Nonlinear Derivative-free Constrained Optimization with
a Mixed Penalty-Logarithmic Barrier Approach and
Direct Search

Andrea Brilli * Ana L. Custédio | Giampaolo Liuzzi* Everton J. Silval

Abstract

In this work, we propose the joint use of a mixed penalty-logarithmic barrier ap-
proach and generating set search, for addressing nonlinearly constrained derivative-free
optimization problems. A merit function is considered, wherein the set of inequality con-
straints is divided into two groups: one treated with a logarithmic barrier approach, and
another, along with the equality constraints, addressed using a penalization term. This
strategy, initially proposed in the framework of LOG-DFL [12], is adapted and incorpo-
rated into SID-PSM [14, 15] algorithm, a generalized pattern search method, allowing to
effectively handle general nonlinear constraints. Under reasonable assumptions regard-
ing the smoothness of the functions, convergence is established, without any convexity
assumptions. Using CUTEst test problems, numerical experiments demonstrate the ro-
bustness, efficiency, and overall effectiveness of the proposed method, when compared
with state-of-art solvers and with the original SID-PSM and LOG-DFL implementations.
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1 Introduction

In this work, we consider the derivative-free optimization problem with general constraints
(linear and nonlinear), defined by:

min f((x)) .

s.t. x) <
M) — 0 (1)
xeX

where f: X CR" - RU{+0}, g: X CR” - {RU{+0o0}}", h: X CR" —» {RU{+00}}?,
and X = {x € R" | Ax < b}, with A € R?™" and b € RY. Furthermore, we assume that
the functions involved (f, g, and h) are continuously differentiable, but derivatives cannot
be either calculated or explicitly approximated. This is a common setting in a context of
simulation-based optimization, where function evaluations are computed through complex
and expensive computational simulations [3, 13].

Considering an initial point xo € X we define two sets: G'°¢ = {{ | g,(xo) < 0}, and
Ge** = {0 | gi(x0) > 0}. We denote the sets defined by the inequality constraints as Qg
and Qgex, respectively. The first corresponds to the inequality constraints, to be addressed
with a logarithmic barrier approach, while the constraints in the second will be handled
using a penalization term. Further explanation will be given in Section 2. Additionally, €2
corresponds to the set defined by the equality constraints, and X is a polyhedron, defining a
set that we assume to be compact. Therefore, the feasible region F, which is assumed to be
nonempty, is given by

F =X N Qgog N Qgexe N Qy, £ 0,

and it is also a compact set.

Constrained derivative-free optimization is not new. In the context of pattern search
methods, the early works are co-authored by Lewis and Torczon, first considering bound [23]
or linearly constrained problems [24], and after for general nonlinear constraints [22]. When
the constraints are only linear, inspired by the work of May [29], procedures were developed
that allow to conform the directions to be used by the algorithms to the geometry of the
feasible region imposed by the nearby constraints [21, 24, 28], including specific strategies
to address the degenerated case [1]. In the presence of nonlinear constraints, augmented
Lagrangian approaches have been proposed [22], reducing the problem solution to a sequence
of bound constrained minimizations of an augmented Lagrangian function.

In the original presentation of Mesh Adaptive Direct Search (MADS) [7], a generalization
of pattern search methods, constraints were addressed with an extreme barrier approach, only
evaluating feasible points. If this saves in function evaluations, a very relevant feature for
the target problem class, it does not take advantage on the local information obtained about
the feasible region. Following the filter approaches proposed for derivative-based optimization
[18] and already explored in pattern search methods [4], linear and nonlinear inequalities
started to be treated in MADS with the progressive barrier technique [5]. Later, the approach
was extended to linear equality constraints [2], by reformulating the optimization problem,
possibly reducing the number of original variables.



For directional direct search methods using linesearch, other approaches have been taken to
address general nonlinear constraints. These include nonsmooth exact penalty functions [25],
where the original nonlinearly constrained problem is converted into the unconstrained or
linearly constrained minimization of a nonsmooth exact penalty function. To overcome the
limitations associated to this approach, in [27] a sequential penalty approach has been stud-
ied, based on the smoothing of the nondifferentiable exact penalty function, including a well-
defined strategy for updating the penalty parameter. Recently, in the same algorithmic frame-
work, Brilli et. al. [12] proposed the use of a merit function that handles inequality constraints
by means of a logarithmic barrier approach and equality constraints by considering a penaliza-
tion term. This approach allows an easy management of relaxable and unrelaxable constraints
and avoids the abrupt discontinuities introduced by the extreme barrier approach.

In this work, the strategy of [12] will be adapted and incorporated into generalized pattern
search. Starting from the SID-PSM algorithm [14, 15], an implementation of a generalized
pattern search method, where polynomial models are used for both the search and the poll
steps to improve the numerical performance of the code, LOG-DS has been developed, a direct
search method able to explicitly address nonlinear constraints by a mixed penalty-logarithmic
barrier approach.

The manuscript is organized as follows. Section 2 details the proposed algorithmic struc-
ture and the related convergence properties are analyzed in Section 3. Details of the numerical
implementation are provided in Section 4 and numerical results are reported in Section 5. We
summarize our conclusions in Section 6, also discussing some future avenues of research. An
appendix completes the paper, including some auxiliary technical results.

1.1 Notation

Throughout this paper, vectors will be written in lowercase boldface (e.g., v € R", n > 2)
while matrices will be written in uppercase boldface (e.g., S € R"*?). The set of column
vectors of a matrix D will be denoted by DD, and more generally sets such as N, Q, R will be
denoted by blackboard letters. The set of nonnegative real numbers will be denoted by R, .
Sequences indexed by N will be denoted by {ax }ren or {ax} in absence of ambiguity. Given a
point x € R™ and a set @ C R"™, we use the notation T(x) to denote the tangent cone to Q
at x.

2 A Direct Search Algorithm for Nonlinear Constrained
Optimization

This section is devoted to the introduction of a new DS algorithm, based on the sequential
minimization of an adequate merit function, to solve nonlinearly constrained derivative-free
optimization problems. Sequential minimization consecutively solves linearly constrained sub-
problems, differing from each other in a penalty parameter p.



Following the original idea of [12], to solve Problem (1), a merit function is considered:

(Z (max{g,(x),0})" +Z|h ) (2)

gegext

Z(x;p) = f(x) —p > log(—ge(x

LegGloe

where p > 0 and v € (1,2]. Therefore, Z(x;p) = +o0, for all x € X such that g,(x) £ 0, for
0 e G,

For the linear constraints, defining the set X, strategies that conform the search direc-
tions to the geometry of the nearby feasible region are implemented, using the construction
procedure detailed in [1, 21, 24].

The following problem

min Z(x; p) 3
s.t. x € X N leog ( )

will be considered at each iteration, with an adequate strategy for updating the parameter
p > 0. We assume that a point x5 € XN Qg10g is known, so that the set X N lecg is nonempty.

Lemma 2.1. Let p > 0, v € (1,2], and o € R be given parameters. If X N Qge is compact,
then, .
L(a) ={x € X NQge: Z(x;p) < a}

18 compact.

Proof. The set L(«) is bounded since, by definition, it is a subset of X N Qg.e which is
compact. It remains to prove that L(«a) is closed. To this end, we will show that for any

sequence {x;} C L(a) such that hm X = X, it results X € L(« )
—-+0o0

Since x;, € L(«), for all k, we have
Z(xk; p) < v
Taking the limit for £ — +o00 in the above relation we get

lim Z(xz;p) < a. (4)
k——+o0
Then, x ¢ 8leog, otherwise we would get limy_, Z(xg; p) = +00 > a. Thus, x € X ﬂfolglog.
We know that Z(x; p) is continuous on X N Qgee. Thus, by (4), we have
lim Z(xx;p) =Z(X;p) <«

k——+o00
which means that X € L(«). That concludes the proof. O

One might notice that nonlinear constraints still appear, due to the presence of the in-
equalities in G'°¢ which still need to be satisfied. Nevertheless, considering the properties
of the merit function and the structure of the proposed scheme, it will be clear that any
point x ¢ leog will be rejected. That is, Problem 3 can be reformulated using only linear
constraints, i.e.,

min Z(x;p)
s.t. x € X. (5)

4



In the proposed approach, the acceptance of new points will rely on the notion of suffi-
cient decrease, justifying the classification of the algorithm as a Generating Set Search (GSS)
method. The next definition adjusts the concept of forcing function (see [20]) and is used to
define the sufficient decrease condition required to accept new points in LOG-DS.

