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Abstract

In this paper, we study a class of deterministically constrained stochastic optimization problems.
Existing methods typically aim to find an e-stochastic stationary point, where the expected viola-
tions of both constraints and first-order stationarity are within a prescribed accuracy €. However,
in many practical applications, it is crucial that the constraints be nearly satisfied with certainty,
making such an e-stochastic stationary point potentially undesirable due to the risk of significant
constraint violations. To address this issue, we propose single-loop variance-reduced stochastic
first-order methods, where the stochastic gradient of the stochastic component is computed us-
ing either a truncated recursive momentum scheme or a truncated Polyak momentum scheme for
variance reduction, while the gradient of the deterministic component is computed exactly. Under
the error bound condition with a parameter 6§ > 1 and other suitable assumptions, we establish
that the proposed methods achieve a sample complexity and first-order operation complexity of
(5(6_ max{4,20} )El for finding a stronger e-stochastic stationary point, where the constraint violation
is within e with certainty, and the expected violation of first-order stationarity is within e. To the
best of our knowledge, this is the first work to develop methods with provable complexity guaran-
tees for finding an approximate stochastic stationary point of such problems that nearly satisfies
all constraints with certainty.

Keywords: stochastic optimization, Polyak momentum, recursive momentum, variance reduction,
quadratic penalty, sample complexity
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1 Introduction

In this paper, we consider constrained stochastic nonconvex optimization problems in the form of

min  f(x) := E[f(z, )] (1)
s.t. c(x) =0,

where X C R" is a simple closed convex setE ¢ is a random variable with sample space = f (,§)
is continuously differentiable for each £ € =, and ¢ : R™ — R™ is a deterministic smooth mapping.
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mei000350umn. edu, xiao04140umn.edu). This work was partially supported by the National Science Foundation Award
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!The symbol 5() denotes the asymptotic upper bound that ignores logarithmic factors.

2The set X is said to be simple if the projection of any point onto X can be computed exactly.
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Problem ([]) arises in a variety of important areas, including energy systems [33], healthcare [34],
image processing [26], machine learning [9, 20], network optimization [5], optimal control [6], PDE-
constrained optimization [31], resource allocation [16], and transportation [27]. More applications can
be found, for example, in [7, 8, 19, 23], and references therein.

Numerous stochastic gradient methods have been developed for solving specific instances of prob-
lem ([I) with ¢ = 0 (e.g., see [13 [14], 17, 18] 36, B8, B9]). Notably, when f is Lipschitz smooth
(see Assumption [3)), the methods in [I7, [I8] achieve a sample complexity of O(¢~*) for finding an
e-stochastic stationary point x satisfying

E[dist (0, Vf(z) + Nx (2))] < e.

Furthermore, when f(-,€) is Lipschitz smooth on average (see Assumption B), the methods in [I3] 14}
136}, 38, [39] improve this sample complexity to O(¢~3) for finding an e-stochastic stationary point.

Additionally, various methods have been proposed for problem (Il) with X = R™ and ¢ # 0. For
instance, [37] developed a stochastic penalty method that applies a stochastic gradient method to
solve a sequence of quadratic penalty subproblems. Stochastic sequential quadratic programming
(SQP) methods have also been proposed in [2, 3| 4 111, 12, (15, 28] 29], which modify the classical SQP
framework by using stochastic approximations of f and by appropriately selecting step sizes. Under
suitable assumptions, these methods ensure the asymptotic convergence of the expected violations of
feasibility and first-order stationarity to zero. Moreover, the methods in [I0, 29] guarantee almost-
sure convergence of these quantities. Besides, the sample complexity of 6(6_4) for finding an e-
stochastic stationary point is achieved by methods in [I1], 29]. It is worth mentioning that their
operation complexity is often higher than the sample complexity, due to the need to solve linear
systems. Additionally, these methods may not be applicable to problem () when X # R™.

Recently, several methods have been proposed for solving problem () with X # R™ and ¢ # 0.
For instance, [35] proposed a momentum-based linearized augmented Lagrangian method for this
problem, achieving a sample complexity of O(¢~°) for finding an e-stochastic stationary point that
satisfies

E[llc(x)]]] < e, E[dist (0, Vf(z) + Ve(z)\ + Nx(2))] < e (2)

for some Lagrangian multiplier A. This sample complexity improves to 5(6*4) when a nearly feasible
point of () is available. More recently, [I] proposed a stochastic quadratic penalty method that
iteratively applies a single stochastic gradient descent step to a sequence of quadratic penalty functions
Qp, (z), where py, is a penalty parameter, and @, is defined as

Qplw) = f(a) + Llle(a)]” (3)

In this method, the stochastic gradient is computed using the recursive momentum scheme introduced
in [I3], treating p as part of the variables (see Section 2] for more detailed discussions). Under the
error bound condition (B]) with # = 1 and other suitable assumptions, this method achieves a sample
and first-order operation complexity of 6(6*4) for finding an e-stochastic stationary point satisfying
@.

In many applications such as energy systems [33], machine learning [9} 20], resource allocation [16],
and transportation [27], all or some of the constraints in problem (I) are hard constraints representing
imperative requirements. Consequently, any desirable approximate solution must (nearly) satisfy
these constraints. As mentioned above, the e-stochastic stationary point z found by existing methods
[1, B, 111, 12, B5, B7] satisfies E[||c(x)||] < €, guaranteeing that |c(x)|| < § with probability at least
1 —¢€/d for any 0 > e. However, it is possible that |c(x)|| may still be excessively large, leading
to significant constraint violations, which is undesirable in applications where practitioners require
nearly exact constraint satisfaction.

To address the aforementioned issue, we propose single-loop variance-reduced stochastic first-order
methods for solving problem (), inspired by the framework of [Il, Algorithm 2], but with a significantly



different approach to constructing the stochastic gradient. Specifically, starting from any initial point
xo € X, we iteratively solve a sequence of quadratic penalty problems ming,ex @, (¢) by performing
only a single stochastic gradient descent step

Tpg1 = x (2 — meGy),

where 7, > 0 is a step size, G is a variance-reduced estimator of VQ,, (z1), and IIx denotes the
projection operator onto the set X. In our methods, G is constructed by handling the stochastic
part f(z) and the deterministic part pgllc(z)||?/2 of @, (z) separately. More precisely, V f(zy) is
approximated by a stochastic estimator g, obtained via a truncated recursive momentum scheme
or a truncated Polyak momentum scheme for f(x), while V(pg|lc(2)||?/2)|z=z, is computed exactly
as prVe(rg)e(xg). Combining these two components gives Gy, = gr + prVe(zk)e(xy), which serves
as a stochastic estimator of VQ,, (z1) (see Algorithms [Il and [ for details). Under the error bound
condition (B) with § > 1 and other suitable assumptions, our methods achieve a sample complexity
of 6(6_ max{4’29}) for finding an e-stochastic stationary point x that satisfies

lle(x)|| <, E[dist (0, Vf(z) + Ve(z)X + Nx(2))] < € (4)

for some A. This e-stochastic stationary point nearly satisfies all the constraints with certainty and is
stronger than the one found by existing methods. Furthermore, when 6 = 1, our methods enjoy the
best-known sample complexity and first-order operation complexity, which is however achieved in [I]
for finding a weaker e-stochastic stationary point satisfying ). In addition, for # > 1, our methods
exhibit provable convergence rate, while the convergence of existing methods remains unknown.

The main contributions of our paper are summarized as follows.

e We propose single-loop variance-reduced stochastic first-order methods with a truncate recursive
momentum or a truncated Polyak momentum for solving problem ().

e We show that under the error bound condition (Bl) with # > 1 and other suitable assumptions,
our proposed methods achieve a sample complexity and first-order operation complexity of
(’)(e* max{4’29}) for finding an e-stochastic stationary point of problem () satisfying (), which
is stronger than the one found by existing methods.

To the best of our knowledge, this is the first work to develop methods with provable complexity
guarantees for finding an approximate stochastic stationary point of problem (II) that nearly satisfies
all constraints with certainty.

The rest of this paper is organized as follows. In Subsection [T we introduce some notation,
terminology, and assumption. In Sections 2l and Bl we propose stochastic first-order methods with a
truncated recursive momentum or a truncated Polyak momentum for problem (1) and analyze their
convergence. We provide the proof of the main results in Section @l Finally, concluding remarks are
given in Section Bl

1.1 Notation, terminology, and assumption

The following notation will be used throughout this paper. Let R~ denote the set of positive real
numbers, and R"™ denote the Euclidean space of dimension n. The standard inner product and
Euclidean norm are denoted by (-,-) and || - ||, respectively. For any r > 0, let Z(r) represent the
Euclidean ball centered at the origin with radius r, that is, (r) = {z : ||z|| < r}. For any ¢t € R, let
[t] denote the least integer greater than or equal to t.

A mapping ¢ is said to be Lg-Lipschitz continuous on a set Q if ||¢(x) — ¢(a’)|| < Lyl — 2|
for all z,2" € Q. Also, it is said to be Lyg-smooth on Q if ||[Vo(x) — Vo(a')|| < Lygllx — 2’| for all
z, 7 € Q, where V¢ denotes the transpose of the Jacobian of ¢. Given a nonempty closed convex set



Q, dist(z, Q) denotes the Euclidean distance from z to €2, and Il (z) denotes the Euclidean projection
of z onto . In addition, the normal cone of  at any x € Q is denoted by Nq(z). Finally, we use
(5() to denote the asymptotic upper bound that ignores logarithmic factors.

Throughout this paper, we make the following assumptions for problem ().

