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Abstract

We extend recent computer-assisted design and analysis techniques for first-order optimization
over structured functions—known as performance estimation—to apply to structured sets. We
prove “interpolation theorems” for smooth and strongly convex sets with interior point conditions
and bounded diameter, showing a wide range of extremal questions amount to structured
mathematical programs. Prior function interpolation theorems are recovered as a limit of our
set interpolation theory. Our theory provides finite-dimensional formulations of performance
estimation problems for algorithms utilizing separating hyperplane oracles and linear optimization
oracles of smooth/strongly convex sets. As applications of this computer-assisted machinery, we
identify a minimax optimal separating hyperplane method and areas for improvement in the
theory of Frank-Wolfe and non-Lipschitz Smooth Optimization.

1 Introduction

Given a proposed algorithm, the study of its worst-case convergence guarantees over some family of
problem instances can be framed as a meta-optimization problem. In this work, we will consider
examples of first-order optimization methods applied to problems from a structured family of objective
functions and constraint sets. Given some measure of performance (e.g., final objective gap), the
exact worst-case performance of the method corresponds to computing the maximum of this measure
at the algorithm’s output over all problem instances. This is known as the Performance Estimation
Problem (PEP). In general, optimizing over a family of functions and sets is an infinite-dimensional
problem, typically beyond direct approach. Surprisingly, recent advances have shown that PEPs can
often be computer-solved and have led to several state-of-the-art results in the design and analysis
of optimization algorithms.

Performance estimation was first proposed by Drori and Teboulle in [1], where tractable relaxations
of these worst-case PEPs were considered. Shortly afterward, the “interpolation theorems” of Taylor,
Hendrickx, and Glineur [2,3] proved that for many gradient methods and structured function classes,
the PEP exactly corresponds to a tractable finite-dimensional problem. Specifically, their function
interpolation results showed that the infinite-dimensional optimization problem of finding a worst-
case problem instance for N steps of a given gradient method could be equivalently reformulated
as a nonconvex Quadratically Constrained Quadratic Program (QCQP), which can often then be
reformulated as a Semidefinite Program (SDP). As a result, for a modest fixed number of algorithm
steps N, computers can be used to determine an algorithm’s worst-case problem instances and,
dually, to produce optimal convergence proofs. Similar techniques from the perspective of control
were developed by [4]. These computer-assisted techniques provide an invaluable starting point for
formally proving improved theory for general N.
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Since this initial application, performance estimation theory has been applied to many different
settings and algorithms, including conditional gradient [3|, proximal gradient [3}5,/6], alternating
projections |[3,/7], stochastic gradient descent [8], line-search [9}|10], strong convexity [2,/10,/11], fixed
point iteration [12}/13], and much more. See the growing collection of examples documented in the
PEPit toolbox [14[1]

Computer PEP solutions directly produce tight numerical convergence guarantees and, in many
cases, have led to tight analytical convergence rates. They also have a record of directly improving the
state of the art in algorithm design by enabling the optimization of parameter selections. In general,
the task of finding algorithmic parameters (e.g., stepsizes and momentum sequences) minimizing the
worst-case PEP guarantee is a nonconvex problerrﬂ Despite this apparent hardness, many recent
works have found success at this task, often by observing structure in numerical results and devising
corresponding analytical solutions. Some such advances include:

e For smooth convex optimization, Kim and Fessler [16] derived an Optimized Gradient Method,
improving on Nesterov’s accelerated method by constants and attaining the minimax optimal
rate by Drori [17]. In [18], they proposed an optimized method (OGM-G) for minimizing
gradient norm.

e For smooth strongly convex optimization, Taylor and Drori [11] derived an exactly optimal
method (ITEM) improving upon the asymptotically optimized triple momentum method
of [19].

e Altschuler and Parrilo [20,21] and Grimmer, Shu, and Wang |22} 23| showed that gradient
descent with fractal stepsizes provably accelerates in big-O.

These advances on long-standing, best-known results are in large part due to the insights generated
from performance estimation and computer assistance.

The primary aim of this work is the development of new interpolation theorems for smooth and
strongly convex sets, potentially with interior point conditions and bounded diameter, paralleling
the function-oriented theorems of Taylor et al. |2,|3]. Prior function interpolation theorems in [3] can
be used to model simply convex constraint sets but do not capture additional structural properties
of set smoothness and strong convexity. Our theorems enable the formulation of computer-solvable
PEPs over these structured families of constraint sets. Formal definitions of smoothness and strong
convexity of closed convex sets and functions (and several equivalent conditions) are given in Section
In brief, a closed convex function f is smooth and strongly convex if each subgradient provides certain
quadratic upper and lower bounds on f, respectively. Similarly, a closed convex set C' is smooth and
strongly convex if each normal vector provides certain balls inner and outer approximating C'.

Our Contributions. Our primary contribution is a collection of interpolation theorems for
structured sets, extending the prior theory of |3 for convex sets. Our theorems provide tractable,
finite representations for a variety of settings, including smooth and strongly convex sets, sets
with bounded diameters, and sets with interior point conditions. See Theorems [3.143.3] These
interpolations allow us to express the worst-case performance of many constrained optimization
algorithms as numerically solvable performance estimation problems. Theorem [3.7] relates our theory
to prior function interpolation theory.

Outline. Section |2| defines basic notations and presents the function interpolation theorems of |2].
Section [3] then presents our main result: interpolation theorems for structured sets. The remainder
of this paper presents three applications, showing computationa]lﬂ and modeling potential of our
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theory:

e Section [4] shows, given a separating hyperplane oracle for a set C, our interpolation theorems
allow one to determine any proposed method’s convergence to feasibility as a semidefinite
program. Matching resulting numerics, we derive a simple, minimax optimal, separating
hyperplane algorithm.

e Section |5 shows, for constrained optimization, that our interpolation theorems enable the
performance of the Frank-Wolfe method to be modeled as a semidefinite program with separable
nonconvex equality constraints. By solving such nonconvex problems (globally and locally),
we survey the potential for the Frank-Wolfe method to accelerate given structured sets.

e Section [6] shows, for unconstrained optimization, that our interpolation theorems allow us
to analyze optimization of functions with a smooth epigraph. Preliminary results, solving
semidefinite programs with a rank constraint, show potential to generalize current accelerated
theory.

2 Definitions and Preliminaries

Section first introduces standard definitions of smooth and strongly convex functions and the
function interpolation of Taylor et al. |2|. Section then introduces the analogous concepts for
sets in preparation for our main results.

2.1 Preliminaries on Smooth and Strongly Convex Functions

Consider a closed convex function f: R? — RU {oo}. We denote (-,-) and | - || for the Euclidean
inner product and associated norm. We denote the domain of f by dom f and its subdifferential at
some x € dom f by Of(x) = {g | f(y) > f(x) + {9,y —z) Vy € R%}. Each element g € 9f(z) is
referred to as a subgradient and must be the gradient V f(z) when f is differentiable.

Typically, L-smoothness of a function is defined as V f(x) being L-Lipschitz. For the sake
of developing other symmetries, here we instead (equivalently) define a closed convex f as being
L-smooth if for all z,y € R? and g € 9f(x),

F() < @)+ g,y — o)+ 5y~ (2.1)

That is, each subgradient provides a quadratic upper bound on f. Mirroring this, we say f is
p-strongly convex if for all z,y € R? and g € 9f(x),

F) > F@) + gy — )+ Sy — =l - (2:2)

That is, each subgradient provides a quadratic lower bound on f. We allow the extreme cases of
L, € {0,00}, taking limits above. Every convex f is vacuously oo-smooth and 0-strongly convex.
The only 0-smooth functions are linear and the only co-strongly convex functions are indicators of
points. Denote the set of all p-strongly convex and L-smooth functions f by F, 1.

As a motivating example of the performance estimation problem, consider minimizing some
f € For via N steps of a gradient method, defined as

1 7
Titl =Ti— Z; H;;Vf(z;) (GM)
=

available at github.com/alanluner/PEPStructuredSets.
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with initial point zg and a lower triangular matrix H. Note this model captures simple methods
like gradient descent via a diagonal H and more complex momentum methods like Nesterov’s
accelerated method |27] and the optimal gradient method of [16]. Suppose as an initial condition,
we are guaranteed the initial distance to a minimizer ||xg — z,|| is bounded above by R. Then the
infinite-dimensional PEP of seeking a problem instance with objective in F 7, achieving the largest
final objective gap can be formulated as

max flay) — ()
(L, R) = st.  feFor o (2.3)
Tit1 = Tj — T 22:0 Hz,]vf(x])
|lzo — 2| < R, Vf(ze)=0.

Note that aside from the constraint f € Fq 1, this optimization problem only depends on f via its
function value and gradient at finitely many points, namely {xo,...,zxN,z+}. Denote these values
by fi = f(z;) and ¢; = Vf(x;) for each i € {0,..., N,x}. The following definition of function
interpolation from [2]| allows us to reformulate into these more limited quantities:

Definition 2.1. Consider a set of observations S = {(x;, g;, fi) Yier where z;, g; € R? and f; € R for
all i € Z. The set S is F, r-interpolable if there exists a function f € F,, 1 such that g; € 0f(x;)
and f(x;) = f; for all i € .

Function interpolability describes whether there exists an appropriate function that matches the
given finite set of function values and subgradients and interpolates between them (See Figure . In
terms of the working example ([2.3]), this can then be expressed finitely as

max fN - f*
%595 fi

pS(L7 R) — s.t. {(I‘“ gi, fi)}if{o’"lﬁ’N’*} is f07L—interpolable (24)
Tit1 = Ti — T 2j—o Hi;j9;
|lzo — 24| < R, ¢g+=0.

Although finite, this formulation is still not particularly tractable as the interpolability constraint
is, at first glance, not approachable. The critical insight of Taylor et al. [2, Theorem 4| was
establishing explicit necessary and sufficient conditions for function interpolability.

