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Abstract

This paper develops an adaptive proximal alternating direction method of multipliers (ADMM) for
solving linearly constrained, composite optimization problems under the assumption that the smooth
component of the objective is weakly convex, while the non-smooth component is convex and block-
separable. The proposed method is adaptive to all problem parameters, including smoothness and
weak convexity constants, and allows each of its block proximal subproblems to be inexactly solved.
Each iteration of our adaptive proximal ADMM consists of two steps: the sequential solution of each
block proximal subproblem; and adaptive tests to decide whether to perform a full Lagrange multiplier
and/or penalty parameter update(s). Without any rank assumptions on the constraint matrices, it is
shown that the adaptive proximal ADMM obtains an approximate first-order stationary point of the
constrained problem in a number of iterations that matches the state-of-the-art complexity for the class
of proximal ADMM’s. The three proof-of-concept numerical experiments that conclude the paper suggest
our adaptive proximal ADMM enjoys significant computational benefits.

Keywords: proximal ADMM, nonseparable, nonconvex composite optimization, iteration-complexity,
augmented Lagrangian function

1 Introduction

This paper develops an adaptive proximal alternating direction method of multipliers, called A-ADMM, for
solving the linearly constrained, smooth, weakly convex, composite optimization problem

ϕ∗ = min
y∈Rn

{ϕ(y) := f(y) + h(y) : Ay = b} , (1)

where A : Rn → Rl is a linear operator, b ∈ Rl is a vector in the image of A, h is a proper closed convex
function which is Lipschitz continuous on its compact domain and, for some positive integer B (the number

of blocks) and positive integer vector (n1, . . . , nt) such that n =
∑B
t=1 nt, has the blockwise representation

h(y) =
∑B
t=1 ht(yt) for every y = (y1, . . . , yB) ∈ Rn1 × · · · × RnB , and f is a real-valued weakly convex

differentiable function on the domain of h whose gradient satisfies a blockwise Lipschitz condition. Thus, in
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terms of this blockwise representation, f(y), h(y), and Ay, can be written as

f(y) = f(y1, . . . , yB), Ay =

B∑
t=1

Atyt, h(y) =

B∑
t=1

ht(yt), (2)

where, for each t ∈ {1, . . . , B}, ht is a proper closed convex function with compact domain and At : Rnt → Rl
is a linear operator.

The goal in this paper is to find a (ρ, η)-stationary solution of (1)-(2), i.e., a quadruple (x̂, p̂, v̂, ε̂) ∈
(domh)×A(Rn)× Rl × R+ satisfying

v̂ ∈ ∇f(x̂) + ∂ε̂h(x̂) +A∗p̂,
√
∥v̂∥2 + ε̂ ≤ ρ, ∥Ax̂− b∥ ≤ η, (3)

where (ρ, η) ∈ R2
++ is a given tolerance pair.

A popular primal-dual algorithmic framework for solving problem (1) that takes advantage of its block
structure (2) is the proximal ADMM, which is based on the augmented Lagrangian (AL) function,

Lc(y; p) := ϕ(y) + ⟨p,Ay − b⟩+ c

2
∥Ay − b∥2 , (4)

where c > 0 is a penalty parameter. Given (ỹk−1, q̃k−1, ck−1), the proximal ADMM finds the next triple
(ỹk, q̃k, ck) as follows. Starting from ỹk−1, it first performs ℓk iterations of a block inexact proximal point
(IPP) method applied to Lck−1

(· ; q̃k−1) to obtain ỹk where ℓk is a positive integer. Next, it performs a
Lagrange multiplier update according to

q̃k = (1− θ)
[
q̃k−1 + χck

(
Aỹk − b

) ]
, (5)

where θ ∈ [0, 1) is a dampening parameter and χ is a positive relaxation parameter, and chooses a scalar
ck ≥ ck−1 as the next penalty parameter.

We now formally describe how a proximal ADMM obtains ỹk from ỹk−1. It sets z0 = ỹk−1, and for some
positive integer ℓk, it performs a block IPP iteration from zj−1 to obtain zj for every j = 1, . . . ℓk, and finally
sets ỹk = zℓk . The block IPP iteration to obtain zj from zj−1 consists of inexactly solving, sequentially from
t = 1 to t = B, the t-th block proximal AL subproblem with prox stepsize λt

zjt ≈ argmin ut∈Rnt

{
λtLck−1

(zj<t, ut, z
j−1
>t ; q̃k−1) +

1

2
∥ut − zj−1

t ∥2
}
, (6)

and finally setting ỹk = zℓk .
The recent publication [29] proposes a version of a proximal ADMM for solving (1)-(2) which assumes

that ℓk = 1, λ1 = · · · = λB , and (χ, θ) ∈ (0, 1]2 satisfies

2χB(2− θ)(1− θ) ≤ θ2, (7)

and hence that θ = 0 is not allowed in [29].
One of the main contributions of [29] is that its convergence guarantees do not require the last block

condition, Im(AB) ⊇ {b} ∪ Im(A1) ∪ . . . ∪ Im(AB−1) and hB ≡ 0, that hinders many instances of proximal
ADMM, see [8, 18, 55, 59]. However, the main drawbacks of the proximal ADMM of [29] include: (i) the
strong assumption (7) on (χ, θ); (ii) subproblem (6) must be solved exactly; (iii) the stepsize parameter λ
is conservative and requires the knowledge of f ’s weak convexity parameter; (iv) it (conservatively) updates
the Lagrange multiplier after each primal update cycle (i.e., ℓk = 1); (v) its iteration-complexity has a high
dependence on the number of blocks B, namely, O(B8); (vi) its iteration-complexity bound depends linearly
on θ−1, and hence grows to infinity as θ approaches zero. Paper [29] also presents computational results
comparing its proximal ADMM with a more practical variant where (θ, χ), instead of satisfying (7), is set to
(0, 1). Intriguingly, this (θ, χ) = (0, 1) regime substantially outperforms the theoretical regime of (7) in the
provided computational experiments. No convergence analysis for the (θ, χ) = (0, 1) regime is forwarded in
[29]. Thus, [29] leaves open the tantalizing question of whether the convergence of proximal ADMM with
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(θ, χ) = (0, 1) can be theoretically secured.

Contributions: This work partially addresses the convergence analysis issue raised above by studying a
completely parameter-free proximal ADMM, with (θ, χ) = (0, 1) and ℓk adaptively chosen, called A-ADMM.
Rather than making the conservative determination that ℓk = 1, the studied adaptive method ensures the
dual updates are committed as frequently as possible. It is shown that A-ADMM finds a (ρ, η)-stationary
solution in O(Bmax{ρ−3, η−3}) iterations. A-ADMM also exhibits the following additional features:

• Similar to the proximal ADMM of [29], its complexity is established without assuming that the last
block condition holds.

• Compared to the O(B8 max{ρ−3, η−3}) iteration-complexity of the proximal ADMM of [29], the one
for A-ADMM vastly improves the dependence on B.

• A-ADMM uses an adaptive scheme that adaptively computes variable block prox stepsizes, instead of
constant ones that require knowledge of weakly convex parameters for f as in the proximal ADMM of
[29]. Specifically, while the method of [29] chooses λ1 = . . . = λB ∈ (0, 1/(2m̄)] where m̄ is a weakly
convex parameter for f(y) relative to the whole y, A-ADMM adaptively generates possibly distinct
λt’s that are larger than 1/(2mt) (and hence 1/(2m̄)) where mt is the weakly convex parameter of
f relative to its t-th block yt. Thus, A-ADMM allows some of (or all) the subproblems (6) to be
non-convex.

• A-ADMM is also adaptive to Lipschitz parameters.

• In contrast to the proximal ADMM in [29], A-ADMM allows the block proximal subproblems (6) to
be either exactly or inexactly solved.

Related Works: ADMM methods with B = 1 are well-known to be equivalent to augmented Lagrangian
methods. Several references have studied augmented Lagrangian and proximal augmented Lagrangian meth-
ods in the convex (see e.g., [1, 2, 34, 35, 36, 38, 45, 50, 57]) and nonconvex (see e.g. [5, 6, 19, 24, 28, 32, 33,
39, 54, 58, 59, 60]) settings. Moreover, ADMMs and proximal ADMMs in the convex setting have also been
broadly studied in the literature (see e.g. [5, 7, 9, 10, 11, 12, 13, 15, 16, 17, 44, 51, 52]). So from now on, we
just discuss proximal ADMM variants where f is nonconvex and B > 1.

A discussion of the existent literature on nonconvex proximal ADMM is best framed by dividing it into
two different corpora: those papers that assume the last block condition and those that do not. Under
the last block condition, the iteration-complexity established is O(ε−2), where ε := min{ρ, η}. Specifically,
[8, 18, 55, 56] introduce proximal ADMM approaches assuming B = 2, while [25, 26, 40, 41] present (possibly
linearized) proximal ADMMs assuming B ≥ 2. A first step towards removing the last block condition was
made by [26] which proposes an ADMM-type method applied to a penalty reformulation of (1)-(2) that
artificially satisfies the last block condition. This method possesses an O(ε−6) iteration-complexity bound.

On the other hand, development of ADMM-type methods directly applicable to (1)-(2) is considerably
more challenging and only a few works addressing this topic have surfaced. In addition to [26], earlier
contributions to this topic were obtained in [23, 54, 59]. More specifically, [23, 59] develop a novel small
stepsize ADMM-type method without establishing its complexity. Finally, [54] considers an interesting but
unorthodox negative stepsize for its Lagrange multiplier update, that sets it outside the ADMM paradigm,
and thus justifies its qualified moniker, “scaled dual descent ADMM”.

1.1 Structure of the Paper

In this subsection, we outline this article’s structure. This section’s lone remaining subsection, Subsection 1.2,
briefly lays out the basic definitions and notation used throughout. Section 2 introduces a notion of an
inexact solution of A-ADMM’s foundational block proximal subproblem (6) along with efficient subroutines
designed to find said solutions. Section 3 presents the static version of the main algorithm of this chapter,
S-ADMM, and states the theorem governing its iteration-complexity (Theorem 3.2). Section 4 provides
the detailed proof of the iteration-complexity theorem for S-ADMM and presents all supporting technical
lemmas. Section 5 introduces the centerpiece algorithm of this work, a proximal ADMM method with
constant stepsizes, namely A-ADMM. It also states the main theorem of this chapter (Theorem 5.2), which
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establishes the iteration-complexity of the method. Section 6 extends A-ADMM to an adaptive stepsizes
version and briefly describes how to obtain a completely adaptive method. Section 7 presents proof-of-concept
numerical experiments that display the superb efficiency of A-ADMM for three different problem classes.
Section 8 gives some concluding remarks that suggest further research directions. Finally, Appendix A
presents some technical results on convexity and linear algebra, while Appendix B describes an adaptive
accelerated gradient method and its main properties.

1.2 Notation, Definitions, and Basic Facts

This subsection lists the elementary notation deployed throughout the paper. Let R denote the set of real
numbers, and R+ and R++ denote the set of non-negative and positive real numbers, respectively. We
assume that the n-dimensional Euclidean space, Rn, is equipped with an inner product, ⟨· , ·⟩.

The norm induced by ⟨· , ·⟩ is denoted by ∥ · ∥. Let Rn++ and Rn+ denote the set of vectors in Rn with
positive and non-negative entries, respectively. The smallest positive singular value of a nonzero linear
operator Q : Rn → Rl is denoted ν+Q and its operator norm is ∥Q∥ := sup{∥Q(w)∥ : ∥w∥ = 1}. If S is
a symmetric and positive definite matrix, the norm induced by S on Rn, denoted by ∥ · ∥S , is defined as

∥ · ∥S = ⟨· , S(·)⟩1/2. For x = (x1, . . . , xB) ∈ Rn1 × · · · × RnB , we define the aggregated quantities

x<t := (x1, . . . , xt−1), x>t := (xt+1, . . . , xB), x≤t := (x<t, xt), x≥t := (xt, x>t). (8)

For a given closed, convex set Z ⊂ Rn, we let ∂Z designate its boundary. The distance of a point z ∈ Rn
to Z, measured in terms of ∥ · ∥, is denoted dist(z, Z). Let log(·) denote the logarithm base 2, and for any
s > 0 and b ≥ 0, let log+b (s) := max{log s, b}.

For a given function g : Rn → (−∞,∞], let dom g := {x ∈ Rn : g(x) < +∞} denotes the effective domain
of g. We say that g is proper if dom g ̸= ∅. The set of all lower semi-continuous proper convex functions
defined in Rn is denoted by Conv (Rn). For ε ≥ 0, the ε-subdifferential of g ∈ Conv (Rn) at z ∈ dom g is

∂εg(z) := {w ∈ Rn : g(z̃) ≥ g(z) + ⟨w , z̃ − z⟩ − ε, ∀z̃ ∈ Rn}.

When ε = 0, the ε-subdifferential recovers the classical subdifferential, ∂g(·) := ∂0g(·). It is well-known
(see [22, Prop. 1.3.1 of Ch. XI]) that for any β > 0 and g ∈ Conv (Rn),

∂ε(βg)(·) = β∂(ε/β)g(·). (9)

Moreover, if hi ∈ Conv (Rni) for i = 1, . . . , B and h(y) :=
∑B
t=1 ht(yt) for any y = (y1, . . . , yB), then we

have (see [22, Remark 3.1.5 of Ch. XI])

∂εh(y) = ∪{∂ε1h1(y1)× . . .× ∂εBhB(yB) : εt ≥ 0, ε1 + · · ·+ εB ≤ ε}. (10)

2 Assumptions and an Inexact Solution Concept

This section contains two subsections. The first one details a few mild technical assumptions imposed on
the main problem (1)-(2). The second one introduces a notion of an inexact stationary point for the block
proximal subproblem (6) along with an efficient method for finding such points.

2.1 Assumptions for Problem (1)-(2)

The main problem of interest in this paper is problem (1) with the block structure as in (2). It is assumed
that vector b ∈ Rl, linear operator A : Rn → Rl, and functions f : Rn → (−∞,∞] and ht : Rnt →

(−∞,∞] for t = 1, . . . , B, satisfy the following conditions:

(A1) ht ∈ Conv (Rnt) is prox friendly (i.e., its proximal operator is easily computable) and its domain Ht is
compact;

(A2) there existsMh ≥ 0 such that h(·) as in (2) restricted toH := H1×· · ·×HB isMh-Lipschitz continuous;
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(A3) for some m = (m1, . . . ,mB) ∈ RB+, function f is block m-weakly convex, i.e., for every t ∈ {1, . . . , B},

f(x<t, ·, x>t) + δHt
(·) + mt

2
∥ · ∥2 is convex for all x ∈ H;

(A4) f is differentiable on H and, for every t ∈ {1, . . . , B − 1}, there exists L>t ≥ 0 such that

∥∇xt
f(x≤t, x̃>t)−∇xt

f(x≤t, x>t)∥ ≤ (L>t)∥x̃>t − x>t∥ ∀ x, x̃ ∈ H; (11)

(A5) A is nonzero and there exists x̄ ∈ {x ∈ H : Ax = b} ≠ ∅ such that d̄ := dist(x̄, ∂H) > 0.

We now make some remarks about the above assumptions. First, since H is compact, it follows from
(A2) that the scalars

Dh := sup
z∈H
∥z − x̄∥, ∇f := sup

u∈H
∥∇f(u)∥, ϕ := inf

u∈H
ϕ(u), ϕ := sup

u∈H
ϕ(u), (12)

are bounded. Second, (A3) allows mt to be zero for some or all t ∈ {1, . . . , B}. Finally, (A5) ensures that
(1) has a Slater point.