Assumption 1. (i) The optimal value f* of problem () and Q} = mingex{f(x)+ |lc(z)||*/2} are
finite.

1 1s differentiable and L ¢-Lipschitz continuous on X.
!

(iii) For each & € =, f(-,g) is differentiable on X and satisfies the following conditions:
E[Vf(z,6)]=Vf(x), E[Vf(z,&)-Vi@|*]<o® VeeX
for some constant o > 0.

(iv) The mapping c is L.-Lipschitz continuous and Ly.-smooth on X. Additionally, ||c(z)|| < C. for
all x € X, and there exist constants v > 0 and 0 > 1 such that

dist (0, Ve(z)e(z) + Nx (z)) > vlle(x)]|? Vr e X. (5)
In addition, for notational convenience, we define
L:= L.+ CcLye. (6)
It follows from this and Assumption [ that ||c(z)||?/2 is L-smooth on X, and
V@) <Ly, [[Ve@)[| < Le Vee X, (7)
Before ending this subsection, we make some remarks on Assumption [I1

Remark 1. (i) The assumption on the finiteness of Q7 is generally weaker than the condition
mingex f(z) > 0, which is imposed in related work such as [1]. Moreover, this assumption is
quite mild. Specifically, since the optimal value f* of () is finite and

lim mi 22} = f*
Jim min{f(z) + plle(x)|°/2} = £,
there exists some p > 0 such that minge x{f(z)+pllc(x)||?/2} and consequently mingex{p='f(x)+

le(2)]12/2} are finite for all p > p. Therefore, if Assumption[dl(i) does not hold, one can replace
f with p~Lf for some p > p, ensuring the resulting problem (ll) satisfies Assumption [1(i).

(ii) Assumption(iii) is standard and implies that V f(z,€) is an unbiased estimator of V f(z) with
a bounded variance for all x € X.

(iii) Assumption l(iv) with @ = 1 is commonly used in the literature to develop algorithms for op-
timization problems involving nonconver functional constraints (e.g., see [1, (21, (22, [32]). In
contrast, our assumption is more general, as it covers a broader range of 6 € [1,00). The er-
ror bound condition in Assumption [l(iv) plays a crucial role in designing algorithms that yield
nearly feasible solutions to problem ().



2 A stochastic first-order method with a truncated recursive mo-
mentum for problem ()

In this section, we propose a stochastic first-order method with a truncated recursive momentum
for solving problem (), inspired by the framework of [I, Algorithm 2|, but employing a significantly
different approach to constructing the stochastic gradient. Moreover, the proposed method exhibits
stronger convergence properties compared to existing methods (see Remark [2I).

Specifically, starting from any initial point x¢y € X, we approximately solve a sequence of quadratic
penalty problems min,ecx @, (x) by performing only a single stochastic gradient descent step 11 =
IIx (2 —npGr), where py is a penalty parameter, n, > 0 is a step size, Gy, is a variance-reduced estima-
tor of VQ,, (v1), and @, is given in ([B]). Notice from @) that VQ,, (z) = V f(xr) + ppVe(ay)c(zy).
Based on this, we particularly choose Gy = gr + prVe(zk)c(zy), where g is a variance-reduced
estimator of V f(xy), computed recursively as follows:

9k =T,y (VF(xr, &) + (1= ax1) (g1 — V(2r-1,&))) (8)

for some aj_1 € (0,1] and a randomly drawn sample £. This scheme is a slight modification of
the recursive momentum scheme introduced in [I3], incorporating a truncation operation via the
projection operator Il ) to ensure the boundedness of {gx}, which is crucial for the subsequent
analysis. Interestingly, despite this truncation, the modified scheme preserves a variance-reduction
property similar to the original scheme in [I3] (see Lemma [@).

The proposed stochastic first-order method with a truncated recursive momentum for solving
problem () is presented in Algorithm [I] below.

Algorithm 1 A stochastic first-order method with a truncated recursive momentum for problem ()
Input: 21 € X, {ax} C (0,1], {px},{m} C R>o, and Ly given in Assumption [l

1: Sample 1 and set g1 = Iz, ) (V f(21,&)).

2: for k=1,2,... do

3 G = gr+ peVe(rg)e(xy).

4 w1 = Hx (zr — meGr). 3 .

5. Sample &y and set gry1 = Mg ) (VF(Thi1, b)) + (1 — ar)(gr — VF(@k, Ekr1))) -
6: end for

The parameters {ay}, {pr} and {n;} will be specified in Theorem [ for Algorithm [ to achieve a
desirable convergence rate. While Algorithm [ shares a similar framework with [I, Algorithm 2], the
construction of the variance-reduced estimator Gy, of VQ,, (x)) differs significantly between the two
algorithms. In particular, G in [I, Algorithm 2| is obtained by applying the recursive momentum
scheme introduced in [I3] to the entire function Q,(x), treating p as part of the variables, and it is
given by B B

Gr = VQp (wk, k) + (1 — 1) (Gre1 — VQp,_, (Tr—1,&k))s

where %Qp(ﬂv, €) = Vf(x, &)+ pVe(z)e(x). In contrast, Gj, in Algorithm Mis constructed by handling
the stochastic part f(z) and the deterministic part py|c(z)||?*/2 of Q,, (z) separately. Specifically,
V f(zy) is approximated by a stochastic estimator gi, obtained via truncated recursive momentum
scheme as given in (&), while V(pg|/c(z)||?/2)|z=z, is computed exactly as ppVc(zg)e(xy). Combining
these two components gives Gy = gi + prVe(xy)c(zy) for Algorithm [

Due to this significant difference in the choice of G, [I, Algorithm 2] and Algorithm [ exhibit
vastly different convergence properties. Specifically, under Assumptions [l and 2] with 6 = 1, [I}
Algorithm 2] generate a sequence {Z} satisfying

Ellc(z, )| = O(k~12), E [distQ (o, V(i) + Ve(i, ), +NX(£Lk)>] — Ok~ 12
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for some sequence {\;}. In contrast, Algorithm [l generates a sequence {x;} that satisfies
le(e)lI2 = OU2),  E [dist? (0, Vf(5) + Vel vy + ()] = O 12)

for some sequence {\;}, where ¢ is uniformly drawn from {[k/2] + 1,...,k} for k > 2 (see Theorem
[ and [I, Theorem 4.2]). Clearly, the sequence {z\} generated by Algorithm [l exhibits a stronger
convergence property, since ||c(z,, )||> = O(k~1/2) implies E[l|le(z.,)]1?] = O(k~1/2), while the reverse
implication generally does not hold. Moreover, under AssumptionsIland2lwith # > 1, the convergence
of [I, Algorithm 2] remains unknown, while the sequence {z)} generated by Algorithm [I] satisfies

le(z, )P = Ok™),  E[dist® (0, V£ () + Ve(a, )h, + Nx(2,,))] = O(k™)

with v = min{1/2,0~!} for some sequence {\;}.
Before presenting convergence results for Algorithm [l we make the following assumption regarding
the average smoothness condition for problem ().

Assumption 2. The function f(x,g) satisfies the average smoothness condition:
E[|Vf(u,&) = V(0,1 < Lgllu—ol®  VuveX.

Assumption [2is commonly imposed in the literature to design algorithms for solving problems of

the form min, E[f(z,&)] + P(x), where P is either zero or a simple but possibly nonsmooth function
(e.g., see [13] [14] [36] 38} [39]). It can be observed that Assumption 2limplies that Vf is Ly f-smooth
on X, that is,

IVf(u) =V < Lysllu—vl  Vu,veX. (9)

However, the reverse implication does not hold in general (e.g., see [18]).
We are now ready to present the convergence results for Algorithm [ with the proof deferred to
Subsection Bl Specifically, we will present convergence rates for the following two quantities:

le(zo)I* and E [dist® (0, V.f (2,) + pu—1 V(@ )e(@,) + Nx(2,))] (10)

where ¢, is uniformly drawn from {[k/2] +1,...,k}. These quantities measure the constraint viola-
tion and the expected stationarity violation at z,, .

Theorem 1. Suppose that Assumptions [l and [@ hold, and {xy} is generated by Algorithm [ Let L
be defined in @), Ly, Lvf, Le, Ce, 0, v, 0 and QF be given in Assumptions D and[3, g1 be given in
Algorithm [1, and vy, be the random variable uniformly generated from {[k/2| +1,...,k} for k > 2.
Then the following statements hold.

(i) Suppose that 0 € [1,2) and its actual value is known. Let py, ni and oy be chosen as
2 1 1
pr="Fk1, mp=k"2, ap=Fk 2. (11)
Then for all k > 2I~(1, we have

E [diStz (0, Vf($Lk) + pbkflvc(xbk)c(xbk) + NX(ka))]

< — = - Q3 — ———— + (K} —1)C

<o (F0) + Zletenl? = Q1 + o = VI )P + =5—ge + 5 (K7 = 1)

- .y _ 0

+30%(1 +logk) + (1 +log K1) (Lys + K L+ 12L% ) (L3 + C2L2K )),
et )I* < 2v201k" 2,

where
_4

C1 = max {1, R12c2)e, 22’9/2L?7’2} . (13)
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(ii) Suppose that 0 > 1 and its actual value is unknown. Let py, i and ay be chosen as
pr = k2, nk:kf%/log(k—i-Q), ap=kz. (14)
Then for all k > QIN(Q, we have
E [dist? (0, Vf(2,) + pu—1Vel(z,, )e(z,,) + Nx(z,,))]

51log(k + 2 1 . 1 1_,
< Sk 2) 1 ) (f(xl) + S lle(@)l? = Q1 + [lgr — Vf(2)|* + 5C2k2 7 (1 + log k)
2(k —1)2 2 2
1, ~1 - 1 _ _
+ 5(K22 —1)C2 +30%(1 +logk) + (1 +log K3) (Lvy + K3 L+ 12L%) (L7 + CfLiKg)),

lle(z,)])* < 2" Cak™,

where
~ _ _ 20
Ky = ’Vmax {64L2Vf, (48L2Vf)27 B e, (671’)’722279/2 log(e? + 2)) }—‘ , (15)

v =min{1/2,67}, Cy = max {1,[?5002/2, 2279/2113:772} . (16)

Remark 2. (i) As shown in Theorem [, when 0 € [1,2) and its actual value is known, the choice
of pr, Mk, and ay in () ensures an (5(1(1/2) convergence rate for the quantities in (I0).
Additionally, if pr, Mk, and oy are chosen according to ({I4)), an (5(1{:_ min{l/Q’g_l}) convergence
rate is guaranteed for the same quantities.

