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ABsTrACT. We present a feedback scheme for non-cooperative dynamic games and
investigate its stabilizing properties. The dynamic games are modeled as generalized
Nash equilibrium problems (GNEP) in which the shared constraint consists of linear
time-discrete dynamic equations (e.g., sampled from a partial or ordinary differential
equation), which are jointly controlled by the players’ actions. Further, the individual
objectives of the players are interdependent and defined over a fixed time horizon. The
feedback law is synthesized by moving-horizon model predictive control (MPC). We
investigate the asymptotic stability of the resulting closed-loop dynamics. To this end, we
introduce a-quasi GNEPs, a family of auxiliary problems based on a modification of the
Nikaido—Isoda function, which approximate the original games. Basing the MPC scheme
on these auxiliary problems, we derive conditions on the players’ objectives, which
guarantee asymptotic stability of the closed-loop if stabilizing terminal constraints are
enforced. This analysis is based on showing that the associated optimal-value function
is a Lyapunov function. Additionally, we identify a suitable Lyapunov function for the
MPC scheme based on the original GNEP, whose solution fulfills the stabilizing terminal
constraints. The theoretical results are complemented by numerical experiments.

1. INTRODUCTION

Non-cooperative systems is a field of research of growing importance in control and
optimization. They can be found in the context of economics [3, 16], traffic modeling [7], or
robotics [12]. Due to disturbances, uncertainties, or model errors, feedback schemes are
essential, especially for stabilization tasks. Model predictive control (MPC) is a widely used
and flexible feedback mechanism for which stability guarantees can be derived for a wide
range of centralized control systems. This work deals with the question of whether these
stability guarantees can be transferred to non-cooperative distributed MPC schemes.

The basic idea of MPC is to solve the underlying (open-loop) optimal control problem
for a possibly short look-ahead horizon repetitively and to implement only the first part
of the solution to the system during a given sampling time. Due to this straightforward
construction, this scheme can be applied to a variety of control problems. It has been studied
for both linear [28] and nonlinear systems [18] with regard to its stabilizing properties.
Although technically it only provides a semi-feedback, considering the scheme for time-
discrete systems, usually derived from a discretization of the underlying continuous dynamics,
yields a structure for which MPC can be regarded as a “real” feedback mechanism. Griine
et al. studied such discrete-time MPC loops extensively in [18] and provided a vast canon
of stability analysis based on classic Lyapunov theory and Bellman’s dynamic programming
principle. This also includes MPC based on multi-objective [19] and economic dynamic
optimization problems [17]. MPC schemes have also been analyzed for continuous dynamics
directly [10, 23, 24]. Otherwise, in order to transfer the stability result from the inherent
time-discrete closed-loop to its continuous counterpart, energy estimates may be required;
see, e.g., [1]. The incorporation of stabilizing terminal constraints provides a general
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framework, which guarantees asymptotic stability; see [23] for infinite-dimensional systems
and [18] for time-discrete ones.

Rather recently, MPC schemes for distributive non-cooperative control schemes have
been studied in the context of engineering applications such as robotics [8, 12, 27] or water
irrigation systems [33]. These systems are controlled by multiple agents, where private and
shared constraints are imposed on the controllers. Each agent aims to minimize a private
cost function, which is not only dependent on their own control component but also on the
other players’ decisions. Hence, a Nash equilibrium problem (NEP) arises. If, furthermore,
the agents’ sets of admissible control decisions are interdependent, the problem is classified
as a generalized Nash equilibrium problem (GNEP). Both problem classes are fundamental
pillars of game theory. A comprehensive survey article tackling the existence, uniqueness,
and characterization of such problems in finite dimensions can be found in [14]. GNEPs
arising in control settings are usually governed by dynamics that enter the problem as a
constraint. Noticeable work on dynamic games includes [2, 6] as well as [13, 21, 22, 25|
for PDE-constrained problems. It is also well-known that for dynamical games, dynamic
programming principles similar to the Bellman principle apply. Regarding MPC schemes for
GNEPs, only a limited number of studies treat the question of asymptotic stability. In [12],
different scenarios for systems of self-driving cars have been considered. Additionally, the
authors of [31] derived conditions guaranteeing stabilizing performance for MPC based on
affine-quadratic NEPs by finding an explicit characterization of the optimal trajectories.

Similarly to [31], the goal of this paper is to derive conditions guaranteeing asymptotic
stability of an game-based MPC scheme. However, we focus on MPC schemes based on the
class of jointly convex GNEPs governed by jointly controlled dynamics. We here restrict
ourselves to problems, which are governed by a linear dynamics, since generally a nonlinear
dynamics renders the GNEP nonconvex, which in turn prevents us from guaranteeing the
existence of a (variational) equilibrium. In each MPC iteration, the feedback-synthesis is
then given by solving such a jointly convex GNEP for a variational Nash equilibrium and
stability of the resulting closed-loop dynamics is analyzed through the construction of a
suitable Lyapunov function. Using a reformulation based on the Nikaido—Isoda function,
the underlying open-loop dynamic games can be expressed as a joint minimization over
the set of admissible controls. Unfortunately, unlike for MPC schemes based on optimal
control problems with stage-additive cost functionals, the associated optimal-value function
does not provide a suitable Lyapunov function for the MPC-GNEP closed loop since it is
constantly equal to zero for every initial value.

Hence, we introduce a class of auxiliary problems based on a modification of the Nikaido—
Isoda function and some auxiliary parameter « € [0, 1], which we call a-quasi GNEPs, for
which the optimal-value function does provide a good candidate for a Lyapunov function. For
MPC loops based on these problems, we obtain stabilizing behavior if additional stabilizing
terminal constraints are enforced, as is often done in MPC schemes. We utilize the associated
Lyapunov function in combination with perturbation analysis regarding the continuous
dependence of minimizers on the parameter and the initial value to transfer the stability
results to the original problem. While doing so, we identify a suitable Lyapunov function
for the MPC-GNEP loop under assumptions consistent with the terminal constraints.

The paper is structured as follows. In Section 2 we provide an overview of GNEPs as
well as stability analysis for MPC. In Section 3 we introduce the general feedback scheme of
basing MPC on generalized Nash equilibria. In Section 4, we discuss our auxiliary problems
and derive conditions for asymptotic stability based on equilibrium endpoint constraints. In
Section 5 we provide the sensitivity analysis on the parameters used in Section 6 to transfer
the stability guarantee to MPC schemes based on GNEPs consistent with equilibrium
endpoint constraints. Lastly, in Section 7 we provide some numerical examples.
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2. PRELIMINARIES

2.1. Generalized Nash Equilibria. We consider a GNEP with shared constraints consist-
ing of K players. Each player v € {1,..., K} controls the variable u” € R% . These decision
variables form the vector u = (u!,...,u®) € R? with d = >, dy. Asis typical in game
theory, we use the notation u = (u”,u™"), where u™" refers to a block of components u*
with u # v. Each player solves the problem

min  0V(u’,u”") st ouw’ €Uy (u) = {u € R%: (u’,u™") € U}

with a continuous payoff function #, which is quasi-convex! in the player’s variable u* and
a strategy set U, (u~") that depends on the decisions u™" of the other players, as well as
the shared constraint set U ¢ R%. For such a setup, the GNEP refers to the problem of
finding a Nash equilibrium (NE), which is a vector u* = (u*1,... , u*¥) € U, so that for
every player v we have

OV (u™ u>7Y) < 0¥ (u”,u ) Yut e Uy(u™™Y).

For the single-player case, a GNEP reduces to a standard (constrained) minimization
problem.

In what follows, we will assume the shared constraint set U is convex, compact, and
non-empty. We consider so-called variational Nash equilibria (VNE). To this end, we use
the Nikaido—Isoda (NI) [29] function

K
U(u,v) 1= Z (0" (u”,u™) = 6" (v, u™")) .
v=1
The Nikaido-Isoda function can be interpreted as a measure of potential improvement
in the aggregate cost across players. Suppose u, v are both feasible, then each summand
in the evaluated NI-function represents the improvement the respective player achieves
from deviating from u, while the other players adhere to it. Based on this, a variational
equilibrium of the GNEP is defined as a point u* € R? with
sup ¥(u*,v) =0.
vel
Note, that the supremum is not only taken over deviations v that yield feasible pairs
(v”,u™7Y), ie., v € II,U,(u*~"), but over the entire set U. It is well established that
each VNE is a NE; see, e.g., [14]. If, furthermore, the strategy sets are independent, i.e.,
U,(u™)=T0, for allv =1,..., K and every admissible 4™, then the two notions coincide.
For the setup defined so far, existence of at least one VNE is guaranteed; see Section 4.1
in [14]. Furthermore, we define the u-parameterized optimal-value function
V(u):=sup ¥(u,v), uwel.
vel
Due to the compactness and continuity assumptions, we can directly deduce the continuity
of the Nikaido—Isoda function and ensure that for every u € U, there is a point v, € U with
V(u) = ¥(u,v,). Furthermore, the function V': U — R is non-negative [14, Theorem 7.1]
and, hence, we can compute a VNE by globally solving the min-max problem

min  V(u) st. wel.
u

LA function f: X — R is called quasi-convex if it satisfies f(Az + (1 — A)y) < max{f(z), f(y)} for all
z,y € X and each A € (0,1).
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2.2. Model Predictive Control. We briefly recap a general MPC scheme for time-discrete
dynamics and discuss strategies for showing its stabilizing properties.

Let U, X be finite-dimensional vector spaces and let N € N. Furthermore, let
f: X xU — X be a transition map and let Jy: XV x UM — R be a cost functional.
For every x € X, let there be a non-empty set of admissible controls UV (x) € UY. Then,
an MPC scheme for the discrete-time dynamics 27 = f(x,u) is given by the following
method; see also Algorithm 3.1 in [18].

Algorithm 2.1 (Basic MPC with horizon length N).
At each sampling time k =0,1,2,...
(1) Ewvaluate the state (k) € X and set xo = z(k).
(2) Solve the optimization problem

inf  Jx(z
uell}rj\l’(a?o) N(m u>

st. z(n+1)= f(z(n),u(n)) forn=0,...,N—1,
z(0) = 20
and let u € UN (xg) denote the solution.

(3) Define the MPC feedback by pn(xo) = un(z(k)) = @(0) and use this control value
in the next sampling period.