2.2 An Inexact Solution Concept for (6)

This subsection introduces our notion (Definition 2.1) of an inexact solution of the block proximal AL
subproblem (6). To cleanly frame this solution concept, observe that (6) can be cast in the form

min{ψ(z) := ψ(s)(z) + ψ(n)(z) : z ∈ Rn}, (13)

where

ψ(s)(·) = λtL̂c(yi<t, ·, yi−1
>t ; q̃k−1) +

1

2
∥ · −yi−1

t ∥2, ψ(n)(·) = λtht(·), (14)

and L̂c(· ; q̃k−1) is the smooth part of (4), defined as

L̂c(y; q̃k−1) := f(y) +
〈
q̃k−1, Ay − b

〉
+
c

2
∥Ay − b∥2 . (15)

Hence, to describe a notion of an inexact solution for (6), it is suffices to do so in the context of (13). Assume
that:

(B1) ψ(s) : Rn → R is a differentiable function;

(B2) ψ(n) ∈ Conv (Rn).

Definition 2.1 For a given z0 ∈ domψ(n) and parameter σ ∈ R+, a triple (z̄, r̄, ε̄) ∈ Rn×Rn×R+ satisfying

r̄ ∈ ∇ψ(s)(z̄) + ∂ε̄ψ
(n)(z̄) and ∥r̄∥2 + 2ε̄ ≤ σ∥z0 − z̄∥2 (16)

is called a (σ; z0)-stationary solution of (13) with composite term ψ(n).

We now make some remarks about Definition 2.1. First, if σ = 0, then the inequality in (16) implies
that (r̄, ε̄) = (0, 0), and hence the inclusion in (16) implies that z̄ is an exact stationary point of (13), i.e., it
satisfies 0 ∈ ∇ψ(s)(z̄)+∂ψ(n)(z̄). Thus, if the triple (z̄, r̄, ε̄) is a (σ; z0)-stationary solution of (13), then z̄ can
be viewed as an approximate stationary solution of (13) where the residual pair (r̄, ε̄) is bounded according
to (16) (instead of being zero as in the exact case). Second, if z̄ is an exact stationary point of (13) (e.g., z̄
is an exact solution of (13)), then the triple (z̄, 0, 0) is a (σ; z0)-stationary point of (13) for any σ ∈ R+.

In general, an exact solution or stationary point of (13) is not easy to compute. In such a case, Proposition
3.5 of [21] (see also Subsection 2.3 in [31] and Appendix A in [53]) establishes the iteration-complexity of a
variant of the original Nesterov’s accelerated gradient method [47] (see also [46] and [48, Chapter 2]) to find
such an approximate solution under the assumptions that either ψ(s) is convex or is strongly convex.
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Appendix B describes the ADAP-FISTA method of [53] and its main properties (see Proposition B.1
in Appendix B). The main reason for focusing on this method instead of the ones above are: i) in addition
to being able to find an approximate solution as in Definition 2.1 when ψ(s) is strongly convex and its
gradient is Lipschitz continuous, ADAP-FISTA is also applicable to instances where ψ(s) is weakly convex
(and hence possibly nonconvex), and; ii) ADAP-FISTA provides a key and easy to check inequality whose
validity at every iteration guarantees its successful termination. These two properties of ADAP-FISTA play
an important role in the development of adaptive ADMMs with variable prox stepsizes for solving nonconvex
instances of (1) (see Section 6). Finally, ADAP-FISTA shares similar features with other accelerated gradient
methods (e.g., see [14, 20, 21, 27, 31, 43, 46, 48]) in that: it has similar complexity guarantees regardless of
whether it succeeds or fails (e.g., see [27, 30, 49]); it successfully terminates when ψ(s) is µ-strongly convex;
and it performs a line search for estimating a local Lipschitz constant for the gradient of ψ(s) (e.g., see [14]).

3 A Static Proximal ADMM

This section contains two subsections. The first one describes an important component of an ADMMmethod,
namely, a subroutine called B-IPP for performing a block IPP iteration within ADMM as mentioned in the
paragraph containing (4) and (5). Subsection 3.2 describes an ADMM with constant penalty parameter for
solving (1)-(2), referred to as the static ADMM (S-ADMM for short). The qualifier “static” is attached
because this variant keeps the penalty parameter constant. The main algorithm of this paper, A-ADMM,
presented in Section 5, uses S-ADMM as an important component, i.e., it invokes S-ADMM with c doubled
each time.

3.1 A block IPP black-box: B-IPP

The goal of this subsection is to state B-IPP, its main properties, and relevant remarks about it.
We start by describing B-IPP.

Subroutine B-IPP

Input: (z, p, λ, c) ∈ H ×A(Rn)× RB++ × R++

Output: (z+, v+, δ+, λ
+) ∈ H × Rl × R++ × RB++

1: STEP 1: Block-IPP Iteration
2: for t = 1, . . . , B do
3: set λ+t = λt
4: compute a (1/8; zt)-stationary solution (z+t , r

+
t , ε

+
t ) of

min
u∈Rnt

{
λ+t L̂c(z+<t, u, z>t; p) +

1

2
∥u− zt∥2 + λ+t ht(u)

}
(17)

with composite term λ+t ht(·) (see Definition 2.1)

5: z+ ← (z+1 , . . . , z
+
B) and λ

+ ← (λ+1 , . . . , λ
+
B)

6: STEP 2: Computation of the residual pair (v+, δ+) for (z
+, p)

7: for t = 1, . . . , B do

8: v+t ← ∇tf(z+<t, z+t , z+>t)−∇tf(z+<t, z+t , z>t) +
r+t
λ+t

+ cA∗
t

∑B
s=t+1As(z

+
s − zs)−

1

λ+t
(z+t − zt)

9: v+ ← (v+1 , . . . , v
+
B) and δ+ ← (ε+1 /λ

+
1 ) + . . .+ (ε+B/λ

+
B)

10: return (z+, v+, δ+, λ
+)

We now clarify some aspects of B-IPP. First, line 4 requires a subroutine to find an approximate solution
of (17) as in Definition 2.1. A detailed discussion giving examples of such subroutine will be given in
the second paragraph after Proposition 3.1. Second, Proposition 3.1 shows that the iterate z+ and the
residual pair (v+, δ+) computed in lines 5 and 9, respectively, satisfy the approximate stationary inclusion
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v+ ∈ ∇f(z+)+∂δ+h(z+)+Im(A∗). Hence, upon termination of B-IPP, its output satisfies the first condition
in (3) (though it may not necessarily fulfill the remaining two) and establishes an important bound on the
residual pair (v+, δ+) in terms of a Lagrangian function variation that will be used later to determine a
suitable potential function.

We now make some remarks about the prox stepsizes. First, B-IPP does not change the prox stepsize
and hence, in principle, both λ and λ+ could be removed from its input and output, respectively. ADMMs
based on B-IPP will result in (constant stepsize) ADMM variants that keep their prox stepsize constant
throughout. In Subsection 6, we will consider adaptive stepsize ADMM variants based on a adaptive version
of B-IPP. The reason for including λ and λ+ on the input and output of the constant stepsize B-IPP, and
its corresponding ADMMs, at this early stage is to facilitate the descriptions of their adaptive counterparts,
which will essentially involve a minimal but important change to line 4 of B-IPP.

The quantities

ζ1 := 100max

{
1 , max

1≤t≤B
mt

}
+ 24L2 + 1, ζ2 := 24(B − 1)∥A∥2†, (18)

where

L :=

√√√√B−1∑
t=1

(L>t)2, ∥A∥† :=

√√√√ B∑
t=1

∥At∥2, (19)

with scalars L>t’s as in (11) and submatrices At’s as in (2), are used in the following statement of the main
result of this subsection.

Proposition 3.1 Assume that (z+, v+, δ+, λ
+) = B-IPP(z, p, λ, c) for some (z, p, λ, c) ∈ H×A(Rn)×RB++×

R++. Then,

v+ ∈ ∇f(z+) + ∂δ+h(z
+) +A∗[p+ c(Az+ − b)]. (20)

Moreover, if the prox stepsize λ ∈ RB++ input to B-IPP is chosen as

λt =
1

2max{mt, 1}
∀t ∈ {1, . . . , B}, (21)

then:

(a) for any t ∈ {1, . . . , B}, the smooth part of the objective function of the t-th block subproblem (17) is
(1/2)-strongly convex;

(b) it holds that

∥v+∥2 + δ+ ≤ (ζ1 + cζ2)
[
Lc(z; p)− Lc(z+; p)

]
, (22)

where ζ1 and ζ2 are as in (18).

We postpone the proof of Proposition 3.1 to the end of Subsection 6.1 and, for now, only make some
remarks about it.

First, the inclusion (20) shows that (v+, δ+) is a residual pair for the point z+. Second, the inequality in
(22) provides a bound on the magnitude of the residual pair (v+, δ+) in terms of a variation of the Lagrangian
function which, in the analysis of the next section, will play the role of a potential function. Third, the prox
stepsize selection in (21) is so as to guarantee that (22) holds and will play no further role in the analyses of
ADMM’s presented in the subsequent sections. Fourth, adaptive ways of choosing the prox stepsizes will be
discussed on Subsection 6 which will yield ADMM’s that do not require knowledge of the parameters mt’s.
They are designed to guarantee that a slightly modified version of the inequality in (22) holds (i.e., with a
different choice of constant ζ1), and hence enable the arguments and proofs of the subsequent sections to
follow through similarly for ADMM’s based on an adaptive stepsize version of B-IPP.

We now comment on the possible ways to obtain a (1/8; zt)-stationary solution of (17) as required in line 4
of B-IPP. As already observed in the paragraph following Definition 2.1, if an exact solution z+t of (17) can
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be computed in closed form, then (z+t , v
+
t , ε

+
t ) = (z+t , 0, 0) is a (1/8; zt)-stationary solution of (17). Another

approach is to use ADAP-FISTA described in Appendix B. Specifically, assume that ∇xt
f(x1, . . . , xB)

exists for every x = (x1, . . . , xB) ∈ H and is L̃t-Lipschitz continuous with respect to the t-th block xt. Using
this assumption and Proposition 3.1(a), it follows from statement (c) of Proposition B.1 in Appendix B
with M̃ = 1 + λt(L̃t + c∥At∥2) that ADAP-FISTA with input (σ, z0,M0, µ0) = (1/

√
8, zt, λtc∥At∥2, 1/2)

obtains a (1/8; zt)-stationary solution of (17). Moreover, since M0 ≤ M̃ , µ0 = 1/2, and λt ≤ 1/2 for every
t ∈ {1, . . . , B}, Proposition B.1(a) ensures that the number of iterations performed by ADAP-FISTA to
obtain such a near-stationary solution is bounded (up to logarithmic terms) by O([L̃t + c∥At∥2]1/2).

Finally, as already observed before, B-IPP is a key component that is invoked once in every iteration
of the ADMMs presented in subsequent sections. The complexity bounds for these ADMMs will be given
in terms of ADMM iterations (and hence B-IPP calls) and will not take into account the complexities
of implementing line 4. The main reason for doing so is the possible different ways of solving the block
subproblems (e.g., in closed form, or using an ACG variant, or some other convex optimization solver).
Nevertheless, the discussion in the previous paragraph provides ways of estimating the contribution of each
block to the overall algorithmic effort.

3.2 The S-ADMM Method

This subsection describes S-ADMM, an ADMM with constant penalty parameter for solving (1)-(2).
We start by elaborating S-ADMM.

Algorithm 1 S-ADMM

Universal Input: ρ > 0, α ∈ [ρ2,+∞), C ∈ [ρ,+∞)
Input: (y0, q0, λ0, c) ∈ H ×A(Rn)× RB++ × R++

Output: (ŷ, q̂, v̂, δ̂, λ̂)

1: T0 = 0, k = 0
2: for i← 1, 2, . . . do
3: (yi, vi, δi, λ

i) = B-IPP(yi−1, qi−1, λi−1, c)
4: if ∥vi∥2 + δi ≤ ρ2 then ▷ termination criteria
5: k ← k + 1, jk ← i ▷ end of the final epoch
6: qi = qi−1 + c(Ayi − b)
7: return (ŷ, q̂, v̂, δ̂, λ̂) = (yi, qi, vi, δi, λ

i)

8: Ti = Lc(yi−1; qi−1)− Lc(yi; qi−1) + Ti−1

9: if ∥vi∥2 + δi ≤ C2 and
ρ2

α(k + 1)
≥ Ti

i
then

10: k ← k + 1, jk ← i ▷ end of epoch Ik
11: qi = qi−1 + c(Ayi − b) ▷ Lagrange multiplier update
12: else
13: qi = qi−1

We now make comments about S-ADMM. The iteration index i counts the number of iterations of S-
ADMM, referred to as S-ADMM iterations throughout the paper. Index k counts the number of Lagrange
multiplier updates performed by S-ADMM. The index jk computed either in lines 5 or 10 of S-ADMM is
the iteration index where the k-th Lagrange multiplier occurs. It is shown in Theorem 3.2(a) that the total
number of iterations performed by S-ADMM is finite, and hence that the index jk is well-defined. If the
inequality in line 4 is satisfied, S-ADMM performs the last Lagrange multiplier update and stops in line 7.
Otherwise, depending on the test in line 9, S-ADMM performs a Lagrange multiplier in line 11, or leaves it
unchanged in line 13, and in both cases moves on to the next iteration.

We next define a few concepts that will be used in the discussion and analysis of S-ADMM. Define the
k-th epoch Ik as the index set

Ik := {jk−1 + 1, . . . , jk}, (23)
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with the convention that j0 = 0, and let

(ỹk, q̃k, λ̃k, T̃k) := (yjk , qjk , λjk , Tjk) ∀k ≥ 0 and (ṽk, δ̃k) := (vjk , δjk) ∀k ≥ 1. (24)

We now make three additional remarks about the logic of S-ADMM regarding the prox stepsize and the
Lagrange multiplier. First, since the prox stepsize λ+ output by B-IPP is equal to the prox stepsize λ input
to it, it follows from line 3 of S-ADMM that λi = λi−1, and hence that λi = λ0 for every i ≥ 1. Second,
due to the definition of jk, it follows that qi = qi−1 for every i ∈ {jk−1 + 1, . . . , jk − 1} = Ik \ {jk}, which
implies that

qi−1 = qjk−1 = q̃k−1 ∀i ∈ Ik. (25)

Moreover, (24) and (25) with i = jk imply that

q̃k = qjk = qjk−1 + c(Ayjk − b) = q̃k−1 + c(Aỹk − b) ∀k ≥ 1. (26)

Noting that (A5) implies that b ∈ Im(A), and using the assumption that q̃0 = q0 ∈ Im(A), identity (26),
and a simple induction argument, we conclude that q̃k ∈ A(Rn) for every k ≥ 1.

Before stating the main result of this subsection, we define the quantities

Υ(C) :=
2DhMh + (2Dh + 1)(C + C2 +∇f )

d̄ν+A
,

Γ(y0, q0; c) := ϕ− ϕ+ c∥Ay0 − b∥2 +
[
4(ζ1 + cζ2)

α
+ 1

]
∥q0∥2 +Υ2(C)

c
,

(27)

where (y0, q0, λ0, c) is the input of S-ADMM, (ζ1, ζ2) is as in (18), Mh and d̄ are as in (A2) and (A5),
respectively, (Dh,∇f ) is as in (12), and ν+A is the smallest positive singular value of the nonzero linear
operator A.

The main iteration-complexity result for S-ADMM, whose proof is given in Section 4, is stated next.

