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ABsTrACT. We present a feedback scheme for non-cooperative dynamic games and
investigate its stabilizing properties. The dynamic games are modeled as generalized
Nash equilibrium problems (GNEP), in which the shared constraint consists of linear
time-discrete dynamic equations (e.g., sampled from a partial or ordinary differential
equation), which are jointly controlled by the players’ actions. Further, the individual
objectives of the players are interdependent and defined over a fixed time horizon. The
feedback law is synthesized by moving-horizon model predictive control (MPC). We
investigate the asymptotic stability of the resulting closed-loop dynamics. To this end,
we introduce a-quasi GNEPs, a family of auxiliary problems based on a modification of
the Nikaido—Isoda function, which approximate the original games. Basing the MPC
scheme on these auxiliary problems, we derive conditions on the players’ objectives,
which guarantee asymptotic stability of the closed-loop if stabilizing end constraints are
enforced. This analysis is based on showing that the associated optimal-value function
is a Lyapunov function. Additionally, we identify a suitable Lyapunov function for the
MPC scheme based on the original GNEP, whose solution fulfills the stabilizing end
constraints. The theoretical results are complemented by numerical experiments.

1. INTRODUCTION

Non-cooperative systems is a field of research of growing importance in control and
optimization. They can be found in the context of economics [16, 4], traffic modeling [7], or
robotics [12]. Due to disturbances, uncertainties, or model errors, feedback schemes are
essential, especially for stabilization tasks. Model predictive control (MPC) is a widely used
and flexible feedback mechanism, for which stability guarantees can be derived for a wide
range of centralized control systems. This work deals with the question of whether these
stability guarantees can be transferred to non-cooperative distributed MPC schemes.

The basic idea of MPC is to solve the underlying (open-loop) optimal control problem for
a possibly short look-ahead horizon repetitively and to implement only the first part of the
solution to the system during a given sampling time. Due to this very simple construction,
this scheme can be applied to a variety of control problems. It has been studied for both
linear [28] and nonlinear systems [18] with regard to its stabilizing properties. Although
technically it only provides a semi-feedback, considering the scheme for time-discrete
systems, usually derived from a discretization of the underlying continuous dynamics, yields
a structure for which MPC can be considered as a “real” feedback mechanism. Griine et
al. studied such discrete-time MPC loops extensively in [18] and provided a vast canon of
stability analysis based on classic Lyapunov theory and Bellmann’s dynamic programming
principle. This also includes MPC based on multi-objective [19] and economic dynamic
optimization problems [17]. MPC schemes have also been analyzed for continuous dynamics
directly [10, 23, 24]. Otherwise, in order to transfer the stability result from the inherent
time-discrete closed-loop to its continuous counterpart, energy estimates may be required;
see, e.g., [1]. The incorporation of stabilizing end constraints provides a general framework,
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which guarantees asymptotic stability; see [23] for infinite-dimensional systems and [18] for
time-discrete ones.

Rather recently, MPC schemes for distributive non-cooperative control schemes have
been studied in the context of engineering applications such as robotics [8, 12, 27] or water
irrigation systems [33]. These systems are controlled by multiple agents, where private and
shared constraints are imposed on the controllers. Each agent aims to minimize a private
cost function, which is not only dependent on their own control component but also on the
other players’ decisions. Hence, a Nash equilibrium problem (NEP) arises. If, furthermore,
the agents’ sets of admissible control decisions are interdependent, the problem is classified
as a generalized Nash equilibrium problem (GNEP). Both problem classes are fundamental
pillars of game theory. A comprehensive survey article tackling the existence, uniqueness,
and characterization of such problems in finite dimensions can be found in [14]. GNEPs
arising in control settings are usually governed by dynamics that enter the problem as a
constraint. Noticeable work on dynamic games includes [3, 6] as well as [13, 21, 22, 25|
for PDE-constrained problems. It is also well-known that for dynamical games, dynamic
programming principles similar to the Bellman principle apply. Regarding MPC schemes for
GNEPs, only a limited number of studies treat the question of asymptotic stability. In [12],
different scenarios for systems of self-driving cars have been considered. Additionally, the
authors of [31] derived conditions guaranteeing stabilizing performance for MPC based on
affine-quadratic NEPs by finding an explicit characterization of the optimal trajectories.

Similarly to [31], in this paper, we derive conditions guaranteeing asymptotic stability for
MPC schemes based on the class of jointly convex GNEPs governed by jointly controlled
dynamics. We do so by finding suitable Lyapunov functions for the associated closed-
loop dynamics. In each MPC iteration we solve the GNEP by finding a variational Nash
equilibrium. Using a reformulation based on the Nikaido-Isoda function, these open-loop
dynamic games can be expressed as a joint minimization over the set of admissible controls.
Unfortunately, unlike for MPC schemes based on optimal control problems with stage-
additive cost functionals, the associated optimal-value function does not provide a suitable
Lyapunov function for the MPC-GNEP closed loop since it is constantly equal to zero for
every initial value.

Hence, we introduce a class of auxiliary problems based on a modification of the Nikaido—
Isoda function and some auxiliary parameter « € [0, 1], which we call a-quasi GNEPs, for
which the optimal-value function does provide a good candidate for a Lyapunov function.
For MPC loops based on these problems instead, we obtain stabilizing behavior if additional
stabilizing terminal constraints are enforced, as is often done in MPC schemes. We utilize
the associated Lyapunov function in combination with perturbation analysis regarding the
continuous dependence of minimizers on the parameter and the initial value to transfer
the stability result to the original problem. In the process, we identify a suitable Lya-
punov function for the MPC-GNEP loop under assumptions consistent with the terminal
constraints.

The paper is structured as follows. In Section 2 we provide an overview of GNEPs as
well as stability analysis for MPC. In Section 3 we introduce the general feedback scheme of
basing MPC on generalized Nash equilibria. In Section 4, we discuss our auxiliary problems
and derive conditions for asymptotic stability based on equilibrium end constraints. In
Section 5 we provide the sensitivity analysis on the parameters used in Section 6 to transfer
the stability guarantee to MPC schemes based on GNEPs consistent with equilibrium end
constraints. Lastly, in Section 7 we provide some numerical examples.

2. PRELIMINARIES

2.1. Generalized Nash Equilibria. We consider a GNEP with shared constraints con-

sisting of K players. Each player v controls the variable u” € R% . These decision variables

form the vector u = (ul,...,u”) € R? with d = " d,. As typical in game theory, we use
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v

the notation v = (u”,u™"), where u™" refers to an block of components u* with pu # v.

Each player solves the problem
min  0”(u”,u”") st w €Uy (u”) = {u’ € R : (u”,u™") € U}
b

with continuous payoff function 6%, which is quasi-convex in the player’s variable u” and
a strategy set U, (u~") that depends on the decisions u©=" of the other players. Moreover,
we denote the shared constraint set by U € R%. For such a setup, the GNEP refers to the
problem of finding a Nash equilibrium (NE), which is a vector u* = (u*!,... ,u*¥) € U, so
that for every player v we have

Hy(u*7y7u*,—y) S HV(UV7U*,—V) vul/ E Uu<u*7—l/)-

In what follows, we will assume the shared constraint set U is convex, compact, and non-
empty and consider so-called variational Nash equilibria (VNE). To this end, we use the
Nikaido-Isoda function
K
U(u,v) 1= Z (0" (u”,u™) = 6" (v, u™")) .
v=1
A variational equilibrium of the GNEP is then defined as a point u € R? with
sup ¥(u*,v) =0.
vel
Each VNE is an NE; see, e.g., [14]. If, furthermore, the strategy sets are independent, i.e.,
U,(u™")=T, forallv =1,..., K and every admissible 4", then the two notions coincide.
For the setup defined so far, existence of at least one VNE is guaranteed; see Section 4.1
in [14].
We define the u-parameterized optimal-value function
V(u) :==sup ¥(u,v), uecl.
vel
Due to the compactness and continuity assumptions, we can directly deduce the continuity
of the Nikaido—Isoda function and ensure that for every u € U there is a point v, € U with
V(u) = ¥(u,v,). Furthermore, the function V': U — R is non-negative [14, Theorem 7.1]
and, hence, we can compute a VNE by globally minimizing the min-max problem

min  V(u) st. wel.

2.2. Model Predictive Control. We briefly recap a general MPC scheme for time-discrete
dynamics and discuss strategies for showing its stabilizing properties.

