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Abstract. In this paper, we analyze a derivative-free line search method designed for bound-
constrained problems. Our analysis demonstrates that this method exhibits a worst-case complexity
comparable to other derivative-free methods for unconstrained and linearly constrained problems. In
particular, when minimizing a function with n variables, we prove that at most O (ne=?) iterations
are needed to drive a criticality measure below a predefined threshold ¢, requiring at most O (n?e¢=2)
function evaluations. We also show that the total number of iterations where the criticality measure
is not below € is upper bounded by O (n?e~2). Moreover, we investigate the method capability to
identify active constraints at the final solutions. We show that, after a finite number of iterations, all
the active constraints satisfying the strict complementarity condition are correctly identified.
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1 Introduction
Let us consider the following nonlinear bound-constrained optimization problem:

min f(z) )
ligxigui, i:1,...,n, ()
where [;,u; € RU{£o0}, l; <uiyi=1,...,n.

We restrict ourselves to considering problem (1) when function values are given by a time consum-
ing black-box oracle. Hence, the analytical expression of f is not available and first-order information
cannot be explicitly used nor approximated within a reasonable amount of time. In such a context,
derivative-free methods [2, 13, 30] are usually employed to solve the problem.

In the literature, several derivative-free methods have been proposed to solve problem (1) (even
with more general constraints). In particular, we can distinguish among model-based methods [10,
13, 22, 24, 27, 38|, where the objective function is sampled in a neighborhood of the current point
to build an appropriate model to be minimized, direct-search methods [1, 23, 28, 29, 31|, where the
objective function is sampled in a neighborhood of the current point in order to find descent, and
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line search methods [33, 35], where directions are explored by allowing the stepsize to dynamically
expand.

For model-based and direct-search methods applied to problems with linear constraints (thus
including (1)), a worst-case analysis can be found in [23, 27], providing upper bounds on the maximum
number of iterations and function evaluations needed to drive a criticality measure below a prespecified
threshold. In particular, in [23], it is shown that at most O (ne~?2) iterations and O (n?e~2) function
evaluations are needed, for a (deterministic) direct-search method, to produce the first point with a
criticality measure below € > 0, matching the same complexity for the unconstrained case [19, 40].
In [27], similar bounds of O (k%e2) iterations and O (nk%e~2) function evaluations are obtained,
matching the same complexity for the unconstrained case [20], with kp being a problem dimension-
dependent constant which define a fully linear model. Methods based on finite-difference gradient
approximations may be used in this context. Such methods usually guarantee favorable worst-case
evaluation complexity (e.g., O (ne~2) in the unconstrained case [21]), but they can be inefficient in
the presence of noise, unless carefully implemented [13, 39]. Furthermore, concerning the complexity
bound it can be noted that the constant defining the O (e=2) bound in [21] depends quadratically
on the Lipschitz constant of the gradient whereas a linear dependence is typical for derivative-free
methods. As discussed in [41], the Lipschitz constant of the gradient of the objective function can in
turn depend exponentially on the dimension of the problem.

In the current paper, we analyze a line search method to solve problem (1). The algorithm under
analysis is a modification of the one proposed in [34], equipped with a line search technique described
in [8]. In particular, for any considered direction (i.e., a vector of the canonical basis), the line search
technique first checks for a sufficient decrease in the objective function using a given stepsize. Then,
if such a decrease is obtained, an extrapolation (or expansion) phase starts, where increasingly larger
values of the stespize are tried until some conditions are met. This approach allows us to obtain
complexity and identification results that extend those existing in the literature for direct-search [23]
and model-based [27] methods. In particular, let us summarize the main contributions of this paper
below.

e The first contribution of the current paper is providing a worst-case analysis for the proposed
line search method, which yields to the same bounds for direct search [23], that is, O (ne=?)
iterations and O (n?e~2) function evaluations to produce the first point with a criticality measure
below ¢ > 0. Additionally, for the proposed algorithm, we are able to bound the total number of
iterations where the criticality measure is not below ¢, thus going beyond the complexity results
for direct-search methods given in [23].

e The second contribution of the current paper is to show finite identification of the active con-
straints for the proposed line search method. Such a property is usually desirable for an opti-
mization algorithm due to, among other things, the possibility of saving function evaluations if
one recognizes the surfaces where a stationary points lies. Furthermore, in several applications,
we might be interested only in the identification of the surface containing an optimal solution
(or its support). In the literature, finite active-set identification was established for smooth
optimization algorithms and proximal methods (see, e.g., [4, 6, 9, 26, 42]), also providing com-
plexity bounds in some cases [7, 14, 37]. Moreover, many active-set approaches were designed
for derivative-based optimization with bound constraints (see, e.g., [5, 16, 17, 25, 43, 44]).

In a derivative-free setting, parameter-dependent estimates were used in [22, 32, 35], allowing for
finite identification of active constraints if certain conditions hold. Moreover, finite identification
results have been shown in [15] for a method using an inner approximation approach to minimize
a function over the convex hull of a given set of vectors, meaning that, in finite time, the
algorithm is able to identify, under appropriate assumptions, the vectors with zero weight in the
convex combination representing the final solution. Also note that even though the proposed
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algorithm, as highlighted above, gives the same complexity bound as the direct-search scheme
analyzed in [23], the latter does not guarantee finite active-set identification as the iterates may
get very close to the boundary but never lie at the boundary.

Here, we show that the proposed algorithm correctly identifies the active constraints satis-
fying the strict complementarity condition in a finite number of iterations, without using any
parameter-dependent estimate. Namely, this feature is just an intrinsic property of the proposed
algorithm. Such a result is obtained by using some tools from the analysis of derivative-based
methods [14, 37]. More specifically, we define a measure which represents the minimum strict
complementarity among the active constraints, thereby providing a neighborhood of the limit
points where the active-set identification holds. Let us remark that also this identification result
is obtained thanks to the extrapolation technique used in the line search procedure, which allows
the stepsize to expand until we hit the border of the feasible set when we are in a neighborhood
of a stationary point.

1.1 Notations

Given l,u € R", we denote [l,u] ={z e R": [; <x; <wuy, i =1,...,n} the feasible set of problem
(1). f A={a1,...,a,} CR™is a (finite) set of vectors, we denote

P
cone(A):{:EeR": 90:251‘6%, Bi; >0, i:l,...,p}.

i=1

Given v € R™ and a set S C R™, we denote by vg the projection of v onto S. Given 5 € R, we indicate
the sign of 8 by sign(8), that is, sign(8) is —1if 8 < 0, 0if 8 =0 and 1 if 8 > 0. Finally, ||v| denotes
the ¢5-norm of vector v.