Definition 2.2. Let £ : [0,4+00) — [0, +00) be a continuous and nondecreasing function. We
say that & is a forcing function if:

- &(t)/t — 0 when t | 0;
- if £(t) — 0 then t — 0.

The proposed algorithmic structure is detailed below.

LOG-DS

Data. xg € X such that g,(x¢) < 0 for all £ € G°8, D a family of sets of directions, ag > 0,
po>0,ve(l,2],6,,0,€(0,1),¢>1,and 5> 1.

For £ =0,1,2,... do
Step 1. (Search Step, optional)

If z;, € X can be computed such that Z(zg; pr) < Z(xx; pr) — (o),
Then set x;41 = 2z, a1 = Pag, and go to Step 3.

Step 2. (Poll Step)

Select a set D, € D

If 3d € Dy xp, + apdj, € X and Z(xy, + ardj; pr) < Z(xk; px) — (),
Then set xj11 = X + apd), and ag1 = Pay,.

Else set xp11 = x; and a1 = 0a0k.

Step 3. Set (gmin)r = min {|ge(xx+1)]}
legtoe

If apq < min{pf, (gmin)i} and apt1 < o,
Then set pp1 = 0,p%.
Else set pg11 = pk-

Endfor

Following the general structure proposed by Audet and Dennis [6] for generalized pattern
search, each iteration of LOG-DS is organized into two main steps, plus an additional one
related to the novel approach:

e Step 1 and Step 2, namely the Search Step and the Poll Step, which are part of the basic
structure of a generalized pattern search method, here applied to the solution of (5);



e Step 3, the penalty parameter updating step, which is the original feature of the proposed
approach.

As usual, the search step is very flexible, not even requiring the projection of the generated
points in some type of implicit mesh, since a sufficient decrease condition is used for the
acceptance of new iterates. As it will be detailed in Section 4, the original SID-PSM algorithm
uses quadratic interpolation models, which are minimized to generate new trial points. The
latter approach is adapted into LOG-DS as described in Section 4.1, but since it is not relevant
for establishing convergence properties, for now it will be omitted.

For the theoretical analysis, we will consider general assumptions on the directions used
by the algorithm, formalized below.

Definition 2.3 (Active constraints and tangent related sets). For every x € X, i.e., such
that Ax < b:

Ix(x) = {i|a/x=1b} (set of indices of active constraints)
Tx(x)={d €R"|a/d <0, i€ Ix(x)} (tangent cone atx)

Ty(x) =< veR"|v= Z Xiag, A >0 (polar of the tangent cone at x)
ielx(x)

Given an iterate x; € X (possibly not belonging to the boundary of X), it is important
to be able to capture the geometry of the set X near x;. Hence, the previous sets are
approximated by the following ones, depending on a parameter £ > 0:

Definition 2.4 (e-Active constraints and tangent related sets).

Ix(xp,€) = {i|a]x, >b; —e} (set of indices of e-active constraints)
Tx(xp,e) ={d €R" |a/d <0, i € Ix(xx,e)} (e-tangent cone at xy)

Ty (Xp,e) =¢veR"|v= Z Aiag, A >0 (polar of the e-tangent cone at Xy)

i€lx (xk,a)

A relation between the two groups of sets of Definition 2.3 and Definition 2.4 has been
established in [28]. We recall the result in the following proposition.

Proposition 2.5. Let {x;}ren be a sequence of points in X, converging to x* € X. Then,
there exists an €* > 0 (depending only on x*) such that for any € € (0,&*| there exists k. € N
such that

Ix(x*) = Ix(xg,¢)
Tx(X*) = Tx(Xk,E)

for all k > k..

We are now in position of specifying the requests on the sets of directions, Dy, used by the
algorithm (see [26, Assumption 2]).



Assumption 2.6. Let {xy}ren be a sequence of points in X. The sequence {Dy} of poll
directions satisfies:

Dy = {d} | |dill = 1, =1,....|Dy[}

and for some € > 0,

cone(Dy, N Tx (Xx,€)) = Tx (xx,€), ¥V ee€(0,&].

+00
Furthermore, D = U Dy, is a finite set, and |Dy| is uniformly bounded.
k=0

One problem still to be addressed is related to the fact that the merit function is defined
and differentiable only in the interior of the feasible region, i.e. leog. An analysis based on
differentiability assumptions seems not to be applicable. It turns out that the structure of the
merit function can be exploited to extract information that allows the infeasible points to be
treated as feasible failures, as it will be stated in Proposition 3.6.

Finally, some comments on the penalty parameter updating rule. This approach was
originally proposed in [12], in a clear difference with respect to interior point methods when
applied to nonlinear optimization problems (even when in presence of first or second-order in-
formation). In [17], the convergence of sequential penalization methods with a mixed interior-
exterior strategy for nonlinear optimization problems has been established considering the
sequence of exact minimizers of the subproblems. In general, finding the exact solution of any
subproblem is practically unviable. In [9], inspired by [17], the authors proposed a method
using Newton-type directions and the same mixed penalty approach, but allowing a mono-
tonically decreasing sequence of errors on the unconstrained minimizers. More precisely, the
algorithm decreases the penalty parameter when the Euclidean norm of the gradient of the
merit function is below the penalty parameter itself. In the present work, the updating rule
plays a crucial role in the convergence properties of the algorithm, allowing to establish the
boundedness of the sequence of associated Lagrange multipliers.

3 Convergence Analysis

In order to prove the global convergence of the method, we will establish that the sequences
of stepsizes and penalty parameters converge to zero. Initially, we derive an auxiliary result
analyzing the behavior of the algorithm for fixed values of the penalty parameter.

Lemma 3.1. Let {py}ren and {ax}ren be the sequences of penalty parameters and stepsizes,
respectively, generated by algorithm LOG-DS. Assume that
lim pp=p>0 (6)

k——+o00

Then,

lim «ap = 0.
k—+o0



Proof. From the updating rule of the penalty parameter, i.e. pypy1 = 0,p%, we have that {p;}
is a monotone non-increasing sequence. Furthermore, if p; is updated infinitely many times
we would have p = 0. Hence, we have that pyp1; = pr = p for all k sufficiently large. Let us
split the iteration sequence into the following two sets

Ky =1k : xp11 # X1},
Ku = {/{3 Xkl = Xk}.

At every iteration k of the algorithm, for k sufficiently large, we have either Z(xjy1;p) =
Z(xg; p) (when k € K,,) or Z(Xp41;0) < Z(Xk; p) —E&(a) (when k € K). Hence, the sequence
of function values {Z(xy;p)} is monotonically nonincreasing. By Lemma 2.1, Z(x;p) has
compact level sets, thus it is bounded from below. Hence,

Jm Z(x;p) = Z. (7)
If K is infinite, from (7) we get
lim &(ax) = 0.

k—+oco
keKg

Recalling Definition 2.2, we get
lim a; =0. (8)
k—+oo
keKg

If K, is infinite, for every k € K, let us define m;, to be the largest index such that m; € K,
and my < k (the result is immediate if K is empty). Then, we can write

k—mp—1
Q= Qu, @0, ™.

