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Abstract

Geodesic metric spaces support a variety of averaging constructions for
given finite sets. Computing such averages has generated extensive interest
in diverse disciplines. Here we consider the inverse problem of recognizing
computationally whether or not a given point is such an average, exactly or
approximately. In nonpositively curved spaces, several averaging notions, in-
cluding the usual weighted barycenter, produce the same “mean set”. In such
spaces, at points where the tangent cone is a Euclidean space, the recognition
problem reduces to Euclidean projection onto a polytope. Hadamard mani-
folds comprise one example. Another consists of CAT(0) cubical complexes, at
relative-interior points: the recognition problem is harder for general points,
but we present an efficient semidefinite-programming-based algorithm.
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inite program

AMS Subject Classification: 90C48, 57Z25, 65K10, 49M29

1 Introduction

Given a nonempty finite set A in a metric space (X, d), we consider the follow-
ing recognition question: decide whether or not a given point in X is some kind
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§Department of Mathematics, Babeş-Bolyai University, 400084, Cluj-Napoca, Romania

anicolae@math.ubbcluj.ro

1



Figure 1: A triangle and convex hull from three points in a geodesic metric space

of weighted average of the points in A. Such questions are familiar in Euclidean
space, but also arise naturally in nonlinear metric spaces: for example, we might
ask whether some phylogenetic tree, viewed as a point in the BHV metric space
introduced in [9], is an average of several other trees.

In a vector space, the most immediate notion of a “weighted average” is a convex
combination. Recognizing membership in the set of convex combinations from the
set A — the convex hull of A — amounts to solving a simple linear program. The
convex hull notion extends naturally, at least to metric spaces that are geodesic.
Figure 1 illustrates an example. The space consists of a three-dimensional cube and
a two-dimensional square, each with their Euclidean metrics, glued together along a
common edge. In this space, we consider three points, the geodesics between them,
illustrated in the first picture, and their convex hull — the union of a triangle in
the square and a simplex in the cube — illustrated in the second picture.

In some simple nonlinear spaces, convex hulls are easy to understand: in any
metric tree [17], for example, the convex hull of a finite set just consists of the paths
between the various pairs of points. However, as Figure 1 illustrates, in general
nonlinear geodesic spaces the convex hull operation behaves less predictably than
in Euclidean space. The convex hull of three points typically fails to be closed in
Riemannian manifolds [22, Corollary 1.2], and may fail to be two-dimensional, both
in Hadamard manifolds [8]) and in CAT(0) cubical complexes [21], as we also see
in Figure 1. Furthermore, in a general Hadamard space, Gromov’s question [16,
6.B1(f)] on whether such sets must have compact closure remains open after forty
years [3, 6]. The recognition question for convex combinations, even in the specific
case of a CAT(0) cubical complex, seems challenging [21].

Rather than focusing on convexity, therefore, we consider a simpler version of the
recognition question, framed in terms of the most basic metric tools available: we
seek to recognize whether a given point is a barycenter or median. As well as being
easier than recognizing convex combinations, this question may be more interesting
in computational practice, reflecting better the notion of a weighted average.

To frame our question more precisely, denote by RA the Euclidean space of
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vectors of components indexed by A with the inner product 〈w, v〉 =
∑

awava for
vectors w, v ∈ RA. We write w ≥ v to mean wa ≥ va for all points a ∈ A, and
w > v means wa > va for all a ∈ A. Let RA

+ denote the cone of vectors in RA with
all nonnnegative components. Define the distance vector dA : X→ RA by(

dA(x)
)
a

= da(x) = d(a, x) for points x ∈ X and a ∈ A,

along with its componentwise p-power version dpA, for exponents p ≥ 1. We focus
on the exponents p = 1, 2 in particular, leading to the notions of weighted medians
and barycenters, which are minimizers of functions of the form 〈w, dA〉 and 〈w, d2

A〉
respectively, for nonzero weight vectors w ∈ RA

+. We compare those familiar points
with various kinds of Pareto optimal points for the vector objective dA, in particular
those points with the property that no other point is strictly closer to every point in
A. When the underlying space X is Euclidean, it is easy to verify that the resulting
sets of points all coincide with the convex hull of A.

In more general geodesic metric spaces, weighted medians and barycenters of a
finite set A, along with various kinds of Pareto points for the distance vector dA,
are easier to understand than the convex hull. In rather general circumstances, we
prove that these sets of points all coincide, comprising a single “mean set”. This
is the case in particular in Hadamard spaces, where the mean set is a nonempty,
compact, path-connected subset of the closed convex hull of A. For the example in
Figure 1, we illustrate the mean set in Figure 2.

In a Hadamard space X, we prove that a point x̄ belongs to the mean set for a
finite set A if and only if it minimizes the “test” function

x 7→ 1

2
max
a∈A
{d2

a(x)− d2
a(x̄)}.

This function is convex, so its minimizers are points where the metric slope is zero.
We describe the slope in terms of the angle-based geometry of the directions of
the geodesics from x̄ towards points in A. In particular, when the tangent cone
to X at x̄ is isometric to a Euclidean space, calculating the slope reduces to a
simple projection problem in this space. Hadamard manifolds have this property,
for example, as do CAT(0) cubical complexes at points x̄ in the relative interior
of cells that are maximal, such as the cube and the square in Figures 1 and 2.
General points in CAT(0) cubical complexes are more challenging: we describe a
semidefinite-programming-based algorithm to recognize and certify whether or not
such points belong to the mean set.

2 Means

Weighted medians and barycenters of a finite set are scalarized notions of the dis-
tance to points in the set, depending on a given weight vector. Before those ideas, we
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Figure 2: The mean set generated by three points in a geodesic metric space

first consider three natural unscalarized notions that capture the idea of balancing
all the points in the set.

Definition 2.1 Given a nonempty finite set A in a metric space (X, d), we define
the following three successively weaker properties of a point x̄ ∈ X.

Strongly A-minimal : No point x 6= x̄ satisfies dA(x) ≤ dA(x̄).

A-Pareto: All points x ∈ X such that dA(x) ≤ dA(x̄) satisfy dA(x) = dA(x̄).

A-minimal : No point x ∈ X satisfies dA(x) < dA(x̄).

We denote the set of A-minimal points by minimal(A). We say that a point x ∈ X
certifies the property x̄ 6∈ minimal(A) if

(2.2) da(x) < da(x̄) for all a ∈ A.

The test function fA,x̄ : X→ R is defined by

(2.3) fA,x̄(x) =
1

2
max
a∈A
{d2

a(x)− d2
a(x̄)} for x ∈ X.

The following result is immediate.

Proposition 2.4 (Minimizers of the test function) Given a nonempty finite
set A in a metric space X, a point x̄ ∈ X is A-minimal if and only if x̄ mini-
mizes the test function fA,x̄, and x̄ is strongly A-minimal if and only if x̄ is the
unique minimizer of fA,x̄.

Among scalarized ideas, the following definition covers medians and barycenters.

Definition 2.5 Given a nonempty finite set A in a metric space (X, d), denote the
vector in RA with all components equal to one by e, and define the simplex

∆A = {w ∈ RA
+ : 〈e, w〉 = 1}.
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For any exponent p ≥ 1, a point x̄ ∈ X is a p-mean for A if there exists a weight
vector w ∈ ∆A such that x̄ minimizes 〈w, dpA〉. A 1-mean is called a median, and a
2-mean is called a barycenter. The variance function is vA : ∆A → R+ defined by

vA(w) = inf
x∈X
〈w, d2

A(x)〉 (w ∈ ∆A).

The mean set mean(A) is the set of barycenters. A vector w certifies the property
x̄ ∈ mean(A) when

(2.6) w ∈ ∆A and x̄ minimizes 〈w, d2
A〉.

Notice that the variance function is concave. Other terminology for a barycenter
includes center of mass, center of gravity, and Fréchet or Karcher mean. Existence
results for barycenters in Hadamard manifolds date back almost a century, to Car-
tan [12]. The idea in more general Hadamard spaces originated with [19].

The following result is immediate.

Proposition 2.7 Consider any nonempty finite set A in a metric space, and any
exponent p ≥ 1. Then any p-mean is A-minimal, so in particular we have

mean(A) ⊂ minimal(A).

Definition 2.8 A circumcenter of a finite set A in a metric space (X, d) is a solution
of the minimal enclosing ball problem [2]

inf
x∈X

max{da(x) : a ∈ A}.

In passing, we note the following easy observation.

Proposition 2.9 Any circumcenter of a finite set A is A-minimal.

In the argument that follows, we interpret the expression 00 as 1.

Lemma 2.10 Consider exponents q ≥ p ≥ 1. Then any numbers α, β ≥ 0 satisfy
the inequality

1

q
(αq − βq) ≥ βq−p · 1

p
(αp − βp).

Proof The case β = 0 is immediate, so we assume β > 0. Since the function t 7→ t
q
p

(for t > 0) is convex, the subgradient inequality implies

αq − βq = (αp)
q
p − (βp)

q
p ≥ q

p
(βp)

q
p
−1(αp − βp),

from which the result follows. 2
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Proposition 2.11 Consider exponents q ≥ p ≥ 1. Then any p-mean of a finite set
A is also a q-mean.

Proof Consider a p-mean y. By definition, there exists a weight vector w ∈ ∆A

such that y minimizes the function 〈w, dpA〉. By Lemma 2.10, all points x ∈ X satisfy

1

q

(
dqa(x)− dqa(y)

)
≥
(
da(y)

)q−p · 1

p

(
dpa(x)− dpa(y)

)
.

We deduce ∑
a∈A

wa
(
da(y)

)p−q(
dqa(x)− dqa(y)

)
≥ 0,

so the result follows. 2

In Hilbert space, the relationships between these various properties is summa-
rized in the following result, whose proof is a combination of standard arguments.

Proposition 2.12 (Means in a Hilbert space) Consider a Hilbert space E, a
nonempty finite set A ⊂ E, and a point x̄ ∈ E. Then the following properties are
equivalent:

(i) x̄ is a median for A

(ii) x̄ is a p-mean for A, for all exponents p ≥ 1

(iii) x̄ is a barycenter for A

(iv) x̄ is A-minimal

(v) x̄ is strongly A-minimal

(vi) x̄ is A-Pareto

(vii) the set Ax̄ = {z ∈ E : 〈z, a− x̄〉 > 0 ∀a ∈ A} is empty

(viii) x̄ lies in the convex hull of A.

