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Abstract

This paper develops two parameter-free methods for solving convex and strongly convex hybrid compos-
ite universal problems, namely, a composite subgradient type method and a proximal bundle type method.
Functional complexity bounds for the two methods are established in terms of the unknown strong convex-
ity parameter. The two proposed methods are universal with respect to all problem parameters, including
the strong convexity one, and require no knowledge of the optimal value. Moreover, in contrast to previous
works, they do not restart nor use multiple threads.
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1 Introduction
This paper considers convex hybrid composite optimization (HCO) problem

¢ ;= min{o(z) := f(x) + h(z) : x € R"}, (1)

where f,h: R® — RU{+o00} are proper lower semi-continuous convex functions such that dom h C dom f and
the following conditions hold: there exist scalars My > 0 and Ly > 0 and a first-order oracle f': domh — R”
(i.e., f'(z) € 9f(z) for every z € domh) satisfying the (M, L¢)-hybrid condition that || f'(z) — f'(y)|| <
2My + Ly ||z — y|| for every z,y € dom h.

The intrinsic convexity parameter p,, of a convex function v is defined as the largest scalar p such that
() —pu||-]|?/2 is convex. A method for solving (1) is called parameter-free if it does not require knowledge of any
parameter associated with the instance (f, h), such as (M, L), or the intrinsic convexity parameters fif, g,
and f4. Parameter-free methods whose complexities are expressed in terms of (My, Ly) are called universal
methods. Moreover, parameter-free methods whose complexities are expressed in terms of (My, Ly, pig),
(Mg, Lg,puy), and (Mg, Ly, s, are referred to as pg-universal, pg-universal, and pp,-universal, respectively.
It is worth noting that p, can be substantially larger than py + pp (e.g., for a > 0, f(x) = aexp(x), and
h(z) = aexp(—x), we have py = 200> 0 = ps + pup).

The main goal of this paper is to develop methods for solving (1) that:

(1) are pg-universal for any instance (f, h) of (1) with arbitrary parameter pair (M, Ly);

(2) for any given positive scalars M and [i, are optimal for the class of instances of (1) such that Ly = 0,
My < M and pg > fi.
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It is worth noting that a pp-universal (resp., ps-universal) method that is optimal for the class of instances
of (1) such that Ly =0, My < M and pj, > [ (resp., iy > fi) is not necessarily optimal for the above class,
as the first one (i.e., with pg4 > i) is larger than the latter one (i.e., with p, > fi or py > fi).

Related literature. We divide our discussion here into universal and p-universal methods.

Universal methods: The first universal methods for solving (1) under the condition that Vf is Holder
continuous have been presented in [26] and [11]. Specifically, the first paper develops universal variants of the
primal and dual gradient methods, and an optimal universal accelerated gradient method, while the second one
develops accelerated universal variants of the bundle-level and the prox-level methods which achieve optimal
complexity. Additional universal methods for solving (1) have been studied in [17, 19, 23, 31] under the
condition that f is smooth, and in [14, 18, 20] for the case where f is either smooth or nonsmooth. The
methods in [18, 20] (resp., [23, 31]) are also shown to be pp-universal (resp., fs-universal under the condition
that h = 0). The papers [17, 19] present universal accelerated composite gradients methods for solving (1)
under the more general condition that f is a smooth m-weakly convex function. Since any convex function
is m-weakly convex for any m > 0, the results of [17, 19] also apply to the convex case and yield complexity
bounds similar to the ones of [23, 31].

e~ Universal methods: Under the assumption that f is a smooth function (i.e., My = 0), various works
[1,2,3,4,5, 6,8, 13,25, 20] have developed pg-universal (or us-universal) methods for (1) with O(\/Lf/us)

(or O(y/Ly/piy)) iteration complexity bound. For the sake of our discussion, we refer to a convex (resp.,
strongly convex) version of an accelerated gradient method as ACG (resp., S-ACG). Among papers concerned

with finding an e-solution of (1), [25] proposes the first up-universal method based on a restart S-ACG scheme
where each iteration adaptively updates an estimate of py and calls S-FISTA (see also [38] for a pg-universal
variant along this venue); moreover, under the assumption that ¢, and Ly are known, [5] develops a pig-

universal method that performs only one call to an ACG variant (for convex CO).

Finally, motivated by previous works such as [10, 12, 21, 24, 25, 28, 30], ugs-universal restart schemes,
including accelerated ones, were developed in [29] (see also related paper [9]) for both when ¢ is smooth or
nonsmooth. Specifically, [29] develops a pg-universal method under the assumption that ¢. is known; and,
also an alternative one for when ¢, is unknown', which solves the original problem for multiple initial points
and tolerances in parallel.

Our contribution. We present two p14-universal methods for solving (1) that fulfill the two requirements
(1) and (2) above, namely: a composite subgradient (U-CS) type method and a proximal bundle (U-PB) type
method. In contrast to [9, 29], they are non-restart methods that do not require ¢, to be known. Moreover,
U-CS and U-PB do not need the use of multiple threads as the parallel version of the restart subgradient
universal method of [29] does.

U-CS is a variant of the universal primal gradient method of [26] (see also Appendix C.2 of [20]), which is
not known to be pg-universal. U-PB is a variant of the generic proximal bundle (GPB) method of [20] that
bounds the number of consecutive null iterations and adaptively chooses the prox stepsize under this policy.
Both methods are analyzed in a unified manner using a general framework for strongly convex optimization
problems (1) (referred to as FSCO) which specifies minimal conditions for its instances to be p4-universal. A
functional complexity bound in terms of p4 is established for any FSCO instance which is then used to derive
complexities for both U-CS and U-PB.

Organization of the paper. Subsection 1.1 presents basic definitions and notation used throughout the
paper. Section 2 presents two pg-universal methods, namely U-CS and U-PB, for solving problem (1) and
establishes their corresponding complexity bounds. Section 3 formally describes FSCO, which is the framework
that include U-CS and U-PB as special instances, and provides the oracle complexity of FSCO. Section 4 is
devoted to the proofs of the main results for U-CS and U-PB. Section 5 presents some concluding remarks
and possible extensions. Finally, Appendix A provides technical results of FSCO and U-PB.

1.1 Basic definitions and notation

Let R denote the set of real numbers. Let R (resp., Ry ) denote the set of non-negative real numbers (resp.,
the set of positive real numbers). Let R™ denote the standard n-dimensional Euclidean space equipped with

1For this algorithm, it is assumed that the number of threads is O(log 871) and, it is shown that its complexity is better than
the usual one by a logarithmic factor. However, if a single thread is used, Corollary 5 of [29] implies that the complexity for its
nonsmooth approach (without smoothing) applied to strongly convex instances of (1) reduces to the usual convex complexity
(i-e., with pg = 0), and hence is not pg-universal (see the last paragraph of Subsection 2.1 for more details about this method
and its complexity).



inner product and norm denoted by (-,-) and || - ||, respectively. Let log(-) denote the natural logarithm.
For given ® : R" — (—o0, +00], let dom ® := {z € R™ : () < oo} denote the effective domain of ¢ and
® is proper if dom ® # (). A proper function ® : R” — (—oo, +00] is py-convex for some p > 0 if

a(l — a)ﬂ”

o2
5 z—y

Dz + (1 - a)y) < ad(@) + (1 - a)d(y) -
for every z,y € dom® and a € [0,1]. Let Conv, (R™) denote the set of all proper lower semicontinuous
p-convex functions. We simply denote Conv,, (R™) by Conv (R™) when p = 0. For € > 0, the e-subdifferential
of ® at z € dom @ is denoted by

0:P(z) :={s € R": O(y) > ®(z) + (s,y —z) —¢,Vy € R"}.

We denote the subdifferential of ® at x € dom ® by d®(z), which is the set dy®(x) by definition. For a given
subgradient ®'(z) € 0®(x), we denote the linearization of convex function ® at x by ¢e (-, x), which is defined
as

lo( ) = ®(x) + (¥'(2),- — ). (2)

2 Universal composite subgradient and proximal bundle methods

This section presents two completely universal methods for solving (1), namely, U-CS in Subsection 2.1 and
U-PB in Subsection 2.2. Their iteration-complexity guarantees are described in this section but their proofs
are postponed to Section 4, after the presentation of a general framework for (not necessarily composite)
convex optimization problems in Section 3. Viewing U-CS and U-PB as special cases of this framework will
enable us to prove the main complexity results of this section in a unified manner in Section 4.

