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Abstract

We introduce the notion of Karamata regular operators, which is a notion of regularity
that is suitable for obtaining concrete convergence rates for common fixed point problems.
This provides a broad framework that includes, but goes beyond, Hélderian error bounds and
Holder regular operators. By concrete, we mean that the rates we obtain are explicitly ex-
pressed in terms of a function of the iteration number k instead, of say, a function of the iterate
z®. While it is well-known that under Holderian-like assumptions many algorithms converge
linearly /sublinearly (depending on the exponent), little it is known when the underlying prob-
lem data does not satisfy Holderian assumptions, which may happen if a problem involves
exponentials and logarithms. Our main innovation is the usage of the theory of regularly
varying functions which we showcase by obtaining concrete convergence rates for quasi-cylic
algorithms in non-Holderian settings. This includes certain rates that are neither sublinear
nor linear but sit somewhere in-between, including a case where the rate is expressed via the
Lambert W function. Finally, we connect our discussion to o-minimal geometry and show that
definable operators in any o-minimal structure are always Karamata regular.

Keywords: common fixed point problem; concrete rates; Karamata regularity; quasi-cyclic algorithm,

regular variation; Karamata theory, o-minimal structure.

1 Introduction

In this paper, we consider the following common fixed point problem:

find z € F:= (| FixT;, (1.1)
i=1
where each T; (i = 1,...,m) is an a-averaged (o € (0,1)) operator (see definition in Section 2)

on a finite dimensional real vector space £. We assume that F' is nonempty and F # £. Many
interesting problems can be reformulated as in (1.1) and two notable examples are convex feasibility
problems and certain variational inequality problems. There are many algorithms for solving (1.1)
and one particularly broad class of method correspond to the family of quasi-cyclic algorithm,
considered in [4, Theorem 6.1] and further analyzed in [10].

Our main goal in this paper is to obtain concrete convergence rates for quasi-cyclic algorithms
for (1.1). Here, we emphasize that, by concrete we mean that the convergence rate should be given
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in terms of an explicit function depending only on the iterate number. More precisely, if we denote
the k-th iterate of an algorithm by z* our desired convergence rates should have the form

dist(z"*, F) < R(k),

where R is some function of k. We recall that if R(k) is of the form ¢~ for some ¢ > 1 the
convergence rate is often said to be linear. If R(k) is of the form k=" for some r > 0 the rate is
said to be sublinear.

In order to obtain a concrete converge rate (i.e., to obtain R(k)) typically some assumptions on
the operators T; and their fixed point sets are required. As far as we know, the only way to obtain
R(k) so far is to make use of certain Holderian assumptions such as assuming that the fixed point
sets have a Hélderian error bound and the operators are Holder regular (see [10] or Remark 3.3
below).

A Hoélderian assumption for an operator typically takes the form of asking that over a bounded
set, some power of the residual ||z — T'z|| should be an upper bound to the true distance between
x and the fixed point set of T'. That is, given a bounded set B, there should exist p € (0, 1] and a
constant k > 0, such that dist(z, FixT) < k||z — Tz||? holds, for x € B. Or this assumption can
be taken jointly, by requiring that dist(z, F') < k(max]”, ||z — T;z||)? holds over B. In particular,
this recovers the notion of Holderian error bound when each T is a projection onto a given convex
set C;.

Under certain Holderian assumptions, it was shown in [10, Theorem 3.1] that the quasi-cyclic
algorithm converges at least linearly or sublinearly with a rate whose asymptotic behavior is
controlled by the powers appearing in the assumed Hoélderian conditions.

Here, however, we will consider the problem of obtaining concrete convergence rates when
the underlying problem does not necessarily satisfy Holderian assumptions. This is motivated by
the fact that there are certain problems for which their regularity properties are better expressed
under more general conditions. For example, in [23], it was shown that certain intersections of
the exponential cone never admit Hoélderian error bounds [23, Example 4.20]. Or, even when a
Holderian error bound holds it may be the case that a tighter error bound can be obtained by
making use of a non-Hoélderian error bound as in [23, Remark 4.14 (a)]. Other examples were
found in [24, Section 5.1] and in the study of error bounds for log-determinant cones [22].

A situation where one can actually expect Holderian assumptions to hold is when the problem
data is semialgebraic, thanks to results such as the Lojasiewicz inequality as used in [10, Proposi-
tion 4.1]. Unfortunately, whenever the problem data is related to exponentials and logarithms (as
it is in [23] and [22]) we cannot typically ensure that the underlying operators satisfy Holderian
assumptions. This boils down to the fact that functions involving exponentials and logarithms are
typically not semialgebraic.

As we move away from Holderian assumptions, obtaining concrete convergence rates becomes
quite challenging. Here we should remark that, as discussed extensively in [24, Section 7.1], certain
important previous works based on the Kurdya-Lojasiewicz property have results concerning con-
vergence rates for certain algorithm under general desingularizing functions (e.g., [8, Theorem 24|
and [9, Theorem 14]), but these results do not lead to concrete rates since they are expressed in
terms of the iterates 2* instead of just as functions of k. Under KL theory, the cases where one ob-
tains concrete convergence rates are typically restricted to the situation where the desingularizing
function is a power function which implies the existence of the so-called KL exponents, see more
details in [21, 33]. As such, the case of KL exponents can be seen as another kind of Hélder-type
assumption. This is particularly more pronounced in the convex case, in view of results such as [9,
Theorem 5] as used, say, in [23, Proposition 4.21] to connect a Hélderian error bound to the KL
exponent of a certain function and vice-versa.



Similarly, in the analysis of set-valued mappings and fixed points of operators, several general
notions of regularity have been proposed. For example, Ioffe suggested the usage of gauge functions'
to express generalized versions of metric subregularity and other notions, see [20, Section 2]. This
was also used in subsequent works, e.g., [29, 25]. But, again, a challenge that seems to remain is
getting concrete convergence rates for algorithms when the considered regularity notion is no-longer
Holderian.

Part of the difficulty is that no matter how one frames a certain generalized notion of regularity,
say through some function p satisfying some key inequality, if we wish to obtain a convergence
rate for some algorithm, we typically need to sum the effect of p over the course of the algorithm
and solve a recurrence inequality in k (the iteration number) in order to get a rate. Solving
general recurrence relations is a notoriously ad-hoc endeavour and this also adds to the difficulty
of reasoning about rates beyond the Hélderian case.

To the best of our knowledge, the first work to show examples of concrete rates under more
general regularity conditions in a systematic way was [24], under the framework of consistent error
bound functions. In particular, it was shown in [24, Proposition 6.9] that when the alternating
projections algorithm is applied to the exponential cone and a certain subspace, it may happen
that the rate is given by a function R(k) that is proportional to ﬁ
subspace the rate is “almost linear” in the sense that is faster than any sublinear rate but it may

Also, for another choice of

be slower than any linear rate. A key point in [24] was the notion of regularly varying functions
[30, 6], a relatively known tool in probability theory but virtually unused in optimization theory.
Again, to the best of our knowledge, [24] was the first work in optimization to make systematic
use of regular variation to study convergence rates.

The analysis done in [24] concerns only convex feasibility problems and one of our goals here is
to extend it to the more general problem class expressed in (1.1). For that, we will introduce the
notion of Karamata reqular operator, which is suitable for working with regular variation techniques.
We will also deepen our usage of regular variation toolbox and address certain inelegancies and
superfluous assumptions in [24]. Our results will also lead to sharper rates than the ones obtained
in [24]. In particular, for certain convex feasibility problems our rates here will be better than the
ones that could be obtained by invoking the results in [24].

The basic idea here is to obtain rates via a series of functional transformations performed
onto the regularity function that appears in the definition of Karamata regularity. Then, regular
variation will be useful because it will help us to analyze the asymptotic behaviour as we perform
those functional transformations without the need of actually computing some of them. In this
way, we will avoid, for instance, the need to evaluate certain hard integrals.

Under Karamata regularity, we will show how concrete convergence rates can be obtained
through two different techniques. The first only requires knowledge of the index of regular variation,
see Theorem 3.10. Here we remark that the index of regular variation is a quantity that can be
easily obtained from a simple limit computation, provided that we have the underlying regularity
function, see Definition 2.2. The second technique requires more work to be applied but leads to
tighter rates as we will see in Theorem 3.14 and Section 4.

At the very end, we will connect the notion of Karamata regularity to definable sets in o-
minimal structures and will show that operators that correspond to definable functions can always
be taken to be Karamata regular and are, therefore, under the scope of the techniques described
in this paper.

Besides the specific goal of obtaining convergence rates for algorithms for (1.1) and showing the
applicability of Karamata regularity, we hope that this work will also inspire others to investigate

LOne must be careful that gauge functions here are not the same gauge functions considered in, say, [28, Sec-
tion 15].



other applications of regular variation in optimization, especially when the problem data is not
semialgebraic and/or involves exponentials and logarithms. With this goal in mind we tried to
present a survey-like overview of regular variation in Section 2 with a view towards optimization
applications. Also, with the exception of a single result in [5], we confine all other references to
results on regular variation to the classical textbook by Bingham, Goldie and Teugels [6].

1.1 Owur contributions

Our contributions are as follows.

- We introduce the notion of (joint) Karamata regularity for operators in Definition 3.1, which
is a regularity notion suitable for using tools from regular variation. We then discuss its
connections with previous considered notions and prove a calculus rule in Proposition 3.4.

- We prove an abstract convergence rate result for quasi-cyclic algorithms for common fixed
point problems in Theorem 3.8. Admittedly, applying directly Theorem 3.8 is hard because
it requires inverting an already a relatively complicated integral. However, by making use
of regular variation, we show how to bypass the evaluation of the complicated expression in
Theorem 3.8. This is done through either the index of regular variation (Theorem 3.10) of
the regularity function associated to Karamata regularity or through a sharper result that
requires a bit more computation in Theorem 3.14. Several application examples are given in
Section 4, with a focus on cases having non-Hdélderian behavior.

- We explore the class of Karamata regular operators, and show that quasi-nonexpansive oper-
ators defined on an o-minimal structure can always be taken to be jointly Karamata regular,
see Theorem 5.5. As this includes the case of certain large o-minimal structures containing
the graph of the exponential function, this shows that theory developed in this paper is ap-
plicable quite broadly. We also explore certain consequences of Theorem 5.5 and show, for
example, that the consistent error bound functions considered in [24] can also be taken to be
regularly varying, provided that the problem data is definable.

This paper is organized as follows. In Section 2, we introduce the notation and discuss the
necessary notion from the theory of regular variation. In Section 3, we introduce the notion of
joint Karamata regularity and establish an abstract convergence result for quasi-cyclic algorithms.
With the aid of regular variation, we further study the asymptotic properties of the convergence
rates obtained. Later in Section 4, we establish explicit convergence rates under a number of
scenarios. Finally, the class of Karamata regular operators is discussed in Section 5 in the context
of o-minimal structures.

2 Preliminaries and basic notions from Karamata theory

Let £ be a finite-dimensional Euclidean space equipped with an inner product (-, -) and a corre-
sponding norm ||-||. We denote the ball of radius r centered in the origin by B, := {z € £ | ||z| < r}.
Given closed set C' C £ and x € £, we denote the projection of x onto C and the distance of z to
C by Pco(z) and dist(x, C'), respectively.

We say an operator T' is a-averaged (o € (0,1)) if there exists a nonexpansive operator R
such that T = (1 — a)I + aR, where I is the identity operator. In particular, since the T;’s in
(1.1) are a-averaged, each T; is nonexpansive and Fix7; is convex, thanks to [3, Remark 4.24
and Proposition 4.13]. Moreover, the following property of a-averaged operators follows from [3,
Proposition 4.25].



Lemma 2.1 (a-averaged operator). Let T be an a-averaged (o € (0,1)) operator on E. Then it
satisfies

IT() - T + 2| = T)@) ~ (L =D))<l —yl*, Yoy

Next, we introduce some notation and preliminaries on the theory of regular variation, which
we will use to conduct convergence analysis of algorithms for solving (1.1). More details on regular
variation can be found in [30, 6]. We start with the notion of regularly varying functions.

Definition 2.2 (Regularly varying functions). A function f : [a, 00) — (0, 00) (@ > 0) is said to
be regularly varying at infinity if it is (Lebesgue) measurable and there exists a real number p such
that

im L8 _ A so (2.1)
T—>00 f(x)
In this case, we write f € RV. Similarly, a measurable function f : (0, a] = (0, c0) is said to be

regularly varying at 0 if

TGO VI (2.2)

a=04 f(x)
in which case we write f € RV®. The p in (2.1) and (2.2) is called the index of reqular variation.
If the limit on the left hand side of (2.1) is 0, 1 and 400 for X in (0, 1), {1} and (1, c0),
respectively, then f is said to be a function of rapid variation of index co and we write f € RV .
If1/f € RV, we say that f is a function of rapid variation of index —oo and write f € RV _.
RVQOO and RV(;O are defined analogously.

We denote by RVg the set of regularly varying functions at zero with index p. RV, is defined
analogously. The functions in RV87 RV, are said to be slowly varying. Regular variation at 0
and at oo are naturally linked and we will use the following relation several times throughout this
paper:

fERV) <« [f(1/)€RV_, (2.3)

where p € R U {—o00, o0}.

We also need some auxiliary definitions. We say that a nonnegative function f defined on a
subset C' of the real line is locally bounded if its restriction to each compact subset K C C is
bounded. If the restriction of f to each compact K C C satisfies inf;c i f(t) > 0, then we say that
f is locally bounded away from zero. Finally, we say that f locally integrable, if f i [ is finite for
each compact K C C.

An important fact is that we can always adjust the domain in order to ensure local boundedness.
More precisely, if f : [a, ) — (0, co) belongs to RV, then there exists b > a such that the
restriction of f and 1/f to [b, co) are both locally bounded, see [6, Corollary 1.4.2].

Analogously, if f : (0, a] — (0, c0) belongs to RV, then 1/f(1/-) : [1/a, c0) — (0, co) belongs
to RV by (2.3). Then there exists some b € (0, a] (hence 1/b > 1/a) such that the restriction of
1/f(1/-) to [1/b, o) is locally bounded. This implies that f is locally bounded away from zero
over (0, b].

We note that if f is a positive function on C and it is monotone (either nondecreasing or
nonincreasing) then it is both locally bounded and locally bounded away from zero. For the sake of
preciseness, we emphasize that f is nondecreasing (resp. increasing) if f(t1) < f(t2) (vesp. f(t1) <
f(t2)) holds when tq, t2 € C satisfies t; < t5. Nonincreasing/decreasing are defined analogously.



Calculus rules For f; € RV,,, fo» € RV,, with p1, p2, o € IR we have the following calculus
rules, see [6, Proposition 1.5.7]:

f1f2 € Rvp1+p23 fl + f2 € Rvmax{pl,pg}v f{x € Rvozpla fl © f2 € RVP1P27 (24)

where the last relation requires the additional hypothesis that fa(x) — oo as © — co. From (2.3)
and (2.4) we see that if f; € R\/gl, f2 € RVY | then:

p2?

fifa € RV? fi+ f2eRV? e eRVY fiofa e RVY (2.5)

p1+p2? min{p1, p2}> ap1? p1p2?
where the last relation requires the additional hypothesis that fo(xz) — 0 as  — 0.

Remark 2.3 (About the function domain and image). The literature on reqular variation treats
the domain of functions in a somewhat loose fashion. If f : a, o0) — (0, 00) is in RV, we can
freely restrict f to [c, 00) (¢ > a) or extend f to [b, 00) (b < a) by letting f take arbitrary positive
values on [b, a). More extremely, we can change the value of f in a single bounded interval [b, (]
and none of these operations would change the asymptotic properties of f at infinity nor the index
of regular variation of f. So the calculus rules in (2.4) (and much of this paper, in fact) should
be seen under this light: while f1, fo € RV might have different domains of definition, we can
restrict/extend their domains until fi + fa, fife, f1 o fa are well-defined. A similar comment
applies to reqular variation at 0 so that if f € RV® is defined over (0, a], we can arbitrarily change
the value of f in a single interval of the form [b, ¢] with b > 0 and ¢ € (b, 00) U {o0}.