Theorem 2.2. (|2, Theorem 4|) A set S = {(x;, gi, fi) }iez 5 Fpu,r-interpolable if and only if the
following quadratic condition holds for all i,j € L:

1 1 2
fi— fj+(gixj — i) + 20— /L) (LHgi — gilI? + pllwi — 2] - 7 (9i = 95, @i — 90j>) <0.(25)

Plugging this into (2.4)) yields an explicit QCQP exactly describing gradient descent’s worst-case
behavior over the considered family of structured functions. Semidefinite programming lifting
techniques (and duality) can be further used to gain insights from this new formulation.

Remark 1. Throughout the literature and in this work, the equivalent reformulation of the QCQP
into a semidefinite program depends on an assumption of high dimension (e.g., d > N + 2). This
assumption is only required for the SDP to be an equivalent problem, rather than a relaxation. For
any d, the resulting SDP provides a valid, dimension-independent upper bound.



It is worth noting that there are many collections of necessary constraints on the set of observation
data S. Any standard inequality for p-strongly convex, L-smooth functions must necessarily hold:
for example, the definitions and . However, as Taylor et al. [2| highlight, these other
inequalities prove not to be sufficient for interpolation. Hence, identification of the right inequalities,
e.g., , is key for the “if and only if” nature of interpolation theory and, consequently, its power
in enabling computer assistance. Similarly, in Section [3| we find that while there are many necessary
constraints for set interpolability, a careful selection is needed for sufficiency.

2.2 Preliminaries on Smooth and Strongly Convex Sets

We now switch our focus to smoothness and strong convexity of sets. These notions mirror their
function counterparts; see |28-30] as classic references. These properties are, however, quite under-
explored in the contemporary first-order method literature compared to their function counterparts,
which are the backbone of much modern convergence theory. In part, this work aims to provide
tools to eventually alleviate this discrepancy.

Consider a nonempty closed convex set C C R?. We denote the interior of a set C' by int C
and its boundary by bdry C. We denote the normal cone of C at some z € bdry C by N¢(z) =
{v]| {(v,x—2) <0 Ve C} and refer to individual elements as normal vectors. Let B(x,r) be
the closed ball of radius r centered at x. We define diam(C) = sup{||z — y|| | z,y € C} and the
d-interior of C' by intsC = {z | B(z,0) C C}. Note intgC = C. Lastly, we define the Minkowski sum
of two sets Cq and Cy as

Ci+Co={x+y|zelCyecCs}.

We now define smoothness and strong convexity with respect to sets. For a more full discussion
of the equivalent definitions of these properties and their analogs with smooth and strongly convex
functions, we refer readers to [31, Section 2|. Overall, one can recover the analogous definitions for
functions by replacing unit normal vectors with gradients, bounding balls with bounding quadratics,
and sets with epigraphs. A set C' is f-smooth if for any z € bdry C and unit vector n € N¢g(z2),

B(z—;n,;)gC.

A set C is a-strongly convex if for any z € bdry C' and unit vector n € N¢(z),

B(z—ln,l) oC.
a«
Again, we allow the limiting cases of «, 8 € {0,00}. Every convex set is 0-strongly convex and
oo-smooth. The only co-strongly convex sets are singletons and the only 0-smooth sets are halfspaces.
Let Cq,5,p denote the set of all closed convex sets C' that are a-strongly convex, S-smooth, and have
diam(C) < D. See an illustration of smooth and strongly convex sets in Figure
Our discussion of set smoothness and strong convexity throughout will focus on these properties
at full dimension. One could consider smoothness/strong convexity with respect to a fixed subspace.
Through a simple change of variables, our definitions and theory could be applied.
Below are equivalent characterizations of set smoothness and strong convexity that are useful in
our analysis, paralleling classic results for functions.

Proposition 2.3. ([31, Proposition 3|) For any nonempty closed convez set C, the following are
equivalent:

1. C is B-smooth.
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Figure 1: Example closed convex sets with red inner approximating balls from smoothness and blue
outer approximating balls from strong convexity. Namely, (a) is f-smooth but not strongly convex,
(b) is B-smooth and a-strongly convex, and (c) is a-strongly convex but not smooth. The red dotted
lines indicate the set Cy from Proposition and the blue dotted lines indicate the set Cjy from
Proposition @ The blue dot marks the origin where applicable.

2. For any z1, 2o € bdry C, with unit normals ny € N¢o(z1) and na € Neo(z2),

1
(z1 — 22,m1 —na) > BHnl - 712”2 :

3. There ezists a closed convex set Cy such that Cy + B(0, %) =C.

Proposition 2.4. (|30, Theorem 2.1|) For any nonempty closed convex set C, the following are
equivalent:

1. C is a-strongly convex.

2. For any z1,z9 € bdry C, with unit normals ny € No(z1) and ne € No(z2),

1
<21 — Z2,N1 — n2> < a”nl - ”2”2 .

3. There ezists a closed convex set Cy such that Cy + C = B(0, é)

Many more equivalent characterizations of strongly convex sets are given in |30]. The following pair
of lemmas will also help develop our theory.

Lemma 2.5. A set C is f-smooth with diam(C) < D if and only if C = Cy + B(0, %) for some
convex set Cy with diam(Cy) < D — %

Proof. We know from Proposition that C' is S-smooth if and only if there exists a convex set Cy
such that C = Cy + B(0, %) So the result follows as

. 1 1
diam(C) = sup{[|z + Zn, — (y + Zny)|| | 2,y € Co, [Ing|| <1, [Iny[| <1}

p p
= C 2 _ diam(C; 2
=sup{||lz —y| | z,y € 0}+B_ iam( 0)+B. B
Lemma 2.6. A set C is a-strongly convex and (3-smooth if and only if C = Cy + B(0, %) for some

~v-strongly convex set Cy, with ~y := (l — %)_1 = %

«
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Figure 2: Left: Function interpolation of function values f; and subgradients g; evaluated at z;.
Right: Set interpolation of boundary points z; with normals v; and §g-interior points x.

Proof. This follows from property 3 in both Propositions and Namely, C is a-strongly
convex and B-smooth if and only if there exist convex sets C§¢ and C§® such that C' + C§¢ = B(0, 1)
and C = C§™ + B(0, %) Together, these properties imply C§™ + B(0, %) + C§° = B(0, é), and
so C§™ + C§° = B(0, %), i.e., C§" is y-strongly convex. Conversely, if C = Cy + B(0, %) for some
v-strongly convex Cp, it immediately follows that C' is S-smooth. Further some convex C{, must

exist with Cy + C}, = B(0, %) Hence C' + C) = B(0, 1), i.e., C is a-strongly convex. O

Finally, we define set interpolability, paralleling the function interpolability of Definition 21] In
addition to smoothness and strong convexity, we model two additional structures: diameter bounds
and various interior point conditions, which occur widely in constrained optimization theory.

We consider a set of observations S defined by two types of data: points z; € R? on the boundary
of the constraint set with nonzero normal vectors v; € R? and points xj, € R? in the §j-interior of
the set. Note the index sets ¢ € Z and k € K need not be of the same size or even both be nonempty.
Given target strong convexity «, smoothness 3, and diameter D, we can formalize whether given
observation data can be interpolated by some such set.

Definition 2.7. Consider a set of observations S = ({(2;, vi) }iez, {(Zk, 0% ) Yrex), with 2z, v;, 2, € RY
and d;, € R>q for all © € Z and all £ € K. The set S is C, g p-interpolable if there exists C € C, g.p
such that z; € C and v; € Ng(z;) for all i € 7 and z, € ints, C for all k € K.

Note that this definition allows d; = 0 (denoting the corresponding zj simply must be a member of
() and all limiting values a, 8, D € {0, c0}.

This work’s primary contribution is identifying computationally tractable, verifiable equivalent
conditions for set interpolability. Our theory builds upon the interpolation theory over convex sets
introduced in |3, Theorem 3.6].

Before presenting our theory in Section [3| we consider a simplified setting where o« = 0 and
B = oco. In this case, interpolability corresponds to determining if a bounded diameter convex set
exists with the required normals v; € N¢(z;) and dg-interior points xp. When the interpolation
conditions introduced in Section [3] hold, a simple, explicit construction of the interpolating convex,
bounded set exists: C' = conv({z; }iez, {B(2k, 0k) }rex). Figure[2shows an example of this simplified
case’s construction. Designing and analyzing such a construction is the primary step in proving the
sufficiency of given interpolation conditions. Our constructions grow substantially in complexity
from this easy case, but remain explicit. As a result, one can always recover a (smooth, strongly
convex, bounded diameter) set that exactly interpolates any observed normal vectors and interior
points satisfying our theory’s conditions.

3 Main Result: Set Interpolation Theory

This section presents and proves our main results on set interpolability.



(Interpl)) (Interp2) | (Interp3) | (Interpd)) | (Interpd) | (Interp6)
B < oo D < oo D < oo
All settings K#0 and D < oo and and
K#0 K#0 K#0

Table 1: Summary of settings in which each interpolation condition is applicable.

We first define a set of conditions that will be necessary throughout our theory. Consider a
set of observations S = ({(zi, vi) }iez, {(zk, Ok) }rex) and denote the associated unit normal vectors
by n; = HZ—ZH for all i € Z. Due to the added complexity of our set interpolation model, our
conditions involve the introduction of auxiliary parameters {wy}rex C R? along with a constant
factor A € [%, 1], typically equal to one, enabling strengthened versions of these conditions. We

find that for any C, g p-interpolable observation data S = ({(z;,vs) }iez, {(¥k, Ok) }rek), there must
exist auxiliary parameters {wy }rex and a choice of A such that for all i,5 € Z and k,l € K,

1 1 1
||Zi - anz - (Zj - BTL])H < 5 (Interpl)
1 1
|2i — —ni —wi|| < = — sp, (Interp2)
aQ Y
1
|lzp — wi| < 5 Ok + sk (Interp3)
2 = 5ms = (55— Znpll <MD - 2) (Interpd)
zi —=n; — (z; — =n;)|| < - = nterp
s 7B B
1 2
llzi — =ni —wi|| < AD — =) — s (Interp5)
B g
2
|w, — w]] < A(D — B) — Sk — 8§ (Interp6)

where v = (% — %)*1 and s = max{0, o — %} for all k € K. In the case o = 3, we will use the
1

convention that 1 = 0. As a shorthand, we write S € Interp(a, 3, D; \) if {wg}rex C R? exist
satisfying all six conditions.

