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Abstract

In this paper, we study a class of deterministically constrained stochastic optimization problems.
Existing methods typically aim to find an e-stochastic stationary point, where the expected viola-
tions of both constraints and first-order stationarity are within a prescribed accuracy €. However,
in many practical applications, it is crucial that the constraints be nearly satisfied with certainty,
making such an e-stochastic stationary point potentially undesirable due to the risk of significant
constraint violations. To address this issue, we propose single-loop variance-reduced stochastic
first-order methods, where the stochastic gradient of the stochastic component is computed us-
ing either a truncated recursive momentum scheme or a truncated Polyak momentum scheme for
variance reduction, while the gradient of the deterministic component is computed exactly. Under
the error bound condition with a parameter § > 1 and other suitable assumptions, we establish
that these methods respectively achieve sample complexity and first-order operation complexity of
(5(6_ max{9+2’29}) and @(e_ ma"{4’2‘9})E| for finding a stronger e-stochastic stationary point, where
the constraint violation is within e with certainty, and the expected violation of first-order station-
arity is within e. For 6 = 1, these complexities reduce to O(e~?) and O(e~*) respectively, which
match, up to a logarithmic factor, the best-known complexities achieved by existing methods for
finding an e-stochastic stationary point of unconstrained smooth stochastic optimization problems.

Keywords: stochastic optimization, Polyak momentum, recursive momentum, variance reduction,
quadratic penalty, sample complexity
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1 Introduction

In this paper, we consider constrained stochastic nonconvex optimization problems in the form of

min  f(z) := E[f(z, )] (1)
s.t. c(x) =0,

where X C R” is a simple closed convex setE ¢ is a random variable with sample space = f (,€)
is continuously differentiable for each £ € =, and ¢ : R™ — R™ is a deterministic smooth mapping.
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mei000350umn. edu, xiao04140umn.edu). This work was partially supported by the National Science Foundation Award
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!The symbol (5() denotes the asymptotic upper bound that ignores logarithmic factors.

2The set X is said to be simple if the projection of any point onto X can be computed exactly.
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Problem ([]) arises in a variety of important areas, including energy systems [33], healthcare [35],
image processing [26], machine learning [9, 20], network optimization [5], optimal control [6], PDE-
constrained optimization [31], resource allocation [16], and transportation [27]. More applications can
be found, for example, in [7, 8, 19, 23], and references therein.

Numerous stochastic gradient methods have been developed for solving specific instances of prob-
lem ([I) with ¢ = 0 (e.g., see [13| 14l 17, I8, B7, B9, [40]). Notably, when f is Lipschitz smooth
(see Assumption [3)), the methods in [I7, [I8] achieve a sample complexity of O(¢~%) for finding an
e-stochastic stationary point x satisfying

E[dist (0, Vf(z) + Nx(z))] <e.

Furthermore, when f(-, &) is Lipschitz smooth on average (see Assumption 2)), the methods in [I3] [14]
137, 139, 0] improve this sample complexity to O(¢~3) for finding an e-stochastic stationary point.

Additionally, various methods have been proposed for problem (Il) with X = R™ and ¢ # 0. For
instance, [38] developed a stochastic penalty method that applies a stochastic gradient method to
solve a sequence of quadratic penalty subproblems. Stochastic sequential quadratic programming
(SQP) methods have also been proposed in [2} 3] 4] 1], 12], 15| 28], 29], which modify the classical SQP
framework by using stochastic approximations of f and by appropriately selecting step sizes. Under
suitable assumptions, these methods ensure the asymptotic convergence of the expected violations of
feasibility and first-order stationarity to zero. Moreover, the methods in [I0, 29] guarantee almost-
sure convergence of these quantities. Besides, the sample complexity of 6(6_4) for finding an e-
stochastic stationary point is achieved by methods in [II, 29]. It is worth mentioning that their
operation complexity is often higher than the sample complexity, due to the need to solve linear
systems. Additionally, these methods may not be applicable to problem (Il) when X # R".

Recently, several methods have been proposed for solving problem (Il) with X # R™ and ¢ # 0.
For instance, [36] proposed a momentum-based linearized augmented Lagrangian method for this
problem, achieving a sample and first-order operation complexityl? of O (e%) for finding an e-stochastic
stationary point that satisfies

E[llc(z)] <e,  E[dist (0, VF(z) + Ve(@)A + Nx (2))] < € 2)

for some Lagrangian multiplier A. This complexity improves to 6(6_3) when a nearly feasible point
of () is available. More recently, [I] proposed a stochastic quadratic penalty method that iteratively
applies a single stochastic gradient descent step to a sequence of quadratic penalty functions @Q,, (),
where py is a penalty parameter, and @, is defined as

Qplw) = f(a) + L lle(a)]” (3)

In this method, the stochastic gradient is computed using the recursive momentum scheme introduced
in [I3], treating p as part of the variables (see Section 2] for more detailed discussions). Under the
error bound condition (B]) with # = 1 and other suitable assumptions, this method achieves a sample
and first-order operation complexity of 6(6*4) for finding an e-stochastic stationary point satisfying
@.

In many applications such as energy systems [33], machine learning [9l 20], resource allocation
[16], and transportation [27], all or some of the constraints in problem () are hard constraints
representing imperative requirements. Consequently, any desirable approximate solution must (nearly)
satisfy these constraints. As mentioned above, the e-stochastic stationary point z found by existing
methods [I}, 3], 11l [12], B6, B8] satisfies E[||c(z)]|]] < e. However, it is possible that [|c(x)| may still
be excessively large, leading to significant constraint violations, which is undesirable in applications
where practitioners require nearly exact constraint satisfaction.

:jSample complexity and first-order operation complexity refer to the total number of samples and gradient evaluations
of f used throughout the algorithm, respectively.



To address the aforementioned issue, we propose single-loop variance-reduced stochastic first-order
methods for solving problem (), inspired by the framework of [I, Algorithm 2], but with a significantly
different approach to constructing the stochastic gradient. Specifically, starting from any initial point
xo € X, we iteratively solve a sequence of quadratic penalty problems min,ex @, (¢) by performing
only a single stochastic gradient descent step

Tpg1 = x (2 — meGy),

where 7, > 0 is a step size, G}, is a variance-reduced estimator of VQ,, (z;), and IIx denotes the
projection operator onto the set X. In our methods, G} is constructed by handling the stochastic
part f(z) and the deterministic part pgllc(z)||?/2 of @, () separately. More precisely, V f(zy) is
approximated by a stochastic estimator gi, obtained via a truncated recursive momentum scheme or
a truncated Polyak momentum scheme for f(x), while V(pg|lc(2)]|?/2)|z=z, is computed exactly as
prVe(zg)e(zy). Combining these two components gives Gy, = g + prVe(zg)c(xy), which serves as a
stochastic estimator of VQ,, (z1) (see Algorithms [l and [ for details). Under the error bound condi-
tion (B]) with # > 1 and other suitable assumptions, our methods respectively achieve a sample and
first-order operation complexity of O (6_ max{9+2’29}) and O (e_ max{4729}) for finding an e-stochastic
stationary point x that satisfies

le(@)| <e,  E[dist (0, Vf(z) + Ve(@)A + Ny (2))] < € (4)

for some A. This e-stochastic stationary point nearly satisfies all the constraints with certainty and is
thus stronger than the one found by existing methods. Furthermore, our complexity results are novel,
as no prior work has established complexity bounds for general values of 6, even for finding a weaker
e-stochastic stationary point satisfying (2). Additionally, for # = 1, our method based on a truncated
recursive momentum scheme achieves a sample and first-order operation complexity of O(e~3), which
matches the complexity achieved by the method in [36], but is stronger than the complexity of 6(6_4)
achieved by [I, Algorithm 2]. However, these methods only guarantee such complexities for finding a
weaker e-stochastic stationary point satisfying (2l), and the method in [36] additionally requires the
availability of a nearly feasible point. Moreover, the complexity of 6(6_3) matches, up to a logarithmic
factor, the complexity achieved by the method in [I3] for problem () with X = R™ and ¢ = 0, as well
as the methods in [14] [17] 18], 37, 39, [40] for problem (Il) with ¢ = 0.

The main contributions of our paper are summarized as follows.

e We propose single-loop variance-reduced stochastic first-order methods with a truncated recur-
sive momentum or a truncated Polyak momentum for solving problem ({J).

e We show that under the error bound condition (Bl) with # > 1 and other suitable assumptions,
our proposed methods respectively achieve a sample and first-order operation complexity of
(’)(e* max{9+2’29}) and (’)(e* max{4’29}) for finding an e-stochastic stationary point of problem ()
satisfying (@), which is stronger than the one found by existing methods.

To the best of our knowledge, this is the first work to develop methods with provable complexity
guarantees for finding an approximate stochastic stationary point of problem (1) that nearly satisfies
all constraints with certainty.

The rest of this paper is organized as follows. In Subsection [T we introduce some notation,
terminology, and assumption. In Sections 2l and Bl we propose stochastic first-order methods with a
truncated recursive momentum or a truncated Polyak momentum for problem (1) and analyze their
convergence. We provide the proof of the main results in Section @l Finally, concluding remarks are
given in Section Bl



1.1 Notation, terminology, and assumption

The following notation will be used throughout this paper. Let R-g denote the set of positive real
numbers, and R"™ denote the Euclidean space of dimension n. The standard inner product and
Euclidean norm are denoted by (-,-) and || - ||, respectively. For any r > 0, let Z(r) represent the
Euclidean ball centered at the origin with radius r, that is, Z(r) = {z : ||z| < r}. For any t € R, let
t+ = max{t,0} and [t| denote the least integer greater than or equal to ¢.