(ii) For 0 € [1,2), the choices of p, ng, and oy provided in (1)) and ([4]) ensure the same order
of convergence rates for the quantities in ([IQ), regardless of whether the actual value of 6 is
known. However, the constant K generally depends less on L compared to K. Therefore, when
0 € [1,2) and its actual value is known, the parameters py, nx, and oy specified in (1) are
typically the better choice.

(11i) Under Assumptionsdl and[3 with 0 = 1, [1l, Algorithm 2] can generate a sequence {Zy} satisfying
Ellle(z. )7 = O%/2),  E [dist? (0,V/(3) + Tel@ )y + Nx(@0))] = O 2)

for some sequence {5%} In contrast, under the same assumptions, Algorithm [ generates a
sequence {xy} that satisfies

Hc(xbk)HQ - 6(k_1/2)7 E [diStz (07 vf(xbk) + Vc(xbk))‘bk +NX(ka))] = 6(k_1/2)

with N\, = prp_1c(zk) for all k > 2. Clearly, the sequence {xy} generated by Algorithm [l exhibits
a stronger convergence property, since ||c(z,,)||? = O(k=Y2) implies E[lle(z,))?] = O(k1/2),
while the reverse implication generally does mot hold. Moreover, under Assumptions [ and [2
with @ > 1, the convergence of [1l, Algorithm 2] remains unknown, while Algorithm [ enjoys an
O(k=min{1/207'}y copvergence rate for the quantities in ().

(iv) To the best of our knowledge, no prior algorithm was developed for problem ([l) that guarantees
constraint violations converge to zero with certainty at a provable rate.

The following result is an immediate consequence of Theorem [Il It provides iteration complexity
results for Algorithm [l to find an e-stochastic stationary point z,, of problem () satisfying (7)) below.



Corollary 1. Suppose that Assumptions [l and[2 hold, and {xy} is generated by Algorithm[d. Let 6
be given in Assumption[d, and vy, be the random variable uniformly generated from {[k/2] +1,...,k}
for k > 2. Then the following statements hold.

(i) Suppose that 0 € [1,2) and its actual value is known. Let py, n. and oy be chosen as in ([LI)).
Then for any € > 0, there exists some Ty = O(e~*) such that

ez ) <€, E[dist 0,V f(z,) + py-1Ve(@y, (@) + Nx(2,))] < € (17)
hold for all k > Ty.

(ii) Suppose that 6 > 1 and its actual value is unknown. Let pg, ny and oy, be chosen as in (I4).
Then for any € > 0, there exists some To = O (e_ max{4’29}) such that ([IT) holds for all k > T.

Since Algorithm [l requires one sample, one gradient evaluation of ¢, and two gradient evaluations
of f per iteration, its sample complexity and first-order operation complexityﬁ are of the same order
as its iteration complexity. It follows from Corollary [l that Algorithm [ achieves a sample complexity
and first-order operation complexity of O (e_ maX{4729}) for finding an e-stochastic stationary point
x,, for problem () that satisfies (7). To the best of our knowledge, no algorithm prior to our work
achieved these results except in the case where ¢ = 1. In that case, [I, Algorithm 2] achieves a sample
complexity and first-order operation complexity of O(e~?) for finding an e-stochastic stationary point
z,, for problem () that satisfies:

Ellc@ )] <e E [dist <0, VF(F.,) + V@, ), +NX(@,€))] <e

for some sequence \. Although this algorithm achieves the same order of complexity as Algorithm
[0 the e-stochastic stationary point it finds is weaker than that obtained by Algorithm [, since
E[l|c(Z,,)]]] < € does not imply ||c¢(Z,, )| < € in general, whereas the reverse implication always holds.

3 A stochastic first-order method with a truncated Polyak momen-
tum for problem ()

In this section, we propose a stochastic first-order method with a truncated Polyak momentum for
solving problem (). This method modifies Algorithm [I with g; being recursively generated using
the following truncated Polyak momentum scheme:

gk =g, (k-1 VF (k&) + (1 = ak—1)gk-1)

for some a1 € (0,1] and a randomly drawn sample &, where Ly is given in Assumption [l This
scheme is a slight modification of the well-known Polyak momentum scheme [I7, [30, 40], incorpo-
rating a truncation operation via the projection operator Il ;) to ensure the boundedness of the
sequence {gi}. This boundedness is crucial for our subsequent analysis. Despite the truncation, the
modified scheme preserves the variance-reduction property of the original Polyak momentum scheme
(see Lemma [I0]).

The proposed stochastic first-order method with a truncated Polyak momentum is presented in
Algorithm [2

%Sample complexity and first-order operation complexity refer to the total number of samples and gradient evaluations
of f used throughout the algorithm, respectively.



Algorithm 2 A stochastic first-order method with a truncated Polyak momentum for ()
Input: 71 € X, {ax} C (0,1], and {px}, {m} C R>o, and Ly given in Assumption [l
: Sample & and set g1 = H_@(Lf)(Vf(ml,&)).
: for k=1,2,... do
Gr, = gk + ppVe(zg)e(zy).
Tp+1 = x (2 — neGr). .
Sample &j41 and set g1 = Igr ) (1 — ar)gr + arV f (@1, Epr1))-
end for

S A

Algorithm B will be shown to achieve the same order of convergence rate as Algorithm [ but
under weaker assumptions (see Theorem [2]). This result is somewhat surprising because when ¢ = 0,
Algorithms I and [ reduce to special cases of [39, Algorithm 1] and [I7, Algorithm 1], respectively,
where Algorithm [I] achieves a better convergence rate. Additionally, if the set {V f(x,f) T x €
X,¢ € Z} is bounded, the recursion of gii1 in step 5 of Algorithm Pl can be replaced with g1 =
(1 — aw)ge + oV f(xps1,Epp1). This clearly guarantees the boundedness of gi, and the resulting
algorithm enjoys the same rate of convergence as Algorithm Bl

To present the convergence results for Algorithm 2] we make the following assumption regarding
the Lipschitz smoothness condition for problem ().

Assumption 3. The function f is Ly s-smooth on X, that is,
IVf(uw) =V < Lygllu=vl  Vu,0eX.

As remarked in Section 2] the average smoothness condition implies the Lipschitz smoothness
condition, but the reverse implication generally does not hold. Therefore, Assumption [] is weaker
than Assumption 2] in general.

We are now ready to present the convergence results for Algorithm 2l with the proof deferred to
Subsection Specifically, we will establish convergence rates for the quantities introduced in (I0J).

Theorem 2. Suppose that Assumptions [l and [3 hold, and {zy} is generated by Algorithm[4. Let L
be defined in @), Ly, Lyy, Le, Ce, 0, v, 6 and Q7 be given in Assumptions [l and[3, g1 be given in
Algorithm[3, and vy be the random variable uniformly generated in {[k/2] +1,...,k} for k > 2. Then
the following statements hold.

(i) Suppose that 0 € [1,2) and its actual value is known. Let py, ni and oy be chosen as
2 1 1
pr =k, mp=k"2/log(k+2), oap=Fk 2. (18)
Then for all k > 2]~(3, we have
E [diStz (0, Vf($Lk) + pbkflvc(xbk)c(xbk) +NX(ka))]

< ————| f(z1) + =||e(z - Qi+ lgn = V()" + ——=5Cs+ = (K{ —1)C:
2 -1 (f( 1)+ gllel@)ll” = Q1 + llgr = V(1) 2= 5 (K3 —1)
~ ~ 0 ~1 ~ 9
+0*(1+1logk) + (1+1log K3)(Lyy + K4 L +2K3 L3,) (L7 + CZLIKZ) |,
1
le(z, )1 < 2C5(k/2)" 2,
where
4
. 225 log(e2 +2) | *°
K3 = |max 62,64L2Vf,eSL%f,(8L)z>49,< ’ Og(f + )> , (19)
ey
O3 = max {1, KY?02/2, 920 2L§ry*2} . (20)
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(ii) Suppose that 0 > 1 and its actual value is unknown. Let py, i and ay be chosen as
pk:k%, nk:kf%/log(k—i—Q), ap = k2. (21)
Then for all k > 2]~(4, we have

E [diStQ (Oa vf(xbk) + pbkflvc(xbk)c(xbk) + NX(ka))]
< 51log(k —1—12)
2(k—1)2

1
2
le(,) 1 < 2C4(k/2)7,

(fm) + 3 llel@)IP - @ + llgy ~ V)P + 5 Cakd (1 + logh)

~1 ~ 1 ~1 ~
+ (K7 —1)C2 + 0*(1 +logk) + (1 +log Ky)(Lyy + K7 L+ 2K7 L% ) (L% + c§L§K4)>,

where
20
_ 92-5 1 20 4 9
Ri= |max 64L2vf’68L2vf768L’e297< 2 og(; +2) 7 (22)
ey
v =min{1/2,071}, C4 = max {1,?{503/2, 22—9/21:%—2} . (23)

The following result is an immediate consequence of Theorem 2l It provides iteration complexity
results for Algorithm [l to find an e-stochastic stationary point z,, of problem () that satisfies ().