In particular, we have

mean(A) = minimal(A) = conv(A).

The test function fA,x̄ has a unique minimizer, x̂, which coincides with the nearest
point to x̄ in the convex hull of A. The point x̄ is not A-minimal if and only if
x̂ 6= x̄, in which case x̂ − x̄ ∈ Ax̄ and the property x̄ 6∈ minimal(A) is certified by
every point on the geodesic segment (x̄, x̂].
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Proof The implications (i)⇒ (ii)⇒ (iii)⇒ (iv) follow from Propositions 2.11 and
2.7. If property (iv) holds, then the point x̄ minimizes the test function fA,x̄, which
is strictly convex, so in fact x̄ is the unique minimizer: we have therefore proved
(iv) ⇒ (v), and (v) ⇒ (vi) is immediate. Since we know (vi) ⇒ (iv), we deduce
that properties (iv), (v), and (vi) are all equivalent.

Supposed next that property (vii) fails. Then some point y ∈ E satisfies
〈y − x̄, a− x̄〉 > 0 for all points a ∈ A. For all small t > 0 we have

|(ty + (1− t)x̄)− a|2 − |x̄− a|2 = 2t〈x̄− a, y − x̄〉+ t2|y − x̄|2 < 0,

so property (iv) fails, and hence so does property (vi). We have thus proved
(vi) ⇒ (vii). The separating hyperplane theorem proves (vii) ⇒ (viii). Lastly,
suppose property (viii) holds, so there exists a weight vector w in the simplex ∆A

such that
∑

awaa = x̄. We seek to prove that x̄ is a median. We can suppose x̄ 6∈ A,
since otherwise the result is immediate. With this assumption, we have

0 =
∑
a∈A

wa(x̄− a) =
∑
a∈A

wa|x̄− a|
( 1

|x̄− a|
(x̄− a)

)
=
∑
a∈A

wa|x̄− a|∇da(x̄).

Hence x̄ minimizes the convex function
∑

awa|x̄−a|da, and hence is a median. This
completes the proof of the equivalence of the properties (i) – (viii).

The test function fA,x̄ is strictly convex and weakly lower semicontinuous, with
bounded level sets, so has a unique minimizer, x̂. Consider the value

2fA,x̄(x̂) = max
a∈A
{|x̂− a|2 − |x̄− a|2} = |x̂|2 − |x̄|2 + 2 max

a∈A
〈x̄− x̂, a〉.

Denote by Ā the subset of A attaining the max, and define a number

β = fA,x̄(x̂) +
1

2
(|x̄|2 − |x̂|2).

We then have

〈x̄− x̂, a〉
{

= β (a ∈ Ā)
< β (a 6∈ Ā).

In particular, we deduce 〈x̄− x̂, x〉 ≤ β for all x ∈ convA. For all points x near x̂
we have

fA,x̄(x) =
1

2
max
a∈Ā
{|x− a|2 − |x̄− a|2}.

Since x̂ minimizes fA,x̄, by convexity it also minimizes the function on the right.
The point x̂ is therefore a barycenter for the set Ā, by our earlier argument. We
therefore know that there exists a vector w ∈ ∆A satisfying wa = 0 for all a 6∈ Ā
and such that x̂ minimizes the function

∑
awa| · −a|2. We deduce x̂ =

∑
awaa, so

〈x̄− x̂, x̂〉 = β. To conclude, we have x̂ ∈ convA and 〈x̄− x̂, x− x̂〉 ≤ 0 for all
x ∈ convA, so x̂ is the nearest point to x̄ in convA, as claimed.
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The point x̄ is not A-minimal exactly when it does not minimize the test function
fA,x̄, which is equivalent to x̂ 6= x̄. In that case we have, for all points a ∈ A,

〈x̂− x̄, a− x̄〉 = 〈x̂− x̄, (a− x̂) + (x̂− x̄〉) = 〈x̂− x̄, a− x̂〉 + |x̂− x̄|2 > 0,

and |x̂− a| < |x̄− a|, so for all t ∈ (0, 1), by the strict convexity of | · |2, we have

|(tx̂+ (1− t)x̄) − a|2 = |t(x̂− a) + (1− t)(x̄− a)|2

< t|x̂− a|2 + (1− t)|x̄− a|2 ≤ |x̄− a|2.

Consequently, the point tx̂ + (1 − t)x̄ certifies x̄ 6∈ mean(A), and we have already
proved the case t = 1. 2

3 Duality

Convex optimization duality plays a fundamental role in our development. To sug-
gest why this might be, consider the minimal enclosing ball problem, Definition 2.8,
for a nonempty finite set A in a general metric space (X, d). We can write this
problem in the form,

inf
x∈X, y∈R

{y : y ≥ da(x) ∀a ∈ A}.

or equivalently in the saddlepoint form

inf
x∈X, y∈R

sup
w∈RA

+

{
y +

∑
a∈A

wa
(
y − da(x)

)}
.

We can then study this problem through its dual, obtained by interchanging the
order of the inf and the sup.

More generally, we consider an analogous optimization problem associated with
the p-means of a finite set A ⊂ X. We make the following assumption.

Assumption 3.1 For a Euclidean space Y, we consider a vector b ∈ RA, a nonzero
vector c ∈ Y, and a linear map G : Y → RA satisfying the following conditions.

• Strict primal feasibility: There exists a point x̂ ∈ X and a vector ŷ ∈ Y
such that Gŷ − dpA(x̂) > b.

• Dual feasibility: There exists a vector ŵ ∈ RA
+ such that G∗ŵ = c.

With this assumption, given an exponent p ≥ 1 and a vector b ∈ RA, we consider
the primal optimization problem

(P)


inf 〈c, y〉
subject to Gy − dpA(x) ≥ b

x ∈ X, y ∈ Y.
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We can rewrite the problem in the form

inf
x∈X , y∈Y

sup
w∈RA

+

{
〈c, y〉 + 〈w, b−Gy + dpA(x)〉

}
.

Minimax problems of this form have the following elementary property.

Proposition 3.2 (Weak minimax duality) Given sets Z and W and a function
φ : Z×W → R, define functions φ : Z → R̄ by φ(z) = supw φ(z, w), and φ : W → R̄

by φ(w) = infz φ(z, w). Then the inequality

inf φ ≥ supφ

holds. Suppose furthermore that this inequality in fact holds with equality, and that
z̄ minimizes φ and w̄ maximizes φ. Then, z̄ also minimizes the function φ(·, w̄),
and w̄ also maximizes the function φ(z̄, ·).

With this result in mind, we arrive at the dual problem

sup
w∈RA

+

inf
x∈X , y∈Y

{
〈c, y〉 + 〈w, b−Gy + dpA(x)〉

}
,

or equivalently,

(D)


sup 〈b, w〉 + inf 〈w, dpA〉
subject to G∗w = c

w ∈ RA
+.

We summarize elementary primal-dual relationships in the following result.

Proposition 3.3 (Weak duality) The optimal value of the problem (P) is no less
than the optimal value of the problem (D). If the two values are equal, and (x̄, ȳ) and
w̄ are optimal solutions for (P) and (D) respectively, then the point x̄ is a p-mean
of the set A, with associated weight vector 1

〈e, w̄〉w̄.

Proof Consider the function φ : (X×Y)×RA
+ → R defined by

φ
(
(x, y), w

)
= 〈c, y〉 + 〈w, b−Gy + dpA(x)〉 (x ∈ X, y ∈ Y, w ∈ RA

+).

Then for (x, y) ∈ X×Y we have

φ(x, y) = sup
w∈RA

+

φ
(
(x, y), w

)
=

{
〈c, y〉 if Gy − dpA(x) ≥ b
+∞ otherwise,
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so the problem (P) amounts to minimizing the function φ. On the other hand, for

w ∈ R+
A we have

φ(w) = inf
(x,y)∈X×Y

φ
(
(x, y), w

)
=

{
〈b, w〉+ infx∈X 〈w, dpA(x)〉 if G∗w = c
−∞ otherwise,

so the problem (D) amounts to maximizing the function φ. The first claim now
follows from Proposition 3.2, since inf φ is the value of (P) and supφ is the value
of (D). That result also implies that, if the two values are equal, and (x̄, ȳ) and w̄
are optimal solutions for (P) and (D) respectively, then G∗w̄ = c, and furthermore
(x̄, ȳ) minimizes over X×Y the function

(x, y) 7→ 〈c, y〉 + 〈w̄, b−Gy + dpA(x)〉 = 〈w̄, b+ dpA(x)〉,

so the final claim follows. 2

Following [25], the metric space (X, d) is convex if, for all points u, v ∈ X and
numbers λ ∈ [0, 1] there exists a point x ∈ X satisfying the property

da(x) ≤ λda(u) + (1− λ)da(v) for all points a ∈ X.

Many metric spaces in practice are convex. In particular, any normed space X is
convex, since we can choose x = λu+ (1− λ)v. Furthermore, CAT(0) spaces, and,
more generally, Busemann spaces [23] are convex in this sense.

Theorem 3.4 (Strong duality) Suppose that the metric space (X, d) is convex.
Suppose that Assumption 3.1 holds. Then the optimal values of the problems (P)
and (D) are equal and finite, and (D) has an optimal solution. Furthermore, for any
optimal solution (x̄, ȳ) for (P) and w̄ for (D), the point x̄ is a p-mean of the set A,
with associated weight vector 1

〈e, w̄〉w̄.

Proof Define a function ψ : RA → R̄ by

ψ(u) = inf
y∈Y, x∈X

{〈c, y〉 : Gy − dpA(x) ≥ u}.

For any vector u ∈ RA, if Gy − dpA(x) ≥ u, then

0 ≤ 〈ŵ, Gy − dpA(x)− u〉 ≤ 〈c, y〉 − 〈ŵ, u〉,

so ψ(u) ≥ 〈ŵ, u〉 > −∞. On the other hand, for any vector u ∈ RA near b, we have
G(ŷ)− dpA(x̂) > u, and hence ψ(u) < +∞.

We claim that ψ is convex. To see this, consider any vectors ui ∈ RA, numbers
ri > ψ(ui), and weights λi > 0, for i = 1, 2, satisfying λ1 + λ2 = 1. Then there exist
points xi ∈ X and vectors yi ∈ Y satisfying

Gyi − dpA(xi) ≥ ui and ri > 〈c, yi〉 for i = 1, 2.
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Since X is convex, there exists a point x ∈ X satisfying

da(x) ≤ λ1da(x1) + λ2da(x2) for all points a ∈ A.