When k£ — +oo, k € K, we have that either m; — 400 as well (when K is infinite) or
k —my — 1 — 400 (when Kj is finite). Thus, by (8) and the fact that 6, € (0,1), we have

. I T k—mp—1 __
keEKy, keKy,
The proof is concluded considering (8) and (9). O

Lemma 3.1 is used to show that the sequence of penalty parameters converges to zero,
which is required to ensure that in the limit the algorithm will solve the original problem. As
a consequence, we are able to establish that the sequence of stepsizes will also converge to
zero in the general case. Since it is well-known that the stepsize is related to some measures
of stationarity of the problem [20], that property is also relevant.

Theorem 3.2. Let {pi}ren and {ay}bren be the sequences of penalty parameters and stepsizes
generated by LOG-DS. Then,

=0, (0
lim «a; =0. (11)
k—+o00



Proof. We first prove (10). The algorithmic structure implies that {px}ren is a monotone
nonincreasing sequence of positive numbers. Hence, we have that
li =p=>0.
i o =p2
By contradiction, let us assume that p > 0. If this is the case, there must exist an integer k

such that B
pr1=pr=p>0, Vk=>k

Again, the instructions of the algorithm imply that, for all k > k,

g1 > min{p’, (gmin)2} O Qpp1 > ay

and
Z (X413 p) < Z(x5p) < Z(x5;p) = Z < +00. (12)
Since pp = p, for all k& > k, by Lemma 3.1 we have limg_ 1o ax = 0. Then, there must exist
an infinite index set K such that a1 < oy, for all k£ € K. Hence, for every k € K, k > k,
we also have that
g1 > min{p”, (gumin)i } (13)
(otherwise, the algorithm would have updated p). Taking the limit in relation (13), we obtain

kgTQQ(gmin)k = 0.
Thus, we have
lim Z(xy;p) = +oo.

k——+o00
However, this limit is in contradiction with (12), thus proving (10).
Now, we prove (11). We proceed by contradiction and assume that a subset of iterations
K exists such that, for all k € K,
o > a > 0.

Since pr — 0, we also have klim pr. = 0. Then, since {px} is a monotone nonincreasing
—4o00,
keK

sequence, a further subset K C K exists such that

lim =0
k——+o0, pk !
keK

pri1 < pr, forall k € K.

If k € K is a successful iteration, then a1 = ¢ay > ¢a; otherwise, api1 = O,a1 > 6,0
Hence, for k € K, we can write
Qg1 > 00

Thus, for all k € K, we have
60&6‘ S Q41 S mln{p}i (gmin)i} S p/lf

which contradicts py — 0, thus concluding the proof. [

9



Let us define the index set
K ={k € N:pp1 < pi}, (14)

i.e., the set of iteration indices where the penalty parameter is updated. Note that, by the
instructions of the algorithm, a;; < i for all k € K, i.e., every iteration £ € K is an
unsuccessful iteration. Recall that, by Theorem 3.2, K is an infinite index set.

We use the following extended Mangasarian-Fromovitz constraint qualification (MFCQ).

Definition 3.3. The point x € X is said to satisfy the MFCQ for Problem (1) if the two
following conditions are satisfied:

(a) There does not exist a nonzero vector a = (az, ..., a,) such that:

(i Oéthi(X)> d >0, vd € Tx(x); (15)

(b) There ezists a feasible direction d € Tx(x), such that:
Va(x)'d <0, Vel (x), Vhi(x)'d=0, Vj=1,...,p (16)
where 1 (x) = {{ | ge(x) > 0}.

Consider the Lagrangian function L(x, A, 1), associated with the nonlinear constraints of
Problem (1), defined by:

L(x, A1) = f(x) + ATg(x) + 1 h(x).

The following proposition is a well-known result (see [10, Prop. 3.3.8]), which states necessary
optimality conditions for Problem (1).

Proposition 3.4. Let x* € F be a local minimum of Problem (1) that satisfies the MFCQ).
Then, there exist vectors \* € R™, u* € RP such that

Vo L(x* X pu) (x—x) >0, VvxeX (17)
(M) Tg(x*) =0, A >0. (18)
Therefore, we consider the following definition of stationarity.

Definition 3.5 (Stationary point). A point x* € F is said to be a stationary point for Problem
(1) if vectors \* € R™ and p* € RP exist such that (17) and (18) are satisfied.

Before proving the main convergence result, since the merit function is not defined in
R™\ Q?g and the trial points corresponding to failures might not be feasible, we present the

following proposition that allows us to use the mean value theorem in the proof of Theorem
3.7.

10



Proposition 3.6. Given any p > 0, x € Xﬁﬁglog, d € R", and & € R such that x+ad € X
and x + ad ¢ Qguee, there exists & < @ such that:

x+ad € X NQgues for all a € (0,4,
Z(x+ad; p) > Z(x;p) — &(a).

Proof. By definition X is convex, then x + ad € X for all a € [0, a].
Since x + ad ¢ Qg there exists an index ¢ € G'°8 such that

i (x +ad)} = ad) > 0.
ieglog)g&ridd)zo{g (x+ad)} = g(x+ad) >

The continuity of g and the fact that x € leog allow us to conclude that there exists at least
one scalar & € (0, a] such that gi(x +ad) = 0. If such a scalar is not unique, let & be the
smallest one. This implies that  + ad € Qg for all a € [0, &). Recall that, by definition of
Z(x; p), for all y € 0Qgee, it results

lim Z(x;p) = +o0.

x—y,
erglOg

Thus, there exists @ € (0, @), sufficiently close to &, such that z + ad € Qgus and Z(x; p) <
Z(x+ ad; p) + (&), which conludes the proof. O

We are now in conditions of stating the main convergence result.

Theorem 3.7. Let {x;}ren be the sequence of iterates generated by LOG-DS and recall def-
inition (14) of K. Assume that the sets of directions {Dy}ren, used by the algorithm, sat-
isfy Assumption 2.6 and define J, = {i € {1,2,...,|D|} : di € Dy N Tx(xx;€)}, with
e € (0,min{z,e*}| where e and & are the constants appearing in Proposition 2.5 and As-
sumption 2.6, respectively. Then, any limit point of {xy}rex that satisfies the MFCQ is a
stationary point of Problem (1).

Proof. First note that, by Theorem 3.2, we have

lim =0
k—4o0 pk !
keK

lim o = 0.
k—+oo
keK

Now, let x* be any limit point of {x;}rex. Then, there exists a set &' C K such that

lim =0
k—+oco pk ’
keK

lim A = O,
k—+o00
kEK

lim x; = x",
k—+o00
keK

11



with a1 < g, for all k € K. Recall that Dy, = {d},d?,...,d}*}. Then, for all k € K
sufficiently large, we know that x; +axdj, € X for all i € Ji.. For every i € J, if x;, + aydj, €
Qgiee, by the instructions of the algorithm we have

Z(xk + apdy; pi) > Z(xk; pi) — &)

Otherwise, i.e. when x; + axd} & leog, Proposition 3.6 allows us to ensure the existence of

a scalar @), < ay, such that

Z(xy + aqdy; pi) > Z(xk5 pr) — §(6,)- (19)
Applying the mean value theorem to (19), we can write
—&(64) < Z(xi + agdys pr) — Z(xus pr) = GV Z(yi pr) ' dy, (20)

for all k € K sufficiently large and all i € Ji, where yi = x;, + ti@idi, with ti € (0,1). Thus,
we have N
Vz(ybo > S i, 1)
k
By considering the expression of Z(x; px), we can write

Vi Y Wymy(z (o0 g )

geglog _gg(y’;ﬁ‘) Eegext pk

VZ(yi;pr) ' di =

2N " o )] g s £ A
Z <‘7—yk) V@(y@)] d,>-—> VieJ,and k € K sufficiently large.
— Pk Qg
7j=1
. ) (22)
By Assumption 2.6, we can extract a further subset of indices K C K such that, ax1 < ay,
for all k € K and
keK
lim o = 0,
k~>+~oo
keK
lim x; = x*,
k—+oo
keK

Jo=J Vkek,
d=d, VielJ kek,
and D* = {d’},c;. When k € K is sufficiently large, for all i € J, with y}, = x; + ttatd?, and

tt € (0,1), since &4 < ag, by Theorem 3.2, we have that, kh{}l Ve =X".

kEK

Let us define the following approximations to the Lagrange multipliers of each constraint:
_r if ¢ € Glo¢
-for0=1,...,mset \(x;p) = _gi(;;)x{g (x), 01\ "
v (%) , ifrege
p

12



ha v—1
_forj:1,...,psetuj(x;p):,/(‘ Jéx)|) .