Theorem 3.2 (S-ADMM Complexity) Assume that (ŷ, q̂, v̂, δ̂, λ̂) = S-ADMM(y0, q0, λ0, c) for some
(y0, q0, λ0, c) ∈ H ×A(Rn)× RB++ × R++ such that

λ0t =
1

2max{mt, 1}
∀t ∈ {1, . . . , B}. (28)

Then, for any tolerance pair (ρ, η) ∈ R2
++, the following statements hold for S-ADMM:

(a) its total number of iterations (and hence B-IPP calls) is bounded by(
ζ1 + cζ2
ρ2

)
Γ(y0, q0; c) + 1, (29)

where (ζ1, ζ2) and Γ(y0, q0; c) are as in (18) and (27), respectively;

(b) its output (ŷ, q̂, v̂, δ̂, λ̂) satisfies λ̂ = λ0,

v̂ ∈ ∇f(ŷ) + ∂ε̂h(ŷ) +A∗q̂ and ∥v̂∥2 + ε̂ ≤ ρ2, (30)

and the following bounds

c∥Aŷ − b∥ ≤ 2max{∥q0∥,Υ(C)} and ∥q̂∥ ≤ max{∥q0∥,Υ(C)}; (31)

(c) if c ≥ 2max{∥q0∥,Υ(C)}/η, then the output (ŷ, q̂, v̂, δ̂, λ̂) of S-ADMM is a (ρ, η)-stationary solution
of problem (1)-(2) according to (3).
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We now make some remarks about Theorem 3.2. First, Theorem 3.2(b) implies that S-ADMM returns

a quintuple (ŷ, q̂, v̂, δ̂, λ̂) satisfying both conditions in (30), but not necessarily the feasibility condition
∥Aŷ − b∥ ≤ η. However, Theorem 3.2(c) guarantees that, if c is chosen large enough, i.e., c = Ω(η−1), then

the feasibility also holds, and hence that (ŷ, q̂, v̂, δ̂) is a (ρ, η)-stationary solution of (1)-(2).
Second, assuming for simplicity that q0 = 0, it follows from (27) and (29) that the overall complexity of

S-ADMM is

O
(
1 + c

ρ2
(
1 + c∥Ay0 − b∥2

))
.

If the initial point y0 satisfies c∥Ay0−b∥2 = O(1), then the bound further reduces to O((1+c)ρ−2). Moreover,
under the assumption made in Theorem 3.2(c), i.e., that c = Θ(η−1), then the above two complexity estimates
reduces to O(η−2ρ−2) if y0 is arbitrary and to O(η−1ρ−2) if y0 satisfies c∥Ay0 − b∥2 = O(1).

Finally, it is worth discussing the dependence of the complexity bound (29) in terms of number of blocks B
only. It follows from the definition of ζ2 in (18) that ζ2 = Θ(B). This implies that Γ(y0, q0; c) = O(1+B/α)
due to (27), and hence that the complexity bound (29) is O(B(1 + Bα−1). Thus, if α is chosen to be
α = Ω(B) then the dependence of (29) in terms of B only is O(B).

In Section 5, we present an ADMM variant, namely A-ADMM, which gradually increases the penalty
parameter and achieves the complexity bound O(η−1ρ−2) of the previous paragraph regardless of the choice
of the initial point y0. Specifically, A-ADMM repeatedly invokes S-ADMM using a warm-start strategy,
i.e., if c is the penalty parameter used in the previous S-ADMM call and (ŷ, q̂, v̂, δ̂, λ̂) denotes its output,

then the current S-ADMM call uses (ŷ, q̂, λ̂, 2c) as input, and hence with a doubled penalty parameter.

4 The Proof of S-ADMM’s Complexity Theorem (Theorem 3.2)

This section gives the proof of Theorem 3.2.
Its first result shows that every iterate (yi, vi, δi, λ

i) of S-ADMM satisfies the stationary inclusion vi ∈
∇f(yi) + ∂δih(y

i) + Im(A∗) and derives a bound on the residual error (vi, δi).

Lemma 4.1 The following statements about S-ADMM hold:

(a) for every iteration index i ≥ 1,

vi ∈ ∇f(yi) + ∂δih(y
i) +A∗[qi−1 + c(Ayi − b)]; (32)

(b) if the initial prox stepsize λ0 is chosen as in (28), then for every iteration index i ≥ 1,

1

ζ1 + cζ2
(∥vi∥2 + δi) ≤ Lc(yi−1; qi−1)− Lc(yi; qi−1) = Ti − Ti−1. (33)

Proof : In view of line 3 of S-ADMM, we have that (yi, vi, δi, λ
i) = B-IPP(yi−1, qi−1, λi−1, c). Moreover,

if λ0 is chosen according to (28) then we have that λit = λ0t = 1/ (2max{mt, 1}) for every i ≥ 1 and
t ∈ {1, . . . , B} since every iteration of S-ADMM does not change the prox stepsize (see its line 3). The
result now follows from these two observations, Proposition 3.1 with (z, p, λ, c) = (yi−1, qi−1, λi−1, c) and
(z+, v+, δ+, λ

+) = (yi, vi, δi, λ
i), and line 8 of S-ADMM.

We now make some remarks about Lemma 4.1. First, (33) implies that: {Ti} is nondecreasing; and, if
Ti = Ti−1, then (vi, δi) = (0, 0), which together with (32), implies that the algorithm stops in line 7 with an
exact stationary point for problem (1)-(2). In view of this remark, it is natural to view {Ti} as a potential
sequence. Second, if {Ti} is bounded, (33) immediately implies that the quantity ∥vi∥2 + δi converges to
zero, and hence that yi eventually becomes a near stationary point for problem (1)-(2), again in view of
(32). A major effort of our analysis will be to show that {Ti} is bounded.

With the above goal in mind, the following result gives an expression for Ti that plays an important role
in our analysis.
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Lemma 4.2 If i is an iteration index generated by S-ADMM such that i ∈ Ik, then

Ti =
[
Lc(ỹ0; q̃0)− Lc(yi; q̃k−1)

]
+

1

c

k−1∑
ℓ=1

∥q̃ℓ − q̃ℓ−1∥2. (34)

Proof : We first note that

Ti − T1 =

i∑
j=2

(Tj − Tj−1) =

i−1∑
j=1

(Tj+1 − Tj) =
i−1∑
j=1

[
Lc(yj ; qj)− Lc(yj+1; qj)

]
=

i−1∑
j=1

[
Lc(yj ; qj)− Lc(yj ; qj−1)

]
+

i−1∑
j=1

[
Lc(yj ; qj−1)− Lc(yj+1; qj)

]
. (35)

Moreover, using the definition of Ti with i = 1 (see line 8 of S-ADMM), the fact that qi−1 = q̃k−1 due to
(24) and simple algebra, we have

T1 +

i−1∑
j=1

[
Lc(yj ; qj−1)− Lc(yj+1; qj)

]
= T1 + Lc(y1; q0)− Lc(yi; qi−1)

= [Lc(y0; q0)− Lc(y1; q0)] + [Lc(y1; q0)− Lc(yi; q̃k−1)] = Lc(y0; q0)− Lc(yi; q̃k−1). (36)

Using the definition of the Lagrangian function (see definition in (4)), relations (26) and (25), we conclude
that for any ℓ ≤ k,

Lc(yj ; qj)− Lc(yj ; qj−1)
(4)
=
〈
Ayj − b , qj − qj−1

〉 (26),(25)
=

 0 , if j ∈ Iℓ \ {jℓ};
∥q̃ℓ − q̃ℓ−1∥2

c
, if j = jℓ,

and hence that
i−1∑
j=1

[
Lc(yj ; qj)− Lc(yj ; qj−1)

]
=

1

c

k−1∑
ℓ=1

∥q̃ℓ − q̃ℓ−1∥2.

Identity (34) now follows by combining the above identity with the ones in (35) and (36).

The next technical result will be used to establish an upper bound on the first term of the right hand
side of (34).

Lemma 4.3 For any given c > 0 and pairs (u, p) ∈ H × Rl and (ũ, p̃) ∈ H × Rl, we have

Lc(u; p)− Lc(ũ; p̃) ≤ ϕ− ϕ+ c∥Au− b∥2 + 1

2c
max{∥p∥, ∥p̃∥}2 (37)

where (ϕ, ϕ) is as in (12).

Proof : Using the definitions of Lc(· ; ·) and ϕ as in (4) and (12), respectively, we have

Lc(ũ; p̃)− ϕ
(12)

≥ Lc(ũ; p̃)− (f + h)(ũ)

(4)
= ⟨p̃, Aũ− b⟩+ c

2
∥Aũ− b∥2 =

1

2

∥∥∥∥ p̃√
c
+
√
c(Aũ− b)

∥∥∥∥2 − ∥p̃∥22c
≥ −∥p̃∥

2

2c
.

On the other hand, using the definitions of Lc( · ; · ) and ϕ̄ as in (4) and (12), respectively, and the Cauchy-
Schwarz inequality, we have

Lc(u; p)− ϕ
(12)

≤ Lc(u; p)− (f + h)(u)
(4)
= ⟨p,Au− b⟩+ c∥Au− b∥2

2

≤
(
∥p∥2

2c
+
c∥Au− b∥2

2

)
+
c∥Au− b∥2

2
=
∥p∥2

2c
+ c∥Au− b∥2.

Combining the above two relations, we then conclude that (37) holds.
The following result shows that the sequence {Ti} generated by S-ADMM is bounded.
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Proposition 4.4 The following statements about S-ADMM hold:

(a) its total number E of epochs is bounded by ⌈(ζ1 + cζ2)/α⌉ where ζ1 and ζ2 are as in (18);

(b) for every iteration index i, we have Ti ≤ ΛE(y
0; c);

(c) the number of iterations performed by S-ADMM is bounded by

1 +

(
ζ1 + cζ2
ρ2

)
ΛE(y

0; c), (38)

where

ΛE(y
0; c) := ϕ− ϕ+ c∥Aỹ0 − b∥2 + Q2

E

2c
+

(ζ1 + cζ2)F
2
E

cα
, (39)

and

QE := max
{
∥q̃k∥ : k ∈ {0, . . . ,E− 1}

}
,

FE :=

{
0 , if E = 1
max

{
∥q̃k − q̃k−1∥ : k ∈ {1, . . . ,E− 1}

}
, if E ̸= 1.

(40)

Proof : (a) Assume for the sake of contradiction that S-ADMM generates an epoch IK such that K >
⌈(ζ1 + cζ2)/α⌉, and hence K ≥ 2. Using the fact that jK−1 is the last index of IK−1 and noting the epoch
termination criteria in line 9 of S-ADMM, we then conclude that T̃K−1/jK−1 ≤ ρ2/K. Also, since S-
ADMM did not terminate during epochs I1, . . . , IK−1, it follows from its termination criterion in line 4 that
∥vi∥2 + δi > ρ2 for every iteration i ≤ jK−1. These two previous observations, (33) with i ∈ {1, . . . , jK−1},
the facts that T0 = 0 by definition and TjK−1

= T̃K−1 due to (24), imply that

ρ2 <
1

jK−1

jK−1∑
i=1

(∥vi∥2 + δi)
(33)

≤ ζ1 + cζ2
jK−1

jK−1∑
i=1

(Ti − Ti−1) =
(ζ1 + cζ2)T̃K−1

jK−1
≤ (ζ1 + cζ2)

αK
ρ2.

Since this inequality and the assumption (for the contradiction) that K > ⌈(ζ1+ cζ2)/α⌉ yield an immediate
contradiction, the conclusion of the statement follows.

(b) Since {Ti} is nondecreasing, it suffices to show that Ti ≤ ΛE(y
0; c) holds for any i ∈ IE, where E

is the total number of epochs of S-ADMM (see statement (a)). It follows from the definition of QE, and
Lemma 4.3 with (u, p) = (ỹ0; q̃0) and (ũ, p̃) = (yi; q̃E−1), that

Lc(ỹ0; q̃0)− Lc(yi; q̃E−1) ≤ ϕ− ϕ+ c∥Aỹ0 − b∥2 + 1

2c
Q2

E.

Now, using the definition of FE as in (40), we have that

1

c

E−1∑
j=1

∥q̃j − q̃j−1∥2 ≤ (E− 1)

c
F 2
E ≤

(ζ1 + cζ2)

cα
F 2
E,

where the last inequality follows from the fact that E−1 ≤ (ζ1+cζ2)/α due to statement (a). The inequality
Ti ≤ ΛE(y

0; c) now follows from the two inequalities above and identity (34) with k = E.
(c) Assume by contradiction that there exists an iteration index i generated by S-ADMM such that

i >

(
ζ1 + cζ2
ρ2

)
ΛE(y

0; c) + 1. (41)

Since S-ADMM does not stop at any iteration index smaller than i, the stopping criterion in line 4 is
violated at these iterations, i.e., ∥vj∥2+ δj > ρ2 for every j ≤ i− 1. Hence, it follows from (33), the previous
inequality, the fact that T0 = 0 due to line 1 of S-ADMM, and statement (b) that

(i− 1)ρ2

ζ1 + cζ2
<

1

ζ1 + cζ2

i−1∑
j=1

(∥vj∥2 + δj) ≤
i−1∑
j=1

(Tj − Tj−1) = Ti−1 − T0 ≤ Ti ≤ ΛE(y
0, c),
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which contradicts (41). Thus, statement (c) holds.
We now make some remarks about Lemma 4.4. First, Lemma 4.4(a) shows that the number of epochs

depends linearly on c. Second, Lemma 4.4(c) shows that the total number of iterations of S-ADMM is
bounded but the derived bound is given in terms of the quantities QE and FE in (40), both of which depend
on the magnitude of the sequence of generated Lagrange multipliers {q̃k : k = 1, . . . , E}. Hence, the bound
in (38) is algorithm-dependent in that it depends on the sequence {q̃k} generated by S-ADMM.

In what follows, we derive a bound on the total number of iterations performed by S-ADMM that
depends only on the instance of (1)-(2) under consideration. With this goal in mind, the following result
provides a uniform bound on the sequence of Lagrange multipliers generated by S-ADMM that depends
only on the instance of (1)-(2).

Lemma 4.5 The following statements about S-ADMM hold:

(a) it holds that
∥q̃k∥ ≤ max{∥q0∥,Υ(C)}, ∀ k ∈ {1, . . . ,E}; (42)

(b) if i is an iteration index such that ∥vi∥2 + δi ≤ C2, then

c∥Ayi − b∥ ≤ 2max{∥q0∥,Υ(C)};

(c) it holds that
∥q̃k − q̃k−1∥ ≤ 2max{∥q0∥,Υ(C)} ∀ k ∈ {1, . . . ,E}. (43)

Proof : (a) We first define the index set

Ik(C) := {i ∈ Ik : ∥vi∥2 + δi ≤ C2}, (44)

where C > 0 is part of the input for S-ADMM and (vi, δi) is as in line 9 of B-IPP. We now claim that the
vector pair (q̃k−1, yi) satisfies

∥q̃k−1 + cA(yi − b)∥ ≤ max{∥q̃k−1∥,Υ(C)}, ∀i ∈ Ik(C). (45)

To show the claim, let i ∈ Ik(C) be given. To simplify notation, define

qi := q̃k−1 + c(Ayi − b) and ri := vi −∇f(yi)

and note that the triangle inequality for norms, and the definitions of ∇f in (12) and Ik(C) in (44), imply
that

δi + ∥ri∥ ≤ C2 + ∥vi||+ ∥∇f(yi)∥ ≤ C2 + (C +∇f ). (46)

The fact that (yi, vi, δi, λ
i) = B-IPP(yi−1, qi−1, λi−1, c) (see line 3 of S-ADMM), the definitions of qi and

ri, Lemma 4.1(a), and identity (25), imply that ri ∈ ∂δih(yi)+A∗qi. Hence, the pair (q−, ϱ) = (qi−1, c) and

the quadruple (z, q, r, δ) = (yi, qi, ri, δi) satisfy the conditions in (65) of Lemma A.3. Thus , the conclusion
of the same lemma, the definitions of Υ(·) and υ(·) in (27) and (67), respectively, inequality (46), and the
fact that υ is non-decreasing, imply that

∥qi∥
(66)

≤ max
{
∥qi−1∥, υ(∥ri∥+ δi)

} (46)

≤ max
{
∥qi−1∥, υ(C + C2 +∇f )

} (25)
= max{∥q̃k−1∥,Υ(C)},

where the equality follows from (25). We have thus proved that the claim holds.
We now show that (42) holds. Using (45) with i = jk, the facts that qjk = q̃k = q̃k−1 + c(Aỹk − b) due

to (26), and ỹk = yjk due to (24), and the triangle inequality for norms, we have that

∥q̃k∥ = ∥q̃k−1 + cA(ỹk − b)∥ ≤ max{∥q̃k−1∥,Υ(C)}.