Let U, X be finite-dimensional vector spaces and let N € N. Furthermore, let
f: X xU — X be a transition map and let Jy: XV x UV — R be a cost functional.
For every = € X, let there be a non-empty set of admissible controls UV (z) C UY. Then,
an MPC scheme for the discrete-time dynamics 2™ = f(x,u) is given by the following
method; see also Algorithm 3.1 in [18].

Algorithm 2.1 (Basic MPC with horizon length N).
At each sampling time n=0,1,2,...
(1) Ewvaluate the state x(n) € X and set xg = x(n).
(2) Solve the optimization problem

inf JIn(z,u)
w€UN (z¢)

s.t. xz(n) = f(z(n),u(n)) forn=0,...,N—1,
z(0) = xo

and let u € UN(zg) denote the solution.
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(3) Define the MPC' feedback by un(zo) = pn(z(n)) = @(0) and use this control value
in the next sampling period.

This defines a closed-loop system via

ot =g(z) = f(z, un()). (1)
Our goal, for now, is to investigate whether the MPC feedback law stabilizes the dynamics
in the sense that the closed-loop system given by (1) is asymptotically stable at a reference
point z* € X. A prerequisite for doing so is the existence of a reference control v* with
x* = f(x*,u*). The stability of the closed-loop system governed by a given feedback law
can be derived from the existence of a Lyapunov function. For this purpose, we use the
following classes of comparison functions:

H = {a: R>¢p — Rx¢: a is continuous and strictly increasing with «(0) = 0},
Hoo ={a:R>9 = Rxg: a € # and « is unbounded},

& = {(5: R>¢ — R>q: d is continuous, strictly decreasing with tlimoﬁ(t) = 0} ,
= = —
H L ={B: R>g x R>g = R>¢: B is continuous, 5(-,t) € #, B(r,-) € L}.

Definition 2.2. Let X be a metric space and consider the function g: X — X, which
defines a dynamic system 2t = g(x). A function V': S — Rx is called a Lyapunov function
if there exists a subset S C X and a point 2* € X, such that the following conditions hold.

(1) There exist functions aq, @ € 5, so that
ar(fz —z*|) < V(z) < as(|lz — 27)) (2)
holds for all z € S.
(2) There exists a function ay € £ so that for each 2 € S with g(z) € S we have
Vig(e)) = V(z) < —av(|z — =) 3)

Theorem 2.3 ([18, Theorem 2.19]). Let x* be an equilibrium point of the closed loop system
xt =g(x), i.e., g(x*) = x*. Assume further that there erists a Lyapunov function V on
a subset S C X containing x*. If S contains a ball By(xz*) with radius n > 0 such that
g(z) € S for all v € By(x*), then x* is locally asymptotically stable, i.e., there exists n > 0
and a function B € XL such that the inequality

[#(n, zo) — ™| < B(|lzo — 27|, n)
holds for all xy € By (z*).

For the closed MPC loop, a canonical candidate for the Lyapunov function is given by
the optimal-value function.

Definition 2.4. For any zyp € X and N € N, define the optimal-value function by

Vi = in Jy(z,

N(xO) uErT[rJl}Vr}z) N(l' U)

where z(0) = zg and z(n) = f(x(n),u(n)) for n =0,..., N — 1. To emphasize the influence
of the initial value we will occasionally denote the cost functional as Jy(xg,u).

In [18], the stabilizing behavior of MPC feedback for time discrete dynamics has been
thoroughly studied for stage-additive cost functionals of the form

N-1
J(x,u) = Z L(z(n),u(n))
n=0

with stage costs £: X x U — R. The analysis exploits the dynamic programming principle
in discrete time to derive a relaxed dynamic programming inequality, which is equivalent to
Condition (3) for suitable stage costs. The other property of a Lyapunov function must be
ensured separately.
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3. MPC ror GNEPs

3.1. A Discrete-Time Dynamic GNEP. Let us now consider a time-depending GNEP
over a finite time horizon n = 0,1,...,N — 1. Let X and U,, v = 1,..., K, be finite-
dimensional vector spaces. We denote the control space by U := Uy X - - - X Ug. Furthermore,
let f: X x U — X be a continuous function. We consider the discrete-time dynamics

iL’(TL + 1) = f(x(n)vul(n)v s 7UK(n))a

where for each player v, their respective control variable is denoted by v”(n) € U, and
u” € UN, respectively. For a finite control sequence u € UV with N € N and an initial
value zy € X, we denote the corresponding trajectory via

24(0) = x0, zu(n+1) = f(z(n),u(n)) forn=0,...,N—1. (4)
We consider a set of admissible controls independent of the state variable. More precisely, let
U C U denote the set of admissible controls. Then, the set of admissible control sequences
of length N is given by UV € UY. Since we do not impose state constraints, this directly

yields viability of the admissible controls if U is non-empty. Each player v is equipped with
an optimization problem

N-1
min 37 0¥(ut (n),u™" (n), 2(n))
n=0

st u’ e UN(u™),
z(n+1) = f(z(n),u’(n),u"(n)) foralln=1,...,N —1,
z(0) = g

with the constraint set UY (u=") := {u”: (u”,u~") € UN}. Throughout this paper, we will
impose the following assumptions.

Assumption 1. Let the following hold:

(1) The payoff functions 8¥: U x X — R are continuous for allv=1,... K;

(2) The payoff functions 6”(-,u™",-) are convex in the state variable as well as in u",
respectively, for all u™" e U_,;

(3) The set U C U is compact, convez, and non-empty;

(4) The transition map f: X x U — X is affine-linear;

(5) There exists a point * € X and an admissible control u* € U, such that z* =
fla®,ur);

(6) For each player v the pay-off function 6”: U x X — R is non-negative.

The first three assumptions are the conditions of Theorem 5.9 in [14], which ensure the
existence of a VNE for every initial value zg € X. This can easily be seen by introducing a
control-to-state operator S': UN = XN, s x,, as well as the reduced pay-off functions
defined by 6" (u) == 6" (u, S(u)) for u € UN. For each zg € X, the corresponding (reduced)
Nikaido-Isoda function is given by

N-1
UV (2oiu,0) = Y0 D (67 (w (n), " (n), wu(n)) — 6% (0" (n), u™" (n), i, ()
n=0

v

where for each player v, the inner dynamics is given by
Yo (0) = Zo, )
Yoo(n+1) = f(yg,(n),0"(n),u”"(n)) foralln=0,... N—1,

which we combine in y, , = (y,, ,),- A VNE for the dynamic GNEP can be found by solving
the problem

i UV (0 6
oin, max (zo;u,v) (6)
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with optimal value equal to zero.

MPC Scheme. In the following, we study MPC schemes, where in each step a VNE for
the presented GNEP is computed. In each loop, this can be expressed as an optimization
problem via the min-max problem (6). Hence, the cost functional is given by

JN((E(],’LL) = 52%}1\(’ \I/N(ZL'(); ’U,7’U)

and the resulting scheme reads as follows.

Algorithm 3.1 (MPC for GNEPs with horizon length N).
At each sampling time n =0,1,2,...

(1) Ewvaluate the state x(n) € X and set xg = x(n).

(2) Solve the optimization problem

min (max \I/N(xo;um))

ueUN \velN

st. xz(n+1)= f(z(n),u(n)) forn=0,...,N—1,
y(n+1) = f(y"(n),v”(n),u""(n)) forn=0,....N—-1, v=1,.. K,
z(0)=y"(0)=a¢ forv=1,...,K,

and let w € UN denote the solution.
(3) Define the MPC feedback by un(xo) = u(0) and use this control value in the next
sampling period.

Unfortunately, the resulting optimal-value function is not a suitable candidate for a
Lyapunov function because
min max ¥ (zg;u,v) =0
u€UN velUN
holds for all initial data xg € X. Hence, we cannot directly adapt the stability analysis
from [18].

4. a-Quasi GNEPs

For classic MPC schemes, a widely applicable strategy for guaranteeing asymptotic
stability is showing that the optimal-value function is a Lyapunov function for the closed
loop. Although the reformulation of a GNEP based on the Nikaido-Isoda function allows
us to express the GNEP as a joint optimization problem, we still face a major difficulty:
By construction, the associated optimal-value function is equal to zero. Hence, further
modification of the problem might be necessary. There are several modifications of GNEPs
based on regularizations of the Nikaido—Isoda function [20, 29, 32]. They all conserve the
VNE property of the solutions while introducing smoothness to the problem. Further, the
involved optimal values are still equal to zero.