A mapping ¢ is said to be Lg-Lipschitz continuous on a set Q if ||¢(x) — ¢(2')|| < Lyllx — 2|
for all z,2’ € Q. Also, it is said to be Lyg-smooth on Q if [|[Vo(z) — Vé(a')|| < Lyl — 2| for all
z, 7 € Q, where V¢ denotes the transpose of the Jacobian of ¢. Given a nonempty closed convex set
Q, dist(x, Q) denotes the Euclidean distance from z to €2, and Ilg(z) denotes the Euclidean projection
of z onto 2. In addition, the normal cone of {2 at any = € (2 is denoted by No(z). Finally, we use
O(+) to denote the asymptotic upper bound that ignores logarithmic factors.

Throughout this paper, we make the following assumptions for problem ().

Assumption 1. (i) The optimal value f* of problem [0 and Q% := mingex{f(x)+ |lc(z)||?/2} are
finite.

(1) f is differentiable and Ly-Lipschitz continuous on X.
(iii) For each & € =, f(-,g) is differentiable on X and satisfies the following conditions:
BV f(@,6] = Vi), EIVi@6)-Vi@l2)<o® VoeX
for some constant o > 0.

(iv) The mapping c is L.-Lipschitz continuous and Ly.-smooth on X. Additionally, ||c(z)|| < C. for
all x € X, and there exist constants v > 0 and 6 > 1 such that

dist (0, Ve(z)e(z) + Nx (z)) > vlle(x)||? Vo e X. (5)
In addition, for notational convenience, we define
L:=I12+C.Ly.. (6)
It follows from this and Assumption [ that |lc(z)||?/2 is L-smooth on X, and
IVf@) <Ly, |Ve@)| <L. VoeX. (7)

Before ending this subsection, we make some remarks on Assumption [II

Remark 1. (i) The assumption on the finiteness of Q7 is generally weaker than the condition
mingex f(z) > 0, which is imposed in related work such as [1]. Moreover, this assumption is
quite mild. Specifically, since the optimal value f* of () is finite and

lim min{f(z) + plle(z)|*/2} = [,

p—oo xeX
there exists some p > 0 such that minge x { f(x)+p|lc(x)[|*/2} and consequently mingex{p~" f(z)+
c(x)[|?/2} are finite for all p > p. Therefore, if Assumption (i) does not hold, one can replace
f with p~Lf for some p > p, ensuring the resulting problem (ll) satisfies Assumption [1(i).

(ii) Assumption(iii) is standard and implies that V f(z,€) is an unbiased estimator of V f(z) with
a bounded variance for all x € X.

(iii) Assumption l(iv) with @ = 1 is commonly used in the literature to develop algorithms for op-
timization problems involving nonconver functional constraints (e.g., see [1, (21, (22, [32]). In
contrast, our assumption is more general, as it covers a broader range of 6 € [1,00). The er-
ror bound condition in Assumption [dl(iv) plays a crucial role in designing algorithms that yield
nearly feasible solutions to problem ().



2 A stochastic first-order method with a truncated recursive mo-
mentum for problem ()

In this section, we propose a stochastic first-order method with a truncated recursive momentum
for solving problem (), inspired by the framework of [I, Algorithm 2|, but employing a significantly
different approach to constructing the stochastic gradient. Moreover, the proposed method exhibits
stronger convergence properties compared to existing methods (see Remark [2I).

Specifically, starting from any initial point x¢y € X, we approximately solve a sequence of quadratic
penalty problems min,ecx @, (x) by performing only a single stochastic gradient descent step 11 =
IIx (2 —npGr), where py is a penalty parameter, n; > 0 is a step size, Gy, is a variance-reduced estima-
tor of VQ,, (v1), and @, is given in ([B]). Notice from @) that VQ,, (x) = V f(xr) + prVe(ay)c(zy).
Based on this, we particularly choose Gy = gr + prVe(zk)c(zy), where g is a variance-reduced
estimator of V f(xy), computed recursively as follows:

gk = Waprp) (VF (s &) + (1= ar1) (g1 — V(@r-1,61))) (8)

for some a1 € (0,1] and a randomly drawn sample &. This scheme is a slight modification of
the recursive momentum scheme introduced in [I3], incorporating a truncation operation via the
projection operator Il ;) to ensure the boundedness of {gx}, which is crucial for the subsequent
analysis. Interestingly, despite this truncation, the modified scheme preserves a variance-reduction
property similar to the original scheme in [I3] (see Lemma [3]).

The proposed stochastic first-order method with a truncated recursive momentum for solving
problem () is presented in Algorithm [ below.

Algorithm 1 A stochastic first-order method with a truncated recursive momentum for problem ()
Input: 21 € X, {ax} C (0,1], {px},{m} C R>o, and Ly given in Assumption [l

1: Sample 1 and set g1 = Iz, ) (V f(21,&)).

2: for k=1,2,... do

30 Gk = gr + prVe(zg)e(zy).

4 xpqr = Hx (2 — meGh). } }

5. Sample &1 and set gry1 = Mg ) (VF(@rt1, Ep41) + (1 — a)(gr — VF(@r, &kr1))) -
6: end for

The parameters {ay}, {pr} and {n;} will be specified in Theorem [ for Algorithm [ to achieve a
desirable convergence rate. While Algorithm [ shares a similar framework with [I, Algorithm 2], the
construction of the variance-reduced estimator Gy, of VQ,, (x)) differs significantly between the two
algorithms. In particular, Gy in [I, Algorithm 2] is obtained by applying the recursive momentum
scheme introduced in [I3] to the entire function Q,(x), treating p as part of the variables, and it is
given by B B

G =VQp (1, &) + (1 — ap—1)(Gr—1 — VQp,_, (¥k-1,&k)),

where %Qp(ﬂv, €) = Vf(x, &)+ pVe(z)e(x). In contrast, Gj, in Algorithm Mlis constructed by handling
the stochastic part f(z) and the deterministic part py||c(z)||?*/2 of Q,, (z) separately. Specifically,
V f(zy) is approximated by a stochastic estimator gi, obtained via truncated recursive momentum
scheme as given in (§), while V(pg|/c(z)||?/2)|z=z, is computed exactly as ppVe(zg)e(xy). Combining
these two components gives G = gx + prVe(xg)c(xy) for Algorithm [II

Due to the significant difference in the choice of {G}, {ar}, {pr}, and {n;}, [IL Algorithm 2] and
Algorithm [ exhibit vastly different convergence properties. Specifically, under Assumptions [Il and
with § = 1, [I, Algorithm 2] generates a sequence {Z}} satisfying

Ellle(,) 2] = O(k™12),  E [dist? (0,9 f(2,,) + Vel ), +Nx(@,)) | = Ok

5



for some sequence {\;}. In contrast, Algorithm [l generates a sequence {x;} that satisfies
e )l = O21%), B [dist? (0,VF(z1,) + Vel + N ()] = O?)

for some sequence {\x}, where ¢ is uniformly drawn from {[k/2] +1,...,k} for k > 2 (see Theorem
[ and [I, Theorem 4.2]). Clearly, the sequence {x} generated by Algorithm [I] exhibits a stronger
convergence property, since it not only achieves a significantly faster convergence rate but also en-
sures that |c(x,, )||? converges with certainty, rather than merely in expectation. Furthermore, under
Assumptions [I] and 2] with 6 > 1, the convergence of [I, Algorithm 2] remains unknown, while the
sequence {xy} generated by Algorithm [I] satisfies

HC(ka)HZ = 6(k_T)’ E [diStQ (0’ vf(ka) + Vc(xbk))\ﬂc +NX(ka))] = 6(]{:_7)

with 7 = min{2/(0 + 2),1/6} for some sequence {A}.
Before presenting convergence results for Algorithm [l we make the following assumption regarding
the average smoothness condition for problem ().

Assumption 2. The function f(x,f) satisfies the average smoothness condition:
E[|Vf(u,&) = V(0,1 < Lgllu—ol®  VuveX.

Assumption [2is commonly imposed in the literature to design algorithms for solving problems of

the form min, E[f(z,&)] + P(x), where P is either zero or a simple but possibly nonsmooth function
(e.g., see [13] [14] 37, 39} 40]). It can be observed that Assumption 2implies that Vf is Ly f-smooth
on X, that is,
IVf(u) = V@) < Lysllu—ol  Vu,veX. (9)
However, the reverse implication does not hold in general (e.g., see [I§]).
We are now ready to present the convergence results for Algorithm [l with the proof deferred to
Subsection Bl Specifically, we will present convergence rates for the following two quantities:

Hc(ka)HQ and E [diStQ (O’ vf(xbk) + pbkflvc(xbk)c(xbk) + NX(ka))] ) (10)

where ¢, is uniformly drawn from {[k/2] +1,...,k}. These quantities measure the constraint viola-
tion and the expected stationarity violation at x,, .