Inequality (42) now follows by recursively using the last inequality and the fact that q̃0 = q0 due to (24).
(b) Using that c(Ayi − b) = qi − q̃k−1 and (45) we have

c∥Ayi − b∥ ≤ ∥qi∥+ ∥q̃k−1∥
(45)

≤ max{∥q̃k−1∥,Υ(C)}+ ∥q̃k−1∥
(42)

≤ 2max{∥q̃0∥,Υ(C)}
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where the last inequality above follows from (42) with k = k − 1 and the fact that q̃0 = q0 due to (24).
(c) Statement (c) follows from (26), the triangle inequality for norms, statement (b) with i = jk and the

fact that ỹk = yjk due to (24).

Proof of Theorem 3.2: (a) It follows from Proposition 4.4(c) that the total number of iterations generated
by S-ADMM is bounded by the expression in (38). Now, recalling that E is the last epoch generated by S-
ADMM, using (40), (42) and (43) we see that QE ≤ max{∥q0∥,Υ(C)} and FE ≤ 2max{∥q0∥,Υ(C)}, which
implies that ΛE(y

0; c) ≤ Γ(y0, q0; c), where ΛE(y
0; c) and Γ(y0, q0; c) are as in (39) and (27), respectively.

The conclusion now follows from the two previous observations.
(b) We first prove that the inclusion in (30) holds. It follows from Lemma 4.1(a) with i = jE and (24)

with k = E that
ṽE ∈ ∇f(ỹE) + ∂δ̃Eh(ỹ

E) +A∗[qjE−1 + c(AỹE − b)].

Using (25) with i = jE, (26) with k = E, and the fact that (ŷ, q̂, v̂, δ̂) = (ỹE, q̃E, ṽE, δ̃E), we conclude that
the inclusion in (30) holds. The inequality in (30) follows from the fact that S-ADMM terminates in line 4

with the condition ∥v̂∥2 + δ̂ = ∥vjE∥2 + δjE ≤ ρ2 satisfied. The first inequality in (31) follows from Lemma
4.5(b) with i = jE and the fact that ỹE = yjE due to (24). Finally, the second inequality in (31) follows from
Lemma 4.5(a) and the fact that (yjE , qjE) = (ỹE, q̃E) due to (24).

(c) Using the assumption that c ≥ 2max{∥q0∥,Υ(C)}/η, statement (b) guarantees that S-ADMM

outputs ŷ = yjk satisfying ∥Aŷ − b∥ ≤ [2max{∥q0∥,Υ(C)}]/c ≤ η. Hence, the conclusion that (ŷ, q̂, v̂, δ̂) =
(ỹk, q̃k, ṽk, δ̃k) satisfies (3) follows from the previous inequality, the inclusion in (30), and the last inequality
in (31). ■

5 The A-ADMM Method

This section describes A-ADMM, the main algorithm of this paper, and its iteration-complexity. In con-
trast to S-ADMM which keeps the penalty parameter constant, A-ADMM adaptively changes the penalty
parameter. The version of A-ADMM presented in this section keeps the prox stepsize constant throughout
since it performs multiple calls to the S-ADMM which, as already observed, also has this same attribute.
An adaptive variant of A-ADMM with variable prox stepsizes is presented in Section 6.

A-ADMM is formally stated next.

Algorithm 2 A-ADMM

Universal Input: tolerance pair (ρ, η) ∈ R2
++, α ∈ [ρ2,+∞), and C ∈ [ρ,+∞)

Input: x0 ∈ H and γ0 = (γ01 , . . . , γ
0
B) ∈ RB++

Output: (x̂, p̂, v̂, ε̂, ĉ)

1: p0 = (p01, . . . , p
0
B)← (0, . . . , 0) and c0 ← 1/[1 + ∥Ax0 − b∥]

2: for ℓ← 1, 2, . . . do
3: (xℓ, pℓ, vℓ, εℓ, γ

ℓ) = S-ADMM(xℓ−1, pℓ−1, γℓ−1, cℓ−1)
4: cℓ = 2cℓ−1

5: if ∥Axℓ − b∥ ≤ η then
6: (x̂, p̂, v̂, ε̂, ĉ) = (xℓ, pℓ, vℓ, εℓ, cℓ)
7: return (x̂, p̂, v̂, ε̂, ĉ)

We now make some remarks about A-ADMM. First, even though an initial penalty parameter c0 is
prescribed in line 1 for the sake of analysis simplification, A-ADMM can be equally shown to converge
for other choices of c0. Second, it uses a “warm-start” strategy for calling S-ADMM, i.e., after the first
call to S-ADMM, the input of any S-ADMM call is the output of the previous S-ADMM call. Third,
Lemma 5.1 below and Theorem 3.2(b) imply that each S-ADMM call in line 3 of A-ADMM generates a
quintuple (xℓ, pℓ, vℓ, εℓ, γ

ℓ) satisfying the first two conditions in (3), but not necessarily the last one, i.e.,
the feasibility condition which is tested in line 5. To ensure that this condition is also attained, A-ADMM
doubles the penalty parameter c (see its line 4) every iteration. Since the first inequality in (31) ensures
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that ∥Axℓ − b∥ = O(1/cℓ), this penalty update scheme guarantees that the test in line 5 will eventually be
satisfied, and A-ADMM will terminate with a (ρ, η)-stationary solution of (1)-(2).

Before describing the main result, we define the following constant, and which appear in the total
iteration-complexity,

Γ̄(x0;C) := ϕ− ϕ+
8ζ2Υ

2(C)

α
+ 2Υ2(C)

(
4ζ1
α

+ 9

)
(1 + ∥Ax0 − b∥), (47)

where (ζ1, ζ2) is as in (18) and Υ(C) is as in (27).
Recalling that every A-ADMM iteration makes a S-ADMM call, the following result translates the

properties of S-ADMM established in Theorem 3.2 to the context of A-ADMM.

Lemma 5.1 Let ℓ be an iteration index of A-ADMM. Then, the following statements hold:

(a) the sequences {(xk, pk, vk, εk, γk)}ℓk=1 and {ck}ℓk=1 satisfy

vk ∈ ∇f(xk) + ∂εkh(x
k) +A∗pk and max

1≤k≤ℓ
∥vk∥2 + εk ≤ ρ2, (48)

the identity γk = γ0, and the following bounds

max
1≤k≤ℓ

∥pk∥ ≤ Υ(C) and max
1≤k≤ℓ

ck∥Axk − b∥ ≤ 4Υ(C); (49)

(b) the number of iterations performed by the S-ADMM call within the ℓ-th iteration of A-ADMM (see
line 3 of A-ADMM) is bounded by (

ζ1 + cℓ−1ζ2
ρ2

)
Γ̄(x0;C) + 1, (50)

where Γ̄(x0;C) is as in (47);

(c) if cℓ ≥ 4Υ(C)/η then (xℓ, pℓ, vℓ, εℓ, γ
ℓ) is a (ρ, η)-stationary solution of problem (1)-(2).

Proof : (a) Using Theorem 3.2(b) with (y0, q0, λ0, c) = (xk−1, pk−1, γk−1, ck−1) and noting line 3 of A-
ADMM, we conclude that for any k ∈ {1, . . . , ℓ}, the quintuple (xk, pk, vk, εk, γ

k) satisfies (48) and the
conditions

γk = γk−1, ∥pk∥ ≤ max{∥pk−1∥,Υ(C)}, ck−1∥Axk − b∥ ≤ 2max{∥pk−1∥,Υ(C)}. (51)

A simple induction argument applied to both the identity and the first inequality in (51), with the fact that
p0 = 0, show that γk = γ0 and that the first inequality in (49) holds. The second inequality in (51), the
assumption that p0 = 0, the fact that ck = 2ck−1 for every k ∈ {1, . . . , ℓ}, and the first inequality in (49),
imply that the second inequality in (49) also holds.

(b) Theorem 3.2(a) with (y0, q0, λ0, c) = (xℓ−1, pℓ−1, γk−1, cℓ−1) imply that the total number of iterations
performed by the S-ADMM call within the ℓ-th iteration of A-ADMM is bounded by(

ζ1 + cℓ−1ζ2
ρ2

)
Γ(xℓ−1, pℓ−1; cℓ−1) + 1,

where Γ(·, ·; ·) is as in (27). Thus, to show (50), it suffices to show that Γ(xℓ−1, pℓ−1; cℓ−1) ≤ Γ̄(x0;C).
Before showing the above inequality, we first show that cℓ−1∥Axℓ−1 − b∥2 ≤ 16Υ2(C)/c0 for every index

ℓ. Indeed, this observation trivially holds for ℓ = 1 due to the fact that c0 = 1/(1 + ∥Ax0 − b∥) ≤ 1 (see
line 1 of A-ADMM) and the assumption that Υ(C) ≥ 1. Moreover, the second inequality in (49) and the
fact that cℓ−1 ≥ c0 show that the inequality also holds for ℓ > 1, and thus it holds for any ℓ ≥ 1.
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Using the last conclusion, the definition of Γ(xℓ−1, pℓ−1; cℓ−1), the fact that cℓ−1 ≥ c0, and the first
inequality in (49), we have

Γ(xℓ−1, pℓ−1; cℓ−1) ≤ ϕ− ϕ+
16Υ2(C)

c0
+

[
4ζ1
αc0

+
1

c0
+

4ζ2
α

] (
∥pℓ−1∥2 +Υ2(C)

)
(49)

≤ ϕ− ϕ+
16Υ2(C)

c0
+

[
4ζ1
αc0

+
1

c0
+

4ζ2
α

] (
2Υ2(C)

)
= ϕ− ϕ+

8ζ2Υ
2(C)

α
+

2Υ2(C)

c0

(
4ζ1
α

+ 9

)
= Γ̄(x0;C),

where the last identity follows from c0 = 1/(1 + ∥Ax0 − b∥) and the definition of Γ̄(x0;C) in (47).
(c) Assume that cℓ ≥ 4Υ(C)/η. This assumption, the first inequality in (49), and the fact that cℓ = 2cℓ−1,

immediately imply that cℓ−1 ≥ 2max{∥pℓ−1∥,Υ(C)}/η. The statement now follows from the previous
observation, line 3 of A-ADMM, and Theorem 3.2(c) with (y0, q0, λ0, c) = (xℓ−1, pℓ−1, γℓ−1, cℓ−1).

The next result describes the iteration-complexity of A-ADMM in terms of total ADMM iterations (and
hence B-IPP calls within S-ADMM).

Theorem 5.2 (A-ADMM Complexity) The following statements about A-ADMM hold:

(a) it obtains a (ρ, η)-stationary solution of (1)-(2) in no more than log [1 + 4Υ(C)/(c0η)] + 1 calls to
S-ADMM;

(b) its total number of S-ADMM iterations (and hence B-IPP calls within S-ADMM) is bounded by

8ζ2Γ̄(x
0;C)Υ(C)

ρ2η
+
ζ2c0Γ̄(x

0;C)

ρ2
+

[
1 +

ζ1Γ̄(x
0;C)

ρ2

]
log

(
2 +

8Υ(C)

c0η

)
(52)

where (ζ1, ζ2), Υ(C) and Γ̄(x0;C) are as in (18), (27) and (47), respectively, and c0 is defined in line 1 of
A-ADMM.

Proof : (a) Assume for the sake of contradiction that A-ADMM generates an iteration index ℓ̂ such that

ℓ̂ > 1 + log [1 + 4Υ(C)/(c0η)] > 1, and hence

cℓ̂−1 = c02
ℓ̂−1 > c0

(
1 +

4Υ(C)

c0η

)
>

4Υ(C)

η
.

Using Lemma 5.1(c) with ℓ = ℓ̂ − 1 ≥ 1, we conclude that the quintuple (xℓ̂−1, pℓ̂−1, vℓ̂−1, εℓ̂−1, γ
ℓ̂−1) is

a (ρ, η) stationary solution of problem (1)-(2), and hence satisfies ∥Axℓ̂−1 − b∥ ≤ η. In view of line 5 of

A-ADMM, this implies that A-ADMM stops at the (ℓ̂ − 1)-th iteration, which hence contradicts the fact

that ℓ̂ is an iteration index. We have thus proved that (a) holds.
(b) Let ℓ̃ denote the total number of S-ADMM calls and observe that ℓ̃ ≤ 1 + log[1 + 4Υ(C)/(c0η)] due

to (a). Now, using Lemma 5.1(b) and the previous observation, we have that the overall number of iterations
performed by S-ADMM is bounded by

ℓ̃∑
ℓ=1

[(
ζ1 + cℓ−1ζ2

ρ2

)
Γ̄(x0;C) + 1

]
=

[
1 +

ζ1Γ̄(x
0;C)

ρ2

]
ℓ̃+

ζ2Γ̄(x
0;C)

ρ2

ℓ̃∑
ℓ=1

cℓ−1

≤
[
1 +

ζ1Γ̄(x
0;C)

ρ2

]
ℓ̃+

c0ζ2Γ̄(x
0;C)

ρ2

(
2ℓ̃ − 1

)
≤
[
1 +

ζ1Γ̄(x
0;C)

ρ2

]
ℓ̃+

c0ζ2Γ̄(x
0;C)

ρ2

(
1 +

8Υ(C)

c0η

)
.

The result now follows by using that ℓ̃ ≤ 1 + log[1 + 4Υ(C)/(c0η)].
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We now make some comments about Theorem 5.2. First, it follows from Theorem 5.2(a) that the
final penalty parameter generated by A-ADMM is O(η−1). Second, it follows from Theorem 5.2(a) that A-
ADMM ends with a (ρ, η)-stationary solution of (1)-(2) by calling S-ADMM (and hence doubling the penalty
parameter) no more than O(log(η−1)) times. Third, under the mild assumption that ∥Ax0 − b∥ = O(1),
Theorem 5.2(b) and the fact that ζ2 = 0 when B = 1 (see (18)), imply that the complexity of A-ADMM,
in terms of the tolerances only, is:

• Õ(ρ−2η−1) if B > 1, and thus Õ(ϵ−3);

• Õ(ρ−2) if B = 1, and thus Õ(ϵ−2),

where ϵ := min{ρ, η}. On the other hand, S-ADMM only achieves the above complexities with (a generally
non-computable) c = Θ(η−1) and with the condition that c∥Ax0 − b∥2 = O(1) (see the first paragraph
following Theorem 3.2), or equivalently, ∥Ax0 − b∥ = O(η1/2), and hence the initial point x0 being nearly
feasible. Finally, the above complexity for B = 1 is similar to those derived for some AL methods (e.g., see
[33, Theorem 2.3(b)], [53, Proposition 3.7(a)] and [59, 60]) in terms of tolerance dependencies.

