NEW RESULTS RELATED TO CUTTERS AND TO AN
EXTRAPOLATED BLOCK-ITERATIVE METHOD FOR FINDING
A COMMON FIXED POINT OF A COLLECTION OF THEM

YAIR CENSOR!, DANIEL REEM?2, AND MAROUN ZAKNOON?3

ABSTRACT. Given a Hilbert space and a finite family of operators defined on the
space, the common fixed point problem (CFPP) is the problem of finding a point in
the intersection of the fixed point sets of these operators. A particular case of the
problem, when the operators are orthogonal projections, is the convex feasibility
problem which has numerous applications in science and engineering. In a previous
work [Censor, Reem, and Zaknoon, A generalized block-iterative projection method
for the common fixed point problem induced by cutters, J. Global Optim. 84 (2022),
967-987] we studied a block-iterative method with dynamic weights for solving the
CFPP assuming the operators belong to a wide class of operators called cutters.
In this work we continue the study of this algorithm by allowing extrapolation,
namely we weaken the assumption on the relaxation parameters. We prove the
convergence of this algorithm when the space is finite dimensional in two different
scenarios, one of them is under a seems to be new condition on the weights which
is less restrictive than a condition suggested in previous works. Along the way we
obtain various new results of independent interest related to cutters, some of them
extend, generalize and clarify previously published results.

1. INTRODUCTION

1.1. Background: Given a space X and a finite family of operators 7; : X — X,
i el :={12...,m}, m €N, the common fixed point problem (CFPP) is the
problem of finding a point in the intersection of the fixed point sets of these operators,
assuming that the intersection is nonempty. In other words, the CFPP is the following
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problem:

Find z € () F, (1.1)

iel

where F; := Fix(T;) := {x € X |T;(z) = z} for every ¢ € I. Various methods
have been devised to solve the CFPP, under certain assumptions, such as the ones
described in [7, 14, 20, 21, 42, 45] and in some of the references therein. A
particular instance of this problem, when X is a Hilbert space and each operator 7T;
is the orthogonal projection onto a closed and convex subset C;, ¢ € I, is the so-
called convex feasibility problem (CFP), which has found theoretical and real-world
applications in image reconstruction, radiation therapy treatment planning, signal
processing, and more: see, for instance, [14, p. 23] for a long and not exhausted list
of such applications and [1, 4, 10, 14, 19, 23, 24| for a few methods for solving
the CFP.

In [20] we considered the CFPP under the assumptions that X was a Euclidean
space (namely a finite-dimensional real Hilbert space) and each operator T, i € I was
a continuous cutter. The class of cutters was introduced (with a different terminology:
see the lines after (2.13) below) by Bauschke and Combettes in [6] and by Com-
bettes in [27]. This is a rather wide class which includes, in particular, orthogonal
projections, firmly nonexpansive operators, subgradient projections of differentiable
convex functions having nonempty zero-level-sets, and resolvents of maximally mono-
tone operators [6, Proposition 2.3]. See also [5, 7, 9, 14, 16, 20, 22, 32, 37, 43, 44|
and Sections 2—-3 below for more details, examples, results, variants and generaliza-
tions related to cutters. The algorithmic scheme that we used in [20, Algorithm 1]
was inspired by the BIP (Block-Iterative Projections) method of Aharoni and Cen-
sor [1]. We were able to generalize it from orthogonal projections to continuous
cutters, to allow dynamic weights, and to allow certain adaptive perturbations, and
still conclude that the whole algorithmic sequence converges globally to a common
fixed point of the given cutters (see [14, Theorem 5.8.15], [16, Theorem 9.27], [34,
Theorems 4.1 and 4.5], [39, Theorem 3.2|, and [42, Theorems 3.1 and 3.2] for related,
but somewhat different, results).

In this work we continue the study done in [20] by weakening one of the conditions
made there about the relaxation parameters, namely we allow them to belong to a
wider interval than the typically used interval [ry,2 — 73], where 7,75 € (0,1]. In
other words, we allow extrapolation. The appearance of extrapolation, while intended
to accelerate the convergence of the algorithmic sequence by allowing deeper steps,
introduces complications which do not appear without extrapolation, and it forces
us to make a more restrictive assumption than in [20] on either the dynamic weights
or on the common fixed point set in order to ensure convergence. More precisely, we
either require the weights to satisfy a certain intermittent condition (Condition 4.5
below) instead of imposing the condition Y - wy(i) = oo for each i € I (Condition
4.4 below) as in [20] (following [1]), or we require the common fixed point set to
have a nonempty interior (and then we allow Condition 4.4).
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We note that several works, apparently starting from [36], study extrapolation in
the context of the CFPP in various settings (possibly in the particular case of the
CFP, possibly in the linear case): see, for instance, [2, 3, 8, 12, 13, 14, 17, 18, 24,
25, 27, 28, 29, 30, 33, 36, 38, 40, 41] for a partial list of such works. However, as
far as we know, only [3, 5, 8, 12, 27| study extrapolated algorithms in the spirit of
our algorithm in the context of the CFPP with dynamic weights and general cutters
(see also [13, Section 3|, [26, Section 6.5, and [28, Section 3] for closely related
by somewhat different extrapolation algorithms with dynamic weights and cutters),
and there the condition on the weights is either less general than Condition 4.5
below or is not implied by it and does not imply it, as we explain in Remark 4.6
and Examples 4.7-4.8 below. Hence, our convergence theorems are not implied by
the convergence results mentioned in [3, 5, 8, 12, 27| (and elsewhere). It should
be noted, however, that with the exception of the assumptions on the weights, the
settings in [3, 5, 8, 12, 27] are more general than the setting that we consider:
for instance, the space there might be infinite-dimensional, the cutters need not be
continuous (but rather weakly regular, namely demi-closed at 0), in some of these
works appear either strings of cutters (while we consider strings of length 1) or
perturbations, and the algorithmic schemes have more general forms than the form
of Algorithm 4.1 below.

1.2. Contribution: The contribution of our work is two fold. First, we obtain new
results related to cutters such as Corollary 3.9, Lemma 3.11 and Propositions 3.4
and 3.12 below, some of them extend and generalize previously published results, and
we fill a certain gap which appears in [41] (see Remark 3.6 below); these results hold
in general real Hilbert spaces and without the continuity assumption on the cutters.
Second, we use these results in order to obtain convergence results (Theorems 4.15
and 4.16 below) related to the extrapolated block iterative method (Algorithm 4.1
below) under conditions on the weights which have not been considered yet in the
context of extrapolated algorithms for solving the CFPP induced by cutters.

1.3. Paper layout: In Section 2 we introduce some preliminary details. In Section
3 we present several results related to cutters. The extrapolated algorithmic scheme
is introduced in Section 4, where we also present conditions on the weights, compare
these conditions with previously published conditions, and present the convergence
theorems. The paper is concluded in Section 5.

2. PRELIMINARIES

We use in the sequel the following notations and definitions. Unless otherwise
stated, the ambient space is a real Hilbert space X with an inner product (-, -) and a
norm ||-||. Given p > 0 and « € X, we denote the closed ball with radius p centered at
x by Blz,p] :={y € X |||z —y|| < p}. Given a natural number m, define the index
set [ as [ :={1,2,--- ,m}. A function w : I — [0,1] which satisfies > ,_, w (i) =1
is called a weight function, and if, in addition, w(i) > 0 for all ¢ € I, then w is called
a positive weight function. We refer to the vector (w(i));e; € R™ as a weight vector,
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and when w is a positive weight function, then we refer to (w(i));c; as a positive
weight vector. Denote I, == {i € I | w(i) > 0} and let w : I, — (0,1] be the
restriction of w to I, that is, w(i) == w(i) > 0 for all i € I,,. Note that I, # 0
(since ) . ;w(i) = 1), that @ is a positive weight function defined on I,,, and the

case @(i) = 1 for some i € I is possible if and only if T is a singleton.
For a given weight function w and given operators T; : X — X, ¢ € I, we denote

forallz € X
=S w ()T (), (2.1)

el
and define
>oier w(@)||Ti(z) — z|?
: Tw(x),
L(w,w) := Tl o o7 Tulo) 2.2
1, otherwise.

Note that L(x,w) > 1 because of its definition and the convexity of the square of
the norm. For each A € R (sometimes referred to as the relazation/acceleration
parameter whenever it is positive) and each x € X, let

Tor(@) =2+ XN(Ty(x) —x) =0+ )\Zw(z)(ﬂ(:v) — ). (2.3)

We observe that T,, = T},; and that T},  can be written in a block form using fw
and @, namely T, (7) = 2 + A Y .7 (i) (Ti(xr) — x) = Tga(z) for all x € X. In
particular, T,, = Tj.

Given the index set I, suppose that w is a positive weight function. Adopting
Pierra’s product space formalism [41], we define the product space X := X™. Its
elements are x := (x!, 22, .-+, 2™), where 2 € X for all ¢ € I, and the inner product
in X is defined for all x,y € X as

= Z w (1) <:ci, yi> ) (2.4)

The norm, and the distance function in the product space are denoted by ||| - |||., and
dy ((+,-)), respectively. Observe our notational rule to use bold-face upright letters
for quantities in the product space. The diagonal set D in X is

D={xeX| zeX, x=(x,z,---,2)}. (2.5)

It is easy to see that D is a closed linear subspace of X. The canonical mapping
J: X — D, is defined by J (z) := (x,z,--- ,z) for every z € X.