The sequences {Ae(Xk; pr) brex and {;(Xx; pr) frex, are bounded (see the Appendix B).
Thus, it is possible to consider K’ C K, such that

khm Me(Xi; pe) = A7, (=1,....m (23)
keKr
Jim g (% k) = g, g =1p (24)
keK/’

and define A\ = 0 for ¢ & I, (x*).
Multiplying (22) by p;~! and taking the limit for & — +o0, k € K’, recalling v € (1,2], we
have that p; ' — 0, so we obtain the following

.
(Z vmax{gy(x*),0}" 'Vg,(x —|—Zl/|h )YV Ay (x )) d' >0, vd'eD*

gegext

From Proposition 2.5 and Assumption 2.6, we know that there is € > 0 such that for all
k € K' sufficiently large

Tx(x*) = Tx(xg;€) = cone(Dg N T'x (xx;€)) = cone(D”).
Then, for every d € T'x(x*), there exist nonnegative numbers (; such that
d=> pd, with d’ € D". (25)
icJ

Let us recall that, by assumption, x* satisfies MFCQ conditions, and let d be the direction
satisfying (16) in point (b). Then we have,

0< Z,@Z ( Z vmax{g,(x*),0}" 'Vgi(x +Zu]h I Vh(x )) di =

ieJ legext

-
(Z vmax{g,(x*),0}" Vg (x +Zu|h )YV (x )) d=
LeGext

.

> vmax{g(x"),0}" Vi(x +Zv|h IR (x) | d

tel (x*)NGext

Again by (16), Vgi(x*)Td < 0, for all £ € I (x*), and Vh;(x*)"d = 0, for all j. Then,
we get max{g,(x*),0} = 0 for all £ € ¢ € [,(x*) N G=*, so that g,(x*) < 0 for all £ € G°**.
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Furthermore, that implies

(Z v max{g,(x*),0}" Vg (x —{—ZVVL IV hA(x )) d

éegext

-
P
(Z V|hj(x*)|”_1th(X*)> d > 0,for all d € Tx(x*).

j=1

Using (15), we get hj(x*) =0 for all j =1,...,p. Therefore, the point x* is feasible.
By simple manipulations, inequality (22) can be rewritten as

(Vf(y;f) + ) Vaelyi) N (s pr)

+ ) Vaulyl) Me(¥ii o) — Ae(xki i) + D VA (yi)is (s pr) (26)

=1 j=1

4 T Ny
+Zth(Y§;)(/~Lj(Y§;;Pk) — Mj(Xk:;Pk))> d > —§<?§k), Vie J

(6%
j=1 k

Taking limits for k — +o00, k € K" and considering (48) and (49), we get:

m T
<Vf(x*) + ngg YAS + ZVh uj> d' >0, Viel (27)
(=1

Again, by (25) and (27), we have, for all d € T'x(x*),
- T
<Vf(x*) +)  Vax)A; + Z Vh,( MJ> d=
=1 T
> b (Vf +nge >\g+ZVh Mj> d' > 0.

e

Since x* is feasible and considering the definition of A} for ¢ € I (x*), A} g¢(x*) = 0, for all
¢=1,...,m, and the proof is concluded. 0

4 Implementation Details

In this section, we describe a practical implementation for LOG-DS, based on the original
implementation of SID-PSM [14, 15].
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4.1 LOG-DS vs SID-PSM

LOG-DS enhances SID-PSM with the capability of handling general constraints through a
mixed penalty log-barrier approach. Thus, the original structure and algorithmic options of
SID-PSM implementation are kept. In this subsection, we will provide a general overview of
the main features of SID-PMS, highlighting the differences with LOG-DS. For more details
on SID-PSM, the original references [14, 15| could be used.

The main difference between LOG-DS and SID-PSM is the use of a merit function to
address constraints, instead of an extreme barrier approach. In SID-PSM, only feasible points
are evaluated, being the function value set equal to +o00 for infeasible ones. LOG-DS allows
infeasibility regarding the nonlinear constraints. The merit function also replaces the original
objective function through the different algorithmic steps. So, at the Search step, quadratic
polynomial models are built for the objective and constraints functions and, after being ag-
gregated into the merit function, are minimized inside a ball with radius directly related to
the stepsize parameter.

The sets of points used in model computation do not require feasibility regarding the
nonlinear constraints, always resulting from previous evaluations of the merit function. No
function evaluations are spent solely for the purpose of model building. Depending on the
number of points available, minimum Frobenius norm models, quadratic interpolation, or
regression approaches can be used [14] to compute the model coefficients.

After the model minimization, LOG-DS needs to make a decision on accepting or rejecting
the new trial point. Differently from SID-PSM, where only simple decrease is required for
accepting new points, in LOG-DS points are accepted if they satisfy the sufficient decrease
condition

Z(Xpt1; pi) < Z(Xi; i) — 105,

where v = 107°. The use of a sufficient decrease condition for the acceptance of new points
changes the type of globalization strategy used by the algorithm, which is no longer classified
as a Generalized Pattern Search method, being now a Generating Set Search (GSS) method.

The algorithm proceeds with an opportunistic Poll Step, accepting the first poll point that
satisfies the sufficient decrease condition. Before initiating the polling procedure, previously
evaluated points are again used to build a simplex gradient [11], which will be used as an
ascent indicator. Poll directions are reordered according to the largest angle made with this
ascent indicator, before initiating polling (see [15]). In LOG-DS, the simplex gradient is built
for the merit function, while in SID-PSM the original objective function is considered.

4.2 Penalty parameter details

In the initialization of LOG-DS, we define the two sets of indices G'°¢ and G***, considering
the values of the inequality constraints at the initial point xo € X:

G*¢ = {i | go(x0) < 0} and G = {i | ge(x0) > 0}.

Moreover, we define two penalty parameters, one corresponding to the logarithmic barrier
term (p'°¢) and another one associated with the penalty exterior component (p®**), and we
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v—1

Note that we treat p®' as p”~! in

ext __

e e 7. 1 —
initialize them as p;”® = 107! and p&* = m.
equation (2). Therefore, we can write the merit function as

Zlxipu) = ) =i 3 log(-aix)) e ( > (max{0,g(x)})” + Y rhj<x>r”> - (28)

Eeglog eegext

The penalty parameters are updated only at unsuccessful iterations, considering two different
criteria:

ars1 < min{(0;%), (gmin)}, for updating p,°%; (29)
e < min{ (082, (p°)?, (gmin)z}, Wwhen updating pg**. (30)

Recall that (gmin)x is the minimum absolute value for the constraints in G'°¢ at iterate xj. In
the implementation, we have considered 3 =1+ 107? and v = 2. Thus, p*~! = p in equation
(2).

If inequality (29) holds, LOG-DS uses the following rule

Pk = s, (31)
whereas if inequality (30) holds, LOG-DS performs the following update
i = CoRs (32)

in both cases with ¢ = 1072

The use of two different penalty parameters for the two different terms of penalization
is a practical need to be able to properly scale the constraints and the different ways they
are handled. In particular, in our numerical experience, the logarithmic term seemed not to
suffer with the different scales of the objective function, while the exterior penalty seemed
to be very sensitive to it. In practice, if the exterior penalty parameter is set too high, the
algorithm might be slow at reaching feasible solutions. If it is set too low, the algorithm might
not be good at reaching solutions with the best objective function value, even though it might
be very capable of attaining feasibility. While scaling the initial exterior penalty parameter
with respect to the initial value of the objective function improved the numerical results, it
is possible that it might not work for specific problems. Indeed, we are implicitly assuming
that the gradient of the objective function is closely related to the objective function value,
which might be true for many real problems, but it is certainly not true in general. Scaling the
objective function and the constraints for general nonlinear optimization problems is currently
an active field of research.