We assume that

(A1) f,h € Conv (R™) are such that dom h C dom f, and a subgradient oracle, i.e., a function f’ : domh — R"
satisfying f'(x) € 9f(x) for every x € dom h, is available;

(A2) there exists (My, L) € R? such that for every z,y € domh,
1 () = £ (Il < 2My + Lgllz — yl;

(A3) the set of optimal solutions X, of problem (1) is nonempty.

It is known that that (A2) implies that for every x,y € dom h,
— Cp(asy) < 2Mg|x — Li e — g2 3
fla) = Ep(zyy) < 2Mgllz —yll + =~ lle — o™ (3)

When My = 0, (A2) implies that f is Ly-smooth, and when Ly = 0, (A2) implies that f is M-Lipschitz
continuous. Hence, our analysis applies to both smooth and nonsmooth, as well as hybrid, instances of (1),
where both Ly and My are positive.

Recall that for a given function ¢ € Conv (R™), the intrinsic convex parameter tg of ¢ is defined as the
largest scalar p such that ¢(-) — | - |?/2 is convex. Clearly, ps > 0 for any ¢ € Conv (R™). Even though,
for the sake of completeness, the complexity results developed in this paper apply to any ¢ € Conv (R™), our
main interest in this paper is to develop pg-universal methods for instances of (1) such that

e > 0.

Our goal in this section is to describe two completely universal methods for solving (1) and describe their
iteration-complexity guarantees for finding a &-solution Z of (1), i.e., a point Z such that ¢(Z) — ¢, < &, in
terms of (My, Ly, j1g), €, and do, where dy is the distance of the initial iterate Zo with respect to X, i.e.,

do = min{ ||z — Zo|| : z € X, }. (4)

For any given positive scalars M and [i, we consider two classes of instances (f,h) of problem (1), namely:
1) Ly =0, My <M, and pug > fi; and 2) Ly =0, My <M and pp > fi. The following remarks about them



hold: i) the second class is a subset of the first one; and, ii) the lower bound (M?/(fi€)) has been established
for the second class in [15] using an instance where f is piece-wise linear and h(z) = ji||z|?/2 (see (73) and
(74) of [16], which is an extended version of [15]). These two observations imply that Q(M?2/(fig)) is also
a lower bound for the first class. Both the adaptive subgradient method and the proximal bundle method
studied in Appendix C.2 and Section 3 of [20], respectively, are shown to have the following properties: i)
they are pj-universal for any instance (f, h) of (1) with arbitrary (My, Ly); and ii) they achieve near optimal
complexity O(M?/(ji€)) for the second class mentioned above.

2.1 A universal composite subgradient method

This subsection presents the first of two aforementioned universal methods for solving (1). Specifically, it states
a variant of the universal primal gradient method of [26] for solving (1), referred to as the U-CS method, and
establishes its complete universality. Moreover, it is shown that its pg-universality does not require any line
search on the intrinsic convex parameter fis.

We start by stating U-CS.

U'CS(QA:07 X )‘Oa E)

Input: (Zo, x, Ao, &) € domh x [0,1) x Ryt x Ry,
0. Set A = Xp and k = 1;
1. Compute

. . 1 .
x = argmin {Ef(u;xk1)+h(u)+ 2)\u—x;€1|2}; (5)
u€eR™

if ¢(x) — ¢« < &, then stop;

2. If the inequality

N 1-— ) 1—+)&
f(@) = Lp(z;85-1) — 2/\X||x —apa|? < (TX)E

does not hold, then set A = A\/2 and go to step 1; else, set \y = A\, & =z, k + k+1, and go to step 1.

We now make some remarks about U-CS. First, U-CS does not require any knowledge about the parameter
pair (M, Ly) or the intrinsic convex parameter p4. Second, the U-CS method with x = 0 is exactly the
universal primal gradient method analyzed in [26], which establishes its universality with respect to the
parameters of a Holder condition on f but not with respect to . The subsequent paper [20] establishes the
pp-universality of the U-CS method with x = 0 (see Proposition C.2 of [20]), but left its pe-universality as
an open question. Third, Theorem 2.2 below shows that U-CS, with x € (0,1) and x not too close to 1, is
pp-universal, and also pg-universal if in addition x is not close to 0. The latter extra condition on x is because
its iteration complexity bound, in terms of s, only, depends on x !, and hence does not apply to the universal
primal gradient method of [20] (i.e., U-CS with x = 0).

We now make some comments about the universality of the U-CS method. First, it performs a line search
on A on step 2 due to the fact that (M, L) is not assumed to be known. Lemma 2.1 below shows that when
(My,Ly) is known then a constant prox stepsize, which provably satisfies the inequality in step 2 for every
k, can be used throughout the method. Thus, the line search on step 2 is only performed so as to make the
U-CS method (M, Ls)-parameter-free. Second, the p-universality of the U-CS method will be established in
Theorem 2.2 regardless of whether the line search is performed (i.e., when (M, L¢) is not known) or is not
needed (i.e., when (My, Ly) is known).

Lemma 2.1 If A satisfies
—v)27
< (=X)%

, 6
=AM + Ly ©)

then the point x = x(\) computed in (5) satisfies the inequality in step 2. As a consequence, if the initial
prox stepsize A is chosen to be the right hand side of (6), then \ remains constant throughout the method.



Proof: Assume that X\ satisfies (6). Using (3) with (My, Ly, u,v) = (M, Ly, x,Z,—1) and the inequality
2MA — aA® < M7 /a with A = ||z — &1 || and a = (1 — x — ALy)/2), we have

X ~1 . 3) . L . -1 A
F@) =y dnor) + gl = deal]? < 2Mylle = dxal) + Frlla = 2P + X5l —
2\ 2 2
. 1—x—AL .
= 2My e = i || - = = |
2AM? ©) (1 —vy)e
- p Q0-x
S1-x-AM; — 2
where the last inequality is due to (6). Hence, the lemma is proved. (]

The main result of this subsection, whose proof is postponed until Subsection 4.1, is stated next. Its goal
is to establish the complete universality of U-CS.

Theorem 2.2 U-CS terminates in at most

min {min {1 <1 + Q(g)> 1+ Q(E_)} log <1 + “¢d3) : de(g)} + [ZIOg Aog(ﬂ (7)

X Eg Epn £ g2

iterations and

M2 .
Qs) = (18_;)2+5(A51+(12_L;)2>. (8)

We now make some remarks about Theorem 2.2. First, if \;' = O(Ly) and x € [0,1) is such that
(1-x)"'=0(1), then Q(&)/e = O (MJ%/§+ Lf), and hence (7) in terms of py, is

. (M? L
@ (f - f) : 9)
ERn  Hh
which is the same well-known bound established for the U-CS method with x = 0 (e.g., see Proposition C.2
of [20]).

Second, if in addition to the assumptions on the pair (x, Ag) made in the first remark, the parameter x is
also assumed to be not close to zero (i.e., x ! = O(1)), then the complexity bound (7) is also

. z (M2 T
O(Q(E)>:O L=, (10)
XEHg g g
which is considerably smaller than (9) when py > .
Third, in view of the lower complexity remarks made in the paragraph following (4), bound (10) with

(e, My) replaced by (i, M) is optimal, up to logarithmic terms, for the class of instances (f,h) of problem
(1) where Ly =0, My < M, and pg > fi.

Fourth, algorithms with optimal complexity for the class of instances (f,h) such that Ly < L, M; < M,
and 4 > [t have been studied in [11, 26] for the case where i = 0, and in [1, 2, 3, 4, 5, 6, 8, 13, 25, 29] for
the case where M = 0 and ji > 0.