6 S-ADMM and A-ADMM variants with adaptive prox stepsizes

This section outlines S-ADMM and A-ADMM variants with adaptive prox stepsizes, which requires no
knowledge of the weakly convexity parameters mt’s. This section contains two subsections. Subsection 6.1
formally describes a variable prox stepsize version of B-IPP, referred to as AB-IPP. Subsection 6.2 presents
adaptive prox stepsize versions of S-ADMM and A-ADMM based on AB-IPP (instead of B-IPP) and
argues that their iteration-complexities are similar to their corresponding constant stepsizes versions.

6.1 AB-IPP: A variable prox stepsize version of B-IPP

This subsection formally describes AB-IPP and states the main result of this section which describes the
main properties of AB-IPP. This result can be viewed as a generalization of Proposition 3.1 to the AB-IPP
context. The subsection ends with a proof of Proposition 3.1, which follows as consequence of the main
result and the fact (established in this subsection too) that B-IPP is a special case of AB-IPP.

Using the fact that S-ADMM and A-ADMM redundantly included prox stepsizes in their input and
output, the description of their adaptive prox stepsize versions now requires minimal changes to the presen-
tation of the previous subsections. Specifically, instead of calling B-IPP, the adaptive prox stepsize version
of S-ADMM now calls the subroutine AB-IPP stated below. Moreover, the adaptive prox stepsize version
of A-ADMM is the same as Algorithm 2 but with the understanding that line 3 now calls the adaptive prox
stepsize version of S-ADMM.

Subroutine AB-IPP

Input: (z, p, λ, c) ∈ H ×A(Rn)× RB++ × R++

Output: (z+, v+, δ+, λ
+) ∈ H × Rl × R++ × RB++

1: STEP 1: Block-IPP Iteration
2: for t = 1, . . . , B do
3: set λ+t = λt
4: compute a (1/8; zt)-stationary solution (z+t , r

+
t , ε

+
t ) of (17) with composite term λ+t ht(·)

5: if z+t does NOT satisfy

Lc(z+<t, zt, z>t; p)− Lc(z+<t, z+t , z>t; p) ≥
1

8λ+t
∥z+t − zt∥2 +

c

4
∥At(z+t − zt)∥2 (53)

then
6: λ+t ← λ+t /2 and go to line 4.

7: z+ ← (z+1 , . . . , z
+
B) and λ

+ ← (λ+1 , . . . , λ
+
B)

8: STEP 2: Proceed exactly as in STEP 2 of B-IPP to obtain (v+, δ+)
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We now clarify some aspects of AB-IPP. First, in contrast to B-IPP which outputs λ+ satisfying λ+ = λ,
AB-IPP has to perform a search for λ+t in the loop consisting of lines 4 to 6, referred to as the t-th AB-IPP
loop in our discussion below. Specifically, starting with λ+t set to λt, each iteration of the t-th AB-IPP loop
halves λ+t and the loop terminates when a prox stepsize λ+t satisfying (53) is generated. Second, it follows
from Definition 2.1 that line 4 of AB-IPP yields a triple (z+t , r

+
t , ε

+
t ) such that

r+t ∈ ∇
[
λ+t L̂c(z+<t, ·, z>t; p) +

1

2
∥ · −zt∥2

]
(z+t ) + ∂ε+t

(λ+t ht)(z
+
t ),

∥r+t ∥2 + 2ε+t ≤
1

8
∥z+t − zt∥2,

(54)

where L̂c(z+<t, ·, z>t; p) is defined in (15). Third, the main motivation to enforce condition (53) is that it
allows us to show (see Proposition 6.3(b) below) an inequality similar to the one in (33) which, as already
observed in the second remark of the paragraph immediately following Proposition 3.1, plays a fundamental
role in the analysis of S-ADMM given in Sections 3 and 4.

The next result shows that if the input λ for AB-IPP is as in (21), then B-IPP can be viewed as a
special case of AB-IPP.

Lemma 6.1 Let t ∈ {1, . . . , B} be given and assume that the prox stepsize λ+t at a certain iteration of the
t-th AB-IPP loop satisfies λ+t ∈ (0, 1/(2mt)]. Then, the following statements hold for this t-th loop iteration:

(a) the smooth part of the objective function of the t-th block subproblem (17) is (1/2)-strongly convex;

(b) the triple (z+t , r
+
t , ε

+
t ) obtained at the end of this iteration is a (1/8, zt)-stationary solution of (17)

which satisfies inequality (53); thus the t-th loop ends at this iteration.

As a consequence, the following statements hold:

(c) if λt ∈ (0, 1/(2mt)], then the t-th AB-IPP loop performs only one iteration and outputs λ+t = λt;

(d) if the input λ for AB-IPP is as in (21), then AB-IPP is identical to B-IPP; hence, for every
t ∈ {1, . . . , B}, only one loop iteration is performed and the prox stepsize λ+ output by AB-IPP is
equal to λ.

Proof : (a) The assumption that λ+t ∈ (0, 1/(2mt)] implies that the matrix Bt := (1− λ+t mt)I + λ+t cA
∗
tAt is

clearly positive definite, and hence defines the norm ∥ · ∥Bt
whose square is

∥ · ∥2Bt
:= ⟨ · , Bt(·) ⟩ ≥ λ+t c∥At(·)∥2 +

1

2
∥ · ∥2. (55)

Now, let Ψt(·) denote the smooth part of the objective function of the t-th block subproblem (17), i.e.,

Ψt(·) := λ+t L̂c(z+<t, ·, z>t; p) +
1

2
∥ · −zt∥2 (56)

where L̂c(· ; p) is as in (15). Moreover, using assumption (A3), the above definitions of Bt and the norm
∥ · ∥Bt

, the definitions of L̂c(· ; ·) and Ψt(·) in (15) and (56), respectively, we easily see that the function
Ψt(·)− 1

2∥ · ∥
2
Bt

is convex, and hence Ψt(·) is (1/2)-strongly convex due to the inequality in (55).

(b) The conclusion that the triple (z+t , r
+
t , ε

+
t ) obtained at the end of this iteration is a (1/8, zt)-stationary

solution of (17) follows from line 4 of AB-IPP. We now show that (53) holds. Due to (54) and (56), the
quadruple (z+t , r

+
t , ε

+
t , λ

+
t ) satisfies

r+t
(54)
∈ ∇Ψt(z+t ) + ∂ε+t

(λ+t ht)(z
+
t ) ⊂ ∂ε+t

[
Ψt + λ+t ht

]
(z+t )

where the set inclusion is due to [22, Thm. 3.1.1 of Ch. XI], and the fact that Ψt(·) and λ+t ht(·) are
convex functions. Since Ψt(·) − 1

2∥ · ∥
2
Bt

is convex, it follows from Lemma A.4 with ψ = Ψt + λ+t ht ,
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(ξ, τ,Q) = (1, 1, Bt), (u, y, v) = (zt, z
+
t , r

+
t ), and η = ε+t , that

λ+t Lc(z+<t, zt, z>t; p)−
[
λ+t Lc(z+<t, z+t , z>t; p) +

1

2
∥z+t − zt∥2

]
=
[
Ψt(z

+
<t, zt, z>t; p) + λ+t ht(zt)

]
−
[
Ψt(z

+
<t, z

+
t , z>t; p) + λ+t ht(z

+
t )
]

≥ 1

4
∥z+t − zt∥2Bt

− 2ε+t + ⟨r+t , zt − z+t ⟩
(55)

≥ λ+t c

4
∥At(z+t − zt)∥2 − 2ε+t + ⟨r+t , zt − z+t ⟩,

where the first equality follows from (4), (15), and (56), the first inequality is due to Lemma A.4, and
the last inequality is due to (55). Using the previous inequality, the inequality ab ≤ (a2 + b2)/2 with
(a, b) = (

√
2∥r+t ∥, (1/

√
2)∥z+t − zt∥), and the condition on the error (r+t , ε

+
t ) in (54), we conclude that

Lc(z+<t, zt, z>t; p)− Lc(z+<t, z+t , , z>t; p)

≥ 1

2λ+t
∥z+t − zt∥2 +

c

4
∥At(z+t − zt)∥2 −

1

λ+t

(
∥
√
2r+t ∥

∥∥∥∥ 1√
2
(z+t − zt)

∥∥∥∥+ 2ε+t

)
≥ 1

2λ+t
∥z+t − zt∥2 +

c

4
∥At(z+t − zt)∥2 −

1

λ+t

(
∥r+t ∥2 +

1

4
∥z+t − zt∥2 + 2ε+t

)
(54)

≥ 1

2λ+t
∥z+t − zt∥2 +

c

4
∥At(z+t − zt)∥2 −

1

λ+t

(
1

4
+

1

8

)
∥z+t − zt∥2

=
1

8λ+t
∥z+t − zt∥2 +

c

4
∥At(z+t − zt)∥2,

and hence that (53) holds. By the logic of AB-IPP, it then follows that the t-th AB-IPP loop terminates
at the current loop iteration with λ+t being the final t-th stepsize output by AB-IPP. We have thus proved
that (b) holds.

(c) The assumption that λt ∈ (0, 1/(2mt)] implies that the t-th AB-IPP loop starts with a prox stepsize
λ+t ∈ (0, 1/(2mt)]. Hence, (c) follows immediately from statement (b).

(d) We first observe that if the input λ for AB-IPP is as in (21) then it satisfies the assumption of (c).
Hence, statement (d) follows immediately from (c).

It follows from Lemma 6.1 that, if function f restricted to its t-th block variable is convex, i.e., mt = 0,
then it follows from Lemma 6.1(c) that the t-th AB-IPP loop terminates in one iteration with λ+t = λt.
Hence, AB-IPP does not update λt when mt = 0.

The next result shows that any of the AB-IPP loops must terminate.

Lemma 6.2 For every t ∈ {1, . . . , B}, the t-th AB-IPP loop terminates in at most 1 + ⌈log(1 + 4mtλt)⌉
iterations with a (1/8, zt)-stationary solution (z+t , r

+
t , ε

+
t ) of (17) satisfying condition (53) and the inequality

λ+t ≥ min{λt, 1/(4mt)}.

Proof : Assume for the sake of contradiction that there exists an iteration j for the t-th AB-IPP loop such
that j > 1+⌈log(1+4mtλt)⌉, and hence j ≥ 2. In view of line 6 of AB-IPP, the stepsize λ+t at the beginning
of the (j − 1)-th loop iteration satisfies

λ+t =
λt

2j−2
=

2λt
2j−1

≤ 2λt
4λtmt

=
1

2mt
,

where the inequality follows from the fact that j − 1 ≥ log(1 + 4mtλt). In view of the previous inequality,
Lemma 6.1(b) implies that inequality (53) holds, and hence that the t-th AB-IPP loop ends at the (j−1)-th
iteration, a conclusion that contradicts the assumption that j is an iteration of this loop. The conclusion that
λ+t ≥ min{λt, 1/(4mt)} follows from Lemma 6.1(b) and the fact that λ+t is halved at every loop iteration for
which (53) does not hold.

The following result, which is a more general version of Proposition 3.1, describes the main properties of
the quadruple (z+, v+, δ+, λ

+) output by AB-IPP.

Proposition 6.3 Assume that (z+, v+, δ+, λ
+) = AB-IPP(z, p, λ, c) for some (z, p, λ, c) ∈ H × A(Rn) ×

RB++ × R++. Then the following statements hold:
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(a) there holds

∆Lc := Lc(z; p)− Lc(z+; p) ≥
1

8

B∑
t=1

∥z+t − zt∥2

λ+t
+
c

4

B∑
t=1

∥At(z+t − zt)∥2; (57)

(b) the quadruple (z+, v+, δ+, λ
+) satisfies

v+ ∈ ∇f(z+) + ∂δ+h(z
+) +A∗[p+ c(Az+ − b)],

∥v+∥2 + δ+ ≤
[
1 + 50

(
λ+min

)−1
+ 48L2λ+max + cζ2

] [
Lc(z; p)− Lc(z+; p)

]
,

(58)

where ζ2 is as in (18), L is as in (19), and

λ+min := min
1≤t≤B

{λ+t }, λ+max := max
1≤t≤B

{λ+t }. (59)

Proof : (a) We first observe that Lemma 6.2 implies that the t-th AB-IPP loop terminates with a triple
(z+t , r

+
t , ε

+
t ) satisfying (53). Hence, summing (53) from t = 1 to t = B, we conclude that (57), and hence

statement (a), holds.
(b) We first prove the inclusion in (58). To simplify notation, let p+ = p+ c(Az+− b). Using this definition,
relation (9) with (ε, β) = (ε+t , λ

+
t ), we easily see that (54) implies that

r+t
λ+t

(54)
∈ ∇z+t f(z

+
<t, z

+
t , z>t) +A∗

t

[
p+ c[A(z+<t, z

+
t , z>t)− b]

]
+

1

λ+t
(zt − z+t ) + ∂(ε+t /λ

+
t )ht(z

+
t )

= ∇z+t f(z
+
<t, z

+
t , z>t) +A∗

t

(
p+ − c

B∑
s=t+1

As(z
+
s − zs)

)
+

1

λ+t
(zt − z+t ) + ∂(ε+t /λ

+
t )ht(z

+
t ),

for every t ∈ {1, . . . , B}. Rearranging the above inclusion and using the definition of v+t (see line 9 of
B-IPP), we see that for every t ∈ {1, . . . , B},

v+t ∈ ∇z+t f(z
+) + ∂(ε+t /λ

+
t )ht(z

+
t ) +A∗

t p
+.

Now using (10) with (ε, εt) = (δ+, ε
+
t /λ

+
t ) for every t ∈ {1, . . . , B}, and δ+ = (ε+1 /λ

+
1 ) + . . .+ (ε+B/λ

+
B) (see

line 9 of B-IPP ), we have that

∂δ+h(z
+) ⊃ ∂(ε+1 /λ+

1 )h1(z
+
1 )× . . .× ∂(ε+B/λ+

B)hB(z
+
B),

and we conclude that the inclusion in (58) holds.
We now prove the inequality in (58). Using (54), (57), and that 1/λ+t ≤ (λ+min)

−1 due to (59), we have

B∑
t=1

(
2
∥r+t ∥2

(λ+t )
2
+
ε+t
λ+t

)
(59)

≤
[
2(λ+min)

−1 + 1
] B∑
t=1

(
∥r+t ∥2 + ε+t

λ+t

)
(54)

≤
[
2(λ+min)

−1 + 1
] B∑
t=1

(
∥z+t − zt∥2

8λ+t

)
(57)

≤
[
2
(
λ+min

)−1
+ 1
]
∆Lc.

Defining Dt := ∥v+t − r+t /λ+t ∥2, using the previous inequality, the definition of δ+ (see line 9 of B-IPP), and
that ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2, for any a, b ∈ Rn, we have

∥v+∥2 + δ+ =

B∑
t=1

(
∥v+t ∥2 +

ε+t
λ+t

)
≤

B∑
t=1

(
2Dt + 2

∥r+t ∥2

(λ+t )
2
+
ε+t
λ+t

)
≤ 2

B∑
t=1

Dt +
[
2(λ+min)

−1 + 1
]
∆Lc. (60)

We will now bound
∑B
t=1Dt. Using (57) and that λ+s ≤ λ+max due to (59), we have

∥z+>t − z>t∥2 =

B∑
s=t+1

∥z+s − zs∥2
(59)

≤

(
λ+max

B∑
s=t+1

∥z+s − zs∥2

λ+s

)
(57)

≤ 8λ+max∆Lc. (61)

20



Moreover, it follows from the definitions of Dt given above and vt (see line 9 of B-IPP), the Cauchy-Schwarz
inequality, and assumption (A4), that

Dt =

∥∥∥∥v+t − r+t
λ+t

∥∥∥∥2 =

∥∥∥∥∥∇z+t f(z+≤t, z+>t)−∇z+t f(z+≤t, z>t) +At

(
c

B∑
s=t+1

As(z
+
s − zs)

)
− (z+s − zs)

λ+t

∥∥∥∥∥
2

≤ 3

∥∇z+t f(z+≤t, z+>t)−∇z+t f(z+≤t, z>t)∥2 +
(
c∥At∥

B∑
s=t+1

∥As(z+s − zs)∥

)2

+
∥z+s − zs∥2

(λ+t )
2


(11)

≤ 3

(
(L>t)

2∥z+>t − z>t∥2 + c2∥At∥2(B − t)
B∑

s=t+1

∥As(z+s − zs)∥2 + (λ+min)
−1 ∥z+s − zs∥2

λ+t

)
(57),(61)

≤ 3

{[
8λ+max(L>t)

2 + 4c∥At∥2(B − 1)
]
∆Lc +

(
λ+min

)−1 ∥z+s − zs∥2

λ+t

}
.