Theorem 1. Suppose that Assumptions [l and [A hold, and {xy} is generated by Algorithm[d Let L
be defined in @), Ly, Lvf, Le, Ce, 0, v, 0 and QF be given in Assumptions D and (3, g1 be given in
Algorithm [, and vy, be the random variable uniformly generated from {[k/2] +1,...,k} for k > 2,
and let pr, M and oy be chosen as

or =k, mp=k""/(4log(k+2)), o =k2, where v=min{f/(0+2),1/2}  (11)
for some 6 >1. Then for all k > 2]~(1, we have

E [dist? (0, V£ (2,,) + pure—1Ve(zy,Jelr,,) + Nix(1,,)]

102log(k + 1) lgr = V()| |1 _w
—_— - Q7 =C 1, kY 1+ logk
= k=1 Qi(z1) — Q7 + 2l0g 3 + 5 1 max{1, o }(1 + logk)
1 o, =, 3v202(1 + log k 1 ~ ~1 ~1_ ~
+ 503(1(1 —1) + 2(10g3 L + 15 (1 + log K1)(Lvy+ KZL+6K2 Ly ) (L + C§L§K1)>,
le(z,)1? < 201 (k/2)72/°,
where
= 7 Lo 6x2v/2L% . oL 20 [ —1_—266-0 20 20
K; = |max{ (2Lyy)v,e Vi et e ,<e v~ “2° 7 log(e —|—2)) ) (12)
Oy = max{1,[?’12”/903/2,23*9@7*2}. (13)

6



Remark 2. (i) The parameter 0 in Theorem [ represents an estimate of the actual value of 0. If
the actual value of 0 > 1 is known, we set 0 = 0.

1) As shown in Theorem [, the choices of pr, M, and ai in with any arbitrary 6 >

i) As sh m Th [, the choi Pks 1 d ' th bit 0 >1
ensure a convergence rate of O(k~™{2v/0.1=v1=2w420/0}y for the quantities in [I0). When
the actual value of 8 > 1 is known, we set 8 = 0, and the convergence rate improves to

6(]{3_ min{2/(0+2),071}) .

The following result is an immediate consequence of Theorem [l It provides iteration complexity
results for Algorithm [l to find an e-stochastic stationary point z,, of problem () satisfying (I4]) below.

Corollary 1. Suppose that Assumptions[dl and [@ hold, and {x}} is generated by Algorithm[d. Let 0
be given in Assumption[d, and vy be the random variable uniformly generated from {[k/2] +1,... k}
for k > 2. Then the following statements hold.

(i) Suppose that 0 > 1 and its actual value is known. Let pg, n and oy, be chosen as in (1) with
6 =0. Then for any € > 0, there exists some T = O(e~™@{0+220}) sych that

ey )l <6, Eldist (0, Vf(x,) + py-1Ve(@y)e(z,,) + Nx (z,))] < € (14)
hold for all k > T.

(ii) Suppose that 0 > 1 and its actual value is unknown. Let py,, np and ay be chosen as in ([[II) with
0 = 1. Then for any € > 0, there exists some T = O (6*39) such that (I4) holds for all k > T.

(iit) Suppose that 6 > 1 and its actual value is unknown. Let py, ng and oy be chosen as in ) with
0 = 2. Then for any € > 0, there exists some T = O (e_ max{‘l’%}) such that ({I4) holds for all
k>T.

Remark 3. (i) Since Algorithm [l requires one sample, one gradient evaluation of ¢, and two gra-
dient evaluations of f per iteration, its sample and first-order operation complezity are of the
same order as its iteration complexity. Our complexity results stated in Corollary I are nowvel,
as no prior work has established complexity bounds for general values of 0, even for finding a
weaker e-stochastic stationary point satisfying (2I).

(ii) For 6 =1, Algorithm O with py,, n, and oy, chosen as in (D) with § = 1 achieves a sample and
first-order operation complexity of 6(6_3), which matches the complexity achieved by the method
in [36], but is stronger than the complexity of O(e~*) achieved by [1, Algorithm 2]. However,
these methods only guarantee such complexities for finding a weaker e-stochastic stationary point
satisfying @), and the method in [36] additionally requires the availability of a nearly feasible
point. Moreover, the complexity of O(e=3) matches, up to a logarithmic factor, the complexity
achieved by the method in [13] for problem (l) with X = R™ and ¢ = 0, as well as the methods

in [14), (17, (18, [37, (39, [40] for problem () with ¢ = 0.

(i1i) When 6 € [1,4/3) and its actual value is unknown, and its actual value is unknown, Algorithm
1 achieves better complexity by choosing py, M, and oy as in ([III) with 6 =1 rather than 6 = 2.
However, when 0 > 4/3 and its actual value is unknown, better complezity is achieved with 6=2
instead ofé =1.

3 A stochastic first-order method with a truncated Polyak momen-

tum for problem ()

In this section, we propose a stochastic first-order method with a truncated Polyak momentum for
solving problem (Il). This method modifies Algorithm [Il with g being recursively generated using



the following truncated Polyak momentum scheme:

gk = 1lgrL,) (Oékqvf(ﬂﬁk’ &)+ (1 — ae—1)gr-1)

for some a1 € (0,1] and a randomly drawn sample &, where Ly is given in Assumption Il This
scheme is a slight modification of the well-known Polyak momentum scheme [I7, [30, 41], incorpo-
rating a truncation operation via the projection operator g, ;) to ensure the boundedness of the
sequence {gi}. This boundedness is crucial for our subsequent analysis. Despite the truncation, the
modified scheme preserves the variance-reduction property of the original Polyak momentum scheme
(see Lemma [J]).

The proposed stochastic first-order method with a truncated Polyak momentum is presented in
Algorithm 2

Algorithm 2 A stochastic first-order method with a truncated Polyak momentum for ()
Input: 21 € X, {ax} C (0,1], and {pg}, {m} C R>o, and Ly given in Assumption [l

1: Sample & and set g1 = H_@(Lf)(Vf(ml,&)).

2: for k=1,2,... do

30 Gk = gr + prVe(zg)e(zy).

4 xpqr = Ux (2 — meGh). )

5. Sample &1 and set gry1 = Mgy (1 — ar)gr + axV f(2h41, Ep1))-
6: end for

It is worth noting that if the set {V f(z,£) : © € X, & € B} is bounded, the recursion for gj,; in
step 5 of Algorithm 2] can be modified to gx+1 = (1 — ag)gx + aka(ka,ng). This modification
ensures the boundedness of {gx}, and the resulting algorithm still retains the same rate of convergence
as Algorithm

To present the convergence results for Algorithm [2 we make the following assumption regarding
the Lipschitz smoothness condition for problem ().

Assumption 3. The function f is Ly t-smooth on X, that is,
IVf(u) =V < Lygllu ol Yu,v e X,

As remarked in Section 2] the average smoothness condition implies the Lipschitz smoothness
condition, but the reverse implication generally does not hold. Therefore, Assumption ] is weaker
than Assumption 2 in general.

We are now ready to present the convergence results for Algorithm 2l with the proof deferred to
Subsection Specifically, we will establish convergence rates for the quantities introduced in (I0J).

Theorem 2. Suppose that Assumptions [l and [3 hold, and {zy} is generated by Algorithm[4. Let L
be defined in @), Ly, Lyys, Le, Ce, 0, v, 6 and Q7 be given in Assumptions [l and[3, g1 be given in
Algorithm[3, and vy, be the random variable uniformly generated in {[k/2] + 1,...,k} fork > 2. Then
the following statements hold.

(i) Suppose that 6 € [1,2) and its actual value is known. Let py, mi and oy be chosen as

pe=ki, mo=k"2/log(k+2), op=k z. (15)



Then for all k > QIN(Q, we have

E [diStQ (Oa vf(xbk) + pbkflvc(xbk)c(xbk) +NX(ka))]

51log(k + 2)
< 71
2(k—1)2

06-0) . 1,0 )
4(2 — 9)C2 + 2(K2 - 1)Cc

(f(fﬂﬂ + %HC(M)IF — Qi +llgr = Vf(z)* +

~ 0 1 ~ 0
+0*(1+logk) + (14 log K3)(Lvy + K5 L+ 2K3 Ly ) (L7 + CfLiK;)),

1
le(zo) 1 < 205 (k/2)72,
where
_4
Ky = [max {62, 64L2vf, s, (8L)ﬁ, <e_1'y_222_% log(e? + 2)) = }“ ) (16)
Cy — max {1, RKY2c2)e, 22—9/2L§fy—2} . (17)

(ii) Suppose that 6 > 1 and its actual value is unknown. Let py, g and oy be chosen as
pr =K%, mp=k"3/(4log(k+2), ap=k"%. (18)
Then for all k > 2]~(3, we have
E [dist? (0, Vf(2,,) + pue—1Ve(zy, )e(z,,) + Nx(z,,))]

_ 10210g(k +2)

2 fan) + Sle@) 2 — @ + g1 — VF0)]? + ~Csmax{1, k331(1 + log k)
(k—1)2 2 2

1 1 ~ 1 1 ~
(K2 —1)C? + 0*(1 +log k) + (1 +log K3)(Lyy+ KZL+2K L3) (L} + 03L§K3)> ,
le(,, )IIP < 2C5(k/2)"1°,

where
~ 20
Ky = ’Vmax {4L2Vf, e2%s 2L o2, <e*1f226*9 log(e? + 2)) H , (19)

Cs = max {1, K022, QHL%*?} . (20)

Remark 4. For 0 € [1,2), the choices of px, Mk, and o provided in (1) and ([I8) guarantee the
same order of convergence rates for the quantities in ([I0)), regardless of whether the actual value of 6
1s known. However, the constant K> generally depends less on L compared to IN(?,. Therefore, when
0 € [1,2) and its actual value is known, the parameters pg, ni, and oy specified in (D) are typically
the better choice.