The paper is organized as follows. In Section 2, we define a line search algorithm for the solution
of problem (1). Section 3 is devoted to the analysis of the asymptotic convergence of the proposed
algorithm, followed by the derivation of worst-case complexity bounds. In Section 4, we show finite
active-set identification of the proposed algorithm. Finally, in Section 5, we draw some conclusions.

2 The algorithm

This section is concerned with the definition of a line search algorithm to solve problem (1). The
proposed method, denoted as Algorithm 1, is inspired by the method proposed in [33] and uses some
ideas from the one proposed in [8] for unconstrained problems.

At each iteration k, starting from the current iterate xy, the algorithm sets y; = zj and explores
the coordinate directions +e;, i = 1,...,n, using stepsizes V,i = max{&fc, cAr}, where

Ay = Inax {at},
=1

and the quantities &%, i = 1,...,n, are tentative stepsizes updated throughout the iterations. Then,
the scheme produces actual stepsizes aj, to compute intermediate points y?‘l = yp + agdy, with
dy, € {£e;}, i =1,...,n. In particular, for any yj, if y; + v,dj, is infeasible (i.e., y}, is too close to a
bound) or does not provide a sufficient decrease in the objective function, then we set aj, = 0 (i.e.,
y}:rl = y;.). Otherwise, a sufficient decrease in the objective function is achieved by moving along dj,
with a feasible stepsize ), determined by a line search procedure which will be described later. Then,
we set Tpy1 = yZH and prepare for the next iteration k& + 1.

As a final note regarding our proposed scheme, we refer to k as a successful iteration if xy1 # i,

indicating that at least one positive stepsize o}, i = 1,...,n, has been computed. Conversely, we
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refer to k as an unsuccessful iteration if xy+1 = xy, that is, if i, = 0 for all i = 1,...,n. Depending
on whether an iteration k is successful or not, we use specific rules to update the tentative stepsizes
for the next iteration k£ + 1. In more detail, for a successful iteration k, each a4 1s set to o, if the
latter is positive, whereas aj ,; is set to v}, otherwise. For an unsuccessful iteration k, each &j_  is
set to O}, with 6 € (0,1).

Algorithm 1 Derivative-free line search algorithm

1: given zg € [l,u], 8 € (0,1), 5 € (0,1),y>0,ce (0,1], & >0,i=1,...,n
2: for k=0,1,... do

3: set Ay = max;—1, {a}}
4: set y,ﬁ = a2y
5: fori=1,...,ndo
6: set v, = max{day, cAg} _ '
7 compute d}, and «}, by the line search(y;,1,7,0d,v})
8: set i =yi +atdl
9: end for
_ . n+l
10: set Tpt1 = Yy,
11: if Th41 7é x), then
» al ifal >0 .

12: set aj 4 = k k- i=1,...,n

v, otherwise
13: else
14: set ap =0y, i=1,....,n
15: end if
16: end for

Given a feasible point z, the exploration of the i¢th coordinate direction e; is performed by a
line search procedure outlined in Algorithm 2. First, we check if the given stepsize v is feasible
along =+e;, that is, if either = + ve; or x — ve; is feasible. If this is not the case, then we quit the
line search returning a zero step length to indicate a failure. Otherwise, we try to determine if one
between e; and —e; is a “good” descent direction, that is, if a sufficient decrease in the objective
function can be obtained by using a feasible stepsize. If neither e; nor —e; qualifies as a suitable
descent direction, then the line search procedure terminates, returning a zero step length to indicate
a failure. Conversely, if a sufficient decrease of f is obtained, then an extrapolation (or expansion)
phase starts (i.e., lines 12-15), where we try to increase the stepsize to the maximum extent while
preserving feasibility and guaranteeing the sufficient decrease condition. Specifically, the while loop
keeps expanding the stepsize as long as the most recently accepted point remains strictly within the
bounds (i.e., @ < amax) and the new tentative point is sufficiently better than the last accepted one
(ie., f(z+wd) < f(z+ad) —y(w —a)?).

Note that the proposed method is an adaptation of standard line search schemes with a few
technical modifications introduced solely to obtain the desired complexity bounds. While numerical
results illustrating the performance of line search variants are available in the literature [8, 33], here
we focus on highlighting new theoretical properties about worst-case complexity and finite active-set
identification of such a scheme.

3 Convergence and worst-case complexity

This section is devoted to the theoretical analysis of Algorithm 1.
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Algorithm 2 line search(x,i,7,d,v)

1. if v > max{u; — z;,x; — {;} then return d =e;, « =0
2: end if

3 set a=v

4: if @ < x; —l; and f(z — ae;) < f(z) — ya? then

5: set d = —e;, max = *; — I; and go to line 12

6: end if

7. if @ <w; —; and f(x + ae;) < f(z) — va? then

8: set d = €;, max = u; — x; and go to line 12

9: else

10: return d and a =0

11: end if

12: set & = @ and w = min{a/d, amax

13: while (@ < amax and f(z + wd) < f(z + ad) — y(w — a)?) do
14: set & = w and w = min{a/d, Amax }

15: end while

16: return d and «

3.1 Assumptions and preliminary results

First, let us define the following level set:
L0 ={zxeR": f(x) < f(zo)}.

Throughout the paper, the following assumptions will be always considered satisfied, even if not
explicitly invoked.

Assumption 1. There exists an open convex set S D L° such that the objective function f: R™ — R
is continuously differentiable with a Lipschitz continuous gradient V f with constant L > 0 over S,
i.e.,

Vi) =Vl < Lz -yl Va,yes.
Moreover, f is bounded from below over [l,u], i.e., a constant fmin € R exists such that
fmin < f(z) Yz el[l,ul].
Assumption 2. A constant My > 0 exists such that
IVF (@) < M,
for all z € LO.

Under Assumption 1, we can also provide the following definition of coordinate-wise Lipschitz
constants.

Definition 1. The coordinate-wise Lipschitz constants L; > 0,i=1,...,n, of Vf are such that, for
all x € S,

[Vif(z+se;) = Vif(z)| < Lils| VseR:z+se; €ll,ul, i=1,...,n,
where the set S is defined as in Assumption 1. Moreover,

L™ = max L;. (2)

i=1,...,
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Now, given = € [l,u], let us introduce the following criticality measure:

x(z) = max —Vf(x)'d.
z+de(l,u]
lldll<1
The above measure has been successfully used in the analysis of some direct search methods for
linearly constrained problems [23, 28, 29]. It can be interpreted as the progress on a first-order model
in a ball centered at 2 with unit radius subject to feasibility constraints [12, 29], thus generalizing
IV f(2)] from the unconstrained setting. Originally proposed in [11] for more general constraints and
further analyzed in [12], x(z) is continuous, non-negative and such that y(z) = 0 if and only if = is a
KKT point. So, we can define a stationary point as follows.