Summing up the previous inequality from t = 1 to t = B, using the definitions of L and ∥A∥† as in (19), and
using inequality (57), we have

B∑
t=1

Dt

(19)

≤
[
12c∥A∥2†(B − 1) + 24λ+maxL

2
]
∆Lc + 3

(
λ+min

)−1
B∑
t=1

∥z+t − zt∥2

λ+t

(57)

≤ 12
[
c∥A∥2†(B − 1) + 2λ+maxL

2 + 2
(
λ+min

)−1
]
∆Lc.

Inequality (58) now follows by combining (60) with the previous inequality, and using the definition of ζ2 as
in (18).

We now use Lemma 6.1 and Proposition 6.3 to show that Proposition 3.1 holds.
Proof of Proposition 3.1: Assume that the input λ for AB-IPP is as in (21). Lemma 6.1(d) then implies
that B-IPP is identical to a version of AB-IPP where only one loop iteration is performed and the prox
stepsize λ+ output by it is equal to λ. Hence, all of the results about AB-IPP also apply to B-IPP. In view
of this observation, the inclusion (20) follows immediately from Proposition 6.3(b), and statement (a) follows
from Lemma 6.1(a) and the fact that λ+t = λt ∈ (0, 1/(2mt)] for all t ∈ {1, . . . , B}, where the inclusion is
due to (21). Noting that the definitions of λ+min and λ+max in (59), the fact that λ+ = λ, and relation (21),
imply that(

λ+min

)−1
=

1

min1≤t≤B λt
= max

1≤t≤B

1

λt

(21)
= 2max

{
1, max

1≤t≤B
mt

}
, λ+max = max

1≤t≤B
λt

(21)

≤ 1

2
.

we then conclude that statement (b) of Proposition 3.1 follows from Proposition 6.3(b) and the definition of
ζ2 in (18). ■

6.2 Adaptive prox stepsize ADMMs

This subsection argues that similar complexity results obtained for S-ADMM can also be derived for its
adaptive stepsize analog which, instead of invoking B-IPP in its line 3, calls its adaptive counterpartAB-IPP
presented in Subsection 6.1. We refer to this modified S-ADMM as the adaptive prox stepsize S-ADMM.

We start with some remarks about the stepsizes {λkt } generated by the adaptive prox stepsize S-ADMM.
First, a very simple induction applied to Lemma 6.2 shows that the stepsize vector λk = (λk1 , . . . , λ

k
B) output

by the k-th AB-IPP call within the adaptive prox stepsize S-ADMM satisfies

min
1≤t≤B

λkt ≥ min
1≤t≤B

{
λ0t ,

1

4mt

}
=: λ, max

1≤t≤B
λkt ≤ max

1≤t≤B
λ0t .

Moreover, it follows from Proposition 6.3(b) with (z, p, λ, c) = (yi−1, qi−1, λi−1, c), the fact that (yi, vi, δi, λ
i) =

AB-IPP(yi−1, qi−1, λi−1, c), and the above two bounds, that the inclusion (32) holds and

∥vi∥2 + δi ≤
[
1 + 50λ−1 + 48L2

(
max

1≤t≤B
λ0t

)
+ cζ2

] [
Lc(yi−1; qi−1)− Lc(yi; qi−1)

]
. (62)
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Using the observation that all the complexity results for S-ADMM were derived using (33), one can similarly
obtain complexity results for the adaptive prox stepsize S-ADMM (and hence for the corresponding adaptive
prox stepsize version of A-ADMM) using (62) and a similar reasoning. For example, the complexity of the
adaptive prox stepsize S-ADMM is

1 +
1

ρ2

[
1 + 50λ−1 + 48L2

(
max

1≤t≤B
λ0t

)
+ cζ2

]
Γ(y0, q0; c), (63)

which is the analog of (29). Similarly, the complexity of the adaptive prox stepsize A-ADMM is

ζ2Γ̄(x
0;C)

ρ2

[
8Υ(C)

η
+ c0

]
+

[
1 +

(
50λ−1 + 48L2

(
max1≤t≤B λ

0
t

))
Γ̄(x0;C)

ρ2

]
log

(
2 +

8Υ(C)

c0η

)
,

which is the analog of (52).

Implementation of the t-th AB-IPP loop : Throughout our presentation in this section, we have
assumed that a (1/8, zt)-stationary solution of the t-th block subproblem (17) can be obtained in line 4 of
AB-IPP. Such an assumption is reasonable if an exact solution z+t of (17) can be computed in closed form
since then (z+t , v

+
t , ε

+
t ) = (z+t , 0, 0) is a (1/8; zt)-stationary solution of (17).

We now discuss the issues of finding a (1/8, zt)-stationary solution of (17) using the ADAP-FISTA
described in Appendix B with input (µ0,M0) = (1/2, λtc∥At∥2), and hence with the same input as in the
discussion on the second last paragraph of Subsection 3.1. Recall that in that paragraph, as well as in here,
we assume that ∇xt

f(x1, . . . , xB) is L̃t-Lipschitz continuous with respect to xt. If λ+t > 1/(2mt) in line 4,
then ADAP-FISTA may not be able to find the required near-stationary solution. This is due to the fact
that the smooth part of the objective function of (17) with the above input is not necessarily (1/2)-strongly
convex (see Lemma 6.1(c)), which can cause failure of ADAP-FISTA (see Proposition B.1(c) with µ0 = 1/2).
Nevertheless, regardless of whether ADAP-FISTA succeeds or fails, a similar reasoning as in the second last
paragraph of Subsection 3.1 shows that it terminates in O([λ+t (L̃t+c∥At∥2)]1/2) iterations. Moreover, failure
of ADAP-FISTA signals that the current prox stepsize λ+t is too large. In such a situation, λ+t should be
halved regardless of whether (53) is satisfied or not. An argument similar to the one used in the proof of
Lemma 6.2 shows that this slightly modified version of AB-IPP terminates in at most 1+ ⌈log(1+ 4mtλt)⌉
loop iterations.

7 Numerical Experiments

This section showcases the numerical performance of A-ADMM on three linearly and box constrained, non-
convex (weakly convex) programming problems. Subsections 7.1 and 7.3 focus on a quadratic problem, while
Subsection 7.2 focuses on the distributed Cauchy loss function [37]. Subsections 7.1 and 7.2 employ fewer
blocks, each with a wide dimensional range, whereas Subsection 7.3 uses a large number of one-dimensional
blocks. These three proof-of-concept experiments indicate that A-ADMM may not only substantially out-
perform the relevant benchmarking methods in practice, but also be relatively robust to the relationship
between block counts and sizes.

To provide an adequate benchmark for A-ADMM, we compare six algorithmic variants in the tables
presented in the following subsections. All variants follow the same core A-ADMM framework, differing
only in the use of adaptive or constant prox stepsizes and in the presence or absence of Lagrange multiplier
updates:

• A-ADMM-Adapt / A-ADMM-Const: the original method with adaptive or constant prox stepsizes.

• Penalty-Adapt / Penalty-Const: penalty-only variants with no multiplier updates, obtained by
removing line 6 and lines 8–13 from S-ADMM.

• v-ADMM-Adapt / v-ADMM-Const: vanilla ADMM variants with multiplier updates at each itera-
tion, implemented by removing lines 8–13 from S-ADMM and adding the equation qi = qi−1+c(Ayi−b)
at the end of each S-ADMM iteration.
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For each of these variants, the total number of iterations (“Iter”), total runtime (“Time”), and the
objective value at the solution (“f + h”) are included in the tables presented in the following subsections.
The tables also contain a column labeled “Mults” for the variants A-ADMM-Adapt and A-ADMM-Const,
indicating the total number of Lagrange multiplier updates performed by the method. This column is omitted
for Penalty and v-ADMM, since the number of multipliers they perform is naturally clear.

Notably, we attempted to implement the algorithm proposed in [29] using different parameter choices
(θ, χ) that theoretically should ensure convergence; see (5) and (7). However, since none of these choices
managed to find the desired point within the iteration limit, we omitted them from our benchmarks.

In all three subsections, we assume that the blocks for the generated instances of (1)-(2) have the same
size n̄, i.e.,

n̄ = n1 = . . . = nt,

and hence that n = n̄B. So, the sizes of instances are determined by a triple (B, n̄, l) where l is the number
of rows of the constraint matrix A. Instances with n̄ < l are usually harder to solve since they further
“deviate” from the last block condition described in the Introduction (see paragraph following (7)).

For all three problems, the non-smooth component is the indicator function:

hi(xi) =

{
0 if ∥xi∥∞ ≤ ω,
+∞ otherwise,

i ∈ {1, . . . , B}, (64)

for some ω ∈ R++. The parameters (ω,B, n̄, l) are specified at the beginning of each table. Each matrix
Ai ∈ Rl×n̄, corresponding to the linear constraint in each problem, is filled with i.i.d. standard-normal
entries. To define b, we sample xb ∈ [−ω/2, ω/2]n̄B uniformly at random and set b =

∑B
i=1Aix

b
i . The

initial iteration x0 is drawn uniformly from [−ω/4, ω/4]n̄B . The penalty parameter and the Lagrange
multiplier are chosen in accordance with line 1 of A-ADMM, i.e., c0 = 1/(1 + ∥Ax0 − b∥) and p0 = 0.
Moreover, we fix the input C as C = 103ρ(1 + ∥∇f(x0)∥). Finally, for consistency, all of the variants with
adaptive stepsizes were initialized using the same value, setting λ0i = 100 for each block.

For each of the problems in Subsections 7.1 and 7.2, we solve the corresponding subproblem (17) using
the ADAP-FISTA routine described in Appendix B, with (M0, β, µ, χ) = (1, 1.2, 0.5, 0.001). The routine
terminates once it produces a (1/8, zt)-stationary point. If this criterion is not met, the current stepsize λt is
halved, and ADAP-FISTA is restarted with the reduced stepsize. Since the subproblems in Subsection 7.3
are all one-dimensional, they are solved exactly without invoking ADAP-FISTA.

All algorithms executed were run for a maximum of 500, 000 iterations. Any algorithm reaching this
limit required at least 10 milliseconds to complete. A method is considered to outperform another when it
achieves both a lower iteration count and a shorter total runtime.

To ensure timely execution, each algorithm was terminated upon reaching the above iteration limit or
upon finding an approximate stationary triple (x+, p+, v+) satisfying the relative error criterion

v+ ∈ ∇f(x+) + ∂h(x+) +A∗p+,
∥v+∥

1 + ∥∇f(x0)∥
≤ ρ, ∥Ax+ − b∥

1 + ∥Ax0 − b∥
≤ η,

with ρ = η = 10−5.
All experiments were implemented and executed in MATLAB 2024b and run on a macOS machine with

an Apple M3 Max chip (14 Cores), and 96 GB of memory. For the sake of brevity, our benchmark only
considers randomly generated dense instances. Its main goal is to demonstrate that the ADMMs presented
in this work are promising.

7.1 Nonconvex Distributed Quadratic Programming Problem

This subsection studies the performance of A-ADMM-Adapt and A-ADMM-Const against its variants
Penalty-Adapt, Penalty-Const, v-ADMM-Adapt, and v-ADMM-Const for finding stationary points of
a box-constrained, nonconvex block distributed quadratic programming problem with B blocks (DQP).

For a given pair (l, n̄) ∈ N2
++ with l < n̄B, the B-block DQP is formulated as

min
x=(x1,...,xB)∈Rn̄B

{
f(x) =

B∑
i=1

[
1

2
xTi Pixi + ⟨xi, ri⟩

]
: ∥x∥∞ ≤ ω and

B∑
i=1

Aixi = b

}
,
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where ω > 0, b ∈ Rl, Pi ∈ Rn̄×n̄ is a symmetric indefinite matrix, xi ∈ Rn̄, ri ∈ Rn̄ and Ai ∈ Rl×n̄, for all
i ∈ {1, . . . , B}. It is easy to see that the above DQP instance is a special case of the general formulation
(1)-(2).

We now outline the experimental setup used for the DQP problem. First, an orthonormal matrix Qi
is generated using the standard normal distribution. Then, a diagonal matrix Di is constructed such that
one-third of its diagonal entries are set to zero, while the remaining entries are drawn uniformly from
the interval [−10, 10], ensuring that at least one of them is negative. Next, the matrix Pi is defined as
Pi = Q⊤

i DiQi. It is straightforward to verify that if mi denotes the smallest eigenvalue of Di, then mi < 0,
and the function f(x<i, ·, x>i) is |mi|-weakly convex. Hence, all variants with constant prox stepsizes set
λ0i = 1/(2max{1, |mi|}) for i ∈ {1, . . . , B}. Finally, each vector ri is generated independently, with entries
drawn from the standard normal distribution.

The results of the experiments are summarized in Table 1. This table does not include results for the v-
ADMM since both its constant and adaptive prox stepsize versions did not converge for any of the instances
tested (and hence even for those with only two blocks).