Let 13,15, --- ,T,, be operators from X to itself and let Fi, F5,--- , F,, be their

fixed point sets, respectively, that is, F; := Fix(F;) := {x € X|T( ) = x}. We
define T : X — X by

T (x) := (T1 (z') , To (2*) ,- -+, T (™)) . (2.6)
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It is immediate to verify that the fixed point set F := Fix(T) of the operator T
satisfies the following relation:

F=F xFyx---xF,,. (2.7)
In addition, the following equivalence holds for each x € X:

J@z)eFND ez F:=(F. (2.8)

i€l
This means that (1.1) is equivalent to the following problem:
Find a point x in FND C X. (2.9)
For any pair x,y € X, define the set
H (2,5) == {u € X | (& —y,u—y) < 0} (2.10)

which is a half-space unless = y (and then it is the whole space). Let T': X — X
be an operator. The operator T is called a cutter if it satisfies the condition

0 +#Fix(T) C H (z,T (z)), for all x € X, (2.11)
or, equivalently, Fix(T") # () and
for all ¢ € Fix(T') and all z € X one has (x —T(x),q — T(x)) < 0. (2.12)

The set of all fixed points of a cutter is closed and convex because

Fix(T) = (| H (2, T (x)), (2.13)

zeX

as shown in [6, Proposition 2.6(ii)]. As said in Section 1, the class of cutters was
introduced in [6, 27], with a different terminology (“class £”; the name “cutter” was
suggested in [16]; other names are used in the literature for these operators, such as
“firmly quasinonexpansive” [7, Definition 4.1(iv) and Proposition 4.2(iv), pp. 69-70],
(28, Definition 3.5] and “directed operators” [22], [44]), and there various properties
and examples of cutters can be found. If T; : X — X, ¢ € [ are cutters, then their
fixed point sets are nonempty and hence F # ) according to (2.7). This fact, as well
as the inequality

(2=T@).a=T (@), = > wi) (< ~T().¢ ~T() <0, (214)

for all z € X and q € F, imply that the operator T, defined by (2.6), is a cutter in
the product space X.
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3. RESULTS RELATED TO CUTTERS

In this section we present various results related to cutters. We will use these
results in Section 4. We continue with the notation introduced in Section 2, and
recall that X is a real Hilbert space.

The following lemma is essentially due to Pierra [41, Lemma 1.1]. For the sake of
completeness, and since both the setting and the formulation of [41, Lemma 1.1] are
somewhat different from our ones, we present the proof of the lemma.

Lemma 3.1. Suppose that {Q;}™, are nonempty, closed and convexr subsets of X,
and let Q := Q1 X Q2 X -+ X Q.. Then the orthogonal projections onto Q and onto
D, respectively, in the product space X, satisfy, for any x := (z*, 2% -+ ,2™) € X,
the following two relations:

PQ (X) = (PQl (xl) 7PQ2 (372) )T 7PQm (xm>) ) (31)

Pp (x) =J <Z w (i) 3:) : (3.2)

Proof. We start by proving (3.1). Since fi(min{f>(z) |z € Q}) = min{ f1(f2(2)) |z €
Q} for fi(t) := t? and fo(z) := ||x — 2| for all t € [0,00) and z € X, and since
min{) .., a;|a; € Agi € I} =), min A; for all subsets A;, i € I of real numbers
such that each one of them has a minimum, we have, using the definition of the
orthogonal projection, that

[[x = Po(x)[l[;, = (min{|/}x — zlll, |z € Q})* = min{||lx — 2l|}, |z € Q}  (3.3)

= min {Z w(i)||z" = 2'|* | 2* € Q; Vi € I} = me{w(z)Hxl — 272" € Qi)
iel icl
=Y w(@)min{||z’ — 2*[2" € Q;} = Y w(i)||2’ — Py, ()|
iel i€l

= [l = Po,(2"))ierll[3-
Since, as is well known [7, Theorem 3.16], the minimum in the definition of the
orthogonal projection is attained at a unique point, this point is z := (Pp,(z"))ier
(and obviously z € Q). Hence Pq(x) = (Pg,(z")):er, namely (3.1) holds.

Now we prove (3.2). Any point z € D satisfies z = J(2) for some z € X, and so

[Ilx = Po(x)[l[;, = min{[[|x —z||[}, : z € D} = min{[[|x — I(2)|[[}, : = € X}

= min {Zw(z)”x’ —z||*:z € X} . (3.4)

i€l
The minimum in the last expression is attained at the unique point Z where the
gradient of the function ¢ : X — R, defined by g(z) := 3, w(i)|2" — 2|, z € X,
vanishes. Since Vg(z) =23, w(i)(z" — z) for each z € X and since Y, ; w(i) = 1,
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we conclude that 2 = ., w(i)z’. Hence (3.4) implies that Pp(x) = J(2) =
J (X,c;w(i)z?), as claimed. O

We continue with the following definition and two propositions.

Definition 3.2. Let S, and Sy be two subsets of a real Hilbert space Y. A hyperplane
U s said to strictly separate S; and Sy if S1 is contained in the interior of one
half-space induced by ¥, and Sy is contained in the interior of the opposite half-space.

Proposition 3.3. Let T} and T be two cutters defined on a real Hilbert space Y. If
there exists some x € Fix(T1Ty)\Fix(Ty), then Fix(T)) N Fix(Ty) = 0.

Proof. Since = ¢ Fix(T3), both H(T3(z),z) and H(z,Ty(z)) are half-spaces and

- {u ey | <u— %<T2 () + ), T (z) — x> _ 0} (3.5)

is a hyperplane. We claim that U strictly separates H (T3 (z),z) and H (z,Ts (x)).
Indeed, if, say, u € H(T»(z), x), then (u—z, To(z) —z) < 0 (see (2.10)), and because
Ty(x) # x, we have

<u - %(Tg(as) + ), Ty(x) — :c> = % (u—To(x), To(x) — ) + % (u—=z,Th(z) — )

= % (u—x,To(x) —x) + % (x — Ty(x), To(x) — =) + % (u—z,Ty(r) — x)

1
=(u—ux,Ty(x) —x) — §||x—T2(m)||2 <0+0=0.

Hence, u is in the interior of one of the half-spaces whose boundary is ¥, that is,
in the interior of {v € Y | (v—0.5(T% (z) + z), Ty (x) —x) < 0}. Similarly, if
u € H(z,Ty(x)), then u is in the interior of the other half-space whose boundary is
U. Since T} and Ty are cutters and since T1T5(z) = x, by denoting z := Ty(x) we
obtain the following inclusions:

Fix(Ty) C H(z,T1(2)) = H (Tz(x), T1 T3 (z)) = H (T (x) , x) ,
Fix(Ty) € H (x,T5 (x)) .
Since we already know that the hyperplane U strictly separates H(x,T»(x)) and

H(Ty(z),x), we conclude that ¥ strictly separates Fix(7}) and Fix(73). Thus, one
has Fix(T}) N Fix(Ty) = 0. O

Proposition 3.4. Let {T;},c; be cutters and {F;};c; be their fized points sets, re-
spectively, and let w : I — (0,1] be a positive weight function. If MierF; # 0 and
x € X satisfies x ¢ NierF;, then T,,(x) # x and Pp(T(x)) # x, where x := J(x).

Proof. Let D and T be as defined above in (2.5) and (2.6), respectively, and let
F := Fix(T). By (2.8) and the obvious inclusion x = J(z) € D, we have x ¢ F.
Assume, for a contradiction, that T,,(z) = x. This equality implies that J(T,,(z)) =
J(z) = x. From this equality, (3.2) and the equality T(x) = (T;(x))™,, we obtain
Pp(T(x)) = J(Tw(x)) = J(z) = x. The previous lines imply that we can apply
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Proposition 3.3 with T as T there and Pp as T} there. This proposition yields
Fix(Pp)NF = (), namely DNF = (). This result, together with (2.8), give N;c/ F; = 0,
a contradiction to the assumption that M F; # 0. Therefore, T,,(z) # .

It remains to show that Pp(T(x)) # x. Indeed, since T(x) = (T;(x))",, it follows
from (2.6) and (3.2) that Pp(T(x)) = J(T\w(x)). As a result, if Pp(T(x)) = x,
then J(7,,(2)) = Pp(T(x)) = x = J(z), and so, from the definition of J, one has
Tw(z) = z, a contradiction to what we showed in the previous paragraph. Hence,
Pp(T(x)) # x. O

The following corollary is essentially known (see, for instance, [27, Equation (19)];
see |7, Proposition 4.47, p. 85| for a more general result). Below we provide a new
proof of it, based on Proposition 3.4 above.