Finally, we end this subsection with a comparison of the complexity bound of Theorem 2.2 with the
one derived in Corollary 5 of [29] for its subgradient variant under the assumption that f has quadratic
growth. Specifically, under the assumption that M; is known and Ly = 0, Corollary 5 of [29] shows that their
subgradient variant has (parallel) iteration complexity bound

M2 Md 2
ol=—L+nN S0 11
(5_Hf+ +<2N5) ()

where N is the number of threads. As a consequence, they conclude that the above bound reduces to

2
@ (J_Wf +log - + M]%dg)

Epuy g
when N = O(logg™!). For sufficiently small £ > 0, the above bound and Theorem 3.2.1 of [27] show that their
subgradient variant is exactly optimal for the class of instances (f, h) of problem (1) where Ly =0, My < M,
and py > fi. However, bound (11) with N = 1 reduces to (Q(Mj%dg/éz)7 and hence does not imply that their
single-thread subgradient variant is optimal for the aforementioned class.




2.2 A universal proximal bundle method

This subsection describes the U-PB method and states a result that ensures its complete universality.
Conditions (A1)-(A3) are assumed to hold in this subsection. We also assume

(A4) the diameter of the domain of h given by max{||z — y|| : «,y € dom h} is bounded by D < +cc.

The U-PB method is an extension of the GPB method of [20]. In contrast to GPB, we use an adaptive
stepsize and introduce a maximal number N (which can be as small as 2) of iterations for all cycles. Similarly
to U-CS, U-PB is another instance of FSCO and we establish functional complexity for U-PB using the results
of Section 3. Compared with the complexity results in [20], those obtained in this paper are sharper, since
they are expressed in terms of 14 instead of py,.

U-PB is based on the following bundle update (BU) blackbox which builds a model m}" + hfor f+ hon
the basis of a previous model my of f and of a new linearization £;(-, ) of f. This blackbox BU(z°, z, my, \)
is given below and takes as inputs a prox-center z¢, a current approximate solution z, an initial model m; for
f, and a stepsize A > 0.

BU(z z,mys, \)

Inputs: A € R, and (z° 2, my(-)) € R” x R” x Conv(R"™) such that my(-) < f(-) and

1 .
x = argmin {mf(u) + h(u) + —|lu— :I:°2} .
uER™ 2\

Find function m}“() € Conv(R"™) such that

max {7y (-), £y (1 2)} <m () < £(), (12)

where £;(-;-) is as in (2) and 724(-) is such that

M) < 0, ) =mp(a), o =argmin () +h0) + 5y fu- o). (13)

Output: m}f.

In the following, we give two examples of BU, namely two-cuts and multiple-cuts schemes. The proofs for
the two schemes belonging to BU can be provided similarly to Appendix D of [20].

(E1) two-cuts scheme: We assume that my is of the form m; = max{A;,£;(-;2~)} where Ay is an affine
function satisfying Ay < f. The scheme then sets A}r() =0A5(-)+ (1 —0)ls(-;27) and updates m;{ as
m'f"() = max{A}'(-),éf(-;a:)}, where 6 € [0, 1] satisfies

%(m — )+ Oh(z) + VA +(1—0)f (z7) 20,

0Af(x) + (1 - 0)0(wse™) = max{As(x), s (w;27)}.

(E2) multiple-cuts scheme: We assume that m; has the form m; = my(-; B) where B C R™ is the current
bundle set and my(-; B) is defined as my(-; B) := max{{;(-;b) : b € B}. This scheme selects the next
bundle set B so that B(z) U{z} C BT C BU{xz} where B(x) := {b € B : {y(z;b) = mys(x)}, and then
outputs m? =my(; BT).

Before giving the motivation of U-PB, we briefly review the GPB method of [20]. GPB is an inexact
proximal point method (PPM, with fixed stepsize) in that, given a prox-center &;_1 € R™ and a prox stepsize
A > 0, it computes the next prox-center Z; as a suitable approximate solution of the prox subproblem

. . 1 R
%y ~ argmin {(f+h)(u)+2>\|u—xk_1||2}, (14)
uER™



More specifically, a sequence of prox bundle subproblems of the form

. 1 .
xj = argmin {(fj—l—h)(u)—i— 2>\|u—avk_1||2}7 (15)
u€eR™

where f; < f is a bundle approximation of f, is solved until for the first time an iterate x; as in (15)
approximately solves (14), and such x; is then set to be #;. The bundle approximation f; is sequentially
updated, for example, according to either one of the schemes (E1) and (E2) described above.

U-PB is also an inexact PPM but with variable prox stepsizes (i.e., with A in (14) replaced by A) instead
of a constant one as in GPB. Given iteration upper limit N > 1 and prox-center &,_1, it adaptively computes
Ak > 0 as follows: starting with A = Ay_j, it solves at most N prox subproblems of the form (15) in an
attempt to obtain an approximate solution of (14) and, if it fails, repeats this procedure with A divided by 2;
otherwise, it sets A\g to be the first successful A and Z; as described in the previous paragraph.

We are now ready to state U-PB.

U_PB(‘%07 X5 )‘07 &:a N)

Input: (i’o,Ao,X,g,N) € domh x R++ X [O, 1) X R++ X N++.
0. Set A= Ao, yo =20, N=0,j=1, and k = 1. Find f; € Conv(R"™) such that £¢(-;Z0) < fi(-) < f(-);

1. Compute z; as in (15); if ¢(z;) — ¢ < £ stop;

2. Compute
X A 2 : —
- d)(mj)'*_ﬁ”mj_xkflu ) if N =0,
¢j = (- X .2 . (16)
min {¢j_1 ) (25(117]) + ﬁ”"ljj | } ,  otherwise,
set N =N +1 and
_ 1 R
ty= 65— (U5 + W)(ay) + g5l — ) ")
3. If t; > (1 — x)&/2 and N < N then
3.a. perform a null update, i.e.: set f;11 = BU(&k_1,2;, fj, A);
else o
ift; >(1—-x)g/2and N =N
3.b. perform a reset update, i.e., set A A/2;
else (ie., t; <(1—x)é/2and N < N)
3.c. perform a serious update, i.e., set T}, = z;, Iy = fi4+h O =yj, A = A
k+—k+1;
end if
3.d. set N =0 and find f;41 € Conv(R") such that £;(-;Zx—1) < fj+1 < f;
end if

4. Set j + j+ 1 and go to step 1.

We now give further explanation about U-PB. U-PB performs three types of iterations, namely, null, reset,
and serious, corresponding to the types of updates performed at the end. A reset (resp., serious) cycle of U-PB
consists of a reset (resp., serious) iteration and all the consecutive null iterations preceding it. The index j
counts the total number of iterations including null, reset, and serious ones. The index k counts the serious
cycles which, together with the quantities Ty, yx, and I computed at the end of cycle k, is used to cast
U-PB as an instance of FSCO. All iterations within a cycle are referred to as inner iterations. The quantity
N counts the number of inner iterations performed in the current cycle. Each cycle of U-PB performs at most
N iterations. A serious cycle successfully finds ¢; < (1 — x)&/2 within N iterations, while a reset cycle fails to
do so. In both cases, U-PB resets the counter N to 0 and starts a new cycle. The differences between the two



cases are: 1) the stepsize X is halved at the end of a reset cycle, while it is kept as is at the end of a serious
cycle; and 2) the prox-center is kept the same at the end of a reset cycle, but it is updated to the latest z; at
the end of a serious cycle.

We now make three remarks about U-PB. First, U-CS is a special case of U-PB with N = 1 and fiv1 =
ls(-; 1) in step 3.d. Second, it follows from the fact that f; < f and the definition of ¢; in (17) that the
primal gap of the prox subproblem in (14) at the iterate y; is upper bounded by ¢; 4+ (1 —x)||ly; — Zx—1]|*/(2\).
Hence, if t; < (1—x)&/2, then y; is an £;-solution of (14) where £; = (1 —x)[£/2+ |ly; — Zx—1]|*/(2))]. Third,
the iterate y; computed in step 2 of U-PB satisfies

. X ~
y; € Argmin {(b(x) + ﬁHx — 33;9,1||2 cx € {ay, .. .,J:j}} , (18)

where i denotes the first iteration index of the cycle containing j. In other words, y; is the best point in terms
of ¢(-) + x|l - =2x—1/|?/(2)\) among all the points obtained in the course of solving (15) and the point §5_1
obtained at the end of the previous cycle.

