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University students benefit academically, personally and pro-
fessionally from an expansion of their in-class social net-
work. To facilitate this, we present a novel and broadly-
applicable optimization approach that exposes individuals
to as many as possible peers that they do not know. This
novel class of ‘social seating assignment problems’ is param-
eterized by the social network, the physical seating struc-
ture and ‘tie potentials’ representing the likelihood for two
neighbors to connect. The resulting problem is NP-hard and
belongs to assignment problems with an elaborate objec-
tive that depends on the relation of both seats and individ-
uals assigned to them. We develop compact integer pro-
gramming formulations and strengthen them with valid in-
equalities to improve performance. In parallel, we suggest
fast heuristics that are guided by network centrality mea-
sures. Finally, we present the necessary modelling tech-
niques to integrate practically relevant instructor preferences
and special student needs. Combining the above, we ex-
periment on a set of 320 realistic instances with up to 200

students forming both sparse and dense social networks
and for both rectangular and circular classrooms. For sparse
or small instances we present optimality gaps under 1.3%
within a few minutes, whereas in larger or denser cases the
algorithmic performance decreases. We also evaluate our
approach from both a quantitative and a qualitative per-
spective on three actual classeswithmore than 70 students.
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A network-analysis-based comparison of a priori and a pos-
teriori networks shows that 40% of opportunities led to
new connections, while feedback from both instructor and
student is particularly favorable for our method.
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1 | INTRODUCTION

Our research examines seating arrangements in classes in a manner that maximizes the potential for new ties among
students. Put more simply, our goal is to seat students who do not already know one another closer together in
the classroom. Although intuition alone designates the importance of the problem we introduce, let us recall some
indicative arguments. A strong social network (SN) is an important factor for students’ integration and persistence
[44]. Moreover, increased social interaction leads to enhanced knowledge, critical thinking, problem-solving skills [17],
and innovation [28]. Factors that facilitate the creation of new ties in class include instructor teaching style, mode of
instruction (face-to-face or virtual), student body, and course content. It is also known that physical proximity remains
a fundamental way to establish connections [42].

This brings us back to intuition. Though people can work in a variety of positions, most humans these days sit in
offices, classrooms, or other types ofworkplaces. Seating patterns can influence social interactions even outside of the
workplace. It is therefore surprising that existing literature, to the best of our knowledge, has overlooked the synergies
between social and student life while sitting for long hours in a classroom. In fact, the literature remains limited for
similar synergies outside the classroom, for example, in professional workshops, team-building events, therapeutic
sessions, and social gatherings. As a result, one could argue that our work could be utilized in social seating settings
outside of student environments and traditional classrooms.

In more technical terms, we consider two graphs. The first one represents the social network, having one node
per student and an edge per pair of students who are already socially acquainted. The second graph represents the
seating structure of a classroom, having one node per seat and one edge per pair of neighboring seats, accompanied
by a positive weight that resembles the social potential of the seat pair. We associate with these two graphs an
integer programming formulation, whose structure is novel, in order to determine the seating plan that maximizes the
weighted sum of edges in the classroom graph whose endpoints are assigned to students unknown to each other. This
is an assignment problem whose objective is determined by both seats and the students assigned to them. Different
formulations of varying strength, accompanied by heuristics, exhibit a remarkable computational performance on
instances of realistic size. Our evidence shows that a-priori knowledge of an existing SN can be exploited to create
neighborhoods of students who do not know each other yet but can effectively interact. This is supported by a case
study including three real classrooms, where students provided qualitative feedback that supports the quantitative
results. The transparent nature of the deterministic approach makes the method explainable and trustworthy which
we think is of particular importance in an educational setting.

Our work offers an optimization perspective to the literature on education that investigates the impact of seating
arrangements on students’ performance [35] or engagement [39]. In that sense, it bridges the research gap identified
by Hill and Peuker [15]. A parallel gap shows up in the optimization community, which has been studying seating
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arrangement mostly from a location perspective and without exploiting or enhancing social aspects. Indicatively,
Vangerven et al. [48] examine seating in a parliament as an assignment problem that uses a binary seat neighborhood
relation to indicate whether communication between two seats is conveniently possible; here, the sole social aspect
is whether two members of parliament belong to the same party.

Diverse subset selection is an appealing and impactful optimization problem. Specifically, the ‘maximum disper-
sion/diversity problem’ (MDP) [20, 21] aims at maximizing the sum of the Euclidean distances among the selected
seats. If distances were determined by a social network, that sum could become highly correlated with the objective
function we consider. However, MDP overlooks the conditional benefits of an assignment coming from the existing
social network. What is encouraging is that the MDP can be handled by exact optimization methods [40], hence its
broader applicability in realistic conditions appears more plausible. Our presented model can also be used to solve
‘social team formation problems’ [15, 34] in which students are assigned to teams such that the overall number of
potential new ties is maximized, i.e., the classroom graph is not taken into account. We could represent teams of
given sizes in our model by assigning a uniform pairwise tie potential to all associated seats.

Our contribution is threefold: we advance education research by integrating seating with social networking; we
introduce a relevant assignment problem for which integer programming is a valuable modeling and solution method;
and we prove its applicability via a comprehensive case study. The details of our contribution are as follows: Related
literature is exploredmore thoroughly in Section 2 to bothmotivate our study and explain its significance. We describe
our model along with the notation we used in Section 3, together with an illustrative example. The mathematical
formulation(s) are presented in Section 4, while some variations and extensions arising from educational practices
are discussed in Section 5. Section 6 describes our heuristics that complement the efficiency of the mathematical
models, as documented by the experimentation presented in Section 7. Our case study, which is included in Section
8, provides additional insight into the efficacy of our approach.

2 | RELATED WORK

Finding seating plans that conform to the -potentially strange- particularities of social events has recently gained
attention. Indicatively, Lewis and Carroll [24] and Tomić and Urošević [45] propose heuristics for finding seating
arrangements for dinners where given individuals or groups (e.g., families) should sit at the same table, with the former
also introducing a compact integer programming formulation. They do so by solving an associated graph partitioning
problem where the sum of edges within each partition is to be minimized. Although [24] caters for certain seating
requirements (i.e., groups seating on the same or on different tables), its focus is on groups rather than individuals and
on finding solutions of good quality through a meta-heuristic.

Class seating has motivated two further interesting problems. The primary goal of Berriaud et al. [4] is envy-
freeness and stability if individuals have cardinal preferences over where they would sit, i.e., people should sit such
that no pair wishes to switch their seats and no individual envies the seat of another. Social distancing in classrooms
[12] also resembles the need for certain pairs of people not to sit too close. Similarly, exam hall seating problems ad-
dress strategies to minimize cheating by maximizing the distance between students. Relevant side constraints include
ensuring that students enrolled in the same course are not seated next to each other. Metaheuristic approaches have
been suggested to solve this problem in the literature (e.g., [1, 9]).

As mentioned in the introduction, our objective is to strengthen social connections by seating individuals who are
not acquainted with each other in close proximity. As this could be interesting in non-classroom arrangements, we
should mention that seating on both professional and social occasions appears to be a non-trivial task. This explains
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why an optimization approach has been employed for social distancing in cinemas [41], airplanes [37] and buses [18].

Parliament seating is another relevant problem, as already discussed, that has been tackled � similar to our work � by

integer programming and heuristic methods [48].