Set y = λ1y1 + λ2y2. Then

Gy−dpA(x)−b(λ1u1 +λ2u2) ≥ λ1(Gy1−dpA(x1)−u1) + λ2(Gy2−dpA(x2)−u2) ≥ 0

and
〈c, y〉 = λ1〈c, y1〉+ λ2〈c, y2〉 < λ1r1 + λ2r2,

so ψ(λ1u1 + λ2u2) < λ1r1 + λ2r2. Taking the infimum over r1 and r2 now shows the
convexity inequality: ψ(λ1u1 + λ2u2) ≤ λ1ψ(u1) + λ2ψ(u2).

Since the proper convex function ψ is finite near the vector b, it has a subgradient
there, which we denote w̄. By definition we have 〈w̄, u− b〉 ≤ ψ(u) − ψ(b) for all
u ∈ RA. Equivalently, for all points x ∈ X and vectors y ∈ Y and u ∈ RA satisfying
the inequality Gy−dpA(x) ≥ u, we have 〈w̄, u− b〉+ψ(b) ≤ 〈c, y〉. Making the change
of variable v = Gy − dpA(x)− u, we can rewrite this property as

〈w̄, v〉 ≥ 〈w̄, Gy − dpA(x)− b〉 − 〈c, y〉 + ψ(b)

for all x, y, and v ∈ RA
+. We deduce w̄ ≥ 0, G∗w̄ = c, and

〈b, w̄〉 + 〈w̄, dpA(x)〉 ≥ ψ(b) for all x ∈ X.

Thus the inequality 〈b, w̄〉+inf 〈w̄, dA〉 ≥ ψ(b) holds, so Proposition 3.3 implies both
the optimality of the vector w̄ for the problem (D) and the remaining claim. 2

4 Existence of primal solutions

We aim to prove, under reasonable conditions, that various notions of mean set
coincide. In our argument, geodesic metric spaces play a central role, so before
proceeding we review some standard definitions. We follow the terminology of [10].

In a metric space X, a geodesic segment is an image of a compact real interval
under an isometry into X. We say that X is a geodesic space if every two points are
joined by a geodesic segment. A function f : X→ R is convex when its compositions
with all such isometries are convex, and a set C ⊂ X is convex if C contains
all geodesic segments between points in C. A geodesic triangle ∆ in X consists
of three points along with the geodesic segments joining the three corresponding
pairs. A comparison triangle for ∆ is a Euclidean triangle with the same three side
lengths as ∆. A geodesic metric space is called CAT(0) if, in every geodesic triangle,
distances between points on its sides are no larger than corresponding distances in
a comparison triangle. A Hadamard space is a complete CAT(0) space: examples

11



include Hilbert spaces, and all complete, simply-connected Riemannian manifolds
with everywhere nonpositive sectional curvature. The convex hull of a set S in a
Hadamard space is the intersection of all the convex sets containing S, and the
closed convex hull is the closure of the convex hull.

Our proof of the equivalence of various notions of mean set will not rely on
the existence of solutions of the primal problem (P). Nonetheless, that existence
question is interesting in its own right, and to study it, we focus on geodesic spaces
(X, d) with two further properties. The first property is from [14].

Definition 4.1 A geodesic space (X, d) is reflexive if every descending sequence of
nonempty, bounded, closed, convex sets has nonempty intersection.

Examples include Hadamard spaces and reflexive Banach spaces. For the second
property, see [13].

Definition 4.2 Given any geodesic space (X, d), a conical bicombing is a map
σ : X × X × [0, 1] → X such that for each pair of points (x, y) ∈ X × X, the
function σ(x, y, ·) is a constant-speed geodesic from x to y (meaning that there
exists an isometry γ : [0, d(x, y)] → X satisfying γ(0) = x, γ

(
d(x, y)

)
= y, and

σ(x, y, t) = γ
(
td(x, y)

)
for all t ∈ [0, 1]), and the following property holds:

d
(
σ(x, y, t), σ(x′, y′, t)

)
≤ (1− t)d(x, x′) + td(y, y′) for all t ∈ [0, 1].

A conical bicombing selects, for each pair of points in the space X, a specific
geodesic between them, and guarantees, in particular, the convexity of all the dis-
tance functions da (for points a ∈ X) along that geodesic (as can be seen by setting
x′ = y′ = a in the definition). Thus, in particular, any geodesic space that has a
conical bicombing is a convex metric space. Any normed space has a conical bi-
combing, namely the map (x, y, t) 7→ (1 − t)x + ty. Busemann spaces (and hence
in particular CAT(0) spaces) have conical bicombings: indeed, a uniquely geodesic
space (X, d) is Busemann if and only if it has a conical bicombing [23].

The following result concerns reflexive geodesic spaces with a conical bicombing:
examples include all finite-dimensional normed spaces, all uniformly convex Banach
spaces, and all Hadamard spaces.

Theorem 4.3 Consider a reflexive geodesic space (X, d) with a conical bicombing.
If Assumption 3.1 holds, then the problem (P) has an optimal solution.

Proof By Theorem 3.4, the optimal value ν of the problem (P) is finite. For each
k = 1, 2, 3, . . ., define a closed halfspace

Hk =
{
y ∈ Y : 〈c, y〉 ≤ ν +

1

k

}
12



and let Fk denote the set of those points x ∈ X for which there exists a vector
y ∈ Hk satisfying dpA(x) ≤ Gy − b. By Assumption 3.1, such x satisfy

〈ŵ, dpA(x)〉 ≤ 〈ŵ, Gy − b〉 = 〈G∗ŵ, y〉− 〈ŵ, b〉 = 〈c, y〉− 〈ŵ, b〉 ≤ ν+
1

k
−〈ŵ, b〉,

so the sets Fk are all bounded. Clearly the sets Fk are also nonempty and decreasing.
The set G(Hk) − b −RA

+, being a polyhedron, is closed. Consequently, so is its
inverse image under the continuous map dpA, namely Fk.

For i = 1, 2, given any points xi ∈ Fk and weights λi ≥ 0 summing to one,
there exist vectors yi ∈ Y satisfying Gyi − b ≥ dpA(xi). The space X has a conical
bicombing, so there exists a constant-speed geodesic γ : [0, 1]→ X such that γ(0) =
x1 and γ(1) = x2, and such that the functions da ◦γ are convex for all points a ∈ A,
and hence so are the functions dpa ◦ γ. Writing λ1x1 + λ2x2 for the point γ(λ2), we
deduce

dpA(λ1x1 + λ2x2) ≤ λ1d
p
A(x1) + λ2d

p
A(x2) ≤ λ1(Gy1 − b) + λ2(Gy2 − b)

= G(λ1y1 + λ2y2)− b,

and so λ1x1 + λ2x2 ∈ Fk. We have proved that each set Fk is convex.
Since (X, d) is reflexive, there exists a point x̄ ∈ ∩kFk. Now consider the linear

program

(P*)


inf 〈c, y〉
subject to Gy − dpA(x̄) ≥ b

y ∈ Y.

Clearly the optimal value of (P*) is no smaller than ν. On the other hand, for each
k = 1, 2, 3, . . ., since x̄ ∈ Fk, there exists a vector yk ∈ Hk that is feasible for (P*),
so the optimal value of (P*) is no larger than ν + 1

k
, and hence equals ν. Let ȳ be

any optimal solution of (P*). Then (x̄, ȳ) is optimal for (P), as required. 2

5 Examples

Given a finite set A in a metric space (X, d), the optimization model (P) covers a
variety of interesting problems. Our main focus is the following special case.

Example 5.1 (intersecting balls) Given radii ra ≥ 0 corresponding to each point
a ∈ A, we ask whether the corresponding closed balls Bra(a) have empty intersec-
tion. We can express this question via a problem of the form (P).

Fix any exponent p ≥ 1. For the vector r ∈ RA with components ra, interpret
the vector rp ∈ RA componentwise. Then the optimization problem

(P1)


inf y
subject to ye− dpA(x) ≥ − rp

x ∈ X, y ∈ R

13



has a feasible solution (x, y) with objective value y ≤ 0 if and only if

(5.2)
⋂
a∈A

Bra(a) 6= ∅.

The problem (P1) arises from problem (P) by choosing the space Y = R, the
vectors c = 1 and b = −rp, and defining the map G by Gy = ye for numbers y ∈ R.
Assumption 3.1 holds, since we can choose the vector ŵ = 1

|A|e, select any point

x̂ ∈ X, and then choose any number ŷ > maxa{dpa(x̂)− rpa}.
The dual problem is

(D1) sup
w∈∆A

{inf 〈w, dpA〉 − 〈w, rp〉}.

In the special case p = 2, we can rewrite using the variance function:

sup
w∈∆A

{vA(w)− 〈w, r2〉}.

Suppose that the metric space (X, d) is convex. Then, by Theorem 3.4, the optimal
values of the problems (P1) and (D1) are equal and finite, and (D1) has an optimal
solution. Furthermore, for any optimal solution (x̄, ȳ) for (P1) and w̄ for (D1), the
point x̄ is a p-mean for the set A, with associated weight vector w̄.

Assuming further that (X, d) is a reflexive geodesic space with a conical bicomb-
ing, or in particular a Hadamard space, then the problem (P1) also must have an
optimal solution (x̄, ȳ). Any such solution determines the answer to our original
question: ȳ ≤ 0 if and only if equation (5.2) holds.

Two special cases of Example 5.1 are especially interesting. The first is particu-
larly simple.

Example 5.3 (circumcenters) A point x̄ ∈ X is a circumcenter for the set A if
and only if the pair

(
x̄,maxa d

p
a(x̄)

)
is an optimal solution of the problem (P1) in the

case r = 0. Consequently, in convex metric spaces, circumcenters must be p-means.
In reflexive geodesic spaces with conical bicombings, we also deduce the well-known
result that circumcenters must exist [5, Example 2.2.18].

The second special case of Example 5.1 is central to our development.

Example 5.4 (A-minimal points) A point x̄ ∈ X is A-minimal if and only if
the pair (x̄, 0) is an optimal solution of the problem (P1) in the case r = dA(x̄).
Consequently, in a convex metric space, A-minimal points must be p-means. In the
special case p = 2, the dual problem is

(5.5) sup
w∈∆A

{vA(w)− 〈w, d2
A(x̄)〉}.