Corollary 3.5. For each i € I suppose that T; : X — X is a cutter having a fized
point set F; such that N  F; # 0, and suppose that w : I — [0, 1] is a weight function.
Then for all x € X one has T,(x) = x if and only if Ty(x) = x for all i € I,. In
other words, Fix(T,,) = M,z Fix(T;).

Proof. Fix an arbitrary = € X. The triangle inequality, the definitions of I,, and w,
and the fact that w and @ are weight functions, all imply that

0<

> w(i)Ti(z) —

il

= > @) (Ti(x) — )| < Y @@)||Ti(z) — =] (3.6)
iefw iefw

As a result of (3.6), if Tj(z) = x for all i € I,,, then > e w(@)Ti(x) — x| =0

and hence, T,,(x) = x. As for the converse direction, suppose that T,,(x) = x, and

assume, for a contradiction, that T;(x) # x for some i € I,,. Then x ¢ ﬂiewaZ-. Thus,

Proposition 3.4 (with @ and 1,, instead of w and I which appear there, respectively)
implies that « # T (x). Since T,, = T, it follows that « # T,,(x), a contradiction to

our assumption. Thus, T;(z) = z for all i € I,,, as claimed. [l
Now suppose that N/ F; # (. We define b, : D\F — D, by
T _ 2
b, (x) :=x + T (x) = xill, (Pp (T (x)) —x), x¢€D\F (3.7)

[Pp (T (x)) = x|[[3,
where w is the positive weight function which appears in (2.4). By Proposition 3.4

we have Pp (T (x)) # x for all x € D\F, a fact which guarantees that b, (x) is
well-defined.

Remark 3.6. Note that b, (from (3.7)) generalizes the expression b which appears
in [41, Lemma 1.2] with orthogonal projections instead of general cutters we use
here, and with constant weights (wy (i) := 1/m for all k € NU {0} and ¢ € I) and
not general ones as we use here. In addition, and in Proposition 3.4 above, we filled
a gap which appears in [41, Lemma 1.2] (see also [8, Theorem 2.8(i) and Corollary
2.12(i)] and [27, Proof of Proposition 2.4] for closely related results): the gap there
is the unproven assertion that, with the notation we use here, Pp(Pc(x)) # x for
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all x € D\C, where C := C; x ... x C}, and C; is a nonempty, closed and convex
subset of X for all i € I; while it is claimed in [41, Lemma 1.2] that this assertion
was proved in [41, Theorem 1.1(i)], as far as we understand, this is not the case. The
reason that we indeed filled this gap follows from the observation that if we denote
T; := Pg, for each i € I and consider the mapping T from (2.6), then Lemma 3.1
(with @Q; := C;, i € I, and hence Q = C) guarantees that T = P, and since both
F;, .= Fix(T;) = C; for every i € I and F := Fix(T) = F} x ... x F,, = C (as follows
from (2.7) and the equality F; = C; for every i € I), we conclude from Proposition
3.4 that Pp (T (x)) # x, namely Pp(Pc(x)) # x, as required.

The next lemma presents useful observations about b, (x). It generalizes and
extends [41, Lemma 1.2].

Lemma 3.7. Let {T;}icr be cutters and {F;}icr their fized points sets, respectively,
and suppose that w : I — (0,1] is a positive weight function. Let D and T be as
defined above in (2.5) and (2.6), respectively, and let F := Fix(T). Assume that
re X, x:=J(x) € D\F and Nie;F; # 0. Then the following assertions hold:

(1) by (X) is in the intersection of the ray

Ly:={zeD|z=x+A(Pp(T(x)) —x), A >0} (3.8)
with the hyperplane
V:={zeX"|((z—T(x),T(x) —x)), =0}. (3.9)
(i1) If we denote
3 T =]l
A = P (T () — X[ (310)
then /):x,w >1 and
5 - S v =l -
szelw(z)(Tz@) - x)H
(iii) DNF CDNH(x,b,(x)) CDNH(x,Pp (T (x))).
(iv) The following inclusions hold:
NFcH (x,vaxz}w(x)) C H(2,T,(z)). (3.12)

i€l

Proof. We prove the assertions in the order in which they appeared.

Proof of Part (i): Because Pp is an orthogonal projection onto the linear sub-
space D, it follows from a basic property of orthogonal projections (see [7, Corollary
3.22, p. 55], with z := 0) that

((y,T(x) —Pp (T (x)))), =0, forall y € D. (3.13)
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By the definition of b,,(x) (see (3.7)) and simple arithmetic, we have

{((by(x) = T (x), T (x) = %)),

= [Py (T ()] w2 (P2 (T 0) =% T () = P (T (x)),

+((Pp (T (x)) — x,Pp (T (x)) — X>>w> +H((x-Tx),TX -x)),. (314)

From this, along with (3.13) and the fact that Pp (T (x)) — x € D, we have

({(by(x) = T (x), T (x) = %)),

BN [ NES TN e e
= g () e IPD (T 00) =X~ T () =il =0 (3.5

This shows that b, (x) € ¥. Since x ¢ F, we have T(x) # x and /)\\Lw > 0, and since
b, (x) =x +Xx7w(PD (T(x)) — x), we have b, (x) € Ly. This completes the proof of
Part (i).

Proof of Part (ii): Proposition 3.4 implies that Pp (T (x)) # x for all x €
D\F and so /):x,w is well defined. Since x € D and the orthogonal projection is
nonexpansive (see, e.g., [14, Theorem 2.2.21, p. 76]), we have

[IPo(T(x)) = x][[w = |[[Pp(T(x)) = Po)|[lw < [[[T(x) = |-

Thus, \/Aew = |||TX) = x|[]u/|[|Pp(T(x) — ||| > 1, and $0 Ay > 1.

Now we establish (3.11). From the definition of the norm ||| - |||, it follows that
TG = x[[[3 = 11(Ti(2) = 2)ierlll}, = D w(@)||Tilx) — (3.16)
iel

In addition, (3.2), the linearity of Pp, the fact that x = Pp(x) and the fact that
Zjelw(j) =1, all of them imply that

IIPp(T(x)) = x|[;, = [[Pp(T(x) = x)lll,

3 (Zwu)m(x) - x>> = w(j)

w  JEl

2

S w(i)(Tilx) — )

el

2

> w(@)(Ti(z) — =)

el

(3.17)

From (3.16) and (3.17) we obtain (3.11).
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Proof of Part (iii): From the fact that T is a cutter, from (3.13), (3.15) and
from the fact that b, (x) € D, it follows that for all y € F N D,

0<{(y -T(x),T(x) —-x),
= ({y = bu(x), T (%) = x)),, + {{bu(x) = T (x), T (x) = x)),,
= ({y = bu(x), T (%) = x)),
= ({y = buw(x), T (%) = Pp (T (x)))),, + {{y = bu(x), Pp (T (%)) = x)),,
= {{y = bu(x), Pp (T (x)) = x)),,- (3.18)

By combining this inequality with (3.7) and the assumption that x ¢ F, one has

[[Pp (T (x)) — x]|I
y — by (x), Y (by(x) — x) >0, forally e FN D,
<< T () = x][[%, w

an inequality which implies that ((y — b, (x), by(x) —x)),, > 0, for ally € FND.
This, in turn, implies that F N D C D N H (x, b, (x)).

Flnally, it remains to show that D N H (x, b, (x)) € DNH (x, Pp (T (x))). Indeed,
let y € DNH (x,b,(x)). Then previous lines, as well as (3.7) and (3.10), 1mply
that

0 < ({y = bulx). bu(x) = x}),, = ( (¥ = bulx) A (Pp(T(x)) =) ) . (319)

w

Now we use this inequality and the fact that Xx,w = 1+ ¢ for some ¢ > 0 (as a
result of Part (ii)), to conclude that

0

IN

({y = bu(x), Pp(T(x)) = X)),

(v = (x+ A (Pp(T(x) = X)), Pp(T(x)) = X)) )
({y + e = (1+ )Pp(T(x)), Pp(T(x)) = x)),

= ({y = Pp(T(x)), Pp(T(x)) =), + € {(x = Pp(T(x)), Pp(T(x)) ~ X)),
Therefore,

0 < ellix = Po(TE)IEZ < ((y - Po(T()),Pp(T(x) = x}),,  (320)

namely y € DN H (x,Pp (T (x))) (see (2.10)), as required.
Proof of Part (iv): The definitions of b, (x), T and D, together with Lemma
3.1 and the linearity of J, imply that

by (x) = J (Tw,xz,w (x)) . (3.21)

Given q € NierF;, it follows from (2.8) that J(¢) € FND. Hence, (3.21), Part
(iii) and the definition of J imply that J(¢) € DNH(J(z),J(T,, 5. (x))). Thus, the
Azw

w

definitions of J and the inner product ((-,-)),, imply that ¢ € H ( T (x)). Since

w

q was an arbitrary point in N;erF;, we have Nier F; € H(x, T 3. ().
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It remains to prove the second inclusion in Part (iv). In order to show this, let
u € H(z,T,5 (x)) be arbitrary. This fact, as well as (2.10) and the fact that

’ w)\
)\x,w =1+e¢ for some e > 0 (see Part (ii)), imply that
0< (u—T,5 (2),T,5 (¢)—a)= <u —Tys (@), N (Tl) — x)>

w

~

= <u — (1’ + (1 —+ 6) (Tw<$) — IL")) s )\q: (Tw(x) - $)>

= (4= T@), X (Tu(w) = 7)) = € (Tu@) = @, X (Tu(w) = ).
Consequently,
0 < || Tu(w) = al* < (u—Ty(2), Tu(x) — 2),
and hence, u € H(z,T,(z)), as required. O

The following proposition essentially appears in [3, Corollary 3.4(i)], with a dif-
ferent notation and with a somewhat terse proof. We provide a new proof of it
below.