Our combinatorial problem is a special case of the well-known and notoriously hard quadratic assignment problem

(QAP), which has numerous applications including facility location, material handling, and manufacturing (e.g., see [26]).

The QAP focuses on the minimization of two types of costs: an assignment cost per pair selected and a `combined'

cost occurs only when selected pairs have been assigned simultaneously. In our setting, there are no costs (negative

bene�ts) for individual assignments and we aim at maximizing overall bene�t. An early application that results in

a QAP variant that is similar to ours is o�ce-employee assignment [14], which minimizes communication e�orts

between employees assigned to di�erent o�ces. Our problem focuses on the fact (which it also exploits) that only

selected pairs of both students and seats (i.e., employees and o�ces, respectively) can contribute to enhanced social

interaction.

Teachers themselves desire to organize classroom seating for a variety of reasons, including tightening social ties

[16]. There is a breadth of papers on the multiple factors in�uencing how and whether the seating arrangement

a�ects student performance. However, to the best of our knowledge, the impact of seating arrangements in higher

education classrooms on the development of students' social networks has not been explored.

The concept of sociograms [25] has been extensively utilized in educational contexts to analyze the social rela-

tionships within a classroom via appropriate graphical representations. Visualizations map out social dynamics such

as friendships, interactions, social isolates, and group structures, allowing educators to address social and emotional

needs e�ectively. Sociograms are also used to capture changes in social relationships over time, providing a dynamic

view of the classroom's social landscape which can be used to understand complex peer relations during childhood

[2]. In our study, we complement the diagnostic nature of sociograms, o�ering a prescriptive approach to enhance

classroom social networks.

In the �eld of STEM education, the application of social network analysis has been used in understanding and

improving student interactions and social structures. Pearson et al. [32] have demonstrated how network analysis

can uncover patterns of inclusion and exclusion within student cohorts. Additionally, studies have explored various

aspects of student relationship networks (see, for example, [38, 7, 6, 11, 27]). The topic also considered important

in educational psychology [36]. Similar to our work, all these studies focus on fostering bridging and bonding social

capital among students.

In more detail, Levine et al. [23] present a two-phase study examining the e�ects of classroom seating on test

scores and participation. They report that, when students selected their seats, those in the front performed better,

but there was no e�ect on participation. When randomly assigned to seats, students in the front participated more

than those in the rear. These results suggest that the relationship between seating position and grades is mediated

by self-selection processes, while participation can be in�uenced by seat location.

As intuitively expected, students who prefer to sit near the front of the room have a higher probability of receiving

better grades [3]. Along these lines, Perkins and Wieman [33] investigated a large introductory physics course in

which students were randomly assigned to seats and observed that seat location had a noticeable impact on student

success in the course, particularly in the top and bottom parts of the grade distribution. Furthermore, Tagliacollo et

al. [43] conclude that students' motivation for learning determines their seat choice and this e�ect explains why seat

position is associated with school performance. They suggest that displacing students to a frontal seat position in the

classroom to improve learning performance does not necessarily change a student's performance if a lack of motivation

persists. Analogous observations are made in [47]. The relationship between students' classroom seating location and

their learning outcomes in �ve marketing classes (N = 232) over �ve years is reported by Pichierri and Guidoin [35].
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They examine the moderating role of shyness and nonconformity; results indicate that classroom seating does a�ect

learning performance, however shyness but not nonconformity moderates this association. Less surprisingly, Lacroix

and Lacroix [22] conclude that seat location a�ects grades in larger classrooms, but not in smaller ones, according to

their review of previous literature and analysis of student performance in six small Economics classes.

Learning is typically associated with engagement and the overall class experience, hence seating could meaning-

fully be associated not just with performance. Indeed, Sherno� et al. [39] examined the in�uence of seating location

on student engagement, attention, classroom learning experience, and course performance. Results showed lower

engagement, attention, and quality of classroom experience when sitting in the back of the classroom. Multilevel mod-

els revealed both within-student and between-student e�ects. Social interaction is no longer neglected: indicatively,

Nehyba et al. [30] investigated university students' interaction intensity in pre-service teachers' groups during re�ec-

tive practice. Results showed more intensive interaction in rows with moderation in�uenced by the �eld of study and

facilitator involvement. The study highlights the importance of seating arrangements in student interaction.

In a recent study, Bluteau et al. [5] compared the well-being and mental health of 10-12 years old students in

�xed and �exible classrooms. The research, based on a quasi-experimental, quantitative design, found that �exible

classroom seating positively impacted girls' well-being and mental health, while �xed classroom seating was most ben-

e�cial for boys. The impact of classroom seating on student engagement is examined in [13] via wearable physiological

sensors. The study, conducted at a high school, found that individual and group seating experiences are associated

with perceived engagement and physiologically-based engagement. Students who sit close together are more likely

to have similar learning engagement and high physiological synchrony. The �ndings suggest that �exible seating ar-

rangements can maximize student engagement and suggest intelligent seating choices in the future, something that

our work could easily facilitate.

Last, Van den Berg and Cillessen [46] explored the relationship between classroom seating arrangements and peer

status using the social relations model. Results show that children who sit closer to the center of the classroom are

more liked and popular. Additionally, placing liked peers closer to themselves leads to better likeability and popularity.

The �ndings suggest further research on classroom seating arrangements and peer relationships.

As this literature review shows, further research is needed to examine the potential link between seating arrange-

ments and social network development among higher education students. This could provide valuable insights into

how classroom design can promote not only academic success but also social integration and support among students.

Moreover, it could possibly be intertwined with the growing interest in optimizing over group centrality metrics [8].

3 | THE SOCIAL SEAT ASSIGNMENT PROBLEM

3.1 | De�nition

The social seat assignment problem (SSAP) can be de�ned as follows. LetN = ¹V ; Eº be an undirected graph that

represents the student social network. That is, every student is represented by a node i 2 V and an edge f i ; i 0g

is contained in E if the students i ; i 0 2 V know each other. The physical seating structure is represented by the

undirected edge-weighted neighborhood graph M = ¹W ; F º: a node j 2 W represents a seat and an edgef j ; j 0g 2 F

is associated with two seats j ; j 0 2 W that are considered to allow direct student interaction. Such seats are typically

neighboring seats - horizontal, vertical, or diagonal. For two seats that are connected through an edge f j ; j 0g 2 F,

we are given a tie potential value pj ;j 0 > • ; which indicates how likely a new connection is created given that the

students assigned to seatsj and j 0 do not know each other. A higher value would be chosen for seats that are close

to each other, whereas seats that are too far apart will not even be connected through an edge in M . We assume that
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a su�cient number of seats is always available to accommodate all students; i.e., jW j � j V j:

A valid seating assignment assigns every student to exactly one seat, such that every seat has at most one student

assigned. In such an assignment, the utilized tie potential for neighboring seatsf j ; j 0g 2 F is pj ;j 0 if two students

i ; i 0 2 V are assigned to the seats and they do not know each other (i.e.,f i ; i 0g < E). SSAP asks for a valid seating

assignment such that the overall tie potential is maximized. It di�ers from classical assignment problems in two aspects.

First, pro�t (here, the tie potential value) is achieved by assigning pairs of items (students) rather than by individual

assignments. Second, the pro�t (tie potential) depends on where the two items (students) are assigned to. Note that

the maximum number of new ties for a given social network N is given by the number of edges in its complement

graph. Let us now examine the relation of SSAP to two problems discussed in the literature.