14



The model (P) also covers some interesting problems not of the form (P1).

Example 5.6 (p-means) Given a nonzero weight vector w∗ ∈ RA
+, a point x̄ ∈ X

is a corresponding p-mean if and only if the pair
(
x̄, dpA(x̄)

)
is an optimal solution

of the problem 
inf 〈w∗, y〉
subject to y − dpA(x) ≥ 0

x ∈ X, y ∈ RA.

This corresponds to the problem (P) for the space Y = RA, the vectors c = w∗ and
b = 0, and the map G equal to the identity. Assumption 3.1 holds, for any point
x̂ ∈ X, any vector ŷ > dpA(x̂), and ŵ = w∗. The dual problem is trivial:

sup
w=w∗

inf 〈w, dpA〉.

Example 5.7 (projection onto intersecting balls) Given a point h ∈ X, a fi-
nite set Ā ⊂ X, and a vector r ∈ RĀ

+ whose components are radii of the closed balls
Bra(a) centered at each point a ∈ Ā, a point x̄ ∈ X is a nearest point to the point
h in the set ⋂

a∈Ā

Bra(a)

if and only if the pair
(
x̄, dph(x̄)

)
) is an optimal solution of the problem

inf y
subject to y − dph(x) ≥ 0

− dp
Ā

(x) ≥ − rp
y ∈ R, x ∈ X.

This corresponds to the problem (P), for the set A = {h}∪ Ā, the space Y = R, the
vectors c = 1 and b = (0,−rp), and the map G defined by Gy = (y, 0) ∈ R ×RĀ.
Assumption 3.1 holds, providing that there exists a point x̂ satisfying dĀ(x̂) < r, by
setting any number ŷ > dph(x̂), and choosing ŵ = (1, 0) ∈ R×RĀ.

6 Means in Hadamard spaces

Our principal focus in this work is to compare the various notions of weighted
averages that we have discussed in the particular case of Hadamard spaces. We
begin with the following observation.

Theorem 6.1 Consider a Hadamard space X (or, more generally, a convex metric
space). For any nonempty finite set A ⊂ X, the set of medians, barycenters, and
more generally of p-means (for any exponent p ≥ 1) all coincide with the set of
A-minimal points. In particular, we have

mean(A) = minimal(A).
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Proof This follows from Proposition 2.7, Theorem 3.4, and Example 5.4. 2

Definition 6.2 For any finite subset A of a metric space X, the barycenter map
ΦA : ∆A →→ X is defined by

ΦA(w) = argmin〈w, d2
A〉 (w ∈ ∆A).

The following theorem collects facts from [24, Propositions 4.3, 4.4, and 6.1, and
Theorem 6.3].

Theorem 6.3 For any finite subset A of a Hadamard space, the barycenter map
ΦA is single-valued and continuous on the simplex ∆A, with range contained in the
closed convex hull of A. For any weight vector w ∈ ∆A, the corresponding barycenter
x̄ = ΦA(w) satisfies the inequality

(6.4) 〈w, d2
A(x)− d2

A(x̄)〉 ≥ d2(x, x̄) for all points x ∈ X.

Corollary 6.5 Consider any finite subset A of a Hadamard space. The mean set
is a nonempty, compact, path-connected subset of the closed convex hull of A, and it
coincides with the set of strongly A-minimal points and the set of A-Pareto points.
In particular, we have

mean(A) = minimal(A) ⊂ cl conv(A).

Proof Consider the following four properties of a point x̄:

(i) x̄ ∈ mean(A)

(ii) x̄ is strongly A-minimal

(iii) x̄ is A-Pareto

(iv) x̄ ∈ minimal(A)

Property (i) states that there exists a weight vector w ∈ ∆A satisfying x̄ = ΦA(w).
If property (ii) fails, then there exists a point x 6= x̄ satisfying dA(x) ≤ dA(x̄), and
hence 〈w, d2

A(x)− d2
A(x̄)〉 ≤ 0, contradicting inequality (6.4). We have proved the

implication (i) ⇒ (ii). The implications (ii) ⇒ (iii) ⇒ (iv) are immediate, and the
implication (iv) ⇒ (i) follows from Theorem 6.1. The four properties are therefore
equivalent. The remainder of the result now follows from Theorem 6.3, since ∆A is
nonempty, compact and path-connected. 2

We deduce a standard property of Hadamard spaces.
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Corollary 6.6 The mean set of any two points in a Hadamard space coincides with
their convex hull, namely the geodesic segment joining them.

Comparing Corollary 6.5 with the special case of Hilbert space described in
Proposition 2.12, we see two significant distinctions. First, unlike in Hilbert space,
Corollary 6.5 only claims a one-sided relationship between mean sets and closed
convex hulls. Indeed, although equality holds for sets of two points (Corollary 6.6),
three points in a Hadamard space may have a mean set that is much smaller than
their convex hull. In a CAT(0) cubical complex, [21] presents an example of a set
A of three points whose convex hull contains a three-dimensional ball, and indeed
we discuss a similar example in Section 10. On the other hand, for any set A of
cardinality k, since the simplex ∆A is a (k − 1)-dimensional semi-algebraic set, and
the barycenter map ΦA in the proof of Theorem 6.5 is semi-algebraic, the mean set,
which is the range ΦA(∆A), can have dimension at most k − 1. The example in
Section 10 illustrates this behavior in the case k = 3. A similar argument applied
to an example of [8] shows the same phenomenon in a Hadamard manifold.

The second distinction is the absence of any analogue in Corollary 6.5 of the
angle condition, property (vii), in Proposition 2.12. We remedy that as follows. We
refer to angles in the sense of Alexandrov [10, Definition I.1.12].

Definition 6.7 Given a finite set A in a Hadamard space X, a point x̄ ∈ X is
A-balanced if either x̄ ∈ A or x̄ 6∈ A and for every point y 6= x̄ in X there is point
a ∈ A such that the angle ∠yx̄a is at least π

2
.

The inclusion, in Proposition 2.12, of property (vii) in the list of equivalences is then
captured by the following result.

Proposition 6.8 (Recognizing means by angles) Given a nonempty finite
subset A of a Hadamard space X, a point x̄ ∈ X is A-minimal if and only if it
is A-balanced.

Proof For points y 6= x̄ 6= a in X, the first variation formula [11, Corollary 4.5.7]
states

(6.9)
1

t

(
da
(
(1− t)x̄+ ty

)
− da(x̄)

)
↓ − d(x̄, y) cos∠yx̄a as t ↓ 0.

By definition, for any point x̄ 6∈ minimal(A), there exists a point y ∈ X satisfying
da(y) < da(x̄) for all points a ∈ A, so the property (6.9) shows ∠yx̄a < π

2
, completing

the proof in one direction.
Conversely, consider any point x̄ ∈ minimal(A) and any point y 6= x̄ in X.

Consider any sequence (tr) in the interval (0, 1) decreasing to 0. By definition, for
each r = 1, 2, 3, . . ., there exists a point ar ∈ A satisfying dar

(
(1−tr)x̄+try

)
≥ dar(x̄).

Since A is finite, after taking a subsequence we can suppose that there is a point
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a ∈ A such that da
(
(1 − tr)x̄ + try

)
≥ da(x̄) for all r = 1, 2, 3, . . .. Formula (6.9)

now implies ∠yx̄a ≥ π
2
, as required. 2

Given a finite set A in a metric space X, we can summarize the relationship
between the various properties that we have defined for a point in X as follows.

median of A

⇐= ⇐⇒ (if X is convex)

A-balanced ⇐⇒ barycenter of A =⇒ A-minimal

w� (if X is Hadamard)
~� ~w

in cl conv(A) ⇐= strongly A-minimal =⇒ A-Pareto

7 The mean deficit

We introduce the following definition. For any value α ∈ R, we denote the positive
part max{α, 0} by α+.

Definition 7.1 Given a nonempty finite set A in a Hadamard space, the mean
deficit function on the complement Ac is defined by

(7.2) defA(x) =
(

sup
y 6=x

min
a∈A
{da(x) cos∠axy}

)+

(x 6∈ A).

The positive part is important to rule out negative values. Consider, for example,
the case A = {1,−1} ⊂ R = X and the point x = 0.

Proposition 7.3 (Euclidean mean deficit) The mean deficit for a nonempty fi-
nite set A in a Euclidean space is given by

defA(x) = dist(x, convA) (x 6∈ A).
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Proof If defA(x) > 0, then the von Neumann minimax theorem implies

0 < defA(x) = sup
y 6=x

min
a∈A
{|a− x| cos∠axy} = sup

|y−x|=1

min
a∈A
{|a− x| cos∠axy}

= sup
|y−x|=1

min
a∈A
〈a− x, y − x〉 = max

|u|=1
min
a∈A
〈a− x, u〉

= max
|u|≤1

min
a∈A
〈a− x, u〉 = max

|u|≤1
min

a∈convA
〈a− x, u〉

= min
a∈convA

max
|u|≤1
〈a− x, u〉 = min

a∈convA
|a− x|,

as required. On the other hand, if defA(x) = 0, then x ∈ convA, by Proposition 2.12,
completing the proof. 2

With this terminology, we can restate Proposition 6.8 as follows.

Corollary 7.4 Given a nonempty finite subset A of a Hadamard space X, a point
x 6∈ A is A-minimal if and only if defA(x) = 0.

Given a point x̄ ∈ X, we again consider the test function: the convex function
fA,x̄ : X→ R defined by

fA,x̄(x) =
1

2
max
a∈A
{d2

a(x)− d2
a(x̄)} (x ∈ X).

The test function and the mean deficit are closely related through the idea of the
metric slope. For any metric space (X, d), function f : X → R̄, and point x̄ ∈ X
where the value f(x̄) is finite, the slope |∇f |(x̄) is the quantity

lim sup
x→x̄

f(x̄)− f(x)

d(x̄, x)
,

unless x̄ minimizes f locally, in which case the slope is zero. When f is convex, the
slope is zero if and only if x̄ minimizes f , so as a consequence of Theorem 6.1 and
Proposition 2.4, we have the following result.