Proposition 3.8. For each i € I suppose that T; : X — X 1s a cutter having a fived
point set F;. Let 7y and 1o be in (0,1], let v € X and let w be a weight function.
If A\ € [m,(2—7) L(z,w)] and ¢ € F := NieF;, then the following inequality is
satisfied:

|Tun (2) = gl < llz = ql* =72 Y w (i) | T3 (x) — z||*. (3:22)
el

Proof. Observe first that since L(x,w) > 1 > 0 and since A € [, (2 — 7o) L(x, w)],
we have 2 — 75 > A\/L(z,w) and A\ > 7y. Thus,

A (2 - L(; w)) > 717, (3.23)

If v € F, then T;(x) —x = 0 for all i € I. Thus 7T, (x) = x and hence
(3.22) is clear Suppose now that ¢ F. We observe that T,,(z) = Tg(x), where
@ : I, — [0,1] is the restriction of w to I,, (recall that ] ={iel|w(() > 0}
and, therefore, W is a positive weight function defined on 1, ) By using Proposition

3.4 with w instead of w (in order to use this proposition we also need to verify that
Miet, i 7 0, which is true because ¢ € F' C N7 F), we obtain that T(z) # =, and
hence T, (z) — x # 0. Hence, it follows from (2.2) and simple calculations that
T (2) —all” = &+ A (T, (2) — ) = ql’
= Iz = all” + 2X (T, (2) — 2,2 — q) + N* | T (2) — |”
=llz —ql* + 22 ) _w (i) (Ti (2) — 2,2 —q)

icl

T (w) — 2 (3.24)




RESULTS RELATED TO CUTTERS 13

By adding and subtracting T; (x) in the inner product of the second summand on
the right-hand side of the last equality, we get

ITwn (@) = all” = llz = gqll* + 20 Y w () (T (x) — 2,2 = T, (x))

+2)\Zw(i) (Ti (x) — 2, T; (x) — q)
A2 ) 2
+ m;w(l) 1T (z) — |- (3.25)

By this result, the assumption that the operators T;, i € I are cutters (and hence
they obey (2.12)) and by (3.23), we get the desired result:

ITwn (@) = all” < llz =gl +22 ) w () (T, (x) — 2,2 = T; ()

el
) 1T () — 2]
=||x—q||2—A(2 )Zw VT, (@) — 2
< ||z —q| —7'17'2Zw VT () — 2| (3.26)
el

O

The next corollary generalizes Corollary 3.5, and also improves upon [8, Corollary
2.12] and [27, Proposition 2.4] (assuming the index set I in [27, Proposition 2.4] is
finite) in the sense that A can be larger than L(x,w).

Corollary 3.9. For each © € I suppose that T; : X — X is a cutter having a
fized point set F; such that MierF; # 0. Let 7 and 15 be in (0,1], let x € X and
suppose that w : I — [0,1] is a weight function. If A € [1,(2 — 1) L(z,w)] and if
Twa(z) =2, then Tij(x) = x for all i € I,

Proof. Let ¢ € F. Since T,, x(x) = x, we conclude from Proposition 3.8 that

_ A4ll2 — T, 12
0< S wi)|Ti@)—alP = 3 w(i)|Tia)—af? < L= =1 Tuale) Zal"_

T1T:
zG[w el 172

Since w(i) > 0 for all i € 1,,, the sum > ier, W) Ti(x) — x|* can vanish if and only
if | T;(z) — z||* = 0 for each ¢ € I,,. Thus, T;(x) =z for all i € T,,, as claimed. O

We want to derive a certain sharp version of Proposition 3.8. In order to do so,
we need the following lemma.
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Lemma 3.10. Suppose that T : X — X is an operator (not necessarily a cutter),
x € X is arbitrary, Ao > 0 and Ay € [0, \s]. Then H(x TAQ( ) € H(x, T\ (x)).
Moreover, if x ¢ Fix(T) and 0 < Ay < Ao, then H(x,T\,(x)) & H(x, Ty, (x)).

Proof. We start by showing that H(z,T\,(z)) C H(z,T\,(z)). Let z € H(x,T),(x))
be arbitrary. Then (2.10) implies that (z — Ty, (z),z — T\, (x)) < 0. This inequality,
as well as simple calculations and the facts that 0 < \; < Ay and 0 < Ay, show that

(z = Tx (@), 2 = Ty (2)) = (z = (x + M(T(2) = 2)), 2 = (& + M(T(x) - 2)))
= (z = (2 + X(T(x) = 2) + M = ) (T(x) = 2)), =M (T(x) - 2))
= (z = (@ 4+ X0(T(2) — 7)), =M(T(2) = 2)) = (M = 2)(T(2) — 2), =\ (T(x) - 2))
= (M/A2)(z = (@ + Xao(T(2) — 7)), =2ao(T(x) — 7)) + M (A1 — M) [ T () — ]|

= (M/A2) (2 — T, (), 2 — Ty (2)) + MM — M)||T(2) — 2> <0+ 0=0. (3.27)
Hence, z € H(x,T), (7)), and since z was an arbitrary point in H(x,T),(x)), one has
H(z,T),(x)) C H(x, Ty (x)), as required.

Finally, if z ¢ Fix(T) and 0 < A\; < Ay, then \;(\; — \o)||T(z) — z|]* < 0.
Thus, any z € H(z,T\,(x)) satisfies (3.27) with a strict inequality in the last line
of (3.27). This fact, as well as the fact that z := T),(z) obviously satisfies (z —
Ty, (x),x — Ty, (z)) = 0, imply that this specific z is in H(z, Ty, (z)) and it cannot be
in H(x,Ty,(x)). Hence, H(x,Ty,(x)) & H(x, T\, (2)). O

Lemma 3.11. Let {T;}ic; be cutters and {F;}ic; their fixed points sets, respectively,
such that F = M F; £ 0. Let w : I — [0,1] be a weight function. Fiz some x € X

and suppose that A € [0, /\%w] where /\mw satisfies (3.11) (and in Lemma 3.7 we

use, instead of I and w, the subset Iw and the positive weight function w : [w — (0,1],
respectively). Then F' C H(x, T, (x)).

Proof. Since Xm@ > 0 according to Lemma 3.7 (ii), it follows from Lemma 3.10, with
T, instead of the operator T used there, that

H(z,T,5 () C H(z,Tyx(x)). (3.28)
In addition, from Part (iv) of Lemma 3.7 (the inclusion of the first set in the second
one in (3.12), where in Lemma 3.7 we use ,, and @ instead of I and w, respectively),
we have M, 7 F; C H(x, T, 5 A( )). Since I,, C I, we have F' = N F; C Niet, Fi-
These 1nclu81ons as well as (3 28) imply that

FC () FCH@T,5 () CHxz Tualx)).

ieTy

Now we are able to present a certain sharp variant of Proposition 3.8.

Proposition 3.12. Let {T;}ic; be cutters and {F;};c;r their fized points sets, respec-
tively, such that F := M F; # 0. Suppose that 7 and 1o are in (0,1]. Let x € X
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and let w : I — [0,1] be a weight function. If X € [1,(2 — 1) L(z,w)] and q € F,
then the following inequality is satisfied:

T () = dl* <l = all* = 72 | T (2) — 2. (3.29)
Proof. From (2.2), (3.11), and the definitions of I, and @, we have
L (z,w) = Apg or L (z,w) = 1. (3.30)

Since Xx@ > 1 according to Part (ii) of Lemma 3.7 (in which we use I, and @

instead of I and w, respectively), it follows from (3.30) that L(z,w) € [1,/):%@].
Now we divide the proof into two cases, depending on the value of \.