The following result is an immediate consequence of Theorem 2l It provides iteration complexity
results for Algorithm ] to find an e-stochastic stationary point z,, of problem () that satisfies (I4]).

Corollary 2. Suppose that Assumptions [l and [3 hold, and {xy} is generated by Algorithm[D. Let 6
be given in Assumption[d, and vy be the random variable uniformly generated from {[k/2] +1,... k}
for k > 2. Then the following statements hold.

(i) Suppose that 0 € [1,2) and its actual value is known. Let py, n. and oy be chosen as in (I5).
Then for any € > 0, there exists some T = O(e~*) such that ([I4) holds for all k > T.



(ii) Suppose that 0 > 1 and its actual value is unknown. Let py, ni and ay be chosen as in (I5)).
Then for any € > 0, there exists some T = O (e* max{4’29}) such that ([I4) holds for all k > T.

Remark 5. (i) Since Algorithm [2 requires one sample, one gradient evaluation of ¢, and one gra-
dient evaluation of f per iteration, its sample complexity and first-order operation complezity
are of the same order as its iteration complexity, which is stated in Corollary[2

(ii) For 0 € [1,2), Algorithm[2 with py, ni and oy chosen as in ([I5) or (I8) achieves a sample and
first-order operation complexity of (5(6*4) for finding an e-stochastic stationary point of ().
This complexity matches, up to a logarithmic factor, the complexity achieved by the methods
in [17, [18] for problem ([dl) with ¢ = 0. However, it is worse than the complezity of O(e29)
achieved by Algorithm [0 with pg, ni and oy chosen as in (IIl) with 0 = 0. It should be noted
that the latter complexity is obtained under stronger assumptions, since Assumption [d is more
restrictive than Assumption [3.

(i1i) For 0 > 2, Algorithm [@ with py, np and oy chosen as in [IH) or ([I8]) achieves a sample and
first-order operation complexity of O (6_26) for finding an e-stochastic stationary point of ().
This complezity matches that achieved by Algorithm [ with py, nx and «y chosen as in ([T
with § = 6 or 2, but under weaker assumptions, since Assumption [J is less restrictive than
Assumption [2. Moreover, Algorithm [ requires only one gradient evaluation of f per iteration,
while Algorithm [ requires two.

4 Proof of the main results

In this section we provide a proof of our main results presented in Sections [ and [Bl which are
particularly Theorems [I] and 2

4.1 Proof of the main result in Section

In this subsection we first establish several technical lemmas and then use them to prove Theorem [l
For notational convenience, we define

h(z) = 5 le(a) (21)

One can observe from Assumption [[[iv) that h is L-smooth on X, where L is given in ().
The following lemma establishes a relationship between h(zy1) and h(zy), which will be used to
derive bounds for ||c(x)]|?.

Lemma 1. Suppose that Assumption [l holds, and xp 1 is generated by Algorithm [ for some k > 1
with prme < (V5 —1)/(2L). Then we have

h(@pi1) + 20292 i [h(@s1)]® < h(aw) + Loy, 'ne /2,

where py, and n, are given in Algorithm [, Ly, v and 0 are given in Assumption[d, and L and h are
defined in ([6l) and 1), respectively.

Proof. Let G be given in Algorithm [Il For convenience, we define
Gr = p;'Gr, ik = prii- (22)
It then follows from these, ([2I]), and the expression of zj11 in Algorithm [I] that

1 = x (2 — muGr) = My (x), — Gr), (23)

10



which implies that
0e $k+1—xk+ﬁkék+/\/x($k+1) = Vh(xkﬂ)—i-ﬁk_l(xk—xkﬂ)—ék S Vh($k+1)+f\/x(xk+1). (24)
Using this, ([2I) and Assumption [[iv), we have

292 h(zp11)])” = VP|le(zren)]|?? < dist? (0, Ve(ps1) (@) + Ny (Th41))
. @D . ~
D st (0, Vi(zpi1) + Nx (zr41)) < IVA(@E41) + 7, 2k — 2p1) — Gil?
<2017 @k — mrg) + Vh(zy) — Gill” + 2| Vh(zgg1) — Vi) |2
= 20 || zpsr — xk|® + 473, (G — VA(xk), 21 — k) + 2||Gr — Vh(zy)|)?
+ 2| Vh(zps1) — Vh(zy)]?

<207 2 + L2)|Jwggr — x| + 40, HGr — Vh(ar), g1 — o) + 2| Gy — V)|,
(25)

where the first inequality follows from Assumption[I[iv), the second inequality is due to the convexity
of || - ||?, and the last inequality follows from the L-smoothness of h. In addition, by [23) and z;, € X,
one has

(Tpr1 — 2 + TRGryzh — Thp1) >0 = (Gryzpps — k) < =77 | @pgs — 2k

This together with the L-smoothness of h yields
h(rs) < ha) + (Vh(a), 2ppn — 2) + 2 [z — o)
= hla) + (G i — ) + (Vh(an) = G, icer — ) + 5 rir =l
< h(zk) — iy Neesr — 26l + (VA(zg) — G, T — 23) + g”xk—kl -z
Using this and (28]), we obtain that

_9 9. 1 ~ _ Nk =~
hap1) + 20220 ()] < hay) + §(L277k — it D)z — o2+ %HGk — Vh(zy)|]*. (26)

Observe from @2) and ppnr, < (V5 — 1)/(2L) that Lij, = Lpgn, < (vV/5 — 1)/2, which implies that
Ly — it + L= iy, (L2 + Ligg — 1) < 0. (27)

Notice from the expression of gj, in Algorithm [l that g, € % (Ly) and hence ||gx|| < Ls. Also, observe
from Algorithm [l and (1)) that Gy = gr + prVh(zy). Using these and ([22]), we have

IGx, = V(@) = llpg "G = VRl = llpg (96 + oV h(ar)) = VA = pi llgell < o' Ly

It then follows from this, (26]) and 7)) that
Wapi1) + 2722 h(@gs1)])” < h(an) + L/ (207).

This and the definition of 7 in ([22]) imply that the conclusion of this lemma holds. O

I

The next two lemmas derive bounds for ||c(zy)||* under the choice of px, nr and ay in Algorithm

m

Lemma 2. Let v, I~(1, and Cy be given in (), (I2)) and [@3), respectively. Suppose that Assumption
[ holds, and {xy} is generated by Algorithm [ with {py}, {m} and {ax} given in (). Then we have
le(z)]|? < 2C1k=2/9 for all k > K;.

11



Proof. Let h be defined in (2I]). To prove this lemma, it is equivalent to show that h(x;) < C1k=2v/0
for all &k > K;7. We now prove this by induction. Indeed, notice from Algorithm [0 that x i € X. It
then follows from (I3]), (1) and Assumption [(iv) that

€D 1 1 @ ~—2v/0
hag,) = gleag)IP < 502 < R,

Hence, the conclusion holds for k = K 1. Now, suppose for induction that h(zy) < C1 k=% /9 holds for
some k > Ki. Recall that py, 7z and K, are given in ([T} and (). In view of these, one can observe

that
- 1 dIZD 1 <\/5—1
4log(k +2) = 4log(K, +2) — 8L 2L

and hence Lemma [I] holds for such k. Using Lemma [Il with the choice of py and ny given in (1), we
obtain that

PN =

h(xrr1) + 27792 h(zpe))’ /log(k +2) < h(xx) + L3k~ /(8log(k + 2)). (28)

Further, let
o(t) =t + 20714219/ log(k + 2). (29)

Notice from () and (I3) that v = min{f/(9 + 2),1/2} for some > 1 and C; > 1. Using these and
29]), we have

$(Cr(k +1)"2/%) — Oy k=% — L3k /(8 log (k + 2))

@ 0090-42( 4 1) log(k + 2) + Cy (k + 1)~2/° — Cy k=210 — L3k /(8log(k +2))
> Y2742 (k + 1)7% [ log(k + 2) — 2vC1 k=271 jg — L3k~ /(8 log(k + 2))

k= oo0-12( k \*¥ 2w(1—
= — 2 — -2 k2 (=01 60k + 2)/6 — L2
log(k + 2) (Cl 7 <k+1> vO1 og(k +2)/6 — Ly/8
k2 900—5,.2 1 2
> 2 —Cik7alog(k+2)— L
= log(k + 2) (Ct2'~29? — Cuk ¥ log(0+2) — 1/3)

—2v

> 0-5.2 -1 72
2 e E D) (012 V2= Cik o log(k +2) Lf/s), (30)

where the first inequality follows from (k+1)=2/¢ —k=2¥/0 > _2yk=2¥/9=1 /g thanks to the convexity
of t=2"/% the second inequality is due to # > 1, v < 1/2 and k/(k + 1) > 1/2, and the last inequality

follows from ¢ > 1 and C; > 1. In addition, one can verify that =20 log(t + 2) is decreasing on
[€?,00). Using this, (IZ), and k > K; > ¢, we obtain that

1
k2 log(k + 2) < log(e?’ +2)/e, k2 < K[ % <ey?/(257 % log(e® + 2)).

Multiplying both sides of these inequalities yields k=% log(k +2) < 2¢=6~2, which together with (I3)
implies that

@
C127755% — C1k v log(k +2) — L3/8 > (1277642 — L3/8 > 0.

