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Abstract. We develop a Sequential Quadratic Optimization (SQP) algorithm for minimizing a
stochastic objective function subject to deterministic equality constraints. The method utilizes two
different stepsizes, one which exclusively scales the component of the step corrupted by the variance of
the stochastic gradient estimates and a second which scales the entire step. We prove that this stepsize
splitting scheme has a worst-case complexity result which improves over the best known result for
this class of problems. In terms of approximately satisfying the constraint violation, this complexity
result matches that of deterministic SQP methods, up to constant factors, while matching the known
optimal rate for stochastic SQP methods to approximately minimize the norm of the gradient of the
Lagrangian. We also propose and analyze multiple variants of our algorithm. One of these variants
is based upon popular adaptive gradient methods for unconstrained stochastic optimization while
another incorporates a safeguarded line search along the constraint violation. Preliminary numerical
experiments show competitive performance against a state of the art stochastic SQP method. In
addition, in these experiments, we observe an improved rate of convergence in terms of the constraint
violation, as predicted by the theoretical results.

1. Introduction. We propose a new algorithm for solving equality constrained
optimization problems in which the objective function is the expectation of a stochas-
tic funciton. Formally, we consider the optimization problem

(1.1) ;_161%%2 f(z) st. c(z)=0 with f(z)=E[F(z,w)],

where f: R"” - R, ¢: R® - R™, w is a random variable with associated probability
space (Q,F,P), F : R" x Q — R, and E[] denotes the expectation taken with
respect to P. Problems of this form arise in numerous applications, including optimal
control [7], PDE-constrained optimization [16, 22], and resource allocation [6] as well
as modern machine learning applications, such as physics informed neural networks
[11, 21], constraining the output labels of deep neural networks [20] and neural network
compression via constraints [10].

The method we design is based on Sequential Quadratic Optimization (SQP)
methods, a popular class of algorithms that has seen significant interest in recent years
for solving stochastic equality constrained optimization problems, beginning with the
influential work of [4]. Numerous extensions of this work have been proposed, such
as stochastic SQP methods for problems with rank-deficient Jacobians [3], algorithms
for problems with nonlinear inequality constraints [13], worst-case complexity analysis
for stochastic SQP methods [12], algorithms which incorporate variance reduction
[5] or adaptive sampling [2], as well as stochastic SQP methods which utilize an
exact augmented Lagrangian as a merit function [18, 19]. At each iteration, these
algorithms generate a search direction by solving a quadratic optimization problem
defined in terms of a stochastic gradient estimate subject to a linearization of the
constraints and then produce a new iterate by moving along this search direction.
For stochastic SQP methods, the chosen step length is generally scaled in such a
way as to control the variance of the stochastic gradient estimates, in a manner
similar to stepsizes for stochastic gradient methods in unconstrained optimization.
Our algorithm takes a different approach and directly utilizes the orthogonal step
decomposition of SQP methods!. It is well known in the stochastic SQP literature

LComputation of the orthogonal decomposition may be unnecessary in certain cases, see Remark
1 for details.



that the normal component of the step decomposition is independent of the current
stochastic gradient estimate. Therefore, it is unnecessary to rescale this component
by the stepsize which controls the variance in the stochastic gradient estimates in
order to ensure convergence. Using this observation, we propose a method which
employs two different stepsizes: one which controls the variance of the stochastic
gradient estimates and scales only the tangential component and a second stepsize
which scales the entire search direction.

We demonstrate the effectiveness of this stepsize splitting approach by developing
a worst-case complexity result for our proposed algorithm. We consider the worst-case
complexity in terms of finding a point x which satisfies,

(1.2) E[|Vf(z) + Ve(@)yll] < e, Effle(@)h] <e,

where y € R™ is some Lagrange multiplier and ¢, and €, are some small tolerances.
Few complexity results exist for SQP methods in the literature. The only complexity
result for a deterministic SQP method is given in [12], which proved a worst-case
complexity result of O(e; ) and O(e; ') (this result holds deterministically, not just
in expectation). This work also proved a result for the stochastic SQP method of
[4], which was shown to have a worst-case complexity of O(e;*) and O(e;2) in an
idealized setting and O(e;*) and O(e,?) otherwise, where O ignores logarthmic fac-
tors. In terms of €y, this result is optimal, due to information theoretic lower bounds
for stochastic gradient methods [1]. However, with respect to the constraint viola-
tion, it turns out that this result can be improved. We show that the worst-case
complexity of the two stepsize stochastic SQP method proposed in this work has a
worst-case complexity of O(e;*) and O(e;!). That is, in terms of convergence in
the constraint violation, this result matches that of a deterministic SQP method,
modulo the expectation and constant factors. Furthermore, we avoid unnecessary
assumptions which were required to derive a complexity result in [12] by not estimat-
ing a merit parameter during the course of the algorithm. Previously this parameter
was estimated using stochastic gradient information, which may be highly inaccurate
on any given iteration and thus required additional assumptions in order to ensure
convergence. In addition to these results, a number of other works have also proposed
methods with known worst-case complexity results for solving (1.1), including aug-
mented Lagrangian [15, 23] and stochastic SQP methods [18]. A summary of these
worst-case complexity results is given in Table 1.1.

Unfortunately, the complexity result we prove for our initial algorithm requires
certain choices of the stepsizes based on potentially difficult to estimate parameters
of the problem (such as Lipschitz constants and a reasonable setting of the merit
parameter). To remedy this, we propose a variant of our method which incorporates
stepsizes inspired by adaptive gradient methods for unconstrained stochastic opti-
mization [14, 17, 25]. Specifically, we build upon the methodolgy commonly known
as Adagrad-Norm, which estimates a stepsize using the prior stochastic gradient es-
timates. We show that we can generate both of the stepsizes used by our algorithm
under this framework and derive a worst-case complexity result for this variant of our
method of the order @(6[_4) and O(e;'!), without requiring any knowledge of problem
specific constants. In addition, both versions of our algorithm guarantee convergence
when the stepsizes to be relaxed to lie in a certain set, from which the actual step-
size can be chosen, as was originally proposed in [4]. In order to choose a stepsize
from this set, we propose a safeguarded linesearch in terms of the constraint violation
and show how this can be implemented when the safeguarding is done in terms of
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Algorithm Conditions Stationarity | Feasibility
SPD [15] N/A 0 (,%) O (e.9)
SPD [15] xg feasible 0 (e,°) O (e;°)

MLALM [23] N/A O () O (e;°)

MLALM [23] | o near feasible O (") O (ez%)

SSQP-AL [18] N/A O (") O (%)
SSQP [3] Tmin KNOwn O (64_4) @ (66_2)
SSQP [3] Tmin Unknown 1) (6;4) ) (ec_g)

SSQP-AS [2] N/A @) (efl) o (66_2)

Algorithm 2.1 non-adaptive O (6;4) o (ec_l)

Algorithm 2.1 adaptive @ (624) o (ec’l)

Table 1.1: Sample complexity of algorithms for solving (1.1). Convergence of each
algorithm is proven underneath slightly different conditions. All methods except
MLALM assume that the Jacobian has full rank at each iteration, while MLALM
assumes a certain constraint qualification as well as mean-squared smoothness of the
stochastic gradients. SSQP and SSQP-AS also make additional assumptions on the
behavior of the merit parameter.

the adaptive stepsize rule based on Adagrad-Norm. Finally, we provide preliminary
numerical experiments for our algorithm and show that it compares favorably with a
state of the art stochstic SQP method. These numerical experiments also demonstrate
faster convergence in constraint violation when compared with previously proposed
stochastic SQP methods, providing confirmation of our theoretical results.

The rest of this work is organized as follows. In Section 2, we formally define
and discuss our proposed algorithm and prove some basic properties. We provide
a worst-case complexity analysis in Section 3 for two variants of our algorithm. A
safeguarded linesearch procedure is developed in Section 4 and numerical experiments
are presented in Section 5. We provide concluding remarks in Section 6.

1.1. Notation. We adopt the notation that || - || denotes the ¢3-norm for vec-
tors and the vector-induced f2-norm for matrices. The set of nonnegative integers is
denoted as N :={0,1,2,...,} and we denote the positive real numbers by R+.