Corollary 7.5 Consider a Hadamard space X and a nonempty finite set A ⊂ X.
A point x̄ ∈ X lies in the mean set for A if and only if the slope of the test function
satisfies |∇fA,x̄|(x̄) = 0.

As we now show, under reasonable conditions, the slope of the test function is
determined by the mean deficit.

Theorem 7.6 (Test function slope) Consider a Hadamard space X, a nonempty
finite set A ⊂ X, and a point x̄ 6∈ A. The slope of the test function always satisfies
the inequality

(7.7) |∇fA,x̄|(x̄) ≥ defA(x̄).

If X is locally compact, with the geodesic extension property, then equality holds, and
furthermore the supremum in definition (7.2) of the mean deficit defA(x̄) is attained.
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Proof To simplify notation, we write f for the test function fA,x̄. Consider any
point y 6= x̄. For t ∈ [0, 1], denote the convex combination (1− t)x̄+ ty by xt.

The slope satisfies

|∇f |(x̄) ≥ lim sup
1≥t↓0

f(x̄)− f(xt)

d(x̄, xt)
= lim sup

1≥t↓0

−f(xt)

td(x̄, y)

Choose any sequence tr ∈ (0, 1) decreasing to 0, and any corresponding sequence
of points ar ∈ A such that f(xtr) = d2

ar(xtr) − d2
ar(x̄) for all r. After taking a

subsequence, we can suppose there exists a point a ∈ A satisfying ar = a for all r.
We deduce, using the first variation formula, the inequalities

|∇f |(x̄) ≥ lim sup
r→∞

−f(xtr)

trd(x̄, y)
=

1

2
lim sup
r→∞

d2
a(x̄)− d2

a(xtr)

trd(x̄, y)

=
1

2
lim sup
r→∞

(
da(x̄)− da(xtr)

)(
da(x̄) + da(xtr)

)
trd(x̄, y)

= da(x̄) cos∠ax̄y ≥ min
a∈A
{da(x̄) cos∠ax̄y}.

Since y 6= x̄ was arbitrary, we have proved

|∇f |(x̄) ≥ sup
y 6=x̄

min
a∈A
{da(x̄) cos∠ax̄y}.

Since |∇f |(x̄) ≥ 0, we have proved inequality (7.7).
If the point x̄ minimizes the test function f , then the slope |∇f |(x̄) is zero. On

the other hand, Proposition 6.8 implies defA(x̄) = 0, so inequality (7.7) holds with
equality. Assume now, therefore, that x̄ does not minimize the test function f . By
convexity, x̄ is not a local minimizer of f . Therefore there exists a sequence of points
xr → x̄ in X satisfying 0 < d(x̄, xr) < 1 for each r = 1, 2, 3, . . ., and

f(x̄)− f(xr)

d(x̄, xr)
→ |∇f |(x̄).

Henceforth, suppose that the Hadamard space X is locally compact, and has the
geodesic extension property. For each r = 1, 2, 3, . . ., there exists a point yr ∈ X
satisfying d(x̄, yr) = 1 such that setting tr = d(x̄, xr) gives xr = (1 − tr)x̄ + tryr.
Since tr → 0, we therefore have

1

tr
min
a∈A
{d2

a(x̄)− d2
a(xr)} → |∇f |(x̄).

By local compactness, after taking a subsequence, we can suppose that the points
yr converge to some point y ∈ X, which must therefore satisfy d(x̄, y) = 1.
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Consider any point a ∈ A. We must have

|∇f |(x̄) ≤ 1

2
lim inf
r→∞

1

tr
{d2

a(x̄)− d2
a(xr)} = da(x̄) lim inf

r→∞

1

tr
{da(x̄)− da(xr)}.

Define points x′r = (1− tr)x̄+ try for each r = 1, 2, 3, . . .. Since the distance function
da is 1-Lipschitz, and the metric d is jointly convex [10, Proposition II.3.3], we have

1

tr
|da(xr) − da(x

′
r)| ≤

1

tr
d(xr, x

′
r) ≤ d(yr, y) → 0,

so using the first variation formula again shows

|∇f |(x̄) ≤ da(x̄) lim inf
r→∞

1

tr
{da(x̄)− da

(
(1− tr)x̄+ try

)
} = da(x̄) cos∠ax̄y.

Since a was arbitrary, we have proved

|∇f |(x̄) ≤ min
a∈A

da(x̄) cos∠ax̄y.

We conclude that in fact

|∇f |(x̄) = sup
y 6=x̄

min
a∈A

da(x̄) cos∠ax̄y,

and the supremum is attained.
To prove that the supremum is attained in full generality, we note, using the

geodesic extension property, that we can restrict attention in the definition (7.2) of
the mean deficit to points y ∈ X satisfying d(x̄, y) = 1. By local compactness, this
set is compact, and the angle ∠ax̄y depends continuously on the point y, by [10,
Proposition II.2.2], so attainment follows. 2

Notice that Proposition 7.3 fails in non-Euclidean settings: the mean deficit may
not equal the distance to either the convex hull or the mean set, and may fail to be
continuous, as the following example shows.

Example 7.8 The tripod is the Hadamard space consisting of three copies of the
half-line R+ glued together at the common point 0. Consider the set A consisting of
two points, each on distinct half-lines at unit distance from 0. For any value t > 0,
consider the point xt on the third half-line at a distance t from 0. Then we have
defA(xt) = 1 + t for all t > 0 and xt → 0, but defA(0) = 0.

Proposition 7.9 (Mean deficit level sets) Consider a Hadamard space X and
a nonempty finite set A ⊂ X. The mean deficit defA is lower semicontinuous
throughout the complement Ac. For all κ ≥ 0, the set

(7.10) A ∪ {x 6∈ A : defA(x) ≤ κ}

is closed and bounded.
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Proof Consider any value κ ≥ 0 and any sequence xr → x̄ 6∈ A satisfying
defA(xr) ≤ κ for all r = 1, 2, 3, . . .. Fix any point y 6= x̄. After taking a subse-
quence, we can suppose, for each r, we have y 6= xr, and hence

min
a∈A

da(xr) cos∠axry ≤ κ.

Choose ar ∈ A attaining this minimum. After taking a further subsequence, we can
suppose that some point ā ∈ A satisfies ar = ā for all r, so dā(xr) cos∠āxry ≤ κ
for all r. The function x 7→ ∠āxy is upper semicontinuous at the point x̄, by [10,
Proposition II.3.3], so x 7→ cos∠āxy is lower semicontinuous, and hence we deduce

min
a∈A

da(x̄) cos∠ax̄y ≤ dā(x̄) cos∠āx̄y ≤ κ.

Since y was arbitrary, we deduce defA(x̄) ≤ κ, proving lower semicontinuity.
We deduce that the set (7.10) is closed, so it remains only to prove that it is

bounded. Suppose, by way of contradiction, that it contains an unbounded sequence
(xr). Fix any point y ∈ X. After taking a subsequence, we can suppose y 6= xr 6∈ A
for all r = 1, 2, 3, . . .. Choose ar ∈ A so that a = ar attains mina da(xr) cos∠axry.
After taking a further subsequence, we can suppose that, for all r, some point a ∈ A
satisfies ar = a, and so da(xr) cos∠axry ≤ κ. By the law of cosines, we have

2d(xr, y)
(
d(xr, y)− d(a, y)

)
=

(
d(xr, y)− d(a, y)

)2
+ d2(xr, y)− d2(a, y)

≤ d2(xr, a) + d2(xr, y)− d2(a, y) ≤ 2κd(xr, y).

We deduce d(xr, y)− d(a, y) ≤ κ, contradicting the unboundedness of (xr). 2

The mean deficit satisfies the following proximity property for the mean set.

Proposition 7.11 (Mean deficit and proximity to the mean set) Consider
a nonempty finite subset A of a locally compact Hadamard space X. For any sequence
(xr) in the complement Ac, we have

defA(xr)→ 0 ⇒ dist
(
xr,mean(A)

)
→ 0.

Proof Consider a sequence (xr) satisfying the first property but not the second.
By Proposition 7.9, (xr) is bounded, and furthermore, there exists a value ε > 0
and a subsequence R of the positive integers such that dist

(
xr,mean(A)

)
≥ ε for all

r ∈ R. By local compactness, there exists a further subsequence R′ ⊂ R such that
xr converges to some limit x̄ as r → ∞ in R′. By lower semicontinuity we deduce
defA(x̄) = 0. Proposition 7.4 now shows x̄ ∈ mean(A), so d(xr, x̄) ≥ ε for all r ∈ R′,
which is a contradiction. 2

Example 7.8 shows that the converse implication in Proposition 7.11 can fail.
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The mean deficit and the tangent cone

For a point x in the Hadamard space X, Definition 7.1 for the mean deficit associated
with a set A ⊂ X concerns only the distances da(x) for each point a ∈ A and
the angles between the geodesic segments [x, a] and other geodesics from x. It is
therefore illuminating to view it in terms of the tangent cone for X at x, written
TxX. For a summary of the construction of the tangent cone, see [10, Section II.3]
and [20]. Elements of the tangent cone are pairs ([γ], r), where γ is a geodesic with
origin x and [γ] denotes the equivalence class of geodesics subtending with γ an
angle zero at x, and r ≥ 0 is a scalar. On this metric cone is defined the following
scalar product: 〈([γ], r), ([γ′], r′)〉 = rr′ cos∠(γ, γ′).

We can now rewrite the definition of the mean deficit using the terminology of
tangent cones. The resulting formulation is as follows:

defA(x) =
(

sup
v=([γ],1)∈TxX

min
a∈A

〈
v ,
([

[x, a]
]
, da(x)

)〉)+

(x 6∈ A).

This reformulation is just a change of language, emphasizing the local nature of
the idea at the point x. However, in several interesting cases in practice we can use
this formulation to compute the mean deficit, because the tangent cone is isometric
to a Euclidean space. This occurs, for example, when the space X is a Hadamard
manifold, in which case the tangent cone reduces to the traditional tangent space at
x. Another particularly interesting example for us is when the space X is a CAT(0)
cubical complex and the point x lies in the relative interior of a maximal cell.

Mimicking precisely the proof of Proposition 7.3, we arrive at the following result.

Theorem 7.12 (Tangent criterion) Consider a Hadamard space X and a non-
empty finite set A ⊂ X. At any point x 6∈ A at which the tangent cone TxX is
isometric to a Euclidean space, the mean deficit is the length of the shortest convex
combination in TxX of the vectors([

[x, a]
]
, da(x)

)
for a ∈ A.

