ANALYTIC FORMULAS FOR ALTERNATING PROJECTION
SEQUENCES FOR THE POSITIVE SEMIDEFINITE CONE AND
AN APPLICATION TO CONVERGENCE ANALYSIS
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ABSTRACT. We derive analytic formulas for the alternating projection method
applied to the cone S} of positive semidefinite matrices and an affine subspace.
More precisely, we find recursive relations on parameters representing a sequence
constructed by the alternating projection method. By applying these formulas, we
analyze the alternating projection method in detail and show that the upper bound
given by the singularity degree is actually tight when the alternating projection
method is applied to Si and a 3-plane whose intersection is a singleton with
singularity degree 2.

1. INTRODUCTION

1.1. The alternating projection method. Let S",S" be the sets of n x n sym-
metric matrices and positive semidefinite matrices, respectively. For an affine sub-
space I/ of S", E'NS% represents the feasible region of a semidefinite programming
problem. Thus, it is important to find a point in £ NS} in numerous applications
across a wide range of areas [4, 5], [10]. The alternating projection method for £ and
S% constructs a sequence {U,} with Uy € E by
Uk+1 = Pp o Psn (Uy),

where Pg and Pgi are the projections onto £ and S, respectively. We call {Uy}
an AP sequence for short. It is known that {Uj} converges to a point in £ NS7 if
E NS is nonempty, or to a point with displacement if £ NS} is empty; see, e.g.,
[6] and the references therein.

The behavior of an AP sequence has been analyzed in most studies using inequal-
ities related to the projections, and only upper bounds for the convergence rate are
given. In particular, [6] showed that an upper bound is given by the singularity
degree of ENS’. However, as discussed in an open question proposed in [3], known
upper bounds might not be tight and thus it would be interesting to find a tight
upper bound. In fact, we construct an affine subspace E in Example 3.2 where the
singularity degree of £ N Si is 2 and the tight upper bound for the convergence rate
of the AP sequence is O(k~'/2), although the upper bound given by the singularity
degree is O(k~'/%). In examples in Section [3| and [3, Example 5.2, 5.4, 5.6], the
gaps between known upper bounds and the actual convergence rates are found by
directly analyzing defining equations for AP sequences, instead of the inequalities
related to the projections.
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The purpose of this paper is to shed new light on the recursive relation defining
AP sequences for S", and an affine subspace with the aim of convergence analysis.
It is observed that AP sequence for £ and S} is defined with simple projections and
it can be parameterized with respect to a basis for £ — U, for U, € ENS’. Thus
we obtain a parametric representation for the projections that is suitable for direct
calculation in the convergence analysis.

1.2. Contributions. It is usually a hard problem to obtain an exact convergence
rate for a sequence generated by an iterative method for an optimization problem.
We need to find a recursive relation that is explicit and appropriate for detailed
computations. For this purpose, we mainly consider the case where NS} is a
singleton as assumed in examples in [3], to obtain exact convergence rates. For
a non-singleton case, we present only Example [3.3| as an application of the first
formula to a local analysis around a point in the intersection. It is future work to
investigate the case where NS’} is not a singleton in detail. Under this assumption
we obtain the following formulas. After discussing the first formula, we concentrate
on the case of S%. In low dimensions, we can analyze the alternating projection
method in significantly more detail than in higher dimensions, thereby deepening
our understanding of the method. We hope that these results also grasp the essential
nature of a higher dimensional problem that is generic.

Figenvalue formula. For a general affine subspace £ and S}, we obtain the first an-
alytic formula for the parameters for an AP sequence by using eigenvalues (Proposi-
tion . In general, the eigenvalues of a parametric matrix is not readily available,
and hence this formula is not easily applied to convergence analysis. However, in
some special cases, the formula has useful applications, such as constructing inter-
esting examples (Example 3.4), and estimating convergence rates when FE is
a line [12].

Analytic formula when PSi (Ug) is rank 1. We consider S* and a 3-plane E for
simplicity. By numerical experiments, we see that Pgi (Ug) is often rank 1, and
this case appears to be crucial for the convergence analysis in Section []} Thus,
we additionally assume that Pss (Uy) is rank 1. Then we obtain the second analytic
formula (Theorem [£.1)). This formula allows us to construct a curve such that an AP
sequence converges most slowly if the initial point is taken from the curve. Finding
such an initial point is crucial for showing the tightness of an upper bound.

Rational formula. We find a parameterization of the family of 3-planes E such that
ENS? is a singleton (Proposition . Then the set of such planes with singularity
degree 2 is fully characterized. With this characterization, we find a rational formula
(the matrix (b)) for the curve giving the slowest convergence rate. By using this
formula, we obtain explicit expressions of Pgs (Uy) (Theorem and Pp o P (Uy)
(Theorem , and then we show that the upper bound given by the singularity
degree is actually tight (Theorem [7.1]).

1.3. Organization. Section 2] provides the basic notation. The first analytic for-
mula is obtained in Section [3} Section [4] contains the second analytic formula. In
Section [5, we parameterize the set of 3-planes whose intersections with Si are a
singleton. The rational formula for the curve giving the slowest convergence rate is
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given in Section [} Section [7] deals with the case where the upper bound given by
the singularity degree is tight.

2. PRELIMINARIES
Let [n] = {1,...,n}, (A,B) = tr ATB = > i1 A Big, |AlF = (A, A) and

|All2 be the spectral norm of A. If there is no confus10n we simply use [|A| to
mean ||A||p. The distance d(A, F) from a matrix A € S" to a set E C S™ is defined
by d(A,FE) = infxep ||A — X||p. If E is a closed convex subset of S”, then there
exists a unique optimal solution to minxeg ||A — X||F, and the optimal solution is
called the projection of A onto E and denoted by Pg(A).

For f,g: R — R, we write f(z) = O(g(z)) as x — oo if there exist C, M > 0 such
that | f(z)| < Cg(x) for all = with |z| > M. We also write f(x) = O(g(z)) as x — o0
if there exist C,Cy > 0 such that Cig(x) < f(z) < Cag(zx) for all x with |z| > M.
The meaning of the statement f(x) = O(g(x)) as * — 0 is defined similarly. If
there is no ambiguity, we simply write f(x) = O(g(z)), or f(z) = O(g(x)). For
F:R — R" we also write F'(z) = O(g(z)) if F;(z) = O(g(x)) for i € [n]. Similarly,
F(x) =0(g(x)) is defined.

3. ANALYTIC FORMULA FOR A GENERAL CASE

3.1. Eigenvalue formula. Suppose that F is an affine subspace of S and U, €
ENS’. Let By, ..., By, be an orthogonal basis for E—U, := {U—-U, € S*: U € E},
and define

= piBi, ¢(p) = U. + ¢o(p).
=1

The following proposition gives the first analytic formula for the alternating projec-
tions Pg o Fsn. Note that ¢ : R™ — E'is bijective and thus ¢ has the inverse map

ot
Proposition 3.1. Let p = ¢~' o Pgo Ps» 0 p(p) and A (p), ..., \u(p) be eigenvalues
of p(p). Then we have

- 1 0 1 ,
" ten(p)

where n(p) = {¢ € [n] : Ae(p) < 0}.

Proof. If ¢(p) € S}, then n(p) = ) and hence the formula obviously holds. Thus we
assume p(p) & St. Let U = ¢(p), V = Psr (U) and U = Pg(V). By [8, Thm 4.8],
we have that d*(U,S"}) is continuously differentiable and

1 n
v§d2(U7 S+) =U— PSQL(U%

where V corresponds to differentiation with respect to each component of U. Since
Pg is the orthogonal projection onto E, we can easily show that

Bz,V U <BZ-,V> (Bz,U>
“UA X TEE BTl Ep P Ep B
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Thus we obtain
~ 1
U=Pg(V)=Pg <U - V—alQ(U7 Sﬁ))

(B;,U — Vid(U,SL)) (B;, U)
Z 1B;]|2 Z 1Bi]?

B (B;,V3d*(U,SY)) 19 , .
= Pp(U) - Z IBIP B =U— Zl: Wa_pzd (o(p), S1)Bi.

%

Note that the last equality follows the chain rule

0 " 0 " N
Op; d2(g0(p), S+) - Op; (Ui + Zj PrBk, S+) = <Vd2(U7 S+>7 By).