Using this, 28), @9), @0), and the induction hypothesis that h(z;) < C1k~2*/?, we obtain that

B (k1) 271%) > Crk 104 L3k /(8log(k+2)) > hiay)+ L2k /(8log(k42)) 2 6(h(zkin)).

It then follows from this inequality and the strict monotonicity of ¢ on [0,00) that h(zyy1) < Ci(k +
1)=2¥/%_ Hence, the induction is completed and the conclusion of this lemma holds. 0
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The following lemma provides a relationship between E [[|gr11 — V f (z41)||?] and E [|lgr — V f (z1)[|?].

Lemma 3. Suppose that Assumptions[dl and[Q hold, and {gr} and {xy} are generated by Algorithm
[@ Then for all k > 1, we have

E [llgks1 — Vi (zrs)P] < (1= ar)’E [llge — Vf (@) II’] + 6L E [[lzes1 — zl]*] + 30”0,

where {ay} is given in Algorithm [, and o and I_/vf are given in Assumptions [l and[2, respectively.

Proof. Notice from () that V f(zy11) € #(Ly) and hence V f(2x41) = gz, (V f(2g+1)). By this,
the expression of gi11, and the nonexpansiveness of the projection operator Il ;) one has

g1 — V@) I* = Mg ) (VF (@1, Ers) + (1= ai)(gr — VF (@8 6611)) — T, (V f (1)
<NV (@1, Er1) + (1= o) (g — V. (@, &) — VI (@pp) |
= [V f (@ri1,6h11) = VI (@rin) + (1= ar)(gr = Vf(@r) + V() = VI (p &)l
= |V (@hs1s 1) = VI (@rga) + (1= an)(Vf (2r) = VF (@r, )P + (1= ar)?|lgr — V f(21)]
+2(1 = ag) gk — VI (@), V(@1 &rs1) — VI (@r41))
+2(1 — o) (g — Vf(xk), V(1) = VF (2, Ers))- (31)
Let 2 = {&1,...,&;} denote the collection of samples drawn up to iteration k& — 1 in Algorithm [ Tt
then follows from Assumption [I(iii) that

EVf(@ri1, k1) — VI (@e1)|Zk] =0, E[Vf(2x) — Vf(2k, &i1)|Ek] =0,
which imply that
El(gk — Vf(xk), V@1, 1) — VI (@e))Zx] = {9k — V(@) EVF(@rs1, &et1) — Vo (@r41)|Zx]) = 0,
El(gk — Vf(xx), V(@) — VI (@r &) Zk] = (9o — Vf (@), B[V f(2r) = V f(2k, &er1)Ek]) = 0.

Using these and taking a conditional expectation on both sides of (3II), we have

Elllgr+1 — Vf (@e0) IP1Zk] SE[IV (@11, Ghi1) = Vi (@rr1) + (1 = a)(VF (@) — VF(@r, &) 1P| Zk]
+ (L= ar)llgr — Vf ()] (32)

In addition, it follows from Assumption [ that
B[V f(2ri1, k1) = Vi (xrg1) + (1= an)(Vf(@x) = VF(@r, &) [P
= E[|Vf (211, 61) = VI (2n, Een) + VI (21) = VI (@rr1) = (VS (2r) = VF (2, Ger)) P24

<BE[|V f(@rt1,Ep41) — VI (@h, Ee1)12Ex] + 3|V f (@r11) — V()]
+ 30 E[|V f (k) — V(@k, Ser1) IIPIBk] < 6L f[|wps1 — zl|” + 30,

where the first inequality follows from the convexity of || -[|?, and the last inequality is due to (@) and
Assumptions [I(iii) and 2l By this and ([32), one has

Elllge+1 = Vi (@r)[IP[Ex] < (1= ar)?llgr — VS (@i)lI” + 6L flek1 — zp|* + 30”ai.
The conclusion of this lemma follows from taking expectation on both sides of this inequality. O

The next lemma provides an upper bound on E[Q,, (zx) + llgx — V f(2x)]?].
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Lemma 4. Suppose that Assumptions [ and 2 hold. Let {gx} and {x} be generated by Algorithm [,
and let

Gk = k7/(21og 3), (33)
where v is defined in ([0). Then for all k > 1, we have

k—1

1
E [Qpy (z1) + Cillgr — V(@) 7] < Qpy (1) + Cillgr — Vf (w1)* + 5 > (pis1 = pi)E [[le(xi)|]
i=1
1k—1 - - k—1
T3 Zzl (Lyy+piL—n '+ 12Cz‘+1LQVf) E [||lzit1 — 2] + 302 ,Zl 107, (34)

where {ou}, {pr} and {ni} are given in Algorithm [, Q, and L are respectively defined in (@) and
@), and o and Ly 7 are given in Assumptions [ and [, respectively.

Proof. Observe from Assumptions [I] and 2] and the definition of @, in (@) that @, is (Lv ¢+ pel)-
smooth on X, where L is defined in (6]). Notice from Algorithm [Il that x; € X and xpq = Hx (2 —
Nk Gy), which imply that

(Thy1 — ok + MGry Tk — 1) >0 = (Gryzpp1 — k) < —np opsr — ol (35)

Also, notice from Algorithm [[land (3] that
Gr = gk + peVe(zg)e(zr), VQp (wk) = Vf(zr) + ppVe(zg)c(zy),
and hence VQ,, (z1) — Gk, = g — V f(x1). In addition, by Young’s inequality, one has
1 2, Tk 2
(VQuu(ex) = Groois = 1) < 5 llows = aull + 2V Q(a1) — G (36)
Using the last two relations, (B3]), and the (Lys + piL)-smoothness of Q,,, we obtain that
1 -
Qpp(@r41) < Qp (@) +(VQp, (20), Tat1 — 2k) + 5 (Lvs + prL) | 2h41 — e )?
1 -
= Qi (1) + (G 1 — 2k) +(VQp, (€4) = Gy T — 2i) + 5 (Loy + pr L)l — i |)?
2 G Lz L+n! 24 Iy ek
< Qp(r) + (Gro s — k) + 5 (Lyg + pe L+ 00 o = 2el* + IV Qpy (1) — Gil
L= , k
< Qpy(z1) + 5 (Lvy + prL = ;") llzesr — ol]” + %Hgk — Vf(xp)l,

where the first inequality is due to the (Ly ¢+ prL)-smoothness of Q,, , and the last inequality follows
from @) and the relation VQ,, (v1) — Gk = gr — V f(x1). By this and (@), we further have
1 - _ Mk
Qppyr (Tht1) < Qpy (z1) + 5 (Lvys + prLl =) Nlwwsr — 2ll* + 5 llgr = V()|
+ ka+1 (mk-l—l) - ka (mk-l—l)

® 1 - . Mk 1
= Qpil@r) + 5 (Lvy+ il — ;") llzpsr — ol® + 5 llox = Vi (zp)l? + 5 (Prs1 = pi)lle(@rgn) |1
(37)
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By the definitions of ny, ax, v and (; in (1), (I3) and (B3], one has
e — Cepr(1 = a)? = = Cerrok(2 — @) = Gerr + Gk — Mk > Cerak — Croyr + Gk — 7k

(133])2(133) (k+1)"k7%/(21og3) — (k +1)"/(21log 3) + k”/(21log 3) — k™" /(4log(k + 2))
>kE7"/(2log3) — (k+1)"/(2log3) + k"/(2log3) — k™" /(41log(k + 2))
> k7V/(2log3) — vk" "1 /(2log 3) — k¥ /(4log(k + 2))
— 4]f0gV3 (2 — 2vk* ! —log3/log(k +2)) > ﬁogyg

where the first inequality is due to 0 < aj < 1, the third inequality follows from (k + 1)¥ > k¥, the
fourth inequality is due to (k + 1)¥ — k¥ < vk”~! thanks to the concavity of #”, the fifth inequality
follows from v < 1/2, and the last inequality is due to & > 1. Hence, we obtain

(2—1—1log3/log(k+2)) >0,

Coor(1—a)? + e < G Vk > 1.

Using this, taking expectation on both sides of ([B7), and summing the resulting inequality with the
inequality in Lemma [3] we obtain that

E [Qpesr (@rs1) + Gotrllgrtr — VF (@rg1)[1?]

<E [Qp (k) + (Cos1 (1 — i) +nx) lgi — V f (i) |I?] + % (Lvy+ pel —m "+ 12¢1 L3 )

1
X E [[|@pr1 — zel?] — %E [lgr = V f () |I?] + 5 (Prs1 — oi)E [lle(zrs)IIP] + 30°Crrrai

1 - B _
<E [Qp (k) + Gllgr — Vf (@p)lI?] + 3 (Lvs+ pel —m "+ 12¢e1 L3 5) E [||lzpgr — 2]

Mk 1
—5E g = V£ () IP] + 5 (or1 = pr)E [le@re)|?] + 30°Ceraai. (38)
The conclusion of this lemma follows by replacing k with ¢ in the above inequalities and summing
them up for all 1 <i <k —1. O

The following lemma provides an upper bound on dist® (0, VQ,, (v+1) + Nx (z41))-

Lemma 5. Suppose that Assumptions[dl and[Q hold, and {gr} and {xy} are generated by Algorithm
[@ Then for all k > 1, we have

dist? (0, VQ,, (zr+1) + Nx (zr11)) < 3 (0% + (Ly s + peL)?) |zks1 — zil® + 3llge — Vi (i), (39)

where {px} and {ng} are given in Algorithm [, Lvy is given in Assumption[d, and L and Q, are
defined in ([6l) and @Bl), respectively.