This defines a closed-loop system via

ot =g(z) = f(z, un()). (1)
Our goal, for now, is to investigate whether the MPC feedback law stabilizes the dynamics
in the sense that the closed-loop system given by (1) is asymptotically stable at a reference
point z* € X. A prerequisite for doing so is the existence of a reference control u* with
z* = f(z*,u*). The stability of the closed-loop system governed by a given feedback law
can be derived from the existence of a Lyapunov function. For this purpose, we use the
following classes of comparison functions:

H = {a: R>¢p — Rx¢: a is continuous and strictly increasing with «(0) = 0},

Hoo ={a: R>g = R>¢: a € # and « is unbounded},
L= {6: R>o — R>q: ¢ is continuous, strictly decreasing with tlimo i(t) = 0} ,
- - —
H L ={B:R>9 x R>g = R>¢: S is continuous, §(-,t) € %, B(r,) € L}.

Definition 2.2. Let X be a metric space and consider the function g: X — X, which
defines a dynamic system 2t = g(x). A function V': S — Rx is called a Lyapunov function
if there exists a subset S C X and a point z* € X, such that the following conditions hold.

(1) There exist functions aq, @y € o, so that
o[z —27[]) < V() < ao(flz — 27[]) (2)
holds for all z € S.
(2) There exists a function ay € % so that for each x € S with g(z) € S we have
Vig(z)) = V(z) < —av(lz —z7[]). 3)

Theorem 2.3 ([18, Theorem 2.19]). Let z* be a controlled equilibrium of the closed-loop
system xT = g(x), i.e., g(x*) = x*. Assume further that there exists a Lyapunov function V
on a subset S C X containing x*. If S contains a ball B, (x*) with radius n > 0 such that
g(z) € S for all v € By(x*), then x* is locally asymptotically stable, i.e., there exists n > 0
and a function B € Z L such that the inequality

[[#(n, o) — =™} < B(l|lwo — 27|, n)

holds for all xy € B,y (z*).
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For the closed MPC loop, a canonical candidate for the Lyapunov function is given by
the optimal-value function. For any xy € X and N € N, the optimal-value is given by
Vn(xo) = uetlur}‘ff(x) In (2, u)
with 2(0) = xo and z(n + 1) = f(z(n),u(n)) for n = 0,...,N — 1. To emphasize the
influence of the initial value, we will occasionally denote the cost functional as Jy(xg,u).
In [18], the stabilizing behavior of MPC feedback for time-discrete dynamics has been
thoroughly studied for stage-additive cost functionals of the form
N-1
J(x,u) = Z L(z(n),u(n))
n=0
with stage costs £: X x U — R. For MPC schemes with terminal constraints, the analysis
exploits the dynamic programming principle (DPP) in discrete time to derive a relaxed
dynamic programming inequality, which is shown to be equivalent to Condition (3) for
suitable stage costs; see [18] for details. For MPC schemes without terminal constraints,
the analysis also relies on the relation between a relaxed dynamic programming inequality
and Condition (3), though the said inequality is not directly derived from the DPP. In both
cases, Condition (2) of a Lyapunov function must be ensured separately.

3. MPC ror GNEPs

3.1. A Discrete-Time Dynamic GNNEP. Let us now consider a dynamic GNEP over a
finite time horizon n =0,1,...,N — 1. Let X and U,, v =1,..., K, be finite-dimensional
vector spaces. We denote the control space by U := U; x --- X Ug. Furthermore, let
f: X xU — X be a continuous function. We consider the discrete-time dynamics

z(n+1) = f(z(n),u'(n),...,u"(n)),
where for each player v, their respective control variable is denoted by u”(n) € U, and

u” € UN, respectively. For a finite control sequence u € UN with N € N and an initial
value z(y € X, we denote the corresponding trajectory via

24(0) = xo, xy(n+1)= f(z(n),u(n)) forn=0,...,N—1 (4)

We will also use the notation x,(z¢;-) to highlight the dependency on the initial value. We
consider a set of admissible controls independent of the state variable. More precisely, let
U C U denote the set of admissible controls. Then, the set of admissible control sequences
of length N is given by UV € UN. As we do not impose state constraints, this directly
yields viability of the admissible controls if U is non-empty. Each player v is equipped with
an optimization problem

N-1
r%iun Z 0¥ (u”(n),u="(n),z(n))
n=0

st w e UN(u™), (5)
z(n+1) = f(z(n),u”(n),u""(n)) ¥n=0,...,N—1,
z(0) = zo

with the constraint set UY (u™") := {u”: (u”,u~") € UV}. Throughout this paper, we will
impose the following assumptions.
Assumption 1. Let the following hold:
(1) The payoff functions 0¥: U, x U_, x X — R are Lipschitz-continuous for all
v=1,...,K;
(2) For each player v, the functions x — 6" (u”,u™",x) and v’ — 0" (u”,u™",x) are
convez, respectively for all (v, u™") e U, x U_, and (x,u™") € X xU_,;

7
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(3) The set U C U is compact, convex, and non-empty;

(4) The transition map f: X x U — X is affine-linear;

(5) There exists a point z* € X and an admissible control u* € U, such that z*
f(@®,ur);

(6) For each player v the pay-off function 6”: U, x U_, x X — R is non-negative.

The first four assumptions ensure the conditions of Theorem 5.9 in [14], which provides
the existence of a VNE for every initial value ¢y € X. This can easily be seen by introducing
a control-to-state operator S: UN — XN, u s z,, as well as the reduced pay-off functions
defined by 6" (u) == 6" (u, S(u)) for u € UN. Convexity is a key aspect in establishing
existence results for (variational) Nash equilibria. Note that an underlying nonlinear
dynamics generally renders the (reduced) GNEP non-convex, and thus, the existence of
an equilibrium may not be guaranteed. For each zy € X, the corresponding (reduced)
Nikaido—Isoda function is given by

N-1
U (zoiu,0) = Y D (67 (w (n), " (n), wu(n)) — 6% (0" (n), ™" (n), i, ()

v n=0
where for each player v, the inner dynamics is given by
Yuu0(0) = Zo,
yzw(n +1)= f(yzw(n),v”(n),uf”(n)) forallm=0,...,N —1,
which we combine in y,., = (i ,)». The set of all variational Nash equilibria for the

dynamic GNEP (5) for a given initial value zo € X is then given by

Evne(o) = {u € UN: max ¥V (2q;u,v) = 0}.
velnN

(6)

Note that since the existence of VNE to our setup is ensured, they can also be found by
solving the problem

i TN (20; 7
2R v (o) g

with optimal value equal to zero.

MPC Scheme. In the following, we study MPC schemes, where in each step a VNE for
the presented GNEP is computed. Since MPC schemes are often modified by the addition
of terminal constraints, which we will also adopt later on in this work, we present the
algorithm in a slightly generalized form, which also covers terminal constraints. We encode
these constraints in the set of admissible controls in the form

U (z0) = {u € UN: zy (20, N) € Xo}

for some terminal set Xo C X. An MPC scheme for GNEPs can be defined by the following
algorithm, where the admissible controls are chosen as U(zo) € {UY,U{ (20)} depending
on whether terminal constraints are imposed.

Algorithm 3.1 (MPC for GNEPs with horizon length N).
At each sampling time k =0,1,2,...
(1) Ewvaluate the state x(k) € X and set xo = (k).
(2) For the GNEP (5) find @ € Eyng(zo) NU(x0).
(3) Define the MPC' feedback by pun(xo) = u(0) and use this control value in the next
sampling period.

Note that choosing Ug} (o) corresponds to solving for VNEs (with respect to the shared
constraint set UV) that additionally fulfill the terminal constraint. Whether such an
equilibrium exists within the set UQO (x0) depends on the initial value zy € X. This choice
of constraints limits the set of viable initial values, which are points for which the algorithm
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is well-defined, to a subset of X. For the scenario U(z) = UV, the existence of a VNE is
ensured by Assumption 1 for every initial value zg € X .
Now, following the idea laid out in the section before, we see that Step (2) of Algorithm 3.1
can be expressed as
min Jy(zo,u) with Jy(zo,u) = max UV (zo;u,v) (8)
u€U (zo) velUN
if a VNE exists within U (o) for zo € X and U(xq) € {UN, U (x0)}. This fits the known
structure of an MPC scheme as presented in Subsection 2.2, hence it seems plausible to
adopt the stability analysis from [18].
Unfortunately, the resulting optimal-value function is not a suitable candidate for a
Lyapunov function since a VNE # fulfills
min max ¥ (zo;u,v) = max UV (zg;a,v) =0
weU (zo) veUN ( 0 ) velUN ( 0 )
by definition for all viable initial data x¢y € X. Hence, we cannot directly apply the stability
analysis from [18]. There are several modifications of GNEPs based on regularizations of the
Nikaido—Isoda function [20, 30, 32]. They all conserve the VNE property of the solutions
while introducing smoothness to the problem. However, the involved optimal values are
still equal to zero.

4. a-Quast GNEPs

In order to provide a Lyapunov function via the optimal-value function, we propose a
modification of the Nikaido-Isoda function, which instead of preserving the VNEs only
approximates them in favor of a non-constant optimal-value function. We call this the
aggregated cost perturbation and the associated problems are called a-quasi GNEPs. In
this chapter, we will discuss such aggregated cost perturbations as well as stabilizing
MPC schemes based on a-quasi GNEPs. Similar to MPC algorithms with stage-additive
cost [18], we will impose equilibrium endpoint constraints to guarantee stability. Passing
our approximation to a limit, based on the associated Lyapunov functions, we will be able
to identify a suitable Lyapunov function for the original GNEP-based closed MPC loop,
which will be discussed in Section 6.