We now state the first main result of this subsection where the functional iteration complexity of U-PB is
established.

Theorem 2.3 Assuming that dom h has a finite diameter D > 0. Let

[2D°N
B=8+12log |1+ — (19)

2
16M7

and define U(E) by
4(M7 +éLs)B  N&

U(E) = -—. 20
(€) TEE " (20)
The total number of inner iterations (i.e., the ones indexed by j) performed by U-PB is bounded by
1 /— 2)\ — 3 d? d2U (¢ — AU (€
min{min [ (N+ U(€)> , N + U(s)] log (1 + M) , OUQ(g)} + N [QIOg OUEE)—‘ . (21)
X Elg Eln, € g N

The complexity result of Theorem 2.3, under the mild conditions that x is neither close to one nor zero

(ie., max{x~', (1 —x)""'} = O(1)),

— M?+ &L
N=0O f_ifmin{l,/\oud,} ,
Epig

_(M?2
Elg Ko

which is similar to the functional complexity bound (10) obtained for U-CS. Moreover, similar to U-CS, bound

(22) with (pg, My) replaced by (fi, M) is nearly optimal for the class of instances (f,h) of problem (1) where
Ly =0, My <M, and py > [, because of the lower complexity remarks made in the paragraph following (4).

and pg > pn, reduces to

3 A functional framework for strongly convex optimization

This section presents a general framework, namely FSCO, for (strongly) convex optimization problems and
establishes an oracle-complexity bound for it.
FSCO is presented in the context of the convex optimization problem

¢ ;= min{¢(z) : r € R"} (23)

where ¢ € Conv (R™). It will be shown in this section that any instance of FSCO is pg-universal. Moreover, its
oracle-complexity bound will be used in Subsections 4.1 and 4.2 to establish the iteration-complexities of two
important instances, namely, the U-CS method described in Subsection 2.1, and the U-PB method described



in Subsection 2.2. It is worth mentioning, though, that FSCO is only used to establish universality relative to
1t¢. Complete universality of the two specific instances mentioned above, and hence relative to the parameter
pair (Mg, Ly), is established by performing line searches on the prox stepsize Ax, as described in step 2 of
U-CS and in step 3 of U-PB.

Given a prox-center x~ € dom ¢, every iteration of FSCO approximately solves a prox subproblem of the
form )

. -2
—||u — 24
min {6t + 51 - o712} (21)

for some A > 0, to obtain an inexact solution y whose primal gap size is used to terminate FSCO. The
black-box below, which is repeatedly invoked by FSCO, describes how the above subproblem is approximately
solved.

Black-box (BB) (27, x,¢)

Input: (z7,x,e) € dom¢ x [0,1) x Ry 4.
Output: (z,y,I',\) € dom ¢ x dom ¢ x Conv (R™) x R, satisfying T' < ¢,

X, -2 i EENETP R G
o) + g5l =717 = min {P) + 51 -1} < (25
and )
x = argmin {F(u) + —|lu— x_||2} . (26)
uER™ 2

We now make some remarks about BB. First, ™ is the current prox center and (y,&) are tolerances
used to quantify the inexactness of y as a solution of (24). Second, (25) quantifies the inexactness of y in
terms of a functional certificate I', which is a bundle for ¢. More precisely, y is a é-solution of (24), where
E=c+(1—x)|ly—27]|?>/(2)\). Indeed, this follows from (25) and the fact that I' < ¢. Finally, even though
the next prox-center x is viewed as an output of BB, it is uniquely determined by I' as in (26), and hence
could alternatively be removed from the BB output. In other words, the relevant output produced by BB is
Ay, T).

The following result describes a key contraction inequality that holds for the two prox-centers =~ and x of
BB. Its proof is postponed to Subsection 3.1 and uses a key result stated in Appendix A.1.

Proposition 3.1 Assume that ¢ € Conv (R") and let pr = py. Assume also that (z,y,T,\) = BB(z™, x,¢)
for some (x7,x,¢e) € dom¢ x [0,1) x R}, and I € Conv,, (R™) for some v € [0, u]. Then, for every u € R,
we have

2)\e

_ 2 2
o e =l = ol — (21)

2X [p(y) — ¢(u)] <

where
Alv( + pA) + x(p —v)]
T4+pA+xAv —p)

0 =o(uv) = (28)

We now motivate the assumption made by Proposition 3.1 on I' by considering the special case (1) of
problem (23) where ¢ = f + h and f and h are as in (A1)-(A3). In this setting, many algorithms (see e.g.,
U-CS and U-PB in Section 2) generate I' functions of the form I'y + h where I'; is a convex (possibly, affine)
function underneath f. Clearly, letting v = uy, it follows that bundles I' generated in this form are v-convex,
since so is h. In conclusion, the v-convexity of I' is inherited from the v-convexity assumption on the composite
component h of ¢, i.e., the part of ¢ that is not approximated by simpler functions in the prox subproblems
generated while solving (1).

We make some remarks about Proposition 3.1. If ¢ in (28) is such that 0 = ©(Au), then it will be shown in
Theorem 3.2 that an algorithm that repeatedly calls BB finds an &-solution of (23) in O((Au)~!log(é1)) calls.
We mention two cases where 0 = ©(Ap). The first case is when v ~ p and x is arbitrary, but this case does
not hold for many instances of (23). In particular, the “contraction” formula (27) for the pair (v, x) = (1, 0)
is well-known (e.g., see Lemma 4.1(a) of [20]). The second case is when y~! = O(1) and v € [0, zz]. Indeed, it



follows from the first inequality in Lemma A.3(a) that ¢ = ©(Au) when x~! = O(1). Finally, even though y
chosen very close to one satisfies the condition in the second case, such choice of x is not desirable as it makes
the term 2Ae/(1 — x) in (27) too large. Thus, in view of the previous remarks, a good choice of y is one such
that max{x~!, (1 —x)"} = O(1).

We now describe FSCO.

FSCO(io, X, €)

0. Let (Zo, x,&) € dom¢ x [0,1) x Ry be given and set k = 1;
1. Compute (i‘ka /gkvfka Ak) = BB(i‘k—th (1 - X)&T/Q)’

2. Check whether ¢(4xr) — ¢ < € and if so stop; else set k < k + 1 and go to step 1.

We now make some comments about FSCO.

First, FSCO generates two sequences, i.e., {Zx} and {gx}. If FSCO stops, then the last iterate of the
second one is guaranteed to be a &-solution of (23) due to step 2 of FSCO. Hence, the second sequence ensures
that FSCO stops, while the first one should be viewed as the sequence of prox-centers generated by the bundle
sequence {I';}.

Second, since BB does not provide a specific recipe for computing (2, §, f‘k, M) in step 1, FSCO is not a
completely specified algorithm but rather a framework built with the sole purpose of studying pe-universality
of its instances. Specifically, FSCO provides minimal conditions on its generated sequence (&, ¥k, fk, i) (ie.,
only that is generated by iteratively calling BB) to ensure p4-universality of its instances.

Finally, for some instances of FSCO, such as U-CS and U-PB, )\ is computed by performing a line search
on X within specific implementations of BB, because some parameters associated with ¢ (e.g., Ly and My in
the setting of Section 2) are assumed to be unknown. When these parameters are known, the line search can
be avoided by choosing A\; in terms of these parameters.

The main complexity result for FSCO is relative to the instances that satisfy the following condition:

(F1) there exists A > 0 such that A\ > ) for every k& > 0.
Theorem 3.2 The number of iterations performed by any instance of FSCO that satisfies condition (F1) is

bounded by
. |1 1 1 pd3\  d3
—(14+—),1+—]1 1+ — — 2
min {mln {X < + /\ﬂ) , 1+ )\1/] Og( + AR (29)

where the scalars x and & are input to FSCO, dy is as in (4), and
W= g, V:i= min{;w, igfu(fk)}. (30)

(By convention, (29) should be understood as being equal to d3/(A&) when u = 0.)