Furthermore, to keep our method aligned with the theoretical framework proposed, in
Appendix C we provide some results related to our choices.

5 Numerical Experiments

This section is dedicated to the numerical experiments and performance evaluation of the
proposed mixed penalty-logarithmic barrier derivative-free optimization algorithm, LOG-DS,
on a collection of test problems available in the literature.
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We considered the test set used in [12], part of the CUTESst collection [19]. Specifically,
we included problems where the number of variables does not exceed 50 and at least one
inequality constraint is strictly satisfied by the initialization provided, ensuring x, € leog.

Table 1 details the test set, providing the name, the number of variables, n,, the number
of inequality constraints, m, = |G'°® U G***|, the number of inequality constraints treated by
the logarithmic barrier m, = |G|, and the number of nonlinear equalities, meg,, for each
problem. Additional information can be found in [12, 19].

5.1 Performance and data profiles

Numerical experiments will be analyzed using performance [16] and data [30] profiles. To
provide a brief overview of these tools, consider a set of solvers S and a set of problems
P. Let t, s represent the number of function evaluations required by solver s to satisfy the
convergence test adopted for problem p.

For an accuracy 7 = 107%, where k € {1, 3,5}, we adopted the convergence test:

o — f(x) > (1 =7)(fm — fr), (33)

where fj; represents the objective function value of the worst feasible point determined by
all solvers for problem p, and f;, is the best objective function value obtained by all solvers,
corresponding to a feasible point of problem p.

The convergence test given by (33) requires a significant reduction in the objective function
value by comparison with the worst feasible point fj;. We assign an infinite value to the
objective function at points that violate the feasibility conditions, defined by c(x) > 1074,
where

cfa) = > max{0,gi(a)} + D Ih(2)]

The performance of solver s € § is measured by the fraction of problems in which the
performance ratio is at most «, given by:

1 t
s(a) = —; eP 22 <
ps(@) P] Hp i (ty:ses} = O‘}

A performance profile provides an overview of how well a solver performs across a set of
optimization problems. Particularly relevant is the value ps(1), that reflects the efficiency
of the solver, i.e., the percentage of problems for which the algorithm performs the best.
Robustness, as the percentage of problems that the algorithm is able to solve, can be perceived
for high values of a.

Data profiles focus on the behavior of the algorithm during the optimization process. A
data profile measures the percentage of problems that can be solved (given the tolerance )
with k estimates of simplex gradients and is defined by:

1
ds(k) = Pl {pePltps <r(np+1)},
where n, represents the dimension of problem p.
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Problem np | mp | Mmp | meqp Problem np | mp | mMp | megqp
ANTWERP 27 | 10 2 8 CAMSHAPE 30 | 94 90 0
DEMBO7 16 | 21 16 0 CAR2 21 | 21 5 16
ERRINBAR | 18 9 1 8 CHARDIS1 28 | 14 13 0
HS117 15 5 5 0 EG3 31 | 90 60
HS118 15 | 29 28 0 GAUSSELM 29 | 36 11 14
LAUNCH 25 | 29 20 9 GPP 30 | 58 58 0
LOADBAL 31 | 31 20 11 HADAMARD 37 | 93 36 21
MAKELA4 21 | 40 20 0 HANGING 15 | 12 8 0
MESH 33 | 48 17 24 JANNSON3 30 3

OPTPRLOC | 30 | 30 28 0 JANNSON4 | 30 2 2 0
RES 20 | 14 2 12 KISSING 37 | 78 32 12
SYNTHES2 11 | 15 1 1 KISSING1 33 | 144 | 113 0
SYNTHES3 17 | 23 1 2 KISSING2 33 | 144 | 113 0
TENBARS1 18 9 1 8 LIPPERT1 41 | 80 64 16
TENBARS4 18 9 1 8 LIPPERT2 41 | 80 64 16
TRUSPYRI1 11 4 1 3 LUKVLI1 30 | 28 28 0
TRUSPYR2 11 | 11 8 3 LUKVLI10 30 | 28 14 0
HS12 2 1 1 0 LUKVLI11 30 | 18 0
HS13 2 1 1 0 LUKVLI12 30 | 21 6 0
HS16 2 2 2 0 LUKVLI13 30 | 18 0
HS19 2 2 1 0 LUKVLI14 30 | 18 18 0
HS20 2 3 3 0 LUKVLI15 30 | 21 7 0
HS21 2 1 1 0 LUKVLI16 30 | 21 13 0
HS23 2 5 4 0 LUKVLI17 30 | 21 21 0
HS30 3 1 1 0 LUKVLI18 30 | 21 21 0
HS43 4 3 3 0 LUKVLI2 30 | 14 7 0
HS65 3 1 1 0 LUKVLI3 30 2 2 0
HS74 4 5 2 3 LUKVLI4 30 | 14 0
HS75 4 5 2 3 LUKVLI6 31 15 15 0
HS83 5 6 5 0 LUKVLI8 30 | 28 14 0
HS95 6 4 3 0 LUKVLI9 30 6 6 0
HS96 6 4 3 0 MANNE 29 | 20 10 0
HS97 6 4 2 0 MOSARQP1 | 36 | 10 10 0
HS98 6 4 2 0 MOSARQP2 | 36 10 10 0
HS100 7 4 4 0 NGONE 29 | 134 | 106 0
HS101 7 6 2 0 NUFFIELD 38 | 138 | 28 0
HS104 8 6 3 0 OPTMASS 36 | 30 6 24
HS105 8 1 1 0 POLYGON 28 | 119 | 94 0
HS113 10 8 8 0 POWELL20 30 | 30 15 0
HS114 10 | 11 8 3 READING4 30 | 60 30 0
HS116 13 | 15 10 0 SINROSNB 30 | 58 29 0
S365 7 5 2 0 SVANBERG | 30 | 30 30 0
ALLINQP 24 | 18 9 3 VANDERM1 30 | 59 29 30
BLOCKQP1 | 35 | 16 1 15 VANDERM?2 30 | 59 29 30
BLOCKQP2 | 35 | 16 1 15 VANDERM3 30 | 59 29 30
BLOCKQP3 | 35 | 16 1 15 VANDERM4 30 | 59 29 30
BLOCKQP4 | 35 | 16 1 15 YAO 30 | 30 1 0
BLOCKQP5 | 35 | 16 1 15 ZIGZAG 28 | 30 5 20

Table 1: Test set selected from the CUTEst collection. Parameters n,, m,, m,, and megq, de-
note, respectively, the number of variables, of inequality constraints, of inequality constraints
treated by the logarithmic barrier, and of equality constraints for the given problem.
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5.2 Results and comparison

This subsection aims to demonstrate the good numerical performance of the LOG-DS algo-
rithm.

5.2.1 Comparison between strategies for linear constraints

In this subsection, our focus lies on evaluating the performance of LOG-DS using two distinct
approaches for managing linear inequality constraints, other than bounds. The first approach
addresses each linear inequality constraint as a general nonlinear inequalitiy, i.e. through the
penalty approach discussed previously. The second approach entails addressing the linear
inequality constraints via an extreme barrier method, adjusting the directions in accordance
with the geometry of the feasible region.

The works by Lucidi et al. [28] and Lewis and Torczon [24] propose methods for com-
puting directions conforming to linear inequality constraints but do not consider degeneracy.
Abramson et al. [1] provide a detailed algorithm for generating the set of desired directions,
regardless of whether the constraints are degenerate or not.