Corollary 2. Suppose that Assumptions [l and [3 hold, and {xy} is generated by Algorithm[D. Let 6
be given in Assumption[d, and vy, be the random variable uniformly generated from {[k/2] +1,...,k}
for k > 2. Then the following statements hold.

(i) Suppose that 0 € [1,2) and its actual value is known. Let py, np and oy be chosen as in ([I8).
Then for any € > 0, there exists some T5 = O (6_4) such that ([IT)) holds for all k > Ts.

11) Suppose that 60 > 1 and its actual value is unknown. Let py, i and o be chosen as in .
u Pk> N
Then for any € > 0, there exists some Ty = O (e* max{4’29}) such that ([IQ) holds for all k > Ty.

Since Algorithm Rlrequires one sample, one gradient evaluation of ¢, and one gradient evaluation of
f per iteration, its sample complexity and first-order operation complexity are of the same order as its
iteration complexity. It follows from Corollary 2] that Algorithm 2] achieves both a sample complexity
and a first-order operation complexity of O (e* max{4’29}) to find an e-stochastic stationary point z,,
for problem (]) that satisfies (I7). Although Algorithms [ and 2] achieve the same order of complexity,
Algorithm 2] operates under weaker assumptions, as Assumption Blis less restrictive than Assumption
2l Additionally, Algorithm 2lrequires only one gradient evaluation of f per iteration, while Algorithm
[ requires two.

4 Proof of the main results

In this section we provide a proof of our main results presented in Sections Bl and Bl which are
particularly Theorems [I] and 21

10



4.1 Proof of the main result in Section

In this subsection we first establish several technical lemmas and then use them to prove Theorem [l
For notational convenience, we define

ha) := 3 le(a)|” (24)

One can observe from Assumption [[{iv) that h is L-smooth on X, where L is given in ().
The following lemma establishes a relationship between h(zy1) and h(zy), which will be used to
derive bounds for ||c(x)]|?.

Lemma 1. Suppose that Assumption [ holds, and i1 is generated by Algorithm [ for some k > 1
with prme < (V5 —1)/(2L). Then we have

h(pr1) + 272 o [P(@rs1)]® < h(aw) + Loy, 'ne/2,

where py, and n are given in Algorithm [, Ly, v and 0 are given in Assumption[d, and L and h are
defined in ([Bl) and 24]), respectively.

Proof. Let Gy, be given in Algorithm [[l For convenience, we define
Gr =0 Gry 7k = PrTlk- (25)
It then follows from these, ([24]), and the expression of zj11 in Algorithm [I] that
wpe1 = U (z — meGy) = Ty (zx — Gy, (26)
which implies that
0e $k+1—$k+"7/kék+NX($k+1) = Vh($k+1)+ﬁ;;1(l“k—$k+1)—ék € Vh($k+1)+NX($k+1). (27)
Using this, ([24) and Assumption [[iv), we have
P2 (hae))’ = el )| < dist? (0, Ve(m)e(es1) + Nx(oas1))
@0 ~
D dist? (0, Vh(wrr) + Nx(@41)) < [Vh(zi) + i ok — 2x1) — G
< 2|7 (2 — wr41) + Vh(ar) = Gil* + 2/ VA(zg11) = Vh(ay)|?
= 27 % |Jwpsr — axll? + 4, (Gr = VA(a), 21 — @) + 2]/ G — Vh(ay)|)?
+ 2[|VA(zk11) — V()|

<2072 + L2)|Jwpgr — xx))? + 47, HGr — Vh(ar), g1 — o) + 2| Gy — Vi),
(28)

where the first inequality follows from Assumption [I{iv), the second inequality is due to the convexity
of || - ||?, and the last inequality follows from the L-smoothness of h. In addition, by [26) and =, € X,
one has

(@1 — Tk + kGl Tk — 1) >0 = (Grtpgr — o) < —iip o — el

This together with the L-smoothness of h yields
L
h(@p+1) < hlwr) + (Va@r), 2rn = 2x) + S llzke = ar”
~ ~ L
= h(zk) + <Gk,$k+1 — $k> + (Vh(xk) — Gy Tpa1 — xk> + §ka+1 — wkHQ

. ~ L
< h(zy) — i ek — 2kl + (VA(2k) — G, @1 — @) + §||33k+1 — xp||%.
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Using this and (28]), we obtain that
W) + 27 2% [P(ape)) < hizg) + %(L277k =+ Dllwwy — 2xl* + %Hék = Vh(zx)|*. (29)
Observe from @8) and ppnr, < (V5 — 1)/(2L) that Lij, = Lpgn, < (vV/5 — 1)/2, which implies that
L*i — it + L =i " (L*Ap + Lij, — 1) < 0. (30)

Notice from the expression of gj, in Algorithm [l that g, € % (Ly) and hence ||gx|| < Ly. Also, observe
from Algorithm [l and 24)) that Gy = gr + prVh(zy). Using these and (25), we have

Gk = Vh(e) | = llp, "Gk = VAl = [l (9 + pxVh(zx)) — Vh(ae) | = oy, llgxll < pi 'Ly
It then follows from this, (29]) and (B0) that

Wapi1) + 2722 (@)’ < h(an) + L/ (207).
This and the definition of 7 in ([25]) imply that the conclusion of this lemma holds. O

The next two lemmas derive bounds for ||c(z)||? under two different choices of pg, nm; and oy, in

Algorithm [II

Lemma 2. Let Ky and C; be given in (I2) and [I3), respectively. Suppose that Assumption [l holds
with 0 € [1,2) and {z} is generated by Algorithm [ with {py}, {mc} and {ax} given in [). Then
we have ||c(zp)|]? < 201k~Y2 for all k > K.

Proof. Let h be defined in ([24]). To prove this lemma, it is equivalent to show that h(x;) < C1k=1/2
for all &k > K;7. We now prove this by induction. Indeed, notice from Algorithm [0 that x i € X. It
then follows from (I3]), (24]) and Assumption [(iv) that

e 1 1, @  ~
heg,) = 5lleag,)I? < 562 < Gk
Hence, the conclusion holds for k = K 1. Now, suppose for induction that h(zy) < Cik™ 1/2 holds for
some k > K. Recall that 6 € [1,2) and pg, ny and K, are given in (II) and (). In view of these,
one can observe that

o= 2@ 1 5-1

@@ ~
PEk < KC S 8L S o

and hence Lemma [I holds for such k. Using Lemma [Il with the choice of p and ny given in (1), we
obtain that

h(zpin) + 207292k [(aps1))® < hzy) + L350 /2, (31)
Further, let
d(t) =t + 2072925 0. (32)
Notice from (I3]) that C; > 1. Using this and (32), we have
S(Cr(k +1)712) — k™2 — L35 )2
D 009022153 (1 + 1)—5 +Cy(k+1)"Y2 = Ok - L2 g
> O80T (k+1)72 — Cik ™2 /2 — L2k 5 )2
0
e+2 k
== 0920722 ( ——) —Cik 7 J2—L%)2
( 222 () - o' 2 - 1y )
> k1 (0122 Ok )2 - L /2) (33)

12



where the first inequality follows from (k 4+ 1)~Y/2 — k=1/2 > —k=3/2/2 thanks to the convexity of
t=1/2, and the second inequality is due to 6 > 1, C1 > 1 and k/(k + 1) > 1/2. In addition, it follows
from (I2)), 1 <0 < 2 and k > K; that

By this and (I3)), one has

_ @@
C1277%2 — Ok T /2 - L3/2 > C123 72922 — L3/2 > 0,

which together with ([B3]) implies that
_ _ _0+2
P(Cr(k+1)"V2) = C1k™2 — L3k~ % /2> 0.
Using this, BI), (2) and the induction hypothesis that h(zy) < C1k~ /2, we obtain that

EDE2)
S(CL(k+ 1)) > ik V2 4 L2652 > h(ay) + L3675 /20 > d(h(arg)).

It then follows from this inequality and the strict monotonicity of ¢ on [0, 00) that h(zjy1) < Ci(k +
1)~1/2. Hence, the induction is completed and the conclusion of this lemma holds. 0

Lemma 3. Let Ko, v and Cy be given in (&) and ([@4), respectively. Suppose that Assumption [
holds, and {xy} is generated by Algorithm [ with {px}, {nx} and {ay} given in (Id)). Then we have
le(xp)||? < 202k~ for all k > K.

Proof. Let h be defined in ([24]). To prove this lemma, it is equivalent to show that h(zy) < Cok™"
for all &k > K5. We now prove this by induction. Indeed, notice from Algorithm [ that x i, € X. It
then follows from (IGl), (24) and Assumption [i(iv) that

@ 1 1,
hag,) = Slelag, I < 5C8 < CR,™.