Corollary 7.13 (Mean deficits in Hadamard manifolds) For any nonempty
finite set A in a Hadamard manifold X, the mean deficit at any point x 6∈ A is the
length of the shortest convex combination in the tangent space TxX of the vectors
Logx(a) for a ∈ A.

8 Computing the mean set in Hadamard spaces

Given a finite set A in a Hadamard space (X, d), we seek to model its mean set
computationally. We introduce the following problems, for a given point x̄ ∈ X:

23



decide whether or not x̄ ∈ mean(A);

certify the property x̄ ∈ mean(A) or the property x̄ 6∈ mean(A);

compare x̄ with other approximate mean points for A.

Strictly speaking, we should refer to certifying x̄ 6∈ minimal(A), but in Hadamard
space we know that the two sets mean(A) and minimal(A) coincide, so for simplicity
we make no distinction.

The three questions are all straightforward in Hilbert space, as described in
Proposition 2.12. Recognition and certification are also straightforward when the
Hadamard space X is a manifold, as we outline in the following example.

Example 8.1 (Hadamard manifolds) Consider a finite subset A of a Hadamard
manifold (X, d), and a point x̄ ∈ X. In the tangent space Tx̄X, we first compute
the differentials of the smooth maps d2

a at x̄:

D(d2
a)(x̄) = − 2Logx̄(a) ∈ Tx̄X.

By convexity, the certificate property (2.6) is equivalent to

(8.2) w ∈ ∆A and
∑
a∈A

waLogx̄(a) = 0.

Thus x̄ lies in the mean set if and only if zero lies in the convex hull of the tangent
vectors Logx̄(a) (for a ∈ A), as we knew, less directly, from Corollary 7.13: the
length of the shortest convex combination of the tangent vectors is the mean deficit.
One approach to the decision and certification questions is to check feasibility of the
system (8.2) via linear programming. We either find a solution w to the linear pro-
gram, which satisfies the certificate property (2.6), or, via a separating hyperplane,
find a tangent vector z ∈ Tx̄X satisfying 〈Logx̄(a), z〉 > 0 for all a ∈ A, in which
case the point x = Expx̄(tz) satisfies the certificate property (2.2) for all small t > 0.

In more general Hadamard spaces, Proposition 6.8 allows us to recognize whether
or not a point x̄ lies in the mean set for a finite set A via angles to geodesics between
x̄ and points in A. We can therefore “contract” the set A towards x̄ without affecting
the answer to the decision question, as described in the following result.

Corollary 8.3 Consider a finite subset A of a Hadamard space X and a point
x̄ 6∈ A. Corresponding to each point a ∈ A, consider any point xa on the geodesic
segment (x̄, a]. Then x̄ lies in the mean set for A if and only if x̄ lies in the mean
set for the set {xa : a ∈ A}.

With the terminology of certificates, we can refine Corollary 8.3 as follows.
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Theorem 8.4 (Certifying means from contractions) Consider a finite subset
A of a Hadamard space X and a point x̄ 6∈ A. Corresponding to each point a ∈ A,
suppose 0 < ta ≤ 1, and consider another subset of X, defined by

A′ = {taa+ (1− ta)x̄ : a ∈ A}.

If a vector w ∈ RA certifies the property x̄ ∈ mean(A′), then the vector with com-
ponents tawa∑

a tawa
(for a ∈ A) certifies the property x̄ ∈ mean(A). On the other hand,

if a point x ∈ X certifies the property x̄ 6∈ mean(A′), then for all sufficiently small
t > 0, the point tx+ (1− t)x̄ certifies the property x̄ 6∈ mean(A).

Proof If the vector w ∈ ∆A certifies the property x̄ ∈ mean(A′), then by definition
the point x̄ is the corresponding barycenter for the set A′ , so Theorem 6.3 and the
CAT(0) inequality imply

0 ≤
∑
a∈A

wa
(
d2(x, taa+ (1− ta)x̄)− d2(x̄, taa+ (1− ta)x̄)− d2(x, x̄)

)
=

∑
a∈A

wa
(
d2(x, taa+ (1− ta)x̄)− t2ad2(x̄, a)− d2(x, x̄)

)
≤

∑
a∈A

wa
(
tad

2(x, a) + (1−ta)d(x, x̄)− ta(1−ta)d2(x̄, a)− t2ad2(x̄, a)− d2(x, x̄)
)

=
∑
a∈A

wata
(
d2(x, a)− d2(x̄, a)− d2(x, x̄)

)
.

The first claim follows.
Now suppose that a point x ∈ X certifies the property x̄ 6∈ mean(A′). For

each point a ∈ A define the corresponding point â = taa + (1 − ta)x̄, so we have
d(x, â) < d(x̄, â). By the first variation formula, as t ∈ (0, 1] decreases to 0 we have

0 >
1

t

(
dâ
(
(1− t)x̄+ tx

)
− dâ(x̄)

)
↓ −d(x̄, x) cos∠xx̄â and

1

t

(
da
(
(1− t)x̄+ tx

)
− da(x̄)

)
↓ −d(x̄, x) cos∠xx̄a.

The two right-hand sides are equal, so for all small t > 0 we have our desired result:
da
(
(1− t)x̄+ tx

)
< da(x̄) for all a ∈ A. 2

Our fundamental tool for deciding, with certification, whether or not a point x̄
lies in the mean set for a finite set A in a Hadamard space X is Proposition 2.4:
x̄ ∈ mean(A) if and only if it x̄ minimizes the test function fA,x̄. Example 5.4 shows
that, if x̄ ∈ mean(A), then that property is certified by an optimal solution of the
dual problem (5.5), whereas if x̄ 6∈ mean(A), then that property is certified by any
point x satisfying fA,x̄(x) < 0. When X is a Hilbert space, Proposition 2.12 shows
that the minimizer of the test function is even the nearest point in the mean set.
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Typically, however, minimizing the test function does not produce the nearest
point in the mean set, as the following example shows.

Example 8.5 (Nearest mean in a Hadamard space) In the Hadamard space
{x ∈ R2 : min{x1, x2} ≤ 0}, with the intrinsic metric induced by geodesics with
respect to the Euclidean norm, consider the set A = {(0, 1) , (

√
3, 0)} and the point

x̄ = (0,−1). The convex hull of A is just the geodesic segment between its two
points, which is the union of the segments [(0, 1) , (0, 0)] and [(0, 0) , (

√
3, 0)], and

this coincides with its mean set. The closest point to x̄ on this geodesic is the point
(0, 0). The function f is also minimized on this geodesic segment. Its value at the
point (t, 0), for 0 ≤ t ≤

√
3, is

1

2
max{(1 + t)2 − 4 , (

√
3− t)2 − 4},

which is minimized by t = 1
1+
√

3
. The corresponding point ( 1

1+
√

3
, 0) is not the closest

mean to x̄.

In general, the problem of estimating the distance in a Hadamard space X from
a point x̄ to the mean set for a finite subset A does not seem easy. Certificates for
the property x̄ 6∈ mean(A) do at least furnish easy lower bounds, as shown below.

Proposition 8.6 (Certified lower bound) For a finite subset A of a Hadamard
space (X, d), if some point x ∈ X certifies the property x̄ 6∈ mean(A), then the
distance from x̄ to the mean set for A is at least mina∈A{da(x̄)− da(x)}.

Proof For any point x′ ∈ X satisfying d(x̄, x′) < da(x̄)−da(x) for all points a ∈ A,
we have

da(x
′) ≥ da(x̄)− d(x̄, x′) > da(x)

so x′ lies outside the mean set. 2

However, this lower bound on the distance to the mean set may never be tight, for
any certificate. Consider the example A =

{
(0,−1) , (0, 1)

}
, in R2, and x̄ = (1, 0).

The lower bound never exceeds
√

2− 1, but the distance to the mean set is 1.
Trying to compute certificates or distance estimates by minimizing the test func-

tion is, in any case, not practical in general. Variants of the proximal point method
are valid in general Hadamard spaces [4], but computing proximal steps for the
test function seems challenging. More tractable is the dual problem (5.5), which
involves maximizing the concave dual objective over the Euclidean simplex. How-
ever, each dual objective evaluation requires a barycenter computation, for which
general-purpose algorithms converge only very slowly.

Since the problem of recognizing and certifying means in a general Hadamard
space seems hard, we now narrow our focus to one specific class. That class —
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CAT(0) cubical complexes — supports a more tractable approach to recognition
and certification, and furthermore allows us to compare the relative accuracy of
approximate mean points using the idea of mean discrepancy introduced in Section 7.

9 Means in CAT(0) cubical complexes

A CAT(0) cubical complex is a particular kind of Hadamard space (X, d) that con-
sists of a union of certain distinguished subsets called cells. Each cell C is the
isometric image of a corresponding cube Ĉ with sides of unit length in some corre-
sponding ambient Euclidean space: informally, we identify C and Ĉ. In particular,
the isometry transfers the convex-analytic structure of Ĉ onto C, thereby defining
the faces of C, and its relative interior, relint(C). Each face of a cell is also a
cell. Any two cells are either disjoint or are glued together along a unique com-
mon face. A cell is maximal if it is not contained in any strictly larger cell. The
metric d is just the intrinsic metric induced by the Euclidean distance on each cell.
The CAT(0) condition guaranteeing that a simply connected cubical complex is a
Hadamard space is verifiable locally by checking a certain combinatorial condition
at each vertex [15]. We start with a simple observation.

Proposition 9.1 Consider any cell C in a CAT(0) cubical complex X, and any
finite set A ⊂ C. Denote by E an ambient Euclidean space for C. Then the
following three subsets of C coincide.

• The convex hull in the Euclidean cube C ⊂ E of the set A ⊂ C.

• The closed convex hull in the space X of the set A ⊂ X.

• The mean set in the space X for the set A ⊂ X.

Corresponding to any weight vector w in the simplex ∆A, the barycenter of A in X
coincides with the barycenter of A in E, which is the convex combination

∑
a∈Awaa.

Proof Denote the three sets, in order, by convC(A), cl conv(A), and mean(A).
Corollary 6.5 implies mean(A) ⊂ cl conv(A). Since convC(A) is a closed convex set
in X that contains the set A, we deduce cl conv(A) ⊂ convC(A). To conclude that
the three sets coincide, it remains to prove convC(A) ⊂ mean(A).