Recall the de�nition of QAP from [14]: we are given a set of employees I and a set of o�ces J, where jI j = jJj,

together with a measure ci ;i 0 re�ecting the a�nity between two employees i ; i 0 2 I and the distance dj ;j 0 between

two o�ces j ; j 0 2 J. If f ¹i º denotes the o�ce assigned to employee i ; the objective is to minimize the sum of

ci ;i 0 � df ¹i º;f ¹i 0º : More intuitively, QAP asks to place in geographical proximity pairs of employees who feel close to

each other.

Although SSAP serves the opposite purpose, it can be transformed to a special case of QAP as follows. (i) We

introduce jW j � j V j isolated `dummy' student nodes in N in order to obtain jV j = jW j and set I = V , J = W ; (ii) we

set ci ;i 0 = � ‚ if f i ; i 0g 2 E and ci ;i 0 = • otherwise; (iii) last, we set dj ;j 0 = pj ;j 0 if f j ; j 0g 2 F and dj ;j 0 = • otherwise. One

can then verify that minimizing the sum of ci ;i 0 � df ¹i º;f ¹i 0º over all pairs i ; i 0 2 I becomes equivalent to maximizing the

sum of pj ;j 0 for all f j ; j 0g 2 F such that f ¹i º = j ; f ¹i 0º = j 0 (or vice-versa) andf i ; i 0g 2 E.

The optimal student assignment problem (OSAP) [15] is de�ned on the graph N = ¹V ; Eº used by SSAP to repre-

sent the students' social network plus a set of teams T ; each having a minimum size and a maximum size; letlt and ut

denote such size limitations per t 2 T : OSAP asks for an assignment of students, i.e., nodes inV , to the T teams in a

way that respects that allowable size per tem and minimizes the pairs of neighboring nodes placed in the same team.

OSAP is the special case of SSAP where the neighborhood graphM can be partitioned into a set T cliques, i.e.,

we have one `clique of seats' per potential student team. Clique t 2 T hasut nodes, while lt = • : If we set the same

tie-potential for all pairs of neighboring seats, i.e., pj 0;j = ‚ for all f j 0; j g 2 F, maximizing the sum of tie potentials for

SSAP becomes equivalent to minimizing the number of existing intra-team ties (as OSAP aims at). As OSAP isNP-hard

[15], so is SSAP. However, for completeness of our exposition, let us provide a formal reduction.

Lemma 1 SSAP isNP-hard.

Proof We show a reduction from the variant of the maximum clique problem (MCP) that asks whether a given undi-

rected graph has a complete subgraph (i.e., a clique) of a given size. Formally, an instance of MCP receives as input an

undirected graph G0 = ¹V 0; E0º and a positive integer k � j V 0j; asking whether G0 has a clique of k nodes.

Given an arbitrary MCP instance, we construct an instance of SSAP as follows. We set the social networkN to

be the complement graph of MCP's input graph, i.e.,N = G0. Also, we set the classroom network M as the union of

the complete graph on k nodes and jV 0j � k isolated nodes, and set a tie potential pj ;j 0 = ‚ for each edge f j ; j 0g of M .

Observe that that G0 has a clique of sizek if and only if its complement G0 has an independent set of sizek, which is

equivalent to SSAP havingk students whose seating in the clique of M yields a solution with value k � ¹k � ‚ º•ƒ.

That is, MCP has a clique of sizek if and only if k students can sit together in a `clique' classroom whereas all

remaining students are assigned to isolated seats. As MCP is NP-complete [19], so does the version of SSAP asking

whether a given instance admits a solution with a given value. The result follows.



Hill et al. 7

3.2 | An Illustrative Example

Consider a class with six students (jV j = ‡) and a classroom with ten seats (jW j = ‚• ). Figure 1 illustrates the

room layout (left) and its neighborhood network representation ( M ) including tie potential values from 1 to 3 (right),

respectively. Note that M is disconnected since across-aisle seats are not considered neighbors in this example. The

given tie potentials favor students to be horizontal neighbors (3), followed by vertical neighborhood (2), and diagonally

seated neighbors (1). We denote the corresponding sets of edges asFh, Fv , and Fd , respectively.

F I G U R E 1 An example classrooms with 10 seats (left) and its neighborhood network representation M with 17
edges (jF j = ‚ˆ ) including edge weights (pi ;i 0 2 f ‚ ; ƒ; „ g) representing tie potentials (right).

The student social network (N = ¹ f ‚ ; ƒ; „ ; …; †; ‡g; f f ‚ ; ƒg; f ‚ ; ‡g; f ƒ; „ g; f ƒ; †g; f ƒ; ‡g; f „ ; …g; f „ ; ‡g; f …; †g; f …; ‡ggº

is depicted in Figure 2 (left). The complement graph of N, i.e.,N = ¹V ; f f i ; i 0g � V : i , i 0^ f i ; i 0g < Egº, has an edge

for two students that do not know each other (see Figure 2, center). An optimal seat assignment is shown in Figure

2 (right). Students are only seated at tables in the left part of the classroom to make best use of direct (horizontal)

neighborhoods which have the highest tie potential (3). Nevertheless, each student has one vertical neighbor and at

least one diagonal neighbor. Using the tie potentials assigned to edges inM , the overall potential is …� „ ¸ ‚ � ƒ¸ ‚ � ‚ =

‚† . Note that an equally good assignment can be obtained by swapping assignments in row one and row two. The

F I G U R E 2 An example social network N (left) with 6 students ( jV j = ‡) and 9 ties (jE j = Š), the complement
network N representing possible new ties (center), and an optimal social seating assignment of the students to seats
with an overall potential of 15 (right).

maximum number of possible new ties for this optimal assignment is 6, namely f ‚ ; „ g; f ‚ ; …g; f ‚ ; †g; f ƒ; …g; f „ ; †g and

f †; ‡g which corresponds to the theoretical maximum represented by N.
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4 | MATHEMATICAL FORMULATION

Our integer programming (IP) formulations for SSAP uses two types of variables. A binary assignment variablexi ;j

indicates whether student i 2 V is assigned to seatj 2 W (xi ;j = ‚ ) or not (xi ;j = • ). Additionally, we introduce a binary

tie potential variable zj ;j 0 for every edge f j ; j 0g 2 F that becomes ‚ if seats j and j 0 are assigned to two students that

do not know each other, i.e., if there is potential for a new tie.

Let us introduce three IP models, in increasing order regarding their tightness.

¹F• º M axi mi ze
Õ

f j ;j 0g2F

pj ;j 0 � zj ;j 0 (1)

Subj ect t o
Õ

j 2W

xi ;j = ‚ [ i 2 V ; (2)

Õ

i 2V

xi ;j � ‚ [ j 2 W ; (3)

zj ;j 0 ¸ xi ;j ¸ xi 0;j 0 � ƒ; zj ;j 0 ¸ xi ;j 0 ¸ xi 0;j � ƒ [ f i ; i 0g 2 E; f j ; j 0g 2 F; (4)

ƒ � zj ;j 0 �
Õ

i 2V

�
xi ;j ¸ xi ;j 0

�
[ f j ; j 0g 2 F; (5)

xi ;j 2 f • ; ‚ g [ i 2 V ; j 2 W ; (6)

zj ;j 0 2 f • ; ‚ g [ f j ; j 0g 2 F : (7)

The objective function (1) maximizes the total weight of potential new ties, which is measured by summing over the

tie potential variables, multiplied by the pre-speci�ed tie potential values. The assignment constraints (2) assure that

every student is assigned to precisely one seat. Inequalities (3) forbid assigning more than one student to each seat.

