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Abstract

In this paper, we focus on the relazed prozimal point algorithm (RPPA) for solving convex (pos-
sibly nonsmooth) optimization problems. We conduct a comprehensive study on three types of
relaxation schedules: (i) constant schedule with relaxation parameter ax = a € (0,+/2], (ii) the dy-
namic schedule put forward by Teboulle and Vaisbourd [TV23], and (iii) the silver stepsize schedule
proposed by Altschuler and Parrilo [AP23Db]. The latter two schedules were initially investigated for
the gradient descent (GD) method and are extended to the RPPA in this paper. For type (i), we
establish tight non-ergodic O(1/N) convergence rate results measured by function value residual and
subgradient norm, where N denotes the iteration counter. For type (ii), we establish a convergence
rate that is tight and approximately /2 times better than the constant schedule of type (i). For
type (iii), aside from the original silver stepsize schedule put forward by Altschuler and Parrilo, we
propose two new modified silver stepsize schedules, and for all the three silver stepsize schedules,
O(1/N'27%) accelerated convergence rate results with respect to three different performance metrics
are established. Furthermore, our research affirms the conjecture in [LG24, Conjecture 3.2] on GD
method with the original silver stepsize schedule.

Mathematical Subject Classifications: 90C25

1 Introduction

In this paper, we consider the following general convex optimization problem

minimize f(x), (Q)

z€eRd

where f: R - RU {oo} is an extended-real-valued proper, closed, and convex (possibly nonsmooth)
function. Denote the optimal solution set of (Q) by X™*, which is assumed to be nonempty. Throughout
this paper, we let * € X* be arbitrarily fixed. The prozimal mapping [Mor65] of f is defined by

1
Proxy(x) = arg min < f(y) + —|ly —z|*}, Va € R% VA > 0. (1)
yeRd 2\

A classic approach for solving (Q) is the prozimal point algorithm (PPA), which, starting at 2° € R,
iterates for k > 0 as 28! = Prox, s(2¥). PPA was first introduced in [Mar70] and was further studied
by Rockafellar [Roc76b, Roc76a].

Convergence rate results of PPA with varying proximal parameters {\g }5 " for solving (Q) was first
established by Giiler [Giil91], where O(1/ Zg;ol Ar) complexity bounds for both function value residual
and subgradient norm were derived. Recently, the results derived by [Giil91] were tightened by improving
a constant factor in [THG17a].

A common technique for accelerating convergence is relaxation, which originates from methods like
successive over-relaxation for solving linear systems [Soud6, Var62] and Krasnosel’skii-Mann (KM) it-
eration for fixed-point algorithms [Kra55, Man53]. Given a positive integer N € N, an initialization
point #° € R? and N relaxation parameters {ag,a1,...,an_1} C Ry, the N-step relazed proximal
point algorithm (RPPA) for solving (Q) is summarized in Algorithm 1. The sequence of relaxation
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parameters, denoted by vector & = (ag, a1,...,an_1) € th, is also referred to as the relaxation sched-
ule. It has been widely recognized empirically that relaxation, especially over-relaxation, i.e., o; > 1,
can enhance the numerical performance of fixed-point algorithms and optimization methods, see, e.g.,
[EB92, Boy™11, CGH14].

Algorithm 1: Relaxed Proximal Point Algorithm

input :xOERd,/\>0,N€N+,aERﬂY+
for k=0,1,2,...,N—-1do

2P = Proxa (7)o (Proximal step)
Pl =gk (2R —aR) (Relaxation step)
end

output: zV = Prox,(z")

Various studies have analyzed the convergence of RPPA in different settings. For instance, it has been
applied to solving variational inequality problems in [LY13, GY24], where ergodic sublinear convergence
rates were established. However, the performance measures used in these works cannot be applied
to our setting. In [CY14, GHY14], RPPA was analyzed for solving monotone inclusion and mixed
variational inequality problems. While the performance measures used in these works can be adapted
to our setting, only ergodic convergence rates were provided. Recently, with the fixed point residual
being used as the performance measure, tight non-ergodic convergence rate results of the KM iteration
were established in [Liel8], and these results also apply to RPPA. Detailed convergence bound results of
RPPA under different measures for different stepsize schedules, along with the corresponding references,
are summarized in Table 1.

