed exist for every k = 1,..., K, and m €
C(n). Hence, carrying out all scaled cut closure operations in the correct order, there exists a

finite sequence {ny}~_, C C(n) of length N = K—}—Zi{:l > mec(n) Ni,m such that o —co(Qn+
5@[7”(@0( )]))HOO < e for p! iteratively defined by ¢* := SCC,, (¢*~1), k=1,...,N. O

Proof of Theorem 12. To prove the theorem, we will first show by mathematical induction that
the following claim holds.

Claim: Let v = 1,...,T — 1, be given. Then, for all n € N, and Z[gr-1(n):n] € cONV(S[gr-1.,)), it
holds that

Or(Z(ar—1(n)in]) = CO( Z Gnm 0, + 5S[ar_1(n)m])('T[a““*l(n):n]% (36)
meC(n)

where ’l’}::n(x[ar—l(n):n]) :Eninxmex7n($n) C;xm‘}'@%(x[a““*l(m):m]) forallm € C(n) and Tlar=1(n)m] €
S[GT—l(n):n]. Moreover, Q;(.’E[ar—l(n)m]) < @Z(IE[ar—l(n):n]) for all x[ar—l(n):n] S COIIV(S[ar—l(n):n]),
and @Z(x[ar—l(n):n]) < Qn(zy,) for all Tlar—1(n)m] € S[ar—l(n):n].
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For n € L, the claim holds since @, = 0, and @, (T(gr-1(n)m)) = Qn(T(ar—1(n):n)) = O for all
Tlgr—1(n)im] € cONV(S[gr-1(n):n)). Next, assume that the claim holds for all n € N with ¢, >t
for some 1 < t < T. Then, for n € N with ¢t,, = t — 1, observe that the scaled cut closure
operator SCCy, does not depend on previous-stage lower bounds ¢(4(,);. Hence, in the limit, @,
will be equivalent to applying the exact scaled cut closure operator SCC' from Definition 7 itera-
tively with respect to the expected value function Q7 ([gr—1(s)m]) = Zmec(n) Grm O (Tar—1(n)in])
with 07, as in the claim. Hence, it follows directly from Theorem 6 that (36) holds. More-
over, by the induction hypothesis @}, (Z[(ar—1(m):m]) < Qm(Tm) for all Zgr—1(m)im] € Sjar—1(m):m]»
and thus 0;, (T[gr—1(n)in)) < Vm(Tn) for all Tgr—1(p)m) € S[ar—1(n)m), Which implies via (36) that
Gr(@lar=1(nyin)) < Qn(xn) for all X(ur—1(ny:n) € Sjar—1(n)m]- Furthermore, since by the induction hy-
pothesis @}, (Z(ar—1 (m):m]) = @ (Tar—1 (m):m)) Tor all Z(gr—1(m):m) € CONV(S[ar—1(m):m)), m € C(n),
it holds that for all m € C'(n) and Zlar=1(n)n] € S[av-—l(n)m], that

O (Tfar=1(n):n)) L, CmTm + QT lar=1(mym]) = Ty (Tlar=1(n)en)): (37)

where the convex lower bound 77, ({41 (n):n,)) is defined in Definition 10. Hence, for all #[4r—1(5).n) €
COnV(S[arfl(n):n]), we have

@;(x[ar—l(n):n]) = CO( Z Gnm Oy, + 6S[ar71(n)m]>(w[ar—l(n):n])
meC(n)

Z gnmCO ('ﬁ:n + 5S[ar71(n):n] ) (x[lf71 (”)”])
meC(n)

> Z Qnml_/:;L(m[aT*l(n):n])
meC(n)

= Q; (w[arfl(n):n])a

v

where the second inequality holds since 7], is a convex polyhedral lower bound of 97, see (37).
It remains to show that for all n € N and z,] € conv(S},)), it holds that

PL(zn) < oo < EE N @) (38)

To do so, let r1,79 € {1,...,T — 1} with r1 > 75 be given. We will prove that @I (.'L'[av'lfl(n):n]) >
@2 (T(gra—1(n)m) for all xp,) € conv(Sp,)) by mathematical induction, so that (38) holds. Observe
that for n € £, we have @)1 (T(qr1-1(n):n)) = @1 (T[ar2—1(n)m)) = 0 for all z(,) € conv(S},)). Next,
assume that @71 (T(gri-1(n)m]) = Pr2 (T[ar2—1(n):n)) for all zp,) € conv(Sy,) for alln € N with ¢, > ¢

for some 1 < £ < T. Then, for n € N with t,, =t — 1, we have that

P (Tari=1 (nym)) = CO( Z Gnm Oy + 6S[a7‘1—1(n>:"]> (Tlar1=1(n):n))-
meC(n)

By the induction hypothesis, it holds that

Z qnmﬁrrr% (x[a”*l(n):n]) > Z qnmﬁ:r% (‘x[aW*l(n):n])
meC(n) meC(n)

for all z,) € Sp,). Hence, ¢;2 is a convex polyhedral lower bound of the first function when defined
on the extended space conv(S|ari—1(n).s)- Since it is not necessarily the best convex polyhedral
lower bound, we conclude that

On' (Tlari-1(nym)) 2 O (Tlar2—1(n)m)) Y T[n) € cONV(Sppy)-
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