Proof: It is straightforward to see from Lemma A.3(b) that o(\) > o = o(A) for A >
denotes the o defined in (28), considered as a function of A. Note that we invoke the oracle (
BB(Zk—1,%, (1 —x)&/2) in step 1. Using (27), assumption (F1), and the observation that o(\g

A, where ()
ks gk, Fka )‘k) =
) > o, we have

22 [0(k) — G(u)] < M + |an—r — ul® = (1 + o)l &x — ull?, (31)
where
Alv(d +pd) + x(p—v)]
T+ pA+x2A(v—p)

and p and v are as in (30). It is easy to see that (31) with u = z., where z, denotes the closest solution of
(23) to the initial point &g, satisfies

(32)

g:

Yk < ag—1 — (14 0)og + 75

10



with
, o=0a, =2, (33)

DN | ()

’Yk;ZQAk, Mk :¢(?)k)_¢*a o = Hik_x*||27 0=

where y satisfies vy > -
Using Lemma A.2(b) with the above parameters, Lemma A.3(c), and the definition of ¢ in (32) that the
complexity to find a é-solution is

. [14¢ od3\ di . |1 1 1 od3\ d3
=1 1+=—),—, < —(1+—),1+—]1 1+=—),—,. 34
mln{ 5 og ( + e ) e[S min 4 min N + ) + o og 1+ ) e (34)

Moreover, we note that ¢ < Ap in view of the second inequality in Lemma A.3(a). Finally, this observation
and (34) immediately imply the complexity in (29). ]
We now comment on the complexity bound obtained in Theorem 3.2. First, under the assumption that

> 0, the bound
. [1 1 1 ud3
—(1+—),1+—}1 1+—
o () e o (1445 i

implied by (29) is meaningful only when either x > 0 or v > 0 (otherwise, it should be understood as being
infinity). Second, the validity of the second bound in (35) has been established for some composite subgradient
and proximal bundle methods (see for example [7, 18]). Third, if 4 > v and x is sufficiently bounded away
from zero, the smallest term in (35) is the first one, in which case (29) reduces to

1 1 d? ~ (1
— |1+ —)log |1+ L,O =0|—).
X A B A
Fourth, since the second bound d3/(A) does not depend on v, p and Y, it holds for any parameters p > v > 0

and x € [0,1).

3.1 Proof of Proposition 3.1
We need the following technical result before proving Proposition 3.1.

Lemma 3.3 Define

O at) (36)
n:=¢(y) —I'(z) = (s,y — x). (37)
Then, the following statements hold:
a) s € OT'(x), i.e., for every u € R™,
[(u) > T(z) + (s,u — x); (38)
b) s € 0p0(y) and
0<2Xn < 2xe — [ly — 2[ + (1~ x)[ly — 7| (39)

Proof: (a) The optimality condition of (26) yields 0 € OI'y(z)+ (x —x~)/A, which together with the definition
of s in (36) implies that the inclusion in a) holds. Relation (38) immediately follows from the inclusion in a)
and the definition of the subdifferential.

(b) The relation ¢ > T" (see step 1 of FSCO), (38), the definition of 7 in (37) imply that for every u € dom ¢,

(38) 37)
¢(u) > T(u) > T'(@)+ (s,u—z) = ¢(y) +(s,u—y) —n,

which yields the inclusion in b). Taking u = y in the above inequality gives > 0, and hence the first inequality
in (39) holds. Using the definitions of s and 7 in (36) and (37), respectively, and (25) and (26), we have

n = 6y) D)~ (sy— )
: ’ 1
<Y e =i+ gl o] - )

Xy e L (T,
e- K=o+ gl - P4 (25 =)

_ 1-x -2 1 2
= ety eI = gl — al®

11



Hence, the second inequality in (39) holds. [
Using a technical result, Lemma A.1 from Appendix A.l, we are able to partially recover the intrinsic
convexity fig, even though it is not assumed to be known from either the objective ¢ or the model I'.

Lemma 3.4 Let 1 = py and assume that T' € Conv, (R™) for some v € [0, u]. For any ¢ € [0,1) and every
u € dom ¢, we have

o) 2 00) + (s =) + L — gl - o Ly P+ Dl (40)
where s and 1 are as in (36) and (37), respectively.
Proof: Define

s=s+ve —a), i=n—gly—cl d=¢—Zl-—= | D=T-Z|- =% (@1

It follows from Lemma 3.3(a) and the above definitions of § and T that § € T(z). In view of (41) and the
assumption that T' € Conv,, (R") for some v € [0, u], we observe that I is convex and ¢ > T'. Hence, following
a similar argument as in Lemma 3.3(b), we conclude that § € 877¢>( ). Using this inclusion, the fact that ¢ is
(1 — v)-convex, and Lemma A.1 with (¢, &,y,v,7,Q) = (¢, — v,y, 5,7, I), we have for any 7 € (0,00 and
every u € dom ¢,

~ _ (66)

6
bt = H— 2 —1\=
> — — 1 .
30 = 30+ Gouu) + sl = ol = (14 )
Taking 7 = (1 — ¢)/¢ for ¢ € [0,1) in the above inequality, we obtain
- ~ . C(p—v ]
30 2 (o) + (5. =)+ LDy -
Finally, (40) follows from using the definitions of b, §, and 7 in (41), and rearranging the terms in the above
inequality. ]

Noting that in the proof of Lemma 3.4, we apply Lemma A.1 to q} in (41). If we instead apply Lemma A.1
to ¢ directly, we obtain for every u € dom ¢,

) 2 6(0) + (5,0 =9} + Dlhu =yl - 1. (42)

This inequality is weaker than the one in (40). Indeed, applying the Cauchy-Schwarz inequality, we have

1—
(25 41) (gl ol + =l 2 5y - ol + 2l = Slha ol
where the last inequality is due to the triangle inequality. Hence, we have

¢

(v
7*||y—w||2 *Hu—xllz 2 llu~ yll,

and thus (40) implies (42).
If ¢ is chosen to be 0, then (42) becomes

o(u) > ¢(y) + (s,u —y) —n Vu € dom ¢,

which is equivalent to the inclusion in Lemma 3.3(b). This means that if we use (42), then we cannot recover
the intrinsic convex parameter p4s when ¢ = 0. However, even if ¢ = 0, (40) still preserves a v-strongly convex
lower approximation to ¢. This justifies the necessity of the assumption that T' € Conv,, (R").

Now we are ready to present the proof of Proposition 3.1.

Proof of Proposition 3.1. It follows from the definition of s in (36) and Lemma 3.4 with ¢ = x;,

lo™ = ull® = llz = ul* = (=~ = yI* = = = yl*) = =2X{s,u — y)

(40) o) \
> 2X [6(y) — d(w)] + x(1 — v)A|lu —y[|* — % n 1XV

ly = =] + vA[lu — |, (43)

12



Rearranging the terms in (43) and using Lemma 3.3(b), we have

lo= —ul® = (1L + vz = ul]? = 27 [6(y) — $(w)]

2 = (22 - 1) o=l + = A -yl = 2
) B LB R PV V) (44
Rearranging the terms in the above inequality, we have
22 [9(0) — o)) <7+ [l = ul* = 1+ A o —
(T2l ol + e = ?) (45)

Using the triangle inequality and the fact that (a1 + a2)? < (b7" + by 1) (a3by + a3by) with (ay,a2) = (||z —
yll, lu = yll) and (b1, b2) = (1 +2A)/(1 = X), (1t = ¥)A) we have

1—x 1 1+vA
—_ull2 < . 2 B o2
o=l < (355 + o) (Tl =l + G = A= o1?). (46)

Plugging the above inequality into (45), we have

2)\e _ 1—x 1 - 2
2\ - < - 1+vA -
[6) — )] < 7= + |z ul* = 14w +X(1+z/)\+(u—y))\> ]Ilw ull?,
which is the same as (27) after simplification. (]

4 Proofs of Theorems 2.2 and 2.3
4.1 Proof of Theorem 2.2
The following result shows that U-CS is an instance of FSCO and that assumption (F1) of Section 3 is satisfied.