Due to aforementioned flexibility of restricting the function domain, we also treat the image
of functions in a loose fashion. For a function f whose image falls out of (0, 00), we still write
f € RV or f € RV, if there exists some a > 0 such that the image of the restriction flia,00) O
fleo,a) is contained in (0, 0o), respectively. Again, this is because only the asymptotic property of
[ at infinity or 0 matters.

Potter’s bounds A great deal of information on the asymptotic behavior of a function can
be extracted from its index of regular variation. A result known as Potter bounds states that if
f € RV, then for every A > 1, € > 0, there exists a constant M such that 2 > M, y > M implies

i =ams{ () G) e

see [6, Theorem 1.5.6]. Now, if f € RVS, then f such that f(¢) = 1/f(1/t) belongs to RV ,, by
(2.3) and (2.4). Applying (2.6), we see that for any A > 1, € > 0, there exists a constant M such

19 e (5 (2)) o
f(s) — s "\s ’ '

whenever ¢t < M, s < M. We note that taking ¢ = |p|/2 in (2.6), fixing z (if p > 0) or y (if p < 0)
and taking limits, leads to the following conclusions:

feRV,and p>0 = li_>m f(x) = 400, (2.8)
feRV,and p<0 = ILm flx)=0, (2.9)

see also [6, Proposition 1.3.6, item (v)]. Similarly, we have

fe RV% and p>0 = lim f(z)=0, (2.10)

x~>0+



fe RVS and p<0 = lim f(z) = +o0. (2.11)

z—04

There is also an analogous result for rapidly varying function. Bingham, Goldie and Omey proved
that if f € RV_, then given any r > 0 there exists a constant M > 0 such that x > M implies

fl@) <z, (2.12)

see [5, Lemma 2.2], in particular f(x) — 0 as x — oo. Therefore, if f € RV (ie., 1/f € RV_o)
then, there exists M > 0 such that > M implies

" < f(x), (2.13)

in particular f(z) — oo as x — .

Generalized inverses Let f : [a, 00) — IR be such that f(z) tends to co as & — oo. Then, we
define its “arrow” generalized inverse as

[T (y) = nf{z € [a, 00) | f(z) >y}, (2.14)

see [6, equation (1.5.10)]. The function f* is well-defined over (0, co) and nondecreasing.
Similarly, for a function f : (0, a] — IR with lim,_,o, f(x) = 0, we define its “minus” generalized
inverse as

f~(y) :==sup{z € (0, a] | f(z) <y}, (2.15)

which is well-defined over (0, co) and nondecreasing.
The two generalized inverses are related as follows. Suppose that f : (0, a] — (0, co) satisfies
lim, 0, f(x) =0. Let g :== 1/f(1/-). Then g(z) tends to co as  — oo. Moreover,

7o) =suple € (0, a] | fl) <y} = Serm o<1>) | f(L/u) <y}

1 1
 inf{u € [1/a, 00) [ g(u) > 1/y} — g=(1/y)’

In the spirit of Remark 2.3, we will observe that under local boundedness, the value of the gen-

(2.16)

eralized inverse f* (y) does not depend on a for sufficiently large y. Also, it may happen that
a non-monotone function f(y) is increasing and continuous for sufficiently large y. Nevertheless,
this will still be enough to conclude that the generalized inverse will eventually coincide with the
usual inverse. For the sake of preciseness, in what follows, given a function f: C — IR and S C IR
we say that f=! is well-defined over S if for every y € S there exists a unique x € C such that
f(x) = y holds. In this case, for y € S, we can define f~1(y) := 2 without ambiguity.

Proposition 2.4. Suppose that f : [a, 00) — IR is locally bounded and f(x) — oo as © — oo.
Letb > a, [ := flib, 00y and M = sup,c(q ) f(z). Then f<(y) = F(y) holds fory > M. In
addition, if f is continuous and increasing on [b, 00), then f=' is well-defined over (M, o) and
f~Yy) = f=(y) holds for y > M.

Proof. We first observe that M is finite because f is locally bounded. Also, for any y > M, if
f(x) >y holds we must have x > b, which together with f := f[f; o) implies the inclusion and
the equality respectively:

~

{zefa, 00) [ f(x) >y} C{zelb oo) | f(z) >y} ={zelboo)| flz)>y}



Since b > a, the converse inclusion {z € [b, c0) | f(z) > y} C {z € [a, o0) | f(z) > y} holds, which
together with the above relation implies that {z € [a, 00) | f(z) >y} = {z € [b, 0) | f(z) > y}.
In view of the definition of the arrow inverse, we then have f< (y) = f‘_(y) This proves the first
half.

Now, we show the remaining half, where we assume that f is continuous and increasing on
[b, 00). If @1, 22 and y > M are such that f(xz1) =y = f(x2) holds, then, by the definition of M,
we must have 21,29 € (b, 00). Since the restriction of f to [b, 00) is increasing, this implies that
x1 = x9. Additionally, since f is continuous and goes to co as x — oo, for every y > M there
exists at least one x satisfying f(x) = y, which is a consequence of M > f(b) and the intermediate
value theorem. We conclude that f~! is well-defined over (M, o).

Finally, let 4 > M be arbitrary. If f(z) > y holds, then x > b holds. Also, since f(f~!(y)) =
y > M, we have f~1(y) > btoo. So f(x) >y = f(f *(y)) implies z > f~1(y), since f is increasing
on (b, 00). Therefore, we have the inclusion

{z€la, 00) | flz) >y} C{ze[b, 00) 2>y}

However, if x € [b, 00) and x > f~!(y) holds, since f is increasing on [b, o), we have f(x) >
f(f~Y(y)) = y. Therefore, both sets coincide and we have

fT(y) =inf{z € [a, 00) | f(z) >y} =inf{z € [b, 00) |z > f7 ()} = F ().
This completes the proof. O

We observe that in the second half of the proof of Proposition 2.4, if a = b holds, then f~*
is also well-defined at f(b) and a direct computation shows that f<(f(b)) = b = f~1(f(b)). In
particular, if f : [a, o) — (0, 00) is continuous, increasing and satisfies f(x) — oo as z — oo,
then f=! = f* holds over [f(a), o0). Similarly, if f : (0, a] — (0, o) is continuous, increasing
and satisfies f(z) — 0 as  — 0, then f~! = f~ holds over (0, f(a)].

Moving on, an important result is that if f is locally bounded on [a, co) then:

fERV,, p>0 = [T €RVy,, (2.17)

see [6, Theorem 1.5.12] and this footnote?.
In order to describe the behavior of the arrow inverse when the index is 0, we need an extra
definition.

Definition 2.5. A positive measurable function f belongs to the class of Karamata rapidly varying
functions (denoted by KRV o, ) if and only if f can be restricted or extended to the interval [1, 0o)
in such a way that

f@)=exp {ste) 4o+ [Ce0F )L oz,

where z, n, £ are measurable functions such that z is nondecreasing, n(x) — 0 and &£(x) — oo as
T — 00.

The definition of KRV, in [6, Section 2.4] uses the so-called Karamata indices, but thanks to
[6, Theorem 2.4.5] we can equivalently use Definition 2.5. We have the following implications:

feKRV, = feRV, (2.18)

2For an example of what can go awry if f is not locally bounded, let f : [1, co) — (0, co0) be such that f(t) == t,
for t > 2 and f(t) :=1/(2 —t) for t € [1, 2). We have f € RV, but f< (z) = inf{y € [1, oc0) | f(y) > x} does not
go to oo as x — o0, so, in particular, f< ¢ RV (in view of (2.8)). Still, we can always adjust the domain of a
regularly varying function in order to ensure local boundedness as discussed previously. In this case, it is enough to
restrict f to [2, 00).



f € RV and f is nondecreasing = f € KRV, (2.19)
fE€KRVy, g(z) =z% aelR = g¢gf€ KRV, (2.20)

where (2.18) and (2.19) follows from [6, Proposition 2.4.4, item(iv)]. We now check (2.20). Writing
g(z) as exp { [[" a/tdt}, we see that gf admits a representation as in Definition 2.5 where £(t) +
appears instead of just £(¢). Since £(t) + a still goes to co as & — oo, this shows that gf € KRV .

With that we have the following results. If f is locally bounded and f(x) goes to co as © — oo,
then

feRVy = f7 KRV, (2.21)
feRV, = [T RV, (2.22)

see [6, Theorem 2.4.7].

For regular varying functions at 0 it will be more convenient to use the minus inverse. Suppose
that f : (0, a] — (0, c0) € RVg is such that f(z) goes to 0 as @ — 04, p > 0 and f is locally
bounded away from zero. Then, g :=1/f(1/-) belongs to RV, g(t) goes to co as t — oo and g is
locally bounded on its domain [1/a, o). This together with (2.16), (2.17) and (2.21) allows us to
conclude that if f is bounded away from zero, then

fERV), p>0 = [~ €RVYy,, (2.23)

and in case of p = 0 we have
fERV) = [~ cRVL. (2.24)

Asymptotic equivalence We say that two functions f : (0, a] — (0, o) and g : (0, a] — (0, o)
are asymptotically equivalent up to a constant if there is a constant g > 0 such that

F() = ng(t) = olg(1)), as t — 0. (2.25)

In this case, we write f(t) ~ g(t) ast — 04, or we may simply write f ~ g if it is clear from
context what is meant. If u = 1, we say that f and g are asymptotically equivalent and write
f(t) ~g(t) ast — 0L or f ~ g. Then, for measurable functions f and g we have the following
implication:

f<g, fERV) = geRV). (2.26)

f(®)—ng(x)

Indeed, by the definition one has lim,_,q_ % = p+limg 0, e

= p and therefore,

g0 L g0) fO) f) L gOw)  fOe) L f@) 1,
B, ) T FOw) F@) gla) b fOw) et JG@) e g(e) 0 T

For multiple functions, we called them pairwise asymptotically equivalent up to a constant (resp.
pairwise asymptotically equivalent) if any two functions among them are asymptotically equivalent
up to a constant (resp. asymptotically equivalent).

The notion in (2.25) corresponds to asymptotic equivalence at 04, but similarly, we can define
asymptotic equivalence at infinity, e.g., f,g are asymptotically equivalent up to a constant (at
infinity) if f(t) — pg(t) = o(g(t)), as t — +oo. For simplicity, we will use the same notation as
it will be clear from context if asymptotic equivalence is meant at 04 or at co. Similarly, for
measurable functions f and g we have

f~g fERV, = gecRV,. (2.27)



3 Karamata regularity and convergence rates

In this section, we will explore the convergence of a family of algorithms for the common fixed
point problem (1.1). Naturally, this will be done under certain assumptions on the operators Tj.
We start by introducing the following definition.

Definition 3.1 (Karamata regularity). Let L; : € — £ (i = 1,...,n) be operators with C =
N, FixL; # 0 and B C & a given bounded set. The L; are said to be jointly Karamata regular
(JKR) over B if there exists a function ¥p : Ry — IRy such that the following properties are
satisfied.

(i) The following error bound condition holds:

dist(z, C) < wB( max o - Li(x)||), Ve B. (3.1)

1<i

(it) ¥ is nondecreasing and satisfies lim; o, ¢¥p(t) = ¢¥p(0) = 0.
(iii) For some a > 0, it holds that VY|, q € RV?) with p € [0, 1].

We will refer to ¥p as a regularity function for the L;’s over B. If the operators L; are JKR
over all bounded sets B in such a way that the reqularity functions g can be taken to be pair-
wise asymptotically equivalent up to a constant, we call them uniformly jointly Karamata regular
(UJKR).

In particular, when n = 1, we will drop the qualifier “jointly” and call the single operator L
Karamata regular (KR) over B and uniformly Karamata regular (UKR), respectively.

Remark 3.2 (Domain of ¢p and positivity). In item (iii) of Definition 3.1, as far as regular
variation at zero is concerned, the actual value of a does not matter since only the behavior of Y p
as it approaches zero is relevant. Nevertheless, even if we are flexible with the domain and image as
in Remark 2.3, a function in RV?, must, at the very least, be positive close to zero. Therefore, the
requirement that the restriction of ¥p to some (0, a] is in RVg together with monotonicity implies

Yp(t) >0 fort#0.

Remark 3.3 (Connection with existing concepts). Definition 3.1 is closely related to several
eristing definitions.

(i) (Bounded Holder regular intersection) Definition 3.1 extends the definition of bounded Hélder
reqular intersection in [10, Definition 2.2/ as follows. Let C1,...,C, C & be convez sets and
let L; = Pc, denote the projection operator onto C;. With that, Ci,...,C, C & has a
bounded Hélder regular intersection if and only if for every bounded set B the L;’s are JKR
over B and there exists cg > 0 and v € (0, 1] such that (3.1) holds with regularity function
Y () =cp(-)"8. In particular, if yg = does not depend on B (in this case, we have that
operators L; are UJKR), then the collection {C;} is bounded Holder regular with uniform
exponent v. We remark that the notion of bounded Hélder regularity coincides with the
notion of Holderian error bound.

(ii) (Bounded Holder regular operators) An operator L is is a bounded Hélder regular operator
(as in [10, Definition 2.4]) if and only if for every bounded set B, L is KR over B and the
reqularity function ¥p can be taken to be of the form ¢¥p(-) = cp(-)"® with cg > 0 and
v € (0, 1]. The exponent yg = v does not depend on B (in this case, we have that L is
UKR) if and only if L is bounded Hélder reqular with uniform exponent -y.
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(iii) (Consistent error bounds) For closed conver sets C; C € (i = 1,...,n) with non-empty inter-
section, a consistent error bound function ® ([24, Definition 3.1]) is a two-parameter function
on IR%F, which is nondecreasing with respect to each variable and satisfies limg_,o, ®(a, b) =
®(0, b) =0 for allb> 0 and

dist(ac7 ﬁ CZ) < @(lmag(ndist(x, Cy), ||;vH>, Vaecl. (3.2)

<z

i=1 =
If (3.2) holds, and for any b > 0 there exists some p € [0, 1] such that ®(-, b)|,q € RVg
for some a > 0, then the operators L; := Pc, are JKR over the ball By, of radius b for any
b. In addition, for any bounded set B, there exists some rp > 0 such that B C B,,. Let

Yp(-) == ®(-, rg). Then we have from (3.2) and the monotonicity of ® with respect to the
second variable that

dist (m, ﬂ Fix Li) = dist (x,
i=1

= v max dist(z, €)= s ( max o~ Li@)), ¥ € B.

ax
1<i 1<i<n

.

CZ-> < @( max dist(z, C;), TB)

1<i<n

i=1

Note that lim;_o, ¢p(t) = limy_o, ®(t, r) =0 and 1p(0) = ®(0, rg) = 0. In addition, V¥ p
is nondecreasing, thanks to the monotonicity of ® with respect to the first variable. Moreover,
the property of ¥pg in item (i) of Definition 3.1 directly follows from the assumption on P.
The summary is that if we have a consistent error bound function ® for the C;’s where for
sufficiently large b > 0 the functions ®(-, b) are regularly varying with index py € [0, 1], then
the Pc,’s are JKR over any bounded set B and the reqularity function can be taken to be
Yp(-) == ®(-, b) for any b satisfying b > rp. Later in Corollary 5.7, we will see that if
the C;’s are definable over an o-minimal structure and have non-empty intersection, we can
always construct such a consistent error bound function.

A typical situation in applications is having some regularity condition on each individual op-
erator (e.g., as in Remark 3.3 (ii)) and some error bound condition on the fixed point sets (e.g.,
as in Remark 3.3 (iii)). The next results indicates how to aggregate these individual results and
establish joint Karamata regularity for the operators.

Proposition 3.4 (Calculus of ¥g). Suppose that L; : € — £ (i = 1,...,n) are nonexpansive,
closed operators such that (\;_, Fix L; # 0 holds. Let ® be a consistent error bound function for
the sets Fix L;, B C £ a bounded set and suppose that ® and L; are as follows:

(i) for any b >0, there exists 0y € [0, 1] such that ®(-, b)|(0,q) € Rng for some a > 0;
(ii) each L; is Karamata regular over B.

Then, the following statements hold.
(a) The operators L; (i =1,...,n) are jointly Karamata regular over B.