Hence, the conclusion holds for k = IEQ. Now, suppose for induction that h(zy) < Cok™" holds for
some k > Ks. Recall that pg, nx and Ky are given in (I4]) and (IT). In view of these, one can observe
that -

1 - 1 D1 V5 -1
log(k + 2) log(Ks + 2) 8L 2L

and hence Lemma [I] holds for such k. Using Lemma [I] with the choice of py and nx given in ([I4]), we
obtain that

PEMNk =

)

h(zpn) + 27725 [W(ap)]’ /log(k +2) < hlzy) + L3k (21og(k +2)). (34)

Further, let
o(t) =t 4+ 2072~219 / log(k + 2). (35)

13



Notice from (I6]) that » = min{1/2,1/0} and Cy > 1. Using these and (B3]), we have

¢(Co(k +1)7") — Cok™ — L3k~ /(2log(k + 2))

D 0099-222(k + 1)/ log(k + 2) + Ca(k + 1) — Cok ™ — L3k~ /(2log(k + 2))

> C92° 22 (k +1)"% /log(k + 2) — vCok™ ' — L7k /(21og(k + 2))

k= ooz 2 Kk O\ (6—1)—1 27001
k% 0of—v—2,2 12
> v | 2 2
~ log(k +2) <02 ~ vCak™ 0 log(k +2) — L/ >
kfeu L
> — 2 — _
I (@2 V2~ Cok™0 log(k +2)/2 — L /2) (36)

where the first inequality follows from (k+1)7" — k™" > —vk~*~! thanks to the convexity of ™, the
second inequality is due to 0 > 1, v < 1/6 and k/(k + 1) > 1/2, and the last inequality follows from
6 >1,Cy >1and v < 1/2. In addition, one can verify that t= log(t + 2) is decreasing on [¢%?, 00).
Using this, (I5) and k > K> > ¢® | we obtain that

1
k2 log(k + 2) < log(e?’ +2)/e, k20 < K, % < e’yz/(22_% log(e?® +2)).
Multiplying both sides of these inequalities yields &—/? log(k 4+ 2) < 20/2-2~2 " which together with
(I6) implies that
-2 2 2, @
Cy25~ 2y Cok™ 910g(/<:—|—2)/2—L /2>0222 /2 - L%/2 > 0.

Using this, (34]), (33]), [B4]), and the induction hypothesis that h(zg) < Cok™", we obtain that

G(Cok+1)7") > Cok™ + L7k~ /(2log(k +2)) > h(xy) + Lk ™" /(2log(k + 2)) T ).

It then follows from this inequality and the strict monotonicity of ¢ on [0,00) that h(zky1) < Ca(k +
1)7%. Hence, the induction is completed and the conclusion of this lemma holds. 0

The following lemma provides a relationship between E [[|gr+1 — V f (25+1)[|?] and E [[lgr — V f (i) [?]-

Lemma 4. Suppose that Assumptions [l and[2 hold, and {gr} and {xy} are generated by Algorithm
[@. Then for all k > 1, we have

E [lgrs1 = V()] < (1= ar)’E [llgr — VF (2p)lIP] + 6L 4E [[lag1 — xxl*] + 30%aZ,
where {ay} is given in Algorithm [, and o and I_/vf are given in Assumptions 1l and[2, respectively.

Proof. Notice from () that V f(zy11) € #(Ly) and hence V f(2x41) = gz, (V f(2k+1)). By this,
the expression of gi1, and the nonexpansiveness of the projection operator Il ;) one has

gkt = V(@) 1? = Mg,y (VF (@hg1, Erar) + (1= ) gk — VF (@ Era1))) — Wi, (Vf (242)) |17
<V @1, Ebpr) + (1 — ) (g — VF(@h, &t1)) — Vi (@) |12

= IV f(@rs1, 1) = V(@) + (1= aw) (g — Vi (@x) + V(@) — V(@ &) 1P
=|IVf

+ 2
+ 2

(@1, Err1) — Vi (@r1) + (1= ap)(Vf(@r) = VI @r Ga)II” + (1= aw)?llgr — V£ ()12
1— op) gk — V(@) VI (@ht1: Ers1) — VF(@s1))
1—a)*(gk — Vf(xr), V(@r) = V (@r, Ekp1))- (37)
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Let 2 = {&1, ..., &k} denote the collection of samples drawn up to iteration k£ — 1 in Algorithm [ It
then follows from Assumption [I(iii) that

EVf(@ri1, k1) — VI (@e1)|Zk] =0, E[Vf(2x) — Vf(k, &i1)|Ek] =0,

which imply that

El(gk — Vf(k), V@1, 1) — VI (@e))Zx] = {9k — V@), EVF(@rs1, &et1) — Vo (@r41)|Zx]) =0,

El{gk — V f(xx), V(@) = V(@r, &) k] = (gk — VI (@1), EIV f (1) = V f (w1, E11)|Ek]) = 0.
Using these and taking a conditional expectation on both sides of (37]), we have
Ellgr1 = Vf (@) |IP[Ex] SElVF (@41, €r41) = Vi (rg1) + (1= ar)(Vf(@x) = VF (@, &) )| E]
+ (1= a)?llge — V£ ()|, (38)
In addition, it follows from Assumption [ that
E[|Vf(@rs1,Ehs1) — V(@) + (1 — o) (VI (@r) — V(@ Ger1)) |1 1Z0]
= B[V f(@ri1,Ekr1) — VI (@hs Gep1) + Vi (@r) = VI (@r41) — ar(Vf (wr) = VI (@k, i) |17 |E]

<BE(||V f (i1, Ebv1) — VF @k, Eki1)|12ER] + 3V f (@rp1) — Vo (1)]2
+ 30 B[V f(2x) — Vf (2k, Ers0)IIP|Ek] < 6L fllwng1 — axl® + 3070,

where the first inequality follows from the convexity of || -[|?, and the last inequality is due to (@) and
Assumptions [I(iii) and 2l By this and (B8]), one has

Elllgk+1 — Vf @rr0)I1Zk] < (1 — ar)?llge — VI (z)|* + 6 L3 fllzs1 — zl]* + 3003
The conclusion of this lemma follows from taking expectation on both sides of this inequality. O

The next lemma provides an upper bound on E[Q,, (zx) + |lgx — V f(2x)||?].

Lemma 5. Suppose that Assumptions [l and 3 hold, and {gi} and {x} are generated by Algorithm
@ with n, < ag < 1. Then for all k > 1, we have

k-1

1
E [Qpy (1) + llgr — V£ (@i)[?] < Qpy (1) + l1 — Vf (@1)]|* + 3 > (piv1 — p)E [[le(zig)]]
=1
1 k—1 k—1
+5 2 (Lvp+pil —n; ' +1205;) E [lloies — 24]°] + 30 > i,
=1 =1

(39)

where {ay}, {pr} and {ni} are given in Algorithm [@, Q, and L are respectively defined in @) and
@), and o and Ly are given in Assumptionsdl and 3, respectively.

Proof. Observe from Assumptions [I] and 2] and the definition of @, in ([B]) that @Q,, is (Ly ¢+ pel)-
smooth on X, where L is defined in (6]). Notice from Algorithm [Il that x; € X and x4 = Hx (2 —
Nk Gy), which imply that

(@hir — o+ MGy wp — 1) 20 = (Gry ey — aw) < =1 low — . (40)
Also, notice from Algorithm [[land ([B]) that

Gr = gr + prVe(ar)e(wr), VQp, (wx) = V f(xr) + prVe(ar)c(or),
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and hence VQ,, (z1) — Gk, = g — V f(x1). In addition, by Young’s inequality, one has
1 2 | "k 2
(VQp, (1) — Gy Tpy1 — ) < %leﬁl — ok + EHVka(xk) — Gy (41)
Using the last two relations, (@Q), and the (Ly ¢ + prL)-smoothness of @, , we obtain that

Qo (@r41) < Qp (k) + (VQpy (k) Thog1 — Tk) + %(fiw + peL) w1 — wl?
= Qp, (k) + (Gry Th1 — k) + (VQpy (z1) — Gry Tho1 — Tp) + %(EW + ppL) w1 — wl?
@ Qp (k) + (Grs Th1 — o) + % (Lvs + oL+ ") Nlwpn — el® + %HVQ%(%) — Gil?
< Qpy (i) + % (Lvy + prL = m; ") llzpsr — ol]” + 77_2ngk — V()

where the first inequality is due to the (Ly ¢+ prL)-smoothness of Q,, , and the last inequality follows
from ([@0) and the relation VQ,, (1) — G, = g — V f(x1). By this and (@), we further have

1 - _ Nk
Qprr (@ig1) < Qpy (1) + 5 (Lvys+ pel — ;") llonsr — zel® + gHgk — Vf(z)|?
+ ka+1(xk+1) - Qp, (k1)

® 1 - _ Mk 1
= Qp(zr) + 5 (Lvy + ol — i ") llzesr — ml® + 5 Il = Vf(xp)l? + 5 (P = o)l e(@rir)|?
(42)

Recall from the assumption that 0 < 7, < a, < 1, which implies that (1 —ag)? +m < 1—ag +me < 1.
Using this, taking expectation on both sides of ([@2]), and summing the resulting inequality with the
inequality in Lemma [ we obtain that

E [Qpusr (@rs1) + lgrs1 — Vf (@rr1) 7]

<E [Qp (o) + (1= an)® + k) llge — V. () [*] + % (Lvs + el — npt + 1208 ) E [l — axl|?]
~ & {lgs — V@) + 5 (ka1 — pE [le(zrs)|] + 0%

<E [Qpy () + llgx — V(@) [*] + % (Lvs+ ol — 0t + 1208 ) E g1 — axll?]
~ & {lge ~ V@) + 5 (ker — E [lelorin)I] + 30703, (13)

The conclusion of this lemma follows by replacing & with ¢ in the above inequalities and summing
them up for all 1 <i <k —1. O