Given ¢ : R — R and ¢ : R — [0,00), we write ¢(-) = O(p(-)) to indicate that
|6(-)] < ep(-) for some ¢ € (0,00). Similarly, we write ¢(-) = O(¢(-)) to indicate that
[6(-)] < co(-)|1og® ()| for some ¢ € (0,00) and & € (0,00). In this manner, one finds
that O(¢(-)|log®(-)]) = O(p(+)) for any ¢ € (0, 00).

The algorithm that we analyze is iterative, generating in each realization a se-
quence {zy}. We also append the iteration number to other quantities corresponding
an iteration, e.g., fr := f(xy) for all k € N.

1.2. Assumptions and Background. Throughout, we require the following
assumptions on f and c:

ASSUMPTION 1. The objective function f:R™ — R is continuously differentiable
and bounded below by fiow € R and the corresponding gradient function Vf : R™ —
R™ is bounded and Lipschitz continuous with constant L € (0,00). The constraint
function ¢ : R™ — R™ (where m < n) and the corresponding Jacobian function
J := Vel : R* — R™ " are bounded, each gradient function Ve; : R* — R™ is
Lipschitz continuous with constant ; for all i € {1,...,m}, and the singular values
of J = Ve are bounded below and away from zero.
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Under this assumption both the gradient of f and the constraint violation are
bounded in norm by constants. We denote these constants as ||V f(z)|| < k4 and
lepls < e

Defining the Lagrangian ¢ : R™ x R™ — R corresponding to (1.1) by £(z,y) :=
f(z) + c(z) Ty, first-order primal-dual stationarity conditions for (1.1), which are
necessary for optimality under Assumption 1, are given by

(1.3) 0= @iﬁgzg] _ [Vf (x)cﬂ(Lx)VC(:v)y} .

We note that the complexity measure (1.2) is simply an approximate version of these
optimality conditions.

As stated above, our algorithm generates a search direction at iteration k& by
solving the following quadratic optimization problem:

1

(1.4) m}%{n fr+ ggp + §pTHkp subject to ¢ + Jxp =0,
peER™

where g is the current stochastic gradient estimate. It is well known that this is

equivalent to solving the “Newton SQP system”:

T
(15) Hk Jk- Pk — 9k )
Je 0 |yk Ck
In order to ensure the solution of this sub-problem is unique, we require the following
assumption on Hy.

ASSUMPTION 2. The sequence {Hy} is bounded norm by kg € Rsq. In addition,
there exists a constant ( € Rsqg such that, for all k € N, the matriz Hy has the
property that uT Hyu > C|lul|? for all u € R™ such that Jyu = 0.

In order to analyze our algorithm, we utilize the -1 merit function ¢ : R" xR~y —
R:

(1.6) o(x,7) = 7f(x) + [le(@)]1-

In the above equation, 7 is the merit parameter which balances between the
function value and constraint violation. For the analysis, we also use the following
local model of the merit function [ : R™ x Rsy x R® — R defined as

(1.7) l(z,7,d) = 7(f(2) + VF(2)"d) + |le(z) + Ve(z) " d]1.

In addition, we consider the reduction in the model for a direction d € R™ with
c(z) + Ve(z)T'd = 0 which is Al : R" x Ry x R" — R defined as

Al(z,7,d) :=l(x,7,0) = l(z,7,d)

(1.8) = —7Vf@)Td+ |c(@)h.

We wish to stress here that unlike previous work, we do not attempt to estimate
a good value of 7. We choose to avoid this as previous work relied upon strong
assumptions (such as uniformly bounded stochastic gradients [4] or sub-Gaussian
stochastic gradients [12]) in order to prove their results. By choosing to relegate
the merit function and parameter exclusively to the analysis, we are able to avoid
overcomplicating the analysis and adding unnecessary assumptions.
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2. Algorithm and Basic Properties. Recall that at each iteration, a search
direction py is computed as the solution of (1.5). We assume that this step computa-
tion is performed in such a way that the orthogonal decomposition

(2.1) P = uk, + v where uy € Null(J,) and vy, € Range(J)),
is known®. One important consequence of this decomposition is that the normal
component, vg, does not depend on the current stochastic gradient estimate g;. Unlike
prior work, we do not directly use p; as our search direction. Instead, we rescale the
tangential component, ug, in order to generate our search direction dj as follows,

(2.2) di, = Brug + vk,

where 8 € Rsg. Then, we find the next iterate xy41 by setting zp4+1 = xx + apdy
for some «, € Rsg. This procedure is formalized in Algorithm 2.1.

Algorithm 2.1 Generic Two Stepsize Stochastic SQP Algorithm
Require: zg € R™;
1: for k=0,1,... do
Compute stochastic gradient gy.
Compute (pg, yx) as the solution of (1.5).
Choose B € Ryg.
Set dy < v + Brur, where v, € Range(Jg) and ur € Null(Jg) are the
orthogonal decomposition of py.
6: Choose oy, € Ry.
7 Set xx41 < xp + apdy.
8: end for

The choice of 5 is crucial to ensure convergence of our algorithm, as it controls
the variance of the stochastic gradient estimates and plays a similar role as the stepsize
in stochastic gradient methods. As such, it is natural to consider S to be quite small.
Indeed, to ensure our convergence result, we set 8, = O(1/v/K), where K is the total
number of iterations we intend to perform. On the other hand, oy does not need to
control the error in the stochastic gradients and thus may be set independent of K.
Thus, v, which is the component of dj that drives the algorithm towards constraint
satisfaction, is only scaled by a stepsize which is independent of K. This is the key
insight that leads to our improved complexity.

Algorithm 2.1 is written generically, without specifying how to choose the stepsizes
ar and Bi. We consider two variants for choosing these stepsizes in Section 3 and
analyze their behavior. First, in Section 3.1, we consider the case where [ is defined
by a pre-specified sequence and

(2.3) ay € v, v+ 008y,

where v € Ry and 0 € Ryo. This case is essentially equivalent to the standard
stochastic gradient regime with a pre-specified stepsize sequence (modulo the relaxtion
of ay, into a range, which was originally suggested for stochastic SQP methods in [4]).
For this method, we prove the complexity result foreshadowed in Section 1. However,
this result only holds under certain conditions on v which depend on the Lipschitz

2This is not necessary in certain circumstances, see Remark 1 for details.
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constants of the gradient of f and Jacobian of ¢ as well as a good estimate of the merit
parameter 7. Unfortunately, it may not be reasonable to estimate these parameters
a-priori.

To remedy this, in Section 3.2 we analyze a version of Algorithm 2.1 which utilizes
adaptive stepsizes based on Adagrad-Norm, which is a popular approach for choosing
stepsizes in the stochastic gradient literature [14, 17, 25]. In this case, some additional
logarithmic factors appear in the final complexity result, but this approach does not
require any knowledge of the Lipschitz constants or the merit parameter.

In addition, in both of the cases we analyze in Section 3, oy may be chosen from a
specific range. In Section 4, we describe a safeguarded line search procedure which can
be used to determine ay. We take adavantage of the assumption that the constraints
are deterministic and design a line search which only relies on the constraint viola-
tion and does not include stochastic gradient information when computing an oy.
In addition, we provide a fully specified algorithm in Algorithm 4.1 that combines
this linesearch procedure with an adaptive lower bound based on the Adagrad-Norm
stepsizes developed in Section 3.2.

2.1. Properties of Algorithm 2.1. First, we restate a basic result from [4].

LEMMA 2.1. ([4, Lemma 2.9]) There exists k, € Rsq such that, for all k € N,
the normal component vy satisfies max{||lvg||, |lvkl|*} < Kollck |-

During the analysis of our algorithm, it is often useful to consider the “true”

step computation that would occur if the step was computed using the true gradient,
true true)

V f(zx), in place of the stochastic gradient estimate, gi. Specifically, let (pi", yy
be the solution of the linear system:

(2.4) [Hk JICT} {Pgue] _ [Vf(xk)] .

e 0] [yfe i

In addition, we define
(25) die = Brufl™ + o,

where pif® = 4™ + vy, with u{™® € Null(Jy) (we recall here that vy, is independent
of gr and V f(xy) and thus is the same vy as in (2.1)).