In order to exploit the relation between optimal-value functions and Lyapunov functions,
we propose a modification of the Nikaido—Isoda function, which instead of preserving the
VNEs only approximates them in favor of a non-constant optimal-value function. We
call this the aggregated cost perturbation and the associated problems are called a-quasi
GNEPs.

In this chapter, we will discuss the aggregated cost perturbations as well as stabilizing
MPC schemes based on a-quasi GNEPs. Similar to MPC algorithms with stage-additive cost,
we will impose equilibrium end constraints to guarantee stability. Passing our approximation
to a limit, based on the associated Lyapunov functions, we will be able to identify a suitable
Lyapunov function for the original GNEP-based closed MPC loop, which will be discussed
in Section 6.
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4.1. Aggregated Cost Perturbation. We now consider the modification of the Nikaido—
Isoda function

N-1
O (o u,v) = 30 D7 (07w (n), u (n), 2 ()
n=0

v

— (1= )p"(v" (), u™" (n), ., (n))

with « € (0, 1), where x,, and y,, ., are given by (4) and (5), respectively, with initial value
rg = 24(0) = yi ,(0). In this chapter, we will study an alteration of the MPC scheme given
by Algorithm 3.1 by replacing the U¥ for WX, In this case, the optimal-value functions
encode more information. Since each player provides a non-negative pay-off function, we
have
N—1
min max U (u, v) > min ¥V (u,u) = amin Z Z 0" (u”(n),u="(n),xy(n)) >0
u v u u 70 >

for any initial value x¢p € X. In general, the optimal-value function of the associated
min-max problem is not constant. However, the solution is not necessarily given by a VNE.
We call the min-max problems over the modified Nikaido—Isoda function a-quasi GNEPs.
For every configuration of controls u € U, the vector v, = argmin, > 6" (u,v) can be be
understood component-wise as the best deviation from u” that each player can make if the
other players stick to u™". By construction, a VNE satisfies © — v, = 0. The parameter «
counteracts the idea of minimizing the discrepancy between u and v, in favor of some
aggregated cost aspect. These problems connect the non-cooperative case (a = 0) to the
aggregated-cost case (a« = 1). For aggregated cost, we find a minimization problem over U,
where the cost functional is given by the sum of all players’ costs. The continuity of the
corresponding solutions, in particular for @ — 0, is discussed in Section 5. We now shortly
discuss a dynamic programming principle (DPP) for a time-discrete min-max problem
controlled by two entities.

Theorem 4.1. Let X,U,V be Banach spaces. Let f: Nx X xU xV — X and £: N x

UxV xX — R be continuous functions. For any ng € N, zg,z1 € X, denote the sets

of admissible control sequences of length N by UN (ng,z9) C UN and VN (ng,z9) C VV,

respectively. Let the admissible control sets fulfill the following non-anticipativity properties.

o Consider u € UN (ng,z0), 1 < N € N. If there exists a control v € VN (ng, xq) such

that x1 = x(ng,u(ng),v(ng)) holds, then umggﬂ € UN"Y(ng + 1,21) follows.

o Consider vV=1 € VN=Y(ng + 1,21), N € N. If there exists an admissible u €

Ul(ng, o) and an admissible v € V(ng,xo) such that x1 = x(ng, zo,u(ng),v(nog)),
then the control sequence given by

Nng)y=v, ov¥n)=o""1(n) foralln=ne+1,...,N—1,
satisfies vN € VN (ng, xo).

Moreover, suppose that both statements still hold if the roles of v and u are reversed.
Consider now the problem

v

min max In(no. 2o.w. v
w€UN (ng,z0) vEVN (no,z0) ~(no, o, u, v),
with
no+N—1
Tn(no,ao,wv) = 3, L, uln), v(n), 2(n)),
n=no

where the dynamics is given by

z(no) =z, (n+1)=f(n,u(n),v(n)), n=ngpno+1,...
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for some initial data (ng,z9) € N x X. For any choice (ng,xo) € N x X, assume that the
sets UN (ng, 2), VN (ng, 29) are compact. Next, define the optimal-value function by

Vn (ng, xo) = min max JIn(no, zo, u, v).
weUN (ng,xzo) vEVN (ng,z0)

Then, the dynamic programming principle

Vi (ng,zg) = min max {£(ng, u(ng),v(no),zo) + Vw—1(no + 1,21)} (7)
ueUN veV N

holds with x1 = f(ng, xo,u(no),v(ng))-
Proof. The proof can be found in Appendix 9.1. (]

The non-anticipativity property ensures that the tails of admissible controls are admissible.
These results are directly applicable to the min-max problems over the (modified) Nikaido—
Isoda function. This enables us to derive a relaxed dynamic programming principle for the
modified problem.

Lemma 4.2 (Relaxed dynamic programming principle for outer minimization). Let N € N
be fized and let the family of compact sets (UN' (x)), € UN" with z € X,N' e N, N' < N,
fulfill the non-anticipativity property. Consider the function V§: X — R defined by

o=  min  J(zo;u) with J§ = max UY (z0;u,v).
ueUN (zo) veUN

Let xg € X be fized and denote the minimizer by u, € UM (x¢). Then, @ == 1, (0) satisfies
Vi (w0) > a ) 0" (@, u™",z0) + V1 (f (w0, 0));

Proof. First note that Theorem 4.1 is applicable. The set of admissible (outer) control sets is
non-anticipative by definition and the inner sets U are so, too, since the admissible control set
is constant in time and independent of the state. Here, we can identify the time-independent
state trajectory by f(z, u,v) = (f(z,u), (f(z,v”,u™")),). The time-independent stage cost
is given by

lu,v,z) = ZH”(U”,U*”,;U) - (1=, u ", y") with z=(z,(y")..

Hence, we can apply the DPP for min-max problems. Let XN/NI: X x XX — R, denote
optimal-value function for the min-max problem with a horizon of length N’ < N and let
20 = (z0)®*!. Thus, we can conclude

Vit (@o) = V(20) = minmax {£(u(0), v(0), z0) + Va1 (F(z0,u(0), v(0)) ) }
= max {é(ﬂ*(O),v(O), 20)) + V-1 (f(zo, a*(O),v(O))) }
> (a4, 4, m9) + Viv_1 (f(zo,u,a))
=ay 0@, u", x0) + V1 (f(xo, 0)). O

Remark 4.3. First note that the previous lemma covers the case UM’ () = UM’ for N’ € N.
Second, the DPP is also naturally applicable to the (unmodified) GNEP case. Since tails of
VNEs are VNEs themselves (see Lemma 4.1 in [30]), it reduces to a trivial equation, where
all min-max terms are equal to zero.
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4.2. Auxiliary MPC with Stabilizing End Constraints. A common strategy to ensure
stability of the MPC closed-loop system with stage-additive costs is to use terminal conditions
such as equilibrium end constraints or Lyapunov terminal cost [18]. We derive conditions on
the pay-off function, which allow us to generalize the stability analysis to cost functions given
by the modified Nikaido—Isoda function. First, let us focus on equilibrium end constraints.
To be specific, we modify Algorithm 3.1 by exchanging the optimization problem for

min In (z0,u) = max UN (2q;u,v)
uE[UQZJ (xo0) velUN

st. z(0)=x0, z(n+1)=f(z(n),u(n)), n=0,...,N -1,

where Xo = {z*} and U (x9) = {u € UN(x0): z,(N) € Xo} with z,(0) = ¢ holds.
Denote the solution by 4 € UY (). We denote the associated feedback by u%: X — U and
the corresponding optimal-value function by V4 : X — R. We can generalize the notation
of Xy by considering the set of initial values, which can be brought to the stationary point
z* € X in k steps by considering

X = {z € X : there exists u € U* with z, (k) = * if 2,(0) = 0}.

In this auxiliary scheme, we consider an MPC feedback, where in each iteration a solution
for an a-quasi GNEP is computed. Starting in the stationary point, meaning xy = x*, for
a large class of pay-off functions, these solutions will coincide with the corresponding VNE;
see Lemma 4.6 below. Moreover, these solutions can be seen as approximations of the VNE
(for any initial value), which we discuss in section 5.

(®)

Theorem 4.4. Let the following assumptions hold.