Consider any weight vector w in the simplex ∆A. The corresponding barycenter
of A in the space E is the unique minimizer x̄ of the function f : E→ R defined by

f(x) =
∑
a∈A

wa|x− a|2 (x ∈ E),
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namely the convex combination
∑

a∈Awaa. On the other hand, the corresponding
barycenter of A in the space X is the unique minimizer x̂ of the function 〈w, d2

A〉,
and satisfies x̂ ∈ mean(A). Since we know mean(A) ⊂ C, we know x̂ ∈ C, so∑

a∈A

wad
2
a(x̂) = f(x̂) ≥ f(x̄) =

∑
a∈A

wad
2
a(x̄).

The uniqueness of x̂ implies x̂ = x̄, proving the final claim.
Any element of convC(A) is a barycenter of A in the space E, by Proposition 2.12,

and hence is also a barycenter of A in the space X, by the preceding argument, and
hence lies in mean(A). We have proved convC(A) ⊂ mean(A), as required. 2

Proposition 9.2 (Relative interiors of maximal cells) Consider any maximal
cell C in a CAT(0) cubical complex X, any point x in the relative interior of C.
Then for any point a ∈ X, the open geodesic segment (x, a) intersects C.

Proof As explained in [1], the geodesic [x, a] decomposes into a chain of nontrivial
geodesics [x, y1], [y1, y2], . . . . in corresponding cells Q1, Q2,. . . . The cells C and Q1

must share a common face F containing the point x. Since x lies in the relative
interior of C, we deduce F = C. Since the maximal cell C is therefore a face of Q1,
we must have C = Q1. We deduce (x, y1) ⊂ (x, a) ∩ C, completing the proof. 2

Given a point x̄ in the relative interior of a maximal cell C in a CAT(0) cubical
complex X, we can now describe a simple procedure for recognizing whether or not x̄
lies in the mean set for a finite set A ⊂ X. We first contract each point in A towards
x̄, until each new point lies in the cube C. We next reverse the contraction, but now
in an ambient Euclidean space E for C, arriving at a new set Â. By construction,
the corresponding geodesics in X and in E have identical initial segments in C.
We can therefore solve the Euclidean recognition problem, by projecting x̄ onto the
convex hull of Â, and use the answer to that Euclidean problem to solve the original
problem. We describe the idea more formally in the following result.

Theorem 9.3 (Certifying relative interior means) Consider any CAT(0) cu-
bical complex X, any finite set A ⊂ X, and any point x̄ 6∈ A. Suppose that x̄ lies in
the relative interior of a maximal cell C with ambient Euclidean space E. For each
point a ∈ A, if ta ∈ (0, 1] is sufficiently small, then the point xa = (1 − ta)x̄ + taa
lies in C. Given any such value ta, define the point za = x̄+ 1

ta
(xa− x̄) in E. Then

the mean deficit is given by

(9.4) defA(x̄) = min
{
|z − x̄| : z =

∑
a∈A

waza, z ∈ E, w ∈ ∆A
}
.

28



Consider any pair (ẑ, ŵ) ∈ E × ∆A attaining the minimum. If the mean deficit is
zero, then x̄ ∈ mean(A), and this property is certified by the vector ŵ. On the other
hand, if the mean deficit is strictly positive, then x̄ 6∈ mean(A), and this property is
certified by the point (1− t)x̄+ tẑ for all sufficiently small t > 0.

Proof The fact that the point xa lies in the cube C for all small ta > 0 follows
from Proposition 9.2. Fix a radius δ > 0 such that the ball {y ∈ X : d(x̄, y) < δ} is
contained in C. For each point y in this ball and each point a ∈ A, we have

da(x̄) = |x̄− za| and ∠ax̄y = ∠E zax̄y.

Consider the set in the Euclidean space E defined by A′ = {za : a ∈ A}. By
definition, we have

defA(x̄) =
(

sup
0<d(x̄,y)<δ

min
a∈A
{da(x̄) cos∠ax̄y}

)+

=
(

sup
0<|x̄−y|E<δ

min
a∈A
{|x̄− za|E cos∠Ezax̄y}

)+

= defA′(x̄).

Equation (9.4) now follows by Proposition 7.3.
Suppose defA(x̄) = 0. We then know defA′(x̄) = 0, so Proposition 7.3 implies

x̄ ∈ conv(A′), and hence

x̄ =
∑
a∈A

ŵaza =
∑
a∈A

ŵa

(
x̄+

1

ta
(xa − x̄)

)
.

Consider the subset of C defined by A′′ = {xa : a ∈ A}. The vector w ∈ ∆A with
components

wa =
1
ta
ŵa∑

a′
1
ta′
ŵa′

(a ∈ A)

certifies the property x̄ ∈ mean(A′′). Theorem 8.4 then implies that the vector ŵ
certifies the property x̄ ∈ mean(A).

Suppose defA(x̄) > 0. We then know defA′(x̄) > 0, so Proposition 7.3 implies
x̄ 6∈ conv(A′). By Proposition 2.12, we deduce

〈ẑ − x̄, xa − x̄〉 = ta〈ẑ − x̄, za − x̄〉 > 0 for all a ∈ A,

so for all small t > 0 we have

0 > |t(z̄ − x̄)|2 + 2〈t(z̄ − x̄), x̄− xa〉 =
∣∣((1− t)x̄+ tẑ

)
− xa

∣∣2 − |x̄− xa|2
= d2

xa

(
(1− t)x̄+ tẑ

)
− d2

xa(x̄).

This shows that the point (1− t)x̄+ tẑ certifies the property x̄ 6∈ mean(A′), so the
final claim follows by Theorem 8.4. 2
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Theorem 9.3 validates the following procedure. In the complex X, the procedure
only involves computing distances and midpoints; in the ambient Euclidean space
for the cube C, the procedure computes affine combinations of pairs of points, along
with a single projection problem onto a polytope at each iteration.

Algorithm 9.5 (Decide if x̄ ∈mean(A) in CAT(0) cubical complex X)
input: nonempty finite A ⊂ X, maximal cell C in X,
ambient Euclidean space E for C
point x̄ ∈ relint(C) \ A, tolerance ε ≥ 0
for a ∈ A do
da = d(a, x̄)
xa = a % initial point in direction of a
ta = 1 % initial proportion of distance to a
while xa 6∈ C do
xa = 1

2
xa + 1

2
x̄ % in X, move xa towards x̄

ta = 1
2
ta % new proportion: xa = (1− ta)x̄+ taa

end while
in E, define za = x̄+ 1

ta
(xa − x̄) % so xa = (1− ta)x̄+ taza in E

end for
choose (z, w) attaining % in E, project x̄ onto conv{za}

mean deficit = min
z∈E, w∈∆A

{
|z − x̄| : z =

∑
a∈A

waza

}
if mean deficit > ε then

for a ∈ A do
while z 6∈ C or d(z, a) ≥ da do

in E define z = 1
2
z + 1

2
x̄ % contract into C and closer to all a ∈ A

end while
end for
return “The point z certifies that the point x̄ lies outside the mean set.”

else
return “The point x̄ is an approximate barycenter, with weight vector w.”

end if

By convexity, for all points a ∈ A, the quantity

1

t

(
d
(
(1− t)x̄+ ta, a

)
− d(x̄, a)

)
is a nondecreasing function of t ∈ (0, 1]. In the case “mean deficit > ε”, after
completing the for loop, we have d(z, a) < d(x̄, a) for all a ∈ A, as required.

The mean deficit can help us explore the mean set computationally. We begin
with a simple two-dimensional illustration.
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Figure 3: Heat maps for the mean deficit of three-point sets {a, b, c} in CAT(0)
square complexes, illustrating Examples 9.6 and 9.7 respectively.

Example 9.6 (A mean set in a planar complex) Consider the CAT(0) cubi-
cal complex consisting of three squares in R2:

[0, 1]× [−1, 0] [−1, 0]× [−1, 0] [−1, 0]× [0, 1].

Simply connected square complexes like this trivially satisfy the combinatorial con-
dition [15] equivalent to the CAT(0) property. In this space, consider the set A
consisting of the three points

a = [1 0] b = [−1 0] c = [0 1].

The mean set and convex hull of A coincide, both consisting of the convex hull of
the Euclidean triangle 40bc along with the line segment [0, a]. We can verify this
observation computationally by repeated random trials, as follows. For each trial,
we randomly choose one of the three squares, C, sample a random point x̄ from a
uniform distribution on C, and then plot x̄ with a shade determined by its mean
deficit, calculated as in Algorithm 9.5: lighter shades indicate smaller mean deficits.
The first panel of Figure 3 is a typical illustration: the mean set is clearly apparent,
approximated by the lightly shaded region.

The next example involves a CAT(0) square complex embedded in R3.

Example 9.7 (Three points in a square complex) Consider the CAT(0) cubi-
cal complex consisting of five squares in R3:

[0, 1]× [−1, 0]× {0} [0, 1]× [0, 1]× {0} [−1, 0]× [0, 1]× {0}
[−1, 0]× {0} × [0, 1] {0} × [−1, 0]× [0, 1].

In this space, consider the set A consisting of the three points

a = [1 −1 0] b = [−1 1 0] c = [0 0 1].
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The geodesic [a, b] passes through the point 0 = [0 0 0]; the geodesic [b, c] passes
through the point d = [−1

2
0 0]; the geodesic [c.a] passes through the point

e = [0 − 1
2

0]. One can then verify formally that the mean set and convex hull of
A coincide, both consisting of the convex hulls of the four Euclidean triangles

40ae 40ec 40cd 40db.

Much the same process as described in Example 9.6 yields the mean deficit heat
map in the second panel of Figure 3. Once again, the mean set is clearly apparent,
approximated by the lightly shaded region.

10 A mean set in a CAT(0) cubical complex

We next consider in detail a simple example to illustrate the distinction between
the mean set and the convex hull. We consider a complex X consisting of two
maximal cells — a square S and a three-dimensional cube C — glued together
along a common edge E. It is easy to verify that this complex is CAT(0). We can
embed X isometrically in the ambient Euclidean space R3. For example, we can
make the identification

C = [0, 1]3, S = [−1, 0]× [0, 1]× {0}, E = {0} × [0, 1]× {0}.