The following lemma provides an upper bound on dist® (0, VQ,, (v+1) + Nx (z41))-

Lemma 6. Suppose that Assumptions [l and 3 hold, and {gi} and {x} are generated by Algorithm
[@. Then for all k > 1, we have

dist? (0, VQp, (zh41) + Nx (241)) <3 (02 + (Lyy + pkL)?) |wks1 — zil® + 3llgr — VF (2x)||?, (44)

where {py} and {nx} are given in Algorithm [0, Ly is given in Assumption[d, and L and Q, are
defined in ([6l) and (), respectively.
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Proof. By the expression of z;;1 in Algorithm [Il, one has
0€ 1 —xr +mGr + ./\/X(ka) = W;l(xk —2py1) — Gg € NX(karl)- (45)

Notice from the definition of @, in @) that VQ,, (z) = Vf(z)+ prVe(z)c(x), which together with (@),
@ and Assumption [iiv) implies that Q,, is (Lvs + prL)-smooth on X. Using (@5]), the expression
of VQ,,, and G, = gi + prVe(xy)c(xy) (see Algorithm [I)), we have

@k = 2rn) + VF(@n) = gk = VQpy (x1) = n ' (@n — x41) — g — peVe(ay)e(zy) € Nx (zh41)-

By this and the (Ly ¢ + prL)-smoothness of @, , one has

dist® (0, VQpy (z141) + Nx (2r11)) < VQp (wrr1) + (m, (wn — xi41) + V(1) — gk — VQp (20)) ||
<3 (IVQpy (@rs1) = VQu (zi)|I* + m *llwksr — zal® + llge — Vf ()%
<3 (0.2 + (Lyg + pil)?) ek — zll® + 3llgr — V()17
where the second inequality follows from the convexity of || - ||?, and the last inequality is due to the
(Ly ¢ + prL)-smoothness of Q,, . Hence, the conclusion of this lemma holds. O

We are now ready to prove the main result in Section [2 which is particularly Theorem [l

Proof of Theorem [ (i) It follows from (), (IZ) and the assumption 1 < < 2 that for all i > K,

= = P 0—2 = ~_1 ~0-2 _
Lyf+piL=Lypi2n '+ Litn ' <LypK, *n '+ LK, " 7t <t/ (46)
= 9 .1 _ 9 ~—3 _
1205 = 12L3pi~2n; ' < 1203, K, 2n; ' <n; /4,
which imply that B
Lvj+pL + 1203, <n7'/2  Vi> K. (47)

In addition, observe from ([J) that np < oy < 1 for all £ > 1. It then follows from the proof of Lemma
that (43) holds. Using [T)) and rearranging the terms of (@3] with k replaced by 4, we obtain that
for all i > K3,

=

E (i1 - 2ill*] + SE [llg: — V()]

)

N=E3

(Qp. (i) + 19 = Vf(@)*] = E [Qpipy (it1) + lgiv1 — VF(2it1)|?]

_ _ B 1
(Lvs+pil + 1205 =07 2) E [lzig1 = @il ] + S(pivs — pi)E [lleipn) ] + 30%a7

(pis1 = p)E [le(zis)|P] + 30%a7. (48)

Recall that ¢ is the random variable uniformly generated in {[k/2] + 1,...,k}. In addition, observe

from () that n; ' < ;. ', for all [k/2] <i <k — 1. By these, @), (), B9), @), @G and @),
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one has that for all &£ > 2]~(1,

E [dist? (0, Vf(z,,) + pi,1Ve(@, )e(zy,) + Nx(2,,))] = E [distQ <0, VQp, () + Nx(z,, ))]

k—1
= m Z E [dlSt2 (0, VQPz (1’1‘+1) +NX(1.2+1))]
i=[k/2]
@) 3 kol _
S iy, 2 (7 Cort L) Bl =] £ Bl = V)l
k/2]
@m) 3 k=
< Uﬂ/Q Z 240 2 J16)E [|vit1 — xl?] + E[|lgs — V£ (2)]%])
51
< 8(k—1) (771‘_2E iy — $i\|2] +2E [|lgi — Vf(xl-)||2])
i=[k/2]
< g 3 (w28 - sl
> Q(k — 1)77].;;71 oy 47% i+1 7 9 gi )
m) 51 k—1
< 2(k — 1)mp_1 Z <E (Qpi (i) + 1lgi = Vf(@)|?] = E [Qpiys (@i1) + |gi+1 — Vf (@ig1)]?]
T i=[k/2]
+ 5 (oes = pOE ()] + 30%0?)
51
REICES <E Qg @ripo) + gy = VI @po)IP| = B [Qp () + g = V1 (@)
1 k—1 k—1
t3 Z (pit1 = PO)E [[le(@ipr)|?] + 307 Z 04?)
i=[k/2] i=[k/2]
51 9 1 k—1 ) ) k—1 )
< ST Qi(r1) — Q1 + |lgr — Vf(z)[I” + 3 ;(piﬂ — p)E [lle(zi1)|°] + 30 1‘21%
UL i
+3 > (Lys+pil =07t +120%5) E [[lzig — il ) (49)
=1

where the first equality is due to (3], the first inequality follows from taking expectation on both sides
of (@4), the third inequality is due to the fact that [k/2] < (k + 1)/2, the fourth inequality follows
from the relation n; ' < 7, ', for all [k/2] <4 <k — 1, and the last inequality follows from (BJ) with
k replaced by [k/2], p1 = 1, and the fact that Q,, (zr) > Q1(xr) > Q7.

We next bound each summation term in ([49]). Indeed, it follows from (7), Assumption [d(iv), the
nonexpansiveness of ITx, and the expressions of z;11, gr and G in Algorithm [I] that

[zps1 — 2ze))® = |x (zx — meGr) — x (z) 1> < 02l Grll? = nillgr + prVe(zr)e(zp) ||
<20 (llgell? + PRl Ve(ar)e(ae) 1) < 2n7 (LT + CZLEpR) - (50)

Recall that 1 <6 < 2 and [|e(z;)| < C. for all 4. Using these, (1), [{Z), (50), and Lemma[2, we have
that for all £ > 2K7,

Ki—1 Ki—1

> (i — p)E [Jlelwisn) 7] <C2 3 (41T i) = 2K} 1), (51)

=1 i=1

18



k—1 k—1

6 L6 1
> (piv1 = PE [[le(@i)IP] <201 Y ((i+1)3 —ia)(i+1)2 (52)
=K i=K,
k— k—1
1 11 o6 _ C10(6 —0)
<= )"z < =Ci0 <27 53
=3¢ Z4Z+ FER N =Tnp ) (53)
=K 1=K,
k—1 it k—1 k—1 k—1
a? = i :1+Zz’—1§1+/ t1dt <1+ logk, (54)
i—1 i=1 i=2 1
[k/2]—1
> (Lys+pL =t + 12085 E [[lzig — il
i=1
K11 [k/2]-1
=Y (Lys+pL—n ' + 1208 E [z — zl®] + ) ((va +piL— 7t +120%)
i=1 =K

E a4 — i} )

Z (Lys+pil = ni ' +12L54) B [[l2igs — 2il)%]

K1—1
2" (Lys+pL+ 1203 ) n? (LF + C2L2p7)
=1

I/\E

D 1 T ~% F2 2 2 2~%
< 201 —|—logK1)(va—i—K1L+12va)(Lf—i—CchK1), (55)

where the inequality in (EII) follows from () and ||c(x;)| < C. for all 4, (B2]) is due to () and
Lemma [ the first inequality in (&3] follows from (i + 1)%/4 —i9/* < 9i(0=4)/4 /4 for all i > 1 thanks
to the concavity of t%/4 with 1 < 6 < 2, the third inequality in (G3) is due to

k—1 k—1 k— oo 4
(0-6)/4 -(0—6)/4 ;(0-6)/4 <1 +/ $0-6)/4 04 4 S
i=K1

and the last inequality in (B3] follows from the relations p; < K O/ for 1 <i < K1 —1and ZKI T2 =
ZKl 11 <1 +log K; due to the choice of p; and n; in ().
Using (), ([@9), (61), (), 6 and (), we have

E [diSt2 (07 vf(xbk) + pbk—lvc(xbk) (wbk) + NX xbk ]

ol C16(6 - 0) 20754 2
< — r1) — Qf + Vf(x)|* + —CCK“—l +30%(1 + logk
= k-1t (Ql( 1) — Q7 + [lg1 = Vf(z1)||" + 4(2 5 T3 (K —1) ( g k)
~ _ ~ 0 _ ~ 0 ~
+ (1 +1log K1)(Lvs + K{ L+12L3) (L} + CfLin)) VEk > 2K;.

By this, @), v > [k/2] > K, for all k > 2K, and Lemma B with k replaced by tk, one can see that
statement (i) of Theorem [I] holds.
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(i) It follows from (Id) and (If) that for all i > Ko,
Lys+ piL = Lygi 2, /log(i + 2) + Ln; "/ log(i + 2)
< l_vaf(i%nl-_l + Lt log(Ky +2) < n7t/4,
1203, = 12L% ;i3 /log(i + 2) < 1213 K;%ni_l <n;t/4,

which imply that B
Lys+pL+12L%, <n;7'/2  Vi> K. (56)

By this, Lemma B, (@), G0), v < 1/2, and [|¢(z;)|| < C. for all i, one has that for all k > 2K,

Ko—1 Ko—1 ) ) .
D (pir1 = pE [lle(zirn)IIP] < C2 Y ((1+1)7 —i7) = CZ (K3 — 1), (57)
i=1 1=1
k—1 k—1 L L
Y (piv1 = pE [le(@in)[?] <2C2 Y ((i+1)7 —i2)(i+ 1) (58)
i=Ko i=Ko
k—1 L k—1 L ) k—1 L
SCy Y (i) V<G Y i (i) <ok Y i < Cok2 V(14 logk),  (59)
i=Ko i=Ko i=Ko
[k/2]—1
Y (Lys+pl—nt +12L8 ) E [[|lzis1 — o]
=1
Ky—1 [k/2]—1
— (Lvs + pil — ;' + 1203 ) E [lzigs — l?] + D <(va +piL —m; '+ 1208 ;)
=1 i=K>

X E [|lzi1 - il?] )

(EED - _
< Z (Lvy + pil — ;7' + 1203 4) E [||lwit1 — @il?]