Here, we see that

d(p(p),S}) = lle(p) = Per (e @)I> = D Xip

Len(p)

and thus we have U = U — 3. 2||B B 8pl > ten(p M (P)Bi. Since U=¢p) =U+

YopiBiand U = ¢(p) = U, + ), pi B;, we obtaln the desired equality by comparing
the coefficients of B; on the both side. O

3.2. Applications of the eigenvalue formula. Since the computation of the
eigenvalues of a parameterized matrix is usually difficult, this formula is not so
useful to analyze a general AP sequence. However, this formula can be used to
investigate a simpler case [12], or to construct examples with interesting properties
as below.

Example 3.2 (Known upper bounds and actual convergence rates). It is well known
that an upper bound of the convergence rate of alternating projections for an affine
subspace and S is given using the singularity degree; [6]. The singularity degree is a
nonnegative integer determined by the iterative process called facial reduction. For
the detail; see, e.g. [2][7, [13]. We note that the singularity degree of the intersection
of an affine subspace and S} is less than or equal to n — 1.

Consider

p={ves (1) -1

U(t) = (%88>+t( 0 3‘01>
000 —10 0

and hence ENS3 = {U(0)}. Using the definition of singularity degree in [7], the
sigularity degree of ENS? is 2. By the bound based on the singularity degree given
in [0, Theorem 2.4], an upper bound for the convergence rate of an AP sequence for

E and S? is O(k~5). However, the formula in Proposition [3.1ensures that the tight
upper bound for the convergence rate is O(k~/2) as follows.
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The eigenvalues of U(t) is A\(t) = 2t, Aa(t) = 1 +¢* —t* + O(t%), M\3(t) =

—t* + 1+ O(t°). Let U(ty1) = Pp o Psy (U(ty)). If to > 0 sufficiently small, the
formula in Proposition [3.1] gives that

1d1 1

Then [12, Lemma 5.2] implies that ¢, — 0 with t, > 0 and t;, = ©(k~/2). More
precisely, ¢ ~ (3/2)/2k~1/2; see also [I1]. If ¢, < 0 sufficiently close to 0, then

bort =t — %%%(Af@k) 2 (t)) =t — %tk _ %ti Lot = %tk + o).
Thus %tk < tgy1 < 0. Hence t;, — 0 with ¢, < 0 and t; converges linearly. Combining
the two cases, we see that ||U(ty) — U,|| = v6|tx| < O(k~'/?) for an arbitrary initial
point. Figure 1] illustrates these rates of convergence. In the case that t5 > 0, we
observe from Figure [2| that the plot of 1/||Uy — U.||*> approximately coincides with
the line 33.51 + 0.111k. Hence ||Uy — U,|| ~ (33.51 + 0.111k)~"/2 ~ 3k~1/2. This
is consistent with our estimate |U(ty) — U.|| = v/6t =~ 3k~'/2. General cases are
investigated in [I2, Section 5.
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FIGURE 1. The left figure displays a plot of ||Uy — U.|| with ¢, > 0
and the right figure displays a plot with ¢y < 0 in Example [3.2] and
the line fitting for the plot in the right figure.
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FIGURE 2. Plot of 1/||Uy — U.||* with ¢y > 0 in Example 3.2 and the
line fitting.
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Example 3.3 (Positive dimensional intersection). Proposition can be used in
the case that an intersection has a positive dimension. Consider

01 0
10 0
00 1

and hence ENS? = {U(t) : 0 <t < 1}. The singularity degree of ENS? is 2. Now
the eigenvalues of U(t) are A\i(t) = 1 —t, Aa(t) = 2t, A3(t) = 0. Consider an AP
sequence U(tg,1) = Pgo Psi(U(tk))-

If we take the initial point as U(ty) with ¢y < 0, then the AP sequence is expected
to converge to U(0). By using the formula in Proposition with U, = U(0), we

have

1d1 4 1
thyr =ty — 3%5)‘%@’“) =t — £tk = £l

Thus tx — 0 with ¢, < 0, and in fact U(tx) — U(0) linearly.

If we take the initial point as U(tg) with to > 1, then the AP sequence is expected
to converge to U(1). To use the formula in Proposition with U, = U(1), we
define U(s) = U(s + 1) and sz = t, + 1. Then the eigenvalues of U(s) are A;(s) =
—s, Aa(s) =2(s+1), As(s) = 0 By Proposition we have

1d1; 1 4

Sk+1 = Sk — g@é)\%(sk) = Sk — gSk = gSk.

Thus s — 0 with s, > 0 and hence U(sg41 + 1) — U(1) linearly. Therefore, the
actual convergence rate of an AP sequence is linear. Figure [3|is consistent with our
estimates that the convergence rates are O((4/5)%) and O((1/5)%), respectively.

101 F |
100 |- )
1072 7 107 |
1074 )
1071 - |
1076 F )
wesH— U : 07— U= Ui |
------ 1.981 x (0.8000)* 0,174 x (0.2000)
10710 — | I 1 i — < | | | L | L L
0 20 40 60 80 100 107 0 5 10 15 20 25 30
k k

FIGURE 3. The left figure displays a log-plot of ||Uy — U,|| with ¢y > 1
and the right figure shows a log-plot with ¢5 < 0 in Example 3.3 and
their line fittings.
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Example 3.4 (Intersection with 2-plane). Consider the parametrized matrix

I 0 p1 peo
0 0 p1 p

U —
P =1, » 0 0
p2 p2 0 0

Then U (p) represents 2-plane E in S*. Now ENSY = {U,} with U, = U(0,0), and
the singularity degree of E NS’} is 1. By the bounds based on the singularity degree
given in [6, Theorem 2.4], an upper bound for the convergence rate of AP sequence
{U(p™)} for E and S% is O(k~2). However, the formula in Proposition [3.1] ensures
that the actual convergence rate of the AP sequence is linear as follows.

For r = \/p? + p3, the characteristic equation of U(p) is written as

A (/\3 — 22— 212\ —I—T2) =0.

We consider the parametric equation A3 — A2 — 272\ + 12 = 0 with the parameter 7.
When r = 0, the polynomial \> — A\? has 1 as a simple zero and 0 as a double zero.
Since the constant term is positive for 7 > 0, by considering the graph of A> — A2, we
see that the solutions to the equation are 14 O(r), a positive and a negative solution
for sufficiently small » > 0. To apply Proposition |3.1, we will find the negative

solution. By putting A\ = —ru, we obtain —r3u® — r?u? + 2r3u + r? = 0 and thus
(w+1)(u—1) . . v(v +2)
r= W@ —ud) Additionally, if we put u = 14w, then r = Cr (=200

This means that r is a rational function in v. By computation, we have dr/dv|,—o =
2 # 0, and then the inverse function v = v(r) near r = 0 is also analytic. Since
r = 2v+3v?+0(v?), we have v = r/2—3r?/8+O(r?). Thus the negative eigenvalue
can be written as A = —r + h(r) = —\/p? + p3 + h(\/p} + p3), where h(r) = O(r?)

is a convergent power series around r = (. Then

3 2 / 2 /
a_Az =2y — LLh(r) — 2001 (F) + “L2R(r) (1) = 2py (1 + O(r)),
P1 r r
and hence
~ 10 5, 3
pPL=Dp1— ga—pl/\ = Zpl + p1O(r).

Similarly, py = %pg + p2O(r). Thus we have
= 52 4 52 9 3 2
Ti=1/Di + D5 =1/ =r2+0(3) = —r+ O(r").
16 4
Since ||U(p) — U.|| = 2r, we see that for small § > 0,

|U@) - U] =27 =2- 27’(1—1—0(7")) <2 (Z +5) r= G +5) IU(p) — U

for p sufficiently close to (0,0). Therefore, the actual convergence rate of an AP
sequence is linear. Figure 4| is consistent with our estimate that the convergence
rate of ||Uy, — U, || is approximately O((3/4)).
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FIGURE 4. Log plot of ||Uy — U,|| in Example 3.4

4. ANALYTIC FORMULA WHEN Pg: (U) 1S RANK 1

In the rest of the paper, we consider S% and an affine subspace E whose inter-
section with S?% is U, = (é%%). Let Dy = {V € S : rankV < k}; ie., the
determinantal variety of rank at most k. Then Dy contains the boundary of S% and
its singular locus is D;. Since S? is convex, D; N'S% is geometrically interpreted
as the ridge of the boundary of S%. Hence, ng,r (U) is expected to be frequently
included in D; for U € E. In fact, this often happens in numerical experiments.
Thus we consider the case that Pg: (U) € D, for U € E sufficiently close to U,. In
Section [7] this case will appear to be crucial for the convergence analysis. We note
that dim D; = 3 and dim S® = 6 and then the complementary dimension of D; is 3.
Since EN'SY is a singleton and contained in D;, we assume that the dimension of
E is 3 so that the intersection of F and D; is zero-dimensional in general.

