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Abstract

The electric vehicle (EV) battery supply chain will face challenges in sourcing scarce and expensive minerals
required for manufacturing and in disposing of hazardous retired batteries. Integrating recycling technology
into the supply chain has the potential to alleviate these issues; however, players in the battery market must
design investment plans for recycling facilities. In this paper, we propose a multistage stochastic optimization
model for computing minimum cost recycling capacity decisions, in which retired batteries are recycled and
recovered materials are used to manufacture new batteries. To construct a realistic and high-fidelity model, we
transform EverBatt, a leading evaluation framework for battery recycling cost and environmental impact, into
a prescriptive decision-making tool for determining optimal investment strategies. Our model is a separable
concave minimization subject to linear constraints, a class for which we design a new finitely convergent global
optimization algorithm based on piecewise linear approximation that solves up to 14x faster than comparable
algorithms. We propose an equivalent reformulation of the model that reduces the total number of variables by
introducing integrality constraints. The reformulation can also be solved by our global algorithm with drastically
reduced solve times. We detail a cut grouping strategy for a Benders’ decomposition at the operational scale
which improves convergence relative to single-cut and multi-cut implementations. To produce a set of operational
scenarios, we design an approach for generating time-series projections for new battery demand, retired battery
supply, and material costs, leveraging state-of-the-art econometric models for critical metal prices and EV
demand. We apply our model to compute optimal investment plans and quantify the impact of optimal decision-
making on the supply chain. We analyze the impact of policy instruments to reveal key insights for policy
makers: while recycling capacity grants and production credits both effectively encourage domestic investment
in recycling, production credits are more cost effective under smaller policy budgets, whereas grants become
the more cost-effective instrument as total policy expenditure increases. Finally, the optimal solutions show
that effective investment in recycling can reduce battery manufacturing costs by 22% and reduce environmental

impacts by up to 7%.
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1 Introduction

Electric vehicles (EVs) are a principal technology in the energy transition that will play an important role in reducing
emissions. The demand for the lithium-ion batteries that power EVs is expected to grow by over 20% year-over-year
through 2030, reaching a market valuation in excess of $360 billion (Campagnol et al.|2022)). Manufacture of these
batteries requires “critical minerals”, materials defined by a vulnerability to supply chain disruption, including
lithium (Li), cobalt (Co), nickel (Ni), and manganese (Mn) (U.S. Geological Survey||2022)). As demand for batteries
grows significantly, so will the demand for these materials; for instance, lithium requirements are expected to grow
6-fold by 2030 under current climate pledges (IEA|2022).
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EV batteries have variable lifespans, but generally are retired after a capacity reduction of 20% with an expected
age of 10 years (Marano et al.|2009). As large numbers of batteries are removed from vehicles, attention must be
paid to their safe disposal. EV batteries contain toxic and heavy metals, so improper disposal may pose health
and environmental risks (Kang et al.|[2013). Further, recent European Union regulation sets recycled material
composition requirements for new batteries and material recovery targets from retired batteries (Council of the
European Union|[2023)).

In light of these challenges, a promising solution is the recycling of retired batteries, allowing for the recovery
of component materials for reuse. Lithium-ion battery packs are made up of many individual cells, each of which
contain a graphite-based anode, lithium-based cathode, electrolytes, binding polymers, and copper and aluminum
foils, inside a plastic or steel shell. Common cathode compounds include lithium iron phosphate (LFP), lithium
nickel cobalt aluminum oxide (NCA), and lithium nickel manganese cobalt oxide (NMC). Many battery materials
can be recovered via recycling, although the most valuable are the metals contained in cathode compounds.

Current technologies for lithium-ion battery recycling include pyrometallurgical, hydrometallurgical, and me-
chanical processes (Harper et al.|2019). Pyrometallurgical recycling exposes battery packs to high temperatures,
incinerating extraneous battery components and inducing chemical reactions to recover compounds from the cath-
ode material (Makuza et al.[|2021)). Hydrometallurgical recycling reacts cathode materials with a leaching solution,
from which compounds are precipitated (Yao et al.|2018)). A newer process, referred to as direct recycling, uses
mechanical processes such as shredding and crushing to separate and recover constituent materials, followed by
“relithiation” of cathode material to restore the chemical properties of a new material (Wu et al.||2023)).

EverBatt (Dai et al|[2019)) is a recently proposed closed-loop model for analyzing the cost and environmental
impacts of battery recycling and manufacturing with detailed, high-fidelity data for recycling process yields, facility
costs, and emissions calculations. In a closed-loop model, recycled materials are used for the manufacturing of new
products. This differs from open-loop models, in which recovered materials are sold or disposed. In the EverBatt
model, retired batteries are first recycled. If pyrometallurgical or hydrometallurgical recycling is used, the extracted
cathode precursors are remanufactured into cathode material in a step called cathode production. Under direct
recycling, as cathode material is recovered in its original form, this step is not necessary. Then, new batteries are
manufactured using the recycled cathode material and other purchased materials. Given fixed facility capacities
that handle specific retired battery input and new battery output quantities, EverBatt computes the cost and
environmental impact of recycling, cathode production, and manufacturing facilities across this closed-loop supply
chain.

As players in the battery industry look towards incorporation of recycling technologies (Ohnsman|[2022, [BASF
2023)), important questions surrounding investment and capacity planning will arise. Firms will decide how much
recycling capacity to construct, which technologies to invest in, and when to use recycled materials to produce new
batteries. In this paper, we address these questions by converting the EverBatt framework into an optimization

model. We summarize our contributions in modeling, algorithmic design and computation, and analysis as follows:

1. Modeling:

e We propose a multistage stochastic optimization model for the design and operation of a closed-loop
EV battery recycling supply chain. At the strategic scale, a multi-year capacity decision is made for
recycling and cathode production facilities. Then, at the operational scale, decisions are made over a
number of multistage scenarios on how many batteries to recycle and how to use recycled materials
to manufacture new batteries. This model is a prescriptive decision-making tool built on the detailed,
high-fidelity evaluation framework of battery supply chain cost and environmental impact proposed in
the EverBatt tool.



e We design a methodology that leverages state-of-the-art econometric models for EV vehicle stock and
critical mineral price projections to build a variety of operational scenarios for retired battery supply,

new battery demand, and material cost.
2. Algorithmic design and computation:

e We propose a novel adaptive piecewise linear approximation algorithm (aPWL) for mixed-integer linearly
constrained separable concave minimization that converges finitely to a globally optimal solution. In
computational tests, we show that the aPWL algorithm compares favorably to benchmark algorithms,

solving up to 14x faster on some instances.

e We develop an equivalent reformulation of our model that reduces the total number of variables by

introducing integrality constraints. The reformulation reduces solve times from hours to minutes.

e We leverage a Benders’ decomposition approach to separate the operational scale from the strategic scale.
We evaluate cut aggregation strategies within the Benders’ decomposition and show that a grouping of

similar scenarios outperforms traditional single-cut and multi-cut implementations.
3. Optimal investment and policy analysis:

e We conduct extensive computational studies to analyze the impact of closed-loop recycling on new
battery manufacturing. Our analysis shows that an optimal recycling investment plan in the United
States reduces the expected cost of battery production by 22%, the expected energy consumption by
6%, and the expected greenhouse gas emissions by 7% through 2050, relative to a solution that does
not utilize recycling. We show similar reductions on a supply chain that includes the United States and
China. The optimal solutions also reveal a hidden benefit of hydrometallurgical recycling over direct
recycling, as the former allows greater flexibility in the types of new batteries that can be manufactured

from recycled materials.

e We analyze the impact of policy instruments, including capacity grants and production tax credits,
on optimal investment and operational decisions. Our analysis reveals key insights for policy makers.
We show that both recycling capacity grants and production credits encourage domestic investment in
recycling capacity. However, production credits are more cost effective under smaller policy budgets,

whereas grants become the more cost-effective instrument with greater total policy expenditure.

The remainder of the paper is organized as follows. In Section [2] we review relevant literature. In Section [3 we
introduce our models for investment planning in the EV battery recycling supply chain. In Section 4] we propose a
novel algorithm for solving linearly constrained separable concave minimization problems and a scale decomposition
scheme. In Section [5] we describe our sources of data and a process for multistage scenario construction. In
Section [6 we show computational results on a variety of test problems, analyze representative optimal investment

decisions, and discuss the impact of policy instruments on the supply chain. In Section [7] we conclude the paper.

2 Literature Review

2.1 Battery Recycling Optimization

Capacity planning problems for manufacturing applications have been studied extensively in the literature. For
thorough reviews, see|Van Mieghem! (2003) and |Martinez-Costa et al.| (2014). Many studies consider a discrete set
of feasible capacity decisions. We instead focus on formulations with concave costs and continuous decisions. In
this problem class, |Lee and Luss| (1987) and [Rajagopalan et al.| (1998) simplify the continuous space to a discrete

set of potentially optimal decisions and solve the problem via dynamic programming. |Li and Tirupati (1994)



similarly compute a finite set of candidate capacities and propose heuristic algorithms. In this work, we introduce a
reformulation by identifying an underlying structure of optimal decisions, but do not enumerate all such solutions.

Previous work has explored the application of capacity and logistics planning to EV battery recycling networks.

[Hoyer et al|(2015), [Tadaros et al. (2022), and Rosenberg et al|(2023) study open-loop battery recycling processes.

[Hoyer et al| (2015) propose a mixed-integer linear program (MILP) for a deterministic multi-period model that

optimizes capacity decisions for battery disassembly, conditioning, and recycling facilities in Germany. Feasible

capacity decisions are restricted to a discrete set of values, modeled by the construction of “modules” with fixed

capacities. |Tadaros et al| (2022) and Rosenberg et al| (2023)) also propose multi-period deterministic MILPs for

planning of open-loop EV battery recycling, the former for the Swedish supply chain and the latter the German.
[Tadaros et al| (2022) formulate the problem as a facility location problem with fixed capacities, while
optimize both the planned location of a facility as well as its capacity, selected from a discrete set of
possible capacity levels.

LLi et al.| (2018), Wang et al|(2020)), and [Li et al.| (2023) introduce models for closed-loop battery recycling.
propose a multi-period model with stochasticity in the number and age of retired batteries avaiable
for recycling, and [Wang et al.| (2020) investigate a single-period deterministic setting. Both models are solved with
genetic algorithms. consider optimization of the recycling network design in a single-period model

with stochasticity in material recovery rate, new battery demand, and retired battery supply. This model optimally

locates facilities with fixed capacities and is solved as a two-stage MILP with second-stage decomposition.

Our work is unique in its consideration of a multi-period, stochastic, closed-loop battery recycling problem. A
multi-period stochastic model motivates new approaches for generating scenarios with parameters that vary across
time. Our model further chooses capacities from a continuous range, in contrast with the discrete feasible sets of
other works. This approach allows for more granularity in capacity planning and expansion without making a priori
assumptions on the size of constructed facilities. However, considering a continuous space of capacity decisions
introduces concave cost functions due to economies of scale, making the model a nonconvex program instead of a

MILP and increasing the difficulty of identifying globally optimal capacity decisions.

2.2 Linearly Constrained Concave Programming

Many important optimization problems can be formulated as a concave minimization over a polyhedron, including

quadratic assignment (Bazaraa and Sherali[1982), binary programming (Raghavachari|1969), and applications with

economies of scale (Feldman et al.|[1966). Algorithms for globally solving concave programs date back to Tuy’s

cutting planes 1964)); subsequently, a variety of branch and bound algorithms have been proposed
[1983| Benson|[1985). For a survey of methods, see Pardalos and Rosen| (1986) and [Pardalos and Romeijn| (2002)).

We focus on problems with separable objective functions (i.e., representable as a sum of univariate functions).

[Shectman and Sahinidis| (1998) propose a finitely convergent branch and bound algorithm for separable concave

minimization over polyhedra, in which the feasible region is partitioned with rectangular splits and the objective

is underestimated by linear functions, allowing the subproblems to be solved as linear programs. This algorithm is

similar to that of |[Falk and Soland| (1969), with improved finite convergence guarantees. |D’Ambrosio et al.| (2009)

propose a global algorithm for separable nonconvex optimization. The algorithm splits each nonconvex function
into convex and concave segments and approximates the concave segments by piecewise linear under-approximators.
The approximation is solved globally as a mixed-integer convex program, and the under-approximators of the

convex pieces are updated at the incumbent iterate. This algorithm converges in the limit to a global optimum.

[Magnanti and Stratila] (2004)) show approximate equivalence between MILP and linearly constrained separable

concave minimization by generating piecewise linear approximations of the concave cost functions with a number

of pieces that scales linearly in the inverse of the approximation error.
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Figure 1: Material flows through the model in a single time period and location. RB represents retired batteries
available for recycling, INV materials in inventory, RM recycled materials, S materials sold, and NM new materials
purchased.

Our proposed algorithm solves over a sequence of piecewise linear under-approximations of the objective func-
tion, where each approximation is exact at previous iterates. As opposed to [Falk and Soland| (1969) and [Shectman
and Sahinidis| (1998]), we partition on all variables simultaneously at a global optimum of the incumbent ap-
proximation. This reduces the total number of iterations, improving compatibility with iterative algorithms for
decomposition. Additionally, by representing piecewise functions as MILPs, we leverage the tools, including cuts,
heuristics, and branching techniques, incorporated into modern commercial solvers. [D’Ambrosio et al.| (2009) uti-
lize a similar approximation and update scheme but apply the method to a broader problem class which does not

admit a finite termination result.