Proof. By the expression of z,1 in Algorithm [I, one has
0€ 1 —xr +mGr + ./\/X(ka) = W/?l(xk —2py1) — Gg € NX(karl)- (40)

Notice from the definition of @, in @) that VQ,, (z) = V f(x)+ prVe(z)c(x), which together with (@),
@) and Assumption [iv) implies that Q,, is (Ly 7 + prL)-smooth on X. Using ([@Q), the expression
of VQ,,, and G, = gi + prVe(xy)c(xy) (see Algorithm [I), we have

Mot (@ — 1) + VI (@r) — gk — VQpy (zk) = mi ' (k — Tht1) — g — peVe(zy)e(zy) € Nx (Thi1)-
By this and the (Lyf + piL)-smoothness of @, , one has

dist® (0, VQp, (r11) + Nx (2541)) < IVQp, (wrs1) + (0, (ke — wrg1) + VI (k) — g — VQp, ()|
<3 (IVQpy (Trt1) — VQpp (@) I* + 13 2lzks1 — mll® + lge — V.f (zi)1?)
<3 (% + (Lys + pl)?) llzesr — zill® + 3llge — V f ()%,
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where the second inequality follows from the convexity of || - ||?, and the last inequality is due to the
(Lvy + prL)-smoothness of @, . Hence, the conclusion of this lemma holds. O

We are now ready to prove the main result in Section 2] which is particularly Theorem [l

Proof of Theorem [1. Using (), (IZ) and (@3), we have that for all i > K|,

Lo+l B Lo n /(4log(i +2)) + Ln; " /(41og(i + 2)
L ~ @
< LygKy/n A+ Lt/ (4log(Kq +2)) <

1261 L%, T 312 (i 4+1) /i) "t/ (2108 (i + 2) log 3)

77;1/4’ (41)

_ - . @
<3L%,2'n "/ (2log(K1 +2)) < ;' /4,
which imply that N
Lys+pL+1261 L3 <ni'/2  Vi> K. (42)

It then follows from the proof of Lemma [ that (38) holds. Using ([42) and rearranging the terms of
(B8] with k replaced by i, we obtain that for all i > K7,

1 i
g (lwies = 2ilP] + B [lgs = V()]
E8)
< E[Qp (i) + Gllgi — Vf(@)[I*] = E [Qprsy (wig1) + Girllgirr — VI (2it1)|1?]
+ % (Lvys + pil + 1261 Loy — 0y /2) B [l — al”] + %(PHI — p)E [lle(zirn) ] + 301}
@2
< E[Qp, (i) + Gillgi — VI (i)|I?] —E [Qpiss (ir1) + Givrllgivs — Vi (@ir1)|]
+ 2 (piss — p)E [lle(ein) 7] + 30%Cisn0 (43)

Recall that ¢ is the random variable uniformly generated in {[%k/2] + 1,...,k}. In addition, observe

from (L)) that n; ' < n. ', for all [k/2] <i < k— 1. By these, @), (), @), B9), @) and @3),

one has that for all £ > 2K 1,

E [dist? (0, Vf(2,,) + pu—1Ve(x,, )e(z,,) + Nx(2,,))] =E [dist2 <0, VQp,, 1 (21,) —1—./\/)((ka))]

k—1
- m Z E [diSt2 (0? VQpZ ($i+1) +NX($Z+1))]
i=[k/2]
@) 3 k—1 -
S R TR Yo (74 Ly +pil)*) E [[lzis — zl”] + B [[lg; — Vf(@)]*])
i=[k/2]
@D k—1
< TR ?k/ﬂ (072 + 0 216K [[lzis — 2]*] +E [llg: — V()]
i=[k/2]
51 = ) , ,
< 8(k —1) (0K [|lis1 — @il|?] + 2E [|lgi — V.f(z)]I])
i=[k/2]
< g 3 (e - )+ 28 - 501
>~ 2(]{? — 1)7714:—1 o 477i i+1 ) 2 9i 7
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@ - k-1
< 2= s 1%21 <E [Qp. (i) + Gillgi = V(@) IIP] —E [Qpiy (Tiv1) + Giallgisr — Vf (@ig1)[|]

1
+ §(Pz‘+1 — p)E [[le(zi)|?] + 3U2Ci+1a22)
51
T (E [Qp[k/g] (Trr/21) + Crie21 191k /21 — vf(x[k/Q])HQ} —E [Qp (k) + Cllgr — V £ (z1)]]%]
—— k1
3 > (pi1 — pE [le(xig)|*] + 30° | > Cz'+1%2>
1=[k/2] i=[k/2]
- L k1
< | Q1) — QT + Cullgr = VI @)IP + 5D (piv1 — p)E [le(mirn)|*] + 30> Y Giiel
2(k — 1)mg—1 2~ pt
1 [k/2]-1
+3 Z (Lvs+ pil — ;7 + 112G L3 ) E [[|wigr — @il ] >7 (44)
=1

where the first equality is due to (@), the first inequality follows from taking expectation on both sides
of ([B9), the third inequality is due to the fact that [k/2] < (k + 1)/2, the fourth inequality follows
from the relation n; ' < !, for all [k/2] <i <k —1, and the last inequality follows from (B4 with
k replaced by [k/2], p1 =1, and the fact that Q,, () > Q1(zr) > Q7.

We next bound each summation term in (44]). Indeed, it follows from (), Assumption [d(iv), the
nonexpansiveness of IIx, and the expressions of zx1, g and Gy in Algorithm [] that

[zpt1 — 2ze)® = |x (2 — meGr) — x (z)|1* < 2l Grll* = nillgr + prVe(zr)e(zy) ||
<208 (llgell” + PRl Ve(ar)e(xp)|I?) < 207 (L7 + CZL2p}) - (45)

Recall that v = min{f/(f + 2),1/2} for some 0 > 1 and |c(z;)|| < C, for all i. By this, Lemma [
@@, B3), @), one has that for all k > 2K,

Ki-1 Ki—-1
> (pir1 = p)E [lle(zirn)IP] <C2 > ((+1)" =) = C2(KY - 1), (46)
i=1 i=1
k—1 k—1 , k—1 ,
> (pis1 = p)E [le(ag)IP] <200 Y ((+ 1) =) (i+1)"7 <2wCy Y i i+1)"0  (47)
i=[~(1 @':[~(1 i:[?l
k—1 , L, k1 ,
<Cr Yy NI+ )T <Crmax {1,770} Y it < Crmax {177 (1 + logk), (48)
i=K) i=Ki
k—1 @ 1 k—1 =
2 W2 . v.—4v __ —3v ([ \ U
i=1 i=1 =1
k—1 k—1

< \/§ Zif?ﬂ/ < \/5 Zifl < \/5(1 +10g k)7 (49)

2log 3 — 2log 3 2log 3
[k/2]—1

Z (Lvs + pil = n; " +12G 11 L3 f) E {2341 — %]

i=1

I}l—l ’—k"/Q.l_l
= Z (Lvy+ pil — n; ' + 112G L3 ) E [|lwizs — @l|*] + Z <(va +pil =yt 412011 L3yy)

i=1 i=K1
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X E [llzis1 — il?] )

@ _
< Z (Lvy+ pil —n; +12Cz+1va) [H%’H—%’HZ]
@ Ki-1
< 2 (Lys+ pil +12¢ 1 LY ;) 0 C2r?
= Vf Pi + Cl+1 Vf) 77@( + cpz)
i=1
@1(14—10 R)(Los+ K2 L +6K212 ) (1% + C2I2K 50
< 3 g K1)(Lvy + KP L+ 6K L) (L + CoLIKY), (50)

where the inequality in ([@6]) follows from (), |lc(x;)|| < C. for all 4, the inequalities in ([@7)) are due
to (II), Lemma and (i+ 1) —i¥ < vi¥~! for all i > 1 thanks to the concavity of #*, the inequalities
in [@J) are due to ((i +1)/i)¥ < /2 for all i > 1 and v > 1/3, and the last inequality in (50) is due
to the relations p; < K, /2 and G < K1/2/2 for 1 <i< K;—1and ZKI L2 < ZKl Lit1/16 <
(1+1log K1)/16 thanks to v < 1/2 and the choice of p;, 7; and ¢; in ([T and (BZ{I)

Using (), (33)), @), @q), @), (9) and (B0), we have

E [diSt2 (0’ Vf(xbk) + pbkflvc(xbk)c(xbk) + NX(ka))]

1021o0g(k + 1 v 21 2
g%ﬁ(@( )= Qi+ 1T+ SCmax{1, )1 +log )

1 5=~ 3v202(1 +logk 1 ~ 1 1 ~
+§CE(K1”—1)+ V20 g )+—(1+logK1)(va+K12L+6K12L2vf)(Lfc+C3L2K1)>.

2log 3 16

By this, @), tx > [k/2] > K, for all k > 2K, and Lemma [ with k replaced by ¢, one can see that
statement (ii) of Theorem [ holds. O

4.2 Proof of the main result in Section

In this subsection we first establish several technical lemmas and then use them to prove Theorem [2
The following lemma establishes a relationship between h(zy1) and h(zy), which will be used to
derive bounds for ||c(xy,)||?, where h is defined in (ZI)).