We can briefly motivate our auxiliary parameters wy and A. The values wy, arise from interpolating
a smooth set, which can be decomposed into C' = Cy + B(0, %) Effectively, for each interior point
x) € C, the point wy represents a corresponding point in Cy. The auxiliary parameter A arises from
possible slack in bounding the diameter of a strongly convex set (See Remark . Note that if a
condition holds for some ), then it holds for all A > . Lastly, we emphasize the normalized vectors
n;. In Section [5, we will see that having simultaneous constraints on v; and ”22” results in more
computationally difficult PEP formulations.

If we simplify our set requirements, the conditions above simplify in turn. If one only enforces
smoothness and strong convexity (i.e., K = (), D = c0), only a single condition (Interpl) is needed,
mirroring the single interpolation condition of Taylor et al. [2]. The other conditions are
only applicable depending on the constraints on the set structure. We summarize this dependency
in Table (1l In particular, the auxiliary variables wy, are only necessary for smooth sets (5 < oo) with
interior point conditions (K # )); otherwise, the condition reduces to xy = wy.

Our three main theorems below show that these conditions are always necessary for interpolation
(Theorem ; they become sufficient if the diameter bound is tightened by a factor of at most /2
(Theorem ; they are necessary and sufficient if either the strong convexity or diameter bound is
omitted (Theorem . Immediately afterward, we discuss the necessity of this v/2 gap between our
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Figure 3: Examples of constructed interpolations with no required interior points (K = 0).

first two theorems and provide several convenient corollaries. Figure [3| presents sample constructions
for convex, smooth, and strongly convex interpolating sets for the case where I is empty. These
examples are special cases of the constructions used in our sufficiency proofs.

The following theorems, proven in the following subsections, consider a set of observations
S = ({(zi,vi) biez, { (@, 0k) }kex). Recall d denotes the dimension of space being considered, i.e.,
2,05, 2 € RY

Theorem 3.1. If S is Cy g p-interpolable, then S € Interp(a, 3, D;1).

Theorem 3.2. If S € Interp(«, 5, D; d%dl), then S is Co g, p-interpolable. In particular, if S €
Interp(e, 8, D; %), then S is Co g, p-interpolable.

Theorem 3.3. I[fa =0 or D > %, then S is Cq g, p-interpolable if and only if S € Interp(a, 5, D; 1).

Remark 2 (On Indicator Function Formulation). Instead of using boundary points and normal
vectors, one can equivalently define set interpolation in terms of indicator functions. For any set C

0 ifzxedl
and indicator (¢ = ne ~one has that v; € N¢(z;) if and only if v; € dve(2;). Similarly,
oo otherwise,

one can define a d-interior point as some x such that tc(z + 6¢) = 0 for all ||| < 1. We focus on
the normal-vector formulation to align with our later applications.

Remark 3 (On the Computational Cost of Auxiliary Variables). The function interpolation result
of Theorem provides a direct means to algebraically check if a collection of observation data
{(z4, fi, 9;) }iez is interpolable. One must check O(|Z|?) quadratic inequalities. Our set interpolation
theory does not present such an easy algebraic check. One must determine whether {wy }rexc exist
satisfying the needed conditions. This corresponds to solving a second-order cone program with
O(|K|) variables and O(|Z|? + |K|?) constraints. However, in cases with no or very few interior
point conditions (]| = 0 or small), or where 3 = oo, this cost reduces back to checking O(|Z|?)
inequalities.

Remark 4 (On the Tightness of the Gap Between Theorems and . The gap between
A=1and A =4/ dQ—tll >1/ v/2 in Theorems and is fundamental: Consider the regular

9
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Figure 4: Example of slackness in diameter constraint for the 2-simplex (after projecting into R?
and translating).

d-simplex in R, with d > 1. Placing the centroid at 0, our vertices become (ﬁ‘ll, ﬁll, e ﬁll),
(ﬁll, ﬁ‘ll, d_—+11 ce d+1) etc. Taking Z = [0:d], we choose {z;}iez to be these d + 1 vertices and

” ni for all i € Z. Further, set K =0, S = ({(z, vi) }iez,0), and o = \/d%l, B =00, D=+/2.
Obbervmg that

1 1 d
r\Zi—ani—<z]~—Enj>|| =zl = 7 i =2l = V2

for all i # j, (Interpl]) and are satisfied with A = 1, so S € Interp(a, 3,1/2;1). However,

since all z; satisfy ||z = = B (O, E) is the unique a-strongly convex (and vacuously S-smooth) set

that interpolates S. So S is not C, 3 sa-interpolable as any interpolating set must have diameter

2,/ d%‘&l—l > /2, exactly matching the gap in our theorems. See Figure 4| demonstrating a similar

example in R?.

Remark 5 (On the Special Case of Interpolating with Strongly Convex Sets). If we take 5 to oo,
that is, entirely relaxing the requirement of smoothness, then our interpolation conditions reduce to

1 1
o Cn— <= 3.1
R E (3.1)
1 1
[2i = =i —xg|| < — — &
a o

[2i — 2| < AD
l|zi — x| < AD — &
|lxx — || < AD — 6 — 6

(3.2)
(3.3)
(3.4)
(3.5)

with no more dependence on auxiliary parameters {wy }rexc. As an immediate corollary, we have the
following result for strongly convex sets.

Corollary 3.4. Let S = ({(zi,vi)}iez, {(zk, 0k) }kek)- If S is Ca 0o, p-interpolable, then for all
i,j €T and k,l € K, are satisfied for A = 1. Conversely, if for alli,j € T and k,l € K,
are satisfied for A = 1/\/5, then S 1s Cq 00, p-tnterpolable.

Remark 6 (On the Special Case of Interpolating with Smooth, Convex Sets). We can similarly
relax the strong convexity condition, taking « to zero and deriving simpler conditions for smooth
convex interpolation from Theorem Suppose that [z; — 1n; — (z; — %nJ)H < % Then

1 1 1
<ZZ' — anl —zZj+ an,zi — anl -z + ET@) < ?

10



o | +1 2 2<1 1 +1 >_|_1<1
zi — —=ni — 2j + =nj||® —2(—n4, 2 — =ny — 25 ni)+ =< =
ot g S A A
1 1 1 1
= <77,Z',Zj— an _Zi+Bni> < —%HZZ'—BHZ' Zj+an||2
Taking the limit as &« — 0 and correspondingly v — 0, this inequality becomes
1 1
(ni, Zj — Enj — 2z + Enﬁ <0 (3.6)
in place of (Interpl|). Similarly, for wg, we obtain
1
(g, w + sgni — zi + Bm) <0 (3.7)

in place of (Interp2)). We can then state a corollary for smooth sets.

Corollary 3.5. Let S = ({(2i,vi) }iez, { (@, 6k) }rex). S is Cog,p-interpolable if and only if there

exist {wy e C R? such that for all i, € T and k,1 € K, (3.6) and (3.7) along with (Interpd))-
(Interpbl|) are satisfied for A = 1.

Taking the limit as 8 tends to oo yields a final result for nonsmooth, non-strongly convex interpolation.

Corollary 3.6. A set S = ({(zi,vi) biez, {(@k, 0k) trex) s Co,00,p-1nterpolable if and only if for all
i, €L and k,l € K,

(ni, zj —2;) <0

(ng, xp + ogn; — zi) <0
|z — 21|] £ D — 6 — 0y
l2i — x| < D — 0k

2 — 2l < D

where n; = HZ—ZH forallieT.

Finally, we note the strong connections between our set interpolation and the function interpola-
tion of [3|. In the convex case of Corollary above, if 8, = 0 for all k (or if K = ()), we can replace
all uses of the normalized vectors n; with v; and recover an equivalent reformulation of [3, Theorem
3.6]. More generally, we show below that smooth function interpolation [2] is recovered as a limit of
our set interpolation theory. We defer the proof to Appendix

Theorem 3.7. The set of observations {(z;, gi, fi) }icz is Fo,r-interpolable if and only if
({((%, 1), mgi, —1) Yiez, 0) is Con21,00-interpolable for all m > 0.

3.1 Proof of Theorem

Suppose that S is C, g p-interpolable. Then there exists some C' € C, g p such that v; € No(z;),
zi € C, and z, € int;, C for all 1 € 7,k € K. From Lemma we know that C' = Cy + B(0, %) for

some y-strongly convex set Cp, where % + % = é In particular, as shown in [31], we can write Cp
explicitly with the Minkowski difference Cy = C' — B(0, %) = {z | z+ B(0, %) C C}.
As a first intermediate result, we claim for each i € Z,
Vs

_ v
Bllvil

V; € NCO (zz

). (3.8)
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This follows since v; € N (z;) implies for all y € C, (v;,y — 2z;) < 0. So noting that every p € Cj
has p + ﬁH? € C, we have (v;,p — (2 — BII@II)> < 0 for all p € Cy. From the definition of Cy,
Z — Hv 1€ Cy. Together these yleld -

Since Cp is y-strongly convex, (3.8|) implies that Cy C B( _W_W ,y) Since z;— 5” € Co
; LY S S/ SN §
for all j € Z, we have z; BT € B(zl Bllvzll 7”0 T 7 . So (Interpl) holds as
Vg v V; v 1
o = = (5 = )l = i = i = = = (5 = o) <
Coalull T Bl Yo Bl Al T Bllyll v

Now, we verify (Interp2)) and (Interp3) for each k € K through two cases:
Case 1: x;, € Cy. In this case, we let wy = x. Suppose that &5 > %, so si := max{0,d; — é} =

0 — % We claim that TE € intSkC’o Suppose that for some ¢, xp + (6 — )||C|| ¢ Cy. Then

g + (0 — )IICH + 5 IICII = zp + O meT ¢ C. But since zj, € ints;, C, this is a contradiction, so we

must have z;, € int,, Cy. Now suppose dy, <4 3 Then s, = 0, so xj, € int,, Cp is true by assumption.
Since x = wk, we have shown that wg + B(0, sx) € Cy. When combined with the previous fact that
Co C B(zi — 11 — =rtr, =), it follows that

(% 1
lzi — ——— —wi|| < — —sp .
o |vg | v

This is equivalent to (Interp2|). Finally, noting ||wy — x| =0 < maX{O,% — 0k} = % — 0k + si, we
conclude (Interp3)) is satisfied.