4.1. Analytic formula with a distance function. Let By, By, B3 be an orthog-
onal basis for £ — U, and

("
@(p) = Us +p1B1 + p2Ba + p3Bs,  ¢(x) = ol 2 (21 x5 x3)
1
T3

and z, = (1,0,0). Then ¢ : R* - F and ¢ : {x € R3: xy # 0} — D;. It is easily
verified that the image of ¥ contains an open neighborhood of U, in D;.
For f:R?® — R, define O, f(z) = %f(x) for k =1,2,3.

k

Theorem 4.1. Suppose that E is a 3-plane in S*, ENS, = {U,} and PS:i o ¢(p)

Pgs3

has rank 1. Let p,x € R3 satisfy the relation (p) — () RN ©(p). Then we
have

M(@)(p— ) + Ve ((x), E) = 0,

where M(z) = ((8;4&(3:),30)}6. € R¥3. Moreover, if det M(z,) # 0 and p is
sufficiently close to (0,0,0), then

p=p— M) Vg d(6(2), B).
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Proof. Since Pgs (¢(p)) € D1 C S%, we see that Pga (¢(p)) = argmin,cgs 41 4 [[¥(2")—

o(p)||%. In addltlon o(p) = PE(w( )) is equivalent to (¢(z) —¢(p)) L E. Thus, we
have

(Oct(2),(x) —p(p)) =0, k=1,2,3
b(@) = Py (p(p)) == (%) _ (<Bl,w<x)—U*> (Ba,i(z)—Us) <Bg,w<x>—U*>)T_

p= 1BiP B2~ |IBslP

By extending the basis for £ — U,, we obtain an orthogonal basis Bj, ..., Bg for S.
Then the distance function can be written as

d*(Y(x), E) = [l (z) — Pp (w(ﬂc))l\2
B -U), ° (B, y(z) — U.) '
= ||U. +Z ||B H2 B (U*—i-z B Bl>

2

=1

& B -vy
=l P

2

18511

6
Z (Bj, ¥ (x) — U*>2.

j=4 j=4

By rewriting the condition (x) using the basis, we have, for k = 1,2, 3,

0= ((z), ¥(z) — (p))

<20sz , U, +iwj (U*+isoi(p)>>

6

5 Opth(
<Z B Z T B Z“ >
: i, Ok (e ’ —U,) 0 Bj,¥(z) — U,)
<Z B Z( ) B *; T Bﬂ'>
N oty (Bet@) U N SR p gy Bt — U
=Yoo et (P ) + 3 vt P

=1

j=4

e i 0 3 ()

1 j=4

M-

2

(Bi, () (Pi = pi) + Ok - —dQ(w( ); E).

I
-M“

=1

O

Remark 4.2. Since both of Dy and E have 3 parameters, the matrix M (z) defined
in Theorem is a square matrix. If we consider general D, C S and £, then
M (z) may become a rectangle matrix.

Remark 4.3. We can connect the formula in Proposition with that in Theorem
Pg3

in the following way. Let p,x € R? be such that ¢(p) t () LN ©(p). Since
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ﬁi —Di= 3(3,2 2[[B; |12 d2( ( )7 Si), we have
1 — 1 — 0 B;
V. (6(0), B) = M), (o), 81), where 31(a) = (120050
i ki

Let U = ¢(p). Then we can also write
1 — 1
Vx§d2(Pgs+(U), E) = M(x)vp§d2(U, S).

4.2. Equations for the slowest curve. The known results give upper bounds for
the convergence rate of an AP sequence. However, it is hard to show that a given
upper bound is actually tight. A key to show the tightness is to obtain a candidate
for the initial point with which the AP sequence converges most slowly.

If det M (z,) # 0, then we have from Theorem 4.1] that

p=p— M) Vg (), B)

1
Thus if we find a point that is a minimizer of ﬁ\ina |]M(x)*1v§d2(w(x),E)H for
0 # 0, then the point gives the shortest step size with respect to the parameters of

the alternating projection method.

Example 4.4. Let E={U € $*: (A;,U) =1,(Ay,U) =0, (A3,U) = 0}, where

100 0
Ar=0 0 1], 4a=1{0
010 1

Then E is parameterized by

1 00 010 0 0 -1 -2 0
00 O)J+p1 |1 O O)+p2l 0 2 0 )+ps| 0O O
0 00 0 00 -1 0 0 0 1

Now we have for z, = (1,0,0),

o = O

1 00
0 =(0 0
0 00

M(a) Va3 (), E) =

1 2x1 (2x2x§+2$1m2x3—|—x%x3—xlxg—i—x;’)
5 —21 (330%—1—23}%333+2x%x3—|—x1x%+x%x2—:L‘lmg)
1 3ri+4x3ad+ 222 as — 221 2o w3 + 25 — 2 + 23

We consider the system M (z.) 'Vid?*(¢(z), E) = 0 around z, = (1,0,0). By the
rational transformation (xi,z2,z3) = (1/(1+ 2),u/(1+ 2),v/(1 + 2)), we obtain
fi=2uv—vz+ud+2uv? =0,
for=—2v—u?+uz—2u%v— 303 =0,
fa=z—2uv+2u?v —2uvz+ut +4u*? + 30t =0
Since , corresponds to (u,v,z) = (0,0,0) and the Jacobian matrix of (f1, f2, f3)T
t (0,0,0) is <§ %2 %), the equations f; = f3 = 0 are solved with respect to v,z

by convergent power series v(u), z(u), respectively. By applying the inverse of the
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rational transformation (x1,z2,23) = (1/(1 + 2),u/(1 + 2),v/(1 + 2)) to v(u), z(u)
and using xo =t as the new parameter, we obtain

7 2 45 6
w(f) =14 6% — 246 — % FO(), 2a(t) = £, z5(t) = —% + % + % +O(t).
Then the curve z(t) = (x1(t), z2(t), z3(t)) satisfies
1) M(a(0) Vs ((a(0), B) = [ 0 | +0°).
0

1
Thus z(t) is the minimizer of Hm”izlcS ||M(:17)_1V§d2(¢(x), E)|| for some § > 0. We can

also determine the degree of the leading term of the first component of without
actually calculating x(t). We use Singular and calculate a weak normal form with
the Mora’s division algorithm and get

qfi = asfs + asfs — %M + higher order terms,
where ¢, as, a3 € Rlu, v, z] and ¢(0,0,0) # 0. Here we use the negative degree reverse
lexicographical ordering for R[z, v, u]. This means that we can find convergent power
series in u that solve (fi, fa, f3) = (©(u"),0,0), and the degree 7 is the highest such
degree.
With this z(t), we define

p(t) =
t+ 8
Bivw x(t —U* 3 B 1
(< ﬁ‘;‘)‘l >) + M) Vord (), B) = | 5 -5k | +0()
t i=1
3
Then we have
143 — 26 — 30 t4 2 BB e
il ) 2 58 t6 tg 2 311:67 8
Plpl)) = tty -t -5 S+ |00,
2 5 6 3 37
—St+5+E —TH+ T 0

For sufficiently small ¢ > 0, since det p(p(t)) = % + O(t') > 0 and the first
eigenvalue of ¢(p(t)) is close to 1, we see that Pg: o ¢(p(t)) has rank 1. By reversing

the modifications of the equations in the proof of Theorem [4.1], we obtain the relation

Py

o(p(t)) —= ¥(x(t)). Then we have

pi=g "o Pgo P op(p(t))

+O(t%).

O Ow|Y

= plt) — M(a(1)) " Vg (b (1)), B) = p(t) +
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Moreover, since the leading terms of the second and the third coordinates of p(t)
have degree 2 and 3 respectively, we have

_ t’ 8
pzp(t—ﬁ) +O(t°),

Peo Py o) = ¢ (v (1= 37 ) ) + 00

Therefore, if we choose a matrix on the curve p(p(t)) that is sufficiently close to
U, then the matrix mapped by Ppo Py can be written as o(p(t —t7/24)) + O(t).
This means that the one-step alternating projection moves the matrix in the slowest
way in a sense. In Section [}, we can actually prove that an AP sequence gives the
slowest convergence rate if the initial point is taken from a neighborhood of the

curve ¢(p(t)).

and thus

5. FAMILY OF 3-PLANES INTERSECTING WITH Si AT A SINGLE POINT

5.1. Parametrization. In Example [4.4] we constructed a candidate for a curve
that gives the slowest convergence rate for given numeric matrices A;, As, As. To
construct such a curve for a general case, we will obtain a parameterization of the
family of 3-planes that intersect with S3 at a single point.