(1) The point z* € X is an equilibrium point for an admissible control, i.e., there exists
a control u* € U such that x* = f(z*,u*).
(2) For any choicey, € X, v=1,..., K, we have

ZHU(U*’V,U*’_V,.T*) < (1 _ a) ZGV(UU,U,*’_V,ZJV)
foranyveUandn=0,...,N — 1.

Then, the optimal-value function from Algorithm 3.1 based on the minimization problem (8)
satisfies

Vi (20) < Vy_1(20) 9)
for every xg € Xy_1 and N > 2. For xqg € Xn_1, this implies
Vi (o) > oY 0" (e (z0)”, 1 (w0) ™, x0) + Vi (£ (o, 15 (20)))- (10)

Proof. Let g € X be fixed and note that
Lu* v,z y) = ZG”(u*’”7u*’_”,x*) - (1-a) Z@”(@”,u*’_”,yl,) <0

holds for every v € U and y = (y,) € X¥. Let uV =1 € Ug;l(xo), then by Condition (1),
the control sequence given by

uN(n) =u"tn) forn=0,...,N—-2, uN(N-1)=u"
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satisfies u!V € Ugo (x0). Furthermore, by employing the dynamic programming principle for
the (inner) maximization problem, we have

JN(an UN) = Hé%% \IJg(uN’ v, xuNayuN,v)
v

= max {\I/g_l(uN,v,xuN,y%v) + magﬁ(u*,v,x*,yuw’v(l\f - 1))}
v€e

velN
< 52%% {\IlaNil(quvaxuN,yuN,v)} = Ué%?v)fl {\IlaNil(uNavaxuNayuN,v)}

= Jy_1 (w7, @).
Considering the set [[jgo (z9) = Ugo_l(xo) x {u*}, this leads to

inf JN(’U,,xo) < ipf JN(UN,.’EQ) < inf JN_l(uN_l,JJ()),
u€UF (o) uNelf (zo) uN=1eUR ! (20)

which translates to Vi (xo) < V§_;(20). Now fix =y € Xy. Note that U (2) fulfills the
non-anticipativity assumption from Theorem 4.1. Hence, by Lemma 4.2 we get the relaxed
DPP inequality

Vi (o) > a0 (uf(w0)”, niv(z0) ™, 20) + Vi _1 (f (o, iy (z0))).

Since pfy (o) = (0) holds for an @ € U (x0), we have f(u%(20)) € Xy_1. Combining the
relaxed DPP inequality with Equation (9) evaluated in f(u% (o)), we directly can obtain
Inequality (10). O

Remark 4.5. Note that Condition (2) of Theorem 4.4 is satisfied if 8 (x*, «*) = 0 holds for
every player v.

Lemma 4.6. If the conditions from Theorem 4.4 are fulfilled, then u* is a VNE for the
initial value =* and any horizon length k € N. Furthermore, we have V,*(z*) = 0 for every
ke N.

Proof. Since 1 — o > 0, Condition 2 directly implies ), 6" (u*", u*~",2*) = 0. Using
Condition 2 iteratively leads to
k k

Z Zau(u*,u, u*,fu’x*) < Z Z Oy(vu(n),u*’ﬂ’,yu*ﬂ,(x*;n))

n=0 v n=0 v

for any v € U*, which means that the constant control sequence u* is a VNE of the GNEP
with initial point z* and any horizon length k£ € N.
Considering the optimal-value function, we deduce

0 < min ¥* (u,u) < V¥ (z*) < max ¥F (u*,v) = Uk (u*, u*) =0,
v
for any k£ € N. O

Lemma 4.7. Under the assumption of Theorem 4.4, the set Xy is forward invariant under
the feedback law p%: X — U for every N € N, i.e., f(z, p% () € Xy for every x € Xy.

Proof. Let * € Xy. Then, we have f(z,u%(x)) € Xy_1. Hence, there exists u¥ ! €
[Ug)_l(f(z, % (x))). Now, by Assumption 1 of Theorem 4.4, we can construct the control
sequence
Ny =uN"t(n), n=0,...,N-2, (N —-1)=u",
which produces the state

xuN(N) = f(muN—l(N - 1)75(:*) = f($*7U*) =z
Hence, we have Xy_1 C Xy and, thus, f(z, u%(z)) € Xn. O

u
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Theorem 4.8 (Asymptotic stability using endpoint constraints). Consider the MPC
scheme with stabilizing endpoint constraints given by Algorithm 3.1 based on the modified
minimization problem (8) and prediction horizon N € N. Furthermore, let the assumptions
of Theorem 4.4 hold as well as the following conditions.

(1) There exists a function oy € A such that
@Y 0" (S (o), ui(x0) ™", o) = au(llzo — )

holds for all x¢g € Xy .v
(2) There exists functions ag, as € Koo such that

ax([lzo — 27||) < Vi (z0) < as(llzo — 7))
holds for all x¢g € Xy .
Then, the closed-loop system is asymptotically stable.

Proof. By Theorem 4.4, we have
Vi (o) > a0 (u(w0)”, u (0) ™, 20) + Vi (f (o, u (20)))-

Combing this with the first condition we obtain Equation (3) for V = Vg, g = p%, and
S =Xy, ay = a;. Condition (2) leads to Equation (2) for these entities directly. Hence,
by Theorem 2.3 the closed-loop system is asymptotically stable on Xy . O

We see that by imposing equilibrium end constraints we can easily enforce the optimal-
value function to fulfill one criterion of a Lyapunov function, namely the decay along the
trajectories. The second property is more dependent on the design of the cost functional.
However, there is a close connection between the optimal-value function V5 and the optimal-
value function of a problem with stage-additive cost, which can be exploited to find suitable
Koo-bounds.

Definition 4.9. Consider non-negative pay-off functions. We define the aggregated cost

functional as Jé\ég: UN x X > R via

N—

(@) = 37 370" (W (n),u™ (n), 2, (n),

n=0 v
where 2,(0) = = and z,(n + 1) = f(z(n),u(n)) for all n = 0,..., N — 1. Similarly, we
define the aggregated optimal-value function by

Va8 (go) = min JY (zo,u
N (0) uEUQ)(mO) agg( 0, )

for every zy € Xy.
Based on this optimal-value function, we can find #,-bounds for V§ with o € (0, 1).

Lemma 4.10. Consider non-negative pay-off functions and let Vi denote the optimal-value
function from Theorem 4.4 for o € (0,1). If there exist functions v1,7v2 € Hoo such that

T(llwo —2*[) < Vg¥(x0) < v2(llwo — 27))
holds for every xo € Xy, then for every a € (0,1) we have
am([lzo — z™[]) <V (z0) < v2([lxo — 27[)).
Proof. Concerning the lower bound, we can easily derive
Vy (o) = muinmgx O(u,u) — (1 —a)f(v,u)

> min af(u, u) = aVy* (x0) > ayi (||l — ).
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For the upper bound, due to 6§ > 0, we have

Vi (z9) = minmax 0(u, u) — (1 — a)f(v,u) < minb(u,u) < yo(||lz — ™). ]

Note that the existence of such JZ,,-bounds can be guaranteed under the assumptions of
the next lemma.

Lemma 4.11. (1) Assume that there exists a function oy € Hoo such that
ZG”(U”,U*”,x) >aq(lz =) for every x € Xy and u € U.
v

Then, we have Vg (zo) > aq(||zo — z*||) for all o € X .

(2) Assume that f and all pay-off functions are continuous on X x U. Let there exist a
n > 0 such that for every x € By(xz*) C X, n >0, there exists a u, € U such that
f(z,uy) = x* holds, as well as a function as € H, that satisfies

>0 up” @) < ap(fle — ™).

Then, there exists ag € Koo such that
Vi (xo) < as(l|lxzg — ™) for all zp € Xy

Proof. Choosing ¢(n,z,u) = > 0" (x,u), we fit to the setting of Proposition 5.7 in [18],
which yields Koo-bounds for V®¢. Combined with Lemma 4.10, the statements follow. [

5. CONTINUOUS DEPENDENCE OF THE MINIMIZER
ON THE INITIAL VALUE AND PARAMETERS

In this section, we show stability of the minimizers with respect to perturbations of the
initial value and the auxiliary parameter a. We are especially interested in limits including
a — 0. The first result is concerned with the variation of the auxiliary parameter around
the point a = 0. It shows that the min-max problems for the modified Nikaido—Isoda
function approximate the problem of finding a VNE within the subset Ug{) (z0).