3 EV Battery Recycling and Manufacturing Model

We model the supply chain for new EV batteries through a sequence of production steps: retired battery recycling
(REC), material conversion (MC), cathode production (CP), and new battery manufacturing (NB). Figure [T depicts
the material flow through these steps. Battery recycling extracts materials from retired batteries via physical or
chemical methods. If the recycling method recovers cathode powder, the cathode powder can be used directly for
new battery manufacturing. Otherwise, the recycled materials are used to produce new cathode powder in the
cathode production step. This step manufactures new cathode material using new or recycled precursors. Material
conversion is an intermediate step to convert recycled chemicals into the compounds required as inputs for cathode
production. Finally, in new battery manufacturing, EV battery cells are produced from cathode powder that is
obtained from recycling or purchased from a market.

Recycling and cathode production require facilities, and facility capacities limit throughput. We assume that
demand for new batteries is always satisfied, so battery manufacturing facility decisions are not included in the
model. The facilities can be located in a number of zones, which model differences in facility costs by location.
Zones may contain multiple facilities, and production runs in parallel across zones, with supply and demand for
retired and new batteries allocated to each zone. Recycled material and retired batteries in inventory can be

transported between zones.



3.1 Multistage Stochastic Battery Recycling Model

We propose a multistage stochastic optimization problem for the EV battery supply chain. The model covers two
scales: a planning (strategic) scale, where facility capacity decisions are made, and an operational scale, where
operational decisions, including recycling and manufacturing throughput, are made. The operational decisions
respond to uncertainty in new battery demand, retired battery supply, and material cost, which is revealed pro-
gressively through a multistage scenario tree. A multistage approach ensures that the optimal solution at each
period considers future uncertainty, allowing for a realistic representation of how operational decisions are made in
practice.

The model time horizon spans T periods (e.g., years), with 7 = [T]. We define [-] = {1,...,-}. The periods are
partitioned into a set of L planning periods (e.g., spans of 5 years), £ = [L], which define the temporal granularity
of the investment decisions; that is, the model allows additional capacity investment to be made at the start of each
planning period. The capacity decision for a planning period constrains throughput in the time periods associated
with the planning period. The set 7; C T gives the set of time periods associated with planning period [ € £, and,
conversely, I; € L gives the planning period associated with time period ¢t € T.

We separately partition the time periods 7 into a set of S stages (e.g., spans of 10 years), S = [S], which
describe the points at which additional information about the stochastic parameters is revealed. The two distinct
partitions of the time periods, i.e., planning periods and stages, allow for different granularity in the facility capacity
solution and in the frequency that new information is revealed in the multistage scenario tree. The scenario tree
has S stages, and the parameter o, € S gives the stage associated with period t € T. Set 2, contains the nodes
at stage 0 € S. Each node w € Q, gives a realization of the stochastic parameters (new battery demand, retired
battery supply, and material cost) in the time periods associated with stage o. A set of operational decisions in
the associated periods is made at each node w € {2, in response to the realization of the stochastic parameters.
For example, if each stage contains 10 years, each node gives a set of parameters for the 10 years in its stage
and contains operational decisions for the same 10 years. The probability of reaching node w in stage o is p,,, so
Zweﬁa Puv = L

To complete the description of the scenario tree, we define the paths which connect nodes to the root node of
the tree. For each node w, the function a, : 7 — Uyscs€), maps an input period t to the ancestor of node w at
stage ;. This function generalizes the parent of node w by providing ancestors at all stages of the scenario tree.
Specifically, a,(t) gives the node at stage o; which precedes w on the unique path from the root node to node w.
If ¢ is a period in the same stage as w, i.e., w € Q,,, then a,(t) = w. This function is used in the inventory balance
constraints to link variables which may appear in different stages. For details on our data-driven construction
of a scenario tree, see Section

The set of zones within the supply chain is given by Z. We denote operational decisions by the variables z, which
are indexed by time period ¢ € 7 and scenario tree node w € §),,. Variables y are facility capacity decisions, which
are indexed by planning period I € L. Specific variables are introduced in the text as they appear; additionally,

tables that summarize the model variables and parameters are included in Section of the appendix.

Production

Constraints model the changes between materials during new battery manufacturing, material conversion,

cathode production, and battery recycling:
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We remind that the process dynamics represented in constraints are depicted in Figure The set K gives
the set of materials tracked across the production processes, such as graphite, copper, and carbon black. The set
of battery chemistries is given by Z, including chemistries of types NMC, NCA, and LFP. Cathode powders are
given by the set L¢P € K. New batteries are manufactured from new or recycled cathode powder and other
non-recycled new materials (e.g., graphite, aluminum) to meet battery demand d,, .+, for each chemistry
El\f tN B and iNthI\LB glve the mass of new and recycled material k, respectively, used in new

battery production, and the parameter ANE gives the amount of material k needed to manufacture a unit mass of

and zone. Variables x

battery with chemistry i. Equation (|1 models the production of cathode powder from new or recycled materials,

where the variables xgl\ftc kp and :EUI\J/IStC ,f) give the mass of new and recycled material inputs to cathode production,
respectively. Output from cathode production is given by the variable xSiItN,y . Recycled materials used in cathode
production first undergo material conversion, modeled by . Inputs to material conversion are given by variable
xLNZth\,/C[C and outputs by xi\f[(jtc ,f . The mass of material k required to manufacture a unit of material &’ in cathode
production and material conversion are given by parameters Ag,l,)k and A%Ck, respectively. Finally, the battery

recycling processes are modeled by . The set J gives the available recycling processes (pyrometallurgical,

RB,RM

hydrometallurgical, and direct), variable z; >,/

AREC

tracks the mass of batteries of chemistry i recycled with process
7, and gives the amount of material k£ recovered per unit of recycled battery with chemistry ¢ when using
process j. The output materials can be placed into inventory to be used in manufacturing or sold to the market,

. RM,INV RM,S . :
modeled by variables x " and x ;%) , respectively.

Inventory Balance

Constraints model the flow of retired batteries and recycled materials between inventory and production pro-

cesses:
aiB =0 VieZ, 2€ 2, we Qy, (2a)
ook =0 VkeEK, 2€ 2, we Qy, (2b)
wffg,t,z = xs}?z,t—l,i + Z (wf}?iﬁ,i - ffzfilﬁz) T Sw,zti — 965213% (2¢)
2'€Z\{z} jeT

VieZ, teT, z€ 2, weQ,, w=a,(t—1),
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The mass of retired batteries with chemistry ¢ in inventory is given by variable :CBE tir

s . TR,RM TR,RB
is given by xLN;/t - The variables Loy otk and x5,

and inventory for material k
represent the transport of material k£ and of batteries with

chemistry 4, respectively, from zone z to zone z’. Constraints (2a] — 2b)) enforce that initial inventory is zero. Retired



battery conservation across time periods is modeled by , where the mass of newly retired batteries is given by
8wzt and batteries leave inventory to be recycled. Flow balance for materials is modeled by —, where
material enters inventory from battery recycling or cathode production and is removed for material conversion and
new battery production. Constraints - establish conservation of material across time periods, and therefore
need to enforce inventory balance across stage boundaries in the multistage scenario tree. Interactions across nodes

and stages are handled exclusively by these constraints.

Capacity

Constraints model recycling and cathode production facility capacities:

Z y?;E,JCn_ 52?% VieJ,leLl, teT, z€ Z, weQ,,, (3a)
nENREC i€T

Sy, =Y VEeKP, leLl, teT, 2€ 2, weQ,,, (3b)
nE./\fl?,f

Z y?%jcn = Z yfd[]_Cij Vj € \77 le ‘C\{l}v KAS Z) (3C)
neNREC neNREC

Z yz,l,k,n 2 Z ygffl,k,n vk € KCP? lel \ {1}7 z e Z? (Sd)
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y?fjcn < yREC VieJ, leL, ze€ 2, ne NREC (3e)
Yt < uf Vke K, leL, z€ 2, ne N, (3f)
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Capacity decisions are made by planning period, so the facility capacity in planning period [ applies to all scenarios

REC
Nl

and time periods 7; within the planning period. Recycling capacity can be constructed at up to identical

facilities within each zone, where /\/’lREC =[N ZREC]] is the facility index set. Variable y??fw gives the capacity for
facility n by recycling process j, zone z, and planning period /. Similarly, cathode production capacity is constructed
on up to N, CP lines, where different cathode powders are manufactured on distinct lines. The set ./\/lckp = leP ]
gives the line indices for each cathode powder type. Variable yz,z, k. 8ives the capacity of line n producing cathode
powder k. Constraint limits the throughput of each recycling process by the total capacity across all facilities.
Similarly, cathode production throughput is constrained by . Constraints and require that total
capacity is nondecreasing across planning periods. Finally, recycling facilities and cathode production lines have

maximum capacities of u*F€ and u®P, respectively, enforced by and .

Cost

Costs related to the production process are modeled by equations :

OP _ NB,NM NM,NB CP,NM NM,CP MC MC,CP
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Operational costs per time period, including material, utility, transportation, and inventory costs, as well as revenue
incurred by selling recycled material, are linear functions of operational decisions x and are represented by the
functions Cg}; (x), defined in (4a)). The parameters CSEEM and CSFEEM give the purchase costs per unit of new
material k used in new battery manufacturing and cathode production, respectively. The variable costs of producing

a unit of material k£ via material conversion, manufacturing a unit of cathode powder k via cathode production,

and recycling a unit of batteries of chemistry ¢ via process j are given by Co, gt o C SF; ¢ ko and ¢’ Z(i ;.j» respectively.
TR,RM TR,RB
Per-unit transportation costs from zone z to zone z’ are given by ¢, i for materials and ¢, ;™ for batteries.

The revenue generated per unit of recycled material k sold is a proportion 77 < 1 of the value of the material v, ¢ x;
selling extraneous recycled materials that are not used in downstream manufacturing helps offset recycling facility
costs. Inventory costs are similarly incurred as a proportion p of the value of material held in inventory. We note
that stochastic parameters are indexed by node w.

Planning costs include capital and labor costs, and are represented by the functions CFY(y), defined in .

Capital costs include costs for facility construction and equipment purchases. These costs are concave functions

REC(RES )

gives the long-term costs of facilities by recycling process and zone, and fz’ & (yz I, kn) those of a cathode productlon

due to economies of scale (Dai et al.[[2019). Planning costs are defined in terms of functions f, where

line producing material k. The functions f : R; — R are concave lower semicontinuous piecewise with the form

gy 0
fly) = = v (5)
0 y=0.

The functions introduce a cost of 0 when no capacity is constructed, and otherwise are the sum of concave power

terms (r; € (0,1] and ¢; > 0) and a constant term (w > 0), and thus are monotonic increasing.

Complete Model

We seek to minimize total expected costs over the model horizon with an annual discount factor of v, subject to

the constraint logic presented in this section:

rg’i;l Z(l_,y)t—l CPL Z PuC

teT wEQ,

O @ @

z >0, y>0.

The model is a minimization of a separable concave function subject to linear constraints.

3.2 Model Properties

In the remainder of this paper, we assume that Assumption [I] holds. The assumption enforces reasonable char-
acteristics on the model data, including nonnegativity of costs, values, probabilities, supply, demand, material
requirements, and maximum capacities. The properties of the functions f hold by their structure , and discount

factor  naturally falls on [0, 1).



Assumption 1. The parameters d, s, ¢, v, p, and A are nonnegative, u is positive, v € [0,1), and functions f are

concave monotonic increasing with f(0) = 0.

Each scenario has a relatively complete recourse property, given in Proposition [1} This property ensures that,
for any feasible capacity decision y, there is some feasible operational decision z. We further show in Proposition
that the model is feasible and has an optimal solution at an extreme point of its feasible region. These and other

original proofs are provided in Section [AZ4] of the appendix.

Proposition 1. For any § > 0 that satisfies (3d)-Bf), {(v,z) >0 : (@), @), @), y=7} #0.
Proposition 2. The model is feasible and has an optimal solution at an extreme point of its feasible region.

For convenience of notation, we introduce the operator C(X;v) which counts the number of elements of a set
X that take the value v: C(X;v) = > .y I(z = v). In Theorem |I} we note that any extreme point of the feasible
region of (]ED satisfies a specific structure in the capacity decision y. Specifically, each facility is constructed to
its upper bound before adding any capacity to the next facility. For a recycling solution y®FC with total capacity
Yoij = ZneA/’lR,EC y??]cn, the structure is defined by

Y.,
REC .,,REC il .
TS hnenocin™™) > |1t | -1
(6)
Y.,
REC . REC L :

C({yz,l,j,n nEN'ZREc70) Z |M | - ’Vu;Eé-‘ V] € k77 le ‘C7 AS Za
with a corresponding structure for yglpkn defined in the appendix, equation (A.3]). Under this structure, there is
at most one facility with capacity not equal to its upper or lower bound. As (]ED has an optimal extreme point, we

conclude that the model has an optimal solution with this structure.

Theorem 1. Let (§,%) be an extreme point of {(y,z) > 0 : , , } Then, §7FC satisfies @ and §°°

satisfies the corresponding property.