Proposition 5.1. Let U, = (ég%). A plane E C S* satisfies S N E = {U,}

and dim E' = 3 if and only if there exist ¢1,...,cs € R and an orthogonal matriz
P € R?*2 such that E is written by

E={XeS: (A, X)=1, (A3,X) =0, (A3, X) =0},

where A; are given as follows:

Type 1:
1 a o 0 ¢ cg 0 00
Ai=Plec c3 eo | PT, Ay=Plecs ¢z s | PT, As=P |0 p 0] PT,
c2 ¢4 O cg cg 0 0 0 1
/’L>07 A27é07
or, Type 2:
1 o o 0 0 ¢ 00O
Ai=Plca 0 | P, Ah=P|0 1 ¢ |P', A;=P|0 0 0] PT,
Ca C3 0 Cq4 Cy 0 0 01

110 O
where P = (0| <~ | in both types.
ol P

Proof. If E is a Type 1 plane, then we can easily show S NE = {U,} and dim E = 3.
If Fis a Type 2 plane, then X € E is written as
1 —2c18 4 2¢ot — 2c3u s t
X=P S —2¢4t —2c5u u | PT
t u 0



ANALYTIC FORMULAS FOR ALTERNATING PROJECTION SEQUENCES 13
for s,t,u € R. Thus S3 N E = {U.} and dim E = 3.
Next, we will show the converse. Suppose 3 N E = {U,} and dim E = 3. Then

E is contained in a supporting hyperplane to S at U,. The set of normal vectors
to a supporting hyperplane of S at U, is given by

010 O
0

see, e.g. [9, Section 4.2.4]. Then there exists A3 € Ng: (Us) such that E' C Ej for
By ={X €S : (43X -U,) =0} ={X €S*: (43 X) =0}

Here, for a matrix X, we partition X as in the expression of Ngs (U,) and denote

the right-lower part of X as X. B
If rank A3 = 2, then there exists an orthogonal matrix P € R?*? such that

110 O
As = (8/\018>:PTA3Pf0rP:(0 ~>.Wemayassume/\2:1. Then we
00 Ao ol P
have
o 13110 0
XeSNE+ XeSh, (A3, X) =0 X=1| 0 O .z > 0.
0

Thus S? N Ej5 is a half line. Since S% N E = {U,} and dim E = 3, there exist
hyperplanes B, = {X € S* : (4, X) = 1} and Ey = {4,}* such that £ =
E, N EyN Es. Since PU,PT = U, € E, we see that Ay, Ay, A3 satisfy

1 ¢ o 0 cg c7 0 0 0
A =Pl e 3 ca| P, Ay=PT |csg cs co | P, As=PT [0 p O] P,
Ca C4 Cy Cr Cg Cip 0 0 1

>0, {Ay, Ay, A3} : linearly independent,

for some pu,c; € R. By deleting redundant parameters, we obtain the matrices in
Type 1. B
If rank A = 1, then there exist A > 0 and an orthogonal matrix P € R?*? such

110 O
that A3 = P <(8]§8\> PT for P = (0 5 ) We may assume A = 1. By a similar
0
argument above, we see that Ay, Ay, A3 are given by
I o o 0 do ¢y 000
A =Pl di 3| P, Ay,=P|dy ds ¢ | PT, A;=P|0 0 0] PT
co c3 0 cy ¢ 0 0 01

for some ¢;,d; € R. In addition, for X = P (ﬁ;} w53 £g§) PT € E, we have

31 T23 T33

11 + 201291 + 2c0w31 + di1 29 + 2c3793 = 1,
2dax91 + 24731 + d3wag + 2¢5293 = 0, w33 = 0.
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If d3 = 0, then P (kght g §> PT € S2 NE for t € R and hence it contradicts to S% N

1—dit+(c1ds/da)t —(ds/2d2)t O
E ={U.}. Thusds # 0. In addition, if dy # 0, then P ( —l(dg(/;dg)/t e S{s & 0) PT e
0 0 0
FE for t € R. Since this matrix is positive semidefinite for sufficiently small ¢ > 0, it
0 0c
is a contradiction and hence dy = 0. Therefore we can write Ay = P ( 01 coi) PT
c4 Cs
1 cc
and hence A; = P (c1 0 coi) PT by deleting (2,2) element of A; using As.
co Cc3

O

Remark 5.2 (relations to singularity degrees). It is well known that an upper bound
of the convergence rate of alternating projections of

E:{X 683 : <A1,X> =1, <A27X> =0, <A3,X> :0}

and S? is given using the singularity degree; [6]. As explained in Example [3.4] the
singularity degree of ENS? is either 0,1 or 2. A Type 1 plane in Proposition
has the singularity degree 1 since Aj itself is positive semidefinite. For a Type 2
plane, a linear combination of Ay and A3 can be positive semidefinite if and only if
¢y = 0, in case the singularity degree is 1. Therefore the singularity degree is 2 if
and only if ¢4 # 0.

5.2. Pliicker embedding. Let D be the family of 3-planes that intersect with S
at U, = (é (8) §>. Let By, By, B3 be a basis of the linear space

El = {X S SS : <A1,X> = 0, <A2,X> = O, <A3,X> = 0}
For the standard basis e, ..., es € S?, the Pliicker coordinate {Ci,.is.is } 18 given by

3
Bi ANBy A By = Z{Cil,lé,iseil N ey N ey 1< <9 <3< 6} S /\SS

With these coordinates, D is considered as a subset of the Grassmannian of 3-planes
in S®. By counting the number of parameters and noting that P is a one-parameter
matrix, we see that the dimensions of the family of planes of Type 2 is 6. Consider
the dimensions of the family of planes of Type 1. Since Ay # O, one of ¢s, cg, C7, 3
can be replaced with 1 and then the corresponding parameter in A; is redundant.
Thus we conclude that the dimension of the family of planes of Type 1 is 8.

We can explicitly calculate the defining ideals of these family of planes with
Macaulay 2 as follows. First, define the ring with SkewCommutative elements
e1,...,e5. We write By, By, B3 as linear combinations of eq,...,es, and then the
coefficients of the product of these linear combinations are the coordinates Cj, ;, ;.-
Let

I =t Cipiyis — Tiyigis : 1 <y < g < iz < 6) + (uf ug, |Jug||* = 1, Jug|]* — 1)
C Rley, ... 658,123, .., Tas6)
Then the ideal
J=INR[z123,...,%456]

is the defining ideal of the Pliicker embedding of the 3-planes of Type 2. We can
calculate J with the command elimination in Macaulay 2. Similarly, we obtain
the defining ideal of the 3-planes of Type 1.
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Then we have the following relation:

Gr(3,6) D D = {Type 1} U {Type 2}
dim 9 SD =1, dim 8, semialg. SD =2, dim6
SD =1, dim5

The Grassmannian of 3-planes in S® has dimension 9. D is a semialgebraic subset
with dimension 8, in which a generic plane intersects S* with singularity degree 1.
The planes with singularity degree 2 form a 6 dimensional subvariety. Within the
subvariety, there is a 5 dimensional subvariety whose point corresponds to a plane
with singularity degree 1.

6. RATIONAL FORMULAS FOR A SPECIAL CURVE

In this section, we consider a Type 2 plane with ¢4 # 0. As explained in Remark
, the set of such planes is exactly the set of 3-planes whose intersections with S?
are {U.,} and have singularity degree 2.

A matrix in a Type 2 plane is written as

Ui +p1B1 + p2 By + p3Bs,

where U, = (688) and
000
—2c; 1 0 2co0 0 -1 —2¢3 0 0
(2) By = 1 0 0), Bo=|0 24 0], By= 0 —2c5 11,
0 00 -1 0 0 0 1 0

and ¢4 # 0. Note that By, By, B3 are not necessarily orthogonal to each other.

6.1. Special curve. First, we present the special curve G(t) for a Type 2 plane
with ¢4 # 0, which is, in fact, the slowest curve for such a plane, as obtained in
Example [4.4] and will be used to show the tightness of a known upper bound for the
convergence rate of alternating projections in Section . Then for a matrix G(t) on
the curve, we give rational formulas for Pss (G(t)) and Pgo Pss (G(t)) up to degree 7.