Definition 2. A point z* € [l,u] is said to be a stationary point of problem (1) if x(z*) = 0.
Next, given € > 0, we define the set of e-active constraints at x € [[,u] as
Ii(z,e) = {i:2; <l + €},
I(z,e) = {i:x; > u; — €}
Namely, I;(x,¢) and I,(x, €) denote the sets of lower and upper bound constraints, respectively, that

are nearly active at x with a tolerance e. Accordingly, let us define N(z,¢€) as the e-normal cone
generated by the e-active constraints, that is,

N(z,€) = cone ({—ei,i € Ii(z,e)} U{e;,i € I(z,e)} U {0})7
while the e-tangent cone T'(z, €) is the polar of N(z,¢), that is,
T(z,e) = N(z,)° ={d €R":d"v <0, Vve N(z,e)}.

The use of e-normal and e-tangent cones is a well known tool in the analysis of direct search methods
applied to linearly constrained problems [23, 28, 29]. Essentially, the set 2+7(x, €) is an approximation
of the feasible region near a feasible point z, that is, moving from z along any direction in T'(x,¢€)
with a stepsize less than or equal to € ensures that all constraints stay satisfied.

In our case, considering the structure of the feasible set of problem (1), it is straightforward to
verify that a set of generators for T'(z,€) is given by

GT(x,e) = {_eivi € Il(xa 6)} U {ei;i ¢ Iu(xa 6)} U {O}a (3)

that is, T'(x, €) = cone (Gp(z,e))-
The following two propositions from [29] show how x(zx) can be upper bounded by using of the
projection of —V f(xy) onto T'(zy,€) and N (z, €).

Proposition 1 ([28, Proposition 8.2]). If x € [l,u], then for all ¢ > 0 we have that

X(@) < (V@) r@ol + eVl (=V (@) n@.oll

Proposition 2 ([28, Proposition 8.1]). Given e > 0, let Gp(y,¢) be defined as in (3). If (=V f(2))7(z,e) #
0, then there exists d € Gp(y,e) such that

1
%H(—Vf(l"))q’(z,e)n < =Vf(z)'d.
In the convergence analysis of Algorithm 1, Propositions 1-2 will allow us to relate x(zx) with
A1 for every iteration k (see Theorem 2 below). In particular, this will be obtained by applying
the above results with € = Ay, and using the following relation between Ay and Ag41.
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Lemma 1. Let {Ag} be the sequence of mazimum tentative stepsizes produced by Algorithm 1. Then,
for all k we have

A > Ag if Thi1 # Tk
et = HAk Zf Tk+1 = Tk-

Therefore, Ax < Ag11/0 for all k.

Proof. First, let us consider the case where xy11 # i (i.e., k is a successful iteration). In this case,
the algorithm sets aj ., = aj if a, > 0 and a;,, = vy if o = 0. Since, from the line search
procedure, o, > vy for all ¢ = 1,...,n, we can write

~1 ) ~1 .
ak+121/k204k, 221,...7’”,,

where the last inequality follows from the definition of v}. Then, using the definition of Ay, we get
Appr > Ag.
Now, let us consider the case where zx11 = xy (i.e., k is an unsuccessful iteration). In this case,
the algorithm sets &;,,, = 0v}, = O max{a;, cAx}. Namely, for all i = 1,...,n, we have that
s Ol if &t > cAy,
Gpa=q, % T (4)
OcAy, if &, < cAy.

From the definition of A and the fact that ¢ € (0, 1], it follows that 07};4_1 <O0Ap foralli=1,...,n,
implying that _
Ak+1 = 'IrllaX 5[2_,'_1 < GAk (5)

Now, let 7 € {1,...,n} be such that &, = Aj. Since ¢ € (0,1], we have &} > cAj; and then,
recalling (4), we get &}, = 0aj, = 0Ay. It follows from (5) that

Apyr = Qg g = 0Ay,

which concludes the proof. O

3.2 Global convergence

In the following proposition, we show that Algorithm 1 and Algorithm 2 are well defined, i.e., Algo-
rithm 2 cannot cycle so that Algorithm 1 produces infinite sequences of points and stepsizes.

Proposition 3. Algorithm 1 is well defined, i.e., it produces infinite sequences {zy}, {at}, {at},
1=1,...,n.

Proof. To prove that Algorithm 1 is well defined, we have to show that the line search procedure
cannot infinitely cycle over steps 13-15 in the while loop. Let us suppose, by contradiction, that the
while loop does not terminate, i.e., we always have o < apax. At the j-th iteration of the while loop,
we have _

a
T
with § < 1. If ayyax is finite, then we have o > apay, for j sufficiently large, which is a contradiction.
Otherwise, if ayax = 400, then, for every j we have

(67

flo+wd) < f(z +ad) - y(w - a)?, (6)

with w = a/d = a/6*1. Now, for j sufficiently large, (6) contradicts Assumption 1, i.e., that f is
bounded from below on the feasible set. O
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In the following, we present some results concerning the global convergence of Algorithm 1 to
stationary points. More specifically, by extending some results from [8, 33], we establish a relationship
between V f(zy), with specific directions d, and the largest tentative step length at Agy;. We will
show that the bound depends, besides on the problem dimension n, on the Lipschitz constant L and
the algorithm parameters -y, 8 and 6.

From now on, let us denote

Tk = T(xk,Ak) and Gk = G($k7Ak), (7)
where Gy, is the set of generators of T}, and is defined as in (3).

Theorem 1. Let {x} be the sequence produced by Algorithm 1. Then, for all k and for all d € Gy,
we have that

+L )
<75 + Lﬁ) Aji1 if Thy1 # Ths
~Vf(zx)'d < ®)
,y_’_ L’N’Laﬂf .
T Ak+1 Zf T4l = Tk-

Proof. For all k, the result trivially holds for d = 0. Now, consider an iteration k such that xy1 # xx
(i.e., a successful iteration). The following cases can occur, recalling that the analysis is limited to
considering directions +e;, ¢ = 1,...,n, belonging to Gy.