Theorem 5.1. Let the initial value zo € X be given and fized and let, with a slight abuse of
notation, UN UN . UN x UN — Ry denote the reduced objective functionals with eliminated
dynamics. Consider the functionals

F: Ug}(xo) — R>o, w+ max TN (u,v),
- vel

Fo: U (z0) = Rxo, u— max U1 (u,v).
- velUN

Any accumulation point of a sequence of minimizers (uq)q, corresponding to F,, each,
minimizes F'.

Proof. In what follows, we abbreviate

N—1

O(u,v) = Z Z 0" (v (n),u""(n), ¥y ,(n))-
v n=0

Due to the compactness of UV and the continuity of the pay-off functions and the transition

map, Theorem 2.1 in [11] yields that the functions F| Fi, are well-defined and continuous.

The function f: UN — X, u + z,(x0; N), is continuous. Thus, the set

U3, (z0) =UN N f~1 ({z"})

is compact as a closed subset of UV. Hence, both functions attain a minimum. For any
u € UY (20), denote

Uy = argmin 6(u, v).
velUN
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First note that F, converges point-wisely to F as @« — 0. For a € (0,1), let u, be a
minimizer of F,, and let uo be the minimizer of F. Let ug — u for some u € UY (x¢) as
a — 0. Then, we have

Fo(ug) > Fo(ue) = 0(ta, ta) — (1 — @) min O(uq, v) > 0(tq, ta) — (1 — a)0(uq, vy,)
Taking the limit, we obtain
F(up) = (}}L% F,(ug) > (}[1_}1’110 O(ta, ) — (1 — @)B(uq, vy) = F(u). O

Remark 5.2. The proof can be carried over to the case a — o’ with o/ € (0, 1].

Deriving a stability result for an additional variation of the initial value is more challenging
because the initial value influences the set of admissible controls, whereas the parameter a
does not. To succeed, we will make use of the following assumptions.

Assumption 2 (Completely controllable dynamics). Let the following hold.
(1) The transition map is given by f: X x U — X, (x,u) — Az + Bu, with a matriz
pair (A, B) so that the system x* = f(x,u) is completely controllable in every step.
(2) Assume that u* is in the interior U of U.

Lemma 5.3. Let Assumption 2.1 hold. For any (z,u) € X x U with f(x,u) = x* and
any € > 0, there exists 0 > 0 such that for any y € Bs(x), there exists v € Bc(u) with

fly,v) =z

Proof. Let d € X with ||d|| = 1 be given arbitrarily. Due to the complete controllability,
there exists a w € U with 0 = Ad + Bw. One solution to this equation is given by
vq = B Ad, where BT is the Moore-Penrose pseudo-inverse of B. Now, let ¢ > 0 and consider
§ < ¢e/||BYA||. Consider y € Bs(z). Then, we can find the representation y = z+4dd for some
d € X. Choosing the control v = u+dv,, we obtain Ay+ Bv = Az + Bu+06(Ad+ Bvg) = z*
with ||u —v|| = §||lvgl| < e. O

Theorem 5.4. Let Assumption 2 hold. Consider the multi-function S: R x X — 2V defined
by
(o, z9) — argmin Jy(xo,u) with Jy(xo,u) = max U (zo;u,v).
uw€lY (o) veur
Then, S is upper semi-continuous at any point («,zg) € [0,1] X Xy_1. Furthermore, the

associated optimal-value function V: R x X — R is continuous at every point (a,zq) €
[O, 1] X XN—I-

Proof. We show this result by applying Proposition 4.4 of [5]. In the following, we check the
conditions of this theorem. Let a € [0, 1] be given and let zy € Xy_;. Here, the parameter
space is given by R x X and the objective is given by J¢: R x X x UN — R. Firstly, we
have to ensure that the objective is continuous. Note that ¥ is continuous in xg, u, v, and
o as a composition of continuous functions. The continuity of the function J§; follows from
Theorem 2.1 in [11].

Secondly, we have to ensure that the multi-function ®: R x X — 2U"_(q, 20) — Ug (zo)
is closed. Note that this mapping is independent of a. For every zg € X, the function
fzo: UN — X, u s 2y(20, N), is continuous since f is continuous. Furthermore, define
F:UN x X = X, (u,79) — 24(20, N), which is also a continuous function. Note that
O (zp,a) = fm’ol (x*)NTUY is a closed set. Hence, ® is closed-valued. Furthermore, the graph
of @ is R x (F~1(2*) N (X x UY)) and thus closed.

Thirdly, we show that there exists a constant M € R, a compact set C C UY, and a
neighborhood U of («, xg) such that for any (5,yo) € U the level set

levMJf[(yO,J = {x € Ugo(mo): Jf,(yo,u) < M}
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is non-empty and contained in C. Since U is compact, we can choose C = UN. Then,
there exists a u € Ugo_l(mo) C Uf (w0) = ®(a,20). Lemma 5.3 implies that there exists
d > 0 such that for every y € Bs(z*) there exists an u, € U with f(y,uy) = x*. Since f is
continuous, there exists a n > 0 such that for every yo € B, (x¢), we have

2w (yo; N = 1) = zu(zo; N = | = [[eu(yo; N = 1) — 27| < 6.
Hence, the sequence given by
v(n) =u(n) forn=0,...,N -2, o(N —1)=wu, with z = z,(yo; N — 1)

is contained in UY (yo). Thus, for every (8,y0) € (o — n,a 4+ 1) x By(xq), we have
®(8,1y0) # 0. Now, consider

M = max {Jﬁ,(yo,u): B € la—na+mn],yo € By(zo),u € UN} .

Then, for any u € ®(8, yo) with (8,y0) € (a« —n,a +n) x By(xo) we have Jf,(yo,u) <M
and, consequently, the level set levy JS (yo, ) is non-empty.

Lastly, we need to show that for any open neighborhood Vi; of S(«, x¢), there exists a
neighborhood Vp around (a, zg) such that Vi N (8, yo) # 0 if (B,y0) € Vp. Consider an
open neighborhood Vi of S(a, zp). Then, for each u € S(«, xg) there exists an € > 0 with
B (z9) C Viy. We will show that for any choice of € > 0 and u € S(«, o), there exists a
6 > 0 such that for any yo € Bs(xo), there exists a v € U (yo) with v € B (u).

Since the set of admissible controls is independent of «, the desired property follows by
choosing the neighborhood Vx = (a— 4, a4 ) X Bs(xg) around the parameter (a, xg). Now,
fix u € S(a,z0) and e < 1. Since 29 € Xy _1, there exists a @ € UY (x) with a(N —1) € U.
Let m = max{|Ju|: w € UV}. Consider the control sequence ue = u + 15 (@ — u). Since
the admissible control set U is convex, we have u.(n) € U for every n = 0,...,N — 1.
Additionally, we have u.(N —1) € U due to Lemma 9.1 in the appendix. Since the dynamics
is linear, we can deduce z,,_(N,zo) = z* as well.

There exists a ball B, (us(N — 1)) C U with ; < &/2. Furthermore, due to Lemma 5.3,
there exists a d; > 0 such that for any z € By, (24, (x0; N — 1)) there exists a v, €
Be, (us(N —1)) Cc U with f(z,v) = z*. Furthermore, since the map z — z,_(z; N — 1) is
continuous, we can find § > 0 such that

[#u, (@0; N = 1) = @y (yo; N = 1)|| <d1 for any yo € Bs(zo).
Now, for any yg € Bs(xg) consider the control sequence given by
v(n) =uc(n) for n=0,...,N—2,
v(N—=1)=v, with z=uz,_ (yo; N —1).
Then, we have v € U§| (yo) by construction and
€ €
= ol < flu = el + ue = 0l) < -2+ Jue (N = 1) —o(N = 1) < S 41 <

Hence, we can apply Proposition 4.4 of [5] and obtain the continuous dependence on the
parameters at any « € [0,1] and xzg € Xy_1. O

6. STABILITY OF THE LIMITING SCHEME

In this section, we extend the stability analysis from Section 4.2 to the case o = 0. This
corresponds to the MPC scheme with equilibrium end constraints, where the objective is
given by

I (zo,u) = max N (20, u,v),
velUN
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meaning that in each iteration a true VNE is computed. As before, we define
N-1

O(v,u) = Y > 0" (w"(n),u™" (n), i, ().

n=0 v

In the following, we presume the following set of assumptions.