Let
. J13
(3) g13 = 13 + 713, G2z = _Et + 7a3,
where
) 1 . 2022+1)
J13 = — L
204w + 205t (20411} + 265t)5
Cs 7 <B2> Bl> 7 2¢c5 6 7
= c4r0 * 16 || B> 2 (2cqw + 2¢5t)*w + ot
_— ca(Bs, Br) +¢5(B2, B1) | 1
" 8¢31B1 2 8ci)
t2
(4) w=1-2c1t+ =

co t? c3t3
C4 (1—201t+m+%4—)+05t
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C3 tg
- 2 2\’
<c4 (1 — 20t 4 ! ) _|_c5t> (1 —20175—{—%)
Define g() = (¢ ) h 200 d
efine = = an
g 1913, 923 ), (2caw + 2c5t)%w

1-— 201t + 202913 — 203923 t —013

(5)  G@)=(g(t) = t 2¢4913 — 2¢5923 o3
—g13 923 0

Example 6.1. For ¢; = ¢4, =1, ¢o = c3 =c5 =0, we have w =1 — 2t and
t2 6 3 3t7

= + 9 = - + )
M=o =20 "6 (1—207 T o202 16 (121
1-2t *x x
G(t) = t 2q13 x|,
—g13 g3 O

where * in the matrix stands for the corresponding element of the transpose of the
lower triangular block part. By changing the variable as s = ¢/(1 — t), we see that

1 * * 0 * *
G(t
%: s s ox |+ 0 =55 x| +0O(s°).
2\l 180 Lsb BT 0

This is the curve obtained by perturbing a moment curve with the higher order
terms.

6.2. Rational formulas. The following two formulas give rational expressions for
projections Pgi and Pg o PSi along the curve G(t) up to degree 7. The proofs are
given in the next section.

Theorem 6.2. For sufficiently small t > 0, we have

(6)

0 * *
il _ B By) o )
Py (G(t) =G(t)+ | 8] 8¢t (1B +O(t%).
b esh— ¢s(Ba, B1) » (B3, B1) » g%
8ciIBil*  8cillBul* w

Theorem 6.3. For sufficiently small t > 0, we have
7

6.3. Proof of the formulas. We use four lemmas to prove the formula. Recall
that the rational function w in is used to define g3 and go3 as in . We start
with the lemma that shows that w has the following recursive property.

Lemma 6.4. Let w is the rational function in (4)). Then

w=1-— 20175 -+ 262913 — 203g23 + O(t6)
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Proof. Let w; be the sum of the terms of w with the degree less than or equal to i.
Then

C
Wo = 1— 2C1t -+ C—2t2,

4

t —1°.
04(1 — 2Clt) + C5t + Cy

By considering the Taylor expansion, we see that

ws =1—2cit +

202 2 263 3 6
1 — 21t 4+ 260 0n — Denton — 1 — et t*— t"+ Ot
ail + 2C2013 €323 at+ 2cqws + 2¢5t (2c4ws + 2¢5t)wo +O)

=w+ O(t%).

0
Here, we write g13 = g13(w) and go3 = go3(w) to specify w in their definitions. Let
W :=1—2c1t + 2cog13(w) — 23923 (w).
By Lemma [6.4] w equals to w up to degree 5. By the similar argument to the proof
of Lemma [6.4] we have g13(@) = gi3(w) + O(t%), gos () = ga3(w) + O(t°) and hence
W =1—2c;t + 2c2g13(W) — 2c3g23(W) + O(t?).

Thus, if @ is used in the definition (5) of G(¢) instead of w, then G(t) does not
change up to degree 7. Since the following arguments only treat equations up to
degree 7 except for Lemma [6.7, we can replace w with w. To be precise, we keep
using w and @ separately, but the reader may consider w as .

Decomposition. We will investigate the basic structure of the matrix G(¢), such as

a decomposition of the low degree terms, the first eigenvalue, and the determinant.

First, we will show that G(¢) is obtained by perturbing a rank 1 matrix with higher
2t°

order terms. Recall that h = e + 205t)4w'

Lemma 6.5.

0 0 0
1 (B2, B1) ; 1913
. _ 0 —h t —
cy=a| Lt |a ¢ =m)y TRAIBE T [ o
- 1913 913
0 go3 + —— T
In addition,
0 0 0 0 0 0
(B2,B1) 47 t
0 _h' + 8022\\B11||2t 923 + % = 0 O(tﬁ) O(t6)
0 o + 113 _ 9 0 O@% Ot
1 2(2¢2 4+ 1) -
Proof. Recall §;3 = 2 — 3 5. Let o3 = —13. Th
roof. Recall g3 Seqio 1 Dest (Gexw + 251 et gos 2 en we
have
. B 5 tiis  2caw + 2c5t t? 2(2¢2 + 1)t
C4913 — 2C5G23 = 2C4413 + 2C5 w w g3 = (2cqw + 2¢5t)w
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t2
== —(2¢2 + 1)h.
I R)
In addition,
2C4<BQ, B1> 7 4C§t6 <BQ, Bl> 7 2
204713 — 205793 = t'+ = t 2cth.
s T 2T = B T 2w + 200w 8E BP0

Since g3 = g2 + 23, We obtain

12 By, B
(8) 2¢4013 — 2¢5023 = — + M

tT—h.
w 8¢} | B2

Since @55 = £ + O(t*), we have

0 0 0
1 t
_ (B2,B1) 17 t913
G—a| £ | £ =)= |0 TMFEEmET et o,
—9g13 t 2
w w
In addition,
tg13 c4(Bs, B1) + c5(B2, By) 1 7
9 — — )7~ esh
O o= (URGEEREL L)
tgis  cu(Bs, B1) + c5(By, By) 7 8
= — t — t)h + O(t°).
w + 802”31“2 —|—( C5+C4) + ( )
In the last equality, we use g5t” = ¢sth = O(t®). Thus we have
t
(10) g2+ 22 = —csh+ O() = O(t).
O

The first eigenvalue and eigenvector. Using the decomposition of the low
degree term, we obtain the first eigenvalue and the associated eigenvector of G(t)
up to degree 7.

Lemma 6.6. Let

1 0
i 1 th
v = w y = — -
o wlolP | w
C4h
w

Then the first eigenvalue X and the associated eigenvector © of G(t) can be written
as
A=0|jo+ 8|2+ 0, 5=v+0+O0(%).
Proof. Since v = (1,0(t), O(t*))T, Lemma [6.5 implies that
0
th
G(t)v = ©||v||*v + w + O(%).
tgz  Tgis g1
w w? w?
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Here, by h = m, we see that
g 16 _cw+ c5th
w2 (2c4w + 2c5t)3w? w '

In addition, since g3 + “’713 = —csh +O(t7) as in , we have

w w?

+ﬁ 923—1—? h+0(t8)

t t? byt t s —csth | cqw + cst
923+ 913 913:_( 913>+9_1§_ L 5
w w w w

= C4h —f- O(tg)

Thus we obtain

th
G(t)v = w|v|*v + (0, % csh)T 4+ O(t%) = @|Jv]|*v + @|v|*6 + O(t%).

o(1) = =

Since v = (1,0(t),0(t?)), § = (0,0(t7),0(t*))" and G(t) = (O(t) o(t?) *) , we
o(t?) 03 0

have

(11) Gt)(v+06) = Gt)v+ O@t®) = w|lv + §||* (v + 0) + O(t?).

Let 5\(~t) and 9(t) be the first eigenvalue and the associated eigenvector of G(t).
Then A(0) = 1, and we may assume 0(0) = (1,0,0)". Let e = A — @|jv + §||* and
(0,71,79)T =¥ — (v+d). Then we have

Gt)(v+ 04 (0,71,72)") = (Djv + §|]* + &) (v + 6 + (0,71,72)7).
Thus the equation implies that

0 0 0 try + O(t2)ry
Wo+0|2 |2 | +e(v+0)+e | ra | +OE) =G(@) | r2 | = | Oty + O(t3)r3
T3 T3 T3 O(tg)T’Q

Since v+ = (1,0(t), O(t?)), we have € = try + O(t*)rs + O(t¥). By w|lv + §||* =
1+ O(t), we obtain

() + (G Ote) +om (12) + 0wy = (P ).