Despite the various studies on RPPA, current research has several limitations. As far as we know,
there has been no analysis regarding the tight convergence rate of RPPA with a constant relaxation
schedule for solving (Q). Moreover, existing studies fail to demonstrate a clear advantage of RPPA over
PPA in terms of the order of convergence rate. In this paper, we conduct a theoretical examination of how
different relaxation schedules impact the worst-case guarantees of PPA. We will study existing relaxation
schedules and also propose new ones. In particular, we establish tight convergence rate results for RPPA
and show that RPPA can achieve improved complexity bounds compared to PPA. As byproducts, we
also solve some conjectures in the literature by providing their formal proofs. A majority of the main
results derived in this paper are summarized in Table 1.

1.1 Connection with gradient descent methods

Our study is closely related to the recent advances in the analysis of gradient descent (GD) methods
[DT14, TV23, AP23b, GSW24]. This is because RPPA can be viewed as applying GD method to the
Moreau envelope of f, which is defined as

1
A o - 12 d
I (z) .—ger}l{f(u)—i-Z)\ |z — ull }, z €RY A > 0.
It is well known that f* is convex, (1/)\)-smooth, i.e., it is differentiable and its gradient is (1/\)-
Lipschitz continuous, and furthermore, it shares the same set of minimizers as f, see, e.g., [Becl7, Sec.
6.7]. In particular, for k € {%,0,1,2,..., N — 1}, the sequence generated by Algorithm 1 together with
2* 1= Proxy¢(z*) = a* satisfy

ok — 2k 2k — Proxy s (z¥)

- = V) e af(2h), (2)

A A
Pak) = 1)+ g 2 = 24 = 75 + 5 19 @) 3)

I°-

As a result, the iterative scheme of RPPA can be equivalently expressed as
2P = 2k o (Proxyp(2) — %) = 2% — AV 2b), k=0,1,...,N —1, (4)

which is precisely the N-step GD method applied to the (1/A)-smooth function f* with stepsize schedule
a = (ag, a1, .. .,an—1) normalized by the Lipschitz constant (1/)). For this reason, we will also refer
to the relaxation schedule a of RPPA as the stepsize schedule.
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Given the connection expressed in (4) between RPPA and GD methods, it appears that the con-
vergence results of GD methods can be extended to RPPA in a straightforward manner. However, if
extended in this way, the resulting results are characterized by the Moreau envelope f*, whereas our
primary interest lies in f itself. Moreover, the results obtained in this manner are usually worse than
the tight complexity bound that we desire. Next, we will review the key results from the GD literature.
This will help place our contributions in context.

1.2 Prior arts on stepsize design for gradient descent methods

Let 2° € R? be a given starting point. Consider minimizing an L-smooth convex function h via the
N-step GD method with stepsize schedule & = (o, a1,...,any_1) € R_IX+ normalized by L, that is

L :xk_%w(xk), k=0,1,...,N —1. (5)

Traditional analysis of GD is confined to the scenario of “short stepsizes”. In this case, the (normalized)
stepsizes ay, are chosen in (0,2), as seen [DT14, Kim™23, THG17c, TV23]. This strategy ensures a
decrease in the function value at each iteration. For constant stepsizes ay, = « € (0, 1], tight convergence
rate results have been established under three optimality measures, which are HVh(J:N )H / on — x*” in
[TV23], (h(zN) = h(z*))/[|«° — 2*||” in [DT14, TV23] and ||Vh(z™)|| /(h(z°) — h(z*)) in [Kim*23].
Very recently, an exact full-range analysis of GD method for any constant stepsizes o = a € (0,2)
was conducted in [RGP24]. In [TV23], a dynamic stepsize schedule with ay — 2 was proposed. This
schedule improves the complexity bound of the GD method with a = 1 by a factor of 2 asymptotically
for the measure (h(z) — h(z*))/ ||2° — x*||2. Similarly, another dynamic schedule was introduced in

[RGP24], which achieved an accelerated rate under the measure HVh(QUN)H2 /(h(z%) — h(z*)). In this
“short stepsize” case, the best possible convergence rate without momentum is O(1/N), see [DVR24,
Sec. 6.1.1].