Assumption 3. Let the following hold:
(1) The pair (z*,u*) € X x U fulfills f(z*,u*) = 2* with u* € U.
(2) For any choice a € (0,1), y, € X, v=1,..., K, we have

Zau(u*,u,u*,—u’x*) < (1 _ a) ZQV(UV,’U,*’_U,ZJU)

for any v € U.
(3) There exists V1,72, Vv € Hoo such that

M(llzo —27)) < V¥ (wo) < 72(llwo — 7)),
D0 u o) = (llzo — o)

holds for any xg € Xy and any u € U.
(4) The dynamics f: X x U — X is completely controllable in one step.
(5) For any xo € Xy, we have

min  max UV (zg;u,v) =0.
u€UY (wo) veUN

Furthermore, the minimizer is unique.

By the results of Section 4, the first three assumptions ensure asymptotic stability for
the closed MPC loop for any « € (0,1). Note that for this result alone, the function vy only
needs to be non-negative as well as strictly increasing and to satisfy vy (0) = 0. Furthermore,
Assumption 3.5 is fulfilled if for any xg € Xy there exists a unique VNE to the associated
GNEP with x,(N) = z*. Altogether, this gives the following desired result.

Theorem 6.1. Consider the MPC scheme feedback scheme with equilibrium end constraints
un: X — X, where the objective is given by

I (z0,u) = max UV (zg;u,v).
velUN

Let Assumption 3 hold. For x¢ € Xy, define
N—1
Vi(wo) = 37 300" (n), u (), wu(m).
n=0 v

where u € Ugﬂ (o) is the optimal solution to the problem

min  J¥ (zo,u).
uElUggvo (z0)

Then, the function Viy: Xy — R fulfills
(w0 — ")) < V(o) < a2(llzo — 2,
Vi (zo) = VN (f (o, v (20))) = v (lz — )
for any xg € Xy, where v1,7v2,vy are given by Assumption 3.

Proof. Let g € Xy be given and fixed. For any « € (0, 1), consider the auxiliary MPC
scheme based on the objective

Jy(xo,u) = 361%}13 \I/g(xo; U, ).
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Due to Assumptions 3.1-3.3, Theorem 4.4, Theorem 2.3, and Lemma 4.10, the associated
MPC feedback 1% and the optimal-value function V fulfill
am([lzo — 2™|)) < Vi (20) < v2(llwo — 7)), (11)
Vi (@o) = Vi (f (w0, ny (20))) = ayv (llzo — =] (12)
for some vy, 71, Y2 € Hoo-

We now show the decay along the trajectories. Since «yy is a J#oo-function, it is invertible
on [0,00) and Equation (12) can be re-written as

oo = 1) < 5V ao) = V(o)

with 7‘71 € J. Furthermore, the solution

u®(zo) == argmin J¥ (o, u)
uGUQ;} (zo)

is unique due to Assumption 3.5. This assumption also gives J (2o, u’(z)) = 0. Hence,
we can derive

1 1 1
V& (zo) == min J(xg,u) < —J(xo, v’ (x
o Vi (0) & ueol o) N (@o,u) < —Jx (20, u”(0))
Lo 0 : 0 : 0
= E(JN(xmu (o)) + amvmﬂ(v,u (x0))) = min O(v,u’(xp)).
For any 2y € Xy, we choose u®(z) € arg N, YN (2) J% (x0, u) arbitrarily. Furthermore,
0

we deduce

V(o 15 (@0))) = ST o, 8y (), (o, 1 (70)))
1

== ax U (u® (f (w0, u (20))), v)

> é\lfév(ua(f(xo,u%(:co))),u“(f(mo,u%(%))))

= 0(u(f (20, iy (20))), u (f (20, 1y (20))))-
Since Assumption 3.5 holds, u°(x¢) is a VNE and satisfies

min f(v, u’(xq)) = 0(u’(x0), u’(z0)).
Hence, by the monotonicity of vy, we have

lzo — 2*|| < 75" (B(u® (o), u® (0)) — O(u(f (w0, ui (x0))), u(f (w0, u (20))))) - (13)
Next, we show that
Tim u®(f (w0, iy (o)) = u’(f (w0, o (20))) (14)
holds independently of the choice u®. To this end, let ¢ > 0. Consider the function
S:Rx X —2U" given by
(o, xg) — argmin Jy(zg,u).
“EU% (xo0)
Due to Assumption 3.4, we can employ Theorem 5.4 and deduce that S is upper semi-
continuous at any (a, xg) € [0,1] x X _1. Furthermore, note that by Assumption 3.5, for any
x € Xy_; the set S(0,7) C UV is single-valued. In particular, for z; := f(zo, un(z0)) €
X —_1 this means that there exists § > 0 such that for (58,y1) € (—6,0) X Bs(z1), we have
|u®(21) — u?(y1)|| < e for any choice u?(y;) € S(B,y1). By Theorem 5.1, we obtain that for
any = € Xy, for @ — 0, any convergent sequence (u*(z)), with u®(x) € S(«, x) converges
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to the unique minimizer u®(x) € U (). Since U (x) is bounded, by using the subsequence
principle, we can deduce
lim u®(z) = u°(x)
a—0
for arbitrary u®(z) € S(«,z) and € X. Since the transition map f is continuous, this
implies
lim f(z, (u*(2))o) = f(z, (u’(2))o)-
a—0

By this, for xg € Xy specifically, we can find §; > 0 such that for « € (—d1, 1), we have

1f (2, 1 (w0)) = f(, v (o)) || = || f (=, (u®(20))o) — f(z, (u®(20))o)l| < &
for any u®(zg) € S(a,xzp). Now, by choosing @ < min (§,01), we can deduce (14). Now,
taking Equation (13) to the limit o — 0, we obtain
lwo — 2*|| < 75" (B(u® (o), u’ (o)) — O(u’(f (w0, v (20)))s u® (f (o, v (20))))) -
=7 (Vi (wo) = VR (f(z0, un(20)))) -
Consequently, applying vy to the equation conserves the order and we are left with

w(llwo — ) < V(o) = VR (f (20, in (20))-
Next, we show that -, is a lower bound. In the same fashion as above, for zo € Xy, we
can deduce

* 1 «a — :
lzo = 2|l < 717 (S VE (@0)) < 1 (min (v, u° (20))

=71 (0(u° (20), 1 (20))) = 71 ' (Vv (20))-
Finally, we construct the upper bound directly. Note that
Jags (20, u’(20)) = 0(u’(20), u’(20)),  Jage(a™, (u*)N) = I3 (2, (u*)") = 0.
Furthermore, due to Lemma 4.6, we have u°(z*) = (u*)". Since the dynamics is completely
controllable there exists a ¢ > 0 with Bs(2*) C X; C Xy_1.
Since the pay-off functions are convex, the function (z,u) ~ J$(z,u) is Lipschitz

continuous on By (z*) x UV for some ¢’ < §. Furthermore, due to Assumption 3.3, it is
also non-constant. Hence, there exists L > 0 such that for any xy € Bs/(z*), we have

Vi (@o) = JR (w0, u’(w0)) = IR (2", (u*)™)) < L (lwo — || + u”(z0) — (u*)™])) -

Define

a(r):= max L(||lz—a"|+ [|lu(z) — u*|) .
xE€B,(x*)

By Theorem 5.4, the function z +— S(0,z0) = argmin, J%(x,u) is upper semi-continuous.
Since for any x € X the set of minimizers S(0, z) is single-valued, the function z ~ u°(x)
is continuous at every z € Bs(z*) C Xy_1. Thus, the function & is continuous on [0, d).
Furthermore, & is monotonically increasing on [0,d") and we have &(0) = J$ (z*,u*) = 0.
Outside of Bs:/(z*), we can consider

&(r) == max {J} (z,u): € B, (z*),u e UN}.
Since JY is continuous on X x UV and for each r > 0, the set B,(z*)x € UY is compact,
the function & is continuous. Furthermore, & is monotonically increasing and we have

Vi (@0) < a([lwo — 27])).

Now, consider the function

a(d)+ar)  forr >4,
+ La(r) forre[0,d8).
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This function is continuous, strictly increasing, unbounded (due to the addition of the first
term), and fulfills as(0) = 0. Hence, as € J#,. Furthermore, we have as(r) > a(r) for
0 <r < as well as aa(r) > a(r) for r > §'. Thus, az gives an upper bound for VY. O

Lemma 6.2. Under Assumption 3, the set Xy is forward invariant under the feedback law
un: X — X presented in Theorem 6.1.