By the second equality, we see that r3 = O(t3)ry + O(t®). Thus the first equality
gives 7, = O(t®). Then we obtain r3 = O(t®) and € = O(t®). Therefore, we complete
the proof. O

Determinant. When we calculate Pgi (U) for U sufficiently close to U,, we have to
consider two cases; Pgi (U) is rank 2 or rank 1. Suppose that A\; > Ay > A3 are the
eigenvalues of U and vy, vs, v3 are the associated eigenvectors of U respectively. Since
U is sufficiently close to U,, we see that \; is close to 1 and A3 < 0. If A\;, Ay > 0, then
Py (U) = M 2% + Ao 2% Tf Ay > 0 and Ay < 0, then Py (U) = Ay 2. Thus the

rank of Pss (U) is determined by the sign of det U. We show that the determinant

of G(t) is positive for ¢ sufficiently close 0 under higher order perturbations. Then
we have that Pgs (G(t)) has rank 1.
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Lemma 6.7.

o) oF) O\ o
det | G(t)+ | O(tT) O@") O(") | | = == +O(t").
o(t") O(t") 0 524
In particular, Pg: (G(t)) has rank 1 for t sufficiently close to 0.

Proof. Recall that g3 = O(t?), gos = O(t), and that 2c4g13 —2¢5023 = & —h+O(t")
and Y12 + gy,3 = O(t%) by (8) and . Then we have
det(G(t) + O(t"))

W+ O(t") t+ O(t") —g13+ O(t")
=1 t+0(")  2ca913 — 2¢5923 + O(t") gz + O(t")
—g13 + O(t7) g23 + O(t7) 0
t+O(t") —g13+ O(t") W+ O —gi13 + O(t7)
t’ — t
~ ot O e hvoy gmrowry | T O 0w g+ o)
_ 2—75913 — W23 + O(t®) —g13 + O(t")
—593 4 hgis — tgas + O(t%)  gos + O(t7)
_ | Ttg1s Fwgas —g1s+ O(t") O(t%) —g13 + O(t")
-~ I8 —1tga3  gaz + O(t") hgis + O(t")  gas + O(t")
tgi13
( + 923) —013 0 —gi3 o1
pu— t
—t (122 ot +923) 93 N ’h913 923 +07)
<923 + 913) —tg13 — wga3) + hgis + O(t")
b o) = — 2 opy = 2L o
(2c4w + 2¢s5t)Sw 3204 '

Finally, we show the Theorem [6.2) - and [6.3]

Proof of Theorem[6.2. By Lemma we have det G(t) > 0. Then Pg (G(t)) has
rank 1 and Lemma [6.6] implies that

~~T T
. 5 (V+0)(v+9)

Here we have, for § = (0, 02, 03),

(v+0)(v+0)"
= ool + ovT + vout + 567

0 0 0 0 8 63 0 & 03
=l +[d 0 0)+10 0 ti|+0E)=ve" + |6 0 t5 | +O().
53 td3 0 00 0 63 tdz 0

Since ||v]|? = 1 + O(#?), we obtain
Fes (G(1))

+O(t%) = (v +6)(v+6)T +O(%).
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0 09 03
t(53

ol +wld 0
ds tds

By Lemmal|6.5, we have wov”

th

w

Py (G()) = G(t) +

C4h

Here the equation @ implies

1913

—gos — == + cth = —
w

This gives the equation @

Proof of Theorem[6.3 Let Pr(X) = U, + s1B1 + $2Ba + s3Bs.

0 —% C4h
+ Ot =" + | =0 cyth | +O(t%)
C4h C4th 0
0 0
0 —h+ (EQHEIEP tT gas+ % and hence
0 g3 + t913 _ﬁ
th
—_ C4h
w
(B2, B1) 7 1913
_ 22U g — B 4 th 8
3 B 923 w + ¢y + O(t°)
t 2
—923 — S cath i3
w w

c4(Bs, By) + ¢5(Ba, By)

8ci| B ?

satisfies
||B1||2 <Bl7B2> <BlvB3> S1
(By, B1) || Baf|* (B2, Bs) | | s2
<B37B1> <B37B2> ||Bs||2 53

Let H be the coefficient matrix of the left hand side and D(t) =

Then we have

t" + esh + O(t%).

O

Then (s1, s9, $3)

(By, X — U,)
(Bo, X — U,)
(Bs, X — U,)

Py (G(1)) — G(1).

<BlaX> Bl7
Pp(X)= (Br By Bs)H ' | (By,X)|+U.—(B1 By Bs)H™ ' | (By,U.) |,
<BC37X> B37
and hence
Bla
Pro Psi(G(t)) = Pp((G+ D)(t)) = Pe(G(t)) + (B1 By B3 H' | (B, D
B37
Bla
- G(t) + (Bl BQ B3) H_1 <B2, D( )>
<B'37D<t)>
By Theorem [6.2] we have
_2th 4
w e
(B, D) | = | —2ed 222 | o) = | BBl | o)
(B3, D(t)) i || B cil| B
_Mﬂ _M 7
Acjl| By|]” 4| Bi|]®
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_ () o
= T4 2, 1 + 7).
1AlBIE (B, By)

By the Cramel’s rule, we obtain

Pz o Py ((G(1))) = G(t) - 4c3||t—Bl||2

t7

B o =Gt - ——————
1+ 0t) (*) 8ci(2¢2 + 1)

By + O(t%).
OJ

7. APPLICATION TO CONVERGENCE ANALYSIS

If the singularity degree of the intersection of S} and a plane is 2, then an upper
bound for the convergence rate is given as O(k~/%). However, as shown in Example
[3.4] an upper bound based on the singularity degree is far from tight in general.

Throughout this section, we consider S? and a Type 2 plane E with ¢; # 0.
Using rational formulas, we have the following theorem, which shows that the upper

bound based on the singularity degree is actually tight for alternating projections
for E and S%.

Theorem 7.1. For sufficiently small t > 0, let Uy = G(t) in be the initial point
and construct the AP sequence Uy, Us, . .. for E and S3.. Then ||U,—U,|| = © (kz_é>
Moreover,

, 3
JH§>(32ﬁ(zﬁ-%1ﬂ

To prove this theorem, we use the following lemmas, which deal with the first
eigenvalue and rational expressions for projections of a matrix obtained by perturb-
ing G(t) with terms of degree 7.

By applying the Gram-Schmidt process to Bi, Bs, Bs in this order, we obtain an
orthogonal basis of F and denote it by C7, Cs, C5. Note that C; = By. Let X be the
first eigenvalue of G(t) and v(t) be the the associated eigenvector with v;(t) = 1.
By Lemma we see that

5
) k3| Uy — UL = 1.

ni(t) n2(t) ns(t)
Let H(t) = Bt7C +71t7Cy and [ m2(t) ma(t) ns(t) | = H(t).
n3(t) ns(t) ne(t)

Lemma 7.2. Let ) be the first eigenvalue of (G+H)(t) and o(t) = (91(t), U2(t), D5(t))
be the associated eigenvector with v,(t) = 1. Then

M) =X +m(t) + O, 9(t) =v(t) + | n2(t) + O(t®)
n3(t) + O(t%)

Proof. Since A and ) are simple eigenvalues of G(t) and (G + H)(t) respectively,
both eigenvalues and associated eigenvectors are analytic functions in ¢. Let ith
homogeneous parts of G, A\, v be Gj, \;, v; respectively. Then these are decomposed
as

G:G0+G1+"', )\:)\0+)\1—|—, 6:UQ+U1+"'.
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Note that G — (888)’ MN=1 v, =1 vy =0(i=12,..). Then we have

(G0+G1+"')<U0+U1+"') = ()\0+)\1+"'>(U0+U1+"'>.
Let I be the identity matrix. By comparing the terms of degree n, we obtain

G[ﬂ)n -+ lenfl + -+ GnUQ = )\ovn -+ )\11)7171 + -+ )\n'l)o,
Ao + (Aol — Go)vy, = Grvp—1 + -+ - + Gpog — (AMUp—1 + -+ - A1),

An
(12> Un2 | = len—l +- 4+ GTLUO - (Alvn—l + )\n—lvl)~
Un,3

Since the right hand side of has only the terms of the eigenvalues and eigen-
vectors of degree less than or equal to n — 1, A\, and v,, are determined iteratively
by the lower degree parts and the parts of G(t) of degree less than or equal to n.

Next, we consider the eigenpair A and @ of G+H. Since H consists of homogeneous
polynomials of degree 7, we see that G+ H coincides with G up to degree 6. Thus
A and 0 satisfy the equation for n < 6 and

A7
’5772 = G1U6 + e 4 (G7 + H)’Uo — ()\11}6 “+ .- )\61}1)
U733
A7 A7 +m
= |vr2 | + Hvug= [ v72+m2
V7.3 U733+ 13

O

By using the expressions of the eigenpair of G + H, the following lemma shows
that the projections of G and G + H onto S coincide up to degree 6.