Recent research has delved into “long stepsizes”, where the (normalized) stepsizes ay can surpass the
bound of 2. Although this approach may result in an increase in function value at some iterations, a
meticulous design of the stepsizes can potentially enhance the final complexity bound. Altschuler’s mas-
ter’s thesis [Alt18] first identified optimal stepsize schedules for strongly convex problems with N = 2, 3.
Das Gupta et al. proposed in [DVR24] the use of a branch-and-bound technique to solve the nonconvex
performance estimation problem. This approach, referred to as BnB-PEP in the rest of this paper, can
numerically find the optimal stepsize schedules for any N > 1. However, due to the nonconvexity of
the stepsize optimization problem, only optimal schedules for N < 50 were provided as only small-scale
problems can be solved by the branch-and-bound approach due to their nonconvex nature. Grimmer
[Gri24] achieved asymptotic convergence rates by cycling through finite “straightforward” schedules,
thereby improving the classical convergence rates by a constant factor.

All the works reviewed above maintain the convergence rate of O(1/N) for the GD method without
altering the order. However, recent studies [AP23a, AP23b, GSW23, GSW24] have developed stepsize
sequences that boost the convergence rate of GD method to a higher order. Motivated by the numerically
optimal step sizes in [DVR24], Grimmer et al. in [GSW23] proposed an infinite “straightforward” stepsize
schedule, which achieves an O(1/N1:9°6) rate in the non-strongly convex setting. In [AP23a], Altschuler
and Parrilo introduced the silver stepsize schedule for the GD method in the u-strongly convex setting,
which is named after its use of the silver ratio p := 1+ v/2 in the stepsizes. In the limit as p approaches
0, an accelerated O(1/N1-2716) rate for the function value residual in the non-strongly convex case was
derived in [AP23Db]. Later, Grimmer et al. [GSW24] proposed a “right-side heavy” stepsize schedule based
on the silver stepsize schedule, which improves the original result by a constant factor of approximately
2.3244. Furthermore, motivated by the H-duality of gradient-based algorithms as described in [Kim™ 23],
Grimmer et al. in [GSW24] also introduced a “left-side heavy” stepsize schedule. This schedule mirrors
the “right-side heavy” stepsize schedule and achieves an O(1/N1-2716) rate for the gradient norm.

The above-reviewed stepsize schedules, along with their corresponding convergence rate results and
references, are summarized in Table 2.

1.3 Contributions

The contributions of this paper are summarized below.
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1. We establish tight complexity bounds for RPPA with the constant relaxation schedule o = a €
(0,4/2] in terms of function value residual and subgradient norm, see Theorem 3.1 and Remark 3.1,
respectively.

2. We establish a tight complexity bound for RPPA with the dynamic relaxation schedule proposed by
Teboulle and Vaisbourd in [TV23]. Once again, we use the function value residual as the optimality
measure. The main result is presented in Theorem 4.1, which improves the result in Theorem 3.1 by
a constant factor of approximately v/2 as N — oc.

3. The original silver stepsize schedule, denoted by 7("™), was proposed in [AP23b] for GD method.
In this paper, we propose two extensions of it, i.e., the left and the right silver stepsize sched-
ules, denoted respectively by 7™ and 7™ . For x#(™) 7(™ and 7™ we establish tight com-
plexity bounds based on three different optimality measures ||V f*(z™V)|| / ||2° — 2*|| (Theorem 5.3),
||Vf’\(9L'N)H2 /(f(2°) = f(2*)) (Theorem 5.5) and (f(zV)— f(z*))/ ||° — x*H2 (Theorem 5.4), respec-
tively. The established bounds show that RPPA with all these silver stepsize schedules converges at
the same rate O(1/N1-2716) which is faster than the classical rate O(1/N) for standard GD method
with “short stepsizes” ay € (0,2). Furthermore, the established upper bounds are tight since they
match the lower bounds derived in Lemma 2.3. See Section 5 for details.