Proposition 4.1 The following statements hold for U-CS:
a) {\r} is a non-increasing sequence;

b) for every k > 1, we have

& = argmin €y (u; Ep—1) + h(uw) + ——||u — &p— 1|| (47)
ucR™ 2)\
Fan) — g ) + 5L — P < L2XE (48)
’ e 2
. (1—x)%
> LX) . 4
)\k_mm{SM]%+2§Lf’)\o (49)

¢) U-CS is a special case of FSCO where:

i) gk = Tk and f‘k() =Ls(-;2,-1) + h(-) for every k > 1;
it) assumption (F1) is satisfied with A given by (49).

Proof: a) This statement directly follows from the description of U-CS.
b) Relations (47) and (48) directly follow from the description of U-CS. Next, we prove (49). Supposing
Ak—1 < (1 —x)?&/(4M7 + ELy), then it follows from Lemma 2.1 that (48) holds with Aj, replaced by Ap_1.

13



This indicates that if A is small enough, then it will remain unchanged. Therefore, following from the update
scheme of A in step 2 of U-CS, there is a lower bound as in (49).

¢) Relations (47) and (48) are the analogues of relations (25) and (26) of FSCO with §j, = &) and I'; as in
(i). Inequality (49) shows that Assumption (F1) is satisfied. ]

Proof of Theorem 2.2. Define

_ Ao(8M7 +22Ly)
k= {2 log max { - 1p1. (50)
Observe that \g/2F < )\ for k > k where ) is given by the right-hand side of (49), and from Proposition 4.1
that we cannot halve A more than k iterations. It follows from (50) and the definition of Q(¢) in (8) that

k< {210g)\02(5)-‘ )

Therefore, the second term on the right-hand side of (7) gives an upper bound on the number of iterations
with backtracking of A. We now provide a bound on the number of remaining iterations to obtain a £-solution
with U-CS. In the k-th iteration of U-CS, the model I'y, for ¢ = f + h is simply Cs(-,Zp—1) + h(-) where £¢ is
the linearization of f as in (2), hence u(T'y) = pun < pg and v = py, in (30). Since Proposition 4.1 shows that
U-CS is a special case of FSCO, Theorem 3.2 immediately gives for U-CS the upper bound (29) with A\ given
by (49) on the number of the remaining iterations (where \ is not halved) required to find a &-solution of (1).
Using the inequality

(1-x)% "o
and the definition of Q(£) in (8), we conclude that 1/A < Q(&)/é. This observation and (29) with A given by

(49) thus imply that the first term in (7) is an upper bound on the number of the remaining iterations (where
A is not halved). This completes the proof. ]

1 (19 SM]% +28Ly 1 8M)% + 2Ly 1
— = _ <" - 4 = 51
h max { = X)QE_ + " ( )

4.2 Proof of Theorem 2.3

We begin with a technical result, i.e., Lemma 4.2, uses arguments similar to ones used in Subsection 4.2 of
[20]. For the sake of completeness, its proof is given in Appendix A.2. These two results together will be used
in the proof of Lemma 4.4 to show that if stepsize A in a cycle is sufficiently small, then the cycle must be a
serious one.

Lemma 4.2 If j is an iteration of a cycle such that t; > (1 — x)&/2, then

J—1i< (14 uy)log (aitzx)g) ) (52)

where X\ is the prox stepsize for the cycle, i is the first iteration of the cycle, t; is as in (17), and

_AN2MF + (1 - x)ELy]
uy = (1 — X)f .

Noting that the right-hand side of (52) depends on ¢;, the next result provides two upper bounds on this
quantity, one that does not require (A4) but only holds for A sufficiently small, and one that requires (A4)
and holds for an arbitrary A > 0. The proof of the first one is well-known for x = 0 (e.g., Lemma 5.5 in [15])
but not for the second one. The proofs for both of them are given in Appendix A.2.

(53)

Lemma 4.3 Let i denote the first iteration of a cycle of U-PB. The following statements about the quantity
t; hold:

a) if N < (1—x)/(2Ly), then



b) if (A4) holds, then
A(16M? + L3D?)

t; <
4(1-x)

(55)

Recall that U-PB once in a while performs reset cycles, i.e., cycles which perform exactly N inner iterations
and terminate without any of their iterates satisfying the condition t; < (1 — x)&/2. If the parameter pair
(Mg, Ly) is known, then the result below shows that, if A is chosen sufficiently small, then no reset cycle is
performed. On the other hand, if (M, L¢) is not known, then U-PB performs a line search on A and may
generate reset cycles. Reset cycles are thrown away by U-PB, but they signal that the current X is too large
and hence should be decreased (see step 3.b of U-PB).

As already observed in the first remark in the second paragraph following U-PB, U-CS is a special case of
U-PB in which N = 1. In this regard, the following technical result is a generalization of Lemma 2.1 to the
context of U-PB.

Lemma 4.4 Assume that assumption (A4) holds. If for some cycle of U-PB, the prox stepsize \ satisfies

1—x)?Ne
A< I XNE (56)
Q(Mf + €Lf)B
where B is as in (19), then the cycle must be a serious one. As a consequence, if the initial prox stepsize Ag
is chosen less than or equal to the right-hand side of (56), then U-PB has the following properties: a) it keeps
A constant throughout its execution; and b) it never performs a reset update.

Proof: Assume for contradiction that the cycle is not a serious one and its stepsize A satisfies (56). Then,
this cycle is a reset cycle and hence performs exactly N iterations. Let i denote the first iteration of the cycle.
In this proof, to alleviate notation, we denote € = (1 — x)&/2. Then by inequality (52) in Lemma 4.2 written
for j =i+ N — 1, we must have N — 1 < (1 + uy)log(2t;/¢) where u, is as in (53). Hence, to obtain a
contradiction and prove the lemma, it suffices to show that

%,
(14 uy)log - <N-1. (57)

To show the above inequality, we consider the following two cases: a) 8N < B and b) 8N > B.
a) Assume that 8N < B. The assumption (56) and the fact that e = (1 — x)&/2 then imply that

S(Mf -I-ELf) 8Ly

and hence that the assumption of Lemma 4.3(a) holds. Thus, statement (a) of this same lemma implies that

2t; (39 8AMF (56)  8MFN M7
— < < < — <1 (58)
5 (1—-x)e (Mf+eLf)B — Mf+eLy

where the second last inequality follows from the case assumption 8N < B. Since the above inequality implies
that log(2t;/¢) < 0, inequality (57) immediately holds for case a).
b) Assume now that 8N > B. To show (57), we first bound 1 4 uy from above as follows:

s ANMZ 4 eLy) 66 4(1— )N
Ly @ 2 el () 40— 0N
€ B
8N 4N 12N
<0227
e (59)

where we also use the fact that ¢ = (1 —x)&/2 in the first line and the second last inequality is due to the case
assumption 8N > B. Now observe that condition (56) on A implies

(1—x)Ne

2 2 N2 2 N2
(M7 + L3D?/16)N _ L3D*N
(M7 +eLy)B

+ —
2 — 2
M? +eLy 1607

s 2 2 12 6 2 2 12
2t; (59 8M} + L3D /2A (:0) 8M} + L3 D?/2
e = (I—x)e - (1-x)e
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where the second last inequality follows from the fact that B > 8. The above inequality and the definition of
B in (19) then imply that

L:D?N B-8 B-B/N B(N-1
; )(g) <B-B/N _BWN_1) (60)

4,
log 24 < log [ 1 -
B = °g< * 1617 12 12 12N

where the last inequality follows from the case assumption 8N > B. Finally, combining (59) and (60), we
conclude that (57) also holds in case b). L]

The next result, which is the analogue of Proposition 4.1, shows that the sequence of stepsizes A is bounded
below by some positive constant and provides an upper bound on the number of reset cycles.