Case 2: zp ¢ Cy. Since C = Cy + B(O,%) and xp ¢ Cpy, we must have J§; < % We therefore

have s = 0, and we set wj, as the orthogonal projection of zy onto Cy and ( = ”z::Z:H as the
corresponding normal vector to Cp. Since wy € Cp, the same reasoning as above leveraging
implies (Interp2). We know z;, € ints, C, so it follows that wy + ((||wk — k|| + 0x) € C. However,
since ¢ € N, (wy), it follows that ||wy — k| + 0 < % Recalling s, = 0, that is exactly .

Finally, we verify the diameter conditions (Interpd4)), (Interpb)), and (Interp6)). For alli € Z,k € K,

we have shown z; — 5” o T € Cp and in either case above, we have that wy € ints, Cy. Hence the

diameter bound of diam(Cp) < D — % from Lemma [2.5| yields the remaining three conditions for
A=1.

3.2 Proof of Theorem

Suppose our six conditions hold for \ = d“ >

f We begin by constructing our interpolating
set C. First, we construct Cy as the ’y—strongly convex hull of {B(ws, s;) trex and {z; — /3||v1-||}1€1

More formally, by |29, Proposition 2.5, we set Cy = ﬂer By, %), where
Wil- =t~y <2 VieZ, fup—yl<t-s Vhkek}
={y|llz - —yll <= VieZ, |wp—yll <= —s :
© Blloill gl gt

Observe that each ball B(y, %) is y-strongly convex, and this property is preserved under inter-
sections |28, Proposition 2|, so Cj is v-strongly convex. We then define C' = Cy + B(0, %) By
Lemma we see that C' is a-strongly convex and -smooth. All that remains is to verify this set
C correctly interpolates the given observation data S and has the desired diameter bound D.

Veriﬁcation that z; € C and v; € N¢(z;) for each i € Z. From the definition of Y, z; —
€ B(y, 5) for all y € Y. Hence 2 — m € Cp. Since C = Cp + B(0, %), it follows that

IIvzll
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z; € C. Further, by (Interpl)), ||z — m — (25 — Bvall)H < for all j € Z, and by (Interp2),
|zi — m —wg| < % — s, for all k € K. Hence z; — ” o€ Y Letting B; = B(z; — m, %),
observe that v; € Np,(z; — a”w” + vllvlll) = Np,(z — M) Combining this with the fact that
Cy C B; since z; — a”v 7 €Y, one has that v; € Ney(zi — ﬁ||v ”) Finally, since C' = Cy + B(0, ) it
follows that v; € N¢(z;) as well.

Verification that z; € int; C for each k € K. Next, we consider wy, and xj. By definition of Y,
we see that for all y € Y, wy, € ints, B(y, %) Consequently, by construction, wy, € ints, Cp. Then

using the fact that ||z — wy|| < % + s — 0 by (Interp3)), for any (, it follows that

||«73k+5k||<|| (wg +3k||<||)H <|lzk — wi|| + |0k — sk| = ||xr — wg|| + o — sk
<1 + Sk + (0 ) 1
— + 5, — —SE) = — .
_ﬁ k k k k 6

Since wy, € intg, Cp, for any nonzero ¢, one has wy, = wk—l—sk”—gH € Cp. Hence ||:Ek—|—5k”—2:H —wi|| < %

from which one can conclude for any ¢, xp + 6ng—” € C and consequently zj, € ints, C.
Verification of diameter bound diam(C) < D. By Lemma [2.5] it is sufﬁcient to show that
diam(Cp) < D — 5. Since Cp is y-strongly convex, we already know diam(Cp) < £. So, all that

remains is to prove the needed bound when D — 3 < ;. Jung’s theorem [32] states that given a

compact set X C R? there exists a closed ball B with radius R = diam(X) containing X.

d
2(d+1)
Applied to the set X = {z; — BHv i Yiez U {B(wg, s) tkex, which has diameter at most 4/t (D~ %)
by ([nterpd)), (Interp5), and ([nterp€)), there must exist ¢ € R? such that X C B(q,R) where

R= (w / %(D - 2)> A =1(D- %) Hence the distance from ¢ to any point in X is at most

B 20d+1) — 2
3(D — %) < 1/~. As a result, a neighborhood of ¢ lies in Y. Namely, B(q,% — 5D - %)) CY. So,

w-sbd)e ) s(d)-sedot)

yey y€B(¢,5—3(D—-2))

proving the needed bound diam(Cp) < D — %

3.3 Proof of Theorem

The forward direction is already proven by Theorem so we only need to prove the reverse. First
consider the case of D > % By our argument in Theorem , if our conditions hold for A = 1,
then there exists an a-strongly convex, [-smooth set C' (of unspecified diameter) that interpolates
S. However, since any a-strongly convex set C' must satisfy C' C B(z — én, é) for z € bdry C
with unit normal vector n, we see that diam(C) < diam(B(z — 1n, 1)) = 2 < D. Therefore, S is
Ca,3,p-interpolable.

Now consider the case of a = O Suppose our six conditions hold for A = 1. As shown
in Remark @ our conditions and reduce to and - Deﬁne Cy =
conv({z; — Bllvill Yiez, { B(wg, Sk)}kelc) Clearly Co is convex with wy, € mtSkC'o and z; — Bllv 7€ Coy.
We then construct C' = Cy + B(0, %) From Proposition C is B-smooth.

Next, we show that z; € C' and v; € N¢(z;). Since z; — m € (p, we immediately have that

z; € C. Consider any y € C and let p € Cy be such that y = p + %C for some [||| < 1. Since Cj is a

13



convex hull, we write p as the convex combination

p:ZUj(j IBHJH +Z¢k (wg + sk&k)

jET kek

where 0, ¢x > 0 and >, 05 + >, ¢ = 1, and [|[| < 1. We then have

(%
(viyy — 2i) = (vi,p + BC zi) < {vi,p = (2 = m»

CNTole U e
2 Ao i BII o) ¥ 2 Ol ke )

(%
< i) i (2] T
X sty = g = 5 g+ Zy ety = e )
<0

where the last inequality follows from (3.6) and (3.7)). Hence v; € N¢(2;).
By the same argument as in Theorem @ we have that z, € ints, C. Lastly, since Cj is a convex
hull, (Interp4)), (Interp5), and (Interp6|) establish that

\]

diam(Co) = diam <{ZZ - }161 U {B(wk, Sk)}k€K> <D--—.

BH 1” B

Then, by Lemma [2.5] we conclude that diam(C) < D.

4 Separating Hyperplane Algorithms as an SDP

In the remainder of this paper, we provide three applications of our interpolation theorems. In
this section, we consider a family of simple algorithms computing an element of a convex set by
iteratively using a separating hyperplane oracle. Our interpolation theorems allow us to quantify
the worst-case stopping time of such a method over any smooth and/or strongly convex set with an
interior point via semidefinite programming. Motivated by and confirming our numerical results, we
identify a simple minimax optimal separating hyperplane algorithm.

For any closed convex set C' C RY, we denote the set of (unit) separating hyperplanes of C at
some z € R? by

SHo(z)={neR:||n| =1, (n,y—z) <0 VyeC}.

Note this set is nonempty exactly when x ¢ int C. Here, our primary interest is in designing
algorithms constructing a member of int C' using a sequence of separating hyperplane oracle queries.
For example, this generalizes convex minimization, seeking an e-minimizer where each subgradient
provides such a separating hyperplane to the e-level set. As a general form of method with N queries,
consider any iteration producing points x; via

7
Tivl1 = T — ZHi,jnj7 n; € SHC(:El) , Vi=0,...,N—1 (41)
=0

parameterized by the lower triangular matrix of stepsizes H. Note this method must halt once
x; € int C as SHe(x;) is empty.

Given fixed «, 3,6, R, we consider the problem finding a feasible point to any set C' € Cy 5,00
containing some ¢ € intsC and any initialization z¢ with ||zg — ¢|| < R. Since no diameter bound is
enforced on C, our interpolation conditions are necessary and sufficient (i.e., Theorem applies).
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The question of whether a problem instance exists where an algorithm H can fail to construct

some x; € int C' with ¢ =0,..., N corresponds to
Ce Ca,ﬂ,oo
B(q,0) € C
dx;,n;, q,C s.t. n; € SHeo(x;)
lzo —qll < R
Tir1 = T — Lo Hijnj -

A successful algorithm design would be a selection of H such that no solution to the above system
exists, as a failure to have ny € SHo(xy) exist for some k implies 2 € int C. Noting that every
separating hyperplane n; must be normal to the set C' at some z;, this system can be rewritten in terms
of interpolation with Z = {0, ..., N}. Theorem enables this decision problem to be described as
a system of quadratic inequalities using our first three interpolation conditions (Interpl|)-(Interp3):

lzi = gmi = (25— 3 IIP < 55

2 — Ly —wl? < (1 — )2

lg—wl? < (5 —0+s5)?