Kgfl
2 (Lys+pL+120% ;) n} (L} + C2L2p7)
=1

|AE

@@ ~ 1 B -
< (1+log Ks)(Lyy + K3 L+ 12L2vf)(L§ + C2L2K,), (60)

where the inequality in (B7)) follows from () and ||c¢(x;)| < C. for all i, (B8] is due to (Id]) and
Lemma [3, the first inequality in (G9) follows from (i + 1)1/2 —i%/2 < i=1/2/2 for all i > 1 thanks to
the concavity of t'/2, the third inequality in (G9) is due to v < 1/2, the last inequality in ([59) follows

from Zki it < 1 + log k, and the last inequality in (60) is due to the relations p; < K1/2

1<i<Ks—1and ZK2 ! n? < ZK2 Li1 <1+ 1log K, thanks to the choice of pi and n; in (I4).
In addition, observe from (@) that nr < a < 1 for all & > 1. Using this, (B6]), and similar
arguments as in the proof of statement (i ) of this theorem, we can see that (9] holds for all £ > 2K5.

Also, by ([d]) and (B4l), one has ZZ L a2 < 1+logk for all k> 1. Using this, (I4), @), (7), (GJ)
and (©0), we have

E [dist? (0, V(@) + pu 1Vl )e(w,) + N (2,,)]
51 log(k + 2)
2(k — 1)z

for

(Ql(xl) Qi +lg1 — Vf(x)|? + = Czlg‘—V(1+1ogk)+%Cc2(I~(2%_1)
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~ — 1 _ ~ ~
+30%(1 +1logk) + (1 +log K3)(Lyy + KZ L+ 12L% ) (L} + CELEKQ)) VEk > 2K>.

By this, @), tx > [k/2] > K, for all k > 2K5, and Lemma B with k& replaced by ¢, one can see that
statement (ii) of Theorem [ holds. O

4.2 Proof of the main result in Section

In this subsection we first establish several technical lemmas and then use them to prove Theorem [2
The following lemma establishes a relationship between h(zy1) and h(zy), which will be used to
derive bounds for ||c(x},)||?, where h is defined in (24]).

Lemma 7. Suppose that Assumption [l holds, and xp 1 is generated by Algorithm [2 for some k > 1
with prme < (V5 —1)/(2L). Then we have

h(air1) + 2729 pen (1)) < hl) + Loy /2,

where py, and n are given in Algorithm[2, Ly, v and 0 are given in Assumption [, and L and h are

defined in ([6l) and 24]), respectively.

Proof. The proof of this lemma follows from similar arguments as in the proof of Lemma [l O
The next two lemmas derive bounds for ||c(zy)||?

Algorithm [2

under two different choices of pg, M and ayp in

Lemma 8. Let K5 and C5 be given in (I9) and 20), respectively. Suppose that Assumption [l holds
with 0 € [1,2) and {z} is generated by Algorithm [2 with {py}, {mc} and {ax} given in [A8). Then
we have ||c(z)||? < 203k~ for all k > K.

Proof. Let h be defined in ([24]). To prove this lemma, it is equivalent to show that h(xy) < Csk—1/2
for all £k > K3. We now prove this by induction. Indeed, notice from Algorithm [ that = i € X. It
then follows from (20), (24) and Assumption [l(iv) that

@ 1 L e
hag,) = §Hc(xg3)|!2 < 503 < C3K5 V2

Hence, the conclusion holds for k = I~(3. Now, suppose for induction that h(zy) < Cs5k~1/2 holds for
some k > K3. Recall that 6 € [1,2) and pg, nx and K3 are given in (I8) and (3). In view of these,
one can observe that

0—2

_ ~ 6—2 ([ _
_RT g @ L VoL
log(k +2) 8L 2L

PENk =

and hence Lemma [7 holds for such k. Using Lemma [1 with the choice of py and ny given in ([I8]), we
obtain that

6+2

Baksn) + 222K T (o)) og(k +2) < Bla) + D265 /(2log(k +2).  (61)

Further, let
6—2
o(t) =t + 222k 7 t7/log(k + 2). (62)
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Notice from (20) that C3 > 1. Using this and (62]), we have

S(Ca(k+1)77) — Cask™7 — L3k~ /(2log(k +2))

B 02020255 (k1 1)75 /log(k + 2) + Cy(k +1)"% — Cok™% — L3k~"5 /(2log(k + 2))
> 00207272 (k + 1) /log(k + 2) — C3k™3 /2 — L%k‘T/(Qlog(k: +2))

0+2 Q
k™o 060—2_2 k
S VD) AT R 1 2)/2 — L2/2
log(k + 2) (C?’ K k+1 C?’k T og(k +2)/ /
—2
>_r _ _
S E) (Cs277292 = C3k"5 log(k +2)/2 - 13/2) (63)

where the first inequality follows from (k + 1)~/2 — k=1/2 > —k=3/2/2 thanks to the convexity of

t=1/2, and the second inequality is due to § > 1, C5 > 1 and k/(k+ 1) > 1/2. In addition, one can
verlfy that /2 log(t + 2) is decreasing on [e2, 00). Using this, @), 1 < § < 2 and k > K3 > ¢2
obtain that

k3 log(k +2) <log(e* +2)/e, k1 <K,* 6’)’2/(227% log(e? +2)).

Multiplying both sides of these two inequalities yields o log(k+2) < 2%_272, which together with
20) implies that

@
0522724% — C3k"7 log(k + 2)/2 — L2 2/2> 03227222 13/2 > 0.

Using this, (BI), 62), @3), and the induction hypothesis that h(zy) < C3k~/2, we obtain that
2 Lk~ e

—1/2 -1/2 4 f
P(Cs(k+1)"/%) > Csk > h(zy) + 210g(l<: 9 >

m ¢(h(Trs1))-

It then follows from this inequality and the strict monotonicity of ¢ on [0,00) that h(zyy1) < Cs(k +
1)~1/2. Hence, the induction is completed and the conclusion of this lemma holds. 0

Lemma 9. Let K4, v and Cy be given in @2) and 23), respectively. Suppose that Assumption [
holds, and {xy} is generated by Algorithm [@ with {px}, {nx} and {ay} given in @I)). Then we have
le(xp)||? < 2C4k™Y for all k > K.

Proof. The proof of this lemma follows from similar arguments as in the proof of Lemma [3 with K,
and C5 replaced with K4 and Cy, respectively. O

The following lemma provides a relationship between E [[|gr11 — V f (z41) ||| and E [|lgr — V £ (z1)[|?].

Lemma 10. Suppose that Assumption [ and[3 hold, and {gr} and {z} are generated by Algorithm
2 Then for all k > 1, we have

E [llger1 = VI (@er)|?] < (1= an)E [lgr — V(@) ?] + Ly pay B [zp1 — zl?] + o%af,
where {ay} is given in Algorithm[@, and o and Ly are given in Assumptions [0 and [2, respectively.

Proof. Let E = {&1,. .., &} denote the collection of samples drawn up to iteration k£ —1 in Algorithm
2 It then follows from Assumption [I}iii) that

E[V f(@kt1&hi1) — V(@) |Zk] = 0, E[IVF(@rs1. &rr1) — VI (@rr1) P12k] < 02
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Also, notice from () that Vf(zy41) € #(Ly) and hence V f(zg+1) = gy, (Vf(2k41)). By these,
the expression of gx,1 in Algorithm ] and the nonexpansiveness of the projection operator Il BE
one has

Elllgkt1 — VI @k ) IP1Ex) = BTz, (1 — aw)g + axV F (@11, 6611)) — Do) (VF (@r41)) 11PEx]
<E[[(1 - ar)ge + ok V (@1, Err1) — VI (@) [IP1Zk]
=E[|(1 — ar)(gr — Vf(@e1)) + o (VF (@rt1, 1) — Vi (@rr1)) 1P |Ek]
= (1= ar)?llge = VF @rs)IIP + FENV F (@rg1, Eet1) — Vi (@rg1) [1P[Ex]
+ 200(1 = ar) (gk — V (@r11), B[V f (@h11, Eri1) — VI (2141)[Er])
< (1= a)?llgr — Vf (@) |I* + o%ai.-

Taking expectation on both sides of this inequality yields

Ellgri1 — VI (zr)P] < (1 = an)*Elllgr — Vf (2r42) I°] + 0”0 (64)

We divide the remainder of the proof by considering two separate cases: ap =1 and 0 < aj < 1.
Case 1) oy, = 1. It follows from this and (64) that E[||gk+1 — Vf (zr+1)]|?] < 0?2 and hence the
conclusion of this lemma clearly holds.
Case 2) 0 < ay, < 1. By this, (64) and Assumption [ one has

Elllgr+1 — YV (zrr1) ] (ESID (1= a)’E [llgs — Vf(zx) + Vf(zr) = Vf(zre)]?] + o2a}
= (1— a)’E [llgr = V£ (@e)I?] + (1 — a)’E [|V f (@) = Vf (@rs1) %]

+2(1 — a)’E [{gr — Vf(x), VI (2r) = V(2r41))] + 0”0
< (1= ag)’E [llgr = V() ?] + (1 = aw)’E [V f (2x) = VF (@r41) ]

+ (1 —ag)? (1 fkakE (lge — V f ()] + 1;7:%15 [V £ () — Vf(wkH)HQ]) + oo}
= (1= a)E [llgr — V(@) I’] + (1 = o)’ 'E [V f(wr) — VI (zps1)?] + 020}
< (1= ap)E [|lgr — Vf ()] + LI jap, 'E [llaksr — aill?] + 0%af,

where the second inequality follows from 0 < o < 1 and Young’s inequality, and the last inequality is
due to AssumptionBland 0 < «y, < 1. Hence, the conclusion of this lemma also holds in this case. O

The next lemma provides an upper bound on E[Q,, (zx) + |lgx — V f (2x)]|?].