Lemma 6. Suppose that Assumption [l holds, and xp 1 is generated by Algorithm [2 for some k > 1
with prme < (V5 —1)/(2L). Then we have

W) + 2727 e [A(r1))? < h(ag) + Loy, /2,

where py, and n are given in Algorithm[2, Ly, v and 0 are given in Assumption [, and L and h are

defined in ([Bl) and 1), respectively.

Proof. The proof of this lemma follows from similar arguments as in the proof of Lemma [l O
The next two lemmas derive bounds for ||c(zy)||?

Algorithm [2

under two different choices of pg, M and ayp in

Lemma 7. Let Ky and Cy be given in ([I8) and (IT), respectively. Suppose that Assumption [l holds
with 0 € [1,2) and {z} is generated by Algorithm [2 with {py}, {mc} and {ax} given in [I5). Then
we have ||c(z)||? < 202k~ for all k > K.
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Proof. Let h be defined in (21I). To prove this lemma, it is equivalent to show that h(x;) < Cok=1/2
for all £ > K5. We now prove this by induction. Indeed, notice from Algorithm 2 that x i € X. It
then follows from (7)), (2I) and Assumption [(iv) that

@ 1 1 ,@
heg,) = lldag)I? < 502 < GoRy 2.

Hence, the conclusion holds for k = K. Now, suppose for induction that h(zy) < Cak=1/2 holds for

some k > K. Recall that 6 € [1,2) and pg, np and Ky are given in (I5) and (I0). In view of these,
one can observe that

6—2
@ k4 o o2 @@ 1 V-1
= —— <k 1 <K < <
PRI = Yog(k +2) = = = 8L~ 2L

and hence Lemma [0 holds for such k. Using Lemma [ with the choice of py and 7, given in ([IH]), we
obtain that

0—
Wai1) + 277292 K"5 [h(aggn)]log(hk +2) < h(ay) + L3k™"5 /(21og(k +2). (51)
Further, let
o(t) = t + 207221 740/ log (k + 2). (52)
Notice from (I7)) that Cy > 1. Using this and (52), we have
$(Calk +1)72) — Cok™2 — L3k~"4" /(2log(k +2))
2 9202y %T(k + 1)*5/1og(k +2) 4+ Colk+1)"2 — Chk 2 — Lfkfw/(Qlog(k +2))
> 0929292 T ( + 1)~ 2 /log(k + 2) — Cok~3 /2 — L?k*T/(zlog(k: +2))

_0+2 Q
L <c§2“72 <L> — Cok"T log(k +2)/2 — L? /2)

" log(k +2) k+1

_0+2
>74<022 — ok 1o (k+2)/2—L/2) (53)
= Tog(k + 2) 2 ’Y 2 g

where the first inequality follows from (k 4+ 1)~Y/2 — k=1/2 > —k=3/2/2 thanks to the convexity of

t=1/2, and the second inequality is due to § > 1, Cy > 1 and k/(k +1) > 1/2. In addition, one can
Verlfy that t~1/2log(t + 2) is decreasing on [e?, oo) Using this, (), 1 < 0 < 2 and k > Ky > €2
obtain that

k=2 log(k +2) <log(e2+2)/e, k't <K, < ey2/(2 2log(e? +2)).

[
2

Multiplying both sides of these two inequalities yields = log(k +2) < 227242, which together with

([I7) implies that
C: 2y? - C KT k+ —13/2>C 2/2-13)2 >
222 2 T Og( 2)/2 /2 222 ’)/ /2 f/2 > 0.

Using this, (51)), (52), G3), and the induction hypothesis that h(zy) < Cok~/2, we obtain that

0+2

2k~ LQk—T EDED)
-1/ -1/ fi i AL

It then follows from this inequality and the strict monotonicity of ¢ on [0,00) that h(zjy1) < Ca(k +
1)~1/2. Hence, the induction is completed and the conclusion of this lemma holds. 0
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Lemma 8. Let K3, and C5 be given in @) and @20), respectively. Suppose that Assumption ] holds,

0 is given in Assumption[d, and {x}} is generated by Algorithm[@ with {py.}, {nx} and {ax} given in
@8). Then we have ||c(x)||? < 2C3k~Y0 for all k > K.

Proof. The proof of this lemma follows from similar arguments as in the proof of Lemma 2] with
v =1/2, and K; and C} replaced with Kg and Cj3, respectively. O

The following lemma provides a relationship between E [[|gr11 — V f (2341) ||| and E [||gr — V f (z1)[|?]-
Lemma 9. Suppose that Assumption [ and[3 hold, and {gr} and {zy} are generated by Algorithm[2
Then for all k > 1, we have

E [llge-1 = Vf(zre)l”] < (1= a)E [llgr — VF@)|?] + LS pai B [aer1 — zl?] + o?af,
where {ay} is given in Algorithm[@, and o and Ly are given in Assumptions [0 and[2, respectively.

Proof. Let E = {&1,. .., &} denote the collection of samples drawn up to iteration k£ —1 in Algorithm
2 It then follows from Assumption [I}iii) that
E[Vf(whs1,6e41) = VI (@p)|Z6] =0, B[V F(@r41,641) = VS (@) [2[Z4] < 0%,

Also, notice from () that V f(zy41) € #(Ly) and hence V f(zg+1) = gy, (Vf(2k41)). By these,
the expression of gj,1 in Algorithm ] and the nonexpansiveness of the projection operator Il BE
one has

Elllgrs1 — Vf (@es) IP12k] = B[z, (1 — ar)gr + oxV F (@1, Era1)) — Ty (VF (@r41)) 17 1ER]
<E[I(1 - aw)gi + arV F(@rt1, Eer1) — VI (@5r1)|[*|Z4]
= E[|(1 = ar)(gr = VI (@r11) + ar(VF(@ri1,6h11) — V. (@12)) 171 Z4]
= (1= a)’llge = V(@ )1? + GBIV f(@r 11, Ep1) = VI (@rg1)1*[E4]
+2a5,(1 — )k — Vf (@), B[V f(@rs1, Eer1) — Vi (@rr1)[Ek])
< (1= ar)’llge — VF(@pp)I” + 0%ai.

Taking expectation on both sides of this inequality yields

Ellgr1 — VF(zrn)P] < (1 = an)*Elllgr — Vf (zr41) I°] + 0%, (54)

We divide the remainder of the proof by considering two separate cases: ai = 1 and 0 < ai < 1.
Case 1) a = 1. It follows from this and (4)) that E[||gx+1 — V f(2k11)]]?] < 0?a and hence the
conclusion of this lemma clearly holds.
Case 2) 0 < ay, < 1. By this, (54) and Assumption [ one has

Elllgkr1 — V. (2xs1) ] (ESID (1= a)E [llgr — Vf (r) + Vf(xk) = V(zpp1)|*] + 0°0F
= (1—ap)’E [|lgs — Vf(zp)]?] + (1 - ak)zE IV f (k) = Vf (@re1) 7]
+2(1 — ag)’E [{gr — V[ (xr), V(1) — Vf(2r41))] + 07
< (1= a)’E [llgr = V(@) |?] + (1 — aw)’E [V f(2x) = Vf (@141) 7]
1-—

0 an? (T2 (o = V@] + o (1950 - V) lF]) + 0%

= (1= ap)E [llgr = VF(@n)l’] + (1 = ar)’ o "B [V f(2x) = Vf (@r0)|?] + 070

< (L= ap)E [llgr = V(@) ?] + LYo, 'E [kaﬂ — a|”] + oo,

where the second inequality follows from 0 < o < 1 and Young’s inequality, and the last inequality is
due to AssumptionBland 0 < «y, < 1. Hence, the conclusion of this lemma also holds in this case. O
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The next lemma provides an upper bound on E[Q,, (zx) + |lgx — V f(2x)]?].

Lemma 10. Suppose that Assumptions [l and[3 hold, and {gx} and {xy} are generated by Algorithm
@ with n, < ag < 1. Then for all k > 1, we have

k—1
1
E [Qpy (z1) + llgr — V(@) |?] <Qpy (1) + llg1 = V£ (1) > + 3 > (pis1 = p)E [[le(xis)]]
i=1
1 k—1 k—1
t3 Y (Lvs ol =07t 420805 ) E [llzis — @ilP] +0° ) af.
i=1 i=1

where {oy}, {pr} and {ni} are given in Algorithm 3, Q, and L are respectively defined in @) and
@), and o and Ly are given in Assumptions [l and[3, respectively.