4.1. Aggregated Cost Perturbation. We now consider the modification of the Nikaido—
Isoda function

TN (z0;u,v) Z Z (9V Y(n),u”"(n), zu(n))
— (1= )0 (0" (n), u™ (n), i, (n))

with « € (0, 1), where x,, and y,, ., are given by (4) and (6), respectively, with initial value
xo = 1,(0) =y, ,(0). Accordingly, we will study an alteration of the MPC scheme given
by Algorithm 3.1, by replacing the function ¥ for U in the underlying optimization
problem given by (8). This results in min-max problems of the form

nig may va (u0)
which we call a-quasi-GNEPs. Generally, the solution to such an a-quasi GNEP is not a
VNE, but an approximation thereof. This will be discussed in more detail in Section 5
Furthermore, a-quasi GNEPs come with the advantage of having non-constant optimal
value functions: Since each player provides a non-negative pay-off function, we can easily
see that
N—1
min max ¥} (u, v) > min W) (u,u) = amin Y > 60" (u"(n),u”"(n), z4(n)) > 0
u v u u

n=0 v
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holds for any initial value zo € X. More precisely, the optimal value can be estimated from
below by the optimal value of the aggregated cost scenario, which is a classic minimization
problem, where the cost is given by the sum of all players’ individual costs. Via the
parameter a € (0,1), a-quasi-GNEPs connect the non-cooperative case (o = 0) to the
aggregated-cost case (a = 1).

In the following, we derive a relaxed dynamic programming principle inequality for the
optimal-value functions of a-quasi-GNEPs. We give this inequality for a class of a-quasi-
GNEPs, where additional terminal constraints can be enforced in the outer minimization.
To this end, we briefly state a version of the dynamic programming principle (DPP)
for discrete-time deterministic systems, which serves as a foundation for establishing the
inequality. A detailed treatment of the DPP can be found in [4].

Lemma 4.1 (DPP for time-dependent control constraints). Let X, U be finite-dimensional
vector spaces. Consider a stage cost £: X x U — R, a forward dynamics f: X xU — X
and a sequence of admissible control sets {V,,}n<n C U for some N € N, N > 2. We denote
VEm) =25, forn < N—1, K<N-—1-n. Foreachn<N -1, K<N—-1-n,
and initial value o € X, consider the optimal-value function defined by

K-1
WX (n,z0) = inf Uzulzoi k), ulk
()= | St ) lb)
with ,(x0;0) = zo, Tu(xosk +1) = f(ay(x0; k), u(k)) for k=0,...N — 1. Then, for each
g € X and K =1,... N the equation

K—1
W0, z) = ue‘i/an(n) { Z Uz (zo; k), u(k)) + WNE(K, 2 (x0; K))} 9)
k=0

holds true.

Lemma 4.2 (Relaxed dynamic programming principle inequality). Let N > 2 be fized and
let U C U be compact and let Xg C X be a closed set. Fix xg € X, so that Ugo (zo) # 0.
Then the expression

Vil (o) = min J¢(xo,u) with JH(wo,u) = max Y (zo;u,v).
uEUQﬁ)(zo) velUN

is well-defined. Furthermore, the inequality

V(o) > a0y 0" (@, 07", x0) + Vi (f (w0, 1)),

holds true, with @ = u*(0), where u* € Uy (xq) denotes a minimizer w.r.t. zo and horizon
N eN.

Proof. Note that due to the compactness of U and the continuity of f, the sets UV and
Uf (zo) are compact as well. Hence, for every u € U¥ (z0), the inner maximum (see
the definition of J§(zg,u) above) is attained. Due to Theorem 2.1 in [11], the function
Ug} (x0) = R, u+— JY(xo,u), is continuous and, again, due to the compactness of its domain,
it attains a minimum. Hence, V§(xo) is well-defined. Now, let u* € U (x0) be a respective
minimizer and denote u*(0) = @. Then, we also have u*(- + 1) € Ugo_l(f(xo, @)) and hence
Ugo_l(f(xo, @) =0 and Vg_,(f(zo,@)) is also well-defined by the same argumentation as
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above. In order to show Inequality (4.2), we make use of the following notation

N(zo,u Z 29" V(k),uT(k), zu(z0; K)) for zo € X,u € UV,
oM (zg, u,v) Z ZH” Y(k),uTY (k) Yo (T3 K)) for 29 € X,u,v € UV,
TN (yo, u,v) ZZGV (k) uV (R),yh o (ubs k) for yo = (yg)iey € XK ue UY.

By definition, ON (zg, u,v) = JN((a:o)ff:l, u,v) holds true. The perturbed Nikaido-Isoda
function can be expressed as

\Ijév('ro;uvv) = GN(':E()vu) - (1 - Oé)éN(I07u7U).
Since u* is a minimizer, we can easily see that

Vi (wo) = J(xo,u*) = max UV (z0; u*,v) = ON (20, u) — (1 — ) min OV (20, u,v). (10)
velUN velUN

For the first term, we can write

N(zo,u ZO zo, @, u"") + ON T f(xo, @), ut (- +1)). (11)

Regarding the second term of Equation (10), note that the set of admissible controls is
independent of the state y. Hence, we can make use of the dynamic programming principle
given by Lemma 4.1 by choosing Vi = U, which results in

min OV (zg,u*,v) = min JV ((x0)I, u*, v)
velN

velUN

- vlg[[lj% {Z HV(UV(O)’Q_V ) + UEI?U}VH 1 JN 1((f($07 v”(O),ﬂ_”)){(zwu*(~ + 1)5 U)}
- zy:e”(ﬂ”ﬂ‘” )+v€%1}vn1JN H(f (o, @)1y, w (- +1),0)

= Zyjmau, T )+v€%}vn ON T (f(wo, @), ut (- + 1), v).

Combining this with equation (10) and (11), we obtain
Vi (20) > ZQU w”,u, wo) + OV T (f (2o, @), ut (- + 1))

velUN-1

(1-a) (ZG” a’,a"", xo) + min ON" 1(f(x0,ﬂ),u*(~+1),v)>
= D0 0) + O (S, (£ 1)

—(1—a) min  ONY(f(xo, @), u (- +1),v)

veUN-1

zaZH”(ﬁ”,ﬂ_” o) + max UNTI(f(xg, @), ut(-+ 1),v)

velUN-1

>« 0" (u”,u" ", xg) + mm max \I/N Y f(zo, @), u, v
>0 V¥ S0, 0)

:aZ@”(ﬂy,ﬁ_”,wo)+V1%71(f($0»a))~ O
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Remark 4.3. Lemma 4.2 also holds in the presence of state constraints
UN(zo) = {u € UN: u(k) €U, wy(20;k) €XVE=0,...N — 1,2,(z0; N) € Xo},
[U;Jyo(xo) ={ue UN(Z‘())Z 2y (xo; N) € Xo},s

where X C X is a closed set with Xy C X, following the same proof using a slight
modification of the DPP given in 9.1.

4.2. Auxiliary MPC with Stabilizing Terminal Constraints. A common strategy to
ensure stability of the MPC closed-loop system with stage-additive costs is to use terminal
conditions such as equilibrium endpoint constraints or a Lyapunov terminal cost [18]. We
derive conditions on the pay-off function, which allows us to generalize the stability analysis
to MPC schemes using cost functions given by the modified Nikaido—Isoda function and
equilibrium endpoint constraints. Specifically, we modify Algorithm 3.1 by exchanging the
optimization problem, resulting in the following algorithm.

Algorithm 4.4 (MPC for a-GNEPs with horizon length N).
At each sampling time k =0,1,2,...

(1) Ewvaluate the state x(k) € X and set xo = (k).

(2) Solve

min <max UN (20;u, v))
u€lY (wo) \veUV
st. z(n+1)= f(z(n),u(n)) forn=0,...,N—1,
y'(n+1) = f(y"(n),v”(n),u""(n)) forn=0,....N—-1, v=1,... K,
z(0)=9"(0) =2y forv=1,... K,
where the terminal set is given by Xo = {x*} and let u € UV denote the solution.

(3) Define the MPC feedback by u% (xo) = @(0) and use this control value in the next
sampling period.

We denote the associated feedback by p%: X — U and the corresponding optimal-value
function by V5 : X — R. Note that the set of viable initial values for this optimization
problem is given by the set {zg: UQO (zo) # 0}. We can generalize the notation of Xy by
considering the set of initial values, which can be brought to the stationary point z* € X
in k steps by considering

X = {ac € X : there exists u € U* with Ty (x03 k) = x*} .
In this auxiliary scheme, we consider an MPC feedback scheme where each iteration
a solution for an a-quasi GNEP is computed. When starting in the stationary point,
meaning xo = x*, for a large class of pay-off functions, these solutions will coincide with

the corresponding VNE; see Lemma 4.6 below. Moreover, these solutions can be seen as
approximations of the VNE, which we discuss in section 5.

Theorem 4.5. Let the following assumptions hold.
(1) The point x* € X is a controlled equilibrium for an admissible control, i.e., there
exists a control u* € U such that ©* = f(z*,u*).
(2) The pay-off functions fulfill )~ 0% (u™",u*~", x*) = 0.
Then, the optimal-value function from Algorithm 4.4 satisfies
Vi (a0) < Vi (o) (12

for every xg € Xny_1 and N > 2. For xy € Xy, this implies
Vi (o) > @Y 0" (1 (z0)”, 1 (w0) ™, 20) + Vi (£ (o, 15 (0)))- (13)
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Proof. Let xy € X and denote {(u,v,z,y) = >, 0" (v, u™", z)—(1—a)), 0" (", u"", y)
for u,v € U and y = ()5, € XX, 2 € X. Note, that

Lu" v, 2% y) = —(1 — ) ZO”(U’Qu*"”,yQ <0

holds for every v € U, y € XX, Let uV =1 € Uggl(mo), then by Condition (1), the control
sequence given by

uN(n) =u""t(n)forn=0,...,N -2, uM(N—-1)=u"

satisfies u¥ € TUQO (x0). Furthermore, by employing the dynamic programming principle for
the (inner) maximization problem, we can deduce with slight abuse of notation

JN(I'Oa UN) = 52%% \Ilg(uN’ v, xquyuN,v)

= max {\IlécVI(UNavaxquyuyv) + rgggg(u*’v’x*vyuN,v(N - 1))}

veUN
< max {O W, v,z yun ) = onax, {0 W v ww, yun o)

= JNfl((E(), ’LLN_l).
Considering the set [[NJQO (zo) = Ug{;l(xo) x {u*}, this leads to

inf  Jn(zo,u) < inf  Jy(20,u’) < inf In_1(zo, u™h),
weUf (o) uN el (o) uNfleUgfl(xo)
which translates to Vg (zo) < Vg_,(x0). Now fix 9 € Xy. By Lemma 4.2 we get the
relaxed DPP inequality

Vi (o) = a0 (uf(z0)”, uv(z0) ™, 20) + Vi _1 (f (o, iy (20))).