LEMMA 2.2. Let Assumptions 1 and 2 hold. Then,

lu el < CTHIVE @)l + ¢ ammuller]l < ¢ H g + ¢ ke = fu.

Proof. By the first equation of (2.4) and the definition of u{™¢, we have
(uiT) T Hy (ufr® 4+ vg) = —V f (z)Tufre. Then, by Assumption 2 and Lemma 2.1,
<||u‘lc€rueH2 < (U,Zrue)THkutl:Crue
_ _vf(l,k)Tu;crue o Ungu'Zrue
< IV F @) llup™ | + s soller ] llug™ -
Dividing this inequality through by ||u™¢|| proves the first result. The final result
follows by Assumption 1 and Lemma 2.1.

Now we state an important property about the merit parameter 7.
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LEMMA 2.3. Let Assumptions 1 and 2 hold and let o € (0,1). Let B < kg hold
for all k and define

1 —
(2.6) Tmin 1= 7 .
Ko(KgRERY + Kg)
Then,
(27) Tmin (Vf(xk)Tdtruc +,B ( truc)TH utruc) S (1 _ U)HckHL

Proof. By (2.4) and the definition of u}"™®,

V() Td = f )T (B + o)
_ ,8 ( true)TH utrue Bkvk Hkutrue + Vf(lfk)T’Uk.

Thus, by Assumptions 1 and 2, Lemma 2.1 and Lemma 2.2,

Vf( )Tdtrue+5 ( true)TH utrue —_ _Bkngkutrue‘f'vf(mk) Vg
(Berr ui ™Il + 1V £ (@) D vl

Ko(KgRH Ky + Kg)llCkll1-

IN A

Combining this with (2.6), proves (2.7).

REMARK 1. Under the condition that Hy, preserves the null space of Jy (i-e. for
any u € Null(Jy), Hyu € Null(Jy)), we can sidestep the requirement to compute the
orthogonal decomposition of px by simply rescaling the matriz Hy, by B,;l and directly
use the computed direction as dj,. This additional requirement is necessary when using
rescalmg i order to prove a result similar to Lemma 2.3, as otherwise the crossing
term vy, Hku““e picks up a factor of ﬁk_l. This, in turn, means that it is not possible
to provide a bound on Tmin that is independent of a lower bound on By, thus causing
serious issues in the final complexity result. For the sake of generality, we don’t
consider this rescaling approach, though when Hj preserves the nullspace of Jy, our
results still hold, albeit with potentially different constant factors.

A direct consequence of the previous lemma is
(2.8) Al(T g, Tmin, di ") > Tomin Bk (u )" Hyup™ + ol ck|1,

which will be used to prove the final convergence result. Given this inequality, it
should be clear that with an upper bound on Al, we would expect convergence in
the constraint violation. To see the connection between the quantities in (2.8) and
first order stationarity, we prove the following lemma, which shows that the quadratic
term can be lower bounded in terms of the gradient of the Lagrangian at zj for a
specific Lagrange multipler.

LEMMA 2.4. Let Assumptions 1 and 2 hold. Then,
(ui )T Hypuf™ > CRp IV f (k) + Tyl = (14 260)Crollex -
Proof. By Assumption 2,

(u}crue)TH utrue > C”utrueHQ > C/{ ”Hkutrue”Q
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Then, by (2.4) and Lemmas 2.1 and 2.2,

| Hpuf™ + Hyvp, — Hyogl]?
= || Hpul™ + Hyvp||* — 20F Hy Hy (ul™° 4 vp) + || Hyvg ||
> ||V f(ar) + Jg yi|” — 2o HuHyui™ — | Hyor|)?
> [V f(@r) + Ty lP = (1 + 2m0) w3 ol ekl

which proves the result.

Thus, given these results, we can see that the convergence rate in terms of the
gradient of the Lagrangian should be directly related to the choice of 5 while conver-
gence in the constraint violation will be largely independent of this stepsize (provided
it is chosen to sufficiently control the noise in g). This is in contrast to the results

n [12], where the norm of the constraint violation is multiplied by 8x and is the root
cause of the improvement in the complexity result for the constraint violation that
we prove in the sequel.

We finish this subsection with the following generic descent lemma.

LEMMA 2.5. Let Assumptions 1 and 2 hold. Then, with T defined as in (2.6),

¢<xk + ak:dk:a 7-min) - (b(l'lw 7—min)

2132
(29) S *OtkAl(l’k, Tmin, erue) + akﬂk

2 (T L+ T) e

2
a
+ f('fu(TminL + 1)+ 4 lerlls + rTmin V. (2x) T (di — di).

Proof. By L-Lipschitz continuity of V f(z) and I'-Lipschitz continuity of Ji, we
have

(b(l'k + akdka 7—min) - (b(.fk, 7—milﬂ)

o
2
o
2

< apTmin VI (26) T di + |lex + arJrdi|l1 — ek lli + =2 (TwminL + 1) || di ||?

= @ Tmin Vf (@5) T di ™ + |1 — aglllerlls = llerlls + = (Tmin L + T)||di |2
+ e Tmin V f (23) T (d), — diFUe),

where the equality follows from Jidy = —cy.
Then, when o <1,

d(zk + ardr, Tmin) — A(Tk; Tmin)
< Tanin V f (2) T + (1= a)[lexlls = [lexlh + %z(TminL + 1)l ||
+ o Tmin V f ()T (di — djf"°)
— 0k V() ™ — aleells + S (L + )l
+ iV f (22) " (die — dj™)
On the other hand, when oy > 1,

¢(xk + akdka 7_min) - ¢(xk> 7—min)



2
Y

e

< apTmin V. (26)Tdi + (e — Derlln — [lerllr +
+ OékTminvf(l'k)T(dk: - d?crue)
2
«

= e Tmin Vf (@) di™ — agllexlls + 2(ar — Dllexlly + gk(TminL +1)||di ||

+ OékTminvf(xk)T(dk - d;crue)
2
Xk

e

< e Tmin V. (@) Tdi ™ — ailer s + 203 [[ekllr +

+ OtkTmian(l‘k)T(dk — d?grue)

where the second inequality follows by oy > 1.
Therefore, in either case, we have

d(xk + ardi, Tmin) — @(Zk; Tmin)
2
a
< e Tmin V. f (2) Td — clerlls + 203 x|y + f(TminL + T)||di|?
+ aanliHVf(Ik)T(dk — erue)'

Then, using the orthogonal decomposition dy = Sxug + v, Lemma 2.1, and (1.8), we
have

O(zx + ardr, Tmin) — O(Tk, Tmin)
< apTomin V f (1) T i — ollex 1 + 203 [lexlh

2
a
+ ?k(TminL + D) (BRllukll® + lowll?) + arTmin V F (z) T (die — i)
true az:ﬁlz 2
< —ap Al(Tk, Tmin, dj, °¢) + 5 (TminL + T')[Jug]|
2
a
+ ?k(’{v(TminL +T) +4)|Jexlln + rTminV f(zr) T (di — diF®),

proving the result.

2.2. Stochastic Assumptions and Properties. In order to analyze the con-
vergence of our algorithm, let Fj, denote the natural filtration adapted to Algorithm
2.1 and let Ex[-] = E[-|F%]. Under these definitions, we have the following assumption
on our stochastic gradient estimates, gx.

ASSUMPTION 3. There exists M € Rsq such that, for all k, one finds
(2.10) Erlge] = Vf(ax) and Ex[llgr — Vf(zp)|3] < M.

This assumption is largely standard in the stochastic gradient literature. We note
that relaxing the uniformly bounded variance assumption to an assumption which
allows the variance to grow with the norm of the gradient of f (such as in [9]) is no
more general under Assumption 1 since ||V f(z)|| < kq.

Under Assumption 3, we have the following properties.

LEMMA 2.6. Let Assumptions 1, 2, and 3 hold. Then, Eiug] = ui™, Exlyx] =

true

yk b

Ep[lluell?) < ¢7H (i) " Hyuy™® + ¢2M and Ex[|lur — u™[%] < (72 M.
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In addition, when By is measurable to Fy, Ex[dy] = di™°, and

Exlllde — dir™®|l] < B¢~ VM.