(1a) e; € Gy, (yit"); =1; and (y}); = l;. Then, ai =0 and &}, = vj. From the instructions of the
line search procedure, we have that

Flyk + dhgaed) > fyi) = 1(Ghg)”
By the mean value theorem, we have
f(il/;c + 5‘;&161‘) - f(yllc) = d?wlvif(flic)a
where &, = yj, + t},a}, e; and t}, € (0,1). Then,
=Vif (€) < VG-

It follows that _ '
=Vif(&) + Vif(zr) — Vif(xr) < yag

and we can write

=Vif(xr) < Va1 — (Vif (wr) = Vif (&)
<Gy + Lok — &l 9)
< Yajyy + Lllze — yill + Lllye — &l

Moreover, since ¢}, € (0,1), we have t}a; , < & ;. Then,
lyr — &l < Oy

Hence, since 4a§?+1 <@, < A-kJrl for all i = 1,...,n, and taking into account that yj =
xp + Z;;ll ajdi., so that ||z, — yi|| < v/nAggr1, we get

(—=Vf(zk) " e; <vahyy + Loy — ypll + Lag < (v + L+ Lyv/n) A (10)
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(1b)

—e; € Gy, (y,i“)i =1; and (y}); > 1; . Then, dfcﬂ = ot > 0. From the instructions of the line
search procedure, there exists 3}, € {0,da;,_ } such that

Fh = Gaes) < flyp = Bres) =1 @pr — Bi)? < fyi — Biea)-
By the mean value theorem, we have
f(yllc - d2+1ei) - f(y;c - 51@%‘) = _(dz+1 - Blzc)vlf(gllc)a
where &, = yj, — Biei +t}, (B, — &}, )e; and ¢}, € (0,1). Then,
~Vif(&) <0.

Moreover, from the definition of 8}, and the fact that ¢}, € (0,1), we have (1—t})3}, < (1—t})aj}, ;.
Then, _ _ o o _
lyr, = &ill = (1 = 8) By + 1@y < Ay

Hence, by similar reasoning as in case (1a), we obtain
(=Vf(xx) " (=€) < (L + Lv/n) Agya. (11)

—e; € Gy, (y,i“)i =u; and (y%); = u;. Then, o} =0 and &};H = vi. Reasoning as in case (1a),
with minor differences, we get

(—=Vf(r) " (—e:) < (v + L+ Ly/n) Mgy (12)

e; € Gy, (y,i“)i = w; and (y}); < u;. Then, &};H = a} > 0. Reasoning as in case (1b), with
minor differences, we get

(=Vf(z) Te; < (L+ Lvn) Mgy (13)
{£e} NG £ 0, 1; < (yp™)s < w; and yi = yit'. Then, af = 0 and &, = vj. From the
instructions of the line search procedure, we have that
Fi + @hgrei) > flu) = 1(@0)” if e € Gy,
FWi, = @jred) > f(y) —v(@hyr)? i —ei € G
By the mean value theorem, we have
Fls + Ghpaed) = f(uh) = Vif (€)aks if e € Gi,
fp — agaei) = fyp) = =Vif(Ep)agyr if — e € Gy
where & = yi + tha} e and & = yi — 6.a},  e;, with ¢}, € (0,1). Then,
—Vif(&,) <vaj,, if e € Gy,
Vif(&) <~é, if —e; € Gy
and, recalling that ¢}, i € (0,1), we also have
lyi, = &ll = thahyr < @jyy i e € Gy,
s, = &ill = th@hyr < Ghyr if — € € Gy
Hence, reasoning as in case (1a) (i.e., using (9) for e; and applying minor changes to (9), with
5}; replaced by 5127 for —e;), we obtain
fo(xk)Tei < (’}/ + L + L\/ﬁ) Ak+1 if e; € Gk,

—Vf($k)—r(—6i) ; (’Y + L+ L\/ﬁ) Ak+1 if —e; €Gy. (14)



Complexity and identification of a DF method

(3b) df:c € Gr, i < (yi™)i < w; and yi, # y,'. Then, af > 0, &, = aj. Let us assume that
di. = —e;, ie., yitt =yl — &}, 1€ (the proof for the case dj, = e; is identical, except for minor
changes). Then from the instructions of the line search procedure, there exist f; and 8 such
that 5} € {0,554?”1}, @)y < By, < gy /0 and

Fi = djaed) < flyi — Bred) — v @ — Bu)? < Fyi — Bied),
f (ylzc - Blicei) > flyi — Oﬁwlei) - ( ak+1>
By the mean value theorem, we have

ﬂ%*&hﬁnfﬂ%fﬂkﬂ:*@LJfﬁﬂhﬂ&%

f (y;c - B/iei) - f(y;C - 5‘2“62') = _(511 - d}cﬂ)vif(f_li),

where ¢ = yi —Ble;—t (ak_H Bi)e; and & = yi — ak_HeZ ti (BL— ak+1)€“ with ti,# € (0,1).
Then,

—~Vif(&) <0
Vif (&) <v(Bi — @jy)-

Moreover, from the definition of 3}, it follows that 0 < Bi — d2+1 < (1/6 — 1)&};+1 < d};+1/(5,
where we have used the fact that § € (0,1). Then,

~Vif(&) <0,

_ 1—-9 i [e%
Vif(&) <7 (5> Qg1 < k(;—lv

and, recalling that ¢}, i € (0,1), we also have
. _ S . » a g
19k = &kll = Br + th(Ghgs — Bi) < dhgr < —5
S o i Oy
1k = &kll = @hpr + k(B — Ghyr) < Bk < —5

Hence, reasoning as in the previous case, we obtain
V) (e = Vif o) < (U5 4 LV A,
Vi) Te = V(o) < (5 4 LvR) Auin
Hence, from (10), (11), (12), (13), (14) and (15), we conclude that

—Vf(xp)Td < (ng + Lf) Apy1 Vd e Gy.

Now, let us analyze an iteration k such that xpy1 = xp (i.e., an unsuccessful iteration). In such
a case, only cases (la), (2a) and (3a) can occur, although we have to consider that yj = z; and
@y, = Ovy. Hence, replacing L with L;, we have that the following relations hold:

,}/ Jr Lmax

0

+ LInaX i
—Vf(a?k)—r(—ei) < ’YTAk+1 if —e; € Gg.

7Vf(l‘k)—r67; < Ak+1 ife; € Gk,

10
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As above, we finally conclude

,_Y + Lmax

~Vf(zr)Td < 7

Apsr Vd € Gy

O

Remark 1. The result expressed in Theorem 1 strongly relies on the extrapolation phase of the
line search procedure (i.e., lines 1215 of Algorithm 2). In particular, since we quit the expansion
with a failure in the objective decrease when we do mot hit the border of the feasible set, then we
are able to upper bound x(xx) for all iterations, including the successful ones. This represents a
relevant difference over direct-search [23] methods, where x(xy) is usually upper bounded only for the
unsuccessful iterations. Moreover, this property will allow us to give a complexity bound on the total
number of iterations where x () is above a prespecified threshold (see Theorem 5 below).

Combining Proposition 2 and Theorem 1, it is now straightforward to relate x(x) with Agiq, as
stated in the following result.

Theorem 2. Let {x1} be the sequence of points produced by Algorithm 1. Then,

+ L M .