Since pf (o) = @(0) holds for an @ € U (x0), we have f(u%(20)) € Xy_1. Combining the
relaxed DPP inequality with Equation (12) evaluated in f(u% (x0)), we directly can obtain
Inequality (13). O

Lemma 4.6. If the conditions from Theorem 4.5 are fulfilled, then u* is a VNE for the
initial value x* and any horizon length k € N. Furthermore, we have V*(z*) = 0 for
every k € N.

Proof. Using Condition 2 iteratively leads to
k k
S S ) = 0.2 3T ), e a3 )
n=0 v n=0 v

for any v € U*, which means that the constant control sequence u* is a VNE of the GNEP
with initial point =* and any horizon length k& € N. For any k£ € N, we further deduce

0 < min U* (u,u) < V& (z*) < max ¥F (u*,v) = UF (u*,u*) = 0. O

Lemma 4.7. Under the assumption of Theorem 4.5, the set Xy s forward invariant under
the feedback law p: X — U for every N € N, i.e., f(x,u%(z)) € Xy for every x € Xy

Proof. Let * € Xy. Then, we have f(z,u%(z)) € Xy_1. Hence, there exists uN =1 €

Ug{;l(f(m, % (x))). Now, by Assumption (1) of Theorem 4.5, we can construct the control
sequence

uN(n)=uN"tn), n=0,....N-2, uN(N-1)
which produces the state x,~(N) = f(xynv-1(N —1),u*) = f(a*,u*) = x*. Hence, we have
Xn-1 C Xy and, thus, f(z, u%(z)) € Xn. O

u*,
x*.
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We see that by imposing equilibrium endpoint constraints, we can easily enforce the
optimal-value function to fulfill one criterion of a Lyapunov function, namely, the decay
along the trajectories. However, the second property, existence of suitable K -bounds,
is more dependent on the design of the cost functional. Nevertheless, there is a close
connection between the optimal-value function Vy and the optimal-value function of a
problem with stage-additive cost, which can be exploited to find suitable K,.-bounds.

Definition 4.8. Consider non-negative pay-off functions. We define the aggregated cost

functional as Jaj\g[g: X xUN -5 R via

(o) = 30 30w (), (), ()

where 2,(0) =z and z,(n+1) = f(z(n),u(n)) for all n = 0,..., N — 1. Similarly, for every
o € Xy, the aggregated optimal-value function is given by

Va8 (ry):= min JiE8(xg,u).
N (7o) wet ey T (zo,u)

Based on this optimal-value function, we can find #,-bounds for Vi with o € (0, 1).

Lemma 4.9. Consider non-negative pay-off functions and let Vi denote the optimal-value
function from Theorem 4.5 for o € (0,1). If there exist functions v1,7v2 € Hoo such that

T (llzo — ")) < V§¥(@0) < 72(llz0 — 27])
holds for every xo € Xy, then, for every a € (0,1) we have
avi(flzo — 2*[]) < Vi (zo) < v2(llzo — 27|)).

Proof. We shorten notation with §(u,v) =3 >, 0"(v"(k),u " (k), Yu,»(k)). Concerning
the lower bound, we can easily derive

Vi (xo) = mgnml}ax O(u,u) — (1 — a@)f(v,u)
> muinaG(u, u) = aVyP&(zo) > am (||lz — ™).
For the upper bound, due to 6 > 0, we have
V§ (zo) = manmgmx@(u, u) — (1 —a)f(v,u) < m&nH(u,u) < yalJlz = 2*]|)- O
The existence of such JZ,.-bounds for the aggregated cost can easily be traced back to
the underlying pay-off functions, as the following Lemma shows.
Lemma 4.10. (1) Assume that there exists a function oy € H#oo such that

ZH”(u”,u‘”,x) > ai(|lx —z*||) for every x € Xy and u € U.

Then, we have V§(xo) > aq(||zo — z*|]) for all zg € Xn.

(2) Assume that f and all pay-off functions are continuous on X x U. Let there exist a
n > 0 such that for every x € B,(z*) C X, n > 0, there exists a u, € U such that
f(z,uz) = x* holds, as well as a function &o € K that satisfies

> 0wl ug x) < dafle —2).
Then, there exists ag € Koy such that
VN (z0) < as(||zo — z*||)  for all o € Xy

Proof. Choosing {(n,z,u) =Y 60" (x,u), we fit the setting of Proposition 5.7 in [18], which
yields Koo-bounds for V38, Combined with Lemma 4.9, the statements follow. O
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Altogether, this results in the following stability guarantee for MPC based on Algo-
rithm 4.4.

Theorem 4.11 (Asymptotic stability using endpoint constraints). Consider the MPC
scheme with stabilizing endpoint constraints given by Algorithm 4.4 and prediction hori-
zon N € N. Furthermore, let the assumptions of Theorem 4.5 as well as Lemma 4.10
hold.

Then, the closed-loop system is asymptotically stable.

Proof. By Theorem 4.5, we have
Vi (wo) = a0 (u(w0)”, u (w0) ™, x0) + Vi (f (w0, u (20)))-

Combining this with the first Assumption of Lemma 4.10, we obtain Equation (3) for V = Vg,
g = 4%, and S = Xy, ay = a3. Lemma 4.10 gives Equation (2) for V = V§ directly
with a1, as € K4 as defined in Lemma 4.10. Due to Lemma 4.7, the feedback renders the
set Xy invariant. Hence, by Theorem 2.3, the closed-loop system is asymptotically stable
on XN. O

5. CONTINUOUS DEPENDENCE OF THE MINIMIZER
ON THE INITIAL VALUE AND PARAMETERS

In this section, we show stability of the minimizers with respect to perturbations of the
initial value and the auxiliary parameter a. We are especially interested in limits including
« — 0. The first result is concerned with the variation of the auxiliary parameter around the
point a = 0. It shows that the minimizers to the a-quasi GNEPs approximate a minimizer
of the min-max problem over the unmodified Nikaido-Isoda function UV in a weak sense.

Lemma 5.1. Let the initial value xg € X be fized and such that [Ugo (o) # 0 and let, with
a slight abuse of notation, UV WV : UN x UN — Ry denote the reduced objective functionals
with, eliminated dynamics. For U(xg) € {UN,Uf (x0)} consider the functionals
F:U(xg) = Rsg, u— max ¥V (u,v),
- velUN

Fo: Ulxo) = Rso, u s max UY (u,v).
- velN

For o — 0, any accumulation point of a sequence of minimizers (uq)a, corresponding to F,
each, minimizes F'.

Proof. In what follows, we abbreviate

N-1

Ou,0) = 30 S 0 (0" (), u" (n), 4, (03 ).
v n=0

Due to the compactness of UV and the continuity of the pay-off functions and the transition

map, Theorem 2.1 in [11] yields that the functions F, F,, are well-defined and continuous.

The function f: UN — X, u + x,(x0; N), is continuous. Thus, the set

U3, (z0) = UN N f~1 ({z"})

is compact as a closed subset of UY. Hence, both functions attain a minimum for both
choices of U(xg). Let U(xg) be arbitrary. First note that F,, converges pointwise to F' as
a — 0. For a € (0,1), let u, be a minimizer of F,, and let ug be the minimizer of F'. Suppose
for a subsequence, with slight abuse of notation, we have u, — u for some u € U(x¢) as
a — 0. Then choose a
Uy, € argmin 0(u, v)
velUN
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to obtain
Fo(ug) > Fo(ug) = 0(ua, uq) — (1 — a) mvinﬂ(umv) > (g, ua) — (1 — a)0(uq, vy)
Taking the limit, we get
F(ug) = (llg}) F,(ug) > ilgb O(tasta) — (1 — @)B(ug,vy) = F(u). O

Note that under the assumptions of this paper, for X = UV, the minimizers of F are
VNEs. But if the terminal constraints are enforced, the respective minimizers are not
necessarily VNEs. Hence, the optimal value in the limit is not zero. For this to hold true,
the existence of a VNE within the set [Ugo (x0) has to be ensured.

Remark 5.2. The proof can be carried over to the case a — o with o € (0, 1], meaning
that the accumulation points of F,, correspond to minimizers of F,, for a — o'.

Deriving a stability result for an additional variation of the initial value is more challenging
because the initial value influences the set of admissible controls, whereas the parameter «
does not. To succeed, we will make use of the following assumptions.

Assumption 2 (Completely controllable dynamics). Let the following hold.
(1) The transition map is given by f: X x U — X, (z,u) — Az + Bu, with a matriz
pair (A, B) so that the system x = f(x,u) is completely controllable in every step.
(2) Assume that u* is in the interior U of U.

Note that, for linear systems, local and complete controllability coincide. The following
proof relies on the property of locally controllable systems stated in the following lemma
and can also be derived for nonlinear systems under sufficient regularity.

Lemma 5.3. Let Assumption 2.(1) hold. For any (x,u) € X x U with f(z,u) = z* and
any € > 0, there exists § > 0 such that for any y € Bs(x), there exists v € B.(u) with

fly,v) =2~

Proof. Let d € X with ||d|| = 1 be given arbitrarily. Due to the complete controllability,
there exists a w € U with 0 = Ad + Bw. One solution to this equation is given by vg =
—B'Ad, where Bt is the Moore-Penrose pseudo-inverse of B. Now, let ¢ > 0 and consider
§ < ¢/||BTA||. Consider y € Bs(x). Then, we can find the representation y = x+4dd for some
d € X. Choosing the control v = u+dvg, we obtain Ay+ Bv = Ax+ Bu+§(Ad+ Bvg) = z*
with [Ju — v|| = d]jvq]| < e. O

Theorem 5.4. Let Assumption 2 hold. Consider the multi-function S: R x X — 2V defined
by
(o, x0) — argmin Jy(xo,u) with Jy(zo,u) = max Uy (zo;u,v).
uEUQ‘; (zo0) veUN
Then, S is upper semi-continuous at any point (o, xg) € [0,1] x Xy_1. Furthermore, the

associated optimal-value function V: R x X — R is continuous at every point (a,xzq) €
[0, 1} X XNfl.