Proposition 4.5 The following statements hold for U-PB:
a) every cycle in U-PB has at most N inner iterations;

b) each stepsize Ay generated by U-PB satisfies

N&
A > 61
L2 T (61)
where U(E) is as in (20);
¢) the number of reset cycles is upper bounded by
)\()U(E)—‘
2log —= | . 62
210 20 (62

Proof: a) This statement immediately follows from the description of U-PB (see its step 3).
b) It follows from Lemma 4.4 and the update rule for A in U-PB (see its step 3) that

. (1-x)%*Ne
> _—
Ak 2 mm{4(M]% LB [

and hence that

1 A4(M? + LB 4(M? +£L)B
1AM HEL)B 1 | AWM HEL)B 1
(1-x)2Ne Ao

Ak T (1-x)2Ne " Xo

Thus, using the definition of U(&) in (20), we conclude that

Nz 4(M?+4+&eL.)B Nz
75 < M + 76 — U(g)7
Ak (1-x) Ao

and hence that statement b) holds.
c¢) This statement immediately follows from b) and the update rule of A in U-PB. [
The following result shows that serious iterations of U-PB generate sequences {i}, {x}, {\¢}, and {T'x}
satisfying the requirements of FSCO.

Proposition 4.6 U-PB is a special case of FSCO in the sense that:
a) the quadruple (5, G, Tk, M) satisfies relations (25) and (26) with ¥~ = Z_1;
b) condition (F1) used in the analysis of FSCO is satisfied.

Proof: a) For a serious cycle, the pair (&, Jx) of U-PB satisfies

A 1
&), = argmin {Fk(u) 4+ ——|ju — j:k_1|2} , (63)
uER™ 2>\k
~ X ~ ~ 2 A A 1 ~ o 2 (1 _X)g
—_— — Tp_ — | — — T < 20 64
é(Yr) + 2)\kHyk Tp—1]| { k(Tr) + 2/\1@“% | } < (64)
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Indeed, relations (63) and (64) (which are (26) and (25) in FSCO, respectively) follow from (15) and ¢; <
(1 —x)&/2 with &) = x;, Iy = fi +h, gx = y;, and A\, = A (see the serious update in step 3.c of U-PB).
b) Condition (F1) is satisfied with A = N£/U(€), in view of Proposition 4.5(b). L]

Proof of Theorem 2.3 To alleviate notation, denote ¢ = (1—x)&/2 and (u, v) = (g, ). In view of step 3.c
of U-PB, we have p(f‘k) = pp, = v and hence it is the same as the v in (30). Noting that, by Proposition 4.6,
the sequences indexed by k is a special implementation of FSCO, and that, by the proof of Proposition 4.5(b),
(F1) holds with A = N&/U(&), it follows from Theorem 3.2 that the total number of serious cycles generated
by U-PB is bounded by

i o [1 (129 1 U0y (1 18 00}

X UEN VE = 82N

The conclusion of the theorem follows from the above bound and statements (a) and (c) of Proposition 4.5. m

5 Concluding remarks

In this paper, we presented two pg-universal methods, namely U-CS and U-PB, to solve HCO (1). We propose
FSCO to analyze both methods in a unified manner and establish functional complexity bounds. We then
prove that both U-CS and U-PB are instances of FSCO and apply the complexity bounds for FSCO to obtain
iteration complexities for the two methods. The two proposed methods are completely universal with respect
to all problem parameters, in particular, the strong convexity. Moreover, they do not require knowledge of
the optimal value, and do not rely on any restart or parallelization schemes (such as the ones used in [29]).

Some papers about universal methods (see for example [11, 26]) assume that, for some « € [0,1], f in (1)
has a-Holder continuous gradient, i.e., there exists L, > 0 such that ||V f(2) =V f(y)|| < Lao|lz—y||* for every
x,y € domh. It is shown in [26] that the universal primal gradient method proposed on it (i.e., the U-CS
method with x = 0) finds a &-solution of (1) in

2
~ [ AL
2

o

(65)

g a+1

iterations. This result also follows as a consequence of our results in this paper. Indeed, first note that
the dominant term in the iteration complexity (7) for the U-CS method is O(dg(M7 + £Ly)/£%). Second,
Proposition 2.1 of [20] implies that there exists a pair (My, Ly) satistying (A2) and the inequality

o 2
M? 4 2Lp < 2871 L5TT

Hence, it follows from these two observations that (7) is sharper than the bound (65) obtained in [26].

We finally discuss some possible extensions of our analysis in this paper. First, it is shown in Theorem 2.2
(resp., Theorem 2.3) that U-CS (resp., U-PB) is pg-universal if x > 0 and is pp-universal if x = 0. It would
be interesting to investigate whether they are also pg-universal for y = 0. Note that this question is related to
whether the universal primal gradient of [26] (which is the same as U-CS with x = 0) is ue-universal. Second,
it would also be interesting to study whether the general results obtained for the FSCO framework can also be
used to show that other methods for solving the HCO problem (1) are py-universal. Third, a more challenging
question is whether a pig-universal method for solving (1) with a checkable termination condition (and hence
which does not depend on ¢.) can be developed. Finally, this work has only dealt with unaccelerated methods
for solving (1). It would be interesting to develop accelerated methods such as those for when p =0 (e.g., in
[11, 26]), which are p4-universal in the hybrid setting of this paper.

Data Availability statement. There is no data related to this publication.
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A Technical results

This appendix contains two subsections. Subsection A.1 presents some technical results used in the analysis
of FSCO while Subsection A.2 proves Lemmas 4.2 and 4.3.

A.1 Miscellaneous technical results

The following technical result is used in the proof of Lemma 3.4.

Lemma A.1 Assume that £ > 0,¢ € Conv (R") and Q € S, are such that — (£/2)|| - |3, s convex and let
(y,v,m) € R® x R™ x Ry be such that v € 0,9 (y). Then, for any T >0,

(14+71)7%¢

5 lu—ylg VueR™ (66)

Y(u) > 9(y) + (vu—y) = (L+77)n+

Proof: The proof of this result can be found in Lemma A.1 in [22]. n
The next technical result is used in the proof of Theorem 3.2.

Lemma A.2 Assume that sequences {~y;}, {n;}, and {a;} satisfy for every j > 1, v; > v and
;< g1 — (L4 0)a; +7;0 (67)
for some o >0, >0 and v > 0. Then, the following statements hold:

a) for every k > 1,

. ao — (1 +0)*ay
min

n; < . + 0; 68
1SSk T S (Lol o
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b) if the sequence {a;} is nonnegative, then mini<j<pn; < 26 for every k > 1 such that

1
k > min +Ulog %—f—l ,@
o Yo o
with the convention that the first term is equal to the second term when o = 0. (Note that the first term
converges to the second term as o ] 0.)

Proof: a) Multiplying (67) by (1 + ¢)’~! and summing the resulting inequality from j = 1 to k, we have

1<j<k

k k k
Z(l +0) 71y, [ min nj} < Z(l + o)ty < Z(l + o) a1 — (1 + 0)ay + v;6)
=1

j=1 j=1

k
=ap— (1+0) o+ (1+0) 0. (69)
j=1

Inequality (68) follows immediately from the above inequality.
b) It follows from (68), and the facts that oy, > 0 and ~; > v that

. Qo
min 7; < — + 9. 70
1<j<k lzjzdl+gyfl (70)
Using the fact that 1 4+ o0 > e?/(1+9) for every o > (0, we have
k
) 1 kE_1q ok/(14+0) _q
Z(l—}—o)y_l:max{(—'_a),k} >max{e,k}. (71)
o o

Jj=1

Plugging the above inequality into (70), we have for every k > 1,

. T o 1 np
T TR Y (e

which can be easily seen to imply (b). n
The following technical result is used in the analysis of Section 3.