Case 1: 1 < A < L (z,w).
In this case A < L(z,w) < A, 4, and so Lemma 3.11 implies that F' C H(x, T, \(2)).
Thus,

(Tun(@) — 2, Tyr(z) —q) <O0. (3.31)

This fact, simple calculations and the fact that 7 € (0, 1], all imply that

| Towr (2) = qlf* = (T (z) — 2) + (= — @) (3.32)

= |lz = qlf* + 2 (T () = 2,2 = g) + | T () — ||

= |lz = qlf* + 2 (T (2) — 2,2 = Ty p ()

+2(Typ () = 2, Ty () = @) + [T () — 2|

< |lz = qlf* = 2| T n (@) = @[> + | T (2) — 2]

= ||z = all” = ITwn () = 2] < llz = ql® = l|Tun(z) — 2>

Case 2: L(z,w) <A< (2—m7) L (z,w).
In this case, if we let o := A/L(x,w), then simple calculations show that 1 < a <
2 — 719 and

Top (@) =24 a (TuL@w (@) — ). (3.33)
Therefore,
1Ton @) = all* = |2+ o (T ey () = ) = g
= |lz — gqlf* + 20 (Tu, 1) (2) — x—q>+a T2y (2) — 2
||x—qH +2a<Twwa) (x) TwL(xw) (x)>
+ 20 (T L) (€) = 2, Top 1) (2 —q>+a 1T 1y () — || (3.34)

Since L(z,w) < Xz,@, it follows from Lemma 3.11 that F' C H(x, Ty 1(zw) (7)), and
hence, (T, 1(z,w) () — 2, T L(zw) () — ¢) < 0. This fact, as well as (3.33), (3.34),
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and the inequality 7 < 2 — «, imply that
T (2) = glf”
<z — qH2 + 2« <Tw,L(x,w) () — 2,0 — Ty L(2,0) (:v)> + o2 HTw,L(x,w) (x) — 93||2
= lle = ql* = a2~ ) | T o) (@) = 2
<o =l =7 o (T s (@) = o) |
= Iz = all* = 7 | T (@) — ||
U

4. THE BLOCK ITERATIVE EXTRAPOLATED ALGORITHM AND THE CONVERGENCE
THEOREMS

In this section we present the extrapolated block-iterative algorithm aimed at solv-
ing the common fixed point problem (1.1), and show its convergence under certain
conditions. In a nutshell, the algorithm generates the iteration 2**! by considering a
block I, C I, calculating the convex combination, for the block I, of the differences
Ti(x*) — 2%, i € I}, and implementing an extrapolation in order to reach a deep step
towards the common fixed point set N;c; F;. In each iterative step the user can choose
weights and extrapolation parameters anew, as long as they obey some reasonable
conditions.

Algorithm 4.1. (The extrapolated block-iterative algorithm).

Input: A real Hilbert space X, a positive integer m, an index set I :={1,2,...,m},
an arbitrary initialization point 2° € X, two real numbers 71 and T in the interval
(0,1], a family of cutters {T;}icr defined on X with fized point sets F; := Fix(T;) =
{r € X | Ty(x) = z} and a nonempty common fized point set F := N/ F;, a se-
quence {wy}72, of weight functions with respect to I, and a sequence of relaxation
parameters {\;}io, which satisfy \i, € [11, (2 — 72) L (2%, wy)] for each k € NU {0},
where L is from (2.2).

Iterative step: Given the current iterate ¥, k € NU{0}, calculate the next iterate
by

2" =Ty, (27) = 2%+ N, (Z wy (1) Ty(x") — :Bk> , (4.1)

el
that is, if we denote by Iy := fwk = {i € I'|wi(i) > 0} the k-th block, then
=2+ N wg () (Ti(a) — 2*). (4.2)
i€l
Remark 4.2. Since 71/(2— 1) < 1/(2—1) < L(a*, wy) for all k € NU{0} according
to (2.2), it follows that for all & € N U {0} the interval [r, (2 — 7o) L(2*, wy)] is

nonempty, and hence one can indeed choose a sequence of relaxation parameters
{6 }72, in this interval.
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Remark 4.3. Algorithm 4.1 becomes fully sequential whenever at each iteration &
there is an index ji € I such that wy(i) = 0 for all ¢ € I'\{jx} and wi(jx) = 1, and
it becomes fully simultaneous whenever wy (i) > 0 for all k € NU {0} and all i € I.
Hence Algorithm 4.1 can be used in both serial and parallel computational settings.

In order to ensure the convergence of Algorithm 4.1, we will impose, in either
Theorem 4.15 or Theorem 4.16 below, one of the following two conditions on the
sequence of weights {wy}32,, respectively:

Condition 4.4. For alli € I one has Y -, wi(1) = 00.

Condition 4.5. There are s € N and a > 0 such that for alli € I and all ¢ € NU{0}
there is some k € {£,0+1,... 0+ s— 1} such that wi(i) > a.

Remark 4.6. Condition 4.4, which essentially appeared first in [1, p. 171], is
strictly more general than Condition 4.5. Indeed, if {wy}7°, is a sequence of weight
functions which satisfies Condition 4.5, then, in particular, for all © € I and all
p € NU {0} there is some t, € {ps,ps +1,...,ps + p — 1} such that w,, (i) > «,
and therefore, Y% wi(i) > D07 wy, (i) > 337 o = oo, namely, Condition 4.5
implies Condition 4.4. On the other hand, the converse is not true since if, for
instance, for every k € NU {0} we let wy(i) := 1/((k+ 1)m) for each i € I\{m} and
wig(m) :=1—(m —1)/((k + 1)m), then {wy}32, is a sequence of weight functions
which satisfies Condition 4.4 but does not satisfy Condition 4.5.

However, Condition 4.5, which seems to be new, is strictly more general than the
condition on the weights imposed in either [3, Corollary 4.2] (up to a typo in [3,
Relation (104)], that the weights are constant and not dynamic: in later lines there
the weights are assumed to be dynamic) or [12, Step 1 (St.1) on page 14232], when in
both cases we restrict ourselves to strings of length 1. This condition is the following
one:

There are s € N and o > 0 such that both {/}72 is s-intermittent
and wy (i) > o for all k € NU{0} and all ¢ € I}, (4.3)

where by saying that the sequence of blocks {I;}72, is s-intermittent we mean that
I'=1,Ul1U...Ulps for each £ € NU{0} (it seems that (4.3) appeared first
n [15, Theorem 5.1], although variants of it can be found in previous works such
as [25, Definition 1.2 Part (¢) and Definition 3.1 Relation (3.4)]). Indeed, suppose
that (4.3) holds, and fix ¢ € NU {0} and ¢ € I. Since the sequence of blocks is
s-intermittent and ¢ € I, we have i € [ = [, U I),1 U...U Iy, 1, and hence there is
some k € {(,{+1,...,{+s—1} such that i € I;. Thus, (4.3) implies that w (i) > «,
and we conclude that Condition 4.5 holds (with the same s and « as in (4.3)). On
the other hand, there are cases where Condition 4.5 holds but (4.3) does not: see
Examples 4.7-4.8 below.

Another condition on the weights appears in [5, Condition 5.4], [8, Algorithm
3.1(4) and Condition 3.2(ii)], and [27, Algorithm 6.1(4) and Definition 6.3] (see also
[26, Definition 3.1 and Algorithm 6.3 (C2)] [28, Algorithm 3.9 and Theorem 3.11]).
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When restricted to the case where I is finite (I in [5, Algorithm 5.1], [8, Algorithm
3.1] and [27, Algorithm 6.1] is allowed to be countable) it essentially says that the
sequence of blocks is s-intermittent for some s € N and also that there is a positive
number 0 € (0, 1) having the following property: for all kK € NU{0} there is an index
Jmaxk € I for which the maximum max{g;|j € I} is attained (where for each
j € I, one has that g; is a certain nonnegative number depending on j, z*, and the
given cutters) and this jmax, satisfies wg(Jmaxk) > 6. This condition neither implies
Condition 4.5 nor is implied by it. Indeed, if we consider the sequence {wy}32, of
weight functions defined in Example 4.8 below, then Condition 4.5 holds, but for
the above mentioned condition to hold it must be that jyaxr = m (because for each
J # m one has limy_, r20 (mod m) wg(j7) = 0), which is usually not true. On the other
hand, in Condition 4.5 we impose a requirement which should be satisfied by all the
indices in I regarding the uniform positive lower bound on the corresponding weights
at the indices, while in [5, Condition 5.4], [8, Algorithm 3.1(4) and Condition 3.2(ii)],
and [27, Algorithm 6.1(4) and Definition 6.3] this is not the case.

Finally, we note that the concept of intermittent controls was introduced in [4,
Definition 3.18], following the notion of almost cyclic controls which seems to appear
first in [35] (even though a more general control appeared before in [11, Definition 5[;
this latter condition seems to inspire the generalized intermittency conditions which
appear in [5, Condition 5.4(iii)], [8, Condition 3.2(ii)], [26, Definition 3.1] and [27,
Definition 6.3]).

Example 4.7. Suppose that m > 1. Let s be an arbitrary even natural number and
let s ;= s/2. For each t € NU{0} choose randomly, say using the uniform distribution
on{ts',ts'+1,...,ts'+s'—1}, anumber hyy € {ts', ts'+1,...,ts'+s'—1}. Now choose
(possibly randomly, using the uniform distribution on [1/(2m), 1/m]) arbitrary real
numbers wp, (i) € [1/(2m),1/m] for all ¢ € I\{m}, and define wy, (m) = 1 —
Z;n:_ll wp,, (7). Now for each k € {ts',ts' +1,...,ts' + s — 1}\{h¢1} and each
i € I\{m} choose an arbitrary (possibly randomly, using the uniform distribution
on [0,1/m]) real number wy,(i) € [0,1/m], and define wy(m) := 1 — 377" Ywk().