3$i,2i,ni,q7w s.t. <n7j,Zi — l’l> S 0 (42)

where v = (é — %)_1 and s = max{0,6 — %} Without loss of generality, we fix ¢ = 0. Assuming
d > 2N +4, a Gram matrix reformulation of this quadratic system yields an equivalent SDP feasibility

problem with variable G capturing every quadratic term in the original variables x, z;, n;, w, i.e.,

A = [zo|z0]21] - . - |zn|nolna] - . . [nn|w] € RIXEN+4)

G=ATA e,

In the case d < 2N + 4, this reformulation still represents a valid upper bound on our performance
estimation problem, but it is no longer guaranteed to be tight (See Remark . Appendix
presents this reformulation in full for the sake of completeness. Such reformulations are widespread
in the existing PEP literature. Hence, we can efficiently certify whether a proposed separating
hyperplane algorithm is guaranteed to construct a feasible point.

Consider the simple separating hyperplane method fixing H to be diagonal with constant value:

XTig1 = x; — hng; | n; € SHo(x;) Vi=0,...,.N—1. (4.3)

For a given family of problem instances fixing «, 5, d, R, we can compute the number of iterations
needed to guarantee a strictly feasible point by growing N until the corresponding SDP becomes
infeasible. Denote this maximal number of steps needed to ensure an interior point is found by
Npax. Fixing h = max{0, %}, Figure |5/ shows Npax as § and R vary under this stepsize. From these

2
numerical results, one can readily identify a formula Nyax = LWJ.

This simple method and numerically observed rate turn out to be the minimax optimal method
and guarantee for any separating hyperplane method of the general form (4.1). Appendix
presents an elementary proof of this fact.
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0=0.25

Nmax

0.2 0.3 0.4 0.5 0.6 0.8 1.0 1.2 1.4 1.6

Figure 5: Numerical PEP result for Npax given a constant stepsize h = max{J, %} as 0 varies on the
left and R on the right. In the second plot, the line for 8 = 10 is covered by 5 = 5.

Theorem 4.1. For any C € Co g,p with q € int;C and ||xo—q|| < R, the iteration (4.3)) with stepsize
h = max{J, %} must halt with z; € int C by iteration i < Npyax 1= L(Rﬂili{wj. Moreover, there exists
C, q, o and separating hyperplane oracle such that for any method (4.1)) has xq, ..., xN,,..—1 ¢ int C.

In this case, the proof of this minimax optimality theorem is sufficiently simple that one could
have reached these conclusions without computer-assistance. Nevertheless, these results demonstrate
the new possibilities of our set interpolation theory. The numerical insights generated in the following
two sections escalate in complexity beyond what is reasonable to do “by-hand”.

5 Frank-Wolfe as an SDP with Nonconvex Constraints

In this section, we consider performance estimation of the Frank-Wolfe (conditional gradient) method
on smooth and strongly convex sets, extending the prior analysis of Taylor, Hendrickx, and Glineur |3]
in the case of convex sets. This method applies to constrained optimization problems

min f() (5.1)
where f is at least convex and L-smooth and C' is at least a convex set with diameter at most D.
At various points, we will consider problem classes with additional structures like p-strong convexity
of f and a-strong convexity and (-smoothness of C. We will let x, € C denote a minimizer of
which exists by compactness.
Given a gradient oracle for f and a linear minimization oracle for C, the Frank-Wolfe method
generates iterates x1,...,zxy € C via

2 € argmin(V f(xg), y) (FW)
yeC
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Tht1 = (1 — hk)l“k + hkzk

for some stepsize schedule h = (hg,...,hy—1). Such stepbizeb are sometimes called “open-loop”.
Typically, stepsizes follow hy = %JFZ or more generally hy = +Z for some £ > 0. In all cases, we will
assume that 0 < hy <1 for all k, ensuring x1 remains a convex combination of xg and all z;.

5.1 Frank-Wolfe PEP Formulation and Computational Approaches

For a fixed algorithm, determined by fixing h above, its worst-case performance after N steps can be
formulated as a performance estimation problem. The worst-case minimum objective gap seen is
given by

max mgng@w—fWQ

s.t. Tit1 = (1 — hl).%'z + h;z;

z; € argmin;eo(V f (), )
pFW(N,h;,U/,L,OZ,B,D) = To c(C (52)
Ce Ca,,B,D

feFuL

T, € argmin o f(y) -

From first-order optimality, z; € argmin, c(V f(;),y) can be replaced by the equivalent condition
—V f(zi) € Nc(z;). Then our interpolation theory provides a reformulation as a solvable finite
problem. See Appendix [C]for further details supporting this reformulation. For ease of exposition, in
what follows, we consider the specific case of optimizing L-smooth functions over S-smooth sets, but
analogous derivations follow for any combination of smoothness and strong convexity of functions
and sets. We will separately consider the cases Vf(zy) = 0 and V f(z,) # 0, here focusing on
V f(xx) # 0. This separation is further motivated by classic results in the literature [33-36] where
the behavior of the Frank-Wolfe algorithm depends significantly on whether x, € int C.

Using both set and function interpolation theory, we can reformulate as the following QCQP
with additional separable nonconvex equality constraints. Letting 6 = (h, u, L, o, 8, D), with aa =0
for ease of presentation,

max fmin - f*

N

Wi ,27,M

s.t. fmin_kaO Vk e K
fo = fit gz — o) + orllgr —al> <0 VL€ K,
Tit1 = (1 — hz).%'z + h;z; Viel
(=giszj — gnj — (2 — gni)) <0 Vi, j € I,
(—gi,wr — (2 — %nz» <0 VieTI,. kek,

prw(N;6) = ke — wil|? < 2 vk € K, (5.3)

Iz = gmi = (2 = gny)II” < (D = 3)? Vi, j € T,
Iz — gni — wi|* < (D — 2)? Vi€ Lo, k € K
lwy — wi* < (D~ 3)? Vk,l € K.
(9i,mi) <0 Vi € T,
[nill> =1 Vi € T,
(gismi)? = ||gil|? Vi€, .
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Note that the last three constraints above are equivalent to the condition n; = ﬁ. In the case that
g« = 0, these constraints must be removed as n, is undefined, requiring a branch in our formulation
based on g,.

One can repeat the “standard” Gram matrix reformulation approach discussed in Section [4

Assuming d > 4N + 6, one can derive an equivalent problem with variables G and F' as

F=1[folfi] ... |fn|fmin] € RPXV+2)
A= [150’9*’90’91’ ... ‘gN‘ZO| ...’ZN—1|n*|no\...|nN_1|w*]w0] S ‘U)N] e RIx(
G =ATA e SiNT6

4AN+6)

We omit the restatement of this program after this standard change of variables. This Grammian
change-of-variables reformulates all of the constraints of as linear constraints in our new
variables, with the exception of the equality constraint (g;,n;)? = |lg;||*> which is quadratic in G.
This constraint is nonconvex, and therefore cannot be expressed through a convex SDP. We present
three methods of solving or bounding the PEP , in order of increasing computational difficulty.
In any case, we introduce the redundant constraints (—g;,n;) < (—g;,n;) for all ¢,j € Z,, which
prove useful in our relaxations below.

As a simplest approach, one can relax the constraint (g;, n;) = ||gi||* to (g;,n:)? < ||g:/|?, which
is convex in G, providing a upper bound for . This is similar to the original performance
estimation approach of Drori and Teboulle [1]. While excluded from our numerics, this relaxation
enables computations of performance upper bounds up to larger values of N (~ 50).

Alternatively, one can reformulate by introducing new variables v; to parameterize the
nonconvex constraint. Given 1 = (¢, %o, ..., ¥nN_1) € RJ>VJ ! one can define the parameterized
problem prw (¢; 0) by adding the constraints ||g;||? = v and (—gi,n;) = \/1;, which are linear in G.
Finding a local solution to then amounts to zeroth-order local maximization of ppw(¢;60) with
respect to 1, yielding a lower bound for . This approach was computationally feasible to run
up to N < 15.

Finally, complementing the above local computation of lower bounds, one can globally opti-
mize via a simple branch-and-bound-type procedure. By Cauchy-Schwarz, (—g;,n;) < |g:|l-
Then one can apply piecewise McCormick relaxations [37,/38| to create a partition of convex re-
laxations of our equality condition (—g;,n;) = ||g;||. One can then globally optimize by iteratively
refining this partition for each 7. Given this procedure’s computational cost scales exponentially in
N, our computations of such global upper bounds were limited to N < 5. When tractable, these
numerical upper bounds (denoted by dots in our figures) always closely aligned with our numerical
lower bounds, together certifying tight bounds on the true optimal value.