(b) Let T be the regularity function for each L; over B. Assume that T'g| 0, q € RVgi. Then,
the function defined by

'L/)B = @BOFB

satisfies (3.1) and ¥p|(0,q) € RVS, where p = 6y 1I<n_i£1 pi, ©p(:) :=®(-, b), T'p:= > I'y and
<i<n i=1
b is such that B C By.
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Proof. We will prove item (a) and (b) together. Since each L; is nonexpansive and closed, each
Fix L; must be closed and convex, e.g., [3, Proposition 4.13]. By assumption, i, Fix L; # 0 and
® is a consistent error bound function for the sets Fix L; (i = 1,...,n). Therefore,

dist(:c, ﬁ FiXLi) < <I>< max dist(z, Fix L;), Hac||)7 Vazekl.
i=1

1<i<n

This together with B C By, the monotonicity of ® and the definition of © g further implies

1<i<n 1<i<n

dist(x, ﬁ FixLi) < c1>( max dist(z, Fix L;), b) - @B( max dist(z, FixLi)), VzeB. (3.3)
=1

On the other hand, we see from assumption (ii) and the assumption on the T'%’s that
dist(x, Fix L;) < T (|lz — Li(z)|), ¥ = € B. (3.4)

Combining (3.3) and (3.4), we have from the monotonicity of © 5 and the nonnegativity of I'i; that
for all x € B,

1<i<n

dist(x, ﬁ FixLi) < 93(1@%% (|l - Li(:c)H)) < eB( max Tp (o — Li(:c)H))
=1 -

=05 (Is (max [lr ~ Li(@)[) ) = s max llo - L) ).

1<i<n
Note that ©5(-) = ®(+, b) is nondecreasing and

lim @B(t) = tl_i>I(I)1+ q)(t, b) =0= @B(O)

t—04

n .
Also, I g is nondecreasing and it holds that lim, o, I'g(t) = I'p(0) = 0, thanks toI'g = )~ I'; and
i=1
the properties of I'y;. Consequently, 15 = ©p o 'p is nondecreasing and satisfies lim;_,o L B(t) =
¥5(0) = 0. Moreover, since ©p|(, o € RVy, and I'y|(o o € RVgi7 using (2.5) we have g, q] =
(©5oI'B)|(0,q € RVS with p = 6, 11<n1£1 pi. This completes the proof. O

3.1 General convergence theory

The goal of this section is to present a general result that connects the error bound function ¥ g
appearing in Definition 3.1 to the convergence rate of a sequence generated by the quasi-cyclic algo-
rithm described in [10]. This will be accomplished by applying a series of functional transformation
to ¥ which will culminate in Theorem 3.8, the main result of this section. Theorem 3.8 is an
abstract result that is hard to apply directly, but in later sections we will show how to use regular
variation to better estimate the asymptotic properties of the function appearing in Theorem 3.8
without explicitly computing it.

Quasi-cylic algorithms We recall the common fixed point problem in (1.1). In [10, Section 3],
Borwein, Li and Tam analysed the framework of quasi-cyclic algorithms which was considered
earlier by Bauschke, Noll and Phan in [4]. A quasi-cylic algorithm is given by iterations that are
as follows:

=N T (k) (3.5)
=1

12



where the weight parameters wf > 0 satisfy > i, u)f =1and v := gng r?ir(lk) wf > 0, where
eNdel

I (k) == {1 <i < m|wF > 0}. Later, in Theorem 3.8 we will impose additional conditions
on the I;(k) in order to ensure convergence. The algorithm framework (3.5) covers a number
of projection algorithms, the Douglas-Rachford splitting method as well as the forward-backford

splitting method, see [10].

A general convergence rate result In [10], the authors derived convergence rate results for
the iteration (3.5) under certain Holderian assumptions. Here, one of our main goals is to prove
convergence rates under the more general Karamata regularity condition as in Definition 3.1.

Before we proceed, we need to go through a few technical lemmas. We start with a result
regarding the minus inverse defined in (2.15).

Lemma 3.5. Let f: (0, a] — (0, 0o) satisfy lim, o, f(x) =0. Then f~ is nondecreasing. If f is
nondecreasing, then 0 < s < f(t) implies that f~(s) <t.

Proof. The monotonicity of f~ follows directly from its definition. Next, let 0 < s < f(¢) and
suppose that f is nondecreasing. For all y € (0, a] satisfying f(y) < s, we have f(y) < s < f(t).
Then, the monotonicity of f implies y < t. Therefore, f~(s) = sup{y € (0, a] | f(y) < s} < t.
This completes the proof. O

Let f: (0, a] — (0, oo) satisfy lim, o, f(z) =0. Fix § > 0 and consider the following integral.

&
Oy (z) ::/z %@dt’ x>0, (3.6)

which is well-defined for x € (0,00). The integral in (3.6) plays a fundamental role in this paper
and its inverse is related to the convergence rate of algorithms as will be described in Theorem 3.8.
In the next lemma, we will check some properties of ®y.

Lemma 3.6. Let f : (0, a] — (0, 00) satisfy lim,_s0, f(x) = 0 and let ; be defined as in (3.6).
Then the following statements hold.

(1) @ is continuous and decreasing;

(i4) Suppose that f is nondecreasing and one of the conditions below is satisfied:
(a) f€ RVS with p € 0, 1);
(b) f(x) > cx holds for some ¢ >0 as x — 0.
Then, ®f(x) — 0o as x — 0.

Proof. First, we see from the definition of f~ in (2.15) that f~(z) > 0 for all > 0. Then ®; is
decreasing. Next, we show the continuity of ®; on (0, c0). For any fixed Z € (0, c0), one can find
a compact interval [¢, d] such that Z € [¢, d] and ¢ > 0. Then for any « € [, d], one has

®(z) /5 L /6 ! dt+/c LI q>()+/$ 1
x) = _ = [ _ = c —dt.
! A O A S ORI A O A 0
Let g(t) := ff—(lt) By Lemma 3.5, we see that g is nondecreasing, and therefore gl 4 is measurable
and integrable. Using [1, Theorem 4.4.1], we then have that ® |, 4 is absolutely continuous. This
together with the arbitrariness of Z proves the continuity of ®; on (0, co) and completes proof of
item ().
Now we prove ®¢(z) — 0o as ¢ — 04 in two cases.
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e In case (a), from (2.5) we have f(t)/t € RVP 1- Since p — 1 < 0, we see from (2.11) that
f(t)/t = oo as t — 04, which further implies f(¢) > ¢ when ¢ € (0, ¢] for some ¢ € (0, §).
By the monotonicity of f and Lemma 3.5, it holds f~(¢t) < ¢ for ¢ € (0, €]. Using this and
f~ >0, we have for all z € (0, €) that

/ / 7dt /; %dt =In(e) — In(x),

which proves ®;(z) — oo as x — 04.

e In case (b), we see that there exists some ¢ € (0, §/c] such that cx < f(z) for z € (0, €].
By the monotonicity of f and Lemma 3.5, it holds f~(cx) < x for z € (0, ¢]. Thus, for all
€ (0, ce), it holds

/7@: / =0 c/;fécy)dy2c/;c;dy:cln(e)—cln(x/c),

which proves ®;(zx) — oo as x — 0.
This completes the proof. O

Remark 3.7 (Condition in Lemma 3.6). We list two special conditions contained in Lemma 3.6 (ii) (b):

(i) limg—o, f(;) = 00. This includes the entropic error bound function in [23, Section 4.2.1]

and [24, Section 6.2]: f(z) = —zIn(z), € (0, a] for some a > 0 and we note that f belongs
to RVY.

(i) limg—o, f(;) = p for some p > 0. This corresponds to f(x) ~ x, and further implies that

f € RVY, thanks to (2.26).

One the other hand, the condition f € RVY alone is not enough to guarantee Qi(x) = o0 as
x — 04. Consider the following function:

g(z) == z(14z) (In(1+1/2))*, =z € (0, 1/(e? —1).

We have g € RV? and g is increasing and continuous. Then the usual inverse g—' exists. Let

f =gt We then have f~ = f~! = g. Moreover, we have from (2.23) that f € RV(l) and f is
increasing. However, when x, § € (0, 1/(e* — 1)],

0 1 1 1
)= ——dt = Fdt = — ,
» () o t(1+1) (In(1 + 1/t)) In(1+1/6) In(1+1/z)
which implies that @4 (x) /4 0o as © — 04.
All pieces are now in place for the main result of this subsection.

Theorem 3.8. Let sequence {z*} be generated by quasi-cyclic algorithm (3.5). Then {z*} is
bounded. Let B be a bounded set containing {x*} and suppose that the following assumptions hold:

(a) T; (i =1,...,m) are jointly Karamata regular (resp. Karamata regular when m = 1) over
B with regularity function ¢p as in Definition 3.1;

(b) there exists some s > 0 such that for each k € N,

L(B)UIL(k+1)U--- Ul (k+s—-1)={1,...,m}.
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Fiz any @ > dist®(2°, F) and 6 > 0 and define

20(1 4 4vs) o~ - s 9
W”) p(u) = o(u)lo,a,  Po(u) .—/u F(t)dt’ u>0.  (3.7)

Then {x*} converges to some z* € Niv, Fix T} finitely or the convergence rate is given by

ou) = v (

dist(z \/tl) (@ ( dlst (20, F)) + |k/s]), VkeN. (3.8)

Proof. Recall that F = (", FixT; and let y € F. Then for all k € N, the nonexpansiveness of T;
(see from Lemma 2.1) gives

m m m
[t =yl = | Yo wbTi@h) - y| < D whIT@®) -yl < > whlla® — gl = 2 ~ yll,
=1 i=1 i=1

which simultaneously proves that {z*} is bounded and Fejér monotone. In particular, whenever
r >k and y € F we have

2" =yl < ll2* = yl, (3.9)
dist(z", F) < dist(z", F). (3.10)

If there exists some & such that 2 € F, we then see from (3.5) and 1" wF =1 that 2% = aF for
all k > k. In this case, {z¥} converges to some z* € F = N, FixT; finitely. Next, we consider
the case that z* ¢ F holds for all k¥ € N.

By assumption (a) and {z*} C B, we know that for all k € N,

dist? (2", F) < %23( max ok — Ti(x’fs)HQ). (3.11)

Fix any t € {1,...,m}. By assumption (b), for any k there exists some t; € {ks,...,(k+1)s—1}
such that ¢ € I, (¢;). Thus, we have from the nonexpansiveness of T} that

: 2
lz** = Ty (™) [1* < (™ — @™ + [|la" = To(@")]| + |1 Te(a™) = Te(="™)]))

< (||lo'* = Tu(a™)|| + 2)ja** — )
tr—1

(a)
< (e - T +2 Y 27 —27))’
Ik (3.12)

tr—1
®) t t 2 j 41112
< 2|z’ — Ty(a")||* + 8tk — ks) D [|la7 — a7

Jj=ks

(k+1)s—1
<2t — Ty(a™)|* +8s Y fad -,
j=ks

where (a) follows from repeated applications of the triangle inequality. For (b), we consider two
cases. If ty = ks, then (b) holds For t;, > ks, we use the convexity of the square function so
that (a1 +--- +a,)? <rY.;_, a? holds for arbitrary a; € IR. This inequality is first applied with
r =2, a; = 2|zt —T;(2'*)||?, a2 being the remaining sum and, then, it is applied once more with
r =t — ks to bound the remaining terms.

Next, we bound the two terms in the right-hand side of the last inequality of (3.12). First,
since each T; is a-averaged, we have from Lemma 2.1 that for all z € £ and y € Fix T;,

ITs(z) — l? + © D@ <l — vl
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holds?. Therefore, for all r € N, 2 € £ and y € F,

IS witi@) -y = || wr @@ -n|| <D w7 -yl
i=1 i=1 i=1

m (3.13)
2 l—a T 2
<llz=yl* = — > wille = ).
i=1
Some extra algebraic acrobatics leads to
v(l—a) 2@ 1 —a & 2
— ||.’Etk _ Tt(xtk)H < = Zu}kaxtk _ E(:L’tk)H
i=1
© ksy |2 - 178 t NIk
< [lat = Po()||* = || D wiTi(at) — Pr(a™)
i=1 (3.14)

— thk _PF(-TkS)HQ _ |‘mtk+1 _PF(ka)||2

< et = Pr? — [+ — Po(ate)]
< dist?(z**, F) — dist?(2FtVs | F),

where (a) follows from t € I (t;) and the definition of v which implies that wi* > v, (b) follows
from (3.13) by letting r := t), z := 2 and y := Pr(2"*) in (3.13). Then, (c) follows from ks < ty,
tr, +1 < (k+1)s and two applications of (3.9): first with z**, 2% and Pr(2**) and second with
w05 gtetl and Pp(2b*).

For each j € {ks,...,(k+1)s—1}, welet r := j, v :== 2/ and y := Pp(z**) in (3.13), and obtain

, , RN 2 & L ,
o7 2P = o = S wiTia)| < 3 wllle? ~ TP
i=1 i=1

(6% - s . s
< 7l = Pp(a™)|? = |27 — Pe(a™)|?).
This further implies that
(k+1)s—1 o
Z ||xj _ xj+1||2 < 17(”%1% _ PF(xks)H2 _ Hx(ml)s . PF(mkS)Hg)
j=ks - (3.15)
< IL (distz(xks, F) — dist?(x*+1)s F))
-

Let Ay = dist® (2%, F) — dist” (z(**1*, F). Then we have from (3.10) that A < @. Now, we
combine (3.11), (3.12), (3.14), (3.15) and the arbitrariness of ¢ € {1,...,m} to obtain

dist? (2%, F) < %29( max \/kas _ Tt(xks)||2)

1<t<m
8sa/\y,
2 te t)[|2
< (s, 21t T+ F2E)
1
<¢%< QOLAk +8SO¢Ak) (3 6)
- vil—a) 1-«

IN

2a(1 + 4vs)
7’[}'28< v(l—a)

Bi) = (D) = 9(D).

3Bach T; may be in fact aj-averaged with a different o; € (0, 1), but without loss of generality we may assume
that the inequality holds with o = max;<;<m{ci}.
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We see from (3.10) and the nonnegativity of dist(z*, F') that the sequence {dist(z*, F')} converges
to some ¢* > 0. Letting & — oo on both sides of (3.16), recalling lim, o, ¢(x) = 0 (due to
lim, 0, ¥p(x) = 0) we have dist(z*, F) — ¢* = 0. Since {z*} is bounded, there exists a subse-
quence {z*:} which converges to some point z* € £. Therefore, dist(z*:, F) — 0 together with the
closedness of F' implies that * € F. We note from the Fejér monotonicity of {z*} with respect
to F (or (3.9)) that the nonnegative sequence {|lz* — z*||} is nonincreasing and thus convergent.
This together with ||z — z*|| — 0 implies that {z*} converges to 2* € F = (], Fix T}.

We note that lim,_,o, ¢(z) = 0 and ¢ is nondecreasing, thanks to the same properties of the
regularity function ¥ g. Consequently,

o, (disg(x(kﬂ)s, F)) — @, (dist? («**, F))

dist? (x’”, F) 1 A (317)
= / ——dt > — " >1,
dist2(;c(k+1)5,F) ¢ (t) o (dlSt (xks’ F))
where the first inequality follows from the monotonicity of ¢~ and the second inequality follows from
(3.16) and Lemma 3.5. Moreover, for any ¢ > 0, summing both sides of (3.17) for k =0,...,¢—1,
we obtain
D, (dist® (2, F)) — @y (dist® (2, F)) > ¢.

This together with the monotonicity of @, and the Fejér monotonicity of {z*} further implies that
for any k € N,

D, (dist® (2%, F)) > @, (distz(xl’f/sJ'S, F)) > ®y (dist® (2%, F)) + |k/s].

Notice from Lemma 3.6 that ®, is continuous and decreasing, and therefore the usual inverse <I>;1
exists. Also, @y (dist2 (:UO, F)) + |k/s] is in the interval [Dy (dist2 (gco, F)) , @y (dist2 (mk, F))],
so continuity implies that it is also in the domain of @;1. Then, applying @;1 to the above
inequality and rearranging the terms finally leads to (3.8). This completes the proof. O

3.2 Rates based on the index of regular variation

Theorem 3.8 is a general result on convergence rates. However, typically we would like to obtain
more concrete results and say, for example, whether the rate is linear, sublinear and etc. A direct
application of Theorem 3.8 would require one to compute the function ®, and its inverse, which
can be both highly nontrivial and devoid of closed forms.