\/ﬁ <FY6 + L\/H—F 99) A1 if Try1 # Tk,
() <

+ L™ + M, .

vn <79g> AV if Tpp1 = Tp.
Proof. Using Proposition 1 with e = Ay and Lemma 1, we obtain
A

x@n) < NV flan)a | + S5 ya,,

where we have used the fact that ||(=Vf(zr))n(zp.oll < IVF(2r)]| £ Mgy, where the last inequality
follows from Assumption 2. So, using Proposition 2, it follows that there exists a direction d € Gy,
such that

x(zk) < Vn (Vf(xk)Td + ]\ggAk+1> .

The desired result hence follows from Theorem 1. O

In order to get convergence to stationary points and provide worst-case complexity bounds for the
proposed algorithm, for each iteration k let us define

@), = flar) +nAf, (16)
where 7 satisfies
0<n<y(6(1-06))>% (17)
Recalling Assumption 1, note that
Dy > fmin Yk > 0. (18)

Now, in the next theorem, we bound the difference ®; — ®;_; for each iteration k.
Theorem 3. Let {1} be the sequence produced by Algorithm 1. Then,

By — Py < —c1AZ VEk>1, (19)
with

¢1 = min {702,7(5(1 -0 —n,n <192‘92> } >0, (20)

where ¢ and 0 are defined in Algorithm 1.

11
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Proof. For each iteration k > 1, consider the iteration k£ — 1. The following cases can occur.
o x; # xp—1 (ie., k — 1 is a successful iteration) and A = Ag_;.

Hence, there exists a coordinate 7 such that we have moved from z;_; along +e; and we have

Q)1 > Vj_q = max {&,@_hcAk_l} > cAp_1 = cy.

Then, from the line search procedure, we can write
flak) < flag—1) — v A
Hence, we have

Dp — By = far) — f(ar—1) +1 (A7 — A7) < —y®Af. (21)

o 1, # xp—1 (i.e., k—1is a successful iteration) and Ay > Ap_1. Hence, there exists a coordinate
7 such that
04271 = Ak

Let hi_, be the number of times the stepsize related to the ith coordinate is expanded on
iteration k£ — 1, that is, if aj, > 0
af_, = min{amax, 57}‘2—11/}%_1},

where ap.x is the distance to the bound of the ith coordinate over d};_l. Now, considering 7,
we have
a;ﬁ—l > Ak_l 2 l/i:—l'

In particular, the first inequality implies that hj_, > 1 (otherwise we would have of_, €
{0,v}_1}). If B}, =1, then we have

7 . 17 -1
Ap = aj_; =min{omax, 0 Vi_1} <6 vy,

that is,
Vi_1 > 0Ag.

Thus, we get i
flaw) < flar-1) = 7(Weo1)? < flan—1) — 782 AF. (22)

Let us now consider th > 2. We have
Ay = 04271 = min{amam 6_hk71V1171} < 5_hk711/li€717

that is, )
6=yt > SA. (23)

Therefore, we can write
7 - z _ 2
fan) < floem) =y (670 Dy, =67 0E=2 )

= f(xp_1) — (6—%71—%,1,1(1 - 5))2 (24)
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where the last inequality follows from (23). Finally, using (22) and (24), and considering that
min{(1 —0)2, (6(1 — §))%} = (6(1 — 6))?, we can write

Flar) < flap—1) —7(3(1 = 8))*Af.
Hence, we have

Dp — Pp_1 = flax) — f(wr—1) +1 (A7 — A7)
—(6(1 = 6))* A% + nA} (25)
— (v(6(1 = 6))? —n) AF.

IA

e z;, = xk—1 (i.e., kK — 1 is an unsuccessful iteration). By Lemma 1, we have

A =0Ag 1.
Then,
Dp — Pp_1 = flar) — f(wr—1) +1 (A7 — A7)
= (s~ 2t 20
()
Finally, we get (19) by combining (21), (25) and (26), where ¢; > 0 since ¢ € (0, 1]. O

Using the above result, we can easily show the convergence to zero of the sequences of tentative
and actual stepsizes produced by the algorithm, i.e., {a}.}, {«},}, i = 1,...,n, respectively, together
with the convergence to zero of the sequence of maximum tentative stepsizes {Ay}.

Proposition 4. Let {ai}, {ai}, i =1,...,n, and {Ag} be the sequences produced by Algorithm 1.
We have that

lim &, =0, i=1,...,m; (27)
k— o0

lim o}, =0, i=1,...,n; (28)
k— o0

lim Ak =0. (29)
k— o0

Proof. From (18) and (19), we get (29). Then, using the definition of Ay given in Algorithm 1,
also (27) holds. Since, for all £ > 1 and for all ¢ = 1,...,n, from the instructions of the algorithm
either o |, =0 or ai_, = ai, then (28) follows from (27). O

Using Theorem 2 and Proposition 4, it is now possible to prove the convergence of the algorithm
to stationary points.

Theorem 4. Let {1} be the sequence of points produced by Algorithm 1. Then,
. klim x(xr) =0, i.e., every limit point of {xy} is stationary,
—00
o lim ||z — 2k =0.
k—o0
Proof. From Theorem 2 and (29) in Proposition 4, taking the limit for ¥ — oo it follows that x(x;) —

0, that is, every limit point of {z}} is stationary. Finally, since zy41 —zp = >, ot d}, using (28) in
Proposition 4 we also have that ||xg+1 — 2] — 0. O

13
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3.3 Worst-case complexity

This section is devoted to analyze the worst-case complexity of Algorithm 1. In particular,

(i) we give an upper bound of O (n%¢~2) on the total number of iterations where x(zx) is not below
a prespecified threshold e;

(ii) we give an upper bound of O (ne~2) on the number of iterations required to generate the first
point z where x(z) is below a prespecified tolerance ¢;

(iii) we give an upper bound of O (n?¢~2) on the number of function evaluations required to generate
the first point z; where x(x) is below a prespecified tolerance e.

We start by providing an upper bound of O (n?¢=2) on the total number of iterations where
Xx(xk) > €, with a given € > 0.

Theorem 5. Let {x} be the sequence of points produced by the algorithm. Given any € > 0, let
Ke={k: x(z1) > €}.

Then, |K.| < O (n%¢=2). In particular,

|K | < {C%(éo - fmin)ng

C1
where ¢y is defined as in Theorem 3 and

+

L M Lmaz 4 )
¢ :\/ﬁmaX{V(s+L\/g+9 M}

6’ 0

Proof. From Theorem 3, it follows that the sequence {®;} is monotonically non-increasing. Further-
more, for all £k > 1, we can write

k k—1
Op— Do < —c1 » Al=—c1 Y AF. (30)
Jj=1 J=0

Since the sequence {®;} is bounded from below, there exists ®* such that

lim (I)k: = o* 2 fmirn

k—o0

with fpin defined as in (18). Taking the limit for K — oo in (30) we obtain
Py — frmin = Pog — P” chZAiH > Z A7y
k=0 kEK.