3.3 Reformulating the Model

Under the structure of the optimal solution implied by Theorem [I] we reformulate the capacity decision variables y

and associated constraints . In the reformulation, integer variables yf“lch

with capacities at their upper bound, and continuous variables y?ﬂc 4 and yfﬁh 4 give the capacity of the single

and ygfk give the number of facilities

facility not at its upper or lower bound:

uRECYREC 4y BEC > gD VieJ, leL, teT, € 2, weQ,, (7a)
€T
uFPyS e+t > oY VEe KT, leLl, teT, z€ 2, weQ,, (7b)
uRECYREC | BB > o RECREC 4 B . VieJ, leL\{1}, z€ 2, (7¢)
UCPZ/S,EIC + Z/S,Ekﬁ > ucpyzc,i1,k + yzc,il,ker Ve K, leL\{1}, z€ Z, (7d)
oy €10, NFEC] =1} VieJ, leL, z€ 2, (7e)
yerr €0, N =13 VEeKP, leL, z€ 2, (7f)
YRy Sutte vied, leLl, 22, (Tg)
Yok <’ WkeKCP leL, ze 2. (h)
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We also introduce for all t € 7 an adjusted version of the planning cost function:
~PL REC/, REC REC ¢REC/, REC CP/, CP CP  (CP/, CP
Ct (y) = Z Z ( EN (yz,lt,j,+) + yz,lt,j 2,7 (’LL )) + Z ( z,k (yz,lt,k,Jr) + yz,lt,k k,z ('LL ))
2€Z \JjeJ keKer
The full reformulated model is then given by

min Y (1-7)" T W)+ Y pC ()

z,y
teT WwEQ,,

st (@, @, @

x>0, y>0.

(PMI)

The new model is equivalent to the original formulation (]ED, shown in Theorem It also retains the
linearly constrained separable concave structure of with the addition of integrality constraints. Although these
constraints add some complexity, the number of capacity variables is significantly reduced as they are no longer
indexed by NREC and NCP,

Theorem 2. The models and (PMI) have the same optimal objective value.

3.4 Open-Loop Models

Our model takes the perspective of closed-loop supply chain, where materials recovered from recycling are used to
manufacture new batteries. The open-loop perspective instead sells the recovered materials to a market. Under

NMNB (the amount of new material used in new battery

the assumption that the nonnegativity constraint on x
production) is non-binding, 2™ 'NB can be replaced with its definition from constraint (Ta)). This assumption holds
if the material requirements for manufacturing new batteries cannot be met through recycling alone. Then, the

objective contribution from 2N™:NB becomes

NM,NB_NM,NB __ NM,NB NB ~__,INV,NB
§ : Cw,t,k xz,w,t,k - 2 : cw,t,k <§ :Ai,k dwazatﬂ ‘rz,w,t,k ) .
2€Z, teT, keKCP, weQ,, z€Z, teT, keKCP, weQ,, i€l

This change effectively removes the new battery manufacture portion of the model and adds a revenue associated
with “selling” recycled cathode powder at the market price, which represents the dynamics of an open-loop recycler.
In the remainder of this work, we focus on the closed-loop recycling model, although our approach, optimal solutions,

and discussion generalize to an open-loop setting.

4 Algorithmic Approaches

4.1 Adaptive Piecewise Linear Approximation Algorithm

We propose a finitely convergent algorithm to find globally optimal solutions for separable concave minimization
problems with linear constraints and mixed-integer variables. The algorithm under-approximates each univariate
concave objective function with a piecewise linear function, optimizes over the approximation, then updates the
functions by introducing breakpoints at the incumbent solution, making the approximation exact at the current
iterate. The subproblem objectives provide lower bounds on the global optimum, and revisiting an iterate yields

an optimality certificate.
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In this section, we define new notation which is distinct from the previous section. For analysis of our algorithm,
we introduce a stylized version of the models (P]) and (PMI):

min Z fz(yz) + Z pwcgl‘w (SCP)
i=1

(y,x)GX wEeN
where the feasible region is
X ={(y{rwtwen,) 20 : y € Z" xR™™™ Ay =b, Byz, + Dy =d, Yw € O}

The functions f; : R — R are concave lower semicontinuous, p, € R, ¢, € R" A € R™>*™ | € R™,
B, € Rm2X" D ¢ R™*™ and d,, € R™2. The number of integer capacity variables is given by n;. This
notation emphasizes the scenario-based structure in the operational scale with blocks for each first-stage node, but
generalizes the structure of descendant nodes by modeling them in the extensive form. That is, for w € 4, the
parameters (¢, By, D, d,,) contain objective and constraint data for all descendant scenarios of node w. We assume
X is nonempty and bounded, so any feasible y satisfies some consistent bounds y < y < 7. This assumption is
reasonable as the models have finite optimal solutions by Proposition 2] We further assume a relatively complete

recourse property, which holds for our models by Proposition

{r>0: Byr=d,—Dy}t#0 Ywe, yeZ" xR ™ : y>0, Ay =b. (8)

() ¢ U+,

%

We now detail our algorithm. Given a set of k; breakpoints {yl(j )}?;1 for variable y; ordered so that y

we construct piecewise linear functions f; : [ygl), yi(k")] — R by

i — )+ i) g€ WP, 09Y) Vi€ [k —1]. (9)

fz(yl) = (j+1)

- {ﬁ@ﬁ“hﬁ@@)
yI ) — o)

We build a subproblem (SP)) that replaces the objective of (SCP)) with the piecewise functions f;:

n
min Y fi(yi) + Y puch e (SP)
(a)ex i we
As f; are underestimators of f;, the subproblems are relaxations of (SCP)). The piecewise functions can be modeled
with SOS-2 constraints or mixed-integer variables.

Denote the (polyhedral) set formed by fixing the discrete variables of X’ to some solution § by X (y) = {(y,z) €
Xy, =7,; Vi € [n1]}. Lemma [1| shows that there is an optimal solution for that falls at an extreme point
of X(y*) for some y*.

Lemma 1. Let (y*,z*) € X be an optimal solution to (SP). Then, there is an optimal solution that is an extreme
point of X (y*).

Assumption 2. Solving (SP) yields an optimal solution (y*,x*) that is an extreme point of X (y*).

We propose the adaptive piecewise linear approximation algorithm (aPWL), Algorithm that solves a sequence
of subproblems and updates the breakpoints defining the piecewise functions at every iteration. As the
subproblems minimize piecewise linear functions subject to linear and integrality constraints, they can be solved
to global optimality via an LP-based branch and bound solver. Assumption [2| establishes that solving in step

3 yields one of the optimal extreme points described in Lemma[I}] A branch and bound solver can be tailored to

12



Algorithm 1: Adaptive Piecewise Linear Approximation

1 Initialize (y§1),y§2)) < (y,,¥;) and k; < 2 Vi € [n,]. Set s + 1.

2 For all i € [n,], construct f; by (©) with breakpoints {yi(j)}?":l.

w

Solve min 7; i)+ wchw to optimal solution (y°, {Z; }wea,)-
Jmin ;f (i) w%:hp p (7%, {75 }wea,)
If ff(g}f) > fi(g3) for all i, STOP, (9°, {Z: }weq,) is optimal for (SCPJ).

5 Otherwise, for each ¢ where 7f(gf) < fi(g7), add breakpoint y(kﬁ'l) — g7. Set k; + k; + 1. Reindex

{ygj)};?;l so that 3 <y for all i € [n,] and j € [k; — 1].
6 Set s <— s+ 1. Go to 2.

'S

generate optimal extreme points of the restricted feasible region, satisfying this assumption. Under Assumption
the algorithm converges finitely to a global optimum of (SCP)), shown in Theorem

Theorem 3. Algorithm[1] terminates finitely with a global optimum of (SCP).

4.2 Scale Decomposition

We further leverage the multistage stochastic structure of the model by employing a Benders’ decomposition scheme
(Benders|1962)) in step 3 of Algorithmthat separates decisions at the planning scale from those at the operational
scale. In the context of stochastic optimization, this decomposition is also referred to as the L-shaped method
(Van Slyke and Wets||1969). The subproblems are solved iteratively by generating cuts from the operational
scale. The operational problem is separable over the first-stage nodes £2; and thus can be solved in parallel as linear
programs. We do not further decompose over nodes at later stages in the multistage scenario tree; experiments on
this style of decomposition (i.e., the nested L-shaped method, see Birge and Louveaux!|2011, Ch. 6.1) do not reduce
computation times for the size of problem considered in this work. Importantly, every scenario has a relatively
complete recourse property , so the decomposition scheme does not need to add cuts that enforce feasibility.
For each operational problem indexed by w € €, we denote the extreme points of the dual feasible region
{7 @ pucw, > BIr} by 7r§w) for j € J,, where J,, is an index set for the dual extreme points of problem w. Under
property , every operational problem has a finite optimal solution for any capacity decision y. Thus, each dual
problem has a finite optimum at some extreme point 7r§w). The dual problems can then be equivalently represented

by the convex piecewise linear value functions

vu(y) = max (do — Dy)Trl). (10)

The Benders’ decomposition approximates v, by adding valid cuts at incumbent capacity solutions y. Importantly,

added cuts remain valid between iterations of Algorithm [1] allowing warmstarting of the decomposition between
iterations and decreasing the number of new cuts required to converge.

For the sake of computational efficiency, we only partially decompose the operational problems. We construct

groups of first-stage nodes and apply the Benders’ cut generation approach to each group. This approach is similar

to that employed by |Adulyasak et al. (2015)). Let the groups {ge}Zil be a partition of the nodes ;. Then, we

generate cuts for the grouped value functions

max d, — Dy T’]T(-w), 11
{jwlwege€llyeg, Jw W%;e( ) e (1D
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instead of the individual functions . Grouping in such a way reduces the number of convex functions to model
but increases the number of linear pieces in each function. We describe how the groups {G. :il are chosen in

Section [5.3

5 Data Sources and Scenario Generation

We model the recycling and manufacture of six battery chemistries: NMC(111), NMC(532), NMC(622), NMC(811),
NCA, and LFP. NMC are lithium nickel manganese cobalt oxides, NCA is a lithium nickel cobalt aluminum oxide,
and LFP is lithium iron phosphate. Batteries can be recycled through pyrometallurgical, hydrometallurgical, or
direct processes. The time horizon covers 2021 to 2050 with annual granularity, and planning periods are the
six 5-year intervals: 2021-2025, 2026-2030, 2031-2035, 2036-2040, 2041-2045, and 2046-2050. The stages of the
multistage scenario tree are the three 10-year intervals: 2021-2030, 2031-2040, and 2041-2050.

Deterministic parameters are computed using the extensive low-level formulas and high-fidelity data from the
EverBatt model (Dai et al|2019). The parameters A, u, f, cTEM and ¢TRRB are derived from EverBatt. We
take a discount rate v = 3% to match the Federal Energy Management Program discount rate for 2021 (Kneifel
and Webb|2020)). Inventory costs are set as p = 25% of material value (Azzi et al|[2014), and we assume that
1 = 70% of material value is recovered when selling recycled materials to the market.!:

The numbers of recycling facilities and cathode production lines are determined by the number of facilities and
lines needed to recycle the largest annual retired battery supply and to manufacture cathode powder to satisfy the

largest annual new battery demand during each planning period:

1 1
NREC) = max max E Szt and |NSFP| = | —= max max g ANBA, .44
NV uREC YeT weq,, wsh Wik uCP teT weQ,, bk bt o
€L, z€Z 1€L, z€Z

where the maximum capacities from EverBatt are uREC = 100,000 tonnes/year and u“F = 2,000 tonnes/year (Dai
et al.[2019)).

5.1 Battery Supply and Demand Scenarios

We follow the methodology and data from Xu et al.| (2020) for constructing deterministic global EV stock projections
under the International Energy Agency’s Sustainable Development Scenario (SDS) and Stated Policies Scenario
(STEPS) (IEA|[2020)). The projections give the total number of active EVs (EV stock), including battery and
plug-in hybrid EVs, in each year over the 30-year period from 2021 to 2050. We label these two projections EV;3P3
and EVSTEPS| Time periods are standardized, so t = 1 corresponds to 2021 and 7' = 30 to 2050. The parameter
EVy = EVSPS = EVPTEPS gives the measured number of active EVs in 2020.

We denote the year-over-year rate of change in EV stock under the two projections by
e.g., 6P — BVSDS /pYSDS | Let 6EV be the random variable that represents the rate of change in EV stock
for year t. We define the distribution of 6F*V by

EV,SD EV,STEP
6t V,SDS and 61& V,S S

)

1| Evsps . EV,STEPS 1 /. EVSDS = (EV,STEPS
A |28+ 5 (VP + 4, )

Y

where the randomness is described by a random variable ZEV for each stage o € S. We assume that these random
variables are distributed as truncated standard normals on the interval [—2,2] and are independent across stages.

We generate a discrete distribution by approximating Z¥V with ng values via Gaussian quadrature (Miller ITT
and Rice||1983). For each index &, € [ng], Gaussian quadrature produces an observation of ZEV | labeled 7?:/, and

a corresponding probability ngUV Gaussian quadrature guarantees that the first 2ny — 1 moments of the discrete
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L . L . —=EV,
distributions match those of the underlying truncated normal distributions. We convert the observations Z, = into
a set of multistage demand scenarios by considering combinations of observations across stages, i.e., taking the
cartesian product over S copies of the observations. The multistage index is some ¢ € [ng]®, and the corresponding

time series for the observations of the rate of change in EV stock, denoted {5gy}te~r, are computed by

EV,STEPS)

1 —epv 1
6?}/ _ 2 |sEV.SDS _ 5;EV,STEPS‘ Z t (6tEv,SDs 44

2t 13

Then, the EV stock observations for the demand scenario, labeled EVg ; are given by

t
EVe.r=EVy [] o8V

t'=1

This approach relies on the independence of ZEV across stages, which implies the independence of the rate of
SEV in different stages. However, the observations of EV stock are not independent across stages, as they

EV
0y

change
depend on the history of the random variable . Each observation EVg; only depends on the realization of 7SV
at the current or prior stages, which is consistent with how information is revealed over stages of a scenario tree.
We next separate the number of active EV batteries by age. Using data from Xu et al.| (2020]), we designate
LS, as the percentage of batteries of age a that retire at their current age, with a maximum lifespan of A. Denote
by AB¢ 4, the number of active batteries in year ¢, demand scenario £ that are a years old. The parameter ABg¢ ¢ 4

is computed recursively,

(1 — LSQ)ABg7t_17a_1 a>0
ABg a0 = A * Ve e [ng]®, te T, ac{0,..., A},
E‘/E,t - E‘/&t—]_ + ZLSU«/ABf,tfl,a'fl a = O
a’=1

where []* = max{-,0}. By this definition, the number of new (a = 0) batteries is the sum of the year-over-year
increase in active batteries and the number of retired batteries, and older (a > 0) batteries are reduced by the
retirement proportion LS, as they age. The initial state AB¢ o, is taken from historical data (IEA|2020, |2023).