Lemma A.3 For every x € [0,1), A >0, u > 0, and v € [0, ], the quantity o = o(p,v; ) defined in (28)
satisfies the following statements:

a) AMxp+ (1 —x)v] <o < Au, and hence o > \v;

b) the function A > 0+ o(u,v; ) is non-decreasing;

1 1 1 1
+U§rmn{<1+>J+—}.
o X AL Av

Proof: a) It follows from (28) and the fact that v < p that

Mp =) A+ A =1 _ Ap—v)(d+A)(x — 1)
T+ pA+xAv—p) — 1+ puA

¢) there holds

o= A= =Ap—-v)(x - 1),
and hence that o > A[xu + (1 — x)v]. Moreover, the second inequality of (a) immediately follows from the
first identity above and the facts that x < 1 and v < p.

b) Viewing o = o(\) in (28) as a function of A, one can verify that

_ v+ pA) +x(p—v)
TN =T -

is a non-decreasing function of A.
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¢) It follows from the definition of o in (28) that

l+o  (L+wN)(14p))
o AL+ pA) +x(p—v)]

Hence, it suffices to prove that

(T4+vA) (1 + pA) 1 1 1
N0 Xt 0] <mm{x (” Au> L Au}' (72)

Since x € [0, 1), it is easy to verify that

1+vA 1
v(l+pA) +x(p—v) = xp

and hence that
(T+vA)(1+ pA) <1+,u)\_

1 1
REV YA
A+ pA) +x(p=v)] = xAu X ( A
Moreover, noting that x € [0,1) and p > v, we also have

(14 vA) (1 + p) 1
o+ 0) = )] H

2

Combining the above two inequalities, we conclude that (72) holds. L]

A.2 Proofs of Lemmas 4.2 and 4.3

Before presenting the proof of Lemma 4.2, we present and prove three technical results.
The first one summarizes some basic properties of U-PB.

Lemma A.4 Assume that X is the prox stepsize and Ty_1 is the prox-center of a cycle of U-PB. Then, the
following statements about this cycle hold:

a) for every null iteration j of the cycle, there exists a function ?J() such that

T(fj+h)+ (1 =7)ls(525) +h] < fjo+h < g, (73)
?j"’hemu (Rn)a ?j(xj) :fj(xj)v (74)
2y = anguin {7,0) 4 ha) + 5 - a2 (75)
where uy,
= (76)

and uy is as in (53);

b) for every iteration j of the cycle and u € R™, we have
— ]. ~ 2 ]- 2
T )+ h) + ol = a2 2 mg + o a1, (77)

where .
mj = (f; +h)(x;) + ﬁHmj — e (78)

Proof: a) Since j is a null iteration of the k-th serious cycle, it follows from step 3.a of U-PB that f;41 =
BU(&k—1,x;, fj, A). Using the properties of the BU blackbox, this implies the existence of ?J— satisfying (74),
(75) and

max{fj + h7ff(~;1‘j) + h} < fj+1 + h < ¢. (79)

The statement now follows from the fact that (79) immediately implies (73).
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b) Since the objective function in the last identity of (75) is A~ !-strongly convex, we have

1 . — 1 . 1
7 0) + () + o5l — P = Fy ) + has) + ol — noal + o5l — ], (50)

which immediately implies (77) in view of the identity in (74) and the definition of m; in (78). L]
The second technical result provides a recursive bound on the quantity m; defined in (78).

Lemma A.5 If j is a null iteration of a cycle, then

1 . 1—1)e
M —7my = (1= 7) [0lae) + gy — dal?] — S5 (31)
where T is defined in (76) and € = (1 — x)&/2.
Proof: Using the definitions of 7 and wy in (76) and (53), respectively, we have
T a9 A 63) 407 2Mj L,  2Mf
= 2 9r, =2L > — , 82
AN1—71)  2X TRV It et (82)

where the last identity is due to the relation ¢ = (1 — x)&/2. Using the definition of m; in (78), and relations
(73) and (77) with w = z,41, we have
(78) 1 N
mis1 = (Fion+ 0 (@) + gyl — 2k

(73) 1 R — 1 R

> (=) [ty + bayn) + grllegns = duall] 4 (i) + g5l = ol
(77) | o 1 )

2 (L=7) | br(zjns25) + h(zjen) + gy llzjen = Ee-all™) + 7 my + Sllzjen —25]7 ) -

This inequality and (82) then imply

1 A 2 Lf QMJ% 2
mjp1 —1my > (1=7) | lp(@jp1525) + h(zj41) + 5||33j+1 =@t 5 — lzjr1 —z;]7] . (83)

Using (3) with (z,y) = (241, ;) and the fact that ¢ = f + h, we have
Ly 2
(@i zg) + h(zjen) + ooz —agl” 2 dlaga) = 2My |l — 2. (84)
Using this inequality and relation (83), we conclude that

Mj+1 — T

(83),(84) 1 . 2(1—1)
2 (=) (9a) + g5 o — dal?) + T (Mlesr — a2 = Myelleson — ]
1 . (1—-1)e
> (1=1) [olag) + gyhayn - deall?] - S5
where the last inequality follows the inequality a? — 2ab > —b* with a = M{||z;41 — x| and b = ¢/2. ]

The next technical result establishes an important recursive formula for the sequence {t;} defined in (17).

Lemma A.6 Let j be an iteration of a cycle with step size A\ and first iteration i. Then

where T is defined in (76).
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Proof: If j =4, (85) trivially holds. We next show that (85) holds for j > ¢ + 1. It suffices to show that for

any £ € {i,...,5 — 1}, _ =
tot1 —% ST(U— W) : (86)

Let ¢ € {i,...,j— 1} be given and note that ¢ is a null iteration of the cycle. Using the definition of ¢, in (17)
and Lemma A.5 with j = ¢, we have

17) - - - -
ter1 — Tte (=)¢e+1 — M1 — T[Pe — M| = [po41 — TPe] — [Mer1 — TNy

(81)_ 1 ] L a- 7)511 — )&

< Gesr — 00— (1= 7) |9wesn) + 55 I7ess — 2ra]? (1= =xe

4 )

<

where the last inequality follows from (16) and the fact that 7 € (0,1). We have thus shown that (86) holds

for any £ € {i,...,7 — 1}. ]
We are now ready to give the proof of the first main result of this subsection.

Proof of Lemma 4.2 By (85), we obtain

a;
1-x¢ = (1-x)¢

Using relation (76), we then have

4t (87) 479, \ (76) ( 4t; ) { Uy r < 4t; > j—i
O<log| —2——-1) < log| —r ] = log| ——— |+lo <lo —
g((1—><)E ) B g((l—x)ef) EANCIEYEY A U FEATA =\ \T—ve) 1T m
where for the last inequality we have used the log(z) < x — 1 which holds for > 0. This completes the proof
of (52). ]
We next prove the second main result of this subsection.

Proof of Lemma 4.3. We first show that the inequality

R L R 1- R
ti < 2Myllos — o |+ Gl — ol = 55 s — (88)
2 2
holds without making the assumptions of either case a) or case b). Indeed, using the definition of ¢; in (17)
for j = i and relation (16), we have

(78) = 1 )
ti = ¢i— (fi+h)(z;) — 5”%‘ — &

(1<6) X R 9 L 1 . 9

< olxi) + ﬁ”xz — &p—all” = (fi + W) (2s) — 5sz — T |
~1 )

= F(@:) = filws) + 2l — da?

where the last equality follows from the fact that ¢ = f + h. Since 7 is the first iteration of the cycle, it follows
from step 3.d of U-PB that f;(-) > ¢;(-;Zx—1). Combining this inequality with the above one, and using (3)
with (z,y) = (z;,Zx—1), we conclude that

-1

) 2 — 1]

ti < flxi) — Cp(xi; Ep—1) + X
x—1

s — (59)

3) ) L .
< 2Mylli = dpal + Sl = da P+

—X— ALy

_ - 1 N 2
=2My||z; — Bp—1| — X lzi — Tp—1]|

and hence that (88) holds.
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We next prove that a) holds. Assume that A > 0 is such that A < (1 — x)/(2Ls). Note that this implies
that 1 —x > 2ALy > 0, and hence 1 — x — ALy > 0. Maximizing the right-hand side of (88) with respect
to ||z; — &x—1||, we conclude that t; < (2)\MJ%)/(1 — X — ALy), and hence that (54) due to the inequality

(1—x)/2> ALy.
We next show that b) holds. Assume that (A4) holds. Using (88), we obtain

R L¢D R 1— R
ti < 2M s — ) + =5 s — el = s — & |2
LD . 1-— N
= (20474 222 o = sl L5 s = e
L:D\2 ) A4M? + L2D? /4
< <2Mf—|— f ) < ( f f /)’
2 ) 21— I—x

where the second last inequality is due to the inequality that —agx? + box < b2 /(4ag) for ag > 0, and the last

inequality is due to the fact that (a + b)? < 2(a? + b?).
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