Instance A-ADMM-Adapt A-ADMM-Const Penalty-Adapt Penalty-Const
ω (B, n̄, l) Iters / Mult Time f + h Iters / Mult Time f + h Iters Time f + h Iters Time f + h

100 (2,10,10) 304 / 15 0.136 -9.431e+04 3161 / 14 0.748 -8.019e+04 885 0.219 -9.431e+04 2579 1.153 -1.101e+05
(2,20,10) 556 / 16 0.107 -8.051e+05 36870 / 18 42.213 -7.289e+05 394706 67.558 -8.006e+05 396830 872.954 -8.006e+05
(2,20,20) 2799 / 22 0.573 -2.567e+05 6262 / 17 4.280 -2.511e+05 * * * * * *
(2,50,25) 2694 / 17 1.089 -1.238e+06 13298 / 25 46.919 -1.316e+06 * * * * * *

(5,10,10) 3813 / 30 0.863 -8.151e+05 7071 / 30 3.580 -8.151e+05 433420 135.294 -8.151e+05 435685 834.517 -8.151e+05
(5,20,10) 3605 / 33 0.777 -1.581e+06 4049 / 16 2.437 -1.584e+06 4300 0.947 -1.468e+06 367877 1014.252 -1.501e+06
(5,20,20) 2499 / 43 0.707 -1.723e+06 6348 / 88 6.828 -1.697e+06 11440 3.156 -1.695e+06 41060 188.430 -1.676e+06
(5,50,25) 4982 / 24 2.935 -4.639e+06 9913 / 51 33.287 -4.643e+06 * * * * * *

(10,10,10) 701 / 17 0.153 -1.354e+06 6328 / 27 2.084 -1.489e+06 * * * 331182 693.230 -1.491e+06
(10,20,10) 4038 / 15 1.285 -4.033e+06 3715 / 20 2.192 -4.118e+06 154722 89.783 -4.012e+06 232231 927.544 -4.118e+06
(10,20,20) 4875 / 18 2.307 -3.390e+06 10964 / 18 16.865 -3.390e+06 357554 205.330 -3.379e+06 * * *
(10,50,25) 1561 / 21 1.160 -8.426e+06 25596 / 16 182.247 -8.455e+06 * * * * * *

1000 (2,10,10) 6664 / 29 0.741 -3.146e+07 7287 / 26 3.708 -3.146e+07 9220 1.267 -2.958e+07 9947 6.759 -2.958e+07
(2,20,10) 1585 / 17 0.176 -6.014e+07 4810 / 17 1.619 -6.014e+07 132 0.015 -6.200e+07 2533 0.342 -6.200e+07
(2,20,20) 3315 / 18 0.948 -2.762e+07 3174 / 18 1.917 -2.663e+07 358154 358.486 -2.762e+07 4231 7.252 -2.663e+07
(2,50,25) 5811 / 21 1.939 -1.620e+08 10339 / 27 28.421 -1.590e+08 471301 309.598 -1.600e+08 476761 8972.114 -1.600e+08

(5,10,10) 1760 / 20 0.372 -5.514e+07 6579 / 19 1.955 -5.514e+07 * * * * * *
(5,20,10) 1934 / 20 0.526 -1.705e+08 8409 / 20 4.278 -1.705e+08 * * * * * *
(5,20,20) 2057 / 36 0.564 -1.297e+08 7943 / 24 9.057 -1.274e+08 * * * * * *
(5,50,25) 6968 / 20 4.736 -5.507e+08 10632 / 27 44.251 -5.641e+08 8251 9.658 -5.647e+08 30110 424.027 -5.625e+08

(10,10,10) 2455 / 19 0.639 -1.105e+08 4372 / 16 1.142 -1.164e+08 * * * * * *
(10,20,10) 324 / 14 0.120 -2.134e+08 3523 / 18 2.502 -2.045e+08 82486 67.381 -2.134e+08 88201 604.193 -2.045e+08
(10,20,20) 2285 / 18 1.089 -3.403e+08 11324 / 25 20.784 -3.398e+08 338197 260.461 -3.396e+08 * * *
(10,50,25) 11369 / 86 10.996 -7.901e+08 12063 / 16 36.658 -8.010e+08 196168 367.267 -7.934e+08 228062 8159.721 -8.022e+08

100 (2,20,25) 1056 / 21 0.343 -2.096e+05 18458 / 94 24.491 -1.810e+05 * * * * * *
(2,50,75) 86875 / 35 30.592 -6.286e+05 46026 / 18 307.517 -6.286e+05 * * * * * *

(5,10,15) 1241 / 15 0.254 -4.748e+05 5259 / 19 2.091 -4.747e+05 * * * * * *
(5,50,75) 27946 / 20 19.807 -4.313e+06 34810 / 26 303.214 -4.247e+06 * * * * * *

(10,5,10) 967 / 15 0.233 -3.886e+05 4198 / 21 1.406 -4.077e+05 415410 147.596 -3.850e+05 98031 119.803 -4.077e+05
(10,50,75) 45452 / 35 60.585 -6.830e+06 25929 / 21 326.712 -7.016e+06 * * * * * *

1000 (2,20,25) 30449 /58 11.234 -2.876e+07 15587 / 22 20.564 -2.876e+07 42878 15.526 -3.182e+07 44988 173.040 -3.182e+07
(5,10,15) 7555 /19 1.523 -4.982e+07 9367 / 20 6.557 -4.981e+07 * * * * * *
(10,5,10) 798 /22 0.206 -8.085e+07 2985 / 33 1.424 -7.333e+07 * * * * * *

Bolded values equal to the best algorithm according to iteration count or time. Column “Time” is measured in seconds.

* indicates the algorithm failed to find a stationary point meeting the tolerances by the 500,000th iteration.

Table 1: Performance of A-ADMM and Penalty variants for the DQP problem.

We now make some remarks about the above numerical results. We begin by comparing the performance
of the two A-ADMM variants. Both variants successfully converged on all instances, but A-ADMM-Adapt
outperformed A-ADMM-Const on about 93% of the instances tested. We now compare A-ADMM-Adapt
against Penalty-Adapt. While A-ADMM-Adapt converged successfully in all test instances, Penalty-
Adapt converged in only about 63% of them. Moreover, A-ADMM-Adapt outperformed Penalty-Adapt
on about 99% of the test instances.

In summary, the above results shows that A-ADMM-Adapt is better than its constant stepsize counter-
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part A-ADMM-Const, and A-ADMM-Adapt is better and more stable than Penalty-Adapt.

7.2 Distributed Cauchy loss function

This subsection studies the performance of A-ADMM-Adapt and A-ADMM-Const against its variants
Penalty-Adapt, Penalty-Const, v-ADMM-Adapt, and v-ADMM-Const for finding stationary points of
a box-constrained, nonconvex block distributed Cauchy loss function problem with B blocks.

For a given pair (l, n̄) ∈ N2
++, with l < n̄B, the B-block Cauchy loss function is formulated as

min
x=(x1,...,xB)∈Rn̄B

{
f(x) =

B∑
i=1

α2
i

2
log

[
1 +

(
yi − ⟨xi, zi⟩

αi

)2
]

: ∥x∥∞ ≤ ω and

B∑
i=1

Aixi = b

}
,

where ω > 0, b ∈ Rl, αi > 0, yi ∈ R, (zi, xi) ∈ Rn̄ × Rn̄, and Ai ∈ Rl×n̄, for all i ∈ {1, . . . , B}. It is not
difficult to check that the distributed Cauchy loss problem fits within the template defined by (1)-(2).

We now outline the experimental setup used in the above problem. For each i ∈ {1, . . . , B}, the scalar
yi ∈ R and the vector zi ∈ Rn̄ are generated with entries drawn from the standard normal distribution, and
the parameter αi is sampled uniformly at random from the interval [50, 100].

The results of this experiment are summarized in Tables 2 and 3. In both tables, the row labeled “f+h” is
omitted, as its values consistently ranged from 10−12 to 10−9 in every instance. Table 2 reports performance
on the cases l ≤ n̄, while Table 3 focuses on the more challenging problems with l > n̄, reporting only the
three best-performing variants: A-ADMM-Adapt, Penalty-Adapt, and v-ADMM-Adapt.

Instance A-ADMM-Adapt A-ADMM-Const Penalty-Adapt Penalty-Const v-ADMM-Adapt v-ADMM-Const
ω (B, n̄, l) Iters/Mults Time Iters/Mults Time Iters Time Iters Time Iters Time Iters Time

100 (2,10,5) 27 / 4 0.099 11215 / 4 0.517 26 0.032 11326 0.329 49 0.035 34610 1.392
(2,10,10) 20 / 3 0.071 18400 / 1 0.732 19 0.034 18782 0.570 34 0.044 * *
(2,15,15) 1597 / 1 94.309 15687 / 1 0.576 1629 94.427 15808 0.561 457 6.183 36037 1.283
(2,50,25) 582 / 1 3.079 30297 / 4 1.413 593 3.079 30597 1.329 1280 0.952 * *
(2,50,50) 4208 / 2 384.667 185561 / 4 10.494 4282 387.620 188135 9.882 3885 33.250 * *

(5,10,10) 19 / 3 0.034 5035 / 1 0.390 19 0.032 5131 0.371 34 10.718 11129 0.890
(5,15,15) 24 / 4 0.059 11408 / 1 1.015 24 0.057 11637 0.954 39 2.001 10422 0.915
(5,20,10) 8 / 2 0.032 5820 / 1 0.510 7 0.027 5885 0.479 24 0.061 47553 4.383
(5,50,25) 10 / 1 0.086 18168 / 2 2.143 11 0.088 18454 2.076 25 0.130 * *

(10,10,10) 28 / 3 0.139 4138 / 1 0.679 27 0.103 4204 0.645 50 13.583 8093 1.418
(10,15,15) 15 / 3 0.117 4415 / 4 0.867 15 0.114 4454 0.822 19 0.127 8442 1.670
(10,50,50) 18 / 4 0.294 16784 / 1 5.406 17 0.285 17059 5.256 54 0.486 47590 15.826

1000 (2,10,5) 45 / 4 0.039 74582 / 1 2.374 44 0.036 75829 2.194 356 0.334 * *
(2,10,10) 7380 / 1 12.966 260746/1 8.657 7514 12.324 264975 8.058 44190 134.696 * *
(2,15,15) 3435/1 62.765 279478/1 10.380 3480 61.982 284659 9.386 5647 16.456 * *
(2,20,10) 4711 / 1 0.622 95017 / 1 3.432 4742 0.610 95582 3.134 8202 1.088 * *
(2,50,50) 1019 / 1 2.140 * * 1032 2.197 * * 332326 892.005 * *

(5,10,5) 53 / 1 0.062 27448 / 1 2.083 54 0.060 27763 1.969 491 11.362 * *
(5,10,10) 546 / 1 1.119 73937 / 1 5.638 557 1.126 71911 5.460 4713 76.192 * *
(5,10,15) 179 / 1 1.358 114652 / 4 10.313 186 1.426 115423 9.816 1864 8.114 * *
(5,20,10) 63 / 4 0.125 73809 / 1 6.361 62 0.119 74937 6.036 438 0.835 * *
(5,50,50) 302 / 1 1.068 318714 / 1 47.092 305 1.082 323073 46.081 16397 56.792 * *

(10,20,10) 105 / 1 0.236 32974 / 1 6.114 107 0.238 33204 5.808 888 1.385 * *
(10,50,25) 42 / 1 0.453 116753 / 1 30.268 43 0.455 118212 30.392 733 1.998 * *

10000 (2,10,5) 991 / 1 0.575 291318 / 1 9.480 987 0.560 293390 8.802 17610 18.995 * *
(2,50,25) 314505 / 1 54.209 * * 307661 52.388 * * * * * *

(5,10,5) 801 / 1 1.802 * * 799 1.794 * * 52001 47.409 * *
(5,20,10) 415 / 1 0.870 * * 414 0.866 * * 80115 26.152 * *

(10,20,10) 578 / 1 1.323 461401 / 1 85.592 588 1.343 466743 82.175 39708 38.514 * *
(10,50,25) 1228 / 1 4.773 * * 1225 4.736 * * 157577 319.330 * *

Bolded values equal to the best algorithm according to iteration count or time. Column “Time” is measured in seconds.

* indicates the algorithm failed to find a stationary point meeting the tolerances by the 500,000th iteration.

Table 2: Performance of all variants for the Cauchy loss problem on instances with n̄ ≥ l.

25



Instance A-ADMM-Adapt Penalty-Adapt v-ADMM-Adapt
ω (B, n̄, l) Iters/Mults Time Iters Time Iters Time

100 (2,10,15) 110 / 4 0.272 118 0.119 196 6.605
(2,15,20) 504 / 5 12.214 515 12.512 1096 54.083
(2,20,25) 1480 / 6 1246.694 1496 1231.654 * *

(5,10,15) 27 / 4 0.060 26 0.055 48 0.441
(5,15,20) 42 / 4 0.546 43 0.545 77 0.501
(5,20,25) 17 / 3 0.060 16 0.056 32 0.112

(10,10,15) 105 / 1 142.722 111 144.726 641 350.003
(10,15,20) 62 / 1 10.162 64 10.182 100 1.676
(10,20,25) 23 / 1 0.132 25 0.143 44 0.311

1000 (2, 10,15) 368 / 6 3.594 388 3.569 63070 221.984
(2, 15,20) 26992 / 1 406.725 27571 405.881 88764 206.515

(5, 10,15) 4656 / 4 640.031 4724 654.362 12499 424.552
(5, 15,20) 567 / 4 54.419 570 51.992 13246 294.429

(10,10,15) 58 / 1 0.257 60 0.273 216 1.854
(10, 15,20) 246 / 1 0.636 251 0.656 1030 10.360

10000 (2,10,15) 3163 / 8 4.339 2771 3.823 32093 26.532

(5,10,15) 24063 / 1 161.108 23989 158.182 125086 498.810

(10,10,15) 2603 / 1 22.021 2649 21.950 59229 150.299
Bolded values equal to the best algorithm according to iteration count or time. Column “Time” is measured in seconds.

* indicates the algorithm failed to find a stationary point meeting the tolerances by the 500,000th iteration.

Table 3: Performance of the adaptive variants for the Cauchy loss problem on instances with n̄ < l.

We now present some comments about the numerical results. From these tables, we first observe that the
adaptive variants outperform their constant prox stepsize counterparts. Moreover, Both A-ADMM-Adapt
and Penalty-Adapt converged on all 48 instances, while v-ADMM-Adapt converged on 46. In summary,
the tables above show that for the Cauchy loss problem, A-ADMM-Adapt and Penalty-Adapt exhibit a
similar behavior.

7.3 Nonconvex QP with Box Constraints

This subsection studies the performance of A-ADMM-Adapt and A-ADMM-Const against its variant
Penalty-Adapt for solving a general nonconvex quadratic problem with box constraints (QP-BC). The
QP-BC problem is formulated as

min
x=(x1,...,xB)∈Rn̄B

{
f(x) =

1

2
⟨x, Px⟩+ ⟨r, x⟩ : ∥x∥∞ ≤ ω and Ax = b

}
,

where P ∈ RB×B is a symmetric indefinite matrix, A ∈ Rl×B , (r, b) ∈ RB×Rl, and ω > 0. In this subsection,
we view QP-BC as an extreme special case of (1)-(2) where each variable forms a block, and hence B = n
and n̄ = 1. In this case, the variable blocks correspond to individual coordinates. Consequently, each column
of the matrix A defines an At matrix for t ∈ {1, . . . , B}.

We now describe how we orchestrated our QP-BC experiments. First, an orthonormal matrix Q is
generated using the standard normal distribution. Then, a diagonal matrix Di is constructed such that one-
third of its diagonal entries are set to zero, while the remaining entries are drawn uniformly from the interval
[−10, 10], ensuring that at least one of them is negative. Next, the matrix P is defined as P = Q⊤DQ. The
vector r is generated using the standard normal distribution.

The results of this experiment are summarized in Table 4.
We now make some remarks about the above numerical results. We begin by comparing the performance

of the two ADMM variants. Both variants successfully converged on all instances, but A-ADMM-Adapt
outperformed A-ADMM-Const on about 63% of the instances tested.