Binary variablesxi ;j and zj ;j 0 are linked through constraints (4). For two neighboring seats j ; j 0 2 W and two students

i ; i 0 2 V who know each other, variable zj ;j 0 is forced to zero if students i and i 0 are both assigned to seatsj and j 0 in

one of the two possible ways. This only covers the case that exactly two connected students are assigned to a pair

of neighboring seats. To prevent tie potentials in the case of one or two empty seats, we add inequalities (5). They

ensure that the tie variable for two neighboring seats is bounded from above by 0.5 if one seats remains empty and

forces it to zero in the case of both seats being empty. The variables are de�ned in (6) and (7). The overall number of

potential new connections can be calculated as
Í

f j ;j 0g2F zj ;j 0.
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A stronger version of Inequalities (4) leads to our second formulation.

¹F‚ º M axi mi ze
Õ

f j ;j 0g2F

pj ;j 0 � zj ;j 0

S:t : : (2); (3); (5); (6); (7)

zj ;j 0 ¸ xi ;j ¸ xi 0;j 0 ¸ xi ;j 0 ¸ xi 0;j � ƒ [ f i ; i 0g 2 E; f j ; j 0g 2 F : (8)

Formulation F‚ can be strengthened further by a dis-aggregated version of Inequalities (5), which also address

the case of no student assigned, but for one seat at a time:

¹Fƒº M axi mi ze
Õ

f j ;j 0g2F

pj ;j 0 � zj ;j 0

S:t : : (2); (3); (6); (7); (8)

zj ;j 0 �
Õ

i 2V

xi ;j [ f j ; j 0g 2 F : (9)

To obtain our last formulation, we propose an alternative version for Ineq. (5), derived after observing that the

sum of all tie potential variables incident with one seat has to be zero if no student has been assigned to the seat:

¹F„ º M axi mi ze
Õ

f j ;j 0g2F

pj ;j 0 � zj ;j 0

S:t : : (2); (3); (8); (6); (7)

Õ

f j ;j 0g2F

zj ;j 0 � j f f j ; j 0g 2 F g j �
Õ

i 2V

xi ;j [ j 2 W : (10)

To formally establish a relation among the above formulations, let, for i 2 f • ; ‚ ; ƒ; „ g, P¹Fi º denote the polytope

de�ned as the convex hull of integer vectors satisfying formulation Fi :

Lemma 2 P¹Fƒº � P¹F‚ º � P¹F• º andP¹Fƒº � P¹F„ º:

Proof It becomes easy to see that each inequality (5) is the sum of two inequalities (9), since graphM is undirected.

Hence any vector violating (5) must also violate one of the associated (9) and this shows thatP¹Fƒº � P¹F‚ º.

Now observe that (8) dominates any of the inequalities (4) in the sense that it has more variables in its left-hand

side (it is a `lifted' version of (4)). Therefore, any vector violating any of (4) must also violate (8) and this explains why

P¹F‚ º � P¹F• º:
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Last, (10) for a givenj 2 W is the sum of (9) for all j 0 2 W such that j ; j 0 2 F : Hence, P¹Fƒº � P¹F„ º: �

Simple arguments can show that all inequalities in Formulation ¹Fƒº are maximally valid except for inequalities (8),

i.e., no such inequality can either get a larger coe�cient or an additional variable in its left-hand side (written as ` � '),

without increasing its right-hand side.

Inequalities (8) are in fact special cases of what could be called clique inequalities for SSAP:

zj ;j 0 ¸
Õ

i 2C

xi ;j ¸
Õ

i 2C

xi ;j 0 � ƒ [ C 2 C¹N º; f j ; j 0g 2 F; (11)

where C¹N º � ƒV is the set of all maximal cliques inN. Note that it reduces to inequality (8) when we limit ourselves

to cliques of cardinality 2. However, not all clique inequalities can be added without increasing unreasonably (or even

exponentially) the size of the formulation. Even �nding a clique whose corresponding inequality (11) is maximally

violated by a given vector is NP-hard. E�cient separation is plausible through enumeration only for small instances

and cliques of small cardinality.

Although there is symmetry in the problem, it becomes tough to incorporate as it requires detecting the auto-

morphism groups of the underlying graphs. For example, two equally-sized front rows without any back rows are

interchangeable. More formally, let M ‚ ; : : : ;Mk � M be a collection of maximal connected components of M that are

pairwise isomorphic; i.e. it is su�cient that Mk0 ' Mk 0̧ ‚ [ k0 2 f ‚ ; : : : ;k � ‚ g.

Õ

i 2V

Õ

j 2W ¹Mk0º

xi ;j �
Õ

i 2V

Õ

j 2W ¹Mk0̧ ‚ º

xi ;j [ k0 2 f ‚ ; : : : ;k � ‚ g (12)

Similarly, we have symmetry breaking constraints regarding tie potentials (e.g., as in [29]):

Õ

e2F ¹Mk0º

ze �
Õ

e2F ¹Mk0̧ ‚ º

ze [ k0 2 f ‚ ; : : : ;k � ‚ g: (13)

For two maximally connected components of M , we can perform an isomorphism test considering edges weights

as explained by Cordella et al. [10]. However, our experiments showed that the presented algorithms are not able to

take notable advantage of these inequalities, possibly due to the powerful solver-internal symmetry-breaking tech-

niques. Nevertheless, we mention them because they could be useful for related models and methods in future

research.

5 | PRACTICAL MODEL EXTENSIONS

When implementing our model in a real-world classroom, it is very important to incorporate students and instructor

preferences and needs. Additional side requirements can arise from the spatial table arrangement, course content,

teaching style, and student special needs. They can notably complicate the problem introduced above. In the following,

we provide model-based techniques that allow us to respect practical constraints and preferences in order to ensure

a positive classroom experience.
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5.1 | Seat, Zone and Neighbor Pre-Assignment

If a student i 2 V is required to sit on a seat, sayj 2 W , then we can enforce this assignment by adding the variable

�xing constraint xi ;j = ‚ . In the opposite case that student i must not sit on seat j , we add xi ;j = • instead. Similarly,

a seat j 2 W can be forced to be used (stay empty) by adding the constraint
Í

i 2V xi ;j = ‚ (
Í

i 2V xi ;j = • ).

More generally, a student might need to sit in the front due to vision or hearing problems. Moreover, students

might be restricted to certain seats due to physical accessibility limitations. Let Z � W be a zone represented by an

arbitrary subset of seats that student i has to be assigned to. Then adding the constraint
Í

j 2Z xi ;j = ‚ ensures that

no seat outside of Z is selected for student i . Note that if jZ j = ‚ , then this model extension corresponds to �xing a

seat for the student, as described above.

A student may require support from a classmate who sits nearby. Enforcing two students i ; i 0 2 V to sit in the

same neighborhood can be achieved by adding the following constraints to the formulation:

xi ;j �
Õ

j 02N »j ¼

xi 0;j 0 [ j 2 W

Here, N »j ¼denotes the set of neighbors of j in M and can be substituted by an arbitrary set of suitable instructor-

de�ned seats.