Therefore, using the definition of K. and Theorem 2, we get

2

2 €
(I)O - fmin > E Ak+1 > ‘K€|01?.
kEK, 2

Thus, the desired result is obtained. O

14
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As appears from the proof of Theorem 5, the above result relies on Theorem 2 which, in turn,
uses Theorem 8. The latter, as pointed out in Remark 1, strongly relies on the extrapolation phase of
the line search procedure (i.e., lines 12-15 of Algorithm 2), which allows us to bound x(xj) at both
successful and unsuccessful iterations.

In the following theorem, we give an upper bound of O (ne~2) on the maximum number of iterations
required to produce a point xy such that x(xx) is below a given threshold € > 0. This bound aligns
with established findings for direct-search [23] and model-based [27] methods.

Theorem 6. Let {x1} be the sequence of points produced by Algorithm 1. Given any e > 0, let jo > 1
be the first iteration such that x(z;,) <€, that is, x(xr) > € for all k € {0,...,jc — 1}.
Then, j. < O (ne~2). In particular,

j < ncg(‘l)o - fmin)e_g
€ = 1 )

where ¢y is given by (20) and

Lmaz M
= X My (31)
0
Proof. Let @, the function defined in (16). We can write
Je—1
Pj, — P = Z((I)k+1 — )
k=0
and, using Theorem 3, we have that
Je—1
(I)je - (I)O S —C1 Z Ai—i—l'
k=0
Recalling (18) and the fact that ®; > f(xy) for k > 0, we get
Je—1
Jwin — Po < @5 — P < —y Z Afi1- (32)
k=0
Now, we can partition the set of iteration indices {0,...,j. — 1} into S;, and U;, such that

kESjE @mk;ﬁxk,h kEZ/{je & T = Tk—1, SjEUUjGZ{O,...,jE—l},

that is, S;. and U;_ contain the successful and unsuccessful iterations up to jc — 1, respectively. So,

from (32), we can write

‘I)O - fmin > Z Ai-&-l + Z Az-i-l' (33)
keS;, keU;,

For all k € S;,, let us define the index m(k) as follows:
o ifU; N{0,....,k—1} #0, then m(k) in the largest index of U;. N{0,...,k —1};
e otherwise, m(k) = —1.

Note that, by definition, m(k) is the last unsuccessful iteration before iteration k, i.e., all the iterations
from m(k)+1 to k are successful iterations. Lemma 1 guarantees that Ay y1 > Ay ()41 forallk € Sj,.
Using (33), we obtain

2 2
®0 = frmin = €1 Z Animy+1 o Z AVERE
kES;, ke,

15
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From Theorem 2, we have that A, )11 > X(@mk))/(Vnes) for all k € Sj, and Apy1 > x(zr)/(v/nes)
for all k € U;,. Since x(zx) > e for all k € {0,...,jc — 1}, with S;, Ul;, ={0,...,jc — 1}, we get

. G
(DO - fmin > jejEQ-
necs
Thus, the desired result is obtained. O

The last complexity result we give is about the maximum number of function evaluations required
to produce a point x, such that x(xy) is less than or equal to a given threshold € > 0. Using arguments
from the related literature [8, 40], we obtain an upper bound of O (n?¢~2), which still aligns with
established findings for direct-search [23] and model-based [27] methods

Theorem 7. Let {x1} be the sequence of points produced by Algorithm 1. Given any € > 0, let jo > 1
be the first iteration such that x(z;,) <€, that is, x(xx) > € for all k € {0,...,jc — 1}.

Denoting by N f;. the number of function evaluations required by Algorithm 1 up to iteration je,
then N f;. < O (n%e=2). In particular,

2
2 —f 208 g
ij <2n M672 + Mmax 1, L 2 ’
6 & e 1-6

where ¢ and c3 are given in (20) and (31), respectively.

Proof. First, let us partition the set of iteration indices {0, ..., j. — 1} into §;, and U;, such that
kESje <:>-73k7é1'k—17 kEUjE & T = Tk—1, SjGUUjEZ{O,...,jG—l},

that is, S;, and U;, contain the successful and unsuccessful iterations up to j. — 1, respectively.
When the algorithm evaluates a new point, the latter can either succeed to decrease the objective

function or fail to do so. Let us then define N f]S as the total number of function evaluations related

to points which succeed to decrease the objective function up to iteration j.. Note that, at each

iteration, the maximum number of function evaluations related to points which fail to decrease the

objective function is 2n (and it can be equal to 2n only when T}, = R™). So, we can write

nc%(q)O — fmin)€—2

Nfj, <2nje+ Nf; < 27{ o

J—HV 2, (34)

where the last inequality follows from Theorem 6. Now, let us consider any iteration k < j. and any
index i € {1,...,n} such that the line search succeeds to produce a decrease in the objective function.
For each « used in the extrapolation phase of the line search, we have that either

Fi) = i + ady) = ya® > 7¢®Af, (35)
or
2 2
i i i i 1-0) L=0) 2,02
flyr + ady) — fy + (a/d)dy) = —5 ]z 5] Ak (36)
Let us define the index m(k) as follows:
o ifU; N{0,....,k—1} #0, then m(k) is the largest index of U;_ N {0,...,k — 1};

e otherwise, m(k) = 0.

16
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Note that, by definition, m(k) is the last unsuccessful iteration before iteration k, i.e., all the iterations
from m(k) + 1 to k are successful iterations. Lemma 1 guarantees that A > A, )41 for all k € ;..
Hence, from (35) and (36), it follows that

2
i i i . 1-6
fluk) = flyi + ady) > va® > VCzAfn(k)H 2 7y min {1, <5> }C2A72n(k)+1

2 2
) ) ) ) 1-96 . 1-6
fly +ady) = f(y, + (a/0)dy,) > 7<5> o® > ymin {L <5> }CQAEn(k)ﬂ‘

From Theorem 2, we have that A, xy11 > X(Zm(k))/(v/nes). Since x(xx) > eforallk € {0,...,j.—1},
we can write

2
P o) - 1+ oft) > i 1. (155) e

nc

Then, recalling Assumption 1 and summing up the above relation over all function evaluations pro-
ducing an objective decrease, we obtain

2
_ 2
fO_fminZNf"S"ymin ]-7 ! i 62 62a
Je ) ne3

9 B 4 2
N J‘i < ncg(fo mem)max{l’ (1 ) 5) }6_2
e -

The desired results hence follows from (34). O

that is,

4 Finite active-set identification

In this section, we show that Algorithm 1 identifies the components of the final solution lying on the
lower or the upper bounds (the so called active set) in a finite number of iterations.