Proof. The first two claims follow directly by the statement of [4, Lemma 3.8] and
the third follows directly by the proof of [4, Lemma 3.9] combined with Assumption 2.
To prove the fourth result, let Z; be an orthogonal basis for the null space of Jj (which,
by Assumption 1 is a matrix in R®*™=™)) and let uy = Zywy and uf™® = Zrwire.
Then, by (1.5), it follows that

Zpwy = ka(ZkTHka)le,?(gk + Hkvk).
Similarly,
Zpwi™® = — 2, (ZF Hp Z),) P ZE (V f (xr) + Hyop),

so that

up — ui™® = Zy(Z§ Hy Z) 7 Z (V f (1) = gr)
and thus, by Assumptions 2 and 3,

Ep[|lur — u(1*] < Ex [ Zk(Z] He Ze) 7 ZE PNV f (k) — gell?] < ¢72M.
When fj, is measurable to Fy, it follows that

Ex[di] = BrEr[uk] + v = Brup™ + v = djf"°.

For the final result, we have that
dy, — A" = Br(uy, — w™) = BrZi(Zi HpZx) " Z (V f (x1) — gr)-

Thus, by Assumptions 2 and 3, as well as Jensen’s inequality,

Exlllde — di™®ll] < BuExlll Ze(Zi Hi Zi) " ZE NV f (xk) — gicll] < B¢~ VM.

3. Convergence Analysis. In this section, we derive our main convergence
results for two variants of Algorithm 2.1, which differ on how oy and (8 are chosen
at each iteration.

3.1. Covergence with Pre-specified Stepsize Sequences. Throughout this
subsection, we analyze Algorithm 2.1 when {fj} is a pre-specified sequence and «y,
lies a pre-specified range, i.e.,

(3.1) {Br} C Rso, ay € [v,v+ 68, Yk,

for some v € Ry and 6 € R.g.
Under this stepsize scheme, we prove a preliminary result about the final term
that appears in Lemma 2.5.

LEMMA 3.1. Let Assumptions 1, 2, and 3 hold. Then,

Eg [0 Tnin V f (21) T (dy, — diF°)] < BE0TminkgC VM.
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Proof. Let & € [0,1] be the random variable such that ay = v + £,08,. Then,
by Lemma 2.6 and the fact that v and ) are measurable to Fy,

Ex[oTmin V F (21) T (d), — diF°)] = Ex[(v + Ek081) Tmin V f (1) T (diy — di0©)]
= Ei[610BcTmin V f (21) T (di — diF™®)]
< E[0BkTminl |V f (@) || die — dj ]
< ﬁI%HTmianC_l\/M~

Now, we are ready to derive our first main result.

THEOREM 3.2. Let Assumptions 1, 2, and 3 hold. Let o € (0,1), let {8x} C Rxg
be a pre-specified sequence such that By, < kg holds for all k, let oy, € [v,v + 08%], for
some 0 € Rsg, v € (0,0/(26y(TminL + T') + 4)], and let Timin be defined as in Lemma
2.3. Let

(V+0"{B) (TmlnL'f‘F)(C IiHli + (¢~ 2M)
2
+ 0(9’%0(’%1) (TminL + F) + 4) + Tminligg_l\/ﬂ)_

(32) R1 =

Then, for any K € N,

llexll]

K-1
qRo
§ E akﬂkTmln rue)THku‘]ccrue + 2
k=0

(3.3) o
S Tmin(f(xO) - flow) + HCOHI + K1 Z 5]3

k=0

Proof. Taking the conditional expectation on both sides of (2.9) and applying the
results of Lemma 2.2, Lemma 2.6, and Lemma 3.1 (noting that 85 is measurable to
-7:16)7

Er[o(zr + ondi, Tmin)] — ¢(Tk, Tmin)

(Tanin L + 1) g >

2 32
< —Eglap Al(xk, Tmin, V. (25), di)] + Eg [akzﬁk

2

2
< _akAl(xka Tmin, Vf((Ek), d;crue) + (1/2 + 925]%)("iv(7—minlf + F) + 4)HckHl

+ Eg (”v(TmlnL +T)+ 4)|Ck|1:| +Eg [akTmmvf(xk) (dg d?f“e)}

202
I Oék26k (TminL + F)(Cfl(u;Crue)THkUZrue + C72M) + gﬂnginﬁgcilm
true aiﬁk 2
< 7akAl(xkaTminavf(zk)adk )+ 9 ( mlnL‘i’F)(C HHH + (¢ M)
=+ %”Ckul + Bza(anc(’fﬂ(TminL + F) + 4) + Tminfigcil V M)
(692
=~ Al(@g, Tomin, Vf (@), d) + == llewll + Bra,

where the final inequality follows by v < ay.
Now, by (2.8),

Erlo(zk + cdi, Tmin)] — &(2k; Tmin)
11



r aka
S _akAl(xkaTminavf(xk)ad;cue) + — HckHI +6k/€1
< =k (BrTamin (uf )" Hyuj™ + O’HCkHl) + T||Ck||1 + Bk
e _ OO
= — B Tonin (uf™) T Hypufr™ — T”CkHl + Bik1.

Taking the total expectation of this inequality, rearranging and summing from k =
0,....,K —1,

K-1
aRo
E[ovg B Timin (uf) T Hyuf™e + TH%Hl]
k=0
K—-1
S ¢($(), 7—Inin) - E[¢(xK7 Tmin)] + K1 Z 5]%
k=0
Due to Assumption 1, we have,
—E[(b(l'K, Tmin)] = _E[Tminf(xK) + ||CK||1} < _Tminflow7
so that
K—-1 avo K-1
k
Z E[akﬁkﬂnin(u‘];ruc)THku}:gruc + THCk:Hl] S ¢(-T07Tmin) - 7-minflow + K1 Z 6135
k=0 k=0

which proves the result.

COROLLARY 3.3. For any K € Nxg, let By, := 8 = n/VK for all k € [0, K — 1]
where n € Rso, let k1 be defined in (3.2) and let

(34) Ko = Tmin(f(xo) - flow) + HCO||1 + 772"451~

Then, under the conditions of Theorem 3.2, we have

1 2/62
3.5 — E <
(35) =3 Ellleslh] < 2,
k=0

and

1 R ¢ K2 ko 2C(1 + 2ky ) Kk ko
(3.6) E[|V f(2x) + JEyie|”] < ~

k=0 Tmincyn\/? voK

Finally, with probability at least 1 — 6,

VK

i -2 true 2
min J
(3.7) kefg}?_u TwminCh g IV f(@r) + Ty + o llew s
. K2 2(1 + 2/’€u)g7—min5v”€2
<
vndvVK 00K

Proof. By Theorem 3.2, the definition of Bk, and v < ay, it follows that

K-—1
(3.8) Efflexll:] <
k=0

2(Tmill(.f( ) flow) + HCO”l + K1 Zk =0 5]@) 2&
vo ~ vo’

12



Dividing both sides of this inequality by K yields the first result.
Now, by Theorem 3.2 and Lemma 2.4 as well as o < v, we have

K—-1
— rue VO-
EvBimminCrz |V (@) + Ty el® + 7\\%”1 = VTmin Bk (1 + 264 ) Chollcr 1]
k=0
K—-1 ano
rue rue k/
< EloBr (ug ™) Hi (uj )+—2 llexl1]

k=0
(3.9)
K-1
< Tin (f(20) = fiow) + llcoll + 51 Y B
k=0

Rearranging this inequality and using S, = n/ VK,

K-1 2 K—
rue K Kj?ﬁ

> BIIV ) + Iy ) < U (1 2wty S Bl )

k=0 min k=0

[

Dividing through by K and applying (3.5), it follows that

K-1
1 K2 Ko 2(1 + 264 Tmin ko k2 K2
_ ElY JTtrue2< H ummvH’
o 2 BV S + I < B s
which proves the second result.
To prove the final result, by (3.9),
K—1 Vo
Y EwBimminCri IV f(@r) + T yie|® + = llewlld]
k=0
K-1
S Tmin(f(xo) - flow) + ||CO||1 + K1 Z 613
k=0
K-1
+ E[Vﬁk’]—min(l + Q’iu)CEUHCkHI}~
k=0

Applying the definition of 8, multiplying through by ﬁ’ and using (3.5),

oVK
2n
Ko 2(1 4 2K4,)(Tmin Ko k2
vV K * oK

1 — rue
}E[ﬂnin@ff\\vf(%) + Tyl + l[ckll]

<

and thus
i E[Tmin -2 \V4 JT true2 , 9
ecmin | ElrinCrr VS ) + T + g5 llenl]
K2 + 2(1 + 2Ku)CTmin"Qv/'{2

- y\/E voKK
13




Applying Markov’s inequality, it follows that with probability at least 1 — § that

, L ruey2 , OVE
relin TminCEE |V f (@) + Ty |” + o

K2 2(1 + QHu)CTminKvHQ
~ vWWK 00K ’

llexllx

which proves the final result.