In this paper, we will show two techniques for obtaining “concrete” convergence rates and
avoid the direct computation ®4 and @;1. The first, presented in this subsection, is based solely
on the index of regular variation of the error bound function 5. We note that if we are given
1, computing the index of regular variation is a significantly easier task, since it is just a limit
computation as in Definition 2.2. However, even if we have access to ¢¥p, computing @;1 can be
highly nontrivial.

Before we proceed we need to review more tools from regular variation. First, we need a
result that is a part of Karamata’s theorem, which tells us about the behavior of regular varying
functions under taking integrals. Suppose that f : [a, c0) = (0, 00) € RV, is locally bounded. If
o> —(p+1), then

lim m:mrur , 3.18
mvoo [t f(t)dt g (315)
see [6, Theorem 1.5.11]. Karamata’s theorem is a crucial result of this body of theory and the
case 0 = 0 and p > —1 represents a remarkable property of regularly varying functions: as far as
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the behavior at infinity is concerned, functions in RV, behave as polynomials of degree p in that
fax f(#)dt is asymptotically equivalent to ﬁ f(z). This foreshadows why this will be useful for
us and immediately suggests how to bypass the computation of the hard integral that appears in
Theorem 3.8.

Next, suppose that f : (0, a] — (0, 00) € RVS is locally bounded away from zero. Then
f(1/-) € RV_, is locally bounded on [a, co) for @ := 1/a. In order to derive analogous statements
for regular variation at 0, we make the substitution = 1/y in (3.18), and change the variable
inside the integrals. Recalling that f(1/-) € RV_,, we conclude that if ¢ > —1 + p, then

y~ Tt f(y)

im o 541 p. 3.19
yl)r&r fy t7072f(t)dt o P ( )

We note that y~ (7t f(y) € RVg_U_l and that (2.26) and (3.19) imply that if 0 +1 — p > 0,
then ¢ defined by g(y) == f: t=7=2f(t)dt belongs to RVg_U_1 as well. When o = —2, we have the
following important special case:

fe RVg and —1>p = / ft)ydt < yf(y) € RV2+1~ (3.20)
y

A similar result holds for 0 = —2, p = —1. Let {(s) := f(1/s)s™!, so that £ € RVy, i.e., is a
function of slow variation. Then, since f is measurable and locally bounded away from zero, £ is
measurable, locally bounded over [1/a, co). In particular, ¢ is locally integrable over [1/a, o0) and
we can invoke [6, Proposition 1.5.9a] to conclude that flw/a s71(s)ds € RV. Observe that

’ dt = Isf2 1/s)ds = msflfsds. 3.21
[ s /w £(1/s) /w (s) (3.21)

Therefore, as a function of z, the left-hand-side of (3.21) belongs to RVy. Performing the substi-
tution z = 1/y, we obtain the following implication:

fERVY, = /af(t)dteR\/'g. (3.22)
Y

Finally, we need a result on the integral of rapidly varying functions. Suppose that f : [a,00) —
(0, o0) belongs to KRV, and is locally bounded, then

ac151010 @ — 00, (3.23)

[T f(e)dt/t

see [6, Proposition 2.6.9]*. With that, we have the following proposition, see also [15, Corollary 1.1]
for a related result.

Proposition 3.9. Let f : [a, c0) — (0, 00) € KRV, (where a > 0) be a nondecreasing function,
then

/ F(t)dt € KRV ..
Proof. Let A > 1 and let F(z) == [ f(t)dt, (x > a). Then
Az

FOw)—F@) = [ ft)dt > Oz —2)f(a),

x

4Strictly speaking, Proposition 2.6.9 is about function classes BD and M R, which are defined in Chapter 2
therein. However, KRV o functions are both BD and M R by [6, Equation (2.4.3) and Proposition 2.4.4].
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where the inequality follows from the monotonicity of f. Dividing by F'(z) and readjusting the
terms, we have

];((A;)) >14+ (- 1)?&")) (3.24)
Since 1/t > 1/x for t € [a, «], we have [, f(t)dt/t > [T f(t)dt/x = @ and therefore,
o) @) .

F(z) = [T f()dt/t

By (3.23) the right-hand-side of (3.25) goes to oo as  — oco. Thus, the right-hand-side of (3.24)
goes to 0o as © — co. Consequently, F(Ax)/F(x) goes to co when © — oo and A > 1. For A\ < 1,
we have 1/A > 1 and lim, oo F'(Ax)/F(z) = limy o F'(y)/F(y/X) = 0 by what was just proved.
This shows that F' € RV,,. Since F' is the integral of a positive monotone function, it must be
nondecreasing as well®, so, in fact, F' € KRV, by (2.19). O

We now have all pieces for our first results on the asymptotic properties of ®¢.

Theorem 3.10 (Index of regular variation and asymptotic behavior of ® ). Let f : (0, a] — (0, co)
be a nondecreasing function in RV?) for p € [0, 1] such that lim;_o, f(t) = 0 holds and consider
the function ® in (3.6). Then the following statements hold.

(i) If p=0, then ®; € RV" . In particular, <I>)71 € RVy and for everyr >0, 27" = 0(@;1(1))
as T — 0.

(i) If p € (0, 1), then &y € RV(l)fl/p, In particular, <I>J71 € RV, (p—1) and <I>J71(x) =o(z™") as
x — 0o for every 0 <r < —p/(p—1).

(ili) If p = 1 and there exists some ¢ > 0 such that f(x) > cx as x — 0, then ®y € RVY. In
particular, <I>J?1 € RV_, and for every r > 0, <I>J?1(33) =o(z™") as x — 0.

Proof. Let F : [1, c0) — (0, co) be such that
F(z) = ®¢(1/x). (3.26)

By Lemma 3.6, F is increasing and continuous, and thus locally bounded. Furthermore, F~1(y) =
1/(@;1(3/)) holds for y € [1, o0).

We start with item (i), where p = 0. Let g :== 1/f(1/-). Then, we see from (2.3) and (2.4) that
g € RV(. Due to the monotonicity of f, both f and g are locally bounded. Moreover, g(t) goes to
o0 as t — 0o. By (2.21), g € KRV and by (2.16) we have

B 1

@ = =y

‘We note that I’ can be written as follows

4 1 Y =2 y
= 7d — 7d — -2 d
Fo) =) 7o /1/5 ™ /1/5t g- (B)dt,

where the second equality is obtained by the substitution s = ¢t=!. Then, by (2.20), (-)"2¢* (-
belongs to KRV, and invoking Proposition 3.9, we conclude that F' belongs to KRV, which
implies that ®; € RV? _ by (2.3) and (3.26). This proves the first half of item (i).

5As a reminder, F(y) — F(z) = [¥ f(t)dt > f(z)(y —z) > 0, if y > z.
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Due to (2.13) and (2.18), F(x) goes to oo as  — oo. Since F' belongs to KRV, we further
conclude that F~ € RVy by (2.22). Since F< (y) = F~!(y) holds for large y by Proposition 2.4,
we see that ‘I>J71 € RVy by (2.4).

Next, let » > 0 and let h be the function given by h(z) = x’r/tb;l(x). By the calculus rules
n (2.4), h € RV_,. Since the index of h is negative, h(z) goes to 0 as © — oo by (2.9). That is,
"= O(‘I’;l(.’b)) as ¢ — oo. This concludes the proof of item (i).

We now move on to the case p € (0, 1]. By (2.23), 1/~ is regularly varying at 0 with index
—1/p. We note 1/f~ is monotone by Lemma 3.5 and hence locally bounded away from zero. Since
—1> —1/pand ®y(x) = [, 2ds, we have &y € RV)_,,, which follows from (3.20) and (3.22).
This proves the first halves of items (ii) and (iii).

By (3.26) and (2.3), FF € RVy/,_1. We now verify that F' — oo as  — oo. If p € (0, 1) it
follows from (2.8) and if p = 1 it follows from the assumption in item (ii) and Lemma 3.6 (b). The
conclusion is that in either case, we have F*~(y) = F~1(y) for large y, by Proposition 2.4. By the
calculus rule for the inverse in (2.17) and (2.21), together with (2.4) and the definition of RV_
in Definition 2.2, we conclude that <I>JI1 =1/F~! belongs to RV ,/(,_1) if p € (0, 1) and to RV_
ifp=1.

Suppose that p € (0, 1) and let r be such that 0 < r < —p/(p — 1). Let 7 > 0 be such that
r+7 < —p/(p—1). The index of @171 is p/(p — 1) and we apply Potter’s bounds (see (2.6)) to
<I>;1 with e = —p/(p — 1) — r — 7. Fixing y, we see that for large x, we have

o (z) < Axm,
where A is some fixed constant. This implies that q);l(x)/(x_”") < Az~" and that the quotient
goes to 0 as x — oco. Therefore, fb;l(x) = o(z™"). This concludes the proof of item (ii).

Next, suppose that p = 1 and let » > 0. We apply (2.12) to <I>)71. Since (2.12) is valid for
all r > 0, it is valid in particular for 2r. So for sufficiently large x, we have <I>J71(x)/x’r <z
which implies that the quotient goes to 0 as  — co. Therefore, <I>J71(x) = o(z~") and this proves
item (iii). This completes the proof. O

Using Theorem 3.10 we can analyze the quasi-cyclic iteration as follows.

Theorem 3.11 (Index of regular variation and convergence rates). Under the setting of Theo-
rem 3.8, let p denote the index of gl (0, a) and suppose that the convergence is not finite. Then the
following statements hold.

(i) If p=0, then &4 € RV® _. In particular, @;1 € RVy and for everyr >0, k™" = o(@;l(k))
as k — oo.

(i) If p € (0, 1), then Oy € RV(l)fl/p, In particular, @;1 € RV, (p—1) and @;1(@ =o(k™") as
k — oo for every 0 <r < —p/(p—1).

(ili) Suppose that p =1 and B is closed and connected. Then, ®y € RVg. In particular, @;1 €
RV_. and for every r > 0, (I)(;l(ki) =o(k™") as k — 0.

Proof. By the calculus rules in (2.5), we see from 95| (9, o] € RVS and the definition of ¢ in (3.7) that
¢ has index p. Moreover, ¢ is nondecreasing with lim; .o, ¢(¢) = 0, thanks to the monotonicity
of ¥p and lim;_,o, ¥p(t) = 0 in Definition 3.1. With that, items (i), (ii) are a consequence of
Theorem 3.10 applied to f = ¢.

Item (iii) also follows from Theorem 3.10, but we need to check that the assumption that
there exists ¢ > 0 such that ¢(¢) > ct holds as ¢ goes to 0. Let d(y) == maxi<i<m ||y — Ti(y)]|.
Fixing any y € B, we let z := Pp(y) and note from F := (., FixT; that z = T}(z) holds for all
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i € {1,...,m}, which together with the nonexpansiveness of T; (see Lemma 2.1) implies that for
all 7,
ly =Tl = lly = 2 + 2 = Ti(y)ll < 2[ly — 2]l = 2dist(y, F).

This together with the arbitrariness of ¢ and the definition of ¥ further implies that

d(y)/2 < dist(y, F) <+p(d(y)), Yy € B.

By assumption, B is closed, so it contains the limiting point z* which satisfies d(z*) = 0. Also

k can be a common fixed point. In

because the convergence is assumed to be not finite, no x
particular, since B contains the sequence {z*}, there exists at least another 5 € B with d() > 0.
Now, d(-) is a continuous function and B is connected so d(B) is a connected subset of IR, i.e.,
d(B) is an interval. In particular, over B, d assumes all values between 0 and d(y). This tells us
that

t/2 < ¢p(t)

holds for all sufficiently small t. Letting x = \/2a(1 + 4vs)/(v(1 — «)) and recalling the definition

of ¢, we have
Volt) = vp(rVt) > V)2,

for small ¢. This implies that ¢(t) > x?t/4 holds for small ¢, which is what we wanted to show. [

The three cases in Theorem 3.11 can be interpreted as follows. When p = 1, the convergence of
the quasi-cyclic algorithm is almost linear, which means that, for any r, the iterates of algorithm
converges to a fixed point faster than k=" goes to 0 as k — oo. This includes cases where the
convergence is, in fact, linear but it also includes the possibility that the convergence is slower than
linear (i.e., slower than ¢~* for any c) as observed empirically in [24, Figure 1]. When p € (0, 1),
the convergence rate is at least sublinear and is faster than s=" for all r with 0 < r < —p/2(p — 1),
which it means that the converge rate is almost the rate that would be afforded if ¥ g were “purely
Holderian” of the form ¢” as we will discuss in Section 4.3.

The case p = 0 is the least informative, which only tells us that @;1 is going to 0 slower than
any sublinear rate, where we recall that @;1 gives an upper bound on the true convergence rate.
So, in essence, we are getting a lower bound to an upper bound, which is only helpful if we suspect
that the upper bound is actually tight. In order to get more information on the case p = 0, we
need extra assumptions as in Theorem 3.14.

3.3 Tighter rates

In this section, we discuss a tool to obtain tighter rates than the one described in Theorem 3.10.
The drawback is that although we do not need to compute the integral appearing in (3.6), we still
need to be able to say something about a certain function g that will appear in Theorem 3.14.
We start with the following lemma about preservation of asymptotic equivalence under the arrow
inverse.

Lemma 3.12. Suppose that fi : [a, 00) — (0, 00) and f2 : [b, 00) — (0, 00) are measurable locally
bounded functions such that fi € RV, with p > 0. If f1(t) ~ fao(t) as t — oo, then f{(t) ~ f5 (t)
as t — oo. Similarly, if fi ~ fo, then f{= ~ f5.

Proof. Let £(t) == f1(t)/t”, so that £ € RV,. By assumption, fo ~ fi holds, so we have fa(t) ~
tPL(t) as well. Then, [6, Proposition 1.5.15] implies that f{~ and f5~ both satisfy

FE () ~ EPE(P) and f57(t) ~ /26 (1),

21



for a certain function ## € RVg, which leads to f{ ~f5.

Now, if fi ~ fa, then there exists a positive constant u such that fi~pufo. By what we just
proved, we have f{~ ~ (uf2) and, by the definition of the arrow inverse (2.14), (uf2)* (t) =
f3~(t/p) holds. Since, f35~ € RVy/,, the definition of regular variation implies f3~(t/u)/fs (t) —
(1/p)'/P as t — oo so that f5(t/p) ~ f5(t) as t — co. We conclude that f{~ ~ f5~ holds. O

If f, g€ RVS are measurable, locally bounded away from zero and satisfy f ~ g then, letting
f=1/f(1/-) and g == 1/g(1/-), the functions f, g are locally bounded, belong to RV, and satisfy
f ~ 3. Recalling (2.16) and applying Lemma 3.12 to f, g, we conclude that f~ ~ g~. With that,
we conclude that, under the stated hypothesis, if f, g : (0, a] — (0, c0) are such that f, g € RV?,
with p > 0 then

frg=f~g. (3.27)

The following lemma is inspired by [14, Theorem 1], but here we relax the monotonicity as-
sumption imposed therein.

Lemma 3.13. Suppose that fi : [a, 00) — (0, 00) and fa : [b, 0c0) — (0, 00) are locally bounded
functions such that fi € RV, with p > 0, fi(t) = oo, fa(t) = oo and fi(t) = o(f2(t)) ast — oo,
then f3(t) = o(ff (t)) as t — oo.

Proof. Because fi(t) = o(f2(t)) holds, for every a € (0, 1), there exists t, > max{a, b} such that
fit) S afolt),  VE>ta.

Now, because f; is locally bounded, y, = 1+ sup{fi(t) | a <t < t,} is finite. In particular, if
fi(t) > y holds with y > y,, we must have t > t,, which further leads to afs(t) > f1(t) > v.
Consequently, for y > yq, the inequality fi(t) > y implies fo(t) > £. In view of the definition of
the arrow inverse (2.14), we have that if y > y,, then

inf {t € [a, 00) | f1(t) >y} = fi (y) 2 f5 (y/a) =inf{t € b, 00) | fa(t) > y/a}.
Put otherwise, f{ (au) > f3 (u) holds for sufficiently large uw which leads to

: fs(u) _ . fi (o)
lim lim .
P W =P W

Next, we divide in two cases.