Proof. We show this result by applying Proposition 4.4 of [5]. In the following, we check
the conditions of this proposition. Let a € [0,1] be given and let zy € Xy_;. Here, the
parameter space is given by R x X and the objective is given by J&: R x X x UN — R.
First, we have to ensure that the objective is continuous. Note that ¥ is continuous in
Zo,u, v, and o as a composition of continuous functions. The continuity of the function J§
follows from Theorem 2.1 in [11].

Second, we have to ensure that the multi-function ®: R x X — 2U" (a, z0) — U (0)
is closed. Note that this mapping is independent of «. For every xy € X, the function
fwoz UN — X, u s 24(20; N), is continuous since f is continuous. Furthermore, define
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F: X xUN = X, (zo,u) = x,(x0; N), which is also a continuous function. Note that
b(a,z0) = f;}l({x*}) NUY is a closed set. Hence, ® is closed-valued. Furthermore, the
graph of ® is R x (F~'({z*}) N (X x U")) and thus closed.

Third, we show that there exists a constant M € R, a compact set C C UV, and a
neighborhood N of (a, o) such that for any (3,49) € N the level set

levMJf,(yo, )= {u € UL (vo): Jf,(yo,u) < M}

is non-empty and contained in C. Since U is compact, we can choose C = UY. Further, since
there exists a uj € Ugo_l(xo), there also exists u € U (z0) = ®(av, z0) with u(N — 1) = u*.
Lemma 5.3 implies that there exists § > 0 such that for every y € Bs(z*) there exists an
uy € U with f(y,uy) = «*. Since f is continuous, there exists a n > 0 such that for every
Yo € By(x0), we have
[2u(yo; N = 1) = zu(zo; N = 1) = [[2u(yo; N — 1) — 27| < 6.
Hence, the sequence given by
v(n) =u(n) forn=0,...,.N -2, ou(N —1)=u, with 2 = z,(yo; N — 1)

is contained in U§ (yo). Thus, for every (8,y0) € (o — n,a 4+ 1) x By(xg), we have
D(B,yo) # 0. Now, consider

M = max{Jf,(yO,u): B € [a—n,a+mn],yo € By(zo),u € [UN}.

Then, for any u € ®(8, yo) with (8,y0) € (0 — n,a +n) x By (xo) we have Jﬁ(yo,u) <M
and, consequently, the level set levys J (Yo, ) is non-empty.

Lastly, we need to show that for any open neighborhood Vi; of S(a, z¢), there exists a
neighborhood Vp around («, zg) such that Viy N ®(8,yo) # 0 if (B,y0) € Vp. Consider an
open neighborhood Vi of S(a, xg). Then, for each u € S(a, xg) there exists an € > 0 with
B.(u) C Vy. We will show that for any choice of € > 0 and u € S(a,xg), there exists a
6 > 0 such that for any yo € Bs(xo), there exists a v € UY (yo) with v € B (u).

Since the set of admissible controls is independent of «, the desired property follows by
choosing the neighborhood Vp = (v — 4, a+ ) x Bs(xg) around the parameter (o, o). Now,
fix u € S(a,xz0) and e < 1. Since 29 € Xy _1, there exists a @ € Uy (x0) with a(N —1) € U.
Let m = max{||u|: w € UN}. Consider the control sequence u. = u + 1= (% — u). Since
the admissible control set U is convex, we have u.(n) € U for every n = 0,..., N — 1.
Additionally, we have u. (N —1) € U due to Lemma 9.2 in the appendix. Since the dynamics
is linear, we can deduce z,,_(zo; N) = 2* as well.

There exists a ball B, (us(N — 1)) C U with e; < &/2. Furthermore, due to Lemma 5.3,
there exists a d; > 0 such that for any z € By, (24 (xo; N — 1)) there exists a v, €
B, (ue(N — 1)) c U with f(z,v) = z*. Furthermore, since the map z — z,_(z; N — 1) is
continuous, we can find § > 0 such that

[#u (@0; N = 1) = @y (yo; N = 1)|| <1 for any yo € Bs(zo).
Now, for any yo € Bs(xo) consider the control sequence given by
v(n) =u(n) for n=0,...,N—2,
o(N—=1)=wv, with z=uz,_ (yo; N —1).
Then, we have v € U§ (yo) by construction and
€ €
lu =l < llu—uell +llue = v < Z=2m + [lus(N = 1) —o(N = 1) < 5 +e1 <e.

Hence, we can apply Proposition 4.4 of [5] and obtain the continuous dependence on the
parameters at any « € [0, 1] and xo € Xy_1. O
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6. STABILITY OF THE LIMITING SCHEME

In this section, we extend the stability analysis from Section 4.2 to the case a = 0. This
corresponds to the MPC scheme with equilibrium endpoint constraints, where the objective
is given by

I3 (2o, u) = max UV (zo;u,v).
velN

This equates to Algorithm 3.1 with U(x) = U¥ (z) and Xo = {2*}. As before, we define
N-1
O(wo;u,v) = Y 0" (0" (n),u"(n), yi ,(xo; n)).
n=0 v

In the following, we presume the following set of assumptions.

Assumption 3. Let the following hold:
(1) The pair (z*,u*) € X x U fulfills f(a*,u*) = 2™ with u* € U.
(2) The pay-off functions fulfill 3~ 0% (u™",u*~", x*) = 0.
(3) There exists V1,72, Vv € Hoo such that
N(llwo — 2*|) < Vg¥(z0) < v2(llwo — =),

> 07w u o) = v (flzo — 27)

holds for any o € Xy and any u € U.
(4) The dynamics f: X x U — X is completely controllable in one step.
(5) For any xg € Xy, we have
min  max UV (zg;u,v) =0.
uEUg) (zo) vEUN

Furthermore, the minimizer is unique.?

By the results of Section 4, the first three assumptions ensure asymptotic stability for
the closed MPC loop given by Algorithm 4.4 for any « € (0,1). Note that for this result
alone, the function vy only needs to be non-negative as well as strictly increasing and to
satisfy 71/ (0) = 0. Furthermore, Assumption 3.5 is fulfilled if and only if for any z¢ € Xy
there exists a unique VNE to the associated GNEP with =, (N) = z*. Altogether, this
gives the following result.

Theorem 6.1. Consider the MPC feedback scheme un: X — X with equilibrium endpoint
constraints and objective given by

T3 (z0,u) = max UV (zo;u,v).
velUN

Let Assumption 3 hold. For xy € Xy, define
N—1

Vi (zo) = Y > 0" (u"(n),u"(n), zu(n)),
0 v

n=

where u € UY (x0) is the optimal solution to the problem

min  J (zo,u).
uEU}% (zo)

Then, the function Vi: Xy — R fulfills
M ([lzo — ")) < V(o) < Fa(llzo — 2,
Vi (w0) = Vi (f (o, un(0))) = v ([l — ™))

2The uniqueness can be ensured by guaranteeing that the underlying GNEP admits a unique VNE itself.
For jointly convex GNEPs this can be verified via first-order conditions, see e.g., [14, Section 4].
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for any xo € Xy, where v1,vy are given by Assumption 3 and o € Koo .
Proof. Let x¢ € Xy be given and fixed. For any « € (0,1), consider the auxiliary MPC
scheme based on the objective

T (z0,u) = max N (zo;u,v).
velUN

Due to Assumptions 3.1-3.3, Theorem 4.5, Theorem 2.3, and Lemma 4.9, the associated
MPC feedback % and the optimal-value function V fulfill

avi([lzo —2*) < Vy (o) < v2(llzo — 27|)), (14)
VR (z0) = VN (f(zo, piv (20))) = ayv ([lzo — ™[] (15)
for some Yy, 71,72 € Hoo-

We now show the decay along the trajectories. Since vy is a 4 -function, it is invertible
on [0,00) and Equation (15) can be rewritten as

o o1 < 57 (3 (Vi) = Vi (oo o)

with 7‘71 € Hoo. Furthermore, the solution

u®(z0) == argmin J¥(zo,u)
uEUQ; (z0)

is unique due to Assumption 3.5. This assumption also gives J (zo,u’(x0)) = 0. Hence,
we can derive

1 1 1

“V3(xg) == min J%(zg,u) < —JL (0, u’(z

oV (a0) & ueby o) N (@o,u) < —J (w0, u”(0))
1

= a(Jg[(:zzo, u®(z0)) + amin 0(zo;u’ (o), )
= mvin O (zo;ul(z0),v) = O(xo; u’ (o), u’ (x0)),

where the last equality follows since by Assumption 3.5, the control u%(z) is a VNE. For
any Zo € Xy, we choose u®(Zo) € argmin, ey (z,) J§ (%o, u) arbitrarily. Furthermore, for
0

2§ = f(zo, u%(20)) we deduce
1 1 1
ZVE M) = =T (28 u®(22) = = ‘IJN .. ol ’
O[LN(ml)) o (@, u* (1)) , max N9 u (), v)

1
E‘I’g(w?; u(27), u (27)) = 0z u (1), u” (27)).

Y

Hence, by the monotonicity of 7y, we have

lwo — || < 75 (B(z0; u® (o), u’ (w0)) — B(afs u(2F), u® (7)) - (16)
Next, we show that
lim u®(2f) = iig{)ua(f(%, 13y (20))) = u®(f (o, pn (20))) (17)

holds independently of the choice u®. To this end, let ¢ > 0. Consider the function
S:Rx X —2U" given by
(o, ko) — argmin Jy(zo, u).
uGTUQEJ (zo)

Due to Assumption 3.4, we can employ Theorem 5.4 and deduce that S is upper semi-
continuous at any (a, zg) € [0,1] x Xy _1. Furthermore, note that by Assumption 3.5, for any
x € Xy_1 the set S(0,z) C UY is single-valued. In particular, for z1 = f(zg, un(x0)) €
Xv—1 this means that there exists § > 0 such that for (8,y1) € [0,6) x Bs(z1), we have
|[u®(21) — uP(y1)|| < ¢ for any choice u?(y;) € S(B,y1). By Lemma 5.1, we obtain that for
any = € Xy, for a — 0, any convergent sequence (u®(z))o with u®(z) € S(a, ) converges
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to the unique minimizer u®(x) € U (). Since U (x) is bounded, by using the subsequence
principle, we can deduce
lim u®(z) = u°(x)
a—0
for arbitrary u®(z) € S(«,z) and € X. Since the transition map f is continuous, this
implies
lim f(z, (u*(2))o) = f(z, (u’(2))o)-
a—0

By this, for xy € X specifically, we can find §; > 0 such that for « € [0,07), we have

1f (2, 1 (o)) = f (s un (o))l = 11 (z, (u® (20))o) = £ (@, (u’(x0))o)|| < &
for any u®(zg) € S(a,xzp). Now, by choosing @ < min (§,01), we can deduce (17). Now,
taking Equation (16) to the limit o — 0, we obtain

o — oIl < 7" (0(wo: u® (o), u (w0))
= O (o, v (w0)); 4 ( (0, iy (20))), u°(f (0, 1 (20)))-
=7y (Vu (o) = VR (f (o, i (20)))) -

Consequently, applying vy to the last inequality conserves the order and we are left with
wllzo — 2*[l) < Vi (z0) — VR (f (20, un (20)))-

Next, we show that ~; is a lower bound. In the same way as above, for xy € Xy, we can
deduce

—1, 1o, 1.
lzo = 2" || < 77 SV (0)) < 1 (min (v, u° (20))

=1 ' (0(u’(20), 1’ (20))) = 71 ' (Vi (20))-
Finally, we construct the upper bound directly. Note that
I8 (o, u® (o)) = O(z0;u’ (0), u’(20)),  J3fE(z", (w)™) =0.