In order to use Definition 2.4, of e-active constraints, we assume a preliminary scaling of
the constraints. For this purpose, we multiply each ith constraint by ||a;|| ™!, since the vectors
a;, 1 € Ix, are not null (we have that ||a;|| # 0 for all i € Ix). Therefore, we consider

a _ b,
= b=-——icCIx. (34)
[ [[aq|

The e-active index set is computed using the matrix A, a scaled version of the matrix A4, and
the vector b. Consequently, we have that ||a;|| = 1 for all i € Ix and X = {x € R" | Ax <
b}~ {xeR" |ax<b,iclx}={xeR"|Ax <b}.

To compute the set of directions Dy, that conform to the geometry of the nearby constraints,
we use the algorithm proposed in [1, Alg. 4.4.2]. The latter is divided into two parts: the first
constructs the index set corresponding to e-active non-redundant constraints, and the second
the set of directions Dy, which include the generators of the cone Ty (xg,€).

It is important to understand why we are comparing the two strategies. First, linear con-
straints might not be explicitly given for a black-box type problem, making it impossible to
conform the directions to the linear constraints. In such cases, we would be forced to treat
the linear inequalities with a mixed penalty. Furthermore, the logarithmic barrier approach is
well-known for handling linear constraints very efficiently, especially in the presence of a large
number of constraints. Finally, conforming the directions to the nearby linear constraints
might affect the geometry of the generated points, impacting the quality of the surrogate
models built to improve the performance of the algorithm. Using the penalty approach al-
lows us to keep using the coordinate directions, which are known to have good geometry for
building linear models. Any other orthonormal basis could be used, though the coordinate
directions additionally conform to bound constraints on the variables, so that we can treat
them separately from the penalty approach.

For identifying a constraint as being e-active, we considered ¢ = 107° and we used D, =
[1 —1 I, —I,] as the default set of directions, for every k. Figure 1 depicts the performance

a;
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of LOG-DS using the two strategies described before, considering a maximum number of 2000
function evaluations and a minimum stepsize tolerance equal to 1075.

. B . —10-3 . —105
T =10 T =10 T =10
kel kel k)
Cos 208 Los
] ] °
w w w
w 72 w0
£ 06 £ 06 £ 0.6
< < <
Ke} Q Q
= < <
30.4(._*‘_”-0—”0—._‘_ &04 R o4l N
=] =] v o & v v
c c <
So2 Soz2 So.2
5] 5] 5]
<} 5 g
2 0 = 0 = 0
8 7, 2 4 = 2 S 2 4 8
performance ratio « performance ratio o performance ratio «
T r=10""1 T =107 T =10
T T T
k] kel k]
2os 2 o8 2os
] ° °
w 1) w
w 7] w0
£ 06 £ 06 £ 06
< o <
o o Q
< < 2
5 0.4 5 0.4 R N 5 0.4 N
k] k] v k] v
c c <
£02 g 02 £02 LOG-DS
S s s —6—LOGDS - c-active
(=] =] o
5 0 5 0 5 0
0 50 100 150 0 50 100 150 200 250 0 50 100 150 200 250

number of simplex gradients number of simplex gradients x number of simplex gradients

Figure 1: Performance (on top) and data (on bottom) profiles comparing LOG-DS using two
different approaches to address linear inequality constraints.

As we can see, the performance of the LOG-DS algorithm when addressing the linear
inequality constraints within the penalty approach outperforms the competing strategy, ad-
dressing the linear constraints directly. Therefore, in the rest of the work, the experiments
will be carried out using the winning strategy. Note that the significant difference in the
performance might be due to the specific choice of the tested problems and/or the specific
strategy used to conform the directions to the linear constraints, rather than to a flaw in the
approach by itself.
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5.2.2 Comparison with the original Extreme Barrier

We are proposing an alternative strategy to address constraints within the SID-PSM algo-
rithm. Thus, we start by illustrating that the use of a mixed penalty-logarithmic barrier is
competitive against the extreme barrier approach. The latter can only be adopted for problems
without equality constraints and for which a strictly feasible point is given as initialization,
so we selected a subset of problems satisfying these conditions. The subset consists of a total
of 28 problems, highlighted in Table 1.

Figure 2 presents the comparison between LOG-DS, which exploits the mixed penalty-
logarithmic barrier, and the original SID-PSM, which employs an extreme barrier approach.
The default values of SID-PSM were considered for both algorithms, allowing a maximum
number of 2000 function evaluations and a minimum stepsize tolerance equal to 1075.
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Figure 2: Performance (on top) and data (on bottom) profiles comparing LOG-DS and SID-
PSM.

As Figure 2 shows, LOG-DS presents a better performance than SID-PSM, especially
when a higher precision is considered. Furthermore, the possibility of initializing LOG-DS
with infeasible points allows to handle a wider class of practical problems.

5.2.3 Comparison with state-of-the-art solvers

This subsection focuses on comparing LOG-DS against state-of-the-art derivative-free opti-
mization solvers that are able to address general nonlinear constraints. Comparisons were
made with MADS [7], implemented in the well-known NOMAD package (version 4), which
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can be freely obtained at https://www.gerad.ca/en/software/nomad [8]. Additionally, the
X-LOG-DFL algorithm [12], available through the DFL library as the LOGDFL package at
https://github.com/DerivativeFreeLibrary/LOGDFL, was also tested. Comparison with
LOG-DFL [12] is particularly relevant since it uses the same merit function of LOG-DS. De-
fault settings were considered for all codes and results, reported in Figure 3, were obtained
for a budget of 2000 function evaluations.
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Figure 3: Performance (on top) and data (on bottom) comparing LOG-DS, NOMAD, and
X-LOG-DFL, on the complete problem collection.

It can be observed that LOG-DS presents the best performance, for any of the three
precision levels considered, both in terms of efficiency and robustness, across the different
computational budgets.

Figure 4 compares the different solvers considering the subset of problems with only in-
equality constraints (61 out of 96 problems), again allowing a maximum of 2000 function
evaluations. Once more, LOG-DS is clearly the solver with the best performance.

In summary, considering the outcomes of the different numerical experiments, we can
conclude that LOG-DS is the most efficient and robust solver across different scenarios, making
it the top-performing choice.
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Figure 4: Performance (on top) and data (on bottom) profiles comparing LOG-DS, NOMAD,
and LOG-DFL, on the subset of problems with only inequality constraints.

6 Conclusions

The primary objective of this work was to extend the approach introduced in [12] to generalized
pattern search, allowing to efficiently address nonlinear constraints.

To accomplish it, we adapted the SID-PSM algorithm, a generalized pattern search method,
where polynomial models are used both at the search and at the poll steps to improve the
numerical performance. We proposed a new algorithm, LOG-DS, that keeps the basic algo-
rithmic features of SID-PSM but uses a mixed penalty-logarithmic barrier merit function to
address general nonlinear and linear constraints.

Under standard assumptions, not requiring convexity of the functions defining the problem,
convergence was established towards stationary points. Furthermore, an extensive numerical
experimentation allowed to compare the performance of LOG-DS with several state-of-art
solvers on a large set of test problems from the CUTEst collection. The numerical results
indicate the robustness, efficiency, and overall effectiveness of the proposed algorithm.

A Appendix
Lemma A.1. Leta € R, beR,, a+b>0 andp € [0,1], it results

(a+b)P <al + P
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a4 <1 and

b
Proof. We have s p—?

<1, s0

(a+0) a b
by = —
@+ = i ~ o T @b
1-p 1-p
_ a b
“ (a—l—b) +bp<a—|—b>
< af 4+ 0.

Lemma A.2. Leta € R, b€ R and p € [0,1]. Then the following inequalities hold
[la[” = 16| < la —b]",

and
| max{a, 0}’ — max{b,0}”| < |a — bJ*.

Proof. To prove (35) consider

lalP = la—0b+bP
(Triangular inequality ) < (|la — b| + |b])?
(Lemma A.1) < |a—0b|"+ 0"
On the other hand,
b = [b—a+al?
(Triangular inequality ) < (|b —a| + |a|)?
(Lemma A.1) < |a—0b|"+ |al?