5.2 Survey of Smooth/Strongly Convex Settings for Acceleration

Bounds on Frank-Wolfe’s worst-case convergence rates are well-studied. For the most general setting
of convex bounded C' and L-smooth convex f, the best known upper bound on convergence rates in
this setting is due to Jaggi [39], establishing that with the “standard” stepsize sequence hy = ,%2,
the objective gap converges at rat at least 2]\%522 . In |3, Section 4.5|, Taylor et al. previously showed
through PEP experiments that this rate is slack. The best known lower bound for Frank-Wolfe over
convex sets is %, from Lan [40], establishing potential to improve by up to a factor of eight.
Given more structure on C' and/or f, one could hope for further gains. Frank-Wolfe’s worst-case
convergence rate is known to accelerate up to O(1/N?) in a few settings: given a strongly convex

4Note that while the rate proven by Jaggi describes the objective gap at the terminal iterate, it holds as an equally
valid bound for our objective ming f(zx) — f(xx).
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Set Type

Convex Smooth SC Smooth SC
100 100 100 100
Smooth Function 10" '\ 10 _\ o -\ o
0
9+ 102 4 102 4 102 4 102 4
103 4— — 109 4 — 102 +— — 102 +— '1
2x10° 1 = 0.9110 2x10% = 1.1010 2x10% 1 =1.1010 23100 =1.1210
100 100 100 100
. 107 \ 10 4 101 5 1071 5
Smooth SC Function \
#0
I 102 4 102 4 102 4 102 4
109 +— , 107 +— , 107 +— , 103 +— ,
1 1 1 1
2x10°  m=0.9110 2x10°  m = 0.9810 2x10% 1 = 2.0310 2x10° = 2.1110
100 100 100 100
. 10 4 107 4 107 4 10 4
Smooth Function \
Ty € intsC
102 4 102 4 102 4 102 4
103 4— — 103 4— — 102 +— — 102 +— '1
2x10° = 1.0410 2x10%  =1.1110 2x10% 1y = 1.2610 2x10° 1 = 1.2610
100 100 100 100
. 107 4 107 4 107 5 107 5
Smooth SC Function
Z € intyC
102 5 102 5 102 5 102 5

-3 5 T 103 5 T 103 5 T 103 5 T
1 1 1 1
2x10° 1 = 1.4710 2x10° 1y = 1.7310 2x10° = 1.8710 2x10° 1 = 1.8910

Figure 6: Survey of Frank-Wolfe’s performance with standard stepsizes on 16 different problem
classes. Experiments are run with stepsizes h = kiw and with L=1, u=05, =5, a=1,D=1
and § = 0.25 where applicable. We highlight in bold the problem settings in which the estimated
rate O(1/N™) noticeably exceeds the standard O(1/N) rate.

f and C [35,136] or given a strongly convex f and z, € intsC [33}[34,[36]. However, it remains
undetermined if acceleration can be achieved in any intermediate settings, including any case with
smooth constraint sets.

Using our expanded performance estimation toolbox, we explore 16 permutations of problem
instances: C being smooth or not; C' being strongly convex or not; f being strongly convex or not;
the minimizer having g, # 0 or having g, = 0 with z, strictly interior to C'. This enables us to
assess if other settings achieve O(1/N?) convergence. Note that line-search or alternate assumptions
on f (e.g., uniformly bounded gradients: |V f(z)|| > € > 0 for all z € C) have shown improved (and
sometimes linear) convergence [33}35,40,41] but lie outside the scope of this preliminary survey. In
Figure |§|, we show our results for each of these settings for N = 2,...,15 with stepsizes hy =
and estimate a rate O(1/N™) by regression on the values from N =8, ..., 15.

Our results show no clear evidence of any new problem settings that achieve O(1/N?) acceleration,
with most problem settings having m ~ 1. However, in the settings with smooth functions, strongly
convex sets, and an interior optimal point, our results seem to noticeably outperform the standard

2
k42>
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O(1/N) rate, instead being closer to O(1/N'2). This presents an intriguing area for future analysis.
It is worth noting that some known acceleration results (e.g., [36]) require a burn-in phase, so it
remains possible that acceleration in some of these interim settings could be missed by our survey.

Remark 7 (Improved Convergence Rates from Set Smoothness). We now briefly consider Frank-
Wolfe’s performance over p-smooth sets. To date, no theory shows Frank-Wolfe benefits from
smoothness in the constraint set C'. Since the lower bound Ijl—?f of [40] uses the simplex as a
constraint set (which is nonsmooth), smoothness has the potential to break this bound. To focus on
the effect of smoothness, we fix o = 0, enabling the necessary and sufficient Theorem [3.3] to apply.
Figure (a) provides an immediate positive answer to whether smoothness of constraints improves
Frank-Wolfe’s performance. Local solves for our exact, nonconvex PEP formulation show up to an
order of magnitude improvement in performance by N = 15 over the convex setting 8 = co. For
B = 2 smooth sets, performance strictly outperforms Lan’s lower bound.

Remark 8 (Gaps in Accelerated Theory for Strongly Convex Functions). In |35, Garber and Hazan
proved that for strongly convex functions, Frank-Wolfe attains an accelerated convergence rate of
O(1/N?) if the constraint set C' is strongly convex (a > 0), or if z, € intsC (§ > 0). Their result
relied on stepsize selection by linesearch, but Wirth et al. later proved in [36] that similar O(1/N?)
convergence rates were attained in these settings using the open-loop sequence hy = %H' Specifically,
in |36, Theorem E.1], if C' is additionally a-strongly convex, then Frank-Wolfe has

18L° 4 8LD? .
O I :
Alternatively, in |36, Theorem 3.6, they show that if x, € intsC, then letting M = [64LD?/(ué?)],
for any N > M, Frank-Wolfe satisfies

128L2 DS 2
M + 3)2 == 4+ 8LD
( ) po? (5.5)

f(zn) — f(2.) < max {M(f(w) = f(z), (N +2)?

In Figure (b), we compare the PEP result for hy = ki% (¢ = 4) with the convergence rate

. In this setting of strongly convex sets with bounded diameter, we can no longer apply our
necessary and sufficient interpolation of Theorem[3:3] As a consequence, by applying our interpolation
conditions of Interp(a, 0, D; 1), we only obtain upper bounds on the method’s worst-case performance.
These approximate PEP results outperform the guarantee of by about two orders of magnitude.
Additionally, we include in Figure b) the performance for other values of ¢ (with hy = k%;z), seeing
¢ = 2 performed best among the tested values and, in particular, outperforms ¢ = 4. We repeat
this analysis for the setting of a strongly convex function with an interior optimal point instead
of a strongly convex constraint set. Note our necessary and sufficient Theorem [3.3] then applies.
Our results in Figure (C) indicate that much tighter analysis is possible here as Wel]E| with £ =1
performing best.

6 Gradient Methods for Epismooth Functions

As a final application, we show that our set interpolation theory can provide novel insights even in
the context of unconstrained minimization. In particular, consider a gradient method (GM]) applied

®Since (5.5) only applies after M = [64LD?/(116?)] > 256 iterations, we cannot compare directly with (5.5) due to
our computational limits around N = 15.
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Figure 7: (a) PEP results for Frank-Wolfe over 8-smooth sets with hy = 7-25—2 and for comparison, the
lower and upper bounds of [39] and [40] for convex sets. (b) Results for p-strongly convex functions

over a-strongly convex sets with hy = kL-;e and for comparison, the bound (5.4)), fixing 4 = 0.5 and

a = 1.0. (c) PEP results for p-strongly convex functions with z, € intsC with hy = lﬁe, fixing

1 =10.5and § = 0.25. Although the bound (5.5 does not apply until N > 256, it is included, dotted.
All results above are obtained via local optimization but verified globally for small IV, as indicated
by individual points on the plot.

to minimize some differentiable, convex function f : R? — R U {oo}. Much of the modern theory
for gradient methods assumes f is L-smooth. This is a major restriction from the family of all
differentiable functions, ruling out, for instance, all polynomials with degree greater than two.
Here, we consider applying first-order methods to a larger class of differentiable functions, namely
functions with a smooth epigraph. We say f is L-epigraphically smooth (L-epismooth) if
its epigraph epi f = {(z,t) | f(z) <t} is an L-smooth set. Theorem with 7 = 1 establishes
that all L-smooth functions are L-epismooth, so this is a strictly broader class of functions. Note
epismoothness of f does not guarantee that f has a full domain of R? (consider a simple U-shaped
function). Consequently, one cannot guarantee the iteration is well-defined in general, so
additional care is needed. To handle this, we consider modified gradient methods of the form

Ly Vi(z;) .
LTi+1l = Tj — & Hijj . (Epl—GM)
RN N irylES
Normalizing our stepsizes above allows methods to keep x;41 — x; bounded even as V f(zj) becomes
arbitrarily large (as shown in Figure . This property can then be used to ensure the iterates do not
leave the domain of f: For example, fixing H to be the identity matrix, the above iteration becomes

the gradient descent iteration x;41 = x; — %, which repeatedly moves to the minimizer
L/IIV f(zi)|I2+1

of the ball majorizing f, ensuring progress every iteration.
To illustrate the breadth of this class of functions, the following proposition provides a useful
means of checking if a function is locally epismooth.
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Figure 8: Modified gradient method for epismooth functions (GM)).

Proposition 6.1. For any f € C? and x in the domain of f, let

(I + V@)V @) AV f@) [+ V@)V f(@)T) 2

M(z) = (6.1)
IVf()[]*+1
Then f is locally L-epismooth at x if and only if L > Amax(M).
Proof. We define a local ball upper bound of f at x by
1 1 Vf(z)
f(y) < ba(y; L) = f(z) + —\/7z —lly—z+ 1z (62)
LIIVf(@)I?+1 L2 LIVf(@)IP+1

where we say b,(y; L) = oo outside of its domain. From the definition of smoothness, f is L-
epismooth if and only if for all z,y, f(y) < bg(y; L). Observe that by(z; L) = f(z) and Vb, (x; L) =
V f(x). Therefore, the upper bound b, (y; L) holds locally if and only if V2 f(x) < V2b,(x; L). We
can compute V2b,(z; L) = L\/||[Vf(2)|]2 + 1(I + Vf(z)Vf(z)T). Then rearranging and taking the

maximum eigenvalue, we obtain our result. O

Using this result, we can identify simple functions that are not smooth in the function sense of
uniformly Lipschitz gradient but satisfy local epismoothness on their domain. For example, consider

f(a:):{_ng if x>0

00 if x<0.