From the result of Corollary 3.3, we can easily derive our worst-case complexity
results, as promised in Section 1. It should be clear that in terms of the constraint
violation, by (3.5), the maximum number of iterations until E[||cg||1] falls below €. is
at most O(e; 1). Similarly, by Jensen’s inequality and (3.6), the maximum number of
iterations until E[||V f(zx) + JEyi¢|]] < ¢ is O(e; ). Finally, if one is interested in
a combined result, we obtain the same O(K ~1'/2) convergence rate as [12], however,
our convergence is in terms of a much stronger measure with respect to the constraint
violation ||cg||1, which is scaled by an additional factor of vK. Thus, we expect much
faster convergence with respect to the constraint violation than the algorithm in [12]
without harming the convergence rate in terms of the gradient of the Lagrangian.

3.2. Convergence with Adaptive Stepsizes. Now, we analyze the case where
Br and «y, are set adaptively, in a manner inspired by Adagrad-Norm [25]. Specifically,
at each iteration k, let

(3.10) b =bp_y + lluell®, ai = ai_y + llexll,

and

(311) 5k:£7 Qi € |:V7y+min{979}:| )
by, qr qk b qk

for some constants n > 0 and v > 0. We note here that the additional term at the
upper end of the range for ay is due to our adaptive setting of (B using bg, which is
sufficient to control the stochasticity in gx, but may be insufficient to control second
order terms involving the constraint violation. We remedy this situation via the
inclusion of the 6/¢; term. In addition, we remark that gi can be set in many different
ways, such as using ||vg]|? or ||cx||2 in place of ||cx|[1. These other strategies may lead
to longer stepsizes, which could have important practical implications, however, we
choose to use ||ck||1 as it obtains the best constant factors in the convergence analysis
among the relevant choices.
Throughout this section, since 5y is dependent on g, we redefine di™° as

(3.12) die i 4 B yul™e,

so that it remains measurable to F;. We note that under this re-definition, the results
of Lemmas 2.3 and 2.5 still hold.

Our subsequent analysis relies on the following lemma, which we give without
proof as it is a well-known result in the adaptive gradient literature (see for example,
[24, Lemma 10]).

LEMMA 3.4. Let {a;}2, be a series of non-negative real numbers with ag € Rsg.
Then,

T, T
(3.13) Z F <log (Z ak> —log(ap)

Z
=1 Dm0 i k=0
14



In order to prove convergence of our algorithm, the key issue posed by the adaptive
stepsizes is the final term in (2.9), which requires a more detailed analysis than in
Lemma 3.1 as f3 is no longer measurable to F, and dj™® has been redefined in (3.12).
We give a bound on this term in the following lemma.

LEMMA 3.5. Let Assumptions 1, 2, and 3 hold and let

(3.14) kg = NrgrZ + M)
and
(3.15) K4 ‘= max {C‘ln?{,ﬂ_l(l + QKU)H%KUTmin/O'}
Then,
g Br_ aRo
k [V f(zp) " (dy — di™)] < Ey kﬂ; L(ufre)T Hyufre + 5 k_ lex 1
2 0 2 3 02 2 2 71M 92 _ 2
a6 (B OR3P i) | B MR8 o]
2q_1b_1 2nv 2q_1b2, by

Proof. By the definition of di™®, we have

g (e VF(zr) " (de — di")] = B [V f (z)" (Brwr — Be—1up™)] -

Let & € [0,1] be the random variable such that «j = & min{b%, qik}. Then, by
Lemma 2.6 and the fact that 8x_1, v, and g are measurable to Fy,

By [V f ()" (Brug — Br—1ui™)]
=Ey qu + &, min {£€7 qi}) Vf (k)T (Bruy, — Br— 1u“u")}
{ (Bk — Br—1)V f () u
+ & min { Vf(xe)T (Beur — Br_ 1utrue):|

= B[ wk—ﬁk 1<Vf<xk>+ Ty

:Ek[ Bk — Be—1)(Vf (@) + T yi™) Ty,

v
)
+fkmm{ } Vi(xr) + Ty )" (Beur — Br— 1Utrue)}
)
}Bk Vf(zr) + Ty (ug, — uf™)

—l—fkmln{

—|—fkm1n{ 4

b }(ﬁk_ﬁk 1)(Vf($k)+JT true)T Zrue
k dk

=Ey { (V + &5, min {8, 8}) Bk — Br—1)(V f (k) + T yir) Tug
qk b qu

+ & min {f 9} Br(V £ () + TEyir) T (g — ™)
k dk

15



b (5= ) (V) + T 0 )
k dk

1B = Br—1 IV f (i) + T yi™ [l |

+£kmin{e
v+0
qk

: 0 0 rue rue
(3.17) +mm{bk,qk}ﬂk||vjf<xk>+<fzyz s — ]

SEI@{

0
1= B 195 )+ T e = el

where the third equality follows by ug,ui™ € Null(Jy) and the inequality by the
Cauchy-Schwarz inequality and & < 1.
Now, we focus on the first term in (3.17),

Ul n nllug? nl|ug |
3.18 Bl = T < ,
(3.18) 1B = Bl br—1 b br—1bi(bg +bp—1) ~ br_1bx

where the inequality follows by |lug|| < bx. Therefore, applying Young’s inequality,
we have, for any A\; > 0 measurable to Fy,

VJFG rue
B, { Boot = Bl V £ () + Iyt ||||uk|]

gk
(v + )V f(xe) + JkTyzime|||uk||2]
Qrbr—1by
_ @) + I
- 2bg_1qx M1

Nk3Br—1 ||Vf(,7;k) + J}Z’ygue ”2
2qk M1

S??Ek[

v+ 02\ |lugl?
By [[lusl|?] + By |1 E 0" Ml k||1

2q),bx—1b7

(v+ 9)2>\1||Uk||2]
2q1br—1b7

IN

(3.19) + Ex {’7
where the final inequality follows by Assumption 2 as well as the results of Lemma
2.2 and Lemma 2.6.

Now, for the second term in (3.17), by Young’s inequality, for any Ay > 0 mea-
surable to F,

: 9 9 rue rue
B i {5, 249 Ao + 7T . = ]
rue )\292/82 rue
B20) < g IV + I+ B | 22 - ).

Working with the last term in this inequality, since g and fBx_; are measurable to
Fi, by Lemma 2.6,

by 92 2
B | 225 % . — ]

2
A292 rue rue
= 22 By [l [ ? — 20 )]
/\292 2 2 true||2 T, true 2 T, true true |2
=5 Ey [5k(\|ukH + g " = 2ug wp™) + By Cug u™ — 2{|ug ™l )]
/\292 2 2 2 2 true 2 true||2
< 5B [Billunl® + 2167 = Be-allun ™ = B2 allui™ 1]

16



)‘292 2 2 2 ||uk||2 true 2 true||2
= 22 | SRl + 20 o e — B g
k—1"k
\of? sl e :
321 < 2B |Gl + 2 ] - gl
k—1

where the first inequality follows by Br < Br—1 and the second inequality follows by
||lug|| < bg. Dealing with the second term in this inequality, again applying Young’s
inequality and using Sx—1 = 1/bx—1, by Lemmas 2.2 and 2.6 as well as Assumption 2,

Xo6? - [287_y lluxll?
E true
g | P gy
<)\292772]Ek BrallurlPllug™ell* By kslluell®
- 2 ) K3 b%