5.2 | Student Density

Similar to the seating preferences described above, instructors might want to ensure a certain minimum number of

students assigned to a classroom area. Letu � ‚ be the desired number of occupied seats for a speci�c subset of

seatsW 0 � W . Then we can ensure this minimum occupation in a seating assignment via

Õ

i 2V

Õ

j 2W 0
xi ;j � u:

Note that these inequalities can be used to model lower bounds on the number of students in teams in the OSAP

[15]. Finally, we can also limit the student density for subsets of seats from above through similar constraints.

5.3 | Neighbor Aversion

When incompatibility between two students is known, then we want our model to avoid seating them together. Let

i ; i 0 2 V be the two students that need to sit apart. Then our formulations can be extended by the following constraint

to account for this requirement.

xi ;j ¸ xi 0;j ¸
Õ

j 02N »j ¼

xi ;j 0 ¸
Õ

j 02N »j ¼

xi 0;j 0 � ‚ [ j 2 W

5.4 | Student Isolation

A student might prefer to not having neighbors in order to minimize potential distraction or due to mental health

reasons (e.g., ADHD). Our model can account for such a requirement for studenti by adding the following constraints
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to any of the formulations.

Õ

i 02V

xi 0;j 0 � j V j � ¹‚ � xi ;j º [ j 2 W ; j 0 2 N »j ¼

Here, the neighboring seats of j are denoted by N »j ¼. Note that the addition of such a constraint tends to increase the

number of seats that must be empty which can cause infeasibility to the model. However, we can guarantee feasibility

if the following condition holds for a speci�c number of isolated students h: jW j � ¹ j V j � hº ¸ h � ¹‚ ¸ dM º = jV j ¸ h �dM ,

where dM is the maximum node degree inM .

5.5 | Neighborhood Ties Enforcement

Students might appreciate both having some neighbors that they already know and being exposed to peers that they

do not know. Although this feature might come at the cost of losing some potential for new ties, it can address a

student need, as revealed by our case study (Section 8, critical comment #7). To ensure that each student has at least

k familiar neighbors, we can add the following constraints.

Õ

f j ;j 0g2F

¹‚ � zj ;j 0º � k �
Õ

i 2V

xi ;j [ j 2 W

These additional requirements can also be adjusted to student-dependent needs; e.g., usek = ‚ for student i 2 V

and k = ƒ for student i 0 2 V . To achieve this, we simply exchange the right-hand side summation by corresponding

student assignment variable xi ;j . Note that corresponding requirements may turn out to be infeasible; e.g., when k

exceeds the number of ties of student i . In a similar manner, we can also enforce a minimum number of unacquainted

neighbors by omitting the constant on the left-hand side.

5.6 | Spatial Preferences

Our model does not account for inconveniences that could come with certain seats. An optimal solution might place

students in the back of the classroom although an equally good con�guration exists that places them in the front.

Preferred seats can be de�ned based on several aspects, including room lighting, board view, room acoustics and

furniture. Let us assume that seats W 0 � W are preferred seats. To model favor for seats in W 0, we substitute

objective (1) by the following alternative objective.

Õ

f j ;j 0g2F

pj ;j 0 � zj ;j 0 ¸
�

jW 0j ¸ ‚
�
Õ

i 2V

Õ

j 2W 0
xi ;j

The parameter � � ‚ is used to specify the importance of preferred seats. When using � = ‚ then the preferences

will not override the objective criterion of overall new tie potential, but they will be considered when multiple optimal

solutions exist. An optimal assignment that uses the maximum number of seats inW 0 will be returned. The e�ect is

illustrated for the example class with W 0 = f ‚ ; ƒ; „ ; …; †g and � = ‡ in Figure 3 (left). Since� > ‚ , the overall potential

reduces from 15 to 12.
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5.7 | Avoiding Con�icts

Our formulations aim at maximizing the opportunities for students to get to know their classmates. A related but

generally weaker approach is to minimize the number of already connected students that sit together. This could

be useful when, for example, seeking a seating plan for exams. Students who are familiar with each other are more

likely to recognize those who are knowledgeable. The level of familiarity among students may make them tempted

to �cheat� by viewing the answers of knowledgeable people during in-person exams. This strategy tends to create

gaps between students and can be useful when the student social network is dense. Letqj ;j 0 be a penalty value for

students that know each other and sit on seats j ; j 0 2 W . Then formulation ¹F0º can be used to model this situation.

¹F0º M i ni mi ze
Õ

f j ;j 0g2F

qj ;j 0 � zj ;j 0 (14)

Subj ect t o (2); (3); (6); (7)

zj ;j 0 � xi ;j ¸ xi 0;j 0 ¸ xi ;j 0 ¸ xi 0;j � ‚ [ f i ; i 0g 2 E; f j ; j 0g 2 F : (15)

Inequality (15) will force the reinterpreted con�ict variables zj ;j 0 to take the value of 1 if connected students i and

i 0 are both assigned to seatsj and j 0 in any of the two possible ways. Note that the value of the right-hand side

is at most 1. Figure 3 (right) shows an optimal assignment with an overall penalty of zero for the example class

(qj ;j 0 = pj ;j 0[ f j ; j 0g 2 F). The overall potential is 5 which is lower than the previously obtained value of 15.

F I G U R E 3 Optimal seat assignments with preferred seating on seats 1-5 (left) and when avoiding con�icts (right).

6 | HEURISTIC ASSIGNMENT STRATEGIES

In addition to the exact methods presented in Section 4, we developed heuristics to �nd optimized seating arrange-

ments quickly. Although problem speci�c heuristics have been developed for a wide range of assignment problems

(e.g., [48]), the particular structure of SSAP requires special attention. Hence, we propose approaches that integrate

information from both network layers, the social network and the classroom neighborhood network.

Our heuristic methods assign individuals to seats in an iterative fashion. They di�er in the sequence in which the

students are assigned using various dynamic priority rules. Finally, we apply an e�cient local search that explores

two polynomial neighborhoods to further optimize the assignment. For a (partial) assignment of students V 0 � V to
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seatsW 0 � W , let W ¹i º 2 W 0 denote the seat that student i 2 V 0 is assigned to, andV ¹j º 2 V 0 the student on seat

j 2 W 0. During the assignment process, we calculate a tie potential score� ¹i ; j º for an unseated student i < V 0 and

an empty seat j < W 0 as

� ¹i ; j º =
Õ

f j ;j 0g2F:j 02W 0̂ f i ;V ¹j 0ºg<E

pj ;j 0: (16)

The � -score takes into account potentials of neighboring seats that are occupied by unrelated students. There may be

multiple assignment options with identical score. Therefore, we break ties by calculating the priority � i ;j of assignment

¹i ; j º 2 ÛA = V nV 0 � W nW 0 via one of the following rules.

(A) Lexicographical �rst student: � i ;j = � i

(B) High-degree seat: � i ;j = dM ¹j º

(D) Low-degree student on high-degree seat: � i ;j = dM ¹j º•dN ¹i º

(E) High-centrality seat: � i ;j = cM ¹j º

(F) High-degree student: � i ;j = dN ¹i º

(G) Low-degree seat: � i ;j = � dM ¹j º

(I) High-centrality seat and student: � i ;j = cM ¹j º ¸ cN ¹i º

Note that rules B-I are all based on network centrality, measured either by node degree centrality (d) or node

closeness centrality (c) in the corresponding network. We recall that the latter, node closeness centrality ( c), is cal-

culated as the reciprocal of the average distance to all other nodes in the network, measured by the shortest path

lengths. We also experimented with using closeness centrality instead of degree centrality in (F) but did not observe

improved results although computation times were longer. We also experimented with inverse versions of these rules

which led to inferior results.