Proof. The proof follows the same construction as used for the proof of Lemma 4.7. O

Corollary 6.3. Under Assumption 3, the closed loop x+ = f(x, un(2)) with uy: X — X
presented in Theorem 6.1 is asymptotically stable at x* € X on the domain Xy .

Proof. Theorem 6.1 gives us the criteria for asymptotic stability from Theorem 2.3 with
V=V S=Xy,and g= f(-, un). O

Even if Assumption 3.5 is not satisfied for every initial value, we can still make the
following observation.

Lemma 6.4. Let Assumption 3.1-3.4 hold. Consider the set
Y = {2 € X: the GNEP (6) has a VNE u € U (20)}.
Then, the feedback law pn: X — X presented in Theorem 6.1 renders the set Y invariant.

Proof. Let ¢ € Y be given. Then, there exists u € IUQO (z0), which is a VNE of Problem (6).
Hence, we have

N-1 N-1
DD W (n),ut (), zu(n) < Y Y 0 (WY (n),u (n), i, (n))
n=0 v n=0 v

for every v € UN. Choosing v(0) = u(0), this yields
N-1 N-1
DD i (n),uT (), zu(n) < Y Y0 (WY (n),u (n), i, (n))
n=1 v n=1 v

for every v € UN~1. Now consider x; = f(xg,u(0)) = f(z0, un(70)) and define
ui(n) =u(n+1), forn=0,...,N—-2, u(N—-1)=u".

Then, we have u; € Uf («1). Due to Assumption 3.2, we have 6”(z*, u*) = 0 and we can

deduce
N-1

S 3w (), ()., ()

Z 3
~ o

S0 (), u (), () + 36" (w  ()

—_

n
N —
n=

IN

D0 (" (n),u (n), g, () + D07 (" 0y L (N))
1 v v

for every (v,v;) € UN~! x U. Employing an index shift, we see that u; is a VNE of
Problem 6 with initial value z; € X and, hence, z; € Y. |

We give an example for which the VNE of a GNEP satisfies the equilibrium end constraint
at least on a subdomain of the state space.

Ezample 6.5. Let the dynamics be given by % = f(z,u) = Az + Bu, where A: X — X
and B: U — X are linear operators. Let the pair (z*,u*) C X x U satisfy f(a*,u*) = a*.
Furthermore, the operator B has a diagonal block matrix structure B = diag{ B, ..., Bk},
where each B, acts on the vth player’s control with v = 1,..., K. We will also write
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B = B, + B_,,. For each v and any fixed choice v, the dynamics’ vth component is
completely controllable in " in one step. Furthermore, let the pay-off functions be given by

0 (v u" @) = [la™ — 2| + [l = fz, 0" a1

Moreover, let U C U be a closed, compact set such that u* € U. Then, there exists a
domain 2 C X such that for any x € 2, there exists a VNE of

N-1
minmax Y Y (0" (u”(k),u™" (k), 2 (k) — 0" (0" (k),u™" (k), i, , (k) ,
v k=0

u€U vel
which satisfies x,,(N) = z* for any 2y € Xy.
Proof. Let n > 0 be given. Then, the set
Y = {z,(N - 1): u e UN, ,(0) € B,(z*)}

is bounded. Due to the controllability properties of the system and Lemma 5.3, there
exists a ball Bs(z*) with § > 0, such that for any y € Bs(z*), there exists a v, € U with
z* = f(y,v). Choosing n small enough, we ensure Y C Bs(z*) due to the continuity of the
transition map. Note that due to the diagonal block structure of B, for any u € U, the
point z = f(y,vy,u~") fulfills 2 = 2*" for any component v = 1,..., K and y € Bs(z").
Let v = (u(0),...,u(N — 1)) be a solution to the GNEP.

Then, we have > 0" (u,u) <> 0" (v,u) for any v € UV. Consider v = (u(0),...,u(N—
1),v,), where v, is chosen as described above for z = 2, (N — 1). Using this choice of v, we
can deduce

> 0! (N = 1),u™(N = 1),z (N = 1)) <> 0" (0, u™"(N = 1), 2,(N — 1)),

lz*" = (N = DI? + [la™" = ap(NI* < o™ = af(N = D|* + [Ja™ = 2™"|%,

u u u

which gives ¥ (N) = a*" for every v =1, ..., K. ]

Remark 6.6. Equilibrium end constraints are not applicable if the system is not controllable
to z*. In classic MPC, the terminal constraint can be relaxed by further imposing Lyapunov
end costs F': X — R. This construction can also be used to design a stabilizing feedback
scheme for MPC based on a-quasi GNEPs by generalizing the conditions found in [18,
Section 5.3]. When it comes to transferring the result to o = 0, one could aim for a similar
construction as in Section 6. Note that this would require finding an upper bound for

1 1
—Vi¥(xo) = — i UM (2g,u,v) + F(zy(N
o N(xo) a (ueﬁr}i\ir(lmo)grel%}j\(’ * (x() " 7)) (x ( ))>

and, subsequently, passing to the limit & — 0. Note that the presence of terms of the form
éF(l‘) might hinder convergence. The analysis for this case is an interesting direction for
future work.

7. NUMERICAL EXAMPLES

In order to shed some light on how the proposed MPC schemes perform in practice,
we present two dynamics for which we implemented the GNEP based MPC feedback
given by Algorithm 3.1 (without equilibrium end constraints) and its alteration based on
Problem (8) (with equilibrium end constraints and a # 0). The first dynamics is given by

the time-discrete linear system
10 10
+ _
T = [1 J x + [0 1] u, (15)

which fits to the conditions of Theorem 6.5. Here, each component of the state corresponds
to a player v = 1,2. The pay-off functions are given by the tracking term pay-offs given
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in Example 6.5. For the second example, we consider the dynamics given by two inverted
pendulums coupled with a spring. The dynamics is modeled by the system

Iy =uy, + k(x_, — 2, £d),

n 1
9, = %sinﬂu -7 cos ¥, (u, + k(x_, —x, £d))

for v = 1,2, where g is the gravitational constant, I € [0,00) is the length of the rods,

k € R refers to the spring constant, and d is the distance the pendulums keep, when the

spring is rested. This can be rewritten into a dynamical system given by the variables

(01,1, 1, 31, V2, V2, T2, 2). Furthermore, with a slight abuse of notation, we write ¥ =

(9, Dy, 20, &,) for each player v. A stationary point of this system is given by
z* =1(0,0,0,0,0,0,d,0), u*=(0,0).

To ensure the existence of a unique solution to the modified equilibrium problems we
encounter in each iteration, we linearize the dynamic at (z*,u*). We use an explicit RK4
scheme to translate the resulting system into a time-discrete form, which has the form
zT = (Id + Ark)z + Brxu — Arxz* = Ax + Bu + C. In order to fulfill the complete
controllability condition for the GNEP case, we concatenate four discrete time steps to
arrive at an affine-linear time-discrete system, that is completely controllable in one step.
This results in the control space U = R® and the dynamics

3
vt = A'z +[B AB A’B A*Blu+ Y _ AFC.
k=0
Note that this system does not have the block structure required to guarantee the existence
of a VNE that satisfies the equilibrium end constraints. For the MPC loop based on
Problem (8), we forgo the concatenation since it is not required. We furthermore equip the
dynamics with pay-off functions of the form

0" (@ u) = [la” (k) = a*V|* + [Ju” (k).

Regarding the optimization,when working with the modified Nikaido—Isoda function and
equilibrium end constraints, we solve the outer minimization with a sequential least-squares
programming (SLSQP) algorithm [26]. The derivative is computed based on Danskin’s
theorem (see, e.g., [15]) for which the inner maximization needs to be solved, which we
accomplish by using an L-BFGS-B algorithm [9, 34].

In each iteration of Algorithm 3.1, we compute the VNE based on a reformulation of
the GNEP via the regularized Nikaido—Isoda function [14, 20] resulting in the optimality
condition from Theorem 3.6 of [20], which we again solve via a L-BFGS-B algorithm. Here,
we do not enforce the equilibrium end constraints, since our stability region is only given
by points, where the GNEP solution satisfies them anyway.

For the first example, based on the dynamics (15), the closed MPC-GNEP trajectory can
be found in Figure 1. Due to the structure of Example 6.5, there exists a stability region for
the GNEP-MPC scheme. Outside, we cannot guarantee that the computed VNE satisfies
the terminal constraint. This is mirrored in the corresponding Lyapunov function V°, which
is not monotone outside this region, but starts decaying when the state enters the stability
region. Subsequently, we see stabilization of the state trajectory.