Then, from inequalities (37) and (38) we derive inequality (35).
Now, to prove (36), we will analyze four different cases:

i) If a <0 and b < 0, the result holds trivially.

)
ii) If a <0and b >0, then | — 0| =" < |b—al’ = |a — bJP.
iii) If @ > 0 and b < 0, then |a|? = a? < |a — bJ.

)

iv) If a > 0 and b > 0, using (35) we conclude that:

| max{a, 0}’ — max{b,0}?| = |a® — V*| = ||a]’ — |b|’| < |a — b|P.
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B Appendix

Lemma B.1. Let {a} }ren, i =1,...,¢, be sequences of scalars. Two cases can occur:
(i) It results klim ai, =0,i=1,...,0. In particular, all the sequences are bounded;
—+00

(1) An index j € {1,...,¢}, an infinite index set K; C {0,1,...} and a positive scalar a,
exist such that ‘
laj| > a; >0, Vke K,

i.€., at least one sequence is not convergent to zero. Then, there exists an index s €
{1,...,¢} and an infinite subset K C N such that:

7
lim af
bode lail

=z, |zl <400, i=1,...,¢ (39)

. aj
i.€., all the sequences { ]; } are bounded.
a3 | ) jere
Proof. Point (i) directly follows from the properties of convergent sequences.
Then, let us now assume that at least a sequence is not convergent to zero. If this is the
case, we can reorder the sequences in such a way that:

e lim ;= lim aj =---= lim a} ' =0;
k——+o0 k——+o0 k——+o0
e {a},i=r,..., [, are not convergent to zero.
We now prove that an index s € {r,..., ¢} and an infinite index set K exist such that
. a .
lim —= =2, |zl <400, i=7,...,L
k—+o0, |a5

keK k

This is (obviously) true when ¢ = r. Indeed, when ¢ = r, there is K, such that

: aj,
lim —& = 41,
k—+o0, |a7"
ke Ky k
Furthermore, we have
ai
lim —& =0, i=1,...,r—1.
k—+o0, ’ar|
ke Ky k

The thesis follows by choosing s = r and K =K,.

Now, we prove the thesis by induction on £. Then, we have sequences {at},i=1,...,0—1
such that:
e lim allc: lim az:...: lim av};—l — 0
k—+o00 k—+o00 k— 400
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e {ai},i=r,...,0 —1, are not convergent to zero,

and an index i € {r,...,¢ — 1} and an infinite index set K exist such that
i
kli£11 f =z, |zl <40, i=r... (-1
e |

1. If lim aj =0, then we have
k—+o00

k
im — =z 1,....0—-1
k—4o0, ’a,z 7 j ’ ’
keK k
¢
. a
lim —& = 0;
e Ta)
keK

and the thesis follows by choosing s =7 and K = K.

2. Suppose now that {ai} is not convergent to zero. In this situation, two subcases can
occur:

4
(a) the sequence {a—’“} _is bounded;
% J keK

k

- at .
(b) an infinite index set K; C K exists such that {—k} is unbounded.
ke K,

Ay,

A 4
In the first case, an infinite index set Ky C K exists such that {a—k} is convergent.
kJ) keKso
Then, the thesis follows by taking s = 7 and K = K.

In the second case, we have

. aj
lim —’z = 0.
k—+o0, ak
kEKq
Furthermore, for every ¢ = 1,...,¢ — 1, we have
. a . aial
lim —if = lim —k—]; =0,
k—+o0, (1 k—+o0, q @
kek, k ek, k7k

and again the thesis is proved with s = ¢ and K = K;.

Thus, the proof is concluded. O
Theorem B.2. In the conditions of Theorem 3.7,
L7 if € € Gloe
M p) = —e(x) .
v <max{gﬁ(x)7 O}) , ng G gext
p

h'X v—1 ‘
uj(X;p)ZV(—| ]/() N) L J=1....p

the subsequences {\e(Xk; pr) boeips € = 1, .., moand {p;(Xp; pi) Ype s = 1, ..., p are bounded.
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Proof. Recalling the expressions of \y(x;p), £ =1,...,m, and of p;(x;p), 7 =1,...,p, we can
rewrite inequality (22) as

(Vf(}’i;) + ) Nk pe) Vaelyh)+
=1

, ; (10)
Z (yi:ip )) dkz—f(ik), VieJ,and k € K,
= R
where yi = xj, + tidg,ds, with ¢ € (0,1) and & < ay.
We will start by establishing that
Jm IXe(xk; ) = Aelyis r)| =0, L€ GY8, Viel, (41)
keK
In fact,
—g9e(xk)  —ge(y) (=9e(yi)) (—ge(xk))
iNT i
Ve ()" (e = ¥1)
|9¢ (¥ic) llge (xi.) |
< Ve (%)H ¥ — &l
- |9¢ (3,) 19¢ (%))
where ul, = x; + £4 (yi — x;) with ¢ € (0,1).
Then, there is ¢; > 0 such that
: i, — x| i, — x|
ok (| Ve (1 : < prey : (43)
Vo ()| 3 e e PRI
— e l|xx + a5 di — xg||
- kC1 i
|9e(y7) || ge ()|
ttatd;
BN
|9e(yi )l ge(x)|
o Bl
|9 (yk;)Hgé(Xk)’
Now, we will prove that there is another constant ¢y > 0 such that
1 1
(44)

<.
l9e(y3,)] |9e(X)|

Suppose, in order to arrive to a contradiction, that ¢y does not exist. This would imply that
there exists K’ C K C K such that

1
Tim IR fim el _ (45)
k_é}}?o 90 ()] keK/ |g€( )|
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Let us consider the case where
Jim_[gi(x)]| = 0.

keK/

Since go(x1) < 0 and g¢(y};) < 0 for all k € K', by (45) there exists k € N such that, for all
k>k ke K’ wehave

—ge(x1) > —gu(y},) = —ge(xy, + tpcd},).

Using the Lipschitz continuity of g,, £ = 1,...,m and the fact that ||d.|| = 1 for all i € Jj,
we get

—ge(Xi + tpapdy) > —go(xi) — Ly, i3yl = —ge(xk) — L, th.
The definition of K guarantees that

1 < min{p}, (gnin)2}, a1 = ooy,
so that
: B )2
o < mm{pké (Gnin)2} (46)

Hence, since @i < oy, we have

i A ;1 R
—ge(Xx) = Ly tpy, > —ge(Xi) — ngtke—(ge(xk))z, Vk>k, ke K'

Thus,
i 9%y 9
ki —9e(y) koise —gu(xk + t.4pd))
< lim —e(Xx) -1

)

kvt —go(xp) — Ly th gt (ge(xx))?

which leads to a contradiction, proving (44).
Now, by considering the other case

klignw lg¢e(x%)| = ¢ < +o0,

keK’
we have
lim _W—(Xf): lim —gg(xf)Ai —~ < t+oo.
koo —gu(yy)  kzise —ge(xk + tapdy)

Again, this leads to a contradiction, proving (44).
Hence, the existence of the constant ¢ > 0, (44), and recalling that &} < oy, allow us to
write

prcityaj, PrC1Calh v
l9e(yi)llge(xi)l = [ge(xx)[?
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The instructions of Step 3 imply that Xpy1 = Xg, so that (gmin)r = zmgm{|gg(xk+1)]} =
c log

emglln {|ge(xx)|}. Recalling (46), we get

PrOk
(gm1n>

<

IR

Then, recalling Theorem 3.2, (41) is proved. Furthermore, we will establish

Jm [ Ae(ers o) — Ae(yis )| =0, € G, Vie (47)
keK
1% 14

— (max{gg(xk),()})”_l — — (maX{gﬁ(yz)vO})y_l

Pk Pk
14 _ 9 7 v—
= F ‘max{gg(xk), 0} 1 — max{gp(xy) + Vgg(uk)T(xk -¥5),0} 1‘

k
v—1

(Lemma A.2 - (36) ) < pyy_l ‘gg(xk) — ge(xk) = Vge(up) " (xx, — i)
3

= L IVa(u ><><k—yz>\”—1spyluw I e =yl

P k
< enry || (o = Goe o AR |7 = ey (tak) ! [l
k k
v—
< oo ol < e (%) )