First, let us give an equivalent definition of stationarity for problem (1), which will be useful in
our analysis.
Definition 3. A point x* € [l,u] is said to be a stationary point of problem (1) (i.e., x(x*) =0) if,
for alli e {1,...,n}, we have that

>0 Zf :L‘:‘ = li,
Vlf(x*) =0 ifl; < ij < U,
<0 ifzf =u.
Now, let us recall the definition of strict complementarity and non-degenerate solutions.

Definition 4. Given a stationary point * of problem (1), we say that a component x} satisfies the
strict complementarity condition if xf € {l;,u;} and V;f(z*) # 0. If the strict complementarity
condition is satisfied by all components x}, we say that x* is non-degenerate.

In particular, we define 2 (x*) as the active set for a stationary point z*, that is, the index set for
the active components of z*. We also define 2T (z*) as the index set for those components satisfying
the strict complementarity condition. Namely,

Z(x*)={ira; =L} U{i: ] = u;} and I (%) = Z(@*)N{i: Vif(z*) # 0}

17
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Furthermore, for any stationary point z* such that 27" (z*) # 0, let us define

((«") = min [Vif(z7)]. (37)

€ Xt ()

We see that ((z*) is a measure of the minimum amount of strict complementarity among the variables
in 2% (z*). This quantity will be used to define a neighborhood of x* where the active components
are correctly identified, following a similar approach as in [14, 37].

Before diving into the main theorem of this section, we need some preliminary results following
from the Lipschitz continuity of V f. Recalling Definition 1, using standard arguments (see, e.g., [36])
one can prove that, for all = € [l, u], we have

|f(x+sei)—f(x)—svif(m)\S%SQ VseR:z+se €[lu], i=1,...,n.

Hence, for all = € [I,u], we have
f(x—l—sei)Sf(x)—i—svif(a:)—i—%sZ VseR:x+se €[lu], i=1,...,n, (38)
f(x—i—sei)Zf(ac)—l—svif(x)—%s? Vs eR:x+se €[lul, i=1,...,n. (39)

The two following results provide bounds for the objective function when exploring any coordinate
direction.

Proposition 5. Given x € [l,u], v >0 and i € {1,...,n}, then
fx = ssign(V,f(z))e;) < f(x) — s

Vif ()|
i+ 2

Proof. From (38), we can write

for all0 < s<2 such that x — ssign(V, f(x))e; € [I, u].

L;
flz 4+ se;) < f(x) —I-S(Vif(l‘) + 28) Vs € R: x + se; € [I,u].
The right-hand side of the above inequality is less than or equal to f(z) — vs? if
L;
s(Vif(x) + 28) < —vs?

If V;f(z) # 0, solving with respect to s we obtain

2V, f(x) )
— L g < .
I+ s<0 if V,f(x) >0,
2V;f(x) .
<g< ——=~ 7 .
0<s< I+ if V;f(x) <0,
leading to the desired result. O

Proposition 6. Given x € [l,u] andi € {1,...,n}, then
[z + ssign(Vif(z))e) = f(x)
2|V f(z)|

i

for all0 < s < such that © + ssign(V, f(z))e; € [I,u).

18
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Proof. From (39), we can write
L;
flz+se;) > f(z) + S(Vif(l‘) - 28) Vs € R: x + se; € [1,u].
The right-hand side of the above inequality is greater than or equal to f(z) if
L;
S(sz(:z) - 25) > 0.

If V;f(z) # 0, solving with respect to s we obtain

2V;
0<s< VLf(x) if V;f(x) >0,
IV,
VZLf(m) <s<0 ifV;f(x) <0,
leading to the desired result. O

The next proposition shows that, when v}, is sufficiently small at a given iteration, Algorithm 1
cannot move along an ascent direction.

Proposition 7. Consider an iteration k of Algorithm 1. If vi < 2|V,f(yi)|/Li for an index i €
{1,...,n}, then
ol >0 = di = —sign(V,f(yh))e;.

Proof. Using Proposition 6, for all & < v} and v > 0 we have
Flyi + asign(Vif (yi))ed) = f(yi) > f(yi) —va®.

Thus, the line search in Algorithm 2 fails when using the direction sign(V; f(y%))e; with any stepsize
0 < a < vj}. So, if the line search returns o}, > 0, necessarily di, = —sign(V, f(y%))e;. O

Now, we are ready to state the main result of this section, establishing finite active-set identification
of Algorithm 1.

Theorem 8. Let {xy} be the sequence of points produced by Algorithm 1 and let x* be a limit point
of {x}, i.e., there exists an infinite subsequence {xy}x — x*. Then,

. i k.
(Z) k—»og,rllcerkJrl T

(i) an iteration k € K ewists such that, for all k > k, k € K, we have that (vy41); = x} for all

i€ Zt(z").
Proof. Since y}, = z and y' = x5, + 23:1 aidi, from Proposition 4 and the fact that [|d| = 1,
i=1,...,n4+ 1, we have
lim ¢y, = lim o =2%, i=1,...,n+1. (40)
k—o0 k—o0
keK keK

Since zpy1 = y,:”"’l, then point (i) follows.
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To show point (i), assume that 2+ (z*) # 0. Let k € K be the first iteration such that the two
following relations hold for all k > k, k € K:

lye — 27| Smln{L’MW}C(x ), i=1,....n, (41a)
) [ max . *
llyi, — 2| + 5T j:rrllé?(”n&f€§¥7 i=1,...,n. (41Db)

Note that (40) and Proposition 4 imply the existence of k € K such that (41) holds for all k > F,
ke K.

Consider an index i € 2 (2*) and an iteration k¥ > k, k € K. To prove that (zyx11); = =
we have to show that (yj'); = x} since, from the instructions of the algorithm, (z441); = (yi™)i.
Without loss of generality, assume that zF = I; (the proof for the case zf = u; is identical, except for
minor changes). So, we have to show that

(v )i = L. (42)
Preliminarily, we want to prove that
2V, »
|z — I;| < LV—|—f(2Z7) Vz such that ||z — 2| < ||lyp — ™|, (43)
7
VL (v
vi < V), (44

According to Definitions 3 and 4, we have that V;f(2*) > 0 and, from the definition of {(z*) given
in (37), it follows that
0<¢(z™) < Vif(z"). (45)

Consider any z € R™ such that ||z — z*|| < |ly. — *||. Using the Lipschitz continuity of V f, we have
Vif(z*) = Vif(2) < [IVf(z) = Vf(z")|| < Ll]z — z7|. (46)