An assignment in ÛA with the highest priority is implemented in each iteration. Note that all rules are based on the

structure of the dynamic social and classroom networks. Algorithm 1 formally describes the constructive technique.

Algorithm 1 Heuristic Seating Assignment.

Input: Social network N, classroom network M , priority strategy X 2 f A-Ig

Output: Seating assignment

1: V 0  ? , W 0  ? , A�  ?

2: while jV 0j < jV j do . Iteratively assign students to seats

3: A  ¹ V nV 0º � ¹ W nW 0º

4: for all ¹i ; j º 2 A do . Update scores for potential assignments

5: � ¹i ; j º  
Í

f j ;j 0g2F pj ;j 0

6: ÛA  f ¹ i ; j º 2 A : � i ;j = max¹i 0;j 0º 2A � i 0;j 0g . Select max-score assignments

7: ¹i � ; j � º  argmax¹i ;j º 2 ÛA � i ;j . Select next testing opportunity

8: A�  A� [ f ¹ i � ; j � º g . Add assignment

9: V 0  V 0 [ f i � g . Update set of assigned students

10: W 0  W 0 [ f j � g . Update set of occupied seats

11: return A� . Return seating assignment
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To potentially improve the obtained assignments, we developed an iterated local search procedure that is applied

to the constructed assignments. We explore two types of neighborhoods. First, we consider single-reassignment

(MOVE) in a best-�rst fashion. That is, for each student i and each open seatj , we evaluate the bene�t of reassigning

i to j . To quantify the latter, we calculate the objective function value of the modi�ed seating assignment (after

assigning student j to available seat j ) and subtract the initial objective function value ( j remains assigned to its

original seat). If the resulting value is greater than zero then we identi�ed a potential improvement and we discard

the (non-bene�cial) student relocation otherwise. Among all potential improvements, we choose the move with the

highest bene�t and repeat this MOVE search until no improvement can be identi�ed. Afterwards, we analogously

search for a best way to swap two seated individuals (SWAP). We consider each pair of two studentsi and i 0 that are

assigned to seats, sayj and j 0, respectively. A potential improvement is the reassignment of student i to seat j 0 and

student i 0 to seat j such that the overall objective function value increases. Through experiments, we found out that

the best result can be obtained when applying MOVE �rst, followed by SWAP. In the case where an improvement

was found, we repeat these two search steps.

7 | COMPUTATIONAL ANALYSIS

In the following, we provide an empirical evaluation of our model and the developed methods. We implemented

all procedures using Python (v3.12) on a win-x64 machine with an Intel i7-1365U processor (10 cores) and 32 GB

of RAM. Linear programs and integer linear programs were solved using Gurobi1 (Version 11.0.1) using the Python

interface gurobipy2.

7.1 | Test Instances

We evaluate our exact and heuristic methods on a set of realistic test instances. Therefore, we generate social net-

works of various sizes by randomly extracting subnetworks from the real social network of the Industrial Engineering

program at Cal Poly. This data was collected using an online survey system that students could access via computer

and mobile phone [31]. Students were presented with the names of peers from each year in the program where

they were asked to indicate �who they know�. We did incentivize participation in the social network surveys through

co�ee shop gift card ra�es that took place in class after the assigned survey class time. From our experience, the

engagement of the instructors themselves in person are extremely important for high response rates [15]. In addition,

instructors sent email reminders to students who did not participate. Finally, we symmetrized the network assuming

that one indication for a tie is su�cient. The class social networks used in our case study (Section 8) are subnetworks

of this network. The overall network with 272 student nodes and 3315 ties is depicted in Figure 4. We select student

sets of six cardinalities (10,25,50,100,150,200) using two di�erent random seeds. Moreover, we consider two density

scenarios: The original set of induced connections between selected individuals and an augmented network in which

we randomly insert four times the number of ties of the sparse case. The detailed social network data can be found

in Table 1.

We use two types of classroom layouts: Rectangular and circular. Rectangular classrooms are parameterized by

the row block sizes R = »R‚ ; : : :¼and the column block sizesC = »C‚ ; : : :¼. Circular layouts use parameters for the

number of rows (R), the number of circular fragments (F), and the number of seats on the innermost ring (I ). Circular

1www.gurobi.com
2pypi.org/project/gurobipy
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F I G U R E 4 The social network of the 272 students in the Industrial Engineering Program connected by 3315 ties.



Hill et al. 17

TA B L E 1 The 24 realistic social networks with random seed s, density scenariod (S=sparse, D=dense), number
of student nodes jV j, and number of ties jE j.

# s d jV j jE j # s d jV j jE j # s d jV j jE j

1 1 S 10 6 9 5 S 50 100 17 9 S 150 945

2 1 D 10 36 10 5 D 50 600 18 9 D 150 5670

3 2 S 10 4 11 6 S 50 142 19 10 S 150 998

4 2 D 10 24 12 6 D 50 852 20 10 D 150 5988

5 3 S 25 24 13 7 S 100 446 21 11 S 200 1728

6 3 D 25 144 14 7 D 100 2676 22 11 D 200 10368

7 4 S 25 39 15 8 S 100 433 23 12 S 200 1846

8 4 D 25 234 16 8 D 100 2598 24 12 D 200 11076

rows past the innermost ring get one additional seat per new row. For example, if the �rst row has 2 seats, then the

second row has 3 seats, the third row has 4 seats and so on. The schemes are illustrated in Figure 5 for a rectangular

»R; C ¼= »»‚ ; „ ¼; »ƒ; …; ƒ¼¼con�guration and a circular »R; F; I ¼= »„ ; „ ; ƒ¼con�guration. Tie potentials are as follows:

3 (horizontal), 2 (vertical), 1 (diagonal). Note that circular classrooms do not have edges of weight 2.

F I G U R E 5 Illustration of the rectangular (left) and the circular classroom (right) scheme with their parameters
using classrooms with 32 seats and 27 seats, respectively.

The detailed classroom networks are described in Table 2. Here,Fh, Fv and Fd denote the sets of horizontal,

vertical and diagonal neighbor edges, respectively (as explained in Section 3.2).
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TA B L E 2 The 20 rectangular and 24 circular classroom networks with scheme (row block sizesR and column block sizesC; ) number of seats and neighbors.