Lemma 7.3. If G(t), (G + H)(t) are mapped to rank 1 matrices by FPg: , then

m mn2 73
Py ((G+ H)(1) = Py (G(0) + (12 0 0 | +0(t")
ns 0 0

Proof. Let A and © be the first eigenvalue and the associated eigenvector of G + H
with o7 = 1, and 7 = (0,72,m3)7. Since A = 1+ O(t), v = (1,0(t), O(t?))T and
N, M2, 3 = O(t7), Lemma, implies that

< oot

By (G + H)(1)) = A

ol

(v+7)(v+7)T vl + ot + ot 4+ T

— (A +7 § Lo =\t . +0(t°
M) gE - O = G ()
0 m n3
A
:LT)Q vl +n 0 0] ] +01%
[+ ns 0 0



24 H. OCHIAI Y. SEKIGUCHI, AND H. WAKI

A 0 n2 n3
= ————vw +4mvt + | 0 0] +0F)
[v+ 7[>
3 0 0
A m N2 13
= _2va + | 72 0 0 + O(t8>
o]l ns 0 0

OJ

Let 5’2, 53 be the matrices that are equal to Cy, C3 except for the first low and
column being zero vectors, respectively. Let Pgp(X) = Pg(X) — Pg(O). Then Py is
the linear part of Pg and we have

m 72 M3
Ppo P (G+H)(t) =Ps | Pa(Gt)+ [m 0 0] +0()
ns 0 0
~ m T2 73
= Ppo Py (Gt)+Pp|(n 0 0 + O(t%).
N3 0 0
A representing matrix for Pp is given as follows.
Lemma 7.4.
nom 1 1Cal* (Ca, Cy)
~ 1 M2 M3 2 2 7
ns 0 0 (G Gs) ) IG]] i
15112 15112
m o n2 N3
Proof. Recall that H(t) = Bt'Cy + y7Csy = (772 Na 775>~ Since we can write
n3 M5 Me

moon2 " ~ ~
(m 0 0 ) — BH7(Cy — Cy) + 117(Cy — Cy), the orthogonality of Cy, Cy, Cs im-
UE] 0 0

plies that
[ s 2 (Cy, BET(Cy — Co) + 417 (Cs — C
Py n 0 0 :Z<“5 (2 227 (3 3)>Ci
ns 0 0 i=1 ICill
_ —Bt(Cy, C) — At7(C, Cs) BE(||Ca|? — (Cy, Cs)) — At7(Ca, Cs)
= Cl—|— 02
C1][2 [ Cal[?
—Bt7(Cs, Ca) +t7(||Cs]|> — (Cs, Cs))
1512 G

Since C} = B; = (

(e m2 s (Cy, C) (Cs, Cs)
P = |1-= th— =t | O
S\ (( [cr )" e ) ¢

é§>’ we have (C, 52> = (C1, 6'3> = 0 and thus
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(C5,C) g (G5, Cs) )
’ ( e P (1 (A )”t ) o

By the definition of Cy and 53, we have the desired expression. O

Let ¢ = m. By Theorem , we have Pg o PSi(G(t)) = G(t —ct") + O(t?)
and hence
7 ~ m o n2 773 ]
Pgpo Py ((G+H)(t) =Gt —ct')+ Pp | [n 0 + O(t°).
UE} 0 0

Thus the distance between an AP sequence and the slowest curve is N + O(t%),
where

N :=

We will show that NN is strictly less than
I (®)]lp = (|87 Ca + 417 Cs]| = V(IC2llpBL)? + ([ Csll py27)2.
Lemma 7.5. Let

(A& (C, Cy)

1— _

_ |2 1Ca[[[C5]]
~ (Cy,Gy) ||C3||2
ICaIICs IG5

Then we have ||R||2 < 1 and
N <Rl [H®)]|F-

Proof. Let QQ = (8; 8;; ) be the matrix that appears in the RHS of . By Lemma
[7.4] we have

N? = [(QuBt" + Qut")Cy + (Qa1 Bt + Qaayt") sl
= (QuBt" + Qaut")?|Ca |3 + (Qa18t" + Quvt")*|| Cs||

C ~ 2
~((1-1SE) joyor - Oy
~ 2
(Cy, Cs) - 11Cs |2 7
+ Col|Bt" + | 1 — Chllvt
( s’ i) 1o
||02||m7)
=R
(||C3||7757 )

Then we obtain

N < [1R];- H(IICQIIM)

|Cs |27

Next we estimate || R||2. The characteristic polynomial of R is given by

N (Y (L 1GIEN ( (GnCy )
M—(A (1 HWP)) (A (1 ||03||2>) <||02||||C3||>

= ||R||2 - |Bt"Cs + 1" Cs]| .
2
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e (2_ 1G> r|53||2> N (<1

1G> [|Cs]f? 1G> [|Cslf?
~ ~ ~ o~ 2
GIPIGIP  ( (Ca Cs) )
1G22 1Cs]* - \ NGl Csll

Let

- (@, 0\ - |G 21C
W)‘p(”*(Hoguuczgn) et TN B ToN

Recall that ¢4 # 0 and C4, Cy, C5 form an orthogonal basis obtained by applying the
Gram-Schmidt process to By, By, B3 in this order. By the locations of the nonzero
elements in B;, we can easily see that C5 and 53 are linearly independent and hence
|(Ca, C3)| < [|Co||||Cs]|. Thus we obtain pa(A) < p(A) < p1(A). Here, we have

1G> ICs]>
p(A)=0<=A=1- , 1—
1|2 1Cs 12
ICel® (IG5
P2 A) =0<=A=1,1—- — :
1G> [ICs]1?
Since p(A) is a convex quadratic function, each solution A to p(A) = 0 satisfies
IBal* [|Bs]*
—1<1- — <A<
[Bel> | Bs]?
Therefore || Rz < 1. O

Now we can show the following proposition, which means that if we choose the
initial point sufficiently close to the curve G(t), then the AP sequence moves in the

rate of ©(t”) towards the intersection point while remaining in a neighborhood of
the curve G(t).

Proposition 7.6. For each € > 0, there exists 6, K > 0 such that if t, 3, satisfy
0<t<d, ||8Cy+~Csllr < &, then there exist t, 3,7 such that

18C2 +ACsllr <,

1 N 1
O<t——— ¢t —Kt8<i{<t— ————
4ci||Ch|? 4cy]|Cy ]2

P o Psg (G(t) + Bt'Co +4t"Cs) = G(f) + 57Cy + 77 Cs.

t"+ Kt® < 6,

Proof. Let ¢ = 1/4c}||C1]|* and R be the matrix in Lemma [7.5] Note that Lemma
ensures Pg: (G(?)) has rank 1 for sufficiently small ¢ > 0. Thus Fg (G(?)) is

calculated with the first eigenvalue and the associated eigenvector of G(t). By
Lemma [7.3| and Lemma [7.4] we have

G(t,3,7) = Pgo Pgs (G(t) + Bt"Cy +4t7C3) = Py o Pss (G + H)(t))

=Gt—ct)+(Cy C5)R (g?) + O(t%).
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Here (C’2 C’g) R (g) = ['Cy + +'C5 for some 3’7" € R. Since Lemma implies

that H(Cg C5) R (5) < ||R||2]|8C2 + vCs]|F and ||R||2 < 1, we have

F

18C2 +1Cs||F <€
= 30,7 st |B'Ca + Y Csllr < || Rz €,
(14) G(t) =G (t—ct™) + 7B Cy +17+/Cy + O(t).

For U, = (é§ ), let wco(p) == Ui + p1C1 + p2Cy + p3Cs. Then ¢c(p) is a dif-

feomorphism between R® to E. Define p(t) := o5 (G(t)), p(t, 8,7) = gogl(é(t)).
Since the first eigenvalue is simple, we see that the eigenvalue and the associated
eigenvectors of G(t) + 8t"Cy + 4t"Cy are analytic in (¢, 3,7) and hence G(t, 3,7) =
Ui +p1(t, B,7)C1+ Da(t, B,7)Ca + ps(t, B,7)Cs is also analytic. Thus, by the Taylor
expansion with respect to ¢ about 0, we can actually rewrite as

[elele)

é(t) = G(t — Ct7) + t76/02 + t7’7/03 + t8<7’101 + 7”202 + 7’303),
= U, + (pi(t — ™) + r1t%) C1 + (pa(t — ct”) + BT +1rat®) Cy
(15) + (pg(t — Ct7) —+ ’}/t7 + T3t8) Cg
1 9%p;
Ti(t757’y) = g atg (02t7577)7
for some 0; € (0,1), i =1,2,3. Let r = (r1,r2,73) and
Ds = {(t,ﬁ,’)/) € R3? : O<t< (5, H/BCQ —|—’}/03HF < 8}.