1
. _ ol 2 2
Using (6.1), we can calculate Apax(M(x)) = Ly <375 o5
epismooth everywhere on its domain. As a second, nontrivial example, one can verify for example
| Az — b||} is epismooth.

for all x > 0. So f is locally

6.1 Worst-Case Performance of Epismooth Gradient Methods

The worst-case performance of a gradient method defined by a predetermined stepsize matrix H on
a smooth function and on an epismooth function are closely related. In Section [2| we introduced
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the PEP for smooth functions , and we now present an analogous PEP for the epismooth case.
In both cases, we assume the initial point z( satisfies ||zg — z4|| < R for some minimizer z, of f.
Lastly, to ensure that zy is in the domain of f (i.e., f(zo) < 00), we further require that R < 1.
Then the worst-case performance of for a given matrix H on an L-epismooth function is

max  f(ow) = f(@)

s.t. epif € Co,1,00

— 1 i Vf(z;) . .
Lit1 _xi_fzjoni’joJ)HQ—i-l Vie[0: N —1]
2o — 2x|| < R, Vf(z)=0.

pes(L, R) = (6.3)

For simplicity, we have suppressed the parameters N and H from our notation for pgg. We again
denote the PEP for performance of (GM)]) given H on an L-smooth function by ps(L, R). Both of
these settings possess useful rescaling properties, proven in Appendix [D.1}

Lemma 6.2. For all n > 0 and any choice of N, L, R, one has that

ps(L,nR) = n’ps(L, R) ,

pEs(L,nR) = nprs(nL, R) .
ps(nL, R) = nps(L, R) , s ) Es ( )

Observe that together the rescaling properties for ps imply ps(L,nR) = nps(nL, R), matching
that of the epismooth setting. However, notably, the individual rescaling properties for pg do not
hold for pgg. These individual rescaling properties of pg establish that it suffices to characterize
ps(1,1) to fully understand pg. Since this does not hold for pgg, any future characterizations of
epismooth minimization methods must depend on the ratio of L and R.

Under an appropriate regularity condition, we find that the convergence of any epismooth
minimization method converges to its classic smooth convergence rate as the ratio between L and R
grows. That is, if initialized sufficiently close to x4, perhaps from some initial “burn-in” procedure,
guarantees proven for L-smooth minimization can be lifted to L-epismooth minimization.

Formally, this result relies on the following regularity condition: A gradient method defined
by H is eventually-epismooth-stable if for any L, there exist constants R,C > 0 such that
applying to any L-epismooth function with ||zg—z,| < R < R must have ||; —z,| < CR,
llgi| < CLR, and |f;| < CLR? for all i = 0,..., N. This condition ensures the following asymptotic
relation, proven in Appendix

Theorem 6.3. For any eventually-epismooth-stable method defined by H,

bs (La UR)

L
tm P8 01) = = ps(L,R) -

5 = lim
n—0 n

n—0 n

Hence, after an initial burn-in producing xo with ||zg — x| sufficiently small, optimization
strategies for smooth functions such as momentum [16,27] or recent long-step gradient descent
techniques |21}23] may be applicable to epismooth functions. One simple example of an eventually-
epismooth-stable algorithm is applying with stepsizes h € (0,2) (i.e., H = diag(h,...,h)).
One can directly show this iteration guarantees descent and a nonincreasing distance to xy, as
illustrated in Figure |8 ensuring the needed bounds.

Applying our interpolation theory, we verify this convergence of epismooth and smooth worst-case
performances. Following Theorem [3.3] the same Grammian reformulation presented in previous
sections provides a reformulation of pgg(L, R) as an SDP with an additional rank-1 constraint. We
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Figure 9: Convergence of 5 prs(L,nR) and ps(L, R) as 1 decreases, fixing N = 3. Data is shown
for three different (Epi-GM)) algorithms: gradient descent with h = 1, gradient descent with silver
stepsizes |21], and Nesterov fast gradient method [27].

show a brief derivation in Appendix Unfortunately, the rank-1 constraint makes this problem
nonconvex. Hence we approach it directly as a QCQP using black-box optimization software [25,26].

Figure [0 considers the worst-case performance of several classic smooth optimization methods.
For the stepsize matrices H corresponding to gradient descent (with h; = 1), gradient descent with
Silver stepsizes, and Nesterov’s fast gradient method, the worst-case behavior of (GM]) and (Epi-GM)])
over their respective function classes converge as n — 0, agreeing with Theorem [3.7]
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Deferred Interpolation Proofs

A.1 Proof of Theorem

We first introduce notation and a key lemma. Given {(x;, gi, fi) }icz, define

Q)7 (2,9, f) = 15— fi — (g1 x5 — m3)
1 1 2
— o ( Fllgi = il1? + plli — 2511 = Fgi — gjwi—35) )
20— D) \T i3

Recall from Theorem that QZ?L(x,g, f) > 0 for all 4,57 € Z if and only if {(z;, gi, fi) }icz is
Fy,r-interpolable. Next, let z; = (x4, f;) and v; = (g4, —1), and let n; = 4. We further define

o [l

i\ H 1 I 1 2>
2,0, f) = ————=\((—— =)= ||z — =n; — z + —n;
Qs f) = gt (G = 1P =l = gy — st il
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From Theorem we know that @ ; i L (x,9,f) > 0foralli,j € Zif and only if ({((xi, fi), (9:, —1)) }iez, D)
is Cy,1,00-interpolable (This is a dlrect application of m We can relate these conditions
through the following lemma, which is proven by a direct Taylor series expansion.

Lemma A.1. For anyn >0,
.. xX ~ o
Q;’g#,nzL(;»Uga f) = QZ?L(x7gaf) + 772C(I‘,g, fa MaLan)

where n*c(x, g, f, 1, L,n) — 0 asn — 0.

Next we consider smoothness of the epigraph of f, epif. This idea is explored further in
Section [6] but is necessary here for our proof. Note for any differentiable convex function f,
(Vf(x),—1) € Nepig(x, f(x)). Then, by definition, epif being an L-smooth set is equivalent to a
local ball upper bound b, (y; L) holding for all z,y (See for explicit expression). This ball upper
bound b, (y; L) is strictly larger than the analogous quadratic bound for smooth functions. That is,
for all z,y, we have

bo(y; L) > qu(y; L) := f(2) +(Vf(z),y — ) + ngL‘ —yl*.

Now, we are ready to prove Theorem [3.7]

(=) Suppose that {(x;, gi, fi) }iez is Fo r-interpolable. So there exists an L-smooth convex
function f such that f(x;) = f; and Vf(z;) = gi- Observe that for any n > 0, f defined by f(ac) =
f(nx) is an n%L-smooth convex function with f(%) = f(z;) = fi and Vf(%) = an(n%) = ng;.
Then for all z,y, F) < qz(y; 772L) < ba(y;n2L). As a result, epif is n?L-smooth. Finally, since for
any z, (Vf(z),—1) € N, lf(az f( )), this implies that epif interpolates ({((%,fl), (ngi, —1)) }iez, 0).

(<) Suppose that ({(( 2 fi), (ngi, — ))}1617 0) is Co 21, 00-interpolable for all n > 0. By our
interpolability theorems, we know that Qo 9 L(n,ng, f) >0 for all 4, j. Applying Lemma |A.1| yields,
for any n > 0,

QS,JL($7gaf) QO’I]?L(T]’T].Q?JC) +7’]26(.’L’,g,f, [,L,L,?]) > 7726(:1:7g’f7 [,L,L,?]) :

Considering this as 7 tends to 0 implies QO L(m g,f) > 0 from which Theorem ensures
{(x4, 9i, fi) }iez is Fo,r-interpolable.

B Deferred Calculations on Separating Hyperplane Algorithms

B.1 An SDP Reformulation of the Stopping Decision Problem

We follow the approach in many previous works |2,3,/10] by converting our finite-dimensional problem
(4.2) into an SDP. We follow similar notation to that of [10] and introduce it below. First, define

A = [zo|20]21] - . - |zn|nolna] - . . [nn|w] € RIXEN+4)
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G =ATA e 2N

Next, using the standard unit basis vectors e;, define special selection vectors for extracting particular
elements of our matrix G:

Xo = ] € R2V+4

Z; = ej4o € RN i€l0:
n; = ey (N3 € R2VH i€|0:
W = egn4q € RV

Xip1 =X; — Yoo Hijmy € RFVH i [0:N —1].

@)

]

N
N]

)

This construction yields the useful identities Ax; = z;, Az; = z;, An; = n;, and Aw = w (lastly,
recall our assumption that ¢ = 0). Denote the symmetric outer product by x © y = %inT + %y:vT.
Then we can directly express the standard dot product of our vectors as Tr (G (x; © z;j)) = (4, 2;5)
for any 4,7 € [0: N] (and this holds analogously for other vector combinations). Lastly, we invoke
the assumption that the problem dimension d satisfies d > 2N 44 to guarantee that any identified G
can be factorized into some A € R*N+4) which is common practice throughout PEP literature 1]
(See Remark [1)).
We can then write our feasibility condition (4.2]) as

3G € BN st w)) < (L —6+s)? (B.1)

B.2 Proof of Theorem /4.1

We first claim that there exists ¢ such that B(¢,h) C C and ||¢ —¢|| < h — 0. If % <6, then h =9
and we simply let § = ¢ and the claim is trivial. Otherwise, if % >4, let z € argming cp g,y lly — qll.
The optimality of z ensures z — ¢ € N¢(z) and hence, by smoothness of C, B(z — %ﬁ, %) cC.

If ||z —qf| > %, then B(q, %) C C, so we again let ¢ = ¢, with h = % Lastly, suppose ||z — q|| < %
z—q
lz—qll

Then setting ¢ = 2z — % yields

1 z—¢q 1 1
le—dal=1z— 2 —dl=z—-llz—dl<z-d0=h-0
le—al "5 E
where the inequality follows from z € bdry C, so ||z — ¢|| > J. Since B(q, %) C (), this proves our
first claim.
Proof of Claimed Stopping Time. Suppose that by iteration k, the method has not yet terminated.
Since zp ¢ int C, zy ¢ int B(4,h). By definition of nj as a separating hyperplane, we know
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(ng,y — xg) < 0 for all y € B(q, h). Considering y = ¢ + hny, this yields (ng,zr — ¢) > h. Using
this fact, every iteration k satisfies

ks = all* = llow = @lI* + 1 = 2h(ng, 2 — §) < [l — q|* = B> .
Inductively applying this ensures that if all zq,...,xnx € int C, then
lzy = alI* < llzo — dlI* = Nh* < (R+h — 6)* = NA? (B.2)

where we use the fact that if 6 > %, then R+h—90 =R > ||zg — ¢q|| = ||zo — 4|, and if 6 < %,
then [[zo — ¢l < [lzo —qll + ll¢ — 4|l < R+ (% —0) =R+ h—4. Noting zy ¢ int C implies that
rn & int B(4,h), ie. ||[xxy —q|| > h, it follows from (R + h — §)?2 — Nh? > |lzy — §||*> > h? that
N < (}%':?72_(5)2 — 1. Hence after N = L(R'T%WJ iterations, some iterate z; must have lied in the
interior of C, halting the algorithm.