We convert from battery counts to mass and split by cathode chemistry, distinguishing between two projections
for market shares of battery chemistries. Xu et al| (2020) also provide these projections: in the first (the NCX
projection), NMC chemistries are more prominent, and in the second (the LFP projection), LFP chemistries are
more prominent. We label these market share projections M Sncx +,; and M Syrp,:,i, representing the proportion of
new battery sales that are of chemistry ¢ by year and projection. These parameters include historical data through
year —A. We now index by market share projection and EV stock observation: (1,¢) € {NCX,LFP} x [n4]°. To
account for changes in average battery size due to differences in battery EV (BEV) and plug-in hybrid (PHEV)
adoption, we compute an additional parameter my ; ;, representing the average mass of a new battery by chemistry.
The computation of me ;; is described in Section [A-2) of the appendix.

Supply and demand for new batteries by chemistry is then given, respectively, by

A
S(,€),z,thi = BaMe ti ZMSw,tfa,iLSaAB&tfl,afl and  d(y¢e),20,i = B2t iM Sy ¢ i ABe 1 0,

a=1

where (8, € (0,1] is a scale parameter that gives the proportion of the global EV market allocated to each zone z.

Figure [2] shows a set of supply and demand scenarios generated with this method.
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Figure 2: A set of three-stage (S = 3) new battery demand (a) and recycled battery supply (b) scenarios for
chemistry NMC(622) with ngy =4 and § = 1.

5.2 Cost Scenarios

We assume that changes in cost coefficients are due to fluctuations in the value of “critical minerals”: copper (Cu),
cobalt (Co), lithium (Li), manganese (Mn), and nickel (Ni). Let M = {Cu, Co, Li, Mn, Ni} be this set of metals.
From this assumption, only material costs and values vary by scenario and time; all other costs are static at the
values from EverBatt.

To account for correlations between EV demand and metal prices, we construct n. cost scenarios for each
demand scenario (v, ¢) € {NCX,LFP} x [ng]®. We leverage metal price projections from [Boer et al. (2024), who
construct forecasts in line with the assumptions of the SDS and STEPS projections. For each metal, this work
fits a vector autoregressive model to predict metal production and metal price. The regression depends on three
randomly distributed exogenous shocks to the metal market, namely, an aggregate demand shock, a metal-specific
demand shock, and a metal supply shock. Following the approach of |Antolin-Diaz et al.| (2021, a conditional
distribution of the future metal price time series is estimated by a sampling algorithm, where the distribution is
conditioned so that predicted metal production matches the projected values from SDS or STEPS and the aggregate
demand and metal supply shocks follow their unconditional distributions. Effectively, this conditional distribution
is of predicted metal prices that result from a series of metal demand shocks that generate the projected metal
production levels from SDS or STEPS. From these results, we take for each metal an annual median price estimate
and a 40% highest posterior density (HPD) region under each of the SDS and STEPS projections from 2020 to 2040
(Boer et al.|[2024, Fig. 4).2 The data is extended to 2050 by setting the values for years 2041-2050 to the value

from 2040. Let v} oP5P8 and o MEDSTEPS bo the median estimates for each projection, and [vp 2525 4 PBSPS] ang

) t,m
[UEE{STEPS, UEE’STEPS] be the HPD intervals for each metal m.
As demand and cost data are associated with the same underlying International Energy Agency projections
(i.e., SDS and STEPS), we use the relationship between demand scenarios and the projections to produce a set of

scenario-adjusted cost distribution parameters. First, we characterize each demand scenario by a multiplier

A¢,t = proj

( E‘/E,t _E‘/;STEPS )
0.1] '

EVtSDS _ EV}STEPS

This multiplier characterizes in each year how similar the EV stock realization is to the SDS and STEPS projections,

where values near 1 imply similarity to SDS and values near 0 similarity to STEPS. We compute the scenario-
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adjusted distribution parameters vé\/[tEg, v%}f m» and v£ t m from these multipliers, e.g.,

MED MED,SDS MED,STEPS
Ve,t,m = Uf t,m )\gvt + fvg,t,m (1 A t)

s

Under this formula, for demand scenarios that are closer to the SDS projection than STEPS, the cost distribution
parameters are also closer to their SDS counterpart. This introduces reasonable relationships between EV demand
and metal prices.

Let ve ¢,m be the random variable that represents the price of metal m, with the distribution

£ it E D
m = ,t,Mm mH ZCOST >0 m m]I ZCOST <0 ZCOST MED
Ve t, < (I)*l(()?) ( = ) o (03) ( ) +v Ve t,m»

where @ is the cumulative distribution function for the standard normal distribution. Here, the randomness is de-
scribed by a single random variable Z“©ST that is distributed as a truncated standard normal on [®~1(0.3), ®~1(0.7)].
The marginal distributions for each wv¢ ., are described by two truncated normal distributions, one for samples

above the median and another for those below. The distributions are constructed so that vg[gg matches the median

of v¢tm and the HPD interval [vg : m,vg?m] defines an equal-tailed 40% credible interval for ve ;. We again
generate a discrete distribution via two Gaussian quadratures for Z“°5T | one on the interval [®~1(0.3),0] and
one on [0, ®71(0.7)], with L CJ samples allocated to each. The quadrature yields values v ¢).¢,m and probabilities

3 This approach only guarantees that the first n. — 2 moments of the discrete

p?OST for each scenario ¢ € [n.].
distribution match the underlying distribution, but ensures that scenario observations across time lie at the same
cumulative probability level of the underlying distributions. Although the observations of Z¢©ST from the Gaus-
sian quadrature are identical in each stage, the distribution parameters (vé\/[tEf?L, Ug}?m, ngfm) are derived from the
demand observation and therefore follow the same multistage structure as in the demand scenarios.

From the metal price observations, we construct scenario-dependent cost parameters. Consider some material
cost parameter ¢ (e.g., cost of lithium carbonate, cost of LFP cathode powder), where ¢ gives the deterministic
value of this parameter from EverBatt. Let PC,, be the proportion by mass of the material composed of the

metal m. We compute the base cost C?ASE

=C- Zme M PCmvg[g}%, which is the cost of the material excluding
the value of the metals it contains. For cost index (, contributions from metal prices are added back to the base
cost, cg ) = C?ASE + > e POm(e,¢) t,m- Then, the cost coefficients in are computed as the sum of the
relevant scenario-dependent material cost time series c(¢ ¢y, and other utility cost terms. Figure [3|shows a set of

cost scenarios generated with this method.

5.3 Multistage Scenario Tree

We now connect this method of scenario generation to the notation introduced in Section [3] The set of scenario
tree nodes at stage o is Q, = {NCX,LFP} X [n4]° x [n.]. The total number of scenarios (i.e., leaf nodes in the
multistage tree) is |Qg| = 2n§nc For some stage o € § and node w = (¢,&,() € Q,, associated probabilities are
given by p, = 3pSOST[7
costs by ¢, 1 = C(e,0) The ancestor function for node w € €2, is defined as

ol 1p5 , demand and supply by dw 2 ¢,i = dp,) 2,60 A0 Sw 280 = S(4p,6),2,t,i> and material

(11[}351:01,7() ¢ S g
(¥,&,¢) otherwise,

where ., contains the first o; entries of . If period ¢ is associated with an earlier stage than node w, the ancestor

node is obtained by removing realizations of the demand randomness at stages after o, while retaining the cost
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Figure 3: Four cost scenarios (S = 3, n, = ng = 4)
for the value v of lithium carbonate under demand sce-
nario (¢,&) = (NCX, 2,2,2) (low EV demand), demand
scenario (NCX, 3, 3, 3) (high demand), and demand sce-
nario (NCX, 2,3, 3) (mixed demand).
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Figure 4: Multistage scenario tree and relative place-
ment of capacity and operational decisions. Within
each market share node (NCX,LFP), there are n. cost
nodes, and there are ng new demand nodes for each
node in the previous stage. Due to correlations between

material cost and EV demand, cost parameters vary
between demand nodes.

and market share realizations ¢ and . The multistage scenario tree and relative timing of decisions from models
and are depicted in Figure

Importantly, this scenario tree structure yields natural groupings for the decomposition discussed in Section [4.2
As ( varies in the set [n.], the scenario supply s, .+ and demand d,, . ;; do not change. Thus, a natural grouping
at the first stage is Gy ¢ = {(¥,€, Q) }¢2, for (¢, €) € {NCX,LFP} x [ng], with ng = 2nq.

6 Computational Results and Case Studies

In this section, we computationally evaluate the effectiveness of the aPWL algorithm and decomposition schemes
and discuss the insights obtained from the optimal solutions to our models. Numerical experiments are conducted in
Julia 1.9 on dual 48-core AMD EPYC 9474F@3.60 GHz processors with 386 GB of RAM, allowing for parallelization
over 96 cores. Linear and mixed-integer problems are solved with Gurobi 10.0. We use BARON 23.6.23 with
CPLEX 22.1 and the embedded version of Ipopt as the mixed-integer and nonlinear subsolvers. Problems are

solved to a relative optimality tolerance of 104 and a primal feasibility tolerance of 10~5.

6.1 Concave Minimization Algorithms

We first evaluate the performance of aPWL (Algorithm [1)) and the impact of the reformulated problem in a setting
where subproblems are solved in the extensive form without stage decomposition. These models have a single
operational scenario, where supply and demand are taken from the SDS and NCX projections, and material costs
are kept constant at the EverBatt values. To encourage greater branching on capacity variables, the direct recycling
capacity is fixed to 0, encouraging investment in cathode production facilities in the optimal solution. The model

contains a single zone, the United States (U.S.).
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Problem Problem (PMI))

aPWL sB&B BARON aPWL BARON
Bus. Ty Time (s) | # Iter | Time (s) | # Iter | Time (s) | n, | Time (s) | # Iter | Time (s)
0.1 3,765 167.4 2 2,421.6 2,132 724.3 96 2.7 2 7.0
0.15 | 5,635 616.0 3 1,130.1 369 1,803.1 | 96 5.3 2 6.7
0.2 7,508 561.9 2 2,519.4 445 3,779.5 | 96 9.3 2 10.0
0.25 | 9,377 | 1,295.4 3 4,866.2 471 11,209.6 | 96 14.0 1 16.7
0.3 | 11,250 | 1,008.6 2 3,438.0 123 14,298.7 | 96 20.1 1 22.8
0.35 | 13,119 | 2,162.4 2 — — 24,4378 | 96 30.9 1 34.3
0.4 | 14,994 | 2,622.0 2 17,185.0 263 — 96 40.2 1 43.1
0.45 | 16,861 | 4,722.1 2 — — — 96 50.4 1 51.9
0.5 | 18,735 | 5,481.8 2 13,483.6 99 — 96 62.6 1 65.8

Table 1: Algorithm and formulation comparison for the extensive form of and (PMI). A — indicates that
the model was not solved within 10 hours. n, gives the number of capacity variables, which have concave cost
functions.

For the continuous problem (]E[), we compare aPWL to a finitely convergent spatial branch and bound algorithm
(sB&B, [Shectman and Sahinidis||[1998) and to the global optimization package BARON (Sahinidis||1996). For the
reformulation , we compare aPWL to BARON. In this setting, we do not evaluate sB&B due to the presence
of integrality constraints. To solve over discontinuous objective functions with BARON, we reformulate with

binary variables:
y<uz, fly)=) ay +wz, z€{0,1}.

Table [I] compares performance in the deterministic setting by algorithm and model across a variety of scales,
generated by varying the proportion Sy g. of the global EV market that is modeled. For the original formulation ,
aPWL significantly outperforms all other methods, solving all problems within the time limit, and can terminate up
to 14x faster than both sB&B and BARON. Moreover, aPWL exhibits more consistent performance than sB&B as
the problem scale increases. The reformulation allows for extreme reductions in solve times, allowing global
optima to be found in minutes with either aPWL or BARON. For the reformulation, aPWL slightly outperforms
BARON on all problems.

6.2 Decomposition Approaches

We next evaluate the performance of the Benders’ decomposition when solving subproblems within aPWL. These
experiments use instances of the reformulated problem with multiple operational scenarios. We compare
different nodal groupings against solving the subproblem in its extensive form, without decomposition. The nodal
groupings considered are the standard single-cut (G; = 1) and multi-cut (G, = {w} Yw € Q) aggregation strate-
gies, as well as the intermediate grouping discussed in Section (Gy,e ={(¥, &, Qe V(¥,§) € {NCX,LFP} x
[ra]). The problems have two zones: Z = {U.S., China}. A set of test cases are generated by varying the model
scale (Bu.s., Bchina) and the number of scenarios |Qg| = 2n5n,., with n. = ng and S = 3 for all problems. As opti-
mal solutions in this setting have nonzero cathode production capacity, we no longer fix direct recycling capacity
to 0.