Lemma 11. Suppose that Assumptionsdl and[3 hold, and {gx} and {xy} are generated by Algorithm
@ with n < ag < 1. Then for all k > 1, we have

k—1

1
E [Qp(zk) + llgx — V(@) *] <Qpy(z1) + llgr — Vf(z1)|* + 3 > (pis1 — p)E [[le(zic)|]
i=1
1 k—1 k—1
t3 Y (Lwg+pl —nt 42050 ) E [[[2ipn — @il|P] + 0 ) af.
=1 i=1

where {ou}, {pr} and {ni} are given in Algorithm [3, Q, and L are respectively defined in @) and
@), and o and Ly are given in Assumptions [l and[3, respectively.
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Proof. Observe from (@), (@), and Assumptions D and Blthat @, is (Ly ¢+ prL)-smooth. By this and
similar arguments as for deriving ([@2)), one has that for all £ > 1,

1 _ Nk
Qprosr (Try1) < Qpy (wr) + 5 (Lvs+ oL —n;") llzpsr — 2el* + EHQk — Vf(zp)|?

+ 5ok — )l (65)

Notice from the assumption that 1 — o + np < 1. Using this, taking expectation on both sides of
([65]), and summing the resulting inequality with the inequality in Lemma [I0] we obtain that

E [Qpsr (Tht1) + 1 gk1 — Vf(%ﬂ)“ﬂ

1 ~ -
< E [Qpy (k) + (1 — ar +m) llgs — V(i) |?] + 3 (Lvs+ prLl —np " + 203 pop ") E [|lzer — 2l

~ B [lge — V@) + 5 (k1 — I [llelaran)P] + 0%

1 _ _
< E[Qp (k) + lgr — Vf (i) |?] + 5 (Lvs+ pel —m " + 2L o) E [|lzpgr — 2l|?]

- %kE [lgr = V f(zi)I”] + %(Pk—i—l — pi)E [[le(zrs1) 7] + o2 (66)

The conclusion of this lemma follows by replacing k with ¢ in the above inequalities and summing
them up for all 1 <i <k —1. O

The following lemma provides an upper bound on dist® (0, VQ,, (v+1) + Nx (z41))-

Lemma 12. Suppose that Assumptionsdl and[3 hold, and {gx} and {xy} are generated by Algorithm
2 Then for all k > 1, we have

dist® (0, VQp, (zh+1) + Nx(zk41)) < 3 (02 + (Ly s + puL)?) |wks1 — zill® + 3llgr — Vf (k)|

where {py} and {ni} are given in Algorithm [3, Lyy is given in Assumption [3, and L and Q, are
defined in (@) and [Bl), respectively.

Proof. Recall from the proof of Lemma [Tl that Q,, is (Lvys + prL)-smooth. The proof of this lemma
follows from this and similar arguments as in the proof of Lemma O

Proof of Theorem [2. (i) It follows from (I8), ([9) and the assumption 1 < 6 < 2 that for all i > K,
o— ~_1 ~0=2
Lys+pil = Lyyi~on; " /log(i+2) + Li'+ n; ' /log(i +2) < Ly Ky *n; ' + LR it <yt /4,
(67)
2L2vfa;1 = 2L2an;1/log(i +2) < 2L2vfn;1/log(K3 +2) < n;1/4,
which imply that B
Lys+pL+2L% 07 <n7'/2 Vi> Ks. (68)

In addition, observe from (I8]) that ny < ap < 1 for all £ > 1. It then follows from the proof of

Lemma [Tl that (G6]) holds. By (), (G€), (67), (68]), Lemmas [Tl and [2, and similar arguments as for
deriving ([@9), one can show that for all k > 2K,

E [diStQ (0’ Vf(xbk) + pbkflvc(xbk)c(xbk) +NX(¢%))]

k—1 k-1
51 * 2 1 2 2 2
< — — — — i — P E i 7
ST (Ql(fﬂl) Qf +llg1 = VI (@)lI” + 5 izl(ﬂ +1 = P)E [[le(zis)[] + o ;%
1 [k/2]-1
3 Y (Lvp+pl =0t +2L% 07 ) E [z — ai?] ) (69)
=1
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Further, one can observe that (B0) also holds. Using ([I8]), (50), @), 1 < 0 < 2, |[c(z;)]| < C. for all
i, Lemma[§ and similar arguments as for deriving (&), (53), (54) and (B3]), we can show that for all
k> 2Ks,

k-1
C40(6 — 0)

Z (pir1 = pE [[le(zir)[IP] < ﬁ7
i=Ks
K3—1 o k-1

> (pis1 = p)E [le(zip)|?] < C2(K4 —1), Y af <1+logk,
i=1 i=1
k/2]-1

> (Lvs+pl =t 4207 L) E i — 2]

i=1

~ ~9 ~1 ~ 8
< 2(1+1log K3)(Lyy + LK4 +2L3K3) (L7 + CZLIKS ).
Using these, ([I8) and (@9), we have

E [dist? (0, V£ (,,) + pue—1Ve(zy, Jelr,,) + Nix(1,,)]

< 51log(k + 2)

C30(6 — 0 Y
2k 1)} <Q1(3€1) —Q+1lgr — Vf(z)|* + ﬁ + %C’f([(; —1)

~ ~ 0 ~ 1 ~ 0 ~
+0°(1+logk) + (1 +1log K3)(Lvs + LK4 +2L3 K3 ) (L} + CZLIK )) Vk > 2K3.

By this, @), tx > [k/2] > K, for all k > 2K, and Lemma B with k replaced by ¢, one can see that
statement (i) of Theorem [2] holds.

(i) It follows from @2I) and ZZ) that for all i > Ky,

Lyy + pil = Ly i~ log(i +2) + Ly / log(i + 2)
~_1 ~
< LyyEy ;' + Lt/ log(Ky +2) <7 '/4,
20; 'L = 2L pm; /log(i + 2) < 2L ;' /log(Ky +2) < n; /4,
which imply that
Lys+pL+2L% 07 <n7t/2 Vi> Ky (70)

By this, Lemma 8, 1)), (B0), v < 1/2, |le(x;)|| < C, for all 4, and similar arguments as for deriving
E7), B) and (@), one can show that for all k& > 2K},

k—1

1

> (piv1 — PR [[le(ip)|P] < Cak2™"(1 +log k),
i=Ky
Ki—1 .

> (piv1 = pE [le(xi)|P] < C2(K§ —1),

i=1
[k/2]-1

> (Lvs+pl =0t + 20307 ") E (|2 — ]

=1

~ ~ 1 ~1 ~

<2(1+1log K4)(Lyy + LK} +2LG K2 ) (L + CZL2Ky).

In addition, observe from (2I]) that 7, < ay <1 for all £ > 1. Using this, ({0}, and similar arguments
as in the proof of statement (i) of this theorem, we can see that (69) holds for all ¥ > 2K,. Also, by
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1) and (B4]), one has Zf;ll a? < 1+logk for all k > 1. Using this, [2I)), (69)), and the above three

inequalities, we have

E [diStQ (O, vf(mbk) + pbk—lvc(xbk)c(xbk) + NX(ka))]

51log(k + 2 \ o Loz (i
< ﬁ <Q1(m1) Qi+ llgy = VI @)I? + 3Cuk3 (1 + log k) + 5C2(K} 1)
—_ 2

~ ~ 1 ~1 ~ ~
+0°(1+logk) + (1 +1log Ky)(Lvy + LK} +2L3 ;K7 ) (L} + 03L2K4)> Vk > 2K,.

By this, @), v > [k/2] > K, for all k > 2K, and Lemma [ with k replaced by ¢k, one can see that
statement (ii) of Theorem [2] holds. O

5 Concluding remarks

In this paper, we studied a class of deterministically constrained stochastic optimization problems.
Existing methods typically aim to find an e-stochastic stationary point, where the expected violations
of both constraints and first-order stationarity are within a prescribed accuracy e. However, in many
practical applications, it is crucial that the constraints be nearly satisfied with certainty, making such
an e-stochastic stationary point potentially undesirable due to the risk of significant constraint viola-
tions. To address this issue, we proposed single-loop variance-reduced stochastic first-order methods
with provable guarantees on both sample complexity and first-order operation complexity to find a
stronger e-stochastic stationary point, where the constraint violation is within e with certainty, and
the expected violation of first-order stationarity is within e.

For future work, we plan to conduct computational studies on the proposed methods and compare
their performance with existing approaches. Additionally, we are extending these methods to deter-
ministically constrained stochastic convex optimization in [25], as well as to stochastic optimization
with both stochastic objective functions and stochastic constraints in [24].
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