By doing this we obtain a sequence {wy}72, of weight functions which satisfies
Condition 4.5 with a := 1/(2m) and s. Indeed, for every ¢ € N U {0} let t :=
[¢/s"] (where [-] is the ceil function, which assigns to every r € R the minimal
integer which is greater than r), and let k := hy;. The definition of h;; implies
that k € {ts',ts' +1,...,ts' + s — 1}. In addition, the definition of ¢ implies that
(t—1)s’ < ¢ <ts'. Hence,

O0<ts —U<k—tl<ts+s—1—(t—1)=25—-1=s5—-1,
and so hyy = k € {(,{+1,...,0 +s —1}. The definition of h;; implies that
wp, (1) € [1/(2m),1/m] if i € I\{m} and

m—1 1 1 1
whtl —1—tht1 >1—W:§+%>%:Oz.
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It follows that for all i € I and all £ € NU {0} thereis k € {¢,{+1,...,0+s—1}
(namely, k := hyy for t := [£/s"]) such that wg(i) > «, that is, Condition 4.5 does
hold with the above mentioned s and «, as claimed.

Finally, one observes that since wg(i) can be an arbitrary number in [0,1/m)]
whenever k # h;; and i # m, there are cases in the choice of the weight functions
where they are all positive and therefore all the blocks I coincide with I (and hence
the sequence {Ij; }72, of blocks is 1-intermittent) and inf{wy(i) |k € NU{0}} = 0 for
all i € I\{m}. In these cases (4.3) does not hold.

Example 4.8. Suppose that m > 1. Given k € NU {0} and i € I\{m}, define
wg(?) := 1/m whenever k = 0(mod m) and wg(i) := 1/(2km) otherwise. In ad-
dition, define wi(m) := 1/m if & = 0(mod m) and wg(m) := 1 — (m — 1)/(2km)
otherwise. Then {wy}32, becomes a sequence of positive weight functions which sat-
isfies Condition 4.5 with s := m and « := 1/m, the k-th block is [, = I and hence
the sequence {I;}72, of blocks is l-intermittent, but (4.3) does not hold because
inf{wg (i) |k € NU{0}} =0 for all i € I\{m}.

Definition 4.9. A sequence {y*}2, in X is said to be Fejér-monotone with respect
to some subset ) # S C X if the following condition holds: ||y**1 — z|| < ||y* — z||
for every k € NU {0} and every z € S.

Proposition 4.10. Any sequence {xk};io, generated by Algorithm 4.1, is Fejér-
monotone with respect to the (assumed nonempty) common fized point set F'.

Proof. By Proposition 3.8, for any sequence {xk}:io, generated by Algorithm 4.1,
and any ¢ € F', we have

251 = q|* < ||2* = a* = mire Y we (8) | T3 () — 2| (4.4)

i€l

This implies that ||z* — ¢|| < ||2* — ¢|| for all K € NU {0}, and hence {xk};io is
Fejér-monotone with respect to F'. 0

Proposition 4.11. Suppose that X is finite-dimensional, that Condition 4.4 holds,
that all the cutters T; are continuous, and that {xk}Zo:O 15 a sequence generated by
Algorithm 4.1. If this sequence converges to some point x* € X, then z* € F.

Proof. Assume, for a contradiction, that 2* ¢ F' = N;c;F;, namely that there is some
index ig € I such that z* ¢ F,,. This fact and the fact that F; is closed for each
i € I (and, in particular, for ip), implies the existence of some £ > 0 such that
Blz*,e] N F;, = 0. The continuity of T;, on B[z*,¢], as well as the compactness of
Blz*, €], the Weierstrass Maximal Value Theorem and the fact that |7}, (z) —z| > 0
for all € Blz*,¢], all imply that there is some § > 0 such that ||T;, (z) —z| > ¢
for all z € Blz*,e]. Since z* = limy_,o, z¥, there is some ky € N U {0} such that
z* € Blz*, €] for all k > k. Thus, Proposition 3.8 yields

kaﬂ — qH2 < ka — qH2 — 762wy (ig) (4.5)
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for all k > kg and all ¢ € F'. Hence, for all kg +1 </ €N

l l
1 1
. < k _ 2 _ k+1 _ 2 < - k0+1 _ 2‘
3 wnlio) S o 3 (el et al) < el
=ko+1 k=ko+1

By letting £ — oo we conclude that Y 7, wy (i) is bounded from above, and this
is impossible because we assumed that >~ wy (i) = oo for every i € I (Condition
4.4) and hence Y7, wi(ig) = oo. Therefore, the assumption that 2* ¢ F is
impossible, and hence x* € F', as required. O

The following proposition brings together several well-known results, and is used
below for proving the convergence of our algorithmic sequence.

roposition 4.12. Suppose tha ° 4 18 a Fejér monotone sequence in X wi
Proposition 4.12. Supp that {y*}2, is a Fejé t q m X with
respect to some nonempty subset C'. Then:
(i) {y*}32, is bounded.
(1) {y*}32, has at least one weak sequential cluster point.
iii) For every weak sequential cluster point u of {y*}>° and every ¢ € C' one has
Y q p W rk=0 Y
lu—qll < ly* —ql| for all k € NU{0} and lim—,os [[y* — gl = [lu — qll.
w) If every weak sequential cluster point of {y*}2°, belongs to C, then {y*}2
k=0 k=0
converges weakly to a point in C.
v) If the interior of C' is nonempty, then {y*}° . converges strongly to some point
Y Y k=0 9 gty
mn X.
(vi) If X is finite-dimensional, then the words “weak” and “weakly” in Parts (i3)-
(iv) above can be replaced by the words “strong” and “strongly”, respectively.

Proof. Let q € C be arbitrary. Since {y*}2 is Fejér monotone, one has [|y*+ —¢|| <
" ~gll < ... < [ly°—q]l for all k € NU{0}. Thus, {y*"}i=, is in the ball Blg, |y° ]l
Thus, Part (1) holds. Part (ii) follows 1mmed1ately from Part (i) since any bounded
sequence in a Hilbert space has a weakly convergent subsequence [7, Lemma 2.45].
Since {||y* — q||}22, is monotone decreasing for all ¢ € F' from the definition of Fejér
monotonicity, limy_, ||y* — ¢|| exists and satisfies limy_,o ||v* — q|| < |ly* — ¢|| for
every t € NU{0}, and since the norm is weakly sequentially lower semicontinuous [31,
11.3.27, p. 68], one has ||u — ¢|| < liminf;_ [|¥* — q|| = limj_o [|¥* — ¢|| Wwhenever
u is a weak sequential cluster point of {y*}3°,. Thus, Part (iii) holds. For the proof
of Part (iv), see [7, Theorem 5.5, p. 92] or [14, Corollary 3.3.3, p. 110]. For the
proof of Part (v), see [7, Proposition 5.10, p. 94]. Part (vi) is immediate since
in finite-dimensional spaces a sequence converges weakly if and only if it converges
strongly [7, Lemma 2.51(ii), p. 39].

Finally, we note that the proofs of Part (iv) and Part (v), respectively, can be
found also in [4, Theorem 2.16(ii)] and [4, Theorem 2.16(iii)], respectively, and while
the assertions there are formulated under the assumption that C' is nonempty, closed
and convex, the proofs actually hold if merely C' # (). 0

Proposition 4.13. For any sequence {xk}zozo, which is generated by Algorithm 4.1,
we have:
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(i) il 2! — 2*|? < oo,
(1) limg_ o0 ka“ — gk ‘ =0.
(i11) limy_soo |2 —2%t]| = 0 whenever {hi}22, and {k;}22, are subsequences of natural
numbers which have the following properties: ky < hy for every t € NU{0} and
sup{h: — ki |t e NU{0}} < o0.

Proof. We start with Part (i). Take any ¢ € F'. Algorithm 4.1 and Proposition 3.12
imply that for all £ € NU {0},

2 2 2
|l = al|” < [l = gf|” = 7 [|l2* = 2"

Hence, for all £ € N,
¢

L
1
Z ||xk+1 i ka2 < 7-_2 Z (ka B qH2 . kaﬂ i QHZ)
k=0 k=0

1 1
= — (ll2° = ql* = [l = q?) < —[I2° —q|*.
T T2

2
By letting ¢ — oo, we have >, [[a*1! — 2¥||2 < ||2° — ¢|]*/72 < o0, as claimed.

As for Part (ii), it follows from Part (i) and well-known results regarding nonneg-
ative series that limj_,oo ka“ — kaQ =0, and hence limy,_, ka“ — ka =0.

It remains to prove Part (iii). Let s := sup{h; — k;|t € N U {0}}. By our
assumptions on the subsequences {h:}°, and {k:}$2,, it follows that s is a natural
number. Denote fp; = ||aFt — 2%+Y| for every £ € {1,2,...,s} and every
t € NU{0}. Then each of the s sequences {f5s+}52,, ¢ € {1,2,...,s} is a subsequence
of the sequence {||zF*? — z¥||}2, and hence, as follows from Part (ii), we have
lim; ,o, By = 0. Since the triangle inequality and the definition of s imply that
[l — k|| < SpR ||kt — Rt < ST By, for all £ € NU{0}, it follows from
previous lines that lim,_, ||z™ — 2%|| = 0. O

Proposition 4.14. Suppose that X is finite-dimensional, that {x*}32, is generated
by Algorithm 4.1, that all the cutters T;, i € I are continuous, and that Condition
4.5 holds. If zo is an accumulation point of {x*}°,, then x, € F.