Proof of Matching Lower Bound. Finally, we establish an exactly matching lower bound on any
method of the form (4.1]). For simplicity, we will assume that N = (R—‘_}?%W is an integer, however,
one can adjust our construction to handle non-integer cases. Below we construct a hard problem
instance such that for any separating hyperplane method, x; ¢ int C for all kK < N — 1.

Let 20 =0, ¢ = (R/VN,...,R/v/N) € RN and § = (h,...,h). Further define C = B(g,h) C
RY and observe that ¢ € int;C' and ||zg — ¢q|| = (R/V'N)V'N = R. For each k, we can select
Ny = —ex41, the negative unit basis vector in RY. Note this is a valid separating hyperplane due to
x’s support being its first k entries as (ng, zx) = 0 > (ng,y) for all y € C. Moreover, this choice
of ny, ensures the support of z;,1 will only increase by one. Noting all £ < N — 1 have final entry
equal to zero, ||zx — ¢|| > h and so x ¢ int C. Therefore no separating hyperplane method can
identify an interior point faster than the above simple constant stepsize method.

C Deferred Calculations on Frank-Wolfe Methods

To fully justify our PEP formulation, we need to derive two simple propositions. We will once again
consider separately the cases where g, = 0 and g, # 0 (See Section . In the results below, let
Z=1[0:N—1]and £ = [0: N], along with Z, = Z U {x} and K, = KL U {x}.

Proposition C.1. Consider any points z;, ., and x;41 = (1 — h;)x; + hiz; and vectors g; and define

Sy, 20 = ({(2i, —9i) Yiez U {(24, —g4) }5 {(20,0)})

where g. # 0. Then there exist f € F, 1 and C € Cqop,p satisfying z; € argmingco(V f(:),y)
for all i € T, z, € argmingo f(y), and wo € C if and only if Sy, 20 is Ca,p p-interpolable and
{(@k, gk, fi) Ykexe, is Fur-interpolable, where f(xy) = fi and V f(xk) = gi for all k € ;.

Proof. (=) Suppose that there exist f € F, 1 and C € C4, p such that z, € argmin ¢ f(y) with
Vf(zs+) # 0 and applying Frank-Wolfe with z¢ € C yields 2; € argmin, e (V f(z;),y) for all i € I.
By construction, setting gr = V f(zg) and f(zx) = fi for all k € K, ensures {(xg, gk, fx) }reic, 1S
F,,r-interpolable. Since C'is convex, the optimality condition defining z; € argmin, ¢ (gi,y) implies
that z; € C and —g; € N¢(z;). Similarly, the optimality condition for x, ensures that —g, € No(xy).
Since xg € C, we have that S, 4o is C, g, p-interpolable.

(<) Suppose that Sy, .o is Cq g, p-interpolable and {(x, gk, fx)}rex, is F, -interpolable. That
is, there exists a p-strongly convex, L-smooth function f such that that f(zr) = fr and V f(zx) = gk
for all k € K, and an a-strongly convex, S-smooth set C such that g € C' and z; € C and
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—¢g; € N¢(z;) for all i € Z,. Since C is convex, we know that —V f(z;) € N¢(z;) implies that
z; € argming co(V f(x;),y). Similarly, —V f(z4) € N¢(z,) implies that z, € argmin, . f(y). Hence
the desired f and C' exist. 0

Proposition C.2. Consider any points z;, @y, and i1 = (1 —h;)x; + hiz; and vectors g; and define

Sg*:(] - ({(Zi7 —Qz‘)}ieL {(:L'(),O), (a?*,5)}) .

Then there exist f € F,, 1, and C € Cop,p satisfying z; € argming,c(Vf(xi),y) for all i € T with
g € C and v, € argmingcq f(y) with x« € intsC if and only if Vf(xy) = 0, Sg*zo is Co8,D-
interpolable, and {(xk, gk, fr) }kek, is Fu r-interpolable, where f(xy) = fr and V f(xy) = g for all
ke Ky.

Proof. We apply the same approach as above, but now use the fact that z, = argmin ¢ f (y) and
T, € intsC imply V f(z,) =0, and V f(z,) = 0 implies z, = argmin - f(y). O

D Deferred Calculations on Epismooth Gradient Methods

D.1 Proof of Lemma

Denote b; = __VI@) e Rdand tj = ———=——— € R. Then this follows from a simple change
IVf@)l?+1 IV f(zi)l2+1
of variables, T; = % and f; = %, as
(
be??;l In )
s.t. Tit1l = T; — % Z;’:O H@jbj Viel
2o — a4]|* < n*R?
pes(L,nR) = by=0, fi=0, z,=0
ty = — 1—ku||2 Vk € Ky

<bk,l‘l — %bl — Tk + %bk>
i, fi — Tt — fo+ ) <0 Vk, 1 €K,

.

max  7fn

Z4,bi, fi

< = _ A 1 ( ;

s.t. Tit1 = T — oL ijo H@jbj Viel

170 — 2% < R?
- b*:07 ]E*:O, i*zo
tpy = — I—kuHQ Vk € Ky
(b, Ty — %Lbz — T + %Lbk)
it i — pti— fe+ Jpte) <0 Yk LEK,

=npes(nL, R) .
Similarly, for pg, the first result follows using the change of variables Z; = %, gi = % and ﬁ = %,
and the second from ¢; = % and f; = %
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D.2 Derivation of SDP with Rank Constraints for Epismooth Gradient Methods
Assume without loss of generality that z, = 0 and f, = 0. Using b; and ¢; as defined in Appendix [D.I}
we define

A = [zolbo|. . . [by] € RIX(N+2)

v = (fo, e fN,t*,t(], R ,tN) S Rlx(2N+3)
with G = ATA € SerZ and F =vTv € Sa_N+3. We define x; and b; as selection vectors relative to

G, similar to Appendix [B] and we define f; and t; as selection vectors relative to F. We can then
encode pgs(L, R) as an SDP with an additional rank-1 constraint:

( %ngx Tr (F (fn © fN))
st G=0, F=o0
Tr (G ((x0 — x.) @ (X0 — X.))) < R?
( (kabk)+F(tk®tk)):1 Vk € K,
(ps(L, R))? = Tr (G (bi © (x1 — *bl xi + 7.bx)) (D.1)
+F (tk © (i — $t1— fi + 7tk))) <0 Vk,l €K,
Tr (F(t* ©fy)) <0
I‘(F(thfo))SO Vk e K
F=vTv.
In order to enforce t, = —1, we use the two constraints tz =1 and t,fo < 0. The first ensures

that ¢, = +1. By convexity of f, we know that fy > f, = 0. If fy =0, then by = 0, and consequently
fn = 0, so this is irrelevant for the worst-case instance. So we know effectively that fo > 0 and
conclude that t, = —1. Similarly, to enforce that ¢ < 0, we require t fo < 0.

D.3 Proof of Theorem
From Lemma we know that n%ps (L,nR) = ps(L, R) for all . So the second equality is immediate.

It remains to show lim,_,o W = ps(L, R).
Let p;, := (x("), g, f (’7)) denote the sequence of maximizers of pgs(n?L, %) asn — 0. We consider
the rescaled sequence s; = (nx(”) g f (77)). By our method being eventually-epismooth-stable and

the fact that p, is a solution to pES( 2L, 5), we must have Hx(n)H < C’R ng(n)H < CnQLR nd

71" < CpP LI for all 4. Consequently, we have [z || < CR, Hg |l < CLR, and [f®| < CLR?
for all ¢. This shows that s, belongs to a compact set for all 7. We consider lim sup, _,( pes (nL, o ) and
define 7y as the subsequence attaining the limsup. By compactness, consider a further subsequence
Nk such that s, , converges to some limit point s*.

Next, we claim that s* is a feasible point for ps(L, R). We know that each p, = (x(”), g, f (77))
satisfies the constraints

() _ ) _ 1 i 9"
Tip1r =T~ 2L ZFO Hi’j\/W
” (77) (77) ” < ’

= 77
QU n2L( 7 f )

31



g(n)

Then rescaling with (" = nz(), g1 = cand f) = f) yields

~(n)
~(m) ~(n)
szrl =T, L ZJ 0 2||gj(n)H2+1
||55(n) ~(n ||2 < R2

Q0n2L( ] ng™, fmy >

From Lemma [A.1} taking the limit as » — 0, we have that lim,_,q Qn ;“72L( ,ng, f) > 0 if and

only if Q”L(az g, f) > 0. Applying this and the continuity of our constraints, s* = (Z*, g ,f*) must
satisfy

53:;5+1 =7 — %Zz‘zo Hi,jg;
125 — 231> < R®
o (@,5% ) =0
Therefore s* is a feasible solution to ps(L, R) and so ps(L, R) > fi — fr.
We know from the proof of Lemma that for all 7, prs(n®L, %) > ps(n*L, %) Combining
0.2

this with our rescaling result in Lemma [6.2] we have
R R
lim inf pgs(n*L, —) > liminf ps(n*L, =) = ps(L, R) .
n—0 n n—0 n
Combining our results above, we can squeeze the limit as follows

R / R
lim inf pes (1L, ) = ps (L R) = fiy = i = lim f7% = 7% = tim sup pes (2L, )
n—0 n n—0 n

Therefore, lim,, o prs(n*L, %) = ps(L, R). Applying Lemma twice gives the final claim.
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