Proof. Observe from (@), (@), and Assumptions [Jand Blthat Q,, is (Lyy + prL)-smooth. By this and
similar arguments as for deriving (37)), one has that for all £ > 1,

1 _ Nk
Qprosr (Try1) < Qpy(wr) + 5 (Lvs+ prL — 0 ") |2k — 2el* + EHQk — V()|

+ 5ok — o) etz (5)

Notice from the assumption that 1 — ag + np < 1. Using this, taking expectation on both sides of
(B5), and summing the resulting inequality with the inequality in Lemma [0 we obtain that

E [Qoriy (@it1) + gks1 — V. (@ig1) ]

1 _ -
<E[Qp(wr) + (1 — g +m) llgr — V(i) |?] + 3 (Lvs + prL — n " + 203 poi ") E [|lzegr — 2|

- %kE [lgr — V£ (@x)l?] + %(PkJrl = p)E [lle(zr)P] + o?af

1 _ _
<E[Qp(zk) + llgr — Vf(ze)|*] + 3 (Lvs+ pul —m " + 203 poi, ) E [loegr — @]

M 1
— 5 E g - Vi (@R)?] + 5 (k1 = o) E [le(zrs)lIP] + 0. (56)
The conclusion of this lemma follows by replacing k with ¢ in the above inequalities and summing
them up for all 1 <i <k —1. O

The following lemma provides an upper bound on dist® (0, VQ,, (v+1) + Nx (z41))-

Lemma 11. Suppose that Assumptionsdl and[3 hold, and {gr} and {xy} are generated by Algorithm
[2. Then for all k > 1, we have

dist? (0, VQp, (zh+1) + Nx(zk41)) <3 (02 + (Ly s + puL)?) |wks1 — zill® + 3llgr — Vf (k) ||

where {py} and {ny} are given in Algorithm (2, Ly is given in Assumption [3, and L and Q, are
defined in ([6l) and (), respectively.

Proof. Recall from the proof of Lemma [0 that Q,, is (Lvs + piL)-smooth. The proof of this lemma
follows from this and similar arguments as in the proof of Lemma [l O

Proof of Theorem [2. (i) It follows from (I5), (I6) and the assumption 1 < 6 < 2 that for all i > Ko,

N

-2
n 4+ LK, " n7t <nit/4,
(57)

P S . -2 4 . ~—
Lyy+pil = Lyygi2n;  /log(i +2) 4+ Li + n; /log(i +2) < LysK,
2L2vfa;1 = 2L2an;1/log(i +2) < 2L2vf?7;1/10g(K2 +2) < 77;1/47
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which imply that B
Lyg+pil +2L% 07 <nit/2 Vi> K. (58)
In addition, observe from (I&) that 7 < ap < 1 for all & > 1. It then follows from the proof of

Lemma [I0 that (B6]) holds. By (@), (B6), (B7), (BS), Lemmas [0 and M1, and similar arguments as for
deriving (@), one can show that for all k > 2K,

E [diStQ (0’ Vf(xbk) + pbkflvc(xbk)c(xbk) +NX(¢%))]

k—1 k-1
ol * 2, 1 2 2 2
< - 00 _ _ - . — . .
S 5= D (Ql(fﬂl) Qi+ llgr = Vf(z)"+ 5 izl(ﬂwl p)E [lle(zit1)|I?] + o ;%
1 [k/2]-1
+§ Z (va—l—piL—nZ +2va04 ) [Hmi_ﬂ —.%'Z'”z] ) (59)
i=1

Further, one can observe that (43]) also holds. Recall that 1 <6 < 2 and |[c(z;)|| < C, for all i. Using
these, (I3)), ([G3)), @3], and Lemma [ we have that for all k > 2K,

Ko—1 Ko—1

. o 0 ~ 2
Y (pier = p)E [lle(wipn)IP] < G2 Y ((i+1)7 i) = CZ(K5 — 1), (60)
i=1 i=1
k—1 k—1 ) ) L
> (pis1 — pE [le(mir) 2] 202 3 ((i+ 1)1 —it)(i +1)72 (61)
i:f(g i:f(g
k—1 k—1
1 -4, 1 1 0-6 C20(6 —6)
< ~C9f 1)72 < Z(Chf 62
< 502 ~24(2%—)2_22 ~z4_2(2_9), (62)
i=Ko i=Ko
k—1 @ k—1 k—1 b1
ol = 1—1:1+Zr1<1+/ “ldt <1+logk (63)
i=1 i=1 =2 1
[k/2]-1
(Lvs + pil = 07t + 207 ' L) B [|lzir — ail|]
=1
Ko—1 [k/2]-1
=Y (Lys+pL =" +207 ' L) E o — zl®] + ) <(va +piL— ' 4207 L)
i=1 i=Ko
X E [llzi41 — @il )
Z (Lyy+pil =07t + 205 ' LY ) B [||wiga — ail]
@) K2—1 B
<2 Z (Lvy + pil + 207 'L y) mf (L} + C2L2p7)
=1
@ 2 272755
< 2(1+logK2)(va+K L +2I% fK2)(Lf+CchK;), (64)

where the inequality in (60) follows from (1) and ||c(x;)| < C. for all 4, (€]]) is due to (&) and
Lemma [7] the first inequality in @2)) follows from (i + 1)%/4 — i%/4 < 9i(0=4/4/4 for all i > 1 thanks
to the concavity of t/* with 1 < # < 2, the third inequality in (G2)) is due to

k—1 k—

S -0/t < Z (0 6)/4_1+Z (0 6)/4<1+/00t(9_6)/4dt:1+%
1 2— ’

iZKQ -
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and the last inequality in (64)) follows from the relations p; < K, K9/ for 1 <i<K;—1and ZKQ ! n? =
25(21 171 <1 +log Ky due to the choice of p; and 7; in (IH).

Using ([I3), (B9), @0), @), @3) and (©4]), we have
E [diStQ (0’ Vf(xbk) + pbkflvc(xbk)c(xbk) +NX(ka))]

< —" 1) — Q1+ |lg1 — Vf(x)|" + —7—%7 + 50 (K — 1
2(]{; — 1)% (Ql( 1) Ql ”gl f( 1)” 4(2 — 0) 9 ( 2 )
~ ~ 9 ~1 ~ 8 ~
+0*(1+1logk) + (1 +1log K2)(Lyy + LK +2Lg;K3) (L7 + 03L3K5)> Vk > 2K,.

By this, @), tx > [k/2] > K, for all k > 2K5, and Lemma [0 with k replaced by ¢, one can see that
statement (i) of Theorem [2] holds. N
(ii) It follows from ([I8]) and (I9]) that for all i > K3,

Ly + pil = Lyyi~ 207 /(4log(i + 2)) + Ln; '/ (41og(i + 2))
< LogKy Pn A+ Ln /(4log(Ky +2) < n7 /4,
207 LG = 2L ;" /(4log(i + 2)) < L ;" /(2log(Ks +2)) < ;7' /4,

which imply that B

Lyg+pil +2L% 07 <nit/2 Vi> K. (65)
By this, Lemma [ (I8)), @3, [c(x;)| < C. for all i, and similar arguments as for deriving (&€, ([4Z)
and (B0), one can show that for all k£ > 2K3,

k—1

> (pis1 = p)E [Jle(@i)|?] < Cymax{1, k277 }(1 +logk),
i=K3

K3—1 )

> (piv1 — pE [Jle(xip)|P] < C2(E§ — 1),

(;/21171

Z (Lvs+pil —n; +2LVfa YE (@1 — 2ll?]

i=1

1 - 1 1 N

< S(U+log Ky) (Lyy + LKG + 2L% ;K3 ) (L} + CZLIKs).
In addition, observe from (I8) that 1y < aj < 1 for all k > 1. Using this, (G3]), and similar arguments
as in the proof of statement (i) of this theorem, we can see that (59) holds for all £ > 2K3. Also, by
(I8) and (63]), one has Zf:_ll a? <1+logk for all k > 1. Using this, (I8), (EJ), and the above three

inequalities, we have

E [diStz (Oa vf(xbk) + pbkflvc(xbk)c(xbk) + NX(ka))]

1021og(k + 2 . 1 11 1 ., ~1
< %1)) (le) ~ Qi+ llgr = VI (@)|* + 5Csmax{L k2 0} (1 +log k) + SC2(KF — 1)
2 1 7 ~3 2 73 2 27275 %
+0°(1+logk) + 1—6(1 +log K3)(Lvy + LK3 + 2Ly ;K3 ) (L} + Co LK) VEk > 2K;.

By this, @), tx > [k/2] > Ks for all k > 2K5, and Lemma B with replaced by ¢, one can see that
statement (ii) of Theorem [2] holds. O
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5 Concluding remarks

In this paper, we studied a class of deterministically constrained stochastic optimization problems, and
proposed single-loop variance-reduced stochastic first-order methods with complexity guarantees to
find a stronger e-stochastic stationary point than existing methods, for which the constraint violation
is within e with certainty, and the expected violation of first-order stationarity is within e.

Although we only considered stochastic optimization with deterministic equality constraints, the
proposed methods and complexity results can be directly extended to the following problem:

min {E[f(2,€)] : ce(w) =0, ez(x) <0},

where ¢g and ¢z are smooth mappings, and f and X are as defined in Section Il Specifically, to solve
this problem, Algorithms [I] and 2] can be modified by updating G}, as

G = g + pr (Ve (zx)ce (zx) + Ver(we)ez(ar)] )
To establish the complexity of the resulting algorithms, we can replace () with
dist (0, Veg (2)cg (2) + Ver(z)fer(@)] s + Nx(x)) > 7ll(cs (2), [ez(2)])]° Ve € X,
Qp with Q,(x) = F(x) + plllce (@) + lfez(@)]+]2)/2, and A with
h(z) = (lee(@)II” + lllez(2)]+[1)/2.

For future work, it would be interesting to investigate whether an e-stochastic stationary point
satisfying (@) can be found using a sample average approximation approach (e.g., see [34]) with com-
parable sample and first-order operation complexity to our methods. Additionally, we plan to conduct
computational studies to compare the performance of the proposed methods with existing approaches.
We are also extending these methods to deterministically constrained stochastic convex optimiza-
tion in [25] and to stochastic optimization with both stochastic objective functions and stochastic
constraints in [24].
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