Proof. Since x4, is an accumulation point of {z*}2° . there is a subsequence {x**}2°,
such that 2., = lim;_,o, z*. We need to show that x., € F; for all i € I. Fix an arbi-
trary i € I. By Condition 4.5, for all t € NU{0} thereis hy; € {ki, ke+1,. .. kit+s—1}
such that wy, (i) > o. Proposition 4.13 ensures that lim,_,. ||z — 2% = 0, and
hence ||zt — x| < ||lahei — 2% + [|2% — 24| —— 0+0=0 Consider the se-

quence {(wn, (1), wp,,(2), ..., wn,,(mM))}2, of weight vectors in [0, 1]™. Since [0, 1]™
is a compact subset of R™, there is an infinite subset N; of NU {0} and a subse-
quence {<wht,i(1)7 wht,i(2)7 s 7wht,i(m))}t€N1 of {(wht,i(]‘)’ wht,i<2)’ wo Why (m))}toi()
which converges to some weight vector (wu,i(1), Weoi(2), ..., Weo(m)). This vector
satisfies W ;(1) = limy_,o0 ten, Wi, , (1) > o because wy, , (i) > « for all t € NU {0} by
the choice of hy ;.
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Now there are two possibilities: either the sequence { L(z""i, wy, ,) }en, is bounded,
or it is unbounded. Consider first the case where this sequence is bounded. Since
Ak € [11,(2 — ) L(zF, wy)] for all k € NU {0}, we conclude that {\s,, }ien, is a
bounded sequence of positive numbers. Hence, there is a an infinite subset Ny of
Ny and a subsequence {Ay,, }ien, of {An,, }ren; which converges to some Ay ; as
t — oo,t € Ny. Since {Ap,, }ren, is also a subsequence of {A;}renugoy and since
Ax > 1 for every k € NU {0}, we have A\; > 7 > 0. Since (4.1) implies that

P Ty (@) = 2 0 S ()T — )
Jel

and since T} is continuous for all j € I, we have
lim mht,i"‘l —r Ao we (VT (2 .
t—300,t€ N2 o T oo,zze; 00i (1) (T (20) o)
J

= Zoo + Aooil T ; (Too) — Too)-

Woo,i

On the other hand, lim; o e, |27t — 21| = 0 by Proposition 4.13, and hence
limy oo ey T = limy o0 e, (20T =200 +limy o g, 27 = 24, We conclude
that oo = ZToo + Aoo,i(Tw., ; () — To), and therefore, using the fact that Ao ; > 0,

Woo,i

we have 2o, = Ty, (To0). But weei(7) > @ > 0 as explained earlier, namely i € I,,__,.
Hence, Corollary 3.5 implies that Tj(2) = Zeo, namely zo, € Fj.

It remains to consider the case where {L(z"%, wy, ,)}en, is unbounded. In this
case, since L(zh, wp,,) > 1> 0forallt € Ny, the unboundedness is from above, and,
therefore, there is an infinite set Ny of Ny and a subsequence {L(z"#, wp, ;) }en, of
{L(x" wp, ) hen, for which limy o sen, L(2™, wy, ) = co. Thus, L(z" wy,,) >
1 for all sufficiently large t € N, and hence (2.2) implies that L(z"i, wy,,) =
D e Whe (DT (") — 2l /T, , (xhei) — zhei||2 for all sufficiently large t € N.

Since {z*}2°, converges, it is bounded (boundedness also follows from the Fejér
monotonicity of {z*}7°), and hence it is contained in some closed ball B0, p] for
some p > 0.

Since the m operators Tj, j € I are continuous, they are bounded on the compact
ball B[0, p] by the Weierstrass Extreme Value Theorem. Since wg(j) € [0, 1] for all
k € NU{0} and all j € I, the previous lines imply that sup{}_ ., wa, ,(5)[|T;(z"") —
hti

2|t € No} < oo. Consequently, the equality limy_o0en, L(2™, wy, ) = 0o can
hold only if limy—ec ten, [| Ty, , (zhei) — 2] = 0 (since otherwise there is some € > 0
such that [T, (xhei) —phei

of Ny, and then sup{L(z"*, wy, )
ht
x »

> ¢ for every t which belongs to some infinite subset Nj
t € N3} is bounded by sup{>_ . wp, , ()| T;(z")—
2|t € Nao}/e® < 00, a contradiction to the equality limy o0 teng L(z", wy, ) =
limy o0 teng L(x", wp, ) = 00).




RESULTS RELATED TO CUTTERS 23

Since limy_, o0 ten, © aMi =z, one has
lim 7T, h“ = lim E w xli
t—o0,tE Na wht ( t—o0,tENa ht 1 )
jel
= E woo,z(])T](xoo) - Twoo,<xoo)
jeI

because of the continuity of the operators T}, j € I and the limits lim;_, ten, xhti =
Too aNd Wooi(J) = IMy—o0 ren, Wi, ,(j) for all j € I. These equalities, together with
the equality lim—,o e n, ||Twht ) (xhei) — ghti|| = 0, imply that Ty () = Too. But
Wooi(7) > a > 0 because w, (i) > a for all t € NU{0} by the choice of the sequence
{he;}32,. Hence, i € fww’i and, therefore, Corollary 3.5 implies that T;(z) = Zoo,
namely z,, € F;.

Thus, zo € F; if either {L(2z" wy,,)}en, is bounded or if it is unbounded.
Since ¢ was an arbitrary index in I, we conclude from the previous paragraphs that
Too € NierF; = F, as claimed. ]

Now we are able to formulate and prove the convergence theorems.

Theorem 4.15. Suppose that X is a finite-dimensional real Hilbert space and that
{mk}:io is a sequence generated by Algorithm 4.1, where {T;};c; are finitely many
continuous cutters defined on X with fized point sets {F;}ic; and a common fized
point set F' 1= M F;, where {wg}32, is a sequence of weight functions with respect
to I :={1,2,...,m} (m € N), where 7, and 15 are in the interval (0, 1], and where
{352, satisfy A € [0, (2 — 1) L (2%, wy)] for all k € NU{0} (and L is defined
in (2.2)). If the interior of F is nonempty and Condition 4.4 holds, then {xk}:;()
converges to a point x* € F'.

Proof. Proposition 4.10 ensures that {xk }ZOZO is Fejér monotone with respect to
F. Since the interior of F' is nonempty, Proposition 4.12(v) ensures that {z"}°,
converges to a point z* € X, and since Condition 4.4 holds, Proposition 4.11 ensures
that * € F', as required. O

Theorem 4.16. Suppose that X is a finite-dimensional Hilbert space and that {xk};ozo
is a sequence generated by Algorithm 4.1, where {T;}ic; are finitely many continu-
ous cutters defined on X with fized point sets {F;}ic; and a common fized point
set F' := NMierF;, where {wi}2, is a sequence of weight functions with respect to
I:={1,2,....m} (m € N), where 7, and 15 are in the interval (0,1], and where
{352, satisfy A € [71, (2 — 72) L (2%, wy,)] for all k € NU{0} (and L is defined in
(2.2)). If Condition 4.5 holds, then {xk}kzo converges to a point z* € F.

Proof. Proposition 4.10 ensures that the algorithmic sequence {2*}2 , is Fejér mono-
tone with respect to F', and hence Parts (ii) and (vi) in Proposition 4.12 ensure
that {x"}2°, has at least one (strong) cluster point. Any such cluster point belongs
to I according to Proposition 4.14. Therefore, Parts (iv) and (vi) in Proposition
4.12 imply that {z*}$°, converges (strongly) to some z* € F. d
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5. CONCLUDING REMARKS

In this work we presented new results related to a wide class of operators called
cutters, and used these results for analyzing an extrapolated block-iterative method
aimed at solving the common fixed point problem (CFPP) induced by a finite collec-
tion of continuous cutters defined on a finite-dimensional Hilbert space. We showed
that the algorithmic sequence produced by the method converges to a solution of
the problem under conditions on the dynamic weights which have not been discussed
so far in the context of extrapolated algorithms for solving the CFPP induced by
cutters. An essential tool in the derivation of our results is the product space for-
malism of Pierra, a theory which we extended and also clarified a certain issue in
it. Since the CFPP has numerous applications in science and engineering, and some
instances of it have received a lot of attention over the years, the ideas and results
discussed here can be used in various settings and applications, possibly beyond the
ones discussed in this work.

REFERENCES

[1] AHARONI, R., AND CENSOR, Y. Block-iterative projection methods for parallel computation
of solutions to convex feasibility problems. Linear Algebra Appl. 120 (1989), 165-175.