-1 v—1 '
< v (;0]5> Hd Hl/ 1 ng@(ly—]/péﬁ*l)(l/fl) H(if]LgHV—l7

where ul, = x;, + i (yh — x) with #, € (0,1), and c¢3 > 0. Thus, using 3 > 1, v € (1,2],
|di|| = 1 for all i € Ji, and recalling Theorem 3.2, (47) is proved. Therefore, we have that

kljgrlw INe(xp; 00) — Ne(yiipe)| =0, £=1,...,m, Vi€l (48)

kEK

We will now establish that

W (p;(xk; ) — 15V p6) =0, j=1,...,p, VieJy (49)

k’—>+Aoo
keK

29



In fact, recalling that v € (1,2] so that v — 1 € (0, 1], we have

hy(xg) " hi(y )" v e T, v-1
A KELC O R Lt 7 = |1y ()7 = |Ry(xa) + Vi (wq) - (v; — xi)
Pk Pk &
(Lemma A2 — (35)) S F hj (Xk) — hj(Xk) — th (uk) (yk — Xk)
k
v ] i v—1
= =1 [Vhi(w) " (vi — x|
k
1% . v—1 i v—1
< = [V [k =07 (50)
Pk
where uj, = x5, + fi(yL — x3), with £, € (0,1) Now, recalling that h;, j = 1,...,p are
continuously differentiable functions and yi = x;, + tiatd:, with ¢, € (0,1) and ||d}| = 1,
from (50) and the fact that &} < a; we can write
h'(X ) v—1 h( Z) v—1 U
y|2aXe) 1Y) < ey (Bal)
Pk Pk P
v—1
14 . v—1 O[]C
< 3 (than < c3v (—)
L o) < e (2
p’B_l v—1
< 03u( Z) > = 03y0é_”p,(f_1)(y_1).

Given that § > 1, v € (1, 2], and recalling Theorem 3.2, we can conclude that (49) holds.
Now, we are able to prove the boundness of the sequences {\o(Xp; pi) }reps € = 1,...,m

and {u;(xx; pk) boeir J = 1o- oo .
In fact, we can rewrite (40) as

(Vf(y;c) + Z Ve(yi) Ae(xk; pr)+

=1
m 4
+ > Vg Neis i) = el pr)) + Y Vhy(yi s (% pr)+ (51)
=1 j=1
: T E@)
; ; o , .
"‘Zth(YZ)(Mj(YZ;Pk) - Mj(Xk;Pk))> d, > —@—ik, Vie J,and k € K.
i=1 K

Let

{alia <o 7a?l;n} = {)‘1<Xk3 pk)a cees )‘m(xlhpk)}a
{aZH—lv s ﬂZHFp} = {Ml(ku pk)a cee 7ﬂp(xk§ pk)}
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Assume, by contradiction, that there exists at least one index [ € {1,...,m + p} such that

Jim |a| = +o0. (52)
KR
Hence, the sequence {a}}, i = 1,...,m + p, cannot be all convergent to zero. Then, from

Lemma B.1, there exists an infinite subset K’ C K and an index s € {1,...,m+p} such that,

i

lim & =2 |z <400, i=1,....m+p (53)
krtoo |ag|
keK

If there is an unique index [ that satisfies (52), then s = [. If we have more than one index
satisfying the equation, then s is selected as one of the indexes such that {a]}rcx tends to
+oo faster than the others. Note also that

zs =1, and lag| — +o0. (54)
Dividing the relation (51) by |aj|, we have

<Vf(y}‘;) N "\ Vlyl)al,

okl = lakl

: o (X " Vh mety
+ng£ yk Pr) — Ne(Xk; pr) 4 J(yk)ak

il 2 gl

K
p i. o . i A

+2th(}7?;)“](y’“’pk) meoe) g s E@) ke K
j=1 |ag| O‘ZWZ‘

Since kliin X, = x*, Assumption 2.6 and Proposition 2.5 ensure the existence of ¢ > 0 such
kEK
that for k € K C K sufficiently large, Tx(x*) = Tx (x,€) = cone(DNTx (xy, €)) = cone(D*).
Taking the limit for £ — +o00 and k € K, and using (48), (49), and (53), we obtain

-
(Z 20V go(X*) + szﬂVh (x )) d*>0, Vvd'e D" (56)

7j=1

We recall that x* satisfies the MFCQ conditions. Let d be the direction satisfying condition
(b) of Definition 3.3. For every d € Tx(x*), there exist nonnegative numbers ; such that

d= Y pd (57

ZED*
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Thus, from (56) and (57), we obtain

(i 2V ge(x*) + Z Zm; Vhi(x )) d= (58)

(=1 j=1
T
= Z Bi (Znggg —i—szﬂVh( )) d*
d*ie D* (=1 j=1
= Z BiZZKV.gZ Td*z—i— Z ﬁzzzm—&—thj(X*)Td*i > 0.
d*ieD* (=1 dxiep*  j=1

Considering Definition 3.3, the relation (58) becomes

Z nggg d > 0. (59>

Theorem 3.2 and the definition of z, for ¢ € {1,...,m}, guarantee
zg=0, forall (¢, (x"). (60)
Since x* satisfies the MFCQ conditions, (59) implies
2z =0, forall el (x"). (61)
Therefore equation (56) becomes
» T
<Z zm+thj(x*)) d*>0, forall d*e D (62)
j=1
using again Definition 3.3 and (62), we obtain
Zmy; =0, forall je{l,...,p}. (63)

In conclusion, we get (60), (61), and (63), contradicting (54) and this concludes the proof. [

C Appendix

In the following we provide three lemmas to support our implementation choices. In partic-
ular the first two results are the equivalent of Lemma 3.1 and Theorem 3.2, which are the
fundamental results the theoretical analysis is based on. Furthermore, since the analysis in
Section 3 is carried out by exploiting the subsequence of iterates where the penalty parameter
is updated, we state one additional result to prove that the subsequence where both penalty
parameters are simultaneously updated is infinite.
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Lemma C.1. Let {p?g}keN, {P5¥* tren, and {ou}ren be the sequences of penalty parameters
and stepsizes respectively, generated by algorithm LOG-DS. Assume that

lim piog =p >0
k——+o0

ext

lim pp™ =py >0

k——+o0
Then,
li =0. 4
Proof. Using similar arguments to Lemma 3.1. O]

Lemma C.2. Let {piog}keN, {p5¥ ren, and {ay}ren be the sequences of penalty parameters
and stepsizes generated by LOG-DS. Then,

: log
Jm pp= =0, (65)
: ext _
Jm o™ =0, (66)
k’EI—Poo ag = 0. (67)

Proof. By (30) we have that p§** — 0 only if piOg — 0, so we can use the same arguments of
Theorem 3.2 to prove (65). Now, by (29) and (30) it is clear that (65) implies (66) Finally, we
can use similar arguments of Theorem 3.2 to prove (67), using Lemma C.1 instead of Lemma
3.1. O]

Lemma C.3. Let {pic’g}keN, {p5¥* tren, and {o}ren be the sequences of penalty parameters
and stepsizes generated by LOG-DS. Let K153 = {k € N : pifl < piog} and Koy = {k € N :
Pt < p¥t . Then |Kiog N Kexy| = +00.

Proof. Using (66) and (32), we get |Koy| = +00. Let k € Koy From (30), we have

gy < min{(pr°8)”, (057, (Guin)2} < min{ (pr°8)?, (Gmin)2},

so that for all k& € Koy we also have k € Kio, and |Kiog N Kext| = [Kext| = +00, concluding
the proof. O
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