Rectangular Layout Circular Layout

# R C jW j jF j jFh j jFv j jFd j # R F I jW j jF j jFh j jFd j

1 2,2 2,2 16 24 8 8 8 21 1 5 3 18 37 15 22

2 2,2,2 2,2,2 36 54 18 18 18 22 1 15 3 48 107 45 62

3 2,2,2,2 2,2,2,2 64 96 32 32 32 23 1 30 3 93 212 90 122

4 2,2,2,2,2 2,2,2,2,2 100 150 50 50 50 24 2 2 3 18 32 12 20

5 2,2,2,2,2,2 2,2,2,2,2,2 144 216 72 72 72 25 33 3 3 36 69 27 42

6 2,2 5 20 42 16 10 16 26 4 1 3 24 36 12 24

7 3,3 5 30 76 24 20 32 27 4 5 3 72 148 60 88

8 4,4 4,4 64 168 48 48 72 28 4 10 3 132 288 120 168

9 2,4,2 2,4,2 64 130 40 40 50 29 1 5 5 35 82 30 52

10 3,6,3 3,6,3 144 378 108 108 162 30 1 15 5 85 212 80 132

11 4,7,4 4,7,4 225 648 180 180 288 31 1 30 5 160 407 155 252

12 5,5,5,5 5,5 200 576 160 160 256 32 2 2 5 40 86 30 56

13 8 8 64 210 56 56 98 33 3 3 5 75 168 60 108

14 10 10 100 342 90 90 162 34 4 1 5 60 120 40 80

15 12 12 144 506 132 132 242 35 4 5 5 140 328 120 208

16 14 14 196 702 182 182 338 36 4 10 5 240 588 220 368

17 6 2,2,2 36 78 18 30 30 37 1 5 7 56 139 49 90

18 10 2,2,2,2,2 100 230 50 90 90 38 1 15 7 126 329 119 210

19 14 2,2,2,2,2,2,2 196 462 98 182 182 39 1 30 7 231 614 224 390

20 18 2,2,2,2,2,2,2,2,2 324 774 162 306 306 40 2 2 7 70 164 56 108

41 3 3 7 126 303 105 198

42 4 1 7 112 252 84 168

43 4 5 7 224 556 196 360

44 4 10 7 364 936 336 600
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For our experiments, we pair each of the 24 random social networks with each of the 44 classrooms if the follow-

ing two properties are satis�ed: The number of students must not exceed the number of seats ( jV j � j W j) and the

student to seat ratio is at least 1/3 ( jV j•jW j � ‚ • „ ). This results in 320 test instances3.

7.2 | Formulation Strengths

We conduct a computational evaluation of formulations ¹F• º � ¹ F„ º. To this end, we compare the strengths of the

LP relaxations of all formulations. The aggregated results for all 320 test instances are given in Table 3. We consider

average solution time in seconds (t ), maximal solution time (tmax), average optimality gap (� ), and maximal optimality

gap (� max). Note that we were able to solve all root node LPs with any formulation. The optimality gap is calculated as

‚•• � ¹ub� l bº•l b where ub is the objective value of the LP solution and l b is the objective value of the best assignment

that we found; that is, the best lower bound found by our exact method (see Section 7.4). We also report average

gaps for circular and rectangular classroom layouts (� 
 and � � ), showing a very similar trend. Sparse social networks

seem to lead to easier problems than dense social networks (� S and � D ). Note that we could not observe any impact

of Inequalities 11 for our instances when solving the root node LP, and we therefore decided to omit their separation.

We observe that formulation ¹Fƒº clearly outperforms the other formulations. This signi�cant empirical bene�t

supports our theoretical relationships shown in Section 4. The average gap (6.1%) is signi�cantly lower than for the

other formulations. However, the LP relaxation of formulation ¹F‚ º can be solved slightly faster than the one for

formulation ¹Fƒº. On average, solving an LP instance takes 4.7 seconds, compared to 5.1, 6.3, and 7.0 respectively.

These observations hold for both classes of neighborhood networks, circular and rectangular. Moreover, the social

network density does not seem to impact these relationships between the formulations. Nevertheless, it can be seen

that dense social networks lead to an average optimality gap that is almost four times the one for sparse instances.

TA B L E 3 Comparison of LP relaxation strengths and solution times (in seconds) for all formulations (¹F• º � ¹ F„ º)
using the 320 sparse/dense and rectangular/circular test instances.

Formulation t tmax � S � D � 
 � � � � max

¹F• º 7.0 89.1 14.4 22.7 20.6 16.3 18.6 169.6

¹F‚ º 4.7 75.4 14.4 22.7 20.6 16.3 18.6 169.6

¹Fƒº 5.1 70.9 2.5 9.6 5.3 6.9 6.1 108.7

¹F„ º 6.3 170.7 35.0 45.1 43.4 36.4 40.1 227.7

7.3 | Heuristic Performance

We evaluate the di�erent heuristic strategies based on their performance in all test instances. To better understand

the quality of the best solutions found, we illustrate the achieved average optimality gaps in Figure 6 (left). Clearly,

the inclusion of local search procedures improves the results. It can be seen that the various strategies collectively

help to obtain an average optimality gap of 4.2% versus 5.4% without local search. We note that the maximal gap

3Social network and classroom network data available at https://github.com/ale-hill/SSAP.
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is still 85.1% and that for 36 instances (11.3%) the gap is over 10.0%. Overall, both local search techniques (MOVE

and SWAP) were e�ective. Improvements were mostly found during the �rst two iterations of the two local searches.

Figure 6 (right) shows the relative number of best assignments found by a strategy and the optimal solutions found

F I G U R E 6 The achieved optimiality gaps by the heuristic construction strategies and after the local search
procedures (left); the relative number of best and optimal solutions found including local search (right).

(including local search). We see that strategies F and I �nd more best solutions than the other strategies (58.8% and

55.6%). We could not detect any dominance, that is, none of the strategies consistently produced equally good or

better solutions than any other single strategy. Finally, we suggest running all strategies to obtain optimal solutions

in 34.1% of the instances.

7.4 | Overall Results

In the following, we report results on the e�cacy of our exact solution method. We ran a branch-and-cut method

based on formulation ¹Fƒº with a time limit of 3600s. Gurobi cuts and heuristics were enabled. The aggregated results

for various instance categories are shown in Table 4. We di�erentiate between instances with sparse and dense

social networks, and classrooms with circular (CIRCULAR) and rectangular (RECTANGULAR) layout. The number of

instances is given in column #, followed by the number of instances that we could solve to optimality (#opt). The

overall average optimality gap and the average optimality gap for unsolved instances are given in columns� and � 0.

Finally, we report the maximal optimality gap � max and the average runtime in seconds (t ). For the detailed instance

results we refer to Appendix B (Tables 12 and 13).

We were able to solve 206 (64%) of the 320 instances to optimality. The average optimality gap over all instances

was 2.99% and 8.40% for unsolved ones. The maximum gaps of 85.04% and 63.88% were outliers. The average

solution time for solved instances was 416.6 seconds. In experiments with larger time limits (10800 seconds) for

some of the open instances, we observed that we were not able to close optimality gaps. We already saw notable

tailing o� with respect to the number of optimally solved instances when approaching the 3600 second time limit.

Only 17 gaps could be closed within 600 and 3600 seconds. For 74 of the open instances, we could not prove

optimality within 3600 seconds. Moreover, the solver ran out of memory during the branch-and-bound procedure

for 48 of the instances with 100 or more students.

Our methods were able to solve all 20 small-classroom problems (jW j < †•) to optimality within an average
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TA B L E 4 Aggregated results for instances with sparse and dense social networks, circular and rectangular
classroom layouts.