IN

o [ﬁz_lc*(wa R V010 ﬁi_mslluul?}

2 R3 bi
Ao6? u /827 li3HUkH2
= B | By Jul ™| + e
2 B2

so that the first term cancels with the last in (3.21).
Now, for the final term in (3.17), by (3.18), applying Young’s inequality for some
A3 > 0 that is measurable to Fj, by Lemma 2.6,

0
E. [qkm BV Flaw) + Ty e — ukn}

K Bk* ||uk|| rue rue
< B [ L0l g 4 Tyl — el
L dk k—1Vk

[ Br-1 T true| 2|, t o P X3Br1llug?
< E v J rue rue __ O FRE-LITREN
< B | GV a)+ T — e+ g

[¢TTMBr_1 7 traen2 02 A3Be—1|luk?
<E, | > Py JT e 4 07 AsPr—1][Uk||”
= Dk I 2/\3(]k ” f(l'k) + Ji Yk ” + 2kai,1bi

Therefore, combining (3.17), (3.19), (3.20), and (3.21) we have

Ex [V f(zr)" (Beur — Bo—1ui™)]

<77/f35k—1 n 1 n CIMBr—y
2qr A1 2qrbr A2 2qi A3

<E, ) IV () + T2

()\11](1/4—9)2 Xa0? (0 + By K3) )\3‘925k—1> [zl
2qrbr—1 2 2qiby_y b;

Applying Lemma 2.4,

Bk [arV f(zr)" (Beur — Bo—1ui™)]

(77’?351@1 1 n M By

<E
=N 2000 2qkbeAg 20k A3

) (C—lﬁil(u?ue)THku‘;crue

Mn(v+0)2 M0+ Bi_1k3)  A30%Br_1 > luil
2qrbr—1 2 2q1b% 4 b |
17
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Choosing A; = 218851 )\, = 73:7;1’

and by_q > b_1 proves the result.

-1
and \3 = w and using v/q, < ag, gk > ¢-1,

Now, we are prepared to present the first main result of this subsection.

THEOREM 3.6. Let Assumptions 1, 2, and 3 hold. Let

(3.22) e 9)2(m(Tr§inL +T)+4)

n?(v + 0)*(Tmin L + 1) n 3n?k3ka(v + 0)?

3.23 =
(3.23) e 2¢2 2q-1b—1
N 3k40%(n* + B2 1K3) N 3¢ Mk460%8_4

2nv 2q_1b%, '

Then,
= Ok Tnin B ago
min —1 ru ru
| X R g e + 5 el

(3.24) < Tin(f=1 = fmin) + [le_1ll1 + x5 log(1 + “cK/qzl)

+ k(1 +log(C (kmki + ¢ M)K/b% ).

In addition,

2
Elgx 1] < g1+ ;(Tmin(ffl — fmin) + [le—1 1 + 55 1og (1 + koK /g% 1)
+ kg log(1 + ¢ Hrur2 + MK /b2 ).
Proof. By Lemma 2.5, we have

Ex[¢(xr + ardi, Tmin)] — ¢(Zk, Tmin)
true aiﬂi 2
< —EglarAl(zk, Tmin, d °°)] + Eg T(TminL + D) ||
aj,

+ Eg |:2(/€'U(TminL + F) + 4)||Ck||1:| + Ek[akTminvf(xk)T(dk _ d‘?crue)].

To prove the result, we need to bound the final three terms. Starting with the
first of these, we have that

a? 3?2 2+ 0% (Tpin L+ T ug||?
Ek:|: kQBk(TminL+F)|Uk2:| < n ( ) ( )Ek |:| kH :|7

2(]31 b%

where the inequality follows due to the definition of ay and ¢x > q—1. For the next
term,

(v 4+ 0)2(Ky(Tmin L +T) + 4)
Zqi

a%(ﬁ;v (TminL +T) +4)
2

K5 ckll1
ai

lerlly < lexlls =

Now, applying the result of Lemma 3.5, we have

Ek[¢($k + akdk7 Tmin)] - d)(xka Trnin)
18



Ok Tmin Br—1

< -E;. [Cval(IL'k,’Tmin, d‘;@rue)} + E |: 9 (u‘;crue)THku‘;Crue
2
+ Eg {7” kil } 755”%”1 + kel [|ukz|| ]
a by,

Then, applying (2.8) (where we note that under the re-definition of d{® in (3.12),
B is replaced by Sr_1), it follows that
Ex[¢(wk + ardk, Tmin)] — ¢(Tk; Tmin)

< By | TP ey ] [ el

R5||C u 2
sl g, [B0l]
qk by,

Next, taking the total expectation of this inequality and summing for all & =
0,...., K —1,

K-1
OékTminﬁkfl t T t Qo
E rue\T' rr rue
[;}2 () Hr + 2% ey

S ¢(x—la7-min) _E[¢(xK7Tmlﬂ)] +E +E

oy 1

2
k=0 Ik

K-
0y |uk||2] |
By the definition of ¢ and Assumption 1, it follows that

A(x—1, Tmin) — E[@(T K, Tmin)] = Tminf-1 + [lc=1]1 — E[tminfx — ||cx 1]
S Tmin(f—l - fmin) + ||C—1||1~

Now, applying Lemma 3.4 twice, by Assumption 1, it follows that

K—-1
B[S %(ugrUC)THkuzr“c + agall%llll
k=0

S Tmin(ffl - fmin) + ||C 1”1 + K5 log(l + HCK/qgl)

o (B T luel?
og 02 .
1

Using Jensen’s inequality, the tower rule, and the results of Lemma 2.2 and Lemma
2.6,

+ K:ﬁE

2 K-1 2
Ellog (b_1+2k—0 llul )] g10g(1+§71(an12LJrC*lM)K/bQ_l)

b_y
and thus,
K—1 LT ﬁ (6%
ElY %(ugue)THkufue+%||Ck||1
k=0

S 7_min(f—l - fmin) + ||C—1||1 + K5 IOg(l + HCK/qzl)
19



+ kglog(1 4+ ¢ M (kury + (TM)K/b? ),

proving the first result.
To prove the second result, note that

K-1

1
< _ —
Sgit o ;0 agllex |,

2 K-1 K-1
921+ 2 p—o lICkli1 Cr;
s = Lt Zisd o S
k

k=0

)¢ q

and therefore, by (3.24),

2
Elgx—1] < q-1+ ;(Tmin(ffl — fain) + lle1lln + K5 log(1 + ke K /g2 )
+ kglog(1 + ¢ Hrpr2 + MK /b2 ).

Next, we derive the following corollary, from which our complexity results for this
subsection will follow directly.

COROLLARY 3.7. Let the assumptions of Theorem 3.6 hold. Let

(325) H?(K) = Tmin(f—l - fmin) + ||C—1H1 + Ks5 log(l + HCK/q—l)
+ rglog(1+ ¢ ' (kmki + (" M)K/b_y)

and

(3.26) ps(K) == \ 02, + (1 (mmmd + CIMK.

Then, with probability at least 1 — 61,

K-1
1 2(voq_1 + 2k7(K))k7(K)
. — <
(3.27) E [K kzzo ”C’“Hll = 2020, K ’

with probability at least 1 — do,

E

1 K-1
7 2 IV fw) +J7 yf:“eHQ]
k=0

< 8k% ks (K)(voq_1 + 2k7(K))k7(K)

- Tmin21C005 K

n d(voq_y1 + 2k7(K))k% (1 + 26y ) Kykir (K)
V2026, K ’

(3.28)

and with probability at least 1 — d3,

: — rue O—KJS(K)
pelmin TminGrg [V f () + Jg gy + ———
< 54rkg(K)(voq_1 + 2k7(K))k7(K)
- v2nod3 K
. 18(voq_1 4 2k7(K))k7(K)(Tmin (1 + 264 Ky
V20252 K ’
20

llewlla

(3.29)




Proof. By Theorem 3.6 and Markov’s inequality, it follows that with probability
at least 1 — ¢y,

v V2o,
3.30 ag_1> —> —
(3:30) U= 4k T vogo + 260 (K)

Therefore, by (3.24), Assumption 2, and the fact that ax is non-increasing, it follows
that with probability at least 1 — d1,

K-—1 1/20'2(51 K—1 o
¢ <E C < k7(K),
kz=0 2(u0q_1+2n7(K))” ell] < kZZO ekl | < rr(K)

and thus

b

Iil |Ck|1‘| < 2(voq 1+ 2k7(K))k7(K)

2025 K

which proves the first result.