Now we have

sup{[[r(t, 5,9 = (¢, B,7) € Ds}

<o (3

=1

1 &pi

gﬁ(taﬁﬁ)

2\ 2
> : (t,ﬁ,’}/) € D5 p = Ks.

First, we show that there exists # such that p; (t—ct”)+rt® = py () and [t—(t—ct”)| <
2K;5t8. Since G(t) = U, +tBy + go(t) Ba + g3(t) Bs = U, +p1 (t)C1 + p2(t)Cy + p3(t) Cs
and By = C, we see that p(t) =t + %gg(ﬂ + %gg(t) and hence p(0) = 1.
By taking ¢ smaller if necessary, we may assume that for 0 < ¢ < §, pj(t—ct”) > 1/2
and that p (t —ct”) +r1t8 is in the range of the inverse function g of p; around ¢ —ct”.
Then the Taylor’s theorem implies that

ti=g(pi(t—ct’) +rit®)

1
=g (it =) + ¢ (pr(t = ct7)) 118 + 59" (¢ = et + 0ra%) (nt),

1
=t—ct’ + (g’ (pi(t —ct™)) + §g"(t —ct’ + «97‘1758)7‘1158) rit®,
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for some 6 € (0,1). Since ¢’ (p1(t — ct7)) < 2, we have |t — ct” — t| < 2K;t®. Next,
the equation and ||5'Cy ++'Cs||p < ||R||2¢ imply that

”ﬁg(t)Cg +ﬁ3(t)03 - (p2<t — Ct7)02 +p3(t — Ct7)CS)HF

= Ht75/02 + t7’}//03 + tg(’l”lcl + 7’202 + 7”303)”}7 < ||RH2€t7 + Hé%)]( ||01HFK5158
Let g(t) = (t,92(t), g5(t)) be the functions defining the slowest curve (f]). Recall
that go(t) = O(t?), g3(t) = O(¢*). Since G(t) = U, +tB; + go(t)Ba + g3(t) Bs = U, +

P1 (t)C’l ‘I—pQ(t)CQ —|—p3(t)03 and Bl = Cl, we see that gg(t) <B2, CQ) —|—gg(t) <Bg, CQ) =
p2(t)]|Cs]|? and hence po(t) = O(#?). Similarly, p3(t) = O(t*). Thus we have

152 (6)C2 + B3(£)Cs — (pa(8)Ca + ps(D)Cs) |,
< ||B2(t)Co + p3(t)Cs — (pa(t — ct)Co + p3(t — ct™)Cs)||

+ ||p2(t = ") Co + ps(t — ct™)C3 — (p2(1)C2 + p3(£)Cs) ||,
< [|R]|oet” + max Gl (K5 + Kj)t®,

for some K} = O(0). Since ||R||s < 1, by taking ¢ smaller if necessary, we obtain
0<t—ct7—2K5t8gfgt—ct7+2K5t8 <0,

o || (t)Ca + p3(t)Cs) — (p2(£)Cy +p3(t~)03)||p <e

for all (t,8,7) € D(;. The second inequality implies that there exist 3,4 such that
15Cs +3Cs]|r <,
Pa2(t)Cy + P (t)Cs = po(£)Cy + p3(f)Cs + B Cy + 717 Cs.
Therefore we have
G(t) = Us + pi(£)Cr + pa(£)Cy + ps(F)Cs + BT Co + E Ch
= G(l) + BITCy + 71 Cs.

We use the following lemma on a recursive sequence.

Lemma 7.7. Suppose that the sequence {x\} satisfies (¢ + 1)C — (¢ +2)Kxo > 0
and

0<ap (1 —-Cal | —Kadt) <ap <apy(1—-Cal_, + KaIT) (k=1,2,..)
for some C; K >0, q € N. Then
lim (¢C)s ikizg = 1.

k—o0
Proof. We show x, — 0. Suppose a := infyx, > 0. Let f(z) = —Ca?™! + Kx+2
and M = (¢ + 1)C/((q + 2)K). Then f'(z) = —(q+ 1)Cx? + (¢ + 2)Kai™ =
(—(¢g+1D)C+ (¢+2)Kzx)z? <0 for 0 <z < M. Since 0 < g < M < C/K, we see
x1 < xo+ f(xg) < o, and hence we obtain inductively that zx < x5 + f(xp_1) <
xp_1 for all k. Since f(x) is decreasing for 0 < x < M, wesee a <z < z_1+f(x) <
Tp_1 — Ca?tl + Ka9*2. Thus we have a < o + Ca?t! — Ka9t? < 244 for all k.
Therefore, a contradiction occurs and hence inf, z, = 0. Since xj is decreasing, we
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obtain x; — 0. Then almost identical arguments in the proof of [11I, Lemma 3.1]
gives the result. 0

Proof of Theorem [T Let e > 0. By Lemmal6.7], for each 3, v with ||3Cy+~Cs]|p <
g, there exists ' > 0 such that for ¢ € [0,¢'), det (G(¢) + Bt"Cy + vt"C3) > 0 and
hence Pg: (G(t) + Bt"Cy + vt"C3) has rank 1. Let ¢ := 403”101”2 = 463(410%”). By
iteratively applying Proposition [7.6] there exists § > 0 such that for Sy = v = 0
and to with 0 < ¢y < §, we can construct (¢, Bk, V), k = 1,2,..., satisfying

18kCo + 1Cs||lr < e,
0<tyr—cthy — Kt | <ty <tyoy —cth  + Kt | <3,
PE e} PSi (G(tk_l) + ﬁk_ltzflcg + yk_ltLng,) = G(tk) + ﬁktk?CQ + ’)/ktk?Cg;,

for some K > 0. Then Lemma [7.7 implies limy,_,o0(6¢)s kot, = 1. Since ||Uy, — U, || =
(4¢2 + 2)2t;, + O(t2), we obtain
1 = lim (6¢)5 kb, = lim (6¢)5ks ((4& 4 2)E Uy — U|| + O(tz))

k—o0 k—o0

I 3 éklﬂU 0.
pr— —_—_—mmmm 6 —
koo \ 3261282 + 1)4 b el

O

Numerical experiments. Figure |5 is consistent with our claim that the conver-
gence rate of |Uy, — U, || is ©(k~'/%) in the case that ¢; = ¢, = 1,¢p = c3 = ¢5 = O as in
Example [6.1] and the initial point is taken from the slowest curve. We observe from
the right of Figure [5| that the plot of 1/||Uy — U, ||® approximately coincides with the
line 196.0 + 0.0098k. Hence ||Uy — U.|| ~ (196.0 4 0.0098%)~'/6 ~ 2.16k~'/6 for suf-
ficiently large k. The estimate in Theorem [7.1| gives ||Uy — U, || =~ (32-27)"/6k~1/6 ~
3.08k~/%. This discrepancy between the coefficient given in Theorem and the
results of the numerical experiments is likely due to the slow convergence of the
limit in the estimate.

80 [ .
600 - .
60 |- .
400 - .
40 + =
7\/EHU/€ - U*H o
— — o -
50 | VE|U, = Ul | | 200 -
— -UJ°
0L i ol | 196.0 +9.807 x 1072k | |
0 1 2 3 1 5 0 1 2 3 41 5
k 104 k -104

FIGURE 5. The left figure displays the plots of v&||Uy — U,|| and
VE| Uy — U,|| in Example with the initial point on the slowest
curve, and the right figure displays the plots of ||Uy — U,|| 7% and the
line fitting.
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8. CONCLUSION

In this paper, we derived three new analytic formulas for sequences constructed
by the alternating projection method applied to an affine space and the cone of
positive semidefinite matrices. In particular, using the first formula, we presented
examples that demonstrate gaps between the actual convergence rates and the upper
bounds based on singularity degrees. The second formula was used to construct the
slowest curve for a concrete instance of a 3-plane. The generalization of the slowest
curve for the parametric family of 3-planes gives rise to the third formula. The third
formula was applied to show the tightness of the convergence rate of the alternating
projection method when applied to a 3-plane and S:i whose intersection is a singleton
and has singularity degree 2.

We formulate our results in this paper only for cases where the intersection is a
singleton, for simplicity of the argument. However, under certain conditions, the
argument can be extended to the non-singleton intersection case, which will be the
subject of future study.
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