Furthermore, due to Lemma 4.6, we have u°(z*) = (u*)". Since the dynamics is completely
controllable, there exists a § > 0 with Bs(z*) C X; C Xy_1. Since the pay-off func-
tions are Lipschitz-continuous, the function (z,u) — J3e®(z,u) is Lipschitz continuous on
Bs/(x*) x UN for some ¢’ < 6. Furthermore, due to Assumption 3.3, it is also non-constant.
Hence, there exists L > 0 such that for any z¢ € Bs (z*), we have

Vi (@o) = I3 (w0, u’(wo)) — J3P(a”, () ™) < L ([lwo — 27| + [[u (o) — (w)M]]) -

Define

a(r) = max L ([la—a*|+[u(z) - @)N]).
zE€B,(z*)

By Theorem 5.4, the function z — S(0,z0) = arg min,, J%(x,u) is upper semi-continuous.
Since for any x € Xy the set of minimizers S(0, z) is single-valued, the function x — u%(x)
is continuous at every = € Bs(z*) C Xy_1. Thus, the function & is continuous on [0, ).
Furthermore, & is monotonically increasing on [0,4’) and we have &(0) = J3##(z*, u*) = 0.
Outside of By (z*), we can consider

a(r) = max { J3¥(z,u): « € By(z*),u e UN}.
Since J% is continuous on X x UN and for each r > 0, the set B,.(z*)x € UV is compact,
the function & is continuous. Furthermore, & is monotonically increasing and we have

Vi (o) < 6([lzo — 27|)).

Now, consider the function
a(r)  forr >4,
5a(0") forr € 0,0").
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This function is continuous, strictly increasing, unbounded (due to the addition of the first
term), and fulfills as(0) = 0. Hence, as € J#,. Furthermore, we have as(r) > a(r) for
0 <r <¢ aswell as ag(r) > &(r) for r > ¢'. Thus, as(|| - —2*||) gives an upper bound
for V9. O

Lemma 6.2. Under Assumption 3, the set Xy is forward invariant under the feedback law
un: X = X presented in Theorem 6.1.

Proof. The proof follows the same construction as used for the proof of Lemma 4.7. O

Theorem 6.3. Under Assumption 3, the closed loop 7 = f(z,un(x)) with un: X = X
presented in Theorem 6.1 is asymptotically stable at x* € X on the domain Xy.

Proof. Theorem 6.1 gives us the criteria for asymptotic stability from Theorem 2.3 with
V=V S=Xy,and g= f(-, un). |

FEven if Assumption 3.5 is not satisfied for every initial value, we can still make the
following observation.

Lemma 6.4. Let Assumption 3.1-8.4 hold. Consider the set
Y := {z¢ € X: the GNEP (7) has a unique VNE u € U} (o)} .
Then, the feedback law py: X — X presented in Theorem 6.1 renders the set Y invariant.

Proof. Let 2o € Y be given. Then, there exists u € U (), which is a VNE of Problem (7).
Hence, we have

N—1 N—1
Z Z@”(u”(n),uﬂ’(n),xu(zo;n)) < z Z9”(vy(n),u7”(n),yzyv(a¢0;n))
n=0 v n=0 v

for every v € UN. Choosing v(0) = u(0), this yields

N—-2
DD 0 W (), u (), @y (o, 1 Z 29” Y (n),u”"(n), vy o (€u (o, 1); n))
n=0 v

for every v € UN~!. Now consider
ui(n) =u(n+1)forn=0,...,.N—2, wu(N—-1)=

Then, we have u; € UF, (f(x0,u(0))). Due to Assumption 3.2, we have _, 6" (z*,u*) = 0
and we can deduce

Z 26‘” ui(n),uy”(n), Ty, (xu(xo,1);n))
n=0

= Z ZG” Y(n),u”"(n), xy(xy(x0,1);n +Z€V u*, z*

Zo" Y(n),u" (n), yl ,(zu(z0, 1); 10 +29” L™ f (Y w(@u(@0, 1); N = 1))

2

Z 3
mo

HM

for every (v,v;) € UN~1 x U. O

Remark 6.5. To sum up, Assumption 3 and Theorem 6.3 guarantee that the Algorithm 3.1
with U(z) = U (z) and Xo = {2*}, which computes in each step a VNE of the GNEP
that additionally fulfills the terminal constraint, is well-defined on Xy and produces an
asymptotically stable closed-loop trajectory on Xy.

Note that the proof of Theorem 6.1 is carried out pointwise for g € X . This means, that
if Assumption 3.5 does not hold on Xy completely, the statement of the Theorem 6.1 can still
be proven for zg € Yy, since Yy characterizes the initial values for which Assumption 3.5
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holds true. Consequently, the forward invariance of py on Yy given by Lemma 6.4 yields
asymptotic stability on Y. Also note that if Assumption 3.5 is fulfilled Xy and Yy
coincide.

Furthermore, due to the uniqueness of the Nash equilibria, for o € Yy, we have that
Algorithm 3.1 coincides for both choices U(xg) € {UMUQ{)}. Hence, the MPC scheme
defined by Algorithm 3.1 with U™ (x) = U, which is well-defined for all starting points in X,
is asymptotically stable with a (possibly small) stability region given by Y.

We now turn to a brief discussion of the factors that restrict the stability region Y.
Firstly, regarding the equilibrium endpoint constraint: It is well known from non-game-
based MPC schemes that this type of terminal constraint yields a rather small stability
region [18]. Since it is an exact terminal constraint for the predicted state trajectory, it can
easily be violated by disturbances and errors on the initial value. Hence in MPC controller
design, the terminal constraint is further generalized to z,(NN) € T for some terminal set
T C X containing and open ball around x*; see, e.g., [18, Section 5.3]. Secondly, under our
conditions on the GNEP, it does not follow directly that there exist initial values besides z*
itself, whose associated VNE fulfills the equilibrium endpoint constraint. Hence we enforce
it via Assumption 3.5 in our analysis. Whether this assumption is met depends on the
specific pay-off functions and underlying dynamics of the GNEP.

Thus, we present an example for which this can be guaranteed at least in a neighborhood
around z*.

Ezample 6.6. Let the dynamics be given by 2 = f(x,u) = Az + Bu, where A: X — X
and B: U — X are linear operators. Let the pair (z*,u*) C X x U satisfy f(a*,u*) = x*.
Furthermore, the operator B has a diagonal block matrix structure B = diag{ B, ..., Bk},
where each B, acts on the vth player’s control with v = 1,..., K. We will also write
B = B, + B_,.. For each v and any fixed choice v, the dynamics’ vth component is
completely controllable in " in one step. Furthermore, let the pay-off functions be given by

0" (v u" @) = o™ — 2|2+ [l = fla, 0 Tl

Moreover, let U C U be a closed, compact set such that u* € U T hen, there exists a
domain 2 C X such that for any « € (2, there exists a VNE of

N—1

i 0¥ (u” (k),u " (k),zu(k)) — 0" (v"(k),u" " (k), v ,(k))),
i s D 3 (0 () (), () — 00 (), 7 ),y ()

which satisfies 2, (N) = «* for any xo € Q.
Proof. Let 7 > 0 be given. Then, the set

Y = {2,(N - 1): u e UV, 2,(0) € B,(z")}
is bounded. Due to the controllability properties of the system and Lemma 5.3, there
exists a ball Bs(z*) with § > 0, such that for any y € Bs(z*), there exists a v, € U with
x* = f(y,v). Choosing 1 small enough, we ensure Y C Bs(z*) due to the continuity of the
transition map. Note that due to the diagonal block structure of B, for any u € U, the
point z = f(y,vy,u”") fulfills 2 = 2™ for any component v = 1,..., K and y € Bs(z").
Let u = (u(0),...,u(N — 1)) be a solution to the GNEP.