Since f1 € RVy, we have f{~ € RV (see (2.21) and (2.18)) which implies that the
lim sup on the right-hand-side is zero for a € (0, 1) (see Definition 2.2). That is, f5 (¢t) = o(ff (t))
holds.

We have f{~ € RV, (see (2.17)). By the definition of regular variation, we have
[ (aw)

: fo (w) _ o 1
lim sup < lim sup =al/r
u—oo f1 (1) u—oo  f1 (w)

and since a € (0, 1) is arbitrary, we conclude that the limsup on the left-hand-side is zero and
f5 (1) = o(f{ (1)) holds. O

We are now positioned to state the main result of this subsection. In what follows, we use the
notation f(s) =1/0(g(s)) as s — oo to indicate that 1/(f(s)g(s)) — 0 as s — oc.

Theorem 3.14. Suppose that f : (0, a] — (0, 00) € RV?, with p € [0, 1] is nondecreasing and
limg 0, f(x) =0. Let g(x) := m for x € [1/6, c0) and ® be defined as in (3.6). Then g is
locally bounded. Moreover, the following statements hold.
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(i) If p = 0 and In(g) € RV, with ¢ > 0 then letting « € IR and g(z) = z%g(x), we have
@;1(8) ~ 5%(5) as s — 00.
ii) If p € (0, 1), then ®7(s) ~ ————~ as s — 0.
(ii) If p € (0, 1) f (s) gg((l/p_l)s)
(iii) In case of p = 1: if f(t) ~ t ast — O, then there exist 71, 7> > 0 and 0 < ¢; < ca < 1
such that T < @;1(3) < 1o whenever s is large enough; if t = o(f(t)) as t — 04 then

@;1(5) = as s — oo.

CORO)
Proof. Initially, we need some bookkeeping to verify that the several functions involved in this
theorem satisfy certain desirable properties.

First, we see from (2.3), (2.4), (2.23) and (2.24) that g € RV, ,,_; when p € (0, 1] and g € RV
when p = 0. Also, since local boundedness is preserved by taking products and 1/xz and 1/f~(1/z)
are locally bounded (both by monotonicity) over [1/d, 00), g is also locally bounded. Over [1/4, co)
the functions 1/x and 1/f~(1/x) are positive and monotone, so they are also locally bounded away
from zero. So, similarly, g is locally bounded away from zero over [1/4, o).

We let F(z) :== ®¢(1/x) and then have

6 T T
1 1 9(s)
F(z)=o41/z) = ——dt :/ —————ds :/ 2 ds. (3.28)
! e 1707 Juys 208 s s
Since lim, 0, f(z) = 0, we invoke Lemma 3.6 to conclude that ® is continuous and decreasing.
This together with F'(-) = ®;(1/-) implies that F' is continuous and increasing.
We now consider (3.28) in three cases as follows.

’p =0 and In(g) € RV, with ¢ > 0. ‘ In this case, first we observe that the same argument that

showed that ¢ is locally bounded and locally bounded away from zero also applies to g. This
implies that In(g) is locally bounded®.

Next, let h(z) == In(g(z))—In(z). SinceIn(g) € RV, with ¢ > 0 holds, we have In(x)/In(g(z)) —
0 as ¢ — oo, which follows from (2.4) and (2.9). Similarly, oIln(z)/In(g(z)) — 0 as £ — oco. This
implies that

h(z) ~In(g(x)) ~ In(g(x)) as z — occ. (3.29)

Since In(g(x)) — 0o as x — oo (see (2.8)), (3.29) implies that there exists @ > 1/§ such that h(z)
is positive over [a, co) and the restriction of h to [a, co) belongs to RV,,.

Letting b == ff/é eM®)ds and recalling (3.28), we apply [24, Lemma 5.10] to conclude that

In(F(z) —b) =In (/ ") ds — b) =1In (/ eh(s)ds) ~ h(z) as x — oo. (3.30)
1/6 a

This implies that F'(z) — oo as ¢ — co. Consequently,

fy BE@ =0 (F@) $ (1= b/F@) (1= b/F()
oo I(F(z) | eoee In(F(2)) oo In(F(z))

holds, namely, In(F(z) — b) ~ In(F(z)) holds. From (3.29) and (3.30) we obtain

=1

In (F(z)) ~ In(F(x) —b) ~ h(z) ~1n(g(x)) as = — oo. (3.31)

Since In(g(z)) — oo as © — oo, the same is true of In(F(x)) and there exists @ > 1/4 such that
both functions are positive on [a, co). Let

Fo() =(F()lg,00), () :=(G())]a,0)- (3.32)

6Direct from definition. Over any compact set C, there are positive constants M, Mo such that M; < g(t) < M
for t € C. Therefore, In(M1) < In(g(t)) < In(M2z), so that |In(g(t))| < max{|In(M1)], [In(M2)|}.
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We then have from (3.31) and In(g) € RV, that F,.(z) ~ g-(z) as ¢ — oo and g, € RV, with ¢ > 0.
In addition, F;. is locally bounded (due to the continuity of F'), and g, is locally bounded, thanks
to the local boundedness of In(g). We apply Lemma 3.12 to the two functions in (3.32) and obtain

T

ET(s) ~g(s) as x — . (3.33)

We recall that both In(F(z)) and In(g(x)) go to oo as © — oo and F,. is continuous and increasing.
We apply Proposition 2.4 to them and see from (3.32) and (3.33) that

F=H(e*) = (In(F)~'(s) = (In(F))(s) = F;7(s) ~ g (s) = (In(9)) " (s) =g (¢*) as s — o0,

where the first equation follows from the fact that F' is invertible and the last equation follows
from the definition of arrow generalized inverse. This further gives

q);l(s) =1/F ' (s) ~1/3"(s5) as s — oo,

which proves item (i).
p € (0, 1) | In this case, we have g € RVy,,_; with 1/p —1 > 0. Then, invoking (3.18) with g
and 0 = —1, we have from (3.28) that
F(zx) ~ %g(m) as x — oo. (3.34)
—p

Recalling that g and F' are locally bounded Applying Lemma 3.12 to (3.34) and Proposition 2.4
that

@7 () =1/ (5) ~ 1/(7E=0) () =1/ (/o= 1)s) s s .

which proves statement (ii).
We first prove the first half of the statement. Since f is nondecreasing, it is locally

bounded away from zero, so f(t) ~ t implies f~(t) ~ t as t — 0. In particular, there exists u > 0
such that 1/f7(1/s) ~ s/u as s = oo. This further implies

Therefore, fix any € € (0, 1), there exists M > 0 such that for all s > M we have

1—e§g(s) §1+6-

s s ps
This together with (3.28) implies that when x > M,

F(x):/ljég(;)ds:/ljzg(:)ds+/];g(j)ds

Let r1 := f1j\//[5 93 gs — (1 — €)In(M)/p and kg = flj\//la 95) gs — (1 + €)In(M)/p. Then for z > M,

(I—e)ln(x)/p+r1 < Flx) < (1+e€)ln(z)/n+ k. (3.35)

Due to Lemma 3.6, we see that ®; and F' are continuous, and F is increasing. We recall that if
f1, fo are increasing function satisfying f; < fo we have f; 1< f1 1 Applying this principle to
(3.35), we conclude that whenever s is large enough, F~! is sandwiched between the inverses of
the functions appearing on the right-hand-side and the left-hand-side of (3.35), which leads to

@;1(3) =1/F~(s) € [ric5, Toc3],
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where 71 := et1/(1=€) 1y = enr2/(1+e) o= e=1/(1=€) and ¢y := e #/(1+€) This proves the first
half of statement (iii).

Now, it remains the case of t = o(f(¢t)) as t — 0. In this case, we have g € RV(. Using this,
the local boundedness of g and the definition of F', we invoke [6, Proposition 1.5.9a] which tells us
that

FeRVy and g¢g(z)=o0(F(z)) as x — 0. (3.36)

Due to t = o(f(t)) as t — 0O, it holds that Uf(;/x) = f(ll/fa:) — 0 as z — oco. Namely, we have
1/f(1/xz) = o(x). We note from the monotonicity of f and lim, .o, f(z) = 0 that 1/f(1/x) is
locally bounded and goes to co as  — oo. Therefore, applying Lemma 3.13 to 1/f(1/z), « and
recalling (2.16), we obtain

. . 1 .
dm g(x) = lim “mmms = lim = Jimn

= Q.

Y fn) 0/ (@)

This together with (3.36) implies that F(x) — oo as © — co. Note that F is locally bounded (due
to its continuity) and g is locally bounded. Applying Lemma 3.13 to g and F' by recalling (3.36),
we have

<I>J71(s) =1/F~'(s) =1/o(g" (s)) as s — oo,
which proves the latter half of statement (iii). This completes the proof. O

Typically Theorem 3.14 would be invoked in the context of Theorem 3.8 with f = ¢. However, ¢
may have terms of different orders so it will be helpful to verify that we can focus on the important
terms only, especially in item (ii).

Proposition 3.15. Suppose that f and f satisfy the assumptions in Theorem 3.10 and f ~ f €
RV?) with p € (0, 1). Then we have ®; ~ P and <I>171 < <I>J;1.

Proof. By (2.23) and (3.27), we have f=, f~ € RV(l)/p and
frRf

Now, 1/f~ and 1/f~ both belong to RV(il/p. Moreover, thanks to Lemma 3.5, 1/f~ and 1/f~
are monotone and therefore locally bounded away from zero. Applying (3.20)7 (i.e., Karamata’s
theorem) to both ®; and ®; we have

Defining F and F by F(z) == ®;(1/z) and F(z) == ®¢(1/x), we have F, Fe RVy/,—qyand 1/p—1 >
0 because p € (0, 1). Then, we have F' LF. By Lemma 3.6, F' and F are increasing, continuous

and both go to oo as © — oo, since p € (0,1). By Lemma 3.12 and Proposition 2.4, we conclude
that F~1 < F~1. Since F~' = 1/®;" and F~! = 1/@;1, we conclude that @' < @;1. O

4 Applications and examples

In this section we take a look at some examples of non-Holderian behavior that is covered by the
definition of Karamata regularity. In sections 4.1 and 4.2 we will focus on new results that are
obtainable based on the techniques developed in this paper and we will contrast with the results
described in [10] and [24].

"We restrict the domain of 1/f~ and 1/f~ to (0, 4].
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4.1 Exotic error bounds and convergence rate of alternating projections

First, we will see examples of error bounds among convex sets. We will consider two closed
convex sets C7, Cy with non-empty intersection and apply Definition 3.1 to the projection operators
L, = Pc,, Ly = Pc,. Then, in each case we examine the corresponding convergence rate of the
alternating projections (AP) algorithm for solving the common fixed point problem

find x € C = (FlXLl) n (FIXLQ) = Cl N CQ. (41)

As a reminder, AP for (4.1) is obtained from the quasi-cyclic iteration described in (3.5) by
letting T} := L;, w¥ := (k+i mod 2), so that w¥ is (0,1,0,1,...), w5 is (1,0,1,0,...) and therefore
v = 1. With that, item (b) of Theorem 3.8 is satisfied with s = 2. Then, the assumption in item (a)
of Theorem 3.8, i.e., joint Karamata regularity of Pc,, Pc, over a bounded set B containing {z*},
corresponds to an error bound condition on Cy, Cs over B, namely,

dist(z, C) < 1&3(112% |z — Li(:zz)||) - @pB(&%) dist (z, oi)), VzeB, (4.2)

where 1 p satisfies items (i7) and (éi7) in Definition 3.1. Since projections are 1/2-averaged, the
function ¢ in Theorem 3.8 is of the form

o(u) = ¥3(V18u). (4.3)

In summary, in order to estimate the convergence rate of AP applied to C; and Cs, we have to
estimate the function @;1. We will show how to do using the results developed so far.

We emphasize that there are many different algorithms that are covered by the quasi-cyclic
algorithm and this was extensively showcased in [10]. Although initially we will focus on the
particular case of AP, we recall that Theorems 3.10 and 3.14 apply in general to quasi-cyclic
iterations, since the aforementioned results are also valid under the setting of Theorem 3.8. Our
choice of using the AP algorithm is only to better emphasize the analysis technique. We will
also focus on new results and insights that were not obtainable under our previous work [24]. In
particular, later in Section 4.2 we will see an example of convergence rate for the DR algorithm,
which is something that was not possible under the framework developed in [24] and is also beyond
the analysis done in [10] since one of the sets is not semialgebraic.

Before we move on we recall some properties of the Lambert W function which denotes the
converse relation of the function f(w) = we®. It has two real branches Wy and W_;. The principal
branch Wy(z) is continuous and increasing on its domain [—e™!, 00), and satisfies Wy(z) > —1,
Wy(0) = 0, with Wy(z) — 0o as & — oo. The branch W_;(z) is continuous and decreasing on its
domain [—e~!, 0), and satisfies W_;(x) < —1, W_1(—e~!) = —1, with W_;(2) = —ocoas z — 0_.
More details on the Lambert W function and its applications to optimization can be seen on [11].

An example with p € (0, 1): a Holder-entropic error bound First we will construct two
convex sets satisfying a non-Hélderian error bound with index % We start by letting the function
v : [=0.5, 0.5] = IR be such that v(0) := 0 and

v(z) = 62W_1(_%), YV x € [-0.5, 0.5]\ {0}.

The inverse of the restriction of v to [0, 0.5] exists and, with a slight abuse of notation, we will
denote it by y~. The domain of y~! is [0, ¥(0.5)], where v(0.5) < 1, and its expression on
(0, v(0.5)] is given by

7 (y) = —vyn(y). (4.4)
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is increasing and concave, and satisfies v~1(0) = 0, which implies that for x > 0

1

The function v~

and « > 0 such that (1 + «)z is in the domain of v~ we have

@) = (o (b a)e + o) » TEL AT (4.5)
Define
Cr=A{(z, p) [v(z) < p}, Co={(z,0)|zeR}. (4.6)

Let C := Cy N Cq, with that we have C' = {(0, 0)}. Our goal is to show the following theorem.

Theorem 4.1 (A Hoélder-entropic error bound). Let Cy, Cy be defined as in (4.6) and let By, ==
{(z, p) | |z| + |p| < b}. Then for small enough b > 0 there exists k > 0 such that

dist(w, C) < ky™? ( max dist(w, Ci)), Yw € By, (4.7

where =1 is defined as in (4.4). PFurthermore, yv~1 belongs to RV(l)/2 and (4.7) is optimal in the
following sense: over those By with b sufficiently small, C1, Co do not satisfy a Holderian error

bound with exponent 1/2 nor (4.7) holds if v~1 is substituted with an RVg function with p > 1/2.
8

Proof. First, we can extend ~y from its domain [—0.5, 0.5] to (—=2e™1, 2¢71): let 5 : (=2¢7 1, 2e7 1) —
IR be such that 4(0) := 0 and
Y(z) = e2W*1(_%), Ve (=21 271\ {0}

Note from the properties of W_; on (—e~!, 0) that 7 is continuous and decreasing on (—2e~1, 0).
Hence, the inverse of the restriction of 5 to (—2e~1, 0) exists and, with a slight abuse of notation,
we call it 37!, By calculation we have 77 '(y) = /yln(y) for y € (0, e72), which is convex
and decreasing. By [27, Proposition 2] we have 7 is convex and decreasing on (—2e~!, 0). Since
3(x) = A(—z) and 7 is continuous at 0, we have that 7 is convex on its domain?. Given that v is
the restriction of 4 on [—0.5, 0.5] and recalling that a convex function is Lipschitz continuous over
any compact set contained in the interior of its domain (e.g., [17, Theorem 3.1.1]), we conclude
that ~ is Lipschitz continuous on its domain.

Let L denote the Lipschitz constant of v on its domain, and define L= max{L, 1}, b= g%%)
For any w = (z, p) € B,
2v2L Juax dist(w, C;) < 2v2L dist(w, C) < 2v2L(|z| + |u|) < 2v2Lb = 7(0.5). (4.8)

Moreover, let (Z, v(Z)) denote the projection of (x, 0) onto C1'Y; in particular Z € dom~. From
L > 1 and 7(0.5) < 1 we have b < 0.5, and since w € By, we have z, u € dom~y.