Next, by the law of iterated expectation, Jensen’s inequality, and the results of
Lemmas 2.2 and 2.6,
(3.31)

K-—1
Elbx-1] =B | (|02, + 3 lluxl2| < /02, + 2 (smmd + CIMK = mg(K).

Therefore, using (3.30) with d; = d2/2 and Markov’s inequality with (3.31), with
probability at least 1 — o, by Assumption 2, (3.24), and the union bound,

K-1
E |\Z(u};€rue)THku§Crue‘| < SKS(K)(VO-qfl +2/€7(K))/€7(K)

2
prs TminV2N0 03

Next, applying Lemma 2.4,

K—1
7 teney2| _ SEirs(K)(vog 1 + 2k7(K))k7(K)
E [Z IV f () + T vl ] < PR

+ K3 (14 264K

Z IICM] ~

Noting that this result holds under the same event as in (3.27) (with §; = d2/2), it
follows that with probability at least 1 — do,

K-
Z ‘Vf z true||2 8’%H’£8(K)(Vo'q—1 +2H7(K))H7(K)
k) Tmin?1C0d5 K
n 4(voq_q1 + 2k7(K))k% (1 + 26y ) Kykir(K)
V2026, K '

Finally, using (3.24), (3.30), (3.31), Markov’s inequality and the union bound,
21



with probability at least 1 — 243,

E

K—-1
org(K
E Tmin(UZrue)THkquue + 8( ) Hckul
k=0 n

- 18k () (vog_1 + 27 () e (K)

v2nod3
Thus, by Lemma 2.4

O’Iig(K)

E llexlla

K—-1

1 _ ru

E E TminCﬁH2||vf($k)+nglz eH2+
k=0

K—

=3 ckh]

k=0

Ju

< 18rg(K)(vog_1 + 2r7(K))r7(K)
- v2nods K
< 18kg(K)(vogq_1 + 2k7(K))k7(K)
- v2nods K
n 6(voq_1 + 2k7(K)) k7 (K)(Tmin (1 + 264Ky
V20203 K '

+ CTmin(l + 2/§:u)"<f’uIE

Therefore, applying Markov’s inequality and the union bound, it follows that with
probability at least 1 — d3,
. —2 T, true||2 UHS(K)
min J| -
ke[%}}?—l] TminChgr |V f(zr) + ey l” +
< 54kg(K)(voq_1 + 2k7(K))k7(K)
- v2nodi K
n 18(voq_1 + 267(K))k7(K)Tmin (1 + 2K4,) Ky
V20203 K '

llexlly

By the definitions of x7(K) = O(log(K)) and xg(K) = O(VK), it follows that
the results of Corollary 3.7 match, up to log factors, those we derived in Section 3.1
for the pre-specified stepsize setting. Thus, in terms of the complexity measures (1.2),
this variant of Algorithm 2.1 has a worst-case complexity of O(e; *) and O(e;!).

4. Safeguarded Line Search. The convergence analysis in Section 3 specifies
proper ranges for ay in Algorithm 2.1 in order to ensure convergence, but does not
provide any recommendations on how to choose «yj in this range. Commonly, in
other stochastic SQP methods, the procedure used to set oy incorporates the merit
parameter 75, which is adaptively estimated at each iteration. However, the estimation
of 7, may be highly inaccurate and noisy due to only having stochastic access to the
gradient of f. For this reason, we do not attempt rely on the stochastic gradient
information in order to choose aj and instead solely utilize the constraints.

Consider first the case where oy, satisfies ay, € [v,v + 68;] as it does in the
analysis in Section 3.1. Then, we can find an «4 in this range through a safeguarded
backtracking procedure. Starting from &y = v + 08, we backtrack until

(4.1) le(@r + andi) |l < (1 = &a)llex 1,

holds for some £ € (0,1) where, when (4.1) fails to hold for dy, we set & = pdy
for some p € (0,1). However, as we cannot guarantee termination, we safeguard this
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linesearch by ceasing the search procedure if &y ever falls below v. When (4.1) holds
for some &y > v, we set a, = dg. On the other hand, if (4.1) fails to hold prior
to &g < v, we instead set ap = v. Thus, this procedure is guaranteed to output an
ay in the specified range and therefore the convergence results of Section 3.1 hold.
In addition, on any step where (4.1) is satisfied for & > v, we have confirmation
of sufficient decrease in the constraint violation. Finally, we note that the number
of backtracking steps at any iteration k is at most log(v/(v + 08k))/log(p) due to
terminating the backtracking as soon as d; < v.

Unfortunately, the convergence theory only holds for the previous procedure under
certain conditions on v. To relax these conditions, we once again turn to the one of
the adaptive stepsize rules of Section 3.2. In particular, we consider the case where
By, is chosen as a pre-specified sequence and the lower bound for oy is chosen in a
manner similar to that of (3.11). As we use a slight modification of this stepsize, we
give the full procedure (which is the algorithm used in the computational results of
Section 5) in Algorithm 4.1.

The backtracking procedure in Algorithm 4.1 is very similar to the one described
above, with a few minor differences. In particular, we set the lower bound adaptively,
using the stepsize rule in Section 3.2. In addition, unlike in Section 3.2, we only
update the lower bound when the backtracking procedure fails to satisfy the sufficient
decrease condition prior to reducing &j below the lower bound. The logic for this
is simple; if the lower bound was reached, then it is probably too large and should
be reduced. On the other hand, when the sufficient decrease condition is satisfied at
iteration k, we keep the lower bound as it was at the start of this iteration, since it is
already sufficiently small to find a good steplength in terms of reducing the constraint
violation.

Algorithm 4.1 Two Stepsize Stochastic SQP with Adaptive Backtracking

Require: 25 € R, {8} CRso, ¥ € Ry, -1 € Ry, 0 € R, £ € (0,1), p € (0,1);
1: for k=0,1,... do
2: Compute stochastic gradient gy.
3: Compute (pg, yx) as the solution of (1.5).
4: Set dp < wvi + Brug, where vy € Range(JkT) and ui € Null(Jg) are the
orthogonal decomposition of py.

5: Set (j,% — qi_l + HckHl and &p, < élk + 05y.
6: while [[c(zr + ardi)|l1 > (1 — &du)||ckll1 and &y > 2= do
7 Set Gy < pdy.

8: end while

9: if a5 > lek then

10: Set ap + & and qr = qr_1.

11: else

12: Set ay, Qlk and qr = qk.

13: end if

14: Set xx41 < xp + apdy.

15: end for

While this is a relatively simple variant of Algorithm 2.1, the analysis in Section 3
does not directly translate. We provide the following lemma which provides a starting
point for the analysis that can then easily be combined with the techniques in Section
3 to obtain a worst-case complexity result.
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LEMMA 4.1. Let Assumptions 1, 2, and 3 hold and let xy, be generated by Algo-
rithm 4.1. Let By, =1/ K hold for all k. Let

(4.2) Ko =& (|lcollh — 2+ Try/2)v*log(g2,) + v*0°T¢  (kmks, + ¢ M)/ (242,))
and
(4.3) k10 := 2(q_1 + Ko /) + 8(4 + Tky)E tvlog(e + (4 + Tky)E w).

Then, Elgrk-1] < k10 and

=

(4.4) E [ag|lckll1] < Ko + (4 + Ty )€ v log(kio)
k=0

Proof. Let I, denote the index set of iterations k such that ay = élk' Then, for
any k € K, by I'-Lipschitz continuity of the Jacobian of c,

a?T
lle(xr + ardi)ll1 — llexlls < ller + ardrdrllr — llexlls + %HdkHQ

2
oz
= 11— alllexlls = llewll + = ]2,

where the equality follows from Jpdp = —ci. Therefore, when ay, <1,

il
e(zr + ardi)ll1 — llexlls < (1 —a)llellr — llexllr + %Hdkﬂ2

a2l
< —anflenll + E- i .