Table 2] shows the computational results of the aPWL algorithm with the various decomposition approaches.
Benders’ decompositions outperform the extensive form in all test cases. Further, the grouped-cut aggregation
strategy outperforms both single-cut and multi-cut implementations, solving up to 38% faster than the next fastest
approach. The grouped-cut strategy effectively balances the tradeoff between increased subproblem size from
adding many cuts in each iteration and information loss from aggregating cuts. With grouped-cut aggregation, the

decomposition improves solve times by up to 275x over the extensive form. As the scale [ increases, solve times
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Benders’ Benders’ Benders’

Extensive Form Single-Cut Grouped-Cut Multi-Cut
(Bu.s., Bchina) | |9s] Time (s) Time (s) | # Iter | Time (s) | # Iter | Time (s) | # Iter
162 456.9 59.8 250 24.5 63 (8) 30.9 52 (7)
(0.05,0.125) 1,250 17,334.7 210.4 307 (8) 63.0 53 (6) 100.5 46 (4)
20,000 — 1,532.5 | 249 (7) 810.6 52 (5) 930.8 37 (3)
162 280.0 59.2 261 (4) 19.5 63 (7) 19.3 45 (3)
(0.1,0.25) 1,250 2,694.4 155.5 229 (2) 56.6 53 (3) 68.8 36 (4)
20,000 — 1,576.2 | 240 (5) 727.9 52 (4) | 1,168.3 | 40 (5)
162 356.7 44.3 203 (1) 14.2 55 (1) 21.2 49 (3)
(0.15,0.375) 1,250 2,019.9 175.8 270 (7) 59.6 52 (5) 93.5 45 (6)
20,000 — 1,500.9 | 240 (4) 717.7 47 (1) 851.3 35 (2)
162 7476 520 | 244 (4) | 161 | 64(2) | 175 | 43(3)
(0.2,0.5) 1,250 2,592.7 170.1 260 (7) 57.1 48 (2) 61.7 36 (2)
20,000 — 1,564.0 | 239 (3) 759.2 50 (4) 985.3 36 (4)

Table 2: Subproblem decomposition algorithm performance. # Iter counts the total Benders’ iterations across all
subproblems, with the number of iterations of Algorithm [I] given in parentheses. A — indicates that the model
was not solved within 10 hours.

Case 1 (U.S.) Case 2 (U.S. + China)
RO | DRO | DRI RO | DRO | DRI
Cost (billion $) | 1,732.1 | 1,365.5 | 1,351.5 | 6,062.3 | 4,706.5 | 4,687.4

Energy Consumption (EJ) 25.9 25.6 24.3 92.0 90.7 88.7
GHG Emissions (Mt) | 1,647.9 | 1,614.2 | 1,535.3 | 5,987.0 | 5,910.6 | 5,790.0

Table 3: Comparison of optimal solutions in expected cost and environmental impact over model horizon. RO
indicates the solution with no recycling capacity, DRO the solution where no direct recycling is allowed, and DR1
the solution where all recycling methods are allowed.

decrease. This occurs due to the use of relative optimality tolerances, with objective values increasing at larger

scales. However, the size of the reformulated model does not grow accordingly.

6.3 Optimal Investment Strategies

We analyze the optimal solutions of two cases. The first (Case 1) has a single zone for the U.S., with Sy = 0.2.
The second (Case 2) has two zones, one for the U.S. and one for China, with (Su.s., Bchina) = (0.2, 0.5). Both cases
have 20,000 operational scenarios (S = 3, n. = ng = 10). The 20% and 50% of global EV market shares correspond
approximately to projections for market share in the U.S. and China, respectively, through 2030 (IEA[[2023). As
direct recycling is newer and less commercialized than other recycling processes, we analyze two variations of each
case: one where direct recycling facilities can be constructed (labeled DR1) and one where the direct recycling
capacity is fixed to 0 (labeled DRO).

In Section of the appendix, we discuss how cost parameters vary between the U.S. and China and provide a
sensitivity analysis on these values. This analysis shows that the optimal objective value and recycling solution are
not sensitive to these location-dependent cost parameters, but the cathode production solution exhibits sensitivity

to the cost of equipment in China.

Comparison of Impact

To demonstrate the value of recycling, we compare to a solution where no recycling capacity is constructed (labeled
RO) in objective cost, total energy consumption, and greenhouse gas (GHG) emissions. Energy consumption and

GHG emissions are evaluated in expectation over the operational scenarios and aggregated over the model horizon.
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These metrics are calculated by the EverBatt environmental impact model (Dai et al. 2019) and include the
impact of recycling and cathode production processes as well as the upstream contribution of new materials that
are purchased. Variation RO provides baseline cost and environmental impact values for a solution in which new
batteries are manufactured only using new materials. The improvement in these metrics relative to the R0 variation
is due to the replacement of new materials with their recycled counterpart during new battery manufacturing and
quantifies the impact of optimal investment in EV battery recycling capacity on the supply chain.

Table [3] compares the metrics in the variations RO, DRO, and DR1. Incorporating recycling into the supply
chain reduces the total objective cost by about 22% in Case 2, variation DRO, with 0.3% additional reduction when
direct recycling is allowed (variation DR1). In Case 1, the cost savings are more significant under direct recycling,
increasing from 21% (DRO) to 22% (DR1). In both cases, energy consumption is marginally reduced (~ 1%) when
non-direct recycling is adopted (DRO), with more significant reductions of 6% in Case 1 and 4% in Case 2 under
direct recycling (DR1). Similarly, GHG emissions are reduced 1 — 2% by non-direct recycling (DRO), and up to 7%
by direct recycling (DR1). Although there are large, comparable cost savings under direct or non-direct recycling,
improvements in environmental impact are more significant under direct recycling, especially when only considering
production in the U.S. This result can be partially attributed to the additional energy consumption and emissions
from the cathode production step, which is needed when hydrometallurgical recycling is used but avoided with

direct recycling.

Optimal Investment Plan

Figure [5| depicts the optimal capacity decisions for the variations DR1 and DRO of both cases. In Case 1, when
direct recycling is allowed (variation DR1), the U.S. primarily constructs direct recycling capacity starting in
2026, supplemented by a smaller amount of hydrometallurgical capacity. The optimal solution constructs neither
pyrometallurgical capacity nor cathode production capacity. When direct recycling cannot be constructed (variation
DRO), the U.S. constructs a comparable amount of total recycling capacity, with direct recycling facilities replaced
with hydrometallurgical. To produce cathode powder from recycled material, cathode production capacity for
NMC(622) and NMC(811) is constructed in this variation. As of 2023, 650 kt of U.S. battery recycling capacity
is announced to be completed by 2030 (Tankou and Hall |2023), which is greater than the optimal capacity of 400
kt recommended by our model in the DR1 variation and the 460 kt recommended in the DRO variation. However,
the announced capacity exceeds expectations for the available supply of retired batteries, suggesting potential
overinvestment in recycling facilities (ABI Research|2024)).

In the DRI variation of Case 2, a mixture of hydrometallurgical and direct recycling capacity is constructed
in China, starting in 2021. The U.S. constructs only direct recycling capacity in a lesser amount than in Case
1, starting in 2041. Cathode production capacity for all NMC chemistries is developed in China, and no cathode
production capacity is installed in the U.S. At the operational scale, retired batteries are often transported from the
U.S. to China to be recycled, then recycled cathode powder is transported back to the U.S. In the DRO variation,
only hydrometallurgical recycling capacity is constructed in China, and no recycling capacity is installed in the U.S.
The total installed capacity is comparable to the total amount in the DR1 variation. Relative to the DR1 variation,
NMC(811) and NMC(622) cathode production capacity is increased and capacity for NMC(532) and NMC(111) is

eliminated.

Closed-Loop Recycled Material Usage

We consider the proportion of cathode material used to manufacture new batteries that is sourced from recycled

batteries, which is called the closed-loop recycling potential for cathode material, defined by Xu et al.| (2020). We
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Figure 5: Optimal capacity investment decisions for recycling and cathode production facilities by zone. No cathode
production capacity is constructed for the DR1 variation of Case 1. Recycling capacity solutions for DRO and DR1
models are shown on the same plots.
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Figure 6: Kernel density estimation of the proportion of cathode powder used in new battery manufacturing that
is produced via recycling (i.e., recycling potential of cathode powder) across operational scenarios, indexed by

planning period.
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A recycling potential of 50% means that, within the planning period, half of the cathode material used in new
battery manufacturing comes from recycled sources.

Figures [6] and [7] visualize the recycling potential as a distribution over the operational scenarios. Figure [0]
shows the density of the recycling potential (i.e., a smoothed probability density function), and Figure [7| gives an
empirical cumulative distribution function. We observe that scenarios with higher prominence of LFP cathode
powders have lower recycling potential than NCX scenarios. Because LFP powders do not contain cobalt, they are
inexpensive to manufacture from new materials. This property reduces the cost effectiveness of recycling and gives
the distributions a bimodal structure, where the first mode corresponds to LFP scenarios and the second to NCX
scenarios.

Furthermore, solutions that construct hydrometallurgical recycling capacity (i.e., Case 1 DR0O and both Case
2 variations) yield right-tailed distributions. Recall that hydrometallurgical recycling recovers cathode precursors,
while direct recycling recovers cathode powder. Recycled precursors can be manufactured into any cathode powder

chemistry, allowing these materials to be used in manufacturing even as battery demand shifts between chemistries.
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Figure 7: Empirical cumulative density function of the proportion of cathode powder used in new battery manu-
facturing that is produced via recycling (i.e., recycling potential of cathode powder) across operational scenarios,
indexed by planning period.

Alternatively, cathode powder recovered from direct recycling can only be used to manufacture batteries of the
same chemistry. Especially in DRO solutions, the prevalence of hydrometallurgical recycling allows flexibility in
how recycled materials are used in new battery manufacturing and allows for high rates of recycled material usage
in some scenarios. This result emphasizes a hidden benefit of hydrometallurgical recycling over direct methods
when considering variable cathode chemistry demand, even though minimum-cost solutions prefer direct recycling.

Due to the low manufacturing cost of LFP powder, in the DR1 variations, the mode corresponding to LFP
scenarios does not shift towards higher recycling potential as additional capacity becomes available in later planning
periods. In DRO variations, the flexibility of hydrometallurgical recycling allows lithium recovered from LFP
batteries to be used to manufacture cathode powders of other, more expensive chemistries. This increases the
recycling potential of the first mode in these variations, even though the expensive chemistries are less prevalent
in LFP scenarios.

In the DR1 variations, the maximum level of recycling potential across scenarios approaches 30% in Case 1 and
60% in Case 2, and the expected recycling potential is 12% in Case 1 and 23% in Case 2. Due to the increased
investment in hydrometallurgical capacity in DRO variations, the maximum recycling potential increases to 70% in
Case 1 and 80% in Case 2, and the expected potential increases to 27% in Case 1 and and 32% in Case 2.

24



Grant (Mt) Grant (Mt)

= =
E 0 0 5 10 15 20 E 0 0 5 10 15 20
= ® — — Credit
g S E 2 Grant

- O
£ Z
& S
o ©
c S % S
et O
£ v 2 .
[U] —
> (&
g o 3‘ <)
4 g 0 1 2 3 4 5

Credit ($/kg) Credit ($/kg)
(a) U.S. recycling capacity in 2050 (b) China recycling capacity in 2050
Grant (Mt) :i:
o 0 5 10 15 20 . e
— - o} T ——
- _- o _-
c // 3 ——
o P =
= 8 -~ s
o o -~ g
@ Pl ©
4 // (@]
8 -~ [
S g - 2
> P =
@) - =
= // %)
& _ 2
o
0 1 2 3 4 5 100 200 300
Credit ($/kg) Policy Cost (Billion $)
(c) Expected policy cost (d) Implicit relationship between expected policy cost and U.S.

recycling capacity in 2050

Figure 8: Impact of grant and credit policy level on installed recycling capacity in 2050 (a,b) and expected policy
cost (c). (d) shows implicitly how expenditure on each policy impacts installed U.S. recycling capacity in 2050.

6.4 Policy Analysis: Capacity Grants or Production Credits?

We consider the impact of two fundamental policy instruments on the supply chain: capacity grants for the
installation of recycling capacity and production credits paid for recycling throughput. We provide insights on
which instrument more effectively shapes U.S. domestic recycling capability.

The U.S. Department of Energy has provided grants for recycling facilities, including $6 billion of grants
announced in 2022 (U.S. Department of Energy|2025alb), and the Inflation Reduction Act of 2022 established
credits for the domestic manufacture of critical minerals and battery components, which includes domestic recycling
of EV batteries (Mehdi and Moerenhout| 2023, Internal Revenue Service|[2025)). We study the implementation of

these policies in the U.S. under Case 2, with zones for the U.S. and China. Capacity grants are modeled as a lower
RANT

bound p© on installed recycling capacity in the U.S. by 2031, i.e., the start of the third planning period. That
is, we enforce in model (PMI)) the following constraint:

REC, REC REC GRANT
Z uwTYUS s, Y YUS 3,4 2P . (13)

FISVe

GRANT

Costs associated with the minimum capacity p are covered by the grant and are ignored by the recycler.