Then, we have > ¥ (u,u) <> 0¥ (v,u) for any v € UN. Consider v = (u(0),...,u(N—

1),v,), where v, is chosen as described above for z = x,,(N — 1). Using this choice of v, we
can deduce

SN — 1), u (N = 1,2, (N = 1) < 3070, u ™ (N = 1), (N 1),

lz* = 2 (N = DI* + [la* = 2 (N)|* < [la™ = 2 (N = DI + [ — 2™,

u u u

which gives 2% (N) = «*" for every v =1,..., K. a
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Remark 6.7. Equilibrium endpoint constraints are not applicable if the system is not
controllable to z*. In classic MPC, the terminal constraint can be relaxed by further
imposing Lyapunov end costs F': X — R. This construction can also be used to design a
stabilizing feedback scheme for MPC based on a-quasi GNEPs by generalizing the conditions
found in [18, Section 5.3]. When it comes to transferring the result to @ = 0, one could aim
for a similar construction as in Section 6. Note that this would require finding an upper

bound for

éVﬁ(mg) _1 ( min  max U (zg;u,v) + F(mu(N))>

« uGUBJ{\Z) (zo) vEUN
and, subsequently, passing to the limit o — 0. Note that the presence of terms of the form

1 F(z) might hinder convergence. The analysis for this case is an interesting direction for
future work.

7. NUMERICAL EXAMPLES

In order to shed some light on how the proposed MPC schemes perform in practice, we
present two dynamics for which we implemented the GNEP-based MPC feedback given by
Algorithm 3.1 (without equilibrium endpoint constraints) and its alteration Algorithm 4.4
(with equilibrium endpoint constraints and a # 0). The first dynamics is given by the

time-discrete linear system

xt = E ﬂ x+ [(1) (1)] u, (18)
which fits the conditions of Theorem 6.6. Here, each component of the state corresponds
to a player v = 1,2. The pay-off functions are given by the tracking term pay-offs given
in Example 6.6. For the second example, we consider the dynamics given by two inverted
pendulums coupled with a spring. The dynamics is modeled by the system

Zy, =u, + k(z_, — 2z, £d),

i 1
9, = % sin ), — 7 cosV, (u, + k(x_, —x, £d))

for v = 1,2, where g is the gravitational constant, I € [0,00) is the length of the rods,

k € R refers to the spring constant, and d is the distance the pendulums keep when the

spring is rested. This can be re-written into a dynamical system given by the variables

(01,91, 1, @1, V2, Vo, o, &2). Furthermore, with a slight abuse of notation, we write ¥ =

(0,0, 2y, d,) for each player v. A stationary point of this system is given by
2* = (0,0,0,0,0,0,d,0), u* = (0,0).

To ensure the existence of a unique solution to the modified equilibrium problems we
encounter in each iteration, we linearize the dynamics at (z*,u*). We use an explicit RK4
scheme to translate the resulting system into a time-discrete form, which has the form
zT = (Id + Agrk)z + Brxu — Arkz* = Ax + Bu + C. In order to fulfill the complete
controllability condition for the GNEP case, we concatenate four discrete time steps to
arrive at an affine-linear time-discrete system that is completely controllable in one step.
This results in the control space U = R® and the dynamics

3
vt = A'z + [B AB A’B A*Blu+ ) _ AFC.
k=0
Note that this system does not have the block structure required to guarantee the existence
of a VNE that satisfies the equilibrium endpoint constraints. For the MPC loop based on
Algorithm 4.4, we forgo the concatenation since it is not required. We furthermore equip
the dynamics with pay-off functions of the form

0" (@ u) = o (k) — V> + [Ju” (k).
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Regarding the optimization, when working with the modified Nikaido—Isoda function
and equilibrium endpoint constraints, we solve the outer minimization with a sequential
least-squares programming (SLSQP) algorithm [26]. The derivative is computed based on
Danskin’s theorem (see, e.g., [15]) for which the inner maximization needs to be solved,
which we accomplish by using an L-BFGS-B algorithm [9, 34].

In each iteration of Algorithm 3.1, we compute the VNE based on a reformulation of
the GNEP via the regularized Nikaido-Isoda function [14, 20] resulting in the optimality
condition from Theorem 3.6 of [20], which we again solve via an L-BFGS-B algorithm. Here,
we do not enforce the equilibrium endpoint constraints, since our stability region is only
given by points where the GNEP solution satisfies them anyway. For the first example,
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FIGURE 1. MPC based on Algorithm 3.1 for the dynamics in (18) with
U(zo) = UN. We use the horizon length N = 10 and bounds Uy = [—1,1].

based on the dynamics (18), the closed MPC-GNEP trajectory can be found in Figure 1.
Due to the structure of Example 6.6, there exists a stability region for the GNEP-MPC
scheme. Outside, we cannot guarantee that the computed VNE satisfies the terminal
constraint. Subsequently, we see stabilization of the state trajectory. For the dynamics
given by the linearized coupled inverted pendulum, the results computed via the auxiliary
MPC scheme (with equilibrium end constraints and modified Nikaido-Isoda function) and
the scheme given by Algorithm 3.1 can be found in Figures 2 and 3, respectively. For the
auxiliary scheme, we see stabilizing behavior, which is in accordance to our theoretical
results from Section 4. Regarding the MPC-GNEP scheme, note that for this example,
Assumption 3.5 is not fulfilled. Hence, we cannot provide a theoretical justification for
a converging closed-loop trajectory. Nonetheless, asymptotically stabilizing behavior can
be observed. As time progresses, the trajectory seems to oscillate around a stable point
with a decaying amplitude. Simultaneously, the Lyapunov function V° seems to decay in
an oscillating way as well. This suggests that the stability analysis can be extended to
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FIGURE 2. MPC based on Algorithm (4.4) with equilibrium endpoint
constraints and modified Nikaido—Isoda function for the coupled inverted
pendulum. We use the horizon length N =20, vy =1, a = 0.1, U =
[—100,100]. Furthermore, 1% uniformly distributed noise is added to the
dynamics.

cases in which the VNEs computed in each iteration do not fulfill the equilibrium endpoint
constraints.?

8. CONCLUSION AND OUTLOOK

We presented a stability analysis for MPC schemes based on dynamic GNEPs and an
approximation thereof: a-quasi GNEPs. For both types of problems, we were able to derive
conditions guaranteeing asymptotic stability by employing terminal constraints.

Although a-quasi GNEPs do not exactly correspond to game-theoretical problems, they
can be used for feedback synthesis, nevertheless. Furthermore, they play an important
role in transferring the analysis to the MPC scheme for GNEPs. In this field, stabilizing
behavior has barely been studied analytically. We provide a stability result for an abstract
class of jointly convex GNEPs based on classic Lyapunov theory. A crucial assumption is
that the corresponding variational Nash equilibria fulfill the equilibrium endpoint constraint.
Although this condition is not generally met, our numerical examples suggest that MPC for
GNEPs can stabilize despite its violation. This raises the question of whether the terminal
constraint can be omitted and, consequently, whether a stability result can again be
derived on the basis of a-quasi GNEPs. Similarly to classic MPC, exponentially stabilizing
dynamics [1, 18] paired with a suitably large look-ahead horizon could be key to this
analysis.

3The Jupyter notebooks containing these computations can be found at https://github.com/anttop/
MPC_GNEP.


https://github.com/anttop/MPC_GNEP
https://github.com/anttop/MPC_GNEP

24

3000

2000

1000

25
20
15

10

-5

-10

F. M. HANTE, M. SCHMIDT, A. TOPALOVIC

Lyapunov Function Controls

—

Uz
30
20
10

0 ———
o 20 40 60 80 100 o 20 40 60 80 100
First Pendulum Second Pendulum

F1GURE 3. MPC based on Algorithm 3.1 for the coupled inverted pendulum.
We use the horizon length N =5, v =1, U = [-100, 100]. Furthermore,
1. % uniformly distributed noise is added to the dynamics. Note that for
this setup, Condition 3.5 is not fulfilled in general.

ACKNOWLEDGMENTS

This research was funded by the Deutsche Forschungsgemeinschaft (DFG, German
Research Foundation) under project A03 of the Sonderforschungsbereich/Transregio 154
“Mathematical Modelling, Simulation and Optimization using the Example of Gas Networks”
(project ID: 239904186).

(1]

2]

3l
(4]
]

(6]
7]

REFERENCES

B. Azmi, A.-C. Boulanger, and K. Kunisch. “On the semi-global stabilizability of the Korteweg—
de Vries equation via model predictive control.” In: ESAIM Control Optim. Calc. Var. 24.1
(2018), pp. 237-263. DOL: 10.1051/cocv/2017001.

T. Bagar and G. J. Olsder. Dynamic noncooperative game theory. Vol. 23. Classics in Applied
Mathematics. Reprint of the second (1995) edition. Society for Industrial and Applied
Mathematics (STAM), Philadelphia, PA, 1999, pp. xvi+519. por: 10.1137/1.9781611971132.
H. Benchekroun. “Comparative dynamics in a productive asset oligopoly.” In: J. Econom.
Theory 138.1 (2008), pp. 237-261. pOI: 10.1016/j.jet.2006.10.012.

D. P. Bertsekas. Dynamic programming and optimal control. Vol. I. Third Edition. Athena
Scientific, Belmont, MA, 2005.

J. F. Bonnans and A. Shapiro. Perturbation analysis of optimization problems. Springer Series
in Operations Research. Springer-Verlag, New York, 2000, pp. xviii+601. por: 10.1007/978-
1-4612-1394-9.

A. Bressan. “Noncooperative differential games.” In: Milan J. Math. 79.2 (2011), pp. 357-427.
DOI: 10.1007/s00032-011-0163-6.

A. Bressan and K. Han. “Optima and equilibria for a model of traffic flow.” In: SIAM J.
Math. Anal. 43.5 (2011), pp. 2384-2417. por: 10.1137/110825145.


https://doi.org/10.1051/cocv/2017001
https://doi.org/10.1137/1.9781611971132
https://doi.org/10.1016/j.jet.2006.10.012
https://doi.org/10.1007/978-1-4612-1394-9
https://doi.org/10.1007/978-1-4612-1394-9
https://doi.org/10.1007/s00032-011-0163-6
https://doi.org/10.1137/110825145

(8]

9

[10]

[11]

[12]

(13]

(14]

[15]

[16]

[17]

[18]

[19]

[20]

21]

22]

23]

24]

[25]

[26]

27]

REFERENCES 25

A. Britzelmeier and M. Gerdts. “Non-linear Model Predictive Control of Connected, Auto-
matic Cars in a Road Network Using Optimal Control Methods.” In: IFAC-PapersOnLine
51.2 (2018). 9th Vienna International Conference on Mathematical Modelling, pp. 168-173.
DOI: 10.1016/j.ifacol.2018.03.029.

R. H. Byrd, P. Lu, J. Nocedal, and C. Y. Zhu. “A limited memory algorithm for bound
constrained optimization.” In: SIAM J. Sci. Comput. 16.5 (1995), pp. 1190-1208. poI:
10.1137/0916069.

H. Chen and F. Allgéwer. “A quasi-infinite horizon nonlinear model predictive control
scheme with guaranteed stability.” In: Automatica J. IFAC 34.10 (1998), pp. 1205-1217. poOIL:
10.1016/S0005-1098(98)00073-9.