M N # #opt � � 0 � max t

CIRCULAR SPARSE 84 77 0.07 0.80 1.26 267.3

CIRCULAR DENSE 84 30 6.22 9.67 85.04 2008.2

RECTANGULAR SPARSE 76 71 0.04 0.60 0.78 373.5

RECTANGULAR DENSE 76 28 5.62 8.90 62.88 1986.9

* SPARSE 160 148 0.05 0.72 1.26 317.7

* DENSE 160 58 5.93 9.31 85.04 1998.1

CIRCULAR * 168 107 3.14 8.65 85.04 1137.7

RECTANGULAR * 152 99 2.83 8.12 62.88 1180.2

* * 320 206 2.99 8.40 85.04 1157.9

of 15 seconds. We could solve 55 of 72 (76.4%) medium-sized classroom instances (†• � j W j � ‚†• ), leaving an

average optimality gap of 16.5% for unsolved problems. 131 of 228 (57.5%) large-classroom instances (jW j > ‚†• )

were solved, and optimized to an average optimality gap of 7.0%, otherwise. Finally, we consider spatial ratio as a

more important factor for instance hardness compared to classroom size, at least for our test scenarios. There was no

signi�cant di�erence in resolution performance between circular and rectangular instances. The density of the SN did

have an impact on the instance hardness. Most sparse problems could be solved (92.5%) but the majority of dense

problems remain unsolved (63.8%). This is also re�ected in the average gaps for unsolved instances where the dense

case (9.31%) is about 13 times higher than the sparse case (0.72%).

The SN density does not only have an impact on the hardness of the instances. Obviously, it can also a�ect the

optimal overall tie potential for a given classroom. To better understand this in�uence, we also solved all instances to

optimality using empty social networks. It turned out that the potential decreased by 5.2% for the 160 dense social

network instances whereas the 160 realistic sparse networks did not hinder achieving full potential. Overall, adding

ties caused a potential reduction of 2.6%.

Another metric that is directly related to the solvability of an instance is the spatial ratio � ; that is, the number of

students per seat, i.e.,� = jN j•j M j. We observe that our formulations su�er from an increased seat availability. The

optimality gap tends to increase for both root node relaxation and the �nal result as � decreases. We could solve 12

out of 16 instances (75.0%) with � = ‚ without branching whereas from 228 instances with � < • :ˆ† , this occurred

only 25 times (11.0%). A similar e�ect could be observed when considering the �nal optimality gaps.

8 | CASE STUDY

We conducted a multi-week case study in which we assigned seats optimally. Our goal for this real-world experiment is

to demonstrate the practicability and e�ectiveness of our approach. In the following, we describe the experimentation

process and setup, followed by a comprehensive quantitative, qualitative and visual analysis of both input data and
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results.

8.1 | Experiment Process and Setup

We designed a process that can be applied to periods of various lengths during an academic term (e.g., a semester or

trimester), as illustrated in Figure 7. Prior to the actual seating experiment phase, instructors need to identify both, the

initial student social network ( N) and the classroom network (M ). These diagnostic tasks can be performed in parallel.

We suggest reserving at least one week for the social network survey. Details for how to conduct the latter can, for

example, be found in [15]. In the prescriptive phase, an optimal seating assignment is computed using the integer

program suggested in Section 4. The �rst session in which students sit in their assigned seats, instructors should

identify special needs and integrate them into the optimization model using the techniques described in Section 5.

An updated seating plan is then used in subsequent class meetings during the teaching period. After the experiment,

the class social network is surveyed again, followed by an analysis. At the same time, the instructor's feedback and

the students' comments should be collected to detect potential improvements.

F I G U R E 7 The overall process for the in-class seating assignment experiment.

We selected three core courses in the undergraduate industrial engineering program in which we assigned seats.

All courses were taught by di�erent instructors in face-to-face mode. We only assigned seats in lecture meetings and

excluded lab sessions. The experiment period was from week 4 to week 8 (5 out of the overall 10 weeks). For each

class, there were two 80-minute lecture meetings per week, resulting in a total of 800 minutes that the students sat

in the optimized arrangement. These three classes have to be taken in sequence through prerequisite requirements

(A�! B�! C). However, we experimented in parallel since they were all o�ered in the winter quarter of 2023. Here-

with, we minimize interference between the experiment social networks. There was no student overlap between the

experiment classes.

We extracted the in-class student social networks from the program SN survey data, as explained in Section 7.1.

In our approach, we prioritize seating two students together when we are certain that they have not yet formed a

connection, rather than relying on the uncertain potential of a new tie. Additionally, we have chosen to include ties

that were surveyed at the start of the term in the �nal social network, as we do not anticipate a signi�cant forgetting

e�ect over the span of one quarter.

We posted the seating plan at each door of the experiment rooms. Student �rst names and last name initials were

printed directly on the assigned table segment. An example (Class B, RoomR‚ ) is shown in Appendix A (Figure 14).

Table 5 shows the classes (A-C) that we included in our case study, including the student population, survey

response rate and room details. On average, social network survey response rates at the beginning of the term (RR• )
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were Šˆ:„ %, andŠƒ:Š% at the end of the term (RR‚ ). The social networks were rather sparse with an average density

of 0.24. Classes took place in two di�erent rooms ( R‚ ,Rƒ). The number of seats is given in columnjW j. The classroom

neighborhood structure is given in columns jFH j, jFV j and jFD j by the overall number of horizontal, vertical and

diagonal neighborships, respectively.

TA B L E 5 The courses, social network (SN) survey, and classroom data for experiment classes (A-C).

Course SN Survey Classroom Method

# Code Name jV j RR• RR‚ # jW j jFH j jFV j jFD j

A IME 301 Operations Research I 27 96.2 92.3 R‚ 32 20 24 30 OPT

B IME 305 Operations Research II 24 95.8 95.8 R‚ 32 20 24 30 OPT

C IME 420 Simulation 21 100.0 90.5 Rƒ 30 20 15 20 OPT

All 72 97.3 92.9

We used the same potential function as in the example in Section 3: Direct neighbors (left/right) have potential

3; vertical neighbors (front/back) 2; diagonal neighbors 1. In Figure 8, we use solid, dashed and dotted edges to

indicate this in the classroom networks. The networks consist of 3 and 5 connected components, respectively, which

resembles their physical layout (Figure 9). Note that formulations ¹F• º � ¹ F„ º can be implemented in a spreadsheet

for e�ective use by instructors in a template fashion. The model can be connected to selected external solvers via

OpenSolver4.

F I G U R E 8 The neighborhood networks M ‚ and Mƒ for classrooms R‚ and Rƒ (Figure 9) where we experimented
with optimum seating arrangements for three courses.

4opensolver.org
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8.2 | Results

In this section, we present the results obtained at the di�erent stages of the experiment process (Section 8.1). The

surveyed social networks and the classroom neighborhood networks are presented �rst. We then present the opti-

mized seating assignments and describe the special accommodations that were made. Finally, we present the �nal

class social networks.

The physical layout of the classrooms is illustrated in Figure 9 and the corresponding neighbor networks are

shown in Figure 8. Figure 10 shows the class social networks for the experiment classes as captured in the initial

F I G U R E 9 The two classrooms,R‚ (left) and Rƒ (right), where we experimented with optimum seating
arrangements for three courses.

surveys. There were isolated students in class A (8), class B (3), and class C (1) This is common and can, for example,

be due to students having transferred into the program, international exchange students, or students taking the class

as an elective in a di�erent program. The class social networks surveyed at the end of the term are illustrated in Figure

F I G U R E 1 0 The social networks NA (left), NB (center) andNC (right) for the experiment classes A, B and C at
the beginning of the academic term.

11. Note that they include all ties from the initial networks.
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