8That means, one cannot expect to obtain an error bound function which improves the current one y~1 by either
increasing its exponent or keeping the exponent but removing the slowly varying term — In(-).

91t suffices to prove that the epigraph S := {(z, u) | F(x) < u} is convex, i.e., for any (z, u), (y, v) € S we have
F(ox + (1 — a)y) < au+ (1 — a)v holds for all a € (0, 1). Without loss of generality, we assume that * < 0 < y
and z := az + (1 —a)y < 0. The convexity of 5 on (—2e~ !, 0), together with (0) = 0 and its continuity at 0, gives
7(2) £ Z79(x). Combing this with Z < % = «, we obtain (z) < ay(z) < au < au + (1 — a)v, which completes
the proof.

10Tf the projection were of the form (Z, i) with v(Z) < fi, we would be able to get a point closer to (z, 0) by
replacing i with v(Z).
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Using the Lipschitz continuity of v on its domain, we then obtain

y(x) < Lz — 2| +v(&) < L(le — 2| + 7(2)) < V2L dist ((z, 0), C4)
< V2L (dist(w, C1) + |lw — (x, 0)]|) = V2L (dist(w, Cy) + dist(w, C3))
<2V2L max dist(w, C;), (4.9)

Y(n) < Ll < Lin| = Ldist(w, Cz) < L max dist(w, Cy).
_/L_

Due to (4.8), the two right-hand side terms of (4.9) are in the domain of y~!. Thus, for each
inequality in (4.9), we can apply 7~ ! at both sides obtain

<97 (2v2L pag, dist(o, €0), -l < 7 (T o, distln, ©0).
lz] <~71(2V2L max, dist(w, C;) ), |p| <~y (L nax, dist(w, C;)
This together with (4.5) further implies

dist(w, C) < |z| + |p| < 7*1(2\/53 max dist(w, CZ)> +47t (E max_dist(w, C’Z))

1<i<2

~ . ‘
< (2\/54— 1)Ly (112%)(2 dist(w, C’Z)).

This means that (4.7) holds for any b € (0, b) and x = (2v2+1) L.

Next, we show that the error bound we have in (4.7) is optimal in the sense that no error bound
function in RV® with an index greater than 1/2 is admissible. We will also show that no Hélderian
error bound with exponent 1/2 holds for C; and Cs.

First, suppose that ¢ € RVg is a nondecreasing function such that for sufficiently small b > 0,

dist(w, C) < 77/1(1121;2(2 dist(w, C’i)), Vw = (x, u) € By.

Let wy := (tg, 0) with tx — 04 and ¢ € (0, min(b, 0.5)). Then we would have

t = dist(wy, C) < ¢ (dist((tr, 0), C1)) < ¢ ([[(Ex, 0) = (s, Y(E)I) = ¥ (V(Er)) - (4.10)

Since 771 € RV?/Q7 the restriction of v to (0, 0.5] belongs to RVY by (2.23). With that, the
composition o7y belongs to RV® and has index 2p, see (2.5). If p > 1/2, we then have m e RV?
with a negative index by (2.5). By (2.11), this implies that ¢/ (y(t)) — 400 as t — 04, which
contradicts (4.10). Therefore, p must be in [0, 1/2].

Also, if there exists a Holderian error bound with exponent 1/2 for C; and Co, then (4.10) holds
with 1 (t) = ¢ - t'/2, where ¢ > 0. Consequently, recalling that e"~1() = ¢/IW_,(t) holds, we have

tre/V(v(tr)) = 2|W_1(—|tk|/2)|/c — oo, which contradicts (4.10). This completes the proof. O

Next, we consider the problem of estimating the convergence rate of the AP algorithm when
applied to C; and Cs as defined in (4.6). Denote the sequence generated by the AP algorithm
by {z*}. Let B be a bounded set containing {z*} and r > 0 be such that B C B,. Let b > 0
and xk > 0 be given as in Theorem 4.1 such that (4.7) holds. One can see that there exists some
c € (0, e72) such that w € By, whenever w € B and max dist(w, C;) < ¢ hold!'. With that, we

HSuppose that such a constant ¢ does not exist. Then we can construct a sequence {c} with ¢ — 0, a sequence
{w"} C B satisfying max dist(w”, C;) < ¢i but w® ¢ By, for all k. Since B is bounded, without loss of generality,
_Z_

we may assume that w® converges to some w*, which further leads to w* € C1 N Co = (0, 0). Since B contains a
neighborhood of (0, 0), we have w* € By for large k which is a contradiction.
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let 95 be as follows
0 if t=0,
Yp(t) == { —kvEIn (t) if 0<t<c, (4.11)
max {r, —ky/cln(c)} if t>ec

The function v p satisfies items (i) and (iii) of Definition 3.1. Now, we show that error bound
condition (4.2) holds. Given any = € B, we consider three cases: if max dist(z, C;) = 0, then

x € C and hence (4.2) holds, thanks to ¥5(0) = 0; if 0 < max dist(z, C;) < ¢, then z € By, which
together with (4.7) and the second case in (4.11) implies that (4.2) holds; if wax dist(z, C;) > ¢,

we see from C' = {(0, 0)}, z € B C B, and the third case in (4.11) that (4.2) holds.

From what is discussed above, we then have that 71 = Pr, and T> = P, are jointly Karamata
regular over B with regularity function ¢ 5 defined as in (4.11). We will analyze the convergence
rate as follows. We will compute the function ¢ appearing in Theorem 3.8 and use Theorem 3.14
to estimate the asymptotic properties of @;1. Recalling (4.3) and the relation between ¢ and é in
(3.7), we observe that when ¢ is small enough,

#(t) = ¥ (V18t) = 3v2:*Vi(In(v181))? < Vi(In(t))* € RVY 5. (4.12)

Let f(t) = v#(In(t))2. Note that both ¢ and f are continuous and increasing on (0, a] for some
small enough a. After restricting them on (0, a], we have that both ¢(¢) and f(¢) satisfy the

assumptions in Theorem 3.10. On the other hand, let § for s € [1/6, 00). Now, we

(5) = =L —
R sf=(1/s)
first apply Proposition 3.15 to ¢ and f by recalling (4.12), and then apply Theorem 3.14 (ii) by
letting f = f and g = g, and therefore obtain

./@;1(3)2 /cb;l(s) ~ ‘/g%(s) as s — o0o. (4.13)

That is, instead of evaluating 4/ @;1(5) directly which may be quite cumbersome, we may estimate

the convergence rate through the (relatively) simpler expression ﬁ/g%(s)' So our next task is
evaluating G (s).
Since f is continuous and increasing on its domain (0, al, its usual inverse exists with f=1(u) =

f- (u) for small enough positive u. Let h := f~!. For small enough u, we have

u= f(h(u)) = /h(u) (n(h(u)))*. (4.14)
Let
1n(h(u)).
4

Zy =

1/4

Hence, z,, = —o0 as u — 05. We also have e** = h(u)"’". Then (4.14) together with z, < 0 as

u — 04 implies that

i.e., for sufficiently small positive u,

()

where we note that this must be indeed the W_; branch because the Wy branch is lower bounded
by —1 and z, goes to —oo as u — 04. Consequently, using (4.15) we have for sufficiently small
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positive wu,

\/6)4_ u? u?

4z, -

u) = (e*)' = (- a B .
h(u) = (e*) ( 2562 256, (—¥L)]*

Therefore, for large enough s, we have

4(s) = sf21/5> = g =2 | (“a3) r' (10

By the properties of W_;, we have that ¢ is increasing and continuous on [M, co) for some large
enough M > 1/6 and §(s) — oo as s — co. We note from Theorem 3.14 that ¢ is locally bounded.
By Proposition 2.4, g (s) = g~1(s) holds for large enough s. Let w(s) := §~*(s) for large enough

s. Let ty = W_y(— 4\/110(7(9))' Then we obtain from (4.16) that

= g(w(s)) = 256w(s)tl. (4.17)

e ts

.- . ts — _ 1 3 — _
By definition of the Lambert W function, we have tze e that is, \/w(s) T

Since t5 < 0, in combination with (4.17), we obtain

Vs et —t
Y2y = —tet
A i, V=t

() <.

This together with (4.13) and (4.17) implies that

—1 ,S, 1 — 256t4 16t2 [WO(\[)} as S o0
V%“>¢ww‘¢ ¢ N AN e

Now, se® is a rapidly varying function, so Wy is slowly varying by (2.22), which implies that
Wo(As) ~ Wy(s) for every A > 0. Therefore,

2
CIJ;I(S) < M as s — oo. (4.18)

NG
This implies that when the AP algorithm is used to find a feasible point in the intersection of
C; and Cy defined as in (4.6), the sequence {x*} converges at least at a rate proportional to

2
%. Using our previous techniques in [24] we would only be able to conclude that, up

which implies that

to multiplicative constants, the convergence rate is at least as fast as (1/ k)%_E for all positive
satisfying 1/2 — e > 0, see [24, item (ii) Theorem 5.7]. Notably, ¢ cannot be taken to be zero in
the context of [24, Theorem 5.7].

The rate in (4.18), however, is more explicit and gives the asymptotic equivalence class of the
estimate @;I(k). It is interesting to note that [Wo(v/s)] 2/\/5 does not correspond to a sublinear

rate, however, we can see from

LY | A | Y V) | AV
5—00 1/\/5 s—00 (1/8)1/275

that [Wo(y/s)] 2/\/5 is squeezed between 1/4/s and (1/s)/27¢ for all positive ¢ such that 1/2—¢ > 0.
In this way, (4.18) gives a finer evaluation of the convergence rate.

0
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An example with p = 1: Better estimates for the exponential cone We denote by Ky
the exponential cone which is given by

Kexp := {.73 = (x1,22,23) € R3 | zo > 0,23 > xgexl/x"’}u{x = (21,22,23) | 1 < 0,25 > 0,29 =0} .

As shown in [23, Section 4.2.1] and [24, Section 6.2], a so-called entropic error bound holds between
C1 = Kexp and Oy = {x eR? | o = O}. More precisely, there exists a constant kg > 0 and a
function ¥ g such that (4.2) holds and g satisfies

Yp(a) = —kpaln(a) (4.19)

for sufficiently small a.

Consider the AP algorithm applied to the feasibility problem of finding x € C; N Cs. We
previously analyzed the convergence rate in [24, Section 6.2] and we were able to conclude the rate
is faster than any sublinear rate, but the estimate is worse than any linear rate. This was also
observed empirically, see Figure 1 in [24]. Here, however, we obtain a finer result that indicates
where the rate is located in the gap between linear and sublinear rates.

Continuing our analysis, from (4.19) and (4.3), we conclude that the function ¢ in Theorem 3.8
takes the form

o(t) = % (V18t) = kt (In(t) + In(18))* < t(In(t))? € RVY,
for sufficiently small ¢ and x := 2x%. Note that t = o(¢(t)) as t — 04.. Moreover, ¢ is continuous
and increasing on (0, a] for some small enough a. So, we restrict ¢ on (0, a]. Let g(s) := ﬁ
for s € [1/4, c0). Applying the second half of Theorem 3.14 (iii) and letting f := ¢, we obtain

1
O l(s) = ——— as s — 0. (4.20)

T o(Ve )

Let h(s) := ¢~ 1(1/s) be defined for large enough s. Since ¢ is increasing and continuous on (0, a),
h is continuous and decreasing for large enough s, e.g., see [16, Remark 1 and Proposition 1].
Moreover, for large s, it holds that ¢~1(1/s) = ¢~ (1/s) and

1/s = ¢(h(s)) = k h(s) (In(h(s)) + In(18))*.
Consequently, for large enough s,

1 1 1/8 2
g(s) = = = =k (In(h(s)) + In(18))". 4.21
()= 55775 = T ey~ F k() + 1a(18)) (4.21)
Note that h is decreasing and h(s) — 04 as s — oo. This implies that ¢ is increasing and
continuous on [M, oo) for some large enough M > 1/6. Moreover, g(s) — oo as s — co. Note from
Theorem 3.14 that g is locally bounded. By Proposition 2.4, we conclude that g (s) = g~1(s)

holds for large enough s. Define

w(s) =g~ (s)
for large enough s. From (4.21) we have
s = g(w(s)) = « (In (h(w(s))) + In(18))>. (4.22)

Note that when s — oo, we have w(s) — oo, h(w(s)) — 04 and therefore In(h(w(s))) — —oo.
Recalling that h=!(u) = ﬁ holds for small enough u, we solve (4.22) in terms of w(s) and
conclude that for large enough s we have

w(s)=h"" (ei\/giln(ls ) - ¢(e\/%1n(18)) B 5618 2
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Let ¢ := e7v7. We then have ¢ > 1. Combining the above equation with (4.20) and recalling that
for large s we have w(s) = g~ 1(s) = g* (s), we obtain

1
o (VI§/ (Ve vF))

@;1(3) as s — Q.

This is further equivalent to
VseVe =0 ( <I>¢1(5)> as s — 00. (4.23)

As a reminder, we already knew from [24, Theorem 4.7 and Proposition 6.9 (iii)] that the conver-
gence rate of AP applied to C; and Cs is faster than any sublinear rate and the estimate obtained
therein is slower than any linear rate. We called such a rate almost linear. The relation (4.23)
refines this result and tells us that the predicted rate is not only slower than any linear rate but,
up to multiplicative constants, it is slower than VEkeVF. This is a stronger statement because
VkeVE goes to zero slower than d=* for any d > 1, i.e.,
—k
lim d 0.

koo Ve VE

4.2 A Douglas-Rachford splitting method example

In this subsection, we will demonstrate an example of convergence rate for the DR algorithm.
Specifically, we consider the two sets C; and Cs defined in (4.6), i.e.,

Cr={(z, p) | v(2) < p}, Co={(z,0)|zeR}
and apply the DR algorithm to C; and C5 as follows:
Wt = Tpg (w¥) = w" + Po, (2P, (w*) — w") — Pe, (w"). (4.24)

Note that C; is not semialgebraic, so the convergence rate analysis in [10] is not applicable. How-
ever, we can obtain the convergence rate of {w*} by using the techniques developed in this paper.

To proceed, we first compute Fix Tpgr. Using the definition of Fix Tpr and the closed-form
expression of Pg,(+), we have

w = (LC, :U/) € FixTpr < PC1 (QPC'z(w) - ’LU) = PCz(w)
> Po, ((z, —p)) = (z, 0)
— x=0,u>0,
where we check the third equivalence as follows. Suppose that Po, ((z, —p)) = (x, 0) = Pe, (w)
holds. Then, (z,0) € C; N Cy, therefore x = 0. Now, v(0) = 0, so if x4 < 0 holds, then
(x, =) = (0, —p) € Cy, which would lead to P, ((z, —pu)) = (x, —p). This contradicts with

Pc, ((z, —p)) = (x, 0), so p must be nonnegative. Conversely, if x = 0 and p > 0, then Pc,(w) =
(0, 0) and Pg, ((0, —p)) = (0, 0) holds because v is nonnegative. This proves that

Fix Tpr = {(0, ) | p > 0}. (4.25)

We will now discuss how to apply Theorem 3.8 to Tpr. The DR algorithm (4.24) can be obtained
from the quasi-cyclic iteration described in (3.5) by letting m = 1, Ty = Tpr and w¥* = 1 (thus
v = 1). With that, item (b) of Theorem 3.8 is satisfied with s = 1.
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In order to verify the assumption in item (a) of Theorem 3.8, we need to show the Karamata
regularity of Tpr over a bounded set B containing {w*}, namely, the existence of ¢ p satisfying
the last two items of Definition 3.1 and the first item as below

dist(w, Fix Tpr) < ¢B( I Tor (w) — wl| ) Y we B. (4.26)

Once this is done and recalling that Tpr is 1/2-averaged [10, Lemma 4.1], the function QAS in
Theorem 3.8 is of the form
$(u) = ¢ (V10u) (4.27)
and ¢ is obtained by restricting ¢ to some interval of the form (0, al.
So the first step in order to obtain the convergence rate of the sequence {w"} is to compute 9 5.
For this goal, we will first show the following theorem. In what follows, we consider the following

notation for r > 0:
B, == {w e R? | dist (w, FixTpr) < r}.