Additional capacity construction incurs additional cost. Credits are modeled by adding a credit revenue term to
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Capacity Grant (Mt) — 5.0 10.0 20.0 — — —
Recycling Credit ($/kg) — — — 1 3 5

U.S. Recycling, 2050 (Mt) 0.5 5.0 10.0 20.0 10.7 15.1 17.2
China Recycling, 2050 (Mt) 19.9 15.3 10.2 3.6 9.7 5.4 3.5

U.S. Recycling Potential || 1.5% || 11.6% | 15.0% | 20.0% || 23.9% | 24.3% | 24.7%
China Recycling Potential || 26.6% || 23.1% | 21.3% | 19.0% || 14.3% | 13.2% | 12.3%
Aggregate Recycling Potential || 22.7% || 22.8% | 22.4% | 22.0% || 21.5% | 21.9% | 21.3%
Policy Cost (billion $) — 34.9 57.4 83.6 46.7 165.2 | 279.5

Table 4: Impact of grants and credits on recycling metrics under the optimal solution in Case 2. Metrics include
installed recycling capacity in 2050, expected recycling potential , and the expected policy cost.

the objective:
CRED t—1, _RB,RM
—p Z Z Z (1-7) PuZy, Us. b0
teT weldy, jET, i€T

where pCRED

gives the recycling credit value per unit mass of throughput. For reference, the expected undiscounted
recycling cost (including planning and operational costs) per unit mass of throughput in Case 2 is $1.69/kg.
We consider several metrics to measure the impact of the policies:
1. the installed capacity in each zone in 2050;
2. the policy cost: annual planning costs incurred by the grant capacity after 2031 and expected credit costs;
and
3. the expected recycling potential for cathode powder , in aggregate and for materials handled exclusively
within a zone.

GRANT 4nq credit

Figure |8 shows how the installed capacity and policy cost vary with different levels of the grant p
pCRED “and Figure [8d| shows the implicit relationship between the policy cost at different levels of each policy and
the amount of installed capacity in the U.S. in 2050. That is, Figure [8d] demonstrates how much domestic recycling
capacity results from a given amount of expenditure on each policy. For a few select levels of each policy, Table
compares the corresponding value for each metric against a baseline solution without intervention.

Figures|8aj and [8b|show that, in most cases, both grants and credits shift installed recycling capacity from China
to the U.S. without drastically changing the total amount of constructed capacity. However, for a large capacity
grants (e.g., pSRANT = 20 Mt), the total recycling capacity may increase sizably, by up to 15%. The capacity
lower bound for grants is typically binding, meaning that U.S. capacity grows linearly as a function of the
grant capacity. Alternatively, credits exhibit sublinear growth, so, for large credits, increasing the credit amount
does not drastically increase the U.S. recycling capacity. In Figure [8c| we observe that the marginal policy cost
of grant capacity is decreasing, suggesting that less expensive recycling capacity is installed to meet the capacity
requirement from large grants. The expected cost of credits grows superlinearly at low (< $1/kg) credit levels,
then increases linearly. Figure shows that, at the same expected cost, credits encourage greater investment in
U.S. recycling capacity than grants when the expected policy cost is low (< $65 billion). At higher expected policy
costs, grants are more cost-effective for developing U.S. capacity.

Table [4] shows how operational recycling decisions respond to the policies. We find that both policies encourage
the use of domestically recycled materials for manufacturing within the U.S. by increasing the recycling potential in
the U.S. and causing a corresponding decrease in China. Credit-based policies encourage higher rates of recycling
in the U.S. than grant-based policies. However, credits slightly decrease the aggregate recycling potential compared
to grants and the baseline, likely because they encourage recycling even at times when recycled materials cannot

be used effectively in new battery manufacturing.
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7 Conclusion

In this work, we propose a multistage stochastic optimization model for the design and operation of closed-loop
EV battery recycling supply chains. We transform EverBatt, an evaluative framework for battery recycling cost
and environmental impact, into a detailed, high-fidelity decision-making model that determines optimal recycling
and cathode production investment strategies. We construct a procedure for generating multistage scenarios for
new battery demand, retired battery supply, and material costs, leveraging state-of-the-art econometric models
for critical mineral prices and EV demand. To solve our model, we introduce an algorithm for separable concave
minimization over polyhedra that improves performance over existing algorithms and a cut grouping strategy for
Benders’ decomposition that converges faster than standard approaches. We find an equivalent formulation of
our model which reduces solve times by introducing integrality constraints. Analysis of the optimal solutions
shows large improvements in the cost of manufacturing new batteries when recycling is incorporated into the
supply chain, as well as reductions in the environmental impact of battery manufacturing. We provide insights
into the impact of recycling capacity grants and production credits on domestic investment in battery recycling,
revealing that production credits encourage greater investment at lower policy costs, whereas grants become more
cost-effective with higher policy expenditure. Overall, this methodology provides a comprehensive and flexible
quantitative framework for recyclers, battery manufacturers, and policy makers to plan for the integration of

recycling technologies into the supply chain.

Endnotes

1. [Pourmohammadi et al.| (2008) estimate n as 60% for recycled aluminum. Recycled carbon black is similarly
discounted by n € [T0%, 85%] relative to its virgin counterpart (Contec|[2023)).

2. [Boer et al.| (2024)) do not provide projections for manganese prices. However, we find that manganese and copper
prices are highly correlated. Price data from IMF| (2022) between 2013 and 2021 show that manganese and copper
prices have a correlation coefficient of 0.91. As validation, a correlation of prices between 1950 and 2010 from [U.S.
Geological Survey| (2013)) yields a coefficient of 0.85. Given this high correlation, we predict the median value and
HPD bounds for manganese from the corresponding values for copper using a linear regression fitted on data from
IMF| (2022)).

3. The quadrature probabilities are reweighted by 3 to account for P(Z“9ST > 0) and P(Z“9ST < 0).
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A Appendix

This appendix is organized as follows. Section contains tables that summarize the data and variables used in

our models. Section[A:2]describes the computation of the average battery mass parameter used in demand scenario

generation. Section describes how cost parameters vary across zones and conducts a sensitivity analysis on

these parameters. Section provides proofs of our results.

A.1 Summary of Model Data

Tables and give descriptions of the index sets, constant parameters, and variables used to define the
models and (PMI]).

Table A.1: Sets

T Set of battery chemistries
J Set of recycling processes
K Set of materials encountered during recycling and manufacturing
KCCP Set of cathode powders
L Set of planning periods in the model horizon
/\fl?kp Set of cathode production line indices used to produce material & € K°F during planning period [ € £
./\/'lREC Set of recycling facility indices during planning period [ € £
S Set of stages in the multistage scenario tree
T Set of time periods in the model horizon
T Set of time periods associated with planning period [ € £
zZ Set of zones in which production facilities can be located
Qo Set of multistage scenario tree nodes at stage 0 € S
Table A.2: Parameters
ay(t) Ancestor node of node w € U,cs€), at period t € T
CSim & Variable cost of producing one unit of material & € K°F via cathode production in time period t € T,
zone z € Z and node w € {1,
cglsz Cost per unit of material k € K\ K°F purchased new to manufacture cathode powder in time period
t € T and node w € €y,
c}fgt’ & Variable cost for generating one unit of material k¥ € K \ KT via material conversion in time period
t €T, zone z € Z and node w € Q,,
CE?E M| Cost per unit of material k € K purchased new to manufacture batteries in time period t € T and
node w € {1,
ng,i,j Variable cost per unit mass of battery of chemistry ¢ € Z recycled with process j € J in time period
t €T, zone z € Z and node w € Q,,
czl;{,’RB Cost per unit mass of battery transported from zone z € Z to zone 2’ € Z\ {z}
c?j,’RM Cost to transport a unit of recycled material from zone z € Z to zone 2z’ € Z\ {z}
C’S}t) Operational costs as a function of operational decisions in time period ¢t € 7 and node w € €,
CPL Planning costs as a function of capacity decisions in time period ¢ € T
étpL Planning costs as a function of capacity decisions in time period ¢t € T for the reformulated capacity

variable structure
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Ao,z t,i Demand for batteries of chemistry ¢ € Z in time period t € T, zone z € Z and node w € ),
2,1: Concave function mapping cathode production capacity for a line producing material k& € X in zone
z € Z to annual labor and capital cost
ZF?C Concave function mapping recycling capacity for process j € J in zone z € Z to annual labor and
capital cost
l; Planning period associated with time period t € T
P Probability associated with node w € U,es€2,
Su 2t Supply of batteries of chemistry ¢ € Z in time period ¢t € T, zone z € Z and node w € Q,,
uCP Maximum capacity of a cathode production line
uREC Maximum capacity of a recycling process at each facility
Vo .k Value per unit of material £ € K in time period ¢t € 7 and node w € 2,
Agfk Amount of material k& € K\ KT used to produce one unit of material &' € X°F via cathode production
A%% Amount of material k£ € K\ KF used to produce one unit of material k' € K \ K°F via material
conversion
AEE Amount of material k£ € K used to produce a unit mass of battery of chemistry i € Z
A??? Amount of material k € K generated by recycling a unit mass of battery of chemistry ¢ € Z with
process j € J
y Annual discount factor
n Proportion of material value recovered when selling recycled material to the market
p Proportion of material value incurred as annual inventory cost
ot Stage associated with time period ¢t € T U {0}
Table A.3: Variables
SzItN,y Amount of output material k£ € X°F from cathode production put in inventory in time period ¢t € T,
zone z € Z and node w € €,
LNZV tk Amount of recycled material k € K in inventory in time period ¢ € T, zone z € Z and node w € €y,
LNZth\gC Amount of recycled material & € K\ K° used in material conversion in time period ¢ € T, zone
z € Z and node w € €,
xg\f:giB Amount of recycled material £ € K" used to produce new batteries in time period ¢t € T, zone
z € Z and node w € Q,,
nsn | Amount of output material k € K\ KCF from material conversion used for cathode production in
time period ¢ € T, zone z € Z and node w € €,
Sl\ftc ,f Amount of new material & € K\ KT used in cathode production in time period ¢ € T, zone z € Z
and node w € ),
Sl\z/[tN ,? Amount of new material k£ € K used to produce new batteries in time period ¢ € T, zone z € Z and
node w € €2,
xsg,m Amount of retired battery of chemistry ¢ € Z in inventory in time period ¢t € T, zone z € Z and
node w € )y,
52?% Amount of retired battery of chemistry ¢ € Z recycled with process j € J in time period ¢t € T, zone
z € Z and node w € Q,,
msl\;{tnzv Amount of output material k£ € K from battery recycling put in inventory in time period ¢ € T, zone
z € Z and node w € €,
Sl\fts & Amount of output material £ € K from battery recycling sold to the market in time period ¢t € T,

zone z € Z and node w € €,
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523%1 Amount of retired battery with chemistry ¢ € Z transported from zone z € Z to zone 2’ € Z \ {z}
in time period ¢t € 7 and node w € ),
EP;I;RQI x | Amount of recycled material k& € K transported from zone z € Z to zone 2z’ € Z\ {z} in time period
t € T and node w € Q,,
ychkn Annual capacity of cathode production line n € J\fﬁf producing material k& € K in zone z € Z
during planning period [ € £
y?‘lE]Cn Annual capacity of recycling process j € J at facility n € NFEC in zone z € Z during planning
period l € £
ygfk Number of cathode production lines producing material k¥ € KT in zone z € Z during planning
period [ € £ with capacity at the upper bound u°?
y?‘lEjC Number of facilities in zone z € Z during planning period [ € £ with capacity for recycling process
j € J at the upper bound uRFC
ygfk " Annual capacity of the cathode production line producing material k € K°F in zone z € Z during
planning period | € £ that does not have capacity at its upper or lower bound
yf‘}EjC + Annual capacity of the recycling facility for process j € J in zone z € Z during planning period
l € L that does not have capacity at its upper or lower bound

A.2 Battery Mass Parameter Calculation

The parameter m¢ ; ; gives the average mass of a new battery by year, demand scenario, and chemistry, accounting
for differences in battery size between BEVs and PHEVs. Let BEV;SPS and BEV,STEPS represent the proportion
of EV stock composed of BEVs under the SDS and STEPS projections, respectively, using data from Xu et al.
(2020). Note that 1 — BEV,SPS gives the proportion composed of PHEVs. Similarly to the scenario-adjusted cost

distribution parameters (Ué\f[t}?727 vé}f’ml, vgfm), we compute samples for BEV; from the scenario multipliers A¢ ¢:

BEV: s = BEVSPS )¢, + BEVSTEPS (1 — )¢ ).

We then convert the proportion of battery stock BEV;; to a proportion of new battery sales W&,t recursively
by
BEV¢EVe; — BEVey 1EVey 1+ Y0 | BEVe: oLS,ABg 14

ABe¢ 10 '

BEVg’t =

Note that historical BEV proportions are available through year —A. Let mPEY and mPHMEY be the average mass of

BEV and PHEV batteries for each chemistry (Xu et al.[2020). The average mass of a new battery is then computed

me i =mp Y BEVe, +mi MY (1 — BEVe,).

A.3 Sensitivity to Zonal Cost Parameters

Cost parameters vary across zone due to differences in seven location-dependent costs: labor, electricity, natural
gas, water, landfill, wastewater, and an equipment cost multiplier. All planning and operational cost objects that
are indexed by zone are functions of these values. Table [A-4] gives the baseline values for these parameters from
the EverBatt model (Dai et al.|2019).

To investigate the robustness of our model and reported solutions against these parameters, we perform a
sensitivity analysis on Case 2, variation DR1. We perturb the baseline value for each parameter in the U.S. and
China individually by +10%, £20%, and +40%, and report the relative change in objective value and in installed
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U.S. | China
100 60

Equipment Cost Multiplier (%)
Labor ($/hr) | 20.00 | 3.00
Electricity ($/MWh) | 68.00 | 88.00
Natural Gas ($/MMBtu) | 3.84 | 12.00
Water ($/1000 gal) | 5.00 | 2.00
Landfill ($/ton) | 55.36 | 10.00
Wastewater ($/1000 gal) | 7.00 | 3.00

Table A.4: Baseline values for location-dependent cost parameters by zone.

capacity for recycling and cathode production facilities. For baseline solution 7 and solution y from the perturbed
model, the relative change in recycling capacity for zone z is computed by

~REC —REC
Xjeq,iec WO WRLG —Yang )+ Vaigr — Yeigr

100 x > WRECREC | 7REC
JET,IEL, 2 €2 Yarag T Y2 g+

Relative changes in cathode production capacity are computed analogously.