[2] ALEYNER, A., AND REICH, S. Block-iterative algorithms for solving convex feasibility prob-
lems in Hilbert and in Banach spaces. J. Math. Anal. Appl. 343 (2008), 427-435.

[3] BARGETZ, C., KorLoBov, V. 1., REICH, S., AND ZALAS, R. Linear convergence rates for
extrapolated fixed point algorithms. Optimization 68 (2019), 163—-195.

[4] BAUSCHKE, H. H., AND BORWEIN, J. M. On projection algorithms for solving convex feasi-
bility problems. SIAM Review 38 (1996), 367-426.

[5] BAUSCHKE, H. H., BORWEIN, J. M., AND COMBETTES, P. L. Bregman monotone optimiza-
tion algorithms. SIAM J. Control Optim. 42 (2003), 596—636.

[6) BAUSCHKE, H. H., AND COMBETTES, P. L. A weak-to-strong convergence principle for Fejér-
monotone methods in Hilbert spaces. Math. Oper. Res. 26 (2001), 248-264.

[7] BAUSCHKE, H. H., AND COMBETTES, P. L. Convex Analysis and Monotone Operator Theory
in Hilbert Spaces, 2 ed. CMS Books in Mathematics. Springer International Publishing, Cham,
Switzerland, 2017.

[8] BAUSCHKE, H. H., COMBETTES, P. L., AND KRUK, S. G. Extrapolation algorithm for affine-
convex feasibility problems. Numer. Algorithms 41 (2006), 239-274.

[9] BauscHKE, H. H., WanG, C., WaNG, X., AND Xu, J. On the finite convergence of a
projected cutter method. J. Optim. Theory Appl. 165 (2015), 901-916.

[10] BREGMAN, L. M. The relaxation method of finding the common point of convex sets and its
application to the solution of problems in convex programming. Comput. Math. Math. Phys. 7
(1967), 200-217.

[11] BROWDER, F. E. Convergence theorems for sequences of nonlinear operators in Banach spaces.
Math. Z. 100 (1967), 201-225.

[12] Buong, N., AND ANH, N. T. Q. Extrapolated simultaneous block-iterative cutter methods
and applications. Math. Methods Appl. Sci. 46 (2023), 14229-14242.

[13] BuonG, N.; AND NGUYEN, N. D. Convergence of extrapolated dynamic string-averaging
cutter methods and applications. Fast Asian J. Appl. Math. 18 (2023), 257-275.

[14] CEGIELSKI, A. Iterative Methods for Fized Point Problems in Hilbert Spaces, vol. 2057 of
Lecture Notes in Mathematics. Springer, Heidelberg, 2012.



[15]

[16]

17]
18]
19]
20]
21]
22]

[23]

RESULTS RELATED TO CUTTERS 25

CEGIELSKI, A. General method for solving the split common fixed point problem. J. Optim.
Theory Appl. 165 (2015), 385-404.

CEGIELSKI, A., AND CENSOR, Y. Opial-type theorems and the common fixed point problem.
In Fized-Point Algorithms for Inverse Problems in Science and Engineering (New York, NY,
2011), H. H. Bauschke, R. S. Burachik, P. L. Combettes, V. Elser, D. R. Luke, and H. Wolkow-
icz, Eds., Springer New York, pp. 155-183.

CEGIELSKI, A., AND CENSOR, Y. Extrapolation and local acceleration of an iterative process
for common fixed point problems. J. Math. Anal. Appl. 394 (2012), 809-818.

CEGIELSKI, A., AND NIMANA, N. Extrapolated cyclic subgradient projection methods for the
convex feasibility problems and their numerical behaviour. Optimization 68 (2019), 145-161.
CENSOR, Y., AND REEM, D. Zero-convex functions, perturbation resilience, and subgradient
projections for feasibility-seeking methods. Math. Prog. (Ser. A) 152 (2015), 339-380.
CENSOR, Y., REEM, D., AND ZAKNOON, M. A generalized block-iterative projection method
for the common fixed point problem induced by cutters. J. Global Optim. 84 (2022), 967-987.
CENSOR, Y., AND SEGAL, A. On the string averaging method for sparse common fixed-point
problems. Int. Trans. Oper. Res. 16 (2009), 481-494.

CENSOR, Y., AND SEGAL, A. The split common fixed point problem for directed operators.
J. Nonlinear Convex Anal. 16 (2009), 587-600.

CENSOR, Y., AND ZENIOS, A. S. Parallel Optimization: Theory, Algorithms, and Applications.
Numerical Mathematics and Scientific Computation. Oxford University Press, New York, 1997.
With a foreword by George B. Dantzig.

COMBETTES, P. L. The convex feasibility problem in image recovery. vol. 95 of Advances in
Imaging and Electron Physics. Elsevier, 1996, pp. 155-270.

CoOMBETTES, P. L. Hilbertian convex feasibility problem: convergence of projection methods.
Appl. Math. Optim. 35 (1997), 311-330.

CoOMBETTES, P. L. Strong convergence of block-iterative outer approximation methods for
convex optimization. SIAM J. Control Optim. 38 (2000), 538-565.

COMBETTES, P. L. Quasi-Fejérian analysis of some optimization algorithms. In Inherently
Parallel Algorithms in Feasibility and Optimization and their Applications (2001), D. Butnariu,
Y. Censor, and S. Reich, Eds., pp. 115-152.

CoMBETTES, P. L., AND Woo0ODSTOCK, Z. C. Reconstruction of functions from prescribed
proximal points. J. Approx. Theory 268 (2021), Paper No. 105606, 26.

CROMBEZ, G. Finding common fixed points of strict paracontractions by averaging strings of
sequential iterations. J. Nonlinear Conver Anal. 8 (2002), 345-351.

Dos SANTOS, L. T. A parallel subgradient projections method for the convex feasibility prob-
lem. J. Comput. Appl. Math. 18 (1987), 307-320.

DUNFORD, N., AND SCHWARTZ, J. T. Linear Operators. I. General Theory. With the assis-
tance of W. G. Bade and R. G. Bartle. Pure and Applied Mathematics, Vol. 7. Interscience
Publishers, Inc., New York; London, 1958.

KIMURA, Y., AND SAEJUNG, S. Strong convergence for a common fixed point of two different
generalizations of cutter operators. Linear Nonlinear Anal. 1 (2015), 53-65.

Kiwier, K. C. Block-iterative surrogate projection methods for convex feasibility problems.
Linear Algebra Appl. 215 (1995), 225-259.

KoroBov, V. I., REICH, S., AND ZALAS, R. Weak, strong, and linear convergence of a
double-layer fixed point algorithm. STAM J. Optim. 27 (2017), 1431-1458.

LENT, A. Maximum entropy and multiplicative ART. In Image Analysis and Evaluation, SPSE
Conference Proc. (Toronto, Canada, 1976), R. Shaw, Ed., pp. 249-257.

MERZLJAKOV, J. I. A relaxation method of solving systems of linear inequalities. Z. Vyéisl.
Mat i Mat. Fiz. 2 (1962), 482—-487.

MILLAN, R. D., LINDSTROM, S. B., AND ROSHCHINA, V. Comparing averaged relaxed cutters
and projection methods: Theory and examples. In From Analysis to Visualization (Cham,



26

YAIR CENSOR, DANIEL REEM, AND MAROUN ZAKNOON

2020), D. H. Bailey, N. S. Borwein, R. P. Brent, R. S. Burachik, J. H. Osborn, B. Sims, and
Q. J. Zhu, Eds., Springer International Publishing, pp. 75-98.

NikAzAD, T., AND MIRZAPOUR, M. Generalized relaxation of string averaging operators based
on strictly relaxed cutter operators. J. Nonlinear Convex Anal. 18 (2017), 431-450.

NIMANA, N., AND ARTSAWANG, N. A strongly convergent simultaneous cutter method for
finding the minimal norm solution to common fixed point problem. Carpathian J. Math. 40
(2024), 155-171.

OTTAVY, N. Strong convergence of projection-like methods in Hilbert spaces. J. Optim. Theory
Appl. 56 (1988), 433-461.

PIERRA, G. Decomposition through formalization in a product space. Math. Prog. 28 (1984),
96-115.

REICH, S., AND ZALAS, R. A modular string averaging procedure for solving the common
fixed point problem for quasi-nonexpansive mappings in Hilbert space. Numer. Algorithms 72
(2016), 297-323.

Wang, F., anD XU, H.-K. Cyclic algorithms for split feasibility problems in Hilbert spaces.
Nonlinear Anal. 74 (2011), 4105-4111.

ZAKNOON, M. Algorithmic Developments for the Convex Feasibility Problem. PhD thesis, Uni-
versity of Haifa, Haifa, Israel, 2003.

ZASLAVSKI, A. J. Approzimate solutions of common fixed-point problems, vol. 112 of Springer
Optimization and Its Applications. Springer, [Cham)], 2016.



	1. Introduction
	1.1. Background: 
	1.2. Contribution:
	1.3. Paper layout: 

	2. Preliminaries
	3. Results related to cutters
	4. The block iterative extrapolated algorithm and the convergence theorems
	5. Concluding remarks
	References