F. H. Clarke. “Generalized gradients and applications.” In: Trans. Amer. Math. Soc. 205
(1975), pp. 247-262. poI1: 10.2307/1997202.

A. Dreves and M. Gerdts. “A generalized Nash equilibrium approach for optimal control
problems of autonomous cars.” In: Optimal Control Appl. Methods 39.1 (2018), pp. 362-342.
DOI: 10.1002/0ca.2348.

A. Dreves and J. Gwinner. “Jointly convex generalized Nash equilibria and elliptic multi-
objective optimal control.” In: J. Optim. Theory Appl. 168.3 (2016), pp. 1065-1086. DOI:
10.1007/s10957-015-0788-7.

F. Facchinei and C. Kanzow. “Generalized Nash equilibrium problems.” In: 4OR 5.3 (2007),
pp- 173-210. por: 10.1007/s10288-007-0054-4.

F. Facchinei and J.-S. Pang. Finite-dimensional variational inequalities and complementarity
problems. Vol. I. Springer Series in Operations Research. Springer-Verlag, New York, 2003,
pp- xxxiv+624-+169. po1: 10.1007/b97543.

V. Grimm, M. Hintermiiller, O. Huber, L. Schewe, M. Schmidt, and G. Zottl. A PDE-
Constrained Generalized Nash Equilibrium Approach for Modeling Gas Markets with Transport.
2021. URL: https://opus4.kobv.de/opus4-trrib54/frontdoor/index/index/docId/458.
L. Griine. “Economic receding horizon control without terminal constraints.” In: Automatica
J. IFAC 49.3 (2013), pp. 725-734. poI: 10.1016/j.automatica.2012.12.003.

L. Griine and J. Pannek. Nonlinear model predictive control. Second. Communications and
Control Engineering Series. Theory and algorithms. Springer, Cham, 2017, pp. xiv+456. DOI:
10.1007/978-3-319-46024-6.

L. Griine and M. Stieler. “Multiobjective model predictive control for stabilizing cost criteria.”
In: Discrete Contin. Dyn. Syst. Ser. B 24.8 (2019), pp. 3905-3928. por1: 10.3934/dcdsb.
2018336.

A. von Heusinger and C. Kanzow. “Optimization reformulations of the generalized Nash
equilibrium problem using Nikaido-Isoda-type functions.” In: Comput. Optim. Appl. 43.3
(2009), pp. 353-377. DOI: 10.1007/510589-007-9145-6.

M. Hintermiiller and T. Surowiec. “A PDE-constrained generalized Nash equilibrium problem
with pointwise control and state constraints.” In: Pac. J. Optim. 9.2 (2013), pp. 251-273.
M. Hintermiiller, T. Surowiec, and A. Kdmmler. “Generalized Nash equilibrium problems in
Banach spaces: theory, Nikaido-Isoda-based path-following methods, and applications.” In:
SIAM J. Optim. 25.3 (2015), pp. 1826—-1856. po1: 10.1137/14096829X.

K. Ito and K. Kunisch. “Receding horizon optimal control for infinite dimensional systems.”
In: vol. 8. A tribute to J. L. Lions. 2002, pp. 741-760. DOI: 10.1051/cocv:2002032.

A. Jadbabaie and J. Hauser. “On the stability of receding horizon control with a general
terminal cost.” In: IEEE Trans. Automat. Control 50.5 (2005), pp. 674-678. po1: 10.1109/
TAC.2005.846597.

C. Kanzow, V. Karl, D. Steck, and D. Wachsmuth. “The multiplier-penalty method for
generalized Nash equilibrium problems in Banach spaces.” In: SIAM J. Optim. 29.1 (2019),
pp. 767-793. DOL: 10.1137/17M114114X.

D. Kraft. A Software Package for Sequential Quadratic Programming. Deutsche Forschungs-
und Versuchsanstalt fiir Luft- und Raumfahrt Kéln: Forschungsbericht. Wiss. Berichtswesen
d. DFVLR, 1988.

A. Liu, R. Zhang, W.-a. Zhang, and Y. Teng. “Nash-optimization distributed model predictive
control for multi mobile robots formation.” eng. In: Peer-to-peer networking and applications
10.3 (2017), pp. 688-696. DOI: 10.1007/512083-016-0479-7.


https://doi.org/10.1016/j.ifacol.2018.03.029
https://doi.org/10.1137/0916069
https://doi.org/10.1016/S0005-1098(98)00073-9
https://doi.org/10.2307/1997202
https://doi.org/10.1002/oca.2348
https://doi.org/10.1007/s10957-015-0788-7
https://doi.org/10.1007/s10288-007-0054-4
https://doi.org/10.1007/b97543
https://opus4.kobv.de/opus4-trr154/frontdoor/index/index/docId/458
https://doi.org/10.1016/j.automatica.2012.12.003
https://doi.org/10.1007/978-3-319-46024-6
https://doi.org/10.3934/dcdsb.2018336
https://doi.org/10.3934/dcdsb.2018336
https://doi.org/10.1007/s10589-007-9145-6
https://doi.org/10.1137/14096829X
https://doi.org/10.1051/cocv:2002032
https://doi.org/10.1109/TAC.2005.846597
https://doi.org/10.1109/TAC.2005.846597
https://doi.org/10.1137/17M114114X
https://doi.org/10.1007/s12083-016-0479-7

26
28]
[29]

(30]

(31]

32]

33]

(34]

REFERENCES

M. Morari and J. H. Lee. “Model predictive control: past, present and future.” In: Computers
& Chemical Engineering 23.4 (1999), pp. 667-682. DOI: 10.1016/S0098-1354(98)00301-9.
H. Nikaidé and K. Isoda. “Note on non-cooperative convex games.” In: Pacific J. Math. 5
(1955), pp. 807-815. URL: http://projecteuclid.org/euclid.pjm/1171984836.

A. Raghunathan, A. Cherian, and D. Jha. “Game Theoretic Optimization via Gradient-based
Nikaido-Isoda Function.” In: Proceedings of the 36th International Conference on Machine
Learning. Ed. by K. Chaudhuri and R. Salakhutdinov. Vol. 97. Proceedings of Machine
Learning Research. PMLR, 2019, pp. 5291-5300. URL: https://proceedings.mlr.press/
v97/raghunathani9a.html.

M. Stieler, M. H. Baumann, and L. Griine. “Noncooperative Model Predictive Control
for Affine-Quadratic Games.” In: PAMM 18.1 (2018), ¢201800036. po1: 10.1002/pamm.
201800036.

M. Ulbrich and J. Fritz. “On generalized Nash equilibrium problems in infinite-dimensional
spaces using Nikaido—Isoda type functionals.” In: Optimization Methods and Software 0.0
(2024), pp. 1-31. por: 10.1080/10556788.2024.2320736.

R. Zhang, A. Liu, L. Yu, and W. Zhang. “Distributed Model Predictive Control Based on
Nash Optimality for Large Scale Irrigation Systems.” eng. In: IFAC-PapersOnLine 48.8
(2015), pp. 551-555. DOI: 10.1016/j.ifacol.2015.09.025.

C. Zhu, R. H. Byrd, P. Lu, and J. Nocedal. “Algorithm 778: L-BFGS-B: Fortran subroutines
for large-scale bound-constrained optimization.” In: ACM Trans. Math. Software 23.4 (1997),
pp- 550-560. pO1: 10.1145/279232.279236.

9. APPENDIX

Theorem 9.1. Let X,Y,U be finite-dimensional vector spaces. Consider stage cost £:Y x
U — R and forward dynamics f: Y xU =Y. Let f: X xU — X be an auziliary dynamics
that defines the admissible sets of controls given by

Ug (z0) == {u € UN: u(k) € U, zy(x0; k) € XVk =0,... N — 1z, (20; N) € Xo}

with x,(20;0) = zo, zy(zo;k+ 1) = f(zu(zo; k), u(k)) and sets U C U, X C X, Xy C X.
Consider the optimal control problem given by

N—-1
inf JN(yo;U) = Z E(yv(k)vv(k))
k=0

’UEUQ{) (zo)

st yu(k+1) = f(ys(k),v(k)) for k=0,...N -1, y(0) = yo.

Then, we have

UEUQO (zo) ’UEUX](\:) (zo)

inf  Jn(yo;v) = inf £(yo,v(0)) N 1ir}f In—1(f(yo,v(0));0) .
5eUY = (F(w0.0(0)))

Proof. First, note that for every v € U (20), we have v(-+1) € Ugo_l(f(xo, v(0))). Further,
we have

inf  JIn(yo;v) = inf  {€(yo,v(0)) + Jn-1(f(y0,v(0));v(- + 1))}

UGU%(ﬂo) vEU}% (z0)

> inf {é(yo,v(O)) inf JNl(f(yoav(O))§17)}~

vl (o) 5€U ™" (F(wo,v(0)))
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For the other inequality, let ¢ > 0. Then, there exists v; € Ugo (z9) and vy €
U~ (f(xo,v1(0))) such that

veUY (z0) veUy ™! (f(20,0(0)))

> U(yo,v1(0)) + ,_, inf In—1(f(yo,v1(0));0
S€UY 1 (F(w0,01.(0)))

> U(yo,v1(0)) + In—1(f(y0,v1(0));v2) — €

Now, since 0 := (v1,v2) € U (z0) again, we have

inf {f(yo,v(O)) + inf JNl(f(Z/Ovv);ﬁ)}
€
)73

inf {ﬁ(yo,v(o)) + inf JN_l(f(yo,v);T})} +e

vEU}?’O (z0) BEUN=1(f(20,0(0)))

> JIn(yo,0) > inf  Jn(yo;v),
’L)GU%(%Q)

And since € > 0 is arbitrary the statement follows. (I
Lemma 9.2. Let C C R™ be a convez set with C #(. Let x € 0C and y € C. Then, the
inclusion )

{r+ely—z) :e€(0,1]} CcC
holds.
Proof. Let € > 0 and consider m = « + e(y — x). Then, m € C. Furthermore, the function
f: R™ = R"™ defined by

1
zx+ g(z —x)

is continuous with f~1(C) C C, since for w € C we have

1
w:x—&-g(z—w) = z=z+e(w—2x).

Due to continuity, f~1(C) C C is open. Furthermore, we have m € f~1(C) since f(m) =1y
and, thus, m € C. a
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