Table reports the relative change in objective value for parameters that yield changes over 0.05% for some
tested perturbation. The optimal objective is very stable against perturbations to the location-dependent cost
parameters. In fact, perturbations to only two of the 14 parameters cause objective changes above 0.05%, namely,
the labor cost and equipment cost multiplier in China. The optimal objective is most sensitive to these parameters,
although the relative change never exceeds +1%.

Tables and give the relative change in recycling and cathode production capacity, respectively, under
each parameter perturbation. Some differences in the reported optimal solutions may be attributed to the use of
a 0.01% relative optimality tolerance in the objective value, which potentially enforces a weaker tolerance in the
solution space. In general, the solutions show a decrease in U.S. capacity and an increase in China capacity when
cost parameters increase in the U.S., and the opposite trends when cost parameters increase in China. The recycling
solution is more stable against perturbations than the cathode production solution. Relative changes in recycling
capacity generally do not exceed 10%, even when the cost parameters are perturbed by +£40%. Cathode production
capacity never changes more than 0.5% in the U.S., meaning that under all parameter perturbations, almost no
U.S. cathode production capacity is constructed. On the other hand, cathode production capacity in China exhibits
higher sensitivity, varying by up to 67% from the baseline solution. This result suggests that, as the objective
value remains stable, there are many near-optimal cathode production solutions that yield similar objective values.
Both recycling and cathode production solutions are most sensitive to labor cost and the equipment cost multiplier.
Perturbations to the other cost parameters never cause large changes in the capacity solutions. Overall, these
results show that our recycling capacity solution is resilient to changes in location-dependent cost parameters, and
the cathode production capacity solution is resilient to changes in all location-dependent cost parameters except

the equipment cost multiplier in China.

A.4 Proofs of Results
Proposition 1. For any § > 0 that satisfies (3d)-B1), {(y,z) > 0: (@), @), @), y =7} #0.

Proof. Fix y > 0 so that — are satisfied. We construct a corresponding feasible x that only buys new
materials to manufacture batteries and does not recycle. Take xgl\f%N,? = icr A?f,?dw,z,t,i. Further, set xs,%,t,i =

S, Sau(t),z i and zh5 o = 0. Note that a,(t) = w for w € Qp,. Set all other components of  to 0. Because

battery supply s, demand d, and material requirements A are nonnegative under Assumption I} x > 0.
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Perturbation
-40% | -20% | -10% | +10% | +20% | +40%
-0.7% | -0.3% | -0.1% | 0.1% | 0.2% | 0.4%
-01% | 0.0% | 0.0% | 0.0% | 0.0% | 0.1%

Zone Parameter

. Equipment
China Labor

Table A.5: Relative change in optimal objective value under select location-dependent cost parameter perturbations.
All other perturbations yield relative changes under 0.05%.

Perturbation

-40% -20% -10% +10% +20% +40%
Zone Parameter | U.S. C.N. | US. CN. | US. CN.|US. CN.|US. CN.|US. CN.
Equipment | 9.7 -8.6 55 -4.4 3.8 27 | 24 32 -24 3.3 -2.4 3.7
Labor | 10.0 -9.8 3.5 -25 34 27 | -23 34 | -24 3.6 -2.4 3.7
Electricity | 3.9 -2.3 51 -4.6 54  -2.2 02 -06 | -24 2.7 | -24 3.0
U.S. | Natural Gas | 0.5 0.7 1.3 0.5 0.0 1.3 1.0 0.3 0.5 0.6 1.1 0.0
Water | -1.3 1.0 0.0 2.6 0.3 0.2 0.8 -0.1 1.3 -04 | -0.8 1.8
Landfill | 0.2 1.4 23  -1.1 0.5 1.2 3.2  -24 1.6 -0.1 | -1.3 2.2
Wastewater | 2.4  -0.8 1.9 -0.7 2.4 =27 | -0.8 1.7 | -0.1 1.5 0.3 1.0
Equipment | -2.4 6.4 -2.4 6.9 -1.3 3.4 4.9 -4.9 5.6 -7.5 89 -11.2
Labor | -2.4 3.1 21 -1.2 0.9 1.3 3.0 -29 0.3 0.8 1.3 -2.7
Electricity | -2.4 3.4 | -2.1 3.6 | -0.3 1.7 2.1 -2.8 4.8 -4.5 54 4.6
China | Natural Gas | 0.3 1.4 0.3 0.5 0.5 0.7 2.5 -1.8 46 -34 | -1.1 2.2
Water | 1.5  -0.3 1.2 -1.3 0.5 0.8 0.8 -0.8 3.0 -21 0.8 1.3
Landfill 0.3 2.4 -1.3 2.6 0.0 2.0 2.6 -2.1 0.5 -0.7 1.6 -1.2
Wastewater | 0.0 -0.6 0.8 -1.5 1.1 0.0 2.7 -14 0.3 1.4 1.3 0.0

(a) Relative change (%) to recycling capacity under cost parameter perturbations.

Perturbation

-40% -20% -10% +10% +20% +40%
Zone Parameter | U.S. CN. | US. CN. | US. CN.|US. CN.|US. CN. |US C.N.
Equipment 0.3 0.4 0.0 -3.8 0.0 -1.4 0.0 -3.8 0.0 -2.1 0.0 -5.4
Labor | 0.0 -24 0.0 -34 0.0 -37 | 00 -35 0.0 -4.6 0.0 5.8
Electricity | 0.0  -4.5 0.0 -1.1 0.3 -3.7 | 0.0 -0.7 0.0 3.4 0.0 14
U.S. | Natural Gas | 0.0 -4.7 0.0 -1.1 0.0 -6.8 0.0 -3.0 0.0 -2.1 0.3 -4.8
Water | 0.0 -0.3 0.0 1.4 0.0 0.4 0.0 0.8 0.0 -4.9 0.0 3.8
Landfill 0.0 1.6 0.0 -4.1 0.1 -5.0 0.0 -2.3 0.0 -1.2 0.0 -0.2
Wastewater | 0.1 -1.4 0.0 -24 0.0 0.9 0.0 2.7 0.0 6.2 0.0 0.0
Equipment | 0.0 66.1 | 0.0 30.1 | 0.0 13.0 | 0.0 -19.2 | 0.0 -276 | 0.0 -67.1
Labor | 0.0 9.1 0.0 3.1 0.3 0.8 0.0 -0.6 0.0 2.7 0.0 -10.5
Electricity 0.0 -1.2 0.0 0.1 0.0 -3.0 0.0 -1.7 0.0 -1.2 0.0 -1.4
China | Natural Gas | 0.0 -1.0 0.0 1.7 0.3 2.8 0.0 -0.7 0.0 -4.0 0.0 -6.0
Water | 0.0 0.2 0.0 -0.3 0.0 -1.7 | 0.0 2.1 0.0 -4.1 0.0 -1.4
Landfill | 0.0 0.7 0.3 2.8 0.0 -2.3 0.0 -0.7 0.0 -4.0 0.0 0.7
Wastewater | 0.0 1.3 0.0 -3.8 0.0 -4.9 04 -0.5 0.0 -5.6 0.0 2.8

(b) Relative change (%) to cathode production capacity under cost parameter perturbations.

Table A.6: Sensitivity of optimal facility capacity in the U.S. and China (C.N.) to perturbations in zonal cost
parameters. Each row gives results for perturbations to one parameter in one zone.
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The construction of z™NM:-NB engures that and (Ib) are satisfied, and that of 2RB ensures that is
satisfied. The remainder of constraints in and only involve components of x that are 0 and are thus satisfied.
As y > 0, the solution x is feasible for and (3b)). Thus, given y, we can construct x > 0 so that constraints

(1)-(@) are satisfied.
O

Lemma A.1 (Horst et al| (2000), Theorem 1.19). Let X be a bounded polytope and f : X — R be a concave

function. Then, [ attains its minimum at an extreme point of X .

Proof. Let {x(j)}le be the extreme points of X'. As X is bounded, X = conv{m(j)}jzl. Then, for any z € X,
there is some A > 0 with ijl Aj =1 and Z;’Zl )\jx(j) = z. By concavity of f,

J J 7
Fa)y=fF (3 ne@ ) >3 N f(@D) > min f29) [ 3N | = min f(29).
Jj=1 j=1 j=1

JelJal Jelil

J

Therefore, f achieves its minimum on X at some element of {x(j) 5—1, which is an extreme point of X

O

Lemma A.2. Let f be a concave function and X C RY be a nonempty polyhedron. Then, if infyex f(x) > —o0,

it attains a finite optimal solution at an extreme point of X.

Proof. Suppose inf,cx f(x) > —oo. Let {a:(j)}jzl and {r(®)}X_| be the extreme points and extreme rays of X', and
denote € = inf,cx f(x), which is finite as the problem is feasible. Note that

X = conv{;n(j)}f:1 + cone{rVE |

Further, as X C R® | it does not contain a line, which implies that it has as least one extreme point.
Select any x € conv{x(j)}}-]:1 and r € cone{r(®}X . To prove by contradiction, suppose that f(z +r) < f(z).

Take 6 = % and note that 6 > 1 as e < f(z + 7). Then, by concavity of f,

)

f(x+r):f<1(x+6r)+

5 x) Z%f(x—&-ér)—i-éj%f(x),

and
fa+6r) <3 (fla+7) — f(2) + fl@) = e~ 1.

As x + dr € X, this contradicts the definition of €, and thus f(z) < f(z + r). This shows that

inf f(z) = inf f(z).

TEX QZECOHV{iE(j)}}.le

The latter is a concave minimization over a bounded polytope, and thus attains its optimal value € at an extreme
point of conv{zl )}3]:1 by Lemma Extreme points of the convex hull of a discrete set are elements of the set,
and these elements are extreme points of X'. Thus, the optimal value € is obtained at an extreme point of X

O

Proposition 2. The model 1s feasible and has an optimal solution at an extreme point of its feasible region.

Proof. We first establish that (]ED is feasible. Take y = 0. As «®F€ > 0 and «“F > 0 under Assumption [1} y is

feasible for —. By Proposition there is some x > 0 so that (y, z) satisfies , , and . Then, (y,z) is
feasible for (]E[)
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Next, consider the relaxation of :

min (1= G+ Dl

teT w€EN,,

(A1)
[1d). (@a),
x>0, y>0.

Any feasible solution for (P) is feasible for (A.I)) with the same objective value. Note that, as constraints (3)) are
relaxed, there are no constraints coupling variables x and y. Thus, (A.1]) is equivalent to

. t—1 ~PL . t—1 (04
min (177 w) + min Y- Y puC

- teT - teT weQ,, (A.2)

As CPY is monotonic increasing in each variable y by Assumption |1} y = 0 is optimal for the first problem of (A.2).
Consider any direction = > 0 in which the feasible region of the second problem of (A.2)) is unbounded. By

(2¢),
RB RB RB,RM TR,RB TR,RB _
Lozt xaw(tfl),z,tfl,i + xw,z,t,i,j - § : (xw,z’,z,t,i - xw,z,z’,t,i) =0.

jeT z'eZ\{z}

i : RB RB RB,RM
Summing over z yields ) - (xwz’t’i — Ty 1)’“ Lt 2 es W%t’m) 0. As 2B, = 0and z > 0, by
induction zBB = 0 and zRBEM = 0. Then, gives xsl\fgiv + xgl\ftsk Ziel’, jer A??fm?%?% = 0, so
2BMINV — g gnd 2BMS = ag 2 > 0.

Then, consider the change in objective in direction x, given by >, (1 —~)™* ZwEQ pr’ P(z). As v < 1,
c>0,v>0,p>0,z>0, and BMS =0, it holds that D1 — y)t-t Zweﬂ pr P(x ) > 0, and the direction
does not improve the objective. As the second problem of (A.2)) is a linear program, thls proves that its objective
is bounded. Thus, neither problem in (A.2) is unbounded, so (A.1) and (]E[) are bounded in objective. As (]E) is
a concave minimization over a polyhedron contained in the nonnegative orthant and is bounded in objective, it

attains its optimal value at an extreme point of its feasible region by Lemma
O

Theorem 1. Let (§,%) be an extreme point of {(y,z) > 0 : (), @), @)}. Then, g7FC satisfies (6) and §<°

satisfies the corresponding property.

Proof. The comparable solution structure for §°F with total capacity Yok =2 ne NCP zjchkn is given by

. Y.k
C({ygfk,n}neﬂflc;;ucp) z [ CP -‘ - L
, U
(A.3)

Lk CP

({yz,l,k,n}ne./\/'cp O) > |N | - ’7 ZCP —‘ Vk e K ) le Ea z€Z.
We demonstrate the result only for the property of the recycling capacity solution §*F€, as the same arguments
apply to the cathode production capacity solution §°F. The result is shown by contraposition. Denote the
polyhedron X = {(y, x ., . .} and consider any (y,z) € X. Fix some z,[, j and let the total recycling
capacity be Y, ;; = Zne/\/’lREC YR, Suppose that (6) does not hold for y*FC

REC) < Zjﬁ‘é’é—‘ — 2. Suppose for contradiction that there

First, consider the case where C({y57'S, },.c NREC] U

REC REC
> Y. 7,n

are one or fewer indices n with u > 0. Then, the total number of indices corresponding to nonzero
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elements is bounded by [zgfé’é—‘ — 1, and

Y. .
REC REC 2,l,] _ REC
S < (|| 1) < v 2 W

nej\[lREC neA[lREC

By this contradiction, there must be at least two indices nq, no with uRFC > y??fn > 0 for n € {ny,nz}.