We now compare A-ADMM-Adapt against Penalty-Adapt. While A-ADMM -Adapt converged suc-
cessfully in all test instances, Penalty-Adapt converged in only about 63% of them. Moreover, A-ADMM-
Adapt outperformed Penalty-Adapt on about 99% of the test instances.
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Instance A-ADMM-Adapt A-ADMM-Const Penalty-Adapt
ω (B, l) Iters Time Mults f + h Iters Time Mults f + h Iters Time f + h

1 (50,20) 5122 2.482 18 -7.280e+01 2935 1.422 24 -7.309e+01 46373 22.298 -7.309e+01
(50,40) 24942 15.872 34 -4.231e+01 25363 16.145 34 -4.231e+01 27842 17.646 -4.263e+01

(100,10) 1903 5.386 37 -1.418e+02 641 1.407 17 -1.510e+02 3072 9.903 -1.431e+02
(100,25) 2739 8.347 19 -2.070e+02 3034 8.676 19 -2.070e+02 * * *
(100,50) 31213 136.013 101 -1.593e+02 9113 39.417 12 -1.799e+02 54522 227.096 -1.522e+02
(100,75) 69340 377.528 20 -5.108e+01 69743 373.452 20 -5.108e+01 * * *

10 (50,20) 2674 1.310 12 -6.293e+03 20546 10.007 20 -6.528e+03 5067 2.455 -6.379e+03
(50,40) 27770 17.865 13 -5.477e+02 176863 113.403 23 -6.229e+02 46646 29.852 -4.488e+02

(100,10) 446 1.110 17 -1.504e+04 1240 2.799 24 -1.519e+04 15573 34.136 -1.463e+04
(100,25) 6149 17.607 15 -4.293e+03 5735 16.410 10 -4.326e+03 * * *
(100,50) 9170 36.270 21 -6.599e+03 20277 80.017 16 -6.495e+03 * * *
(100,75) 42857 217.284 41 -5.032e+03 123079 624.127 15 -3.907e+03 * * *

100 (50,20) 2530 1.236 18 -8.944e+05 2567 1.253 17 -9.056e+05 6167 2.977 -8.944e+05
(50,40) 14982 9.710 32 -3.017e+05 24800 16.117 26 -3.546e+05 34156 21.889 -3.580e+05

(100,10) 2148 4.723 17 -8.557e+05 4787 10.527 18 -7.527e+05 277834 608.748 -7.892e+05
(100,25) 3474 9.905 22 -9.911e+05 17908 51.079 48 -9.818e+05 81339 231.611 -9.911e+05
(100,50) 29850 117.949 45 -8.377e+05 24711 97.683 23 -9.188e+05 * * *
(100,75) 19436 98.258 22 -6.714e+05 52056 262.916 94 -6.770e+05 163000 823.867 -4.715e+05

1000 (50,20) 3143 1.665 19 -2.403e+07 14760 7.152 36 -2.194e+07 * * *
(50,40) 85861 54.568 73 -1.556e+07 85465 54.416 75 -1.556e+07 * * *

(100,10) 2757 6.260 22 -7.742e+07 1413 3.096 17 -7.958e+07 358497 784.694 -7.742e+07
(100,25) 4987 14.265 45 -2.093e+08 12927 36.879 23 -2.088e+08 * * *
(100,50) 28236 111.511 42 -3.153e+07 41103 162.337 20 -3.135e+07 18548 73.107 -3.266e+07
(100,75) 44632 226.221 22 -2.793e+07 98181 497.447 27 -2.793e+07 * * *

Bolded values equal to the best algorithm according to iteration count or time. Column “Time” is measured in seconds.

* indicates the algorithm failed to find a stationary point meeting the tolerances by the 500,000th iteration.

Table 4: Performance of A-ADMM variants for the nonconvex QP-BC

In summary, the above results confirm the findings of the previous subsections, i.e., A-ADMM-Adapt is
better than its constant stepsize counterpart A-ADMM-Adapt, and A-ADMM-Adapt is more stable than
Penalty-Adapt.

8 Concluding Remarks

We start by making some remarks about the analysis of this paper. Even though we have only considered
proximal ADMMs, our analysis also applies to proximal penalty methods. By taking C = ρ in Algorithm 1,
the resulting method will only perform a single Lagrange multiplier (in line 6 of S-ADMM) at the end of
each epoch. However, it can be easily seen from our convergence analysis that this last multiplier is not
essential and can be removed, which yields a proximal penalty method (and hence, which never perform
Lagrange multiplier updates).

We now discuss some possible extensions of our analysis in this paper. First, it would be interesting
to develop proximal ADMM variants with more efficient Lagrange multiplier update rules than the one
developed in this paper. Second, it would be interesting to develop proximal ADMM variants for composite
optimization problems with block constraints given by

∑B
t=1 gt(xt) ≤ 0 where the components of gt : Rnt →

Rl are convex for each t = 1, . . . , B. Finally, this paper assumes that domh is bounded (see assumption
(A1)) and h restricted to its domain is Lipschitz continuous (see assumption (A2)). It would be interesting
to extend its analysis to the case where these assumptions are removed.
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A Technical Results for Proof of Lagrange Multipliers

This appendix provides some technical results to show that under certain conditions the sequence of Lagrange
multipliers generated by S-ADMM is bounded.

The next two results, used to prove Lemma A.3, can be found in [18, Lemma B.3] and [33, Lemma 3.10],
respectively.

Lemma A.1 Let A : Rn → Rl be a nonzero linear operator. Then,

ν+A∥u∥ ≤ ∥A
∗u∥, ∀u ∈ A(Rn).

Lemma A.2 Let h be a function as in (A5). Then, for every δ ≥ 0, z ∈ H, and ξ ∈ ∂δh(z), we have

∥ξ∥dist(u, ∂H) ≤ [dist(u, ∂H) + ∥z − u∥]Mh + ⟨ξ , z − u⟩+ δ ∀u ∈ H

where ∂H denotes the boundary of H.

The following result, whose statement is in terms of the δ-subdifferential instead of the classical subd-
ifferential, is a slight generalization of [53, Lemma B.3]. For the sake of completeness, we also include its
proof.

Lemma A.3 Assume that b ∈ Rl, linear operator A : Rn → Rl, and function h(·), satisfy assumptions (A2)
and (A5). If (q−, ϱ) ∈ A(Rn)× (0,∞) and (z, q, r, δ) ∈ domh×A(Rn)× Rn × R+ satisfy

r ∈ ∂δh(z) +A∗q and q = q− + ϱ(Az − b), (65)

then we have
∥q∥ ≤ max

{
∥q−∥, υ (∥r∥+ δ)

}
(66)

where

υ(t) :=
2DhMh + (2Dh + 1)t

d̄ν+A
∀t ∈ R+, (67)

Mh, d̄ > 0, and Dh, are as in (A5), (A6), and (12), respectively, ν+A denotes the smallest positive singular
value of A.

Proof : We first claim that
d̄ν+A∥q∥ ≤ 2Dh (Mh + ∥r∥)− ⟨q ,Az − b⟩+ δ (68)

holds. The assumption on (z, q, r, δ) implies that r − A∗q ∈ ∂δh(z). Hence, using the Cauchy-Schwarz
inequality, the definitions of d̄ and x̄ in (A6), and Lemma A.2 with ξ = r −A∗q, and u = x̄, we have:

d̄∥r −A∗q∥ −
[
d̄+ ∥z − x̄∥

]
Mh

(A.2)

≤ ⟨r −A∗q , z − x̄⟩+ δ ≤ ∥r∥∥z − x̄∥ − ⟨q ,Az − b⟩+ δ. (69)

Now, using the above inequality, the triangle inequality, the definition of Dh in (12), and the facts that
d̄ ≤ Dh and ∥z − x̄∥ ≤ Dh, we conclude that:

d̄∥A∗q∥+ ⟨q ,Az − b⟩
(69)

≤
[
d̄+ ∥z − x̄∥

]
Mh + ∥r∥

(
Dh + d̄

)
+ δ ≤ 2Dh (Mh + ∥r∥) + δ. (70)

Noting the assumption that q ∈ A(Rn), inequality (68) now follows from the above inequality and Lemma A.1.
We now prove (66). Relation (65) implies that ⟨q ,Az − b⟩ = ∥q∥2/ϱ− ⟨q− , q⟩ /ϱ, and hence that

d̄ν+A∥q∥+
∥q∥2

ϱ
≤ 2Dh(Mh + ∥r∥) +

⟨q− , q⟩
ϱ

+ δ ≤ 2Dh(Mh + ∥r∥) +
∥q∥
ϱ
∥q−∥+ δ, (71)

where the last inequality is due to the Cauchy-Schwarz inequality. Now, letting W denote the right hand
side of (66) and using (71), we conclude that(

d̄ν+A +
∥q∥
ϱ

)
∥q∥

(71)

≤
(
2Dh(Mh + ∥r∥) + δ

W
+
∥q∥
ϱ

)
W ≤

(
d̄ν+A +

∥q∥
ϱ

)
W, (72)
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and hence that (66) holds.
We conclude this section with a technical result of convexity which is used in the proof of Lemma 6.1.

Its proof can be found in [42, Lemma A1] but for the sake of completeness a more detailed proof is given
here.

Lemma A.4 Assume that ξ > 0, ψ ∈ Conv (Rn) and positive definite real-valued n × n-matrix Q are such
that ψ− (ξ/2)∥ · ∥2Q is convex and let (y, v, η) ∈ Rn×Rn×R+ be such that v ∈ ∂ηψ(y). Then, for any τ > 0,

ψ(u) ≥ ψ(y) + ⟨v , u− y⟩ − (1 + τ−1)η +
(1 + τ)−1ξ

2
∥u− y∥2Q ∀u ∈ Rn. (73)

Proof : Let ψv := ψ − ⟨v , ·⟩. The assumptions imply that ψv has a unique global minimum ȳ and that

ψv(u) ≥ ψv(ȳ) +
ξ

2
∥u− ȳ∥2Q ≥ ψv(y)− η +

ξ

2
∥u− ȳ∥2Q (74)

for every u ∈ Rn. The above inequalities with u = y imply that (ξ/2)∥ȳ − y∥2Q ≤ η. On the other hand, for
any ũ, u′ ∈ Rn and τ > 0, it holds

∥ũ+ u′∥2 = ∥ũ∥2 + ∥u′∥2 + 2

〈
1√
τ
ũ ,
√
τu′
〉
≤ ∥ũ∥2 + ∥u′∥2 + 1

τ
∥ũ∥2 + τ∥u′∥2

= (1 + τ)∥u′∥2 + (1 + τ−1)∥ũ∥2

which implies in

(1 + τ)−1∥ũ+ u′∥2 ≤ ∥u′∥2 + (1 + τ)−1(1 + τ−1)∥ũ∥2 = ∥u′∥2 + τ−1∥ũ∥2.

Hence, adding and subtracting the term (τ−1ξ/2)∥ȳ − y∥2Q in the right hand side of (74) and using the
previous inequality with ũ = u− ȳ and u′ = ȳ − y, we obtain that

ψv(u) ≥ ψv(y)− η −
τ−1ξ

2
∥ȳ − y∥2Q +

ξ

2

(
τ−1∥y − ȳ∥2Q + ∥u− ȳ∥2Q

)
≥ ψv(y)− (1 + τ−1)η +

(1 + τ)−1ξ

2
∥u− y∥2Q

for every u ∈ Rn. Hence, (73) follows from the above conclusion and the definition of ψv.

B ADAP-FISTA algorithm

This appendix section presents an adaptive variant of ACG, called ADAP-FISTA, for solving (13) under the
assumption that (B1), (B2), and ∇ψ(s)(·) is M̃ -Lipschitz continuous, i.e.,

∥∇ψ(s)(z′)−∇ψ(s)(z)∥ ≤ M̃∥z′ − z∥ ∀z, z′ ∈ Rn. (75)

We would like to emphasize that the notations introduced in this appendix, related to the ADAP-FISTA,
are local to this section and should not be confused with those used in previous sections. These choices are
made to remain consistent with the original presentation of the algorithm in [53, Appendix A], and they do
not carry the same interpretation as in the rest of the paper.

Before formally stating ADAP-FISTA, we give some comments. ADAP-FISTA requires as input an
arbitrary positive estimate M0 for the unknown parameter M̃ . Moreover, ADAP-FISTA is a variant of
SFISTA [3, 4, 48], which in turn is an ACG variant that solves instances of (13) with ψ(s) strongly convex
and that requires the availability of a strong convex parameter for ψ(s). Since ADAP-FISTA is an enhanced
version of SFISTA, it also uses as input a good guess µ0 for what is believed to be a strong convex parameter
of ψ(s) (even though such parameter may not exist as ψ(s) is not assumed to be strongly convex). In other
words, ADAP-FISTA is used under the belief that ψ(s) is µ0-strongly convex. If a key test inequality within
ADAP-FISTA fails to be satisfied then it stops without finding a (

√
σ;x0)-stationary solution of (13), but

reaches the important conclusion that ψ(s) is not µ0-strongly convex.
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We are now ready to present the ADAP-FISTA algorithm below.

ADAP-FISTA Method

Input: (x0,M0, µ0, σ) ∈ domψ(n) × R++ × R++ × R++ such that M0 > µ0.

0. Let χ ∈ (0, 1) and β > 1 be given, and set y0 = x0, A0 = 0, τ0 = 1, and j = 0.

1. Set Mj+1 =Mj .

2. Compute

aj =
τj +

√
τ2j + 4τjAj(Mj+1 − µ0)

2(Mj+1 − µ0)
, x̃j =

Ajyj + ajxj
Aj + aj

,

yj+1 := argmin
v∈domψ(n)

{
qj(v; x̃j ,Mj+1) := ψ(s)(x̃j) + ⟨∇ψ(s)(x̃j), v − x̃j⟩+ ψ(n)(v) +

Mj+1

2
∥v − x̃j∥2

}
. (76)

If the inequality

ψ(s)(x̃j) + ⟨∇ψ(s)(x̃j), yj+1 − x̃j⟩+
(1− χ)Mj+1

2
∥yj+1 − x̃j∥2 ≥ ψ(s)(yj+1) (77)

holds, then go to step 3; else, set Mj+1 ← βMj+1 and repeat step 2.

3. Compute

Aj+1 = Aj + aj , τj+1 = τj + ajµ0,

sj+1 = (Mj+1 − µ0)(x̃j − yj+1),

xj+1 =
1

τj+1
[µ0ajyj+1 + τjxj − ajsj+1] .

4. If the inequality
∥yj+1 − x0∥2 ≥ χAj+1Mj+1∥yj+1 − x̃j∥2, (78)

holds, then go to step 5; otherwise, stop with failure.

5. Compute
uj+1 = ∇ψ(s)(yj+1)−∇ψ(s)(x̃j) +Mj+1(x̃j − yj+1).

If the inequality
∥uj+1∥ ≤

√
σ∥yj+1 − x0∥ (79)

holds, then stop with success and output (y, u) := (yj+1, uj+1); otherwise, j ← j + 1 and go to step 1.

We now make some remarks about ADAP-FISTA. First, steps 2 and 3 of ADAP-FISTA appear in
the usual SFISTA for solving strongly convex version of (13), either with a static Lipschitz constant (i.e.,
Mj+1 = M̃ for all j ≥ 0), or with adaptive line search for Mj+1 (e.g., as in step 2 of ADAP-FISTA). Second,
the pair (yj+1, uj+1) always satisfies the inclusion in (16) (see [53, Lemma A.3]); hence, if ADAP-FISTA
stops successfully in step 5, then the triple (yj+1, uj+1, 0) is a (σ, x0)-stationary solution of (13), due to (79).
Finally, if condition (78) in step 4 is never violated, then ADAP-FISTA must stop successfully in step 5 (see
Proposition B.1 below).

The following result describes the main properties of ADAP-FISTA.

Proposition B.1 Assume that (B1) and (B2) hold and that ∇ψ(s)(·) is M̃ -Lipschitz continuous. Then,
the following statements about the ADAP-FISTA method with arbitrary input (x0,M0, µ0, σ) ∈ domψ(n) ×
R++ × R++ × R++ hold:
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(a) it always stops (with either success or failure) in at most

O

√M̃ +M0

µ0
log+1 (σ

−1/2M̃)

 (80)

iterations/resolvent evaluations;

(b) if it stops successfully with output (y, u), then the triple (y, u, 0) is a (
√
σ;x0)-stationary solution of

(13) (see Definition 2.1);

(c) if ψ(s)(·) is µ0-strongly convex, then ADAP-FISTA always terminates successfully, and therefore with
a (
√
σ;x0)-stationary solution of (13).

We now make some remarks about Proposition B.1. First, if ADAP-FISTA fails then it follows from
Proposition B.1(c) that ψ(s) is not µ̃-strongly convex. Hence, failure of the method sends the message that
ψ(s) is not “desirable”, i.e., is far from being µ̃-strongly convex. Second, if ADAP-FISTA successfully
terminates (which can happen even if ψ(s) is not µ̃-strongly convex), then Proposition B.1(b) guarantees
that it finds the desired stationary solution. Third, if σ−1/2 = O(1) and M0 = O(M̃), then (80) reduces to
O((M̃/µ0)

1/2).
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