For the dynamics given by the linearized coupled inverted pendulum, the results computed
via the auxiliary MPC scheme (with terminal end constraints and modified Nikaido—Isoda
function) and the scheme given by Algorithm 3.1 can be found in Figures 2 and 3, respectively.
For the auxiliary scheme, we see stabilizing behavior, which is in accordance to our theoretical
results from Section 4.

Regarding the MPC-GNEP scheme, note that for this example, Assumption 3.5 is
not fulfilled. Hence, we cannot provide a theoretical justification for a converging closed-
loop trajectory. Nonetheless, asymptotically stabilizing behavior can be observed. As
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FIGURE 2. MPC based on problem (8) with equilibrium end constraints
and modified Nikaido—Isoda function for the coupled inverted pendulum.
We use the horizon length N = 20, v = 1, « = 0.1, U = [-100, 100].
Furthermore, 1% uniformly distributed noise is added to the dynamics.

time progresses, the trajectory seems to oscillate around a stable point with a decaying
amplitude. Simultaneously, the Lyapunov function V° seems to decay in an oscillating
fashion as well. This suggests that the stability analysis can be extended to cases in which
the VNE computed in each iteration do not fulfill the equilibrium end constraints.!

8. CONCLUSION AND OUTLOOK

We presented a stability analysis for MPC schemes based on dynamic GNEPs and an
approximation thereof: a-quasi GNEPs. For both types of problems, we were able to derive
conditions guaranteeing asymptotic stability by employing terminal constraints.

For the a-quasi GNEP, both equilibrium end constraints and Lyapunov end costs can be
utilized. Although a-quasi GNEPs do not exactly correspond to game-theoretical problems,
they can be used for feedback synthesis nonetheless. Furthermore, they play an important
role in transferring the analysis to the MPC scheme for GNEPs. In this field, stabilizing
behavior has barely been studied analytically. We provide a stability result for an abstract
class of jointly convex GNEPs based on classic Lyapunov theory. A crucial assumption is
that the corresponding variational Nash equilibria fulfill the equilibrium end constraint.
Although this condition is not met generally, our numerical examples suggest that MPC
for GNEPs can be stabilizing despite its violation. This raises the question of whether the
end constraint can be omitted and, consequently, whether a stability result can again be
derived on the basis of a-quasi GNEPs. Similarly to classic MPC, exponentially stabilizing
dynamics [18, 1] paired with a suitably large look-ahead horizon could be key in this
analysis.

IThe jupyter notebooks containing these computations can be found at https://github.com/anttop/
MPC_GNEP.


https://github.com/anttop/MPC_GNEP
https://github.com/anttop/MPC_GNEP
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F1GURE 3. MPC based on Algorithm 3.1 for the coupled inverted pendulum.
We use the horizon length N =5, v =1, U = [-100, 100]. Furthermore,
1. % uniformly distributed noise is added to the dynamics. Note that for
this setup, Condition 3.5 is not fulfilled in general.
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9. APPENDIX
9.1. Proof of Theorem 4.1.

Proof. The proof follows the arguments used in Theorem VIII.1.9 of [2] for showing a DPP
for dynamic games with respect to the lower value. In the following, we will denote the
right-hand side of Equation (7) by Wx(no + 1, zo).

For u € UM (ng,z0), the ith component of the control will be denoted by u(ng + i) or
v(ng + ©), respectively. First note that due to the compactness of the sets of admissible
controls and the continuity of the functions f and ¢, each minimum and maximum is
well-defined.

Let (no,z0) € N x X be fixed. We begin with showing Vy < Wy. Let € > 0 and choose
z € X, n € N arbitrarily. Then, there exists a u, € UN~!(n, z) with

€
Vn- ’ > JIN- » %y Wz o
N_1(n,z) > UGVII\I’IEilx(n,z) No1(n, 2, u,,0) + 5

Furthermore, there exists @ € U™ (ng, o) such that

€
w > 1 i Vn_ 1, Za.0 1 —.
(no, zo) > UGVIIIVI?%VZO){ (no, w(no),v(no), zo) + Va—1(no + 1, g, (no + ))} + 5

Choosing z = z7,,(no + 1) as well as n = ng + 1 (for every v € V¥ (ng, x0)) and exploiting
the first non-anticipativity property for the control v, we can conclude

W(”Oa ZZ?O)

> max {E(no, u(no),v(ng), xo)+
veVN

> max JNfl(nmxﬁ,v(nU + 1),uz,17) + E} + 5

T oeviN-1 2 2

_ +N
> vrg‘a/oliv{ﬂ(nmu(no)m(no)wo) + Jn_1(no, zgu(no + 1)7uz,v’20:n0+1} +¢€
> urélll]r}v vrg\%}](v JN (Tl(), Zo, U, U) +e,

which yields the desired inequality.
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Lastly, we show Vy > Wy in a similar way. Again, let ¢ > 0. There exists a u €
UN(’H,Q,Z‘()) with

Vn(ng,zo) > max  Jn(ng,xo,u,v) +e€. (16)
veV N (ng,z0)

Furthermore, we have

W(no,zo) <  max {[(no,xmu(no) v(no)) + Viy— 1(n0+1:ruv(n0+1))} (17)

veVN (ng,z0)

There exists v € V¥ (ng, zg) such that

max {E(no,xo,u(no),ﬁ(no)) + VNn-1(no + 1, zu5(no + 1))}
‘ (18)
€

< (no, zo,u(no),v(no)) + Vn-1(no + 1, Zuu(no + 1)) + 3
Note that u € UM (ng,xq) implies u(- + 1) € UN"Y(ng + 1,245(no + 1)) for every o €
VN (ng,z0). Hence, for z = @y, (ng + 1), we find o € VN1 (ng + 1,2, (no + 1)) with

V_1i(no+ 1,z min  max J nog+1,z,u,v
N-1(no )= ueUN— 1veVNX* N-1(m0 )

Sverr‘lgi_lcfzv 1(no +1,2,u(- + 1), v) (19)
< Jn-1(nog+1,z,u(-+1),0) + %
Combining (17)—(19) and finally (16), we can conclude

Wi (no, zo) < €(no, zo, u(no),v(no)) + V-1(no + 1, 2y (no + 1)) + %
< l(ng,xo,u(ng),v(ng)) +Jn_1(no + 1, z,u(- +1),0) + ¢

< max JIn(no, o, u,v) + €
VN

V (’Ilo,$0). [l
9.2. Miscellaneous.
Lemma 9.1. Let C C R™ be a convex set with C #0. Let 1 € 0C and y € C. Then, the
inclusion )

{z+ely—2x) :e€(0,1]} CcC
holds.
Proof. Let € > 0 and consider m = z + e(y — x). Then, m € C. Furthermore, the function
f: R™ — R"™ defined by
1
2T+ g(z — )

is continuous with f~1(C) C C, since for w € C we have

1
w=zr+-(z—w) < z=z+¢c(w—2x).
5

Due to continuity, f _1(0) C C is open. Furthermore, we have m € f~1(C ) since f(m) =y
and, thus, m € C. O

(M. Schmidt) TrIER UNIVERSITY, DEPARTMENT OF MATHEMATICS, UNIVERSITATSRING 15, 54296
TRIER, GERMANY
Email address: martin.schmidt@uni-trier.de

(F. M. Hante, A. Topalovic) HUMBOLDT-UNIVERSITAT zU BERLIN, DEPARTMENT OF MATHEMATICS,
UNTER DEN LINDEN 6, 10099 BERLIN, GERMANY

Email address: falk.hante@hu-berlin.de

Email address: antonia.topalovic@hu-berlin.de



	1. Introduction
	2. Preliminaries
	2.1. Generalized Nash Equilibria
	2.2. Model Predictive Control

	3. MPC for GNEPs
	3.1. A Discrete-Time Dynamic GNEP
	MPC Scheme

	4. -Quasi GNEPs
	4.1. Aggregated Cost Perturbation
	4.2. Auxiliary MPC with Stabilizing End Constraints

	5. Continuous dependence of the minimizer on the initial value and parameters
	6. Stability of the Limiting Scheme
	7. Numerical Examples
	8. Conclusion and Outlook
	Acknowledgements
	References
	9. Appendix
	9.1. Proof of Theorem 4.1
	9.2. Miscellaneous