Second, consider the case where C({yifﬁn}newm ;0) < |NVREC| - H]ﬁ%-‘ —1. Again, suppose for contradiction

that there are one or fewer indices n with uREC > yf“lEan > 0. Then, there are at least i:ﬁéé—‘ elements at the

REC RE

upper bound and one additional nonzero element (that may also take the value u

Y.

REC REC z,l,j _ REC
D Yilgn>u LREC >Yog= ) i
ne/\/'lR,EC ne/\/'LREC

), 8O

By this contradiction, there must again be at least two indices ny, ng with uRF¢ > yXP > 0 for n € {n1,na}.

In either scenario, select such indices nq, ns, and denote

., REC REC REC _ , REC REC _ , REC
0 = min{y 5 Yol gmar U~ Yalgms W Yalging )
By construction, § > 0. We construct perturbed solutions
YRS n & {ni,n2}
—REC
yz,l,j,n(l) = y?%’:n +6 n= ni
y??fn — 6 n=ngy,
and
Yl n & {ni,na}
—REC
yz,l,j,n(2) = yE?JCn -6 n=mn
y?}E]Cn +4d§ n=ns.
Let 7°7 (1) = 3°7(2) = y°F. By construction, 0 < 775, (1) < uRFC and D neNFEC 7S (1) = > nenmEe T
so (y(1),) satisfies all constraints of X. Similarly, (¥(2),z) € X. Finally, we note that (y,z) = 1(y(1),z) +

%@(2), x), so (y,z) is a convex combination of other points in X, and thus is not an extreme point.

This shows that, if a solution y®EC does not satisfy (@, then the solution (y,z) is not an extreme point of X.
Thus, the contrapositive of this result is also true, namely, an extreme point (g, Z) of X must satisfy @ By similar
logic, it can be shown that an extreme point must also satisfy .

O

Theorem 2. The models and (PMI) have the same optimal objective value.
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Proof. We first demonstrate that a feasible solution for (PMI]) can be mapped to an equivalent feasible solution for
([P). Let (y,) be feasible for (PMI)). We define § by

WREC < gREC
Jilsm = TRPS, n=7RPC 41
0 otherwise,
ur n < ?S,Ek
ggﬁk,n = ?S}Zkgr n = ?S,ll::k +1
0 otherwise.

REC-REC | ~REC

~REC REC CP. ~REC
<u and O < yz l fon S U Further, Zne/\f,REc Yl =W " Yzy; + Y4 and

z,ljn =

By construction, 0 < g
similarly ZnENCP G pm = u® PyoT k1Y 7 l k.. Due to feasibility of (7, ) for (7)), the solution (,) is feasible for

constraints (3). Further, T remains feasible for and (2). Thus, (7, %) is feasible for (P). The objective values
satisfy

CPL Z Z Z REC yE{lEig n Z Z z, k yz lt,k n)

2€Z \ JET neNREC kEKP neN T

C C C C/—REC C C C C
=D | Do EEEGLTWNEO) + SRR )+ D (S kfR W) + SR W )
z€EZ \JjEJT kekcP

—PL ,__
= Ct (y)a

as f(0) =0. Thus (7,Z) has the same objective value in as (y,7) in (PMI).

In the opposite direction, we consider an optimal solution for (]E) that occurs at an extreme point of its feasible
region, which exists by Proposition Denote this optimal extreme point (7, Z). By Theorem (1} this solution
satisfies @ and .

As uREC > 0 under Assumption each index n € N**C can be counted by at most one of C({F1}'5,,} e nrmmc; 0)
and C({735 S neNREC uREC). By this property and the structure (6],

IVFECL > CHTELS n b neaees 0) + CHTE n tneare; utB0) > INFEC] -1

If the lower bound holds with equality, we can select the unique 7. ; ; so that 0 < y??f(nz )< uREC Otherwise,
~REC e

z,l,4,mn

we select arbltrary M.,,;. The index has the property that g € {0, uRFCY for any n # M.,1,;. We can similarly

select 1  for §°F. Now, we define

C _ o({REC C
ylj}z3 = ({yz?}jn}ne./\/lREc\{ﬁzJ,j};uRE )i

—REC _ ~REC .
yz U g+ T yzl,] M1,
_ o ~ . ,,REC\.
yz,l,k = C({yzﬁl,k,n}ne./\/'l%f\{ﬁz,l,k}7u ); and

—CP _ ~CP
Yokt = Yol ks ke
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By construction, yszf and yz l . satisfy the 1ntegrahty constraints and (7f), and further yZR}lEf 4 and QS}Z kot

satisfy nonnegativity and the upper bounds and . 7h) by the fea&blhty of g for (]ED By definition of 7,

~REC __, REC ~REC . ~REC REC-REC —REC
Z Yoljm = U C({yz,l,j,n}nef\flREC\{ﬁzﬁl,j}7 ) +vy, Ly (Raa) Yzi,5 + Y, )
nENREC

and similarly
D Bikn =TT+ Tkt
nGJ\fl?,f
Thus, feasibility of (7, Z) for implies that (7, Z) is feasible for (7a)-(7d), and # remains feasible for and (2).
Thus, (7, %) is feasible for (PMI]). Considering the objective,

REC/~REC ~REC .., REC\ frREC/, REC REC ~REC
Z 2, (yz,l,j,n) = C({yz,l,j,n}ne./\/lREC\{ﬁz,,,j}v u ) 2, (u ) + (yz,l,j,(ﬁz,l,j))
nENREC

_yzR]lE,? REC( REC)+ REC(yZRIl%i )

as REC (0) = 0 by Assumption [1} Again, a similar result holds for §°F. Therefore, the objectives satisfy

CPL Z Z Z REC :‘755(; n Z Z z, k yz lf7k n)

z€Z \ jeJ ne/\/f:EC kekcP ne./\ffr’
—REC ¢REC/, REC REC —REC —CP CP CP (—~CP
- E E Yaeit 25 ( ) + yz Ae,7, + § Yzl k ) + z,k (yz,lt,k,+)
z€Z \JEJ keKcCP
—PL ,__
= Ct (y)7

and (7, Z) has the same objective value in as (7, %) has in (]ED We have already shown that any feasible
solution for has a corresponding feasible solution for (]ED with the same objective value, so (7, Z) is optimal
for , as otherwise there must also be a better solution than (g, ) for (]E) Therefore, as (g, Z) is optimal for
(]ED and (7, &) is optimal for with the same objective value, the problems have the same optimal objective.

O

Lemma A.3. The functions f;defined in @D have the following properties:
1. Fily) < fily) fory € by, ul™);
2. f; is concave and continuous; and

3. ) = f,(u) for all j € {1,... k;}.

=

@)
Proof. 1. Select j so that y € [y (])7211( H)). Then, taking A = % €10,1),
Y;

k3

4) (G+1)
- y yz 1 yz j +1 j
Fily) = G0 S HEV) + s ) = M) + (1= N A)
Y; - Y;

< filhy ”*” + (1= Ny = fily),

by the concavity of f;.
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Py . Filu? )~ fiw?) g (1), (ki) ;
2. Denote fi(y) =  min STy (y — yz ) f( ) . Consider y € [y;/,y; '] and any index

j. Ity > y(JH) let A\=Y%—F%— €(0,1] so that y(]H) =Ay+(1-— )\)ygj). Then, by concavity of f;,
y—y

LY > M fiy) + (1= N i),

and

(G+1) () B
Mymﬁ %)>@ o)+ 1) 2 Fitw) = Titw),

b : ,
Otherwise, if y < ylj) let A = # € (0, 1] so that yzm = /\ygﬁ_l) + (1 = A)y. By concavity of f;,
-y

£ 2 M) + (1= N fily),

and
(GO () A _
M e =) 168 2 £ 2 )

Finally, if y € [y, y9 1Y),
Fw) = @) - N _ 7
(+1) () (y - yz(j)) + fl(yz(])) = fz(y)
; —Y;

ki—1

7 3 7 Fiw ) fiw”) €) &) 7 F
Thus, we have that f;(y) < fi(y). Further, f;(y) € W(y Y )+ fily;) , 80 fi(y) > fiy),
_ - _ : j=1
and f;(y) = fi(y). Therefore, as the function f, is a minimum of linear functions, it is continuous and concave.

3. The equality follows from direct evaluation.
O

Corollary A.1. Let fll be the piecewise linear function associated with breakpoints {yz(j)}?’;l and 7? the function
with breakpoints {y Y5, \ {y"} for some r & {1,k;}. Then, T;(y) > F; (y) for y € ", y*)].

—1 —2
Proof. By Lemma f is concave. Let j; and jo be consecutive breakpoints for f;, so

]1+1 jl#r—l

J2=
j1+ 2 otherwise.
Then, by Lemma [A73]
j j Lo (52) (41)
i) = fily™) ] 0y _ L) = i) SN

1(3-2) (jl)z (yz - yi(] )) + fz(yz(] )) = Z(jQ) (Jl)z (yl - yi(] )) + fz (yz(j ))

Y T Y Yo Y,
for any y; € [y; (a ), Y } Thus, f can be equivalently constructed in the form @ by using the concave function f

in place of f;. It then holds that fZ is a piecewise under-approximator of fz and, by Lemma u fZ y> f z( )
for y € [yfl),yl( )]

O

Lemma 1. Let (y*,2*) € X be an optimal solution to (SP). Then, there is an optimal solution that is an extreme
point of X(y*).
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Proof. Denote the optimal cost for (SP) by 257 =37 | f.(y7) + Y wen, puclhar. Consider the restricted problem

ZRP = min Z?l(yz) + Z chz;xw (RSP)
i=1

 wa)eX () et

As X(y*) C X, (RSP) is a restriction of (SP]), and 25T < 2RP. However, (y*, z*) is feasible for (RSP)), so z8F < 25F.
Thus, the optimal values 2" = 2P and an optimal solution for (RSP)) is also optimal for (SP)).
Further,

X)) ={(y,{zw}wea,) 20 : y; =y! Vi € [n1], Ay =b, Bya, + Dy =d, Yw € Q1 }

is a polytope under the assumption that X" is bounded. Lemma gives that the functions f, are concave, so the
objective function of is concave and is a concave minimization over a polytope. Thus, has an
optimal solution at an extreme point of X (y*) by Lemma This solution is also optimal for , and therefore,
there is an extreme point of X'(y*) that is optimal for (SP).

O

Theorem 3. Algorithm terminates finitely with a global optimum of (SCPJ.

Proof. Consider the set of feasible realizations of the integer components of y,
Y={z€Z} : 3y.x) X, yy=z Vie[mu]} C{z €Z} : y <z <7, Vie[u]}
Clearly, Y is finite. We construct the set of points that are extreme points of X'(z) for some z € ),

&= U {(y,x) : (y,z) extreme point of X(z)}.
z€Y

This set is also finite, as there are finitely many extreme points of any polytope X(z) and finitely many such z € Y.

We next construct the set of unique capacity solutions with a corresponding extreme point:

&= {J Wk

(y,x)€E

Then, |€] < |€], so € is finite.
For any y feasible for (SP)) or (SCP)) and any set of breakpoints {yl(] )};?;1 generated by Algorithm
géyiéyz:yz( )

T

-

by the initialization in step 1 of the algorithm, so y; € [yfl),yfk")]. As a result, the first property of Lemma

will apply for any feasible solution y to these problems. Further, ym fki)

; maintain the same values across

and y
iterations by step 5 of the algorithm.

Suppose that Algorithm [1| produces a sequence of iterates (§°,{Z¢ }weq,) of length at least |€] + 1. We note
that has a finite optimal solution by the boundedness assumption on X (Lemma . Under Assumption
at every iteration s, the iterate (7°, {Z%},eq,) is an extreme point of X (7°), so §° € & for all s.

As the number of iterates is strictly larger than ||, some capacity solution must be revisited, so gt = §°2
for some s; < sy < || + 1. Denote the set of breakpoints at the start of iteration sy by {ygj)}fi:l. Note

that the breakpoints which generate ffl are a subset of those which generate ?jz and include {yl(l),yl(ki)}, SO
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@) > ?fl(gfl) as a consequence of Corollary From step 5 of the algorithm, either 7;* € {yij)}?;l or
Fi(@eY) > fu(gsr) for each i. In the former case, f; (5:2) = fi(7:2) by Lemma In the latter case,

S2

Fo@e) =@ > @) = A = fi@52).

Thus, the condition in step 4 of the algorithm is met at iteration sy, and Algorithm [I] terminates finitely within
|E] + 1 iterations.

Let the algorithm terminate at iteration s with iterate (§°, {Z2 },eq,). Then,

SR+ Y puchE = min )GXfo(yi) + ) pucha,
i=1 i=1

we (.%{ffw}weszl we

< min )GX;fz(yz) + Z pwcz:xw

- (yv{xw}wEQl wey

<Y L@+ D puck
=1

we
n
S , - ~
<Y L@+ Y peclil,
i=1 we,

where the first inequality follows from Lemma and the third from the termination criterion in step 4 of the

algorithm. Therefore,

n

(y,{%r}riiennl)exz filyi) + Z PuChtu = ;ﬁ(ﬂf) + Z pocl s,

i=1 wEN wEN

and (7°,{Z }weq,) is a global optimum for (SCP)). O
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