Theorem 4.2. Let Tpr be given in (4.24). There exist r > 0 and k > 0 such that for all w € B,.,
dist (w, FixThr) < ny~" ( | Tor (w) — wl| ) (4.28)

Proof. For any w = (z, ), we have from (4.25) that
dist (w, FixTpr) = [|(z, p) — (0, max(p, 0))]| = [[(z, min (1, 0)],

(4.29)
[Tor(w) — w|| = || P, (2Pc, (w) — w) — P, (w)|| = || P, ((z, —p)) — (z, 0)] -
Since limy_,q v%(t) = limy o, m =0 and v 1(0) = 0, there exists some ¢; > 0 such that
t<~y7Nt), Vtelo, el (4.30)

Due to the continuity of v and (0) = 0, there exists some ¢z > 0 such that

V2L+\/42 + 42(t) < min (y(0.5), ¢1) (4.31)

holds for all ¢ € [0, ¢3], where L := max(L, 1) and L is the Lipschitz constant of  on its domain,
as shown in Theorem 4.1. Let r := min{cy, ¢2, ¥(0.5), 0.5}. For any w = (x, u) € B,, we consider
the following two cases.

(a) (x, —p) € C1. In this case, y(z) < —p holds. Therefore, we have p < 0 and v(x) < —p = |pl.
Furthermore, we note from (4.29) and w € B, that dist(w, FixTpr) = ||(z, )| < r. This
implies |u| <7 < ~(0.5) and |u| < r < ¢;. Consequently,

dist (w, FixTor) < o] + ] < v~ (Jul) + |l < 2" (l) = 297 ([ Tom(u) — ] ). (432)
where the last inequality follows from (4.30) and the equality follows from (4.29).

(b) (x, —p) ¢ Ci. In this case, we have v(x) > —pu. Note from (4.29) that |z| < dist(w, Fix Tpgr) <
r < 0.5. Let (Z, 1) denote the projection of (z, —u) onto Cy. Since + is defined on [—0.5, 0.5],
|z] < 0.5, and vy(a) < «(b) whenever |a| < |b] < 0.5, we then have |Z| < |z] < 0.5 and
- 7) 12
ji=(Z).

12Suppose that |Z| > |z|. We then have i > v(Z) > 7(z), which together with v(z) > —pu implies that 0 <

v(x)+p=|(z, —p) — (z, v(x))|| < p+ i < ||[(z, —p) — (&, @)||. That means we can find (z, v(z)) € C1 which is
closer to (z, —u) than (z, ). This leads to a contradiction, thus we conclude that |z| < |z|. Next we prove that
i = ~(Z). If this does not hold, we must have i > ~(Z) since (Z, i) € C1. Now, we consider two cases. If —u < ~(Z),
then 0 < (Z)+p < i+ p. Thus, the point (Z, v(z)) € Cy satisfies |[(z, —p) — (&, v(Z))|| < |[(z, —p) — (&, &), which
leads to a contradiction. If —p > (&), since —u < () and ~y is continuous with y(u) = vy(—u) for u € [-0.5, 0.5], we
can find some 7 with the same sign with x such that v(Z) = —u. We then have v(z) < v(Z) < v(x), so |Z| < |Z| < |z|.
Thus, the point (Z, v(Z)) € C1 satisfies ||(z, —p) — (T, v(@))|| = |z — 2| < |z — | < ||(z, —p) — (Z, )|, which leads
to a contradiction. This proves i = v(Z).
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We then obtain from the Lipschitz continuity of + on its domain that
V(&) < (@) + Llz — 2| < L(|lz — 2 +~(2)) < V2L ||(x — 2, 7(2))] - (4.33)
Moreover, we see from |Z| < |z| < r < ¢g that

V2L ||(z — Z, v(2))|| < V2L\/4r2 +42(r) < min (y(0.5), ¢1), (4.34)

where the last inequality follows from (4.31). This means that the right-hand-side of (4.33)

is in the domain of y~!. Then, applying v~! at both sides of (4.33) and invoking (4.5), we

obtain

ol <y (VEE @ - 2 4@)]) < VI (I - 2 4@ (435)
Next, we consider two cases. If 4 > 0, combining (4.29) and (4.35) we obtain
dist(w, Fix Tor) = |2 < VL7~ (@ — 7, 1(@)]) = V2Ey~" (1Tor(w) — w]) . (4.36)
Finally, suppose that i < 0. We obtain from L > 1, (4.30) and (4.34) that
V3L |l(z - &, 4(@) < V2 (@ — 7, 1(@)I)- (4.37)
We have from (x, —u) ¢ Cy that || = —p < (). In view of (4.33) and (4.37), we obtain
Il < v(@) < V2L |(z - 7, %(2))| < V2Ly ! (I(= — 7, 7(@))]). (4.38)
Then, (4.29), (4.35), (4.38) imply that

dist (w, FixTpgr) < |z| + ||

- - 4.39
< 2vV2Ly 7 (|[(z — 2, 4(@))])) = 2V2Ly " (| Tor(w) — wl)).- (39

Finally, (4.32), (4.36) and (4.39) taken together imply that (4.28) holds with x = 2v2L. This
completes the proof. O

Next, we will use Theorem 4.2 to obtain ¢ and further estimate the convergence rate of {w"}
in (4.24). Let B be a bounded set containing {w*} and R be such that B C Bg. Let r > 0 and
k > 0 be given as in Theorem 4.2. One can see that there exists some ¢ € (0, e=2) such that
w € B, whenever w € B and ||[Tpr(w) — w| < ¢ hold'3. Let

0 if t=0,
Yp(t) == —kVtIn (2) if 0<t<e, (4.40)
max {R, —ky/cln(c)} if ¢>c.

With that, ¥ 5 satisfies items (i) and (ii7) of Definition 3.1. Now we check item (i) of Definition 3.1,
i.e., condition (4.26). Indeed, given any w € B, we consider three cases: if ||[Tpr(w) — w|| = 0,
then w € FixTpgr and hence (4.26) holds, thanks to ¥5(0) = 0; if 0 < |[Tpr(w) — w|| < ¢, then
w € B, which together with (4.28) and the second case in (4.40) implies that (4.26) holds; if
ITor (w) — w|| > ¢, we see from w € B C Bg and the third case in (4.40) that (4.26) holds.

13Suppose that such a constant ¢ does not exists. Then we can construct a sequence {c} with ¢, — 0, a sequence
{u*} C B satisfying |Tpr(u*) — u”|| < cg but u* ¢ B,. Since B is bounded, without loss of generality, we may
k converges to some u*. Now, Tpr is continuous, so ||Tpr(u*) — u¥|| < ¢, and ¢ — 0 leads to
u* € Fix Tpr. Now, B, contains a neighbourhood of Fix Tpg and, in particular, a neighbourhood of u*, so u* € B,
for large k which is a contradiction.

assume that u
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Recalling (4.27), we observe that when ¢ is small enough,
$(t) = o(t) = ¥B(V10t) = V105> VE(In(v10))* < VE(In(t))* € RVY 5.

So we are back to the same situation as in (4.12). Following the same exact computations that
culminate in (4.18), we then obtain

q);l(s) < M as s — oo. (4.41)

NG
As a reminder, the set C} defined in (4.6) is not semialgebraic and hence the convergence rate
of the DR algorithm (4.24) cannot be obtained from [10, Proposition 4.1], which requires all sets
involved to be semialgebraic. To the best of our knowledge, the rate obtained in (4.41) is new for
the DR algorithm.

4.3 Recovering previous results

In this quick subsection we reap some extra fruits of the theory developed so far.

Sublinear/linear rates under Holder regularity. We briefly sketch how to recover the main
convergence rate result in [10] as follows. For the iteration in (3.5) suppose that the Tj’s are
bounded Hélder regular with uniform exponent v, ; € (0, 1] and the intersection of the fixed point
sets is nonempty and has a Holderian error bound of uniform exponent v, € (0, 1], see Remark 3.3
for a review of these notions. Let v1 := mini<;j<m 71,5, ¥ = 7172 and suppose that we are under
the assumptions of Theorem 3.8.

The fact that the intersection of the fixed point sets has a Hélderian error bound of uniform
exponent 2 € (0, 1] implies that they have a consistent error bound function of the form ®(a, b) :=
o(b)a” for some some nondecreasing function o, see [24, Theorem 3.5]. Also, each T is uniformly
Karamata regular and, given a bounded set B, T; has a regularity function of the form ng(a) =
kpa i for some kg > 0.

Then, applying Proposition 3.4, we conclude that the T} are uniformly jointly Karamata regular
and the regularity function 5 can be taken to be asymptotically equivalent (up to a constant) to
the composition of o(b)a” with the sum of all the F%’s. By the regular variation calculus rules
we have ¢p € RV?Y (see (2.5)) and ¥p(t) ~ 7 as t — 0., since, intuitively, only the terms with
smallest exponent matter as t — 04. Similarly, the ¢ in Theorem 3.8 also satisfies ¢(t) € RVg and
(t) ~ 7 ast — 0.

Next, we consider two cases. First, if v € (0, 1), then applying item (ii) of Theorem 3.14 and

C

Proposition 3.15, we conclude that @;1(3) ~

—L  ~ass— oo, where g(t) = —— = £
g« ((l/vfl)s) t3/1/t

Now, g is invertible over (0, o), so we get g (s) = g~ 1(s) = sT5 for large s by Proposition 2.4.

Overall, we obtain
.

O, (k) ~ k7T as k — oo, (4.42)

If v =1, then ¢(t) ~ t as t — 04 so the first half of item (iii) of Theorem 3.14 implies a linear
convergence rate. Both rates match what is given in [10, Theorem 3.1].

AP and logarithmic error bounds We say that convex sets C1,..., (), have a logarithmic
error bound with exponent 7 if they admit a consistent error bound function ® such that for

¥
every b > 0, there exist x, > 0 and a, > 0 with ®(a, b) = kp (—ﬁ) for a € (0, ap), see [24,
Definition 5.8].
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This corresponds to a very pathological kind of error bound that is worse than any Holderian
error bound, see [24, Example 5.9] for a family of examples. Another example of logarithmic error
bound was found in [23, Section 4.2.3] in the study of exponential cones, a highly expressive class
of cones that can be used to model convex problems that require the exponential and logarithm
functions, see [12] and [26, Chapter 5]. In particular, a logarithmic error bound of exponent 1
holds for the exponential cone and a certain subspace, see [24, Section 6.2] for more details. Other
examples of logarithmic error bounds in the context of optimization over log-determinant cones
can also be found in [22].

For simplicity, let C; and C3 be two closed convex sets which satisfy a logarithmic consistent
error bound ® with exponent v > 0 and consider the method of alternating projections. Let B
be a bounded set containing the iterates. Then the operators Pc, and Pc, are jointly Karamata
regular over B, and the regularity function 15 can be taken to be such that ¥5(u) = ®(u, b) for

some large b (see Remark 3.3), which implies that ¢p(u) = & (fﬁ)v for small v and some

constant k£ > 0. Recalling (4.3) and the relation between ¢ and ¢ in (3.7), we observe that when
u is small enough,

¢(u) = Y3 (V18u) = K’ <—1n(\/1@)27 < <—1m(1u)>27 € RV). (4.43)

Note that ¢ is continuous and increasing on (0, a] for some small enough a. So we can restrict ¢

on (0, a]. Let g(s) := m and g(s) := sg(s) for s € [1/d, 00). Then g(s) = ¢_(11/s) = ¢_1%1/S)
holds for large enough s. We see from this and the explicit expression of ¢ in (4.43) that g

is continuous and increasing on [M, oo) for some large enough M > 1/§. Moreover, due to
limy 0, ¢(t) = 0, we have g(s) — oo as s — oo. By Theorem 3.14, we have that g is locally bounded
and thus so is §. Consequently, g~ !(s) = g (s) for large enough s, thanks to Proposition 2.4.
Now, for large enough s we let ys := ¢~'(1/s). Then, 1/s = ¢(ys) = ¥%(v/18ys), which implies

that 1/v/s = ¢¥p(/18ys) = K (—W)W. Solving this to obtain In(ys), we have
In(ys) = — In(18) — 2x1/75/ (20
for large s, which leads to
In(g(s)) = In(g(s)) — In(s) = —In (¢~ '(1/s)) — In(s) = —In(y,) — In(s) € RV%.

Applying Theorem 3.14 (i) by letting f = ¢ and a = 1, we have

-1 ~ LI 1 = 5) ~ L ! as s — o0
2,1 (s) \/gﬁ(s)—\/q =V () s s @an

9~ (s In(s)

where the last equivalence follows from (4.43). The rate in (4.44) matches what is given in [24,
Theorem 5.12].

5 Definable operators and jointly Karamata regular opera-
tors

In this section, we further explore the class of jointly Karamata regular operators proposed in
Definition 3.1. Our main goal is to show that operators that are definable in some o-minimal
structure are always jointly Karamata regular, provided that their fixed points intersect.
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Next, we recall the definition of o-minimal structure, which is somewhat technical. That said,
the reader may take heart from the fact that, besides some basic notions, the sole tool we need
from this body of theory is the so-called monotonicity lemma. In view of this situation, we defer
more detailed explanations to [7, Section 4], [2, pg. 452] or to [32]. We define o-minimal structures
and definable set/functions following [7, Section 4].

Definition 5.1 (o-minimal structure and definable sets/functions). An o-minimal structure on
(R, +, .) is a sequence of Boolean algebras O,, of subsets of R™ such that for each n we have

(@) if A belongs to O,, then A x R and IR x A belong to Op41;

(ii) if = : R™™ — R™ is the projection map such that w(x1,...,Tpp1) = (21,...,2,), then
m(A) € O, for all A € Op41;

(i4i) Oy, contains the family of algebraic subsets of R", i.e., every set of the form {x € R" |
p(x) = 0} where p: IR"™ — R is a polynomial function;

(iv) the elements of Oy are exactly the finite unions of intervals and points.

A subset A € R" is said to be definable if A € O,,. A function f : R" — IR™ is said to be
definable if its graph {(y, z) € R" x R™ | z = f(y)} belongs to Opim. An extended-valued
function f:R"™ — R U {+oo} is definable if its graph {(y, @) €e R" x R | f(y) = a} is in Opt1.

Key examples of o-minimal structures are given by the semialgebraic sets and the globally
subanalytics sets. Here we recall that a set is semialgebraic if it can be written as a finite union
of solution sets of polynomial equalities and polynomial inequalities. In particular, the fact that
the coordinate projection of a semialgebraic set is also a semialgebraic (item (i¢) of Definition 5.1)
corresponds to the celebrated Tarski-Seidenberg theorem.

Many important optimization problems are defined over semialgebraic sets and this is useful
in several ways. For example, as a consequence of the so-called Lojasiewicz inequality, the error
bounds governing the intersection of convex semialgebraic sets can always be taken to be Holderian.
Similarly, if the underlying operators describing an algorithm are semialgebraic, they must be
bounded Hoélder regular. For a proof, see, for example, [10, Proposition 4.1].

Unfortunately, the exponential function is not semialgebraic nor global subanalytic. Therefore,
many problems that require exponentials and logarithms need to be defined over a larger o-minimal
structure such as the log-exp structure, which contains the aforementioned structures together with
the graph of the exponential function.

A troublesome aspect of the log-exp structure is that we can no longer expect that the under-
lying definable sets/functions have Holder-like properties. Indeed, in the study of the error bounds
appearing in problems defined over the exponential cone there is an example of an intersection
having no Holderian error bounds, see [23, Example 4.20]. A similar phenomenon occurs in the
context of log-determinant cones [22].

In spite of this difficulty, in this section our goal is to show that continuous quasi-nonexpansive
definable operators in any o-minimal structure are jointly Karamata regular as in Definition 3.1.
This serves as a counterpart to the fact that Holderian behavior can no longer be expected over
general o-minimal structures and also shows that theory developed in this paper applies quite
generally.