On the other hand, when ay, > 1,

o?T
le(@r + andi) |1 — llexlls < (ar — Dllexlls = llells + %Hdkll2

a2

r
= —allexlh + 2 = Dlferll + “E= o

2
o
< —agllerlls + 207 [[ekll1 + %Hdk\la

where the final inequality follows by ay > 1.
Therefore, in either case, whenever k € K, we have

2T
le(zr + ondi)|l1 — llerlls < —€aullerlly + 203kl + %Hdkﬂgy

where we used £ € (0,1).
Next, for any iteration where k € K¢, it follows that

le(r + andi) L = llexlls < (1= &an)llexlls = llexlls = —Eanllex[s-

Combining these cases and summing this inequality for £k = 0, ..., K —1, it follows
that

K-1 2
a:T
le(@r) = lleolls < =Y anllerll + Y 2a3llesll + JT||dj||2~
k=0 JjERA
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Next, by the orthogonal decomposition dy = v + Brur and Lemma 2.1, we have

le(zr)llr = lleollx
K—-1 2

<= Cagllelh + > 203l + 7(”%”2 + B3 luil?)
k=0 JEK
K—-1 2/62

<= Cagllerlh + > 2+ Thy/2)a el + 12— 5 s
k=0 JEK
K—-1

2
2
) leslh + 5zl

(24 Tky/2 2
< — Eagllekllr + Z S /2y ol
0 jeka bl LEK ., 0<g 11€E

where the final inequality follows by the definitions of Sy and ay for any k € K.
Next, taking the expectation of both sides of this inequality, rearranging and using
the law of iterated expectation with the result of Lemma 2.6, we have

K—-1
E (o[l cx 1]
k=0

- EH2+ Ty /2)02 V22T
SRR P lesl | + B[22 a2
jer, 17 2teka o< lleeln 2,

<& Meolls + €712+ Tro /2)V°E |log(g21 + > llesllh) —log(g?,)
JEK
PP 0C  (kuky + ¢ M)
2¢% 1
(4.5) <& Mleollt + €712+ Dry /2)1?(210g(Elgr —1]) — log(g2,))
PP I0C  (kuky + ¢ M)
2¢%,

_|_

)

where the second inequality follows by Lemma 3.4 and the final inequality follows by
Jensen’s inequality and the concavity of log(x).
Therefore, since ay > v/qi—1 for all k < K — 1, it follows that

E| Y ||Ck|1] < kg /v + (4 + Dky )€ ' log(Elgr —1])-

o dK -1

Now, by the definition of ¢x_1 and the fact that x < a + blog(z) implies x < 2a +
8blog(e + b) for any a > 0 and b > 0 [24],

Elgx-1] =E

le + Zkelca |Ck|1‘|

dK—1
< o1+ ko/v+ (4+ Tk )¢ v log(Elgr—1])
< 2(g_1 + Ko/v) + 8(4 + Ty )¢ Twloge + (44 Tk, )€ ),
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proving the first result. Thus, by (4.5), it follows that

K-1
E [ag|lex]l1] < ro + (4 + Ty )€ v log(Elgr—1]) < ko + (4 + Try )6 v log (ko).
k=0

From this proof, we can see that we still obtain a convergence rate of O(1/K) in
terms of the average constraint violation. In addition, as in Section 3.1, any second
order terms in the convergence analysis can be split into either terms involving 37 or
a?|lek|l1 terms. Since oy is bounded from above by a constant, it should be clear by
the prior lemma that the sum of the o} ||cx||; terms are bounded, in expectation, by a
constant factor. In addition, given the bound on E[gx 1], we can combine the analysis
of Sections 3.1 and 3.2 to derive a converegence result with a worst-case complexity of
O(e;*) and O(e; '), matching the results of Section 3.1. We leave the full complexity
analysis as an exercise to the reader.

5. Numerical Experiments. In this section, we numerically validate the per-
formance of our proposed algorithm. We focus our attention on Algorithm 4.1, as it
is a fully specified version of the generic Algorithm 2.1. We consider the performance
of Algorithm 4.1 on a subset of the equality constrained problems from the CUTE
collection [8]. We follow the experimental setup of [4] and select equality constrained
optimization problems for which (i) f is not a constant function, (ii) n+m < 1000
and (iii) the Jacobian of ¢ was non-singular at every iteration performed in our exper-
iments. This selection resulted in a total of 60 problems, each of which has specified
initial point, which we used in our experiments. We consider these problems at three
different noise levels of ey € {107°,1073,1071}. At iteration k, a stochastic gradient
is generated such that gi ~ N (Vf(zk),enI). For each problem and noise level, we
ran a total of 20 instances for each algorithm. For each instance, all algorithms were
given a total budget of 1000 iterations.

We compare Algorithm 4.1 with the Github implementation of Algorithm 3 in [4]
and use the parameter settings provided in [4]%. For Algorithm 4.1, for all problems
and noise levels, we use the parameter settings 8, = 8 = 1071, v =1, ¢g_; = 1072,
§=1,¢=10"3and p=1/2.

For every run performed, we computed a resulting feasibility and optimality error.
If a trial produced a sufficiently feasible iterate in the sense that |cxllec < 1076
for some k, then, we report the feasibility error as ||cix||co and the optimality error
was reported as ||V f(zr) + JE Y| o0, where yiT™® was computed as a least-squares
multiplier using the true gradient V f(zx) and J. (This ensures that the reported
optimality error is not based on a stochastic gradient and is instead an accurate
measure of optimality corresponding to the iterate xi.) On the other hand, if no
sufficiently feasible iterate was produced on a given run, then the feasibility error and
optimality error were computed using the same measures at the least infeasible iterate
computed. In addition to terminating when the maximum iteration limit is reached,
the algorithms were terminated if they ever computed a point x; which was both
sufficiently feasible and the stationarity error was smaller than 10~%. The results of
this experiment are presented in Figure 5.1. In this figure, as well as in the following
discussion, we refer to Algorithm 3 of [4] as SSQP, while Algorithm 4.1 is referred to
as TSSQP.

As we can see from this plot, the computed stationarity error are relatively similar
between these algorithms across all noise levels, with SSQP slightly outperforming

3https://github.com/frankecurtis/StochasticSQP
26


https://github.com/frankecurtis/StochasticSQP

10° KKT Error 10° Infeasibility

[Issapr [_Issap
TSSQP | |TSSQP

2 o ° ‘
8 [} ]
100 & — 5 ‘ — ‘ == - 10 ) 8§

10-° 1075}
- -

10-10 10-10 ‘

1071 1071 |

1072[! 1072(1 L
107° 107 10! 10°° 107 107!
Noise Level Noise Level

Fig. 5.1: Box plots of optimality error (left) and feasibility error (right) across various
noise levels on CUTE problems. SSQP is Algorithm 3 of [4] and TSSQP is Algorithm
4.1.

TSSQP in stationarity error when the noise level is lower. This may be attributed
to SSQP using an estimate of the merit parameter 7, which is more likely to be
well-behaved in a low noise setting. However, once the noise level increases to ey =
1071, the gap between these algorithms vanishes for the stationarity error. On the
other hand, when the noise level is low, these algorithms perform similarly in terms
of the infeasibility error. However, as the noise level increases, the performance of
SSQP severely degrades with respect to infeasibility, while the performance of TSSQP
is nearly unchanged. We view this as confirmation of our theoretical results as it
demonstrates the superior ability of TSSQP to converge with respect to constraint
violation while having minimal to no impact on its ability converge with respect to
the KKT error.

6. Conclusion. In this paper, we propose and analyze a new SQP method for
equality constrained optimization with a stochastic objective function. The algorithm
uses a stepsize splitting scheme in order to improve upon the worst-case complexity
of recently proposed stochastic SQP methods. We show that the proposed method
matches the rate of convergence of a determinstic SQP method in terms of constraint
violation and obtains the optimal rate for a stochastic method in terms of the gradient
of the Lagrangian.

There are number of possible directions of future research. Fundamentally, this
stepsize splitting scheme can be incorporated into any of the previously proposed
stochastic SQP methods in the literature, including those for rank deficient Jacobians,
inequality constraints, and inexact subproblem solutions. Designing new algorithms
for these cases and deriving a worst-case complexity analysis are potential direction
of future work.
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