Moreover, from (41a) we can write

, 2¢(x*)
—rfl < |yt -2 < —~1
||Z €z H = Hyk: 4 H — 2L+Lmax+2»y

Multiplying the first and last terms above by (2L + L™ 4 2~)/(L™** + 2), we have

2L 2¢(z*)
T ey — < N
(Lmax+2~y + )HZ vl S Ty
that is,
2
|z —z¥| < (C(x*)—LHZ—x*H)m- (47)
Since, from (45) and (46), we have
C(@%) < Vif(2) + Lz — =], (48)
then, using (47), we obtain
2V,
Lmax + 2,7
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Taking into account that L; < L™ and recalling that =} = [;, it follows that (43) holds. To
prove (44), from (41b) and the definition of v} we can write

i ~J * i * 2
vi < max &, < (¢@") = Lllyi, = 2711) Frmame-
Using (48) with z = yi and the fact that L; < L™ we thus get (44).
In view of (44) and Proposition 7, it follows that

7]'; = —€;, (49)
that is, y, ' = yi — ale;. Using z =y} in (43), we also have

2V, f(y},)

; 50
L;+ 2y (50)

Omax = |(yzk)7, - ll| <

where aumax is the largest feasible stepsize along the direction di at yi. So, if amax = 0, then af =0
and, using (49), we have (y;™); = (yi); = l;, thus proving (42). If amax > 0, using Proposition 5,
(49) and (50), it follows that a sufficient decrease of f along dj, is obtained with the first stepsize &
used in the line search, that is, the condition at line 4 of Algorithm 2 is satisfied. Now, consider the
extrapolation phase in the line search procedure, that is, lines 1215 of Algorithm 2. Recalling (49),

each stepsize w = min{a/8, umax } is such that o < w < (yi); — l;, that is,
0<w—a<(y.+ad) —1,.

So, from (49) and the fact that 7 = [;, it follows that |yi + adi — 2*|| < ||yi — z*||. So, we can
apply (43) with z = yi + ad}, and then we obtain

2V f (i, + ad})

Oﬁwfag(y,iJradz)iflig I+2

for every stepsize w used in the extrapolation. Then, using Proposition 5 with z = y]i€ —i—ad}'€7 S=w—a
and di, as in (49), it follows that

flyi + wdy) < flyi + ady) —y(w — a)®.

Namely, a sufficient decrease of f is obtained with all stepsizes used in the extrapolation and we quit
when we get the largest feasible stepsize, meaning that (yj"); will be at the lower bound /; and thus
proving (42). O

Note that Theorem 8 establishes finite identification for any limit point of {zy}, thus not requiring
the convergence of the whole sequence. Note also, in the proof of Theorem 8, the crucial role played
by the extrapolation in the line search procedure. Loosely speaking, when we are sufficiently close to
a stationary point, expanding the stepsize allows us to hit the lower or the upper bound, provided
the strict complementarity condition holds. This guarantees to identify all the variables satisfying the
strict complementarity after a finite number of iterations.

Now, let us point out a useful property for the limit points of {z4}. To this aim, let us define X*
as the set of all limit points of {z}, i.e.,

X*:={z: 3K C Nsuch that lim x=x}.

k—oo,ke K

The following result roughly states that, if for all z € X™* there does not exists ¢ such that z; violates
the strict complementarity, then either all x; lie on the same bound or they all are strictly feasible.
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Proposition 8. Let {xy} be the sequence of points produced by Algorithm 1 and consider an index
i€{1,...,n}. Assume that there is no x € X* such that i € Z(x)\ Z+(z). Then,

o if there exists ©* € X* such that i € 2T (x*), we have that x; = z} for all x € X*;
o otherwise, x; € (l;,u;) for allx € X*.

Proof. We limit ourselves to show only the first point since the second one can be obtained as a logical
consequence. From Theorem 4 and recalling Ostrowski’s theorem [3], the set X™* of limit points of
the sequence {z}} is a connected set. Now, let us consider any two points in X*, say Z € X* and
g € X*, such that  # g, and g; € {l;,u;}. Since X* is connected, there exists a continuous function
p : [a,b] — R™ such that p(a) =z, p(b) = g and p(t) € X*, i.e., p(t) is stationary, for all t € [a,b]. Let
us assume, without loss of generality, that §; = [; (the proof for the case §; = u; is identical, except for
minor changes). By contradiction, now assume that Z; > I;. Since p(a); = Z; > I; and p(b); = §; = l;,
then there exists ¢ € (a,b] such that p(t); > ; for all ¢ € [a,?) and p(f); = [;. Furthermore, by
the stationarity conditions given in Definition 3, we have that V;f(p(t)) = 0 for all ¢ € [a,?) and
V.if(p(t)) > 0, where the last inequality follows from the stated hypothesis. Then, by continuity of
Vf, ascalar t € (a,f) must exist such that V;f(p(t)) > 0 for all ¢ € (,#]. This is a contradiction
since V;f(p(t)) = 0 for all t € (£,1). O

Applying the above proposition for all indices i € {1,...,n}, the following result immediately
follows, enforcing the finite active-set identification property established in Theorem 8 when all the
limit points of {x} are non-degenerate.

Corollary 1. Let {xy} be the sequence of points produced by Algorithm 1 and assume that every
x € X* is non-degenerate. Then, for any pair ',z € X*, we have Z(z') = Z(z") and =} =z for
all i € Z ().

5 Conclusions

In this paper, we have analyzed a derivative-free line search method for bound-constrained problems
where the objective function has a Lipschitz continuous gradient. For this algorithm, we have first
provided complexity results. In more detail, given a prespecified threshold ¢ > 0, we have shown that
the criticality measure x () (which vanishes at stationary points) falls below € after at most O (ne=2)
iterations, requiring at most O (n?e~2) function evaluations. These bounds match those obtained for
(deterministic) direct-search [23] and model-based [27] methods. Additionally, we have established
an upper bound of O (n?¢~2) on the total number of iterations where y(x1) > €. The latter result is
obtained thanks to the extrapolation strategy used in the proposed line search, allowing us to upper
bound x(zj) on both successful and unsuccessful iterations.

In the last part of the paper, we have considered the active-set identification property of the
proposed method, i.e., the capability to detect the variables lying at the lower or the upper bound in
the final solutions. In this respect, we have shown that, in a finite number of iterations, the algorithm
identifies the active constraints satisfying the strict complementarity condition. Also this property
is obtained by exploiting the extrapolation used in the proposed line search, allowing the stepsize to
expand, when we are in a neighborhood of a stationary point, until we hit the boundary of the feasible
set.

Finally, some topics for future research can be envisaged. In particular, under convexity assump-
tions, the worst-case complexity of the algorithm might be tightened, in order to match the results
given in [18], and a bound on the maximum number of iterations required to identify the active
constraints might be given. We wish to report more results in future works.
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