We start with a natural extension of [24, Proposition 3.3], which essentially says that there is
always some function that describes the joint level of regularity of some given operators. Its proof
follows the same line of arguments as [24, Proposition 3.3, but we show the details here for the
sake of self-containment.
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Lemma 5.2. Let L; : € — € (i = 1,...,n) be continuous operators such that (;_, Fix L; # 0.
Foralla,b> 0, let Q= {y €| max lly - Liy)ll < a, lyll < b}. Define

max dist (y, (=, FixL;) if Qap # 0;
B(a, b) 1= { ¥ e ‘ (5.1)
0 otherwise.

Then ® satisfies the following conditions:
(i) for any b > 0, function ®(-, b) is nondecreasing, al_i}r&_ ®(a, b) =0 and (0, b) = 0;
(ii) for any a >0, function ®(a, -) is nondecreasing;

(iii) for any = € &, we have dist (x, (V_, Fix L;) < @(1?% e — Li(2)|, ||x||).

Proof. Except for the continuity requirement in item (i), all the other properties of ® in items (i),
(ii), (iii) follow directly from the definition of ®. We only need to show that lim, o+ ®(a, b) =0
holds for every b > 0.

Suppose on the contrary that there exist some § > 0 and a sequence {ay} C [0,00) converging
to 0 such that ®(ag, b) > ¢ holds for every k. We then see from (5.1) that Q,, , # 0. By the
continuity of each L;, we have that €, ; is compact. Since the distance function to ﬂ?zl Fix L; is
continuous, for each ay, there exists y* € Qq,. » such that

dist (yk, (n] FixLi) = ®(ay, b) > 0.
i=1

Note that {y*} is bounded. Then there exists a subsequence {y*/} which converges to some
limit §. Since ap — 0, we see from max ly¥ — Li(y*)|| < ai that § € (i, FixL;. Con-
<i<n

sequently, dist(y*/, N, FixL;) — dist(y, ;—, FixL;) = 0, which contradicts the fact that
dist(y*, N}, FixL;) = ®(ax,, b) > ¢ should hold for every j. This proves the continuity re-
quirement in item (i) and completes the proof. O

Next, we state formally the monotonicity lemma, which, in particular, ensures that a real
definable function defined over an interval cannot oscillate infinitely over its domain.

Lemma 5.3 (Monotonicity lemma, [32, Chapter 3]). Let f : (a, b) — IR be a definable function
in some o-minimal structure. Then, there exists a finite subdivision a = ag < a1 < ... < axp =b
such that on each subinterval (a;, a;y1), f is continuous and either constant or strictly monotone
(i.e., increasing or decreasing).

Before we move on to the main theorem of this section, we recall some basic properties of
definable sets and functions, see [31, Section 2.1], [13, Section 1.3] and [19] for more details. In
summary, the class of definable functions/sets is remarkably stable: if f, g are definable functions in
some o-minimal structure, then whenever the functions f +g, fog, f=%, f/g are well-defined, they
must be definable over the same o-minimal structure. In addition, finite unions and intersections
of definable sets are definable as well. Naturally, inverse images of definable sets through definable
functions are definable as well.

A very powerful technique to show that a given set A is definable is to express A as a solution
of a “first-order formula quantified over definable sets and functions”. A detailed proof is given in
[13, Theorem 1.13], but this principle is referenced throughout the literature, e.g., [31, Appendix A]
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and [19, Section 2]. A simple application is that if A; are definable sets, Q; € {3, V} are quantifiers,
A e{<, <, =, #} and f is a definable function then the set of = satisfying

Qlyl S Al; Q2y2 S A27 .. ;mem S Am7 f(x7 Y, --- 7y7n)AO hOIdS' (52)

is definable. This principle gives, for instance, an easy proof of the fact that the set C'y of continuity
points of a definable function f is definable as well. After all, C is exactly the set of solutions
of the formula “Ve > 0,36 > 0,Vy € {z | ||z — 2| < ¢}, IIf () = f(y)|| — e < 0 holds”.
This principle also leads to an easy proof of the following well-known lemma regarding partial
minimization.

Lemma 5.4 (Partial minimization preserves definability). Let A C R" be a definable set and let
f:R"xIR™ = RU{+o0} be a definable function, all over the same o-minimal structure. Then,
the function ¢ : IR"™ — IR U {+oo0} given by p(x) = inf,caf(z, y) is definable.

Proof. The graph of ¢ is the intersection of the sets of solutions (x, ) of two first-order formulae:
Vye A, f(x,y)>a and Ve>0,Jyec A, f(z,y) <a-+te.

Due to (5.2), these two sets are definable. Consequently, the graph of ¢ is definable and ¢ is
definable. This completes the proof. O

We move on to the main result of this section and we recall that an operator L : & — & is said
to be quasi-nonexpansive if || Lz — y|| < |l — y|| holds for every x € £ and y € Fix L.

Theorem 5.5. Let L; : £ — € (i = 1,...,n) be continuous operators such that (\;_, Fix L; # 0. If
all the L; are quasi-nonexpansive and definable in some o-minimal structure, then Ly,..., L, are
jointly Karamata regular (vesp. Karamata regular when n = 1) over any bounded set B C £. In
particular, the corresponding regularity function g can be taken to be (-, r) defined in Lemma 5.2
with sufficiently large r. Furthermore, ®(-, r) € RVS with index p € [0, 1] when restricted to (0, 1]
(p may depend on r).

Proof. For simplicity, let C := ()_, Fix L;. First, we get rid of a trivial case. If C' = & and B is
an arbitrary bounded set, the conclusion holds if we take ¥p to be the identity map restricted to
the interval [0, 00). Henceforth, we next suppose that C # £.

Fix any bounded set B C £. Then there exists some rp > 0 such that B C B, ,, where we
recall that B, is the closed ball centered on the origin with radius rp. We choose some = ¢ C
and let r be such that

r > max{rg, dist(0, C), ||Z] }.

Let ® be defined as in (5.1) and let
Yp(t) =@, r), t=>0. (5.3)

We then know from Lemma 5.2 (ii) and (iii) that for any « € B, (in particular, z € B),

dist(z, €) < @( max |lz = Li(@)]| |l=])

(5.4)

<@ max o~ Li(@)], r) = v max o~ Li(@)]]).

One can see from Lemma 5.2 (i) that ¢ is nondecreasing and satisfies

¢p(0) = lim ¢p(t) = lim (¢, r) = 0.

t%0+ t4)0+
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It then remains to show that ¥, 1] € RVS with p € [0, 1].
First, we show that ¢¥5(¢t) > 0 holds for any ¢ > 0. Let d(z) := max |l — L;(x)||. Notice
<i<n

that d(Pc(0)) = 0 and d(Z) > 0. Since all the L; are continuous, d is continuous as well. By the
intermediate value theorem, for any ¢ > 0, there exists some x; = aPc(0)+ (1 — )T with a € [0, 1)
such that d(z;) = min{¢, d(Z)}. Moreover, we have

2]l = llaPe(0) + (1 = )] < af| Po(0)[| + (1 = a)[|z]] = ardist(0, C) + (1 — a)|[Z[| <,

which together with 0 < d(z;) < t implies that z; ¢ C and =, € Q,, where €, , is defined as in
Lemma 5.2. As a result, for any ¢ > 0 we have

Yp(t) = max dist(x, C) > 0. (5.5)

€

Next, we prove ¢ € RVY. Let
Bz, 1) = dist(z, )+ do(a, 1) with Q= {(z, ¢) | wax [}z = Li(z)| <t, 2l] <7},
<i<n

where dq is the indicator function of 2 and we recall that r is fixed. Since all the L; are definable,
each Fix L; is definable'* and thus C' = (\_, Fix L, is definable. By Lemma 5.4 applied to ||z — y||
and C we see that dist(z, C) is definable, see also [18, Proposition 2.8].

Note that Q can be written as the intersection of m + 1 sets, each of which is definable!®.
Consequently,  is definable and h(z, t) is definable as well, since it is the sum of two definable
functions. From (5.5) we have ¢ p(t) = max, h(z, t). Then ¢p(t) is definable by Lemma 5.4.

In particular, the restriction ¥ to the interval (0, 1) is a definable positive function. Next, for
every p € (0,1), we define the function

I3 o Y (pt)
(1) = Yp(t)’

for t € (0, 1). Because compositions and quotients of definable functions are definable, we have
that 5 (t) is definable. By Lemma 5.3, there is an interval (0, ¢) C (0, 1) over which /;(¢) is
either strictly monotone or constant, in particular

lim ¢/5(t) exists in RU {—o0, oo}, (5.6)
t—>0+

see also [13, Exercise 2.3]. Now, we let f(z) := ¥p(1/x), x € [1, 00). Then we see from the
monotonicity of ¢p (recall (5.3) and Lemma 5.2) that f is nonincreasing and therefore measurable.
Moreover, for all z > 1 and A > 1 we have

<1 (5.7)

On the other hand, using (5.6) we obtain for all A € (1, c0),

i FOD) v /0O) L 0B (38 L VA ists in RU [
z—oo f(x) _gcl_mo Yvp(l/x) _tLOJr VYp(t) —tLO+¢B (t) exists in R U {—o00, c0}.

14Note that Fix L; is the inverse image of {0} of the definable map L; — I, where I is the identity map. Therefore,
it is definable, thanks to [31, B.3].

15 Again, this can be proved in multiple ways. For example, by observing that the set of z satisfying ||z — L;(x)|| < ¢
is the inverse image of the inverval (—oo, 0] by the definable map ||z — L;(z)|| — t.
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Az)

This together with (5.7) implies that for all A > 1, lim, ff((—l) exists in IR. Now let Ag be the

set of A > 1 for which lim,_, ., f;();:z)) = 0 holds. Ay must be definable because it is the set of A > 1
satisfying

Ve > 0,3M > 0,Yz > M ‘f(m <e
f(x)

Let A~ be the complement of A intersected with [1, co). With that, A~ correspond to the A > 1 for

which lim,_, o ! f(()‘;)) > 0 holds. Since definability is preserved by complements and intersections,

A< is definable and, in view of Definition 5.1, must be a finite union of intervals and points.

Next we consider two cases. If A< contains an interval, then lim, . % exists, is finite and
positive for all A in a set of positive measure. Since f is measurable, this is enough to conclude
that f € RV, see [6, Theorem 1.4.1 (ii)]. In view of (2.3) and the definition of f, we conclude that
¥pl(0,1] € RV} with some p € IR.

If A< does not contain an interval, then it must be a union of finitely many points. However,
one may verify that if A € As then A" € As for all n € N, e.g., see [6, Section 1.4] or this
footnote!®. So the only way that A~ can be a finite union of points is if A~ = {1} holds. In this
case, we have Ag = (1, 00) so f € RV_,, and 15 belongs to RV"_.

Overall, we conclude that ¥ € RVOURVgO. Our next step is to show that ¢ cannot be in RVgo.
For that, given any z and every i, we let y := Po(x) and we see from the quasi-nonexpansiveness
of L; that

|2 = Li(z)|| = [lo —y +y — Li(2)|| < 2[lz — yl| = 2dist(z, C).

This together with (5.4) and d(x) = max |z — L;(z)|| implies that for all x € B,,
d
M) < dist(r, €) < vu(d(e)). (53)
Recall that Pc(0) and Z are in B, and they satisfy d(Pc(0)) = 0 and d(Z) > 0, respectively.

Since d(-) is a continuous function, d(-) takes all values between 0 and d(Z) over the ball B,.. This
together with (5.8) implies that for sufficiently small ¢ we have

12 < dp(t). (5.9)
That is, 1/2 < ¢p(t)/t holds for all sufficiently small ¢. Or, put otherwise,

L _¢p(l/z) _ f(z)
2 = 1z 27!

holds for all sufficiently large = > 0. This implies that z~! ﬁ < 2 for x sufficiently large. For the

sake of obtaining a contradiction, suppose that ¢ g € RV(;O. Then 1/f € RV, and is nondecreasing,
since f is nonincreasing. With that 1/f € KRV, by (2.19). Therefore, the function that maps «
to x_lﬁ is in RV, by (2.18) and (2.20). However this implies that m_lﬁ — 00 as & — 00,
e.g., see (2.13). This is a contradiction and it shows that ¢)p cannot be rapidly varying, so it must
be in RVg for some p € IR.

For the last part, we will prove that p € [0, 1] holds. First, for A > 1, we see from the
monotonicity of ¢ that \? = lim,_,o, ¥p(At)/¥p(t) > 1, which proves that p > 0.

It remains to show that p < 1. Suppose to the contrary that p > 1. We let 6 € (0, p — 1) and
conclude from Potter’s bound (2.7) (set A = 2) that for sufficiently small ¢ and s,

vs(t) < 2 mas { (D), (1)) (5.10)

S

167t can also be proved by induction by observing that letting gy = limgz 0o % and assuming that gy € (0, c0),
fQO%0) _ f(AP) fOz) 2

we have Sy = 0w T 9
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In view of (5.9) and (5.10), the following inequalities hold for sufficiently small ¢ and s,

1 t 1\r—9¢ 1\pt+o

- < va(t) < 2¢pp(s) max {tpf‘;*l(f) , tP”*l(f) }
2 t s s

If we fix s and let ¢ — 0L, the right-hand side will converge to 0 (because p —d — 1 > 0), which

gives a contradiction. Consequently, we must have p < 1. This completes the proof. O

Theorem 5.5 has some useful corollaries that we will discuss next. The first is that in the setting
of quasi-cyclic algorithms as in (3.5), we can always obtain joint Karamata regularity.

Corollary 5.6. Let T; : £ — & (i=1,...,m) be given as in problem (1.1). If T; are definable in
some o-minimal structure, then they are jointly Karamata regular (resp. Karamata regular when
m = 1) over any bounded set B C £.

Proof. Each T; is a-averaged, so, in particular, continuous and quasi-nonexpansive. Moreover,
M-, FixT; # 0. Then applying Theorem 5.5 with L, = T; and n = m, we conclude that T;
(i = 1,...,m) are jointly Karamata regular (resp. Karamata regular when m = 1) over any
bounded set B C £. O

As a consequence of Corollary 5.6, whenever the problem is definable in some o-minimal struc-
ture, we can in principle use Theorem 3.10 and Theorem 3.14 to analyze convergence rates of
algorithms for solving the common fixed point problem (1.1).

Another consequence of Theorem 5.5 is that the error bounds that describe intersections of
definable convex sets can be taken to be regularly varying, which is a result we were not aware
when [24] was written. In what follows, we will use the notion of consistent error bound see
Remark 3.3 and [24].

Corollary 5.7. Let C1,...,Cy, C & be closed convex sets definable in some o-minimal structure
with nonempty intersection. Then, there exists a consistent error bound function ® for Cy,...,Cy,
such that for all sufficiently large r > 0, we have ®(-, r) € RVg with index p € [0, 1] when
restricted to (0, 1] (p may depend on r). In particular, for every bounded set B C &, there exists a
nondecreasing function Yp € RVS with p € [0, 1] when restricted to (0, 1] and lim; o, ¥p(t) =0
such that

dist(ac, ﬁ Ci) < w3<1r<nia<)§ndist(x, C’i)), VYV x € B.
i=1 ='=

Proof. Apply Theorem 5.5 by taking m = n and L; to be the projection operator onto C;. With
that the ® in Lemma 5.2 becomes a consistent error bound function for the C4,...,C,,. Then
we see from Theorem 5.5 that for sufficiently large r > 0, we have ®(-, r) € RV?7 with p € [0, 1]
when restricted to (0, 1]. Finally, let B be any bounded set and let b be large enough so that
sup,ep |zl < band O(-, b) € RV?) with p € [0, 1] when restricted to (0, 1]. Define g == ®(-, b).
Then it follows from Lemma 5.2 (i) that ¢p is nondecreasing and it satisfies lim; o, ¥p(t) = 0.
Moreover, for every x € B, letting d(z) = maxj<;<y, dist(xz, C;) we have from Lemma 5.2 (iii)
that

dist (i, () 1) < B(d(x), [lal)) < B(d(x), b) = ¥ (d().
i=1
This completes the proof. O

Corollary 5.7 implies that the results of this paper and [24] can be used to analyze several
different types of algorithms for feasibility problems over definable convex sets.
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