In X, we consider a set A consisting of three points:

p = [1 0 0], q = [−1 0 0], r = [1 1 1].

The three geodesics comprising the corresponding triangle include two Euclidean
line segments: [p, q] (which passes through the point 0 = [0 0 0] and [r, p]). The
third geodesic, [q, r], is the union of two Euclidean line segments: [q, s] in S and
[s, r] in C, for a point s on the edge E. It is easy to verify s = [0 (

√
2− 1) 0]. We

illustrate the complex and triangle in the first panel of Figure 4.
The convex hull of the set A contains the points 0 and s, and hence must also

contain the Euclidean triangle 0qs in the square S and the Euclidean simplex with
vertices 0, p, r, and s in the cube C. It is not hard to verify that the union of this
triangle and simplex is convex in the complex X, and hence is the (closed) convex
hull of A. Worth noting is that the convex hull of the three points in A, illustrated
in the second panel of Figure 4, contains a three-dimensional Euclidean ball.

The mean set for A is a subset of the convex hull, by Corollary 6.5, but is
strictly smaller. To identify it, we can appeal to Theorem 9.3. That result shows in
particular that, in the square S, any point in the relative interior of the Euclidean
triangle 0qs must belong to mean(A). Since mean(A) is closed, it must therefore
contain the whole triangle 0qs.
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Figure 4: The first panel shows a geodesic triangle with vertices p, q, r in a CAT(0)
cubical complex. The second panel shows the convex hull of p, q, r, which contains
the three-dimensional simplex with vertices p, 0, s, r.

Figure 5: The first panel shows the mean set of three points, p, q, r, in a CAT(0)
cubical complex in R3, a two-dimensional semi-algebraic surface. The second panel
plots those randomly sampled points in the complex with mean deficit less than 1

10
.
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Consider next any point c = [x y z] in the relative interior of the cube C. The
geodesic [c, q] crosses the common edge E at the point

g =
[
0

y

1 +
√
x2 + z2

0
]
.

By Theorem 9.3, c ∈ mean(A) holds if and only if c is a convex combination of the
points p, r, g in the cube C. In that case, the vectors p− c, r− c, and g− c must be
coplanar, so

0 = det

 x− 1 y z
x− 1 y − 1 z − 1
x y − y

1+
√
x2+z2

z

 = det

 x− 1 y z
0 −1 −1
1 − y

1+
√
x2+z2

0


= z − y +

y(1− x)

1 +
√
x2 + z2

.

For x > 0, solving gives y as a function of x and z:

(10.1) y =
z(1 +

√
x2 + z2)

x+
√
x2 + z2

.

Each point [x y z] in the relative interior of the simplex with vertices p, 0, s, r satisfies
0 < z < x < 1. On the domain {(x, z) : 0 < z < x < 1}, equation (10.1) describes
an algebraic function, whose graph, a two-dimensional algebraic surface, we can now
verify is contained in mean(A). Its closure is the intersection of mean(A) with C.

We sketch the mean set for A in the first panel of Figure 5. To be concrete, we
consider some specific points. The points[

4t
1

3
(1 + 5t) 3t

]
for 0 < t <

1

4

all lie in the graph of the function (10.1) and hence in mean(A). On the other hand,
the point [1

2
1
3

1
4
], which lies in the convex hull of A, does not satisfy equation (10.1)

so lies outside mean(A).
The second panel of Figure 5 explores the same mean set using Algorithm 9.5.

Specifically, we sample random points x̄ from uniform distributions on the square S
and the cube C, and run Algorithm 9.5 with tolerance ε = 1

10
to decide whether or

not to plot x̄ is an approximate weighted mean.

11 Cell boundaries in CAT(0) cubical complexes

We again consider a finite set A in a CAT(0) cubical complex X. We seek to decide
whether or not a point x̄ ∈ X belongs to the mean set for A, and to certify the
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answer. Section 9 described a procedure for resolving this question when x̄ lies in
the relative interior of a maximal cell. Here we answer the general question, using
semidefinite programming. To describe the algorithm, we first observe how to con-
struct semidefinite representations for directional derivatives of distance functions.

In the complex X, consider any cell C containing the point x̄. We can suppose
that C is embedded in a Euclidean space EC . Given any point a ∈ X, define a
convex function da,C : EC → R by

da,C(y) =

{
da(y) (y ∈ C)
+∞ (y 6∈ C).

We can compute the geodesic [x̄, a] in polynomial time [18], expressing it as a finite
sequence of nontrivial segments, each confined in a single cell in the complex. Denote
the initial segment by [x̄, xa], and the cell containing it by Qa.

For any direction u in the tangent cone TC(x̄) (a polyhedral cone in EC), the
directional derivative d′a,C(x̄;u) is the rate of increase of the distance function da as
we move from the point x̄ in the cube C in the direction u. By the first Variation
formula, that rate of change is the product of the norm of u with the negative cosine
of the angle at x̄ that the geodesic [x̄, x̄+ εu] (for any small ε > 0) makes with the
geodesic [x̄, a], or equivalently, with the geodesic [x̄, xa]. Consequently we have

d′a,C(x̄;u) = d′xa,C(x̄;u) for all u ∈ EC ,

both sides being +∞ for u 6∈ TC(x̄).
The cells C and Qa have a unique common face Fa, and for any point y in the

cell C, since the geodesic [xa, y] must pass through Fa, we have

d(xa, y) = min
x∈Fa

{|xa − x|Qa + |x− y|C},

where | · |Qa and | · |C denote the Euclidean distances in the cells Qa and C respec-
tively. This formula, via standard tools [7], gives a semidefinite representation of
the function dxa,C , and hence also of its subdifferential ∂dxa,C(x̄) ⊂ EC , from which
we deduce a semidefinite representation of its support function, namely

d′xa,C(x̄; ·) : EC → R̄.

We conclude that we can efficiently construct a semidefinite representation of the
directional derivative function d′a,C(x̄; ·) : EC → R̄. Denote this function by fa,C .

We now return to the problem of recognizing whether the point x̄ lies in the
mean set for a given finite set of points A ⊂ X. In the complex, it suffices to restrict
attention to maximal cells C containing x̄. For each cube C in the set C of maximal
such cells, we first solve the optimization problem

(PC) inf
u∈EC

max
a∈A

fa,C(u).
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Our observation above allows us to frame (PC) as an explicit semidefinite program,
which we can then solve efficiently. By positive homogeneity, its optimal value is
either 0 or −∞. In the latter case, we find a vector u ∈ EC satisfying fa,C(u) < 0
for all points a ∈ A. By bisection search, we can find a number ε > 0 such that
da(x̄+ εu) < da(x̄) for all a ∈ A, certifying that x̄ is outside the mean set for A.

Suppose, on the other have, that we find each problem (PC), for cells C ∈ C, has
optimal value zero. Consider our usual test function f : X→ R, defined by

f(x) =
1

2
max
a∈A
{d2

a(x)− d2
a(x̄)}.

By assumption, the point x̄ minimizes f over each cell C, since otherwise, some
point x0 ∈ C satisfies da(x0) < da(x̄) for all points a ∈ A, and then by convexity we
deduce the contradiction fa,C(x0 − x̄) < 0 for all a ∈ A. Thus x̄ locally minimizes
the test function, which is convex, so in fact x̄ is a global minimizer, proving that x̄
lies in the mean set for A. It remains only to find a certificate for that fact.

We seek a certificate w in the simplex ∆A such that the point x̄ minimizes
the function 〈w, d2

A〉 over the space X. We know that such a certificate exists, by
Theorem 6.1. We can suppose x̄ 6∈ A, since otherwise the certificate is obvious.

By convexity, w ∈ ∆A is a certificate if and only if, for all cells C ∈ C, we have

0 ≤
(∑
a∈A

wad
2
a,C

)′
(x̄;u) = 2

∑
a∈A

wada(x̄)d′a,C(x̄;u) for all u ∈ EC ,

which, by positive homogeneity, we can rewrite as

inf
u∈EC

∑
a∈A

wada(x̄)fa,C(u) = 0 for all C ∈ C.

Equivalently, we seek a vector v in the intersection of the sets

(11.1) VC =
{
v ∈ ∆A : inf

u∈EC

∑
a∈A

vafa,C(u) = 0
}

(C ∈ C).

Given such a vector, we set wa = va
da(x̄)

and rescale to get a certificate w ∈ ∆A.

For each cube C ∈ C, define a function gC : RA → R̄ by

gC(z) = inf
u∈EC

max
a∈A
{fa,C(u) + za}.

Since each function fa,C is semidefinite representable, so is the function gC . Notice
gC(0) = 0. We claim VC = ∂gC(0).

To prove this claim, notice v ∈ ∂gC(0) if and only if

(11.2) 〈v, z〉 ≤ max
a∈A
{fa,C(u) + za} for all z ∈ RA, u ∈ EC .

36



Figure 6: A scatter plot of the mean set for three points a, b, c in a CAT(0) square
complex, testing cell boundary points by semidefinite programming.

Suppose that property (11.2) holds. Setting u = 0 implies w ∈ ∆A. Setting za =
−fa,C(u) for all points a ∈ A, and then u = 0, implies v ∈ VC . Conversely, v ∈ VC
implies, for all u ∈ EC and z ∈ RA, the inequalities

max
a∈A
{fa,C(u) + za} ≥

∑
a∈A

va(fa,C(u) + za) ≥ 〈v, z〉,

so property (11.2) holds, as we claimed.
The functions gC , for C ∈ C, are all semidefinite representable, and hence so are

their subdifferentials ∂gC(0) = VC . We can therefore express the problem of finding
a vector in the (nonempty) intersection ∩CVC , as a semidefinite program, which we
can solve efficiently, and immediately deduce a certificate.

To illustrate the computational technique described in this section, we return to
Example 9.6. As before, we explore the mean set by repeated random trials: in each
trial, we randomly choose one of the three squares, C, sample a random point x̄
from a uniform distribution on C, solve the semidefinite program (PC) to determine
whether or not x̄ lies in the mean set, and, in Figure 6, plot it lightly shaded if
so, and darkly shaded otherwise. However, unlike the heat map in Figure 3, the
geodesic segment [0, a] on the relative boundary of a square would not be apparent
in the mean set using these samples alone: [0, a] almost surely contains none of the
sample points. To generate the scatter plot in Figure 6, we include some random
trial points on the line segment [a, b], all of which appear in the final plot.
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