4. As a byproduct of our research, we establish in Theorem 5.2 tight convergence rate results for the
GD method with the silver stepsize schedule 7(™) under two different optimality measures for solving
smooth convex optimization problems. These results provide an affirmative answer to the conjecture
in [LG24, Conjecture 3.2].

1.4 Notation and organization

Our notation is standard. Here, we clarify some of it. We denote R, as the set of all positive real
numbers; R? represents the standard Euclidean space with dimension d; Ri . is the subset of R9 consisting
of all vectors in R? with positive components; R™*" stands for the set of m x n matrices; and N is
the set of positive integers. The standard inner product and the induced norm on R¢ are denoted by
(-,-) and || - || respectively. The subgradient of a convex function f at z € R?, denoted by df(z), is given
by 0f(x) = {g € R? | f(y) > f(x) + (g,y —z) for all y € R4}. The effective domain of f is given
by dom(f) = {z € R?| f(z) < oco}. For any positive sequences {ax} and {bs}, we employ the notation
ay ~ by to signify that limg_, o ar/br = 1. Other notations will be explained as the paper proceeds.

The remainder of this paper is structured as follows. In Section 2, we gather preliminary results
that will be useful in the subsequent analysis. Specifically, we derive lower complexity bounds of RPPA
with any relaxation schedule under different optimality measures. Section 3 is dedicated to a thorough
analysis of RPPA with a constant relaxation schedule ay, = a € (0,1/2]. Section 4 deals with Teboulle and
Vaisbourd’s relaxation schedule as presented in [TV23]. Section 5 examines the silver stepsize schedule
of Altschuler and Parrilo [AP23b] and two extensions thereof. Finally, concluding remarks are presented
in Section 6.

2 Preliminaries

The following identities and inequalities are elementary and easy to verify. They will be employed in our
analysis. For any z,y,z,w € R?, § € R and & > 0, there hold

20w —y,z —w) = llz —wl® + lly — 2 = lla = 2[* = lly — w]]?, (6)
10 + (1 = O)yl* = Ol ]|* + (1 = O)lyll* — 01 = )|« — yII*, (7)
L+ 1/m)ll2l* + 1+ m)lyll* > e +yl* > (1= 1/8) 2] + (1 = &)lly]*. (®)

Next, we present two lemmas. Lemma 2.1 is an extension of [TV23, Lemma 4], and Lemma 2.2
recalls some properties of the stepsize schedule proposed in [TV23]. It should be noted that in [TV23],
it is specified that v € {0,1}. However, for the conclusion of Lemma 2.1 to be valid, it is sufficient to
ensure that v > —s.

Lemma 2.1 (Extension of [TV23, Lemma 4]). For any z,y,z € RY, s >0, v > —s and v € R. If
[z]1* > [[yll* + s(s +)lIz]1> + sv and v < 2{y, z) — y[|2]|?, then there holds v < ||z|*/(2s + 7).



Lemma 2.2 (Collected from [TV23]). For k > 1, define oy, recursively as

k—1

1
o = 5(7 Ap_1+ \/A%_l +8(Ag—1+ 1)) with ag = V2 and A1 = Zai. 9)
i=0
Then, it holds for any k > 0 that
21+ A
Vi<ap= A o g o —2=(2— ap)Ap_1. (10)

2+ A
Furthermore, we also have Ax_q1 ~ 2k.

In fact, the first equality in (10) is established by [TV23, Lemma 13], while the second equality follows
directly from the definition of aj. Moreover, it can be verified that «j is monotonically increasing and
approaches 2 as k — co. Thus, v2 < ap, < 2 and Ap_1/(2k) converges to 1. For simplicity, below we
refer to the relaxation schedule defined in (9) as TV’s schedule.

Next, we establish some lower bounds that are applicable to Algorithm 1 with any relaxation schedule
a. These bounds serve as limitations and set the stage for determining the best possible upper bounds of
RPPA when carefully designed relaxation schedules are employed. The proofs of these lower bounds are
based on constructing examples that match these lower bounds. Particularly, the examples have been
recognized in [THG17a, TV23] as worst-case instances for PPA.

Lemma 2.3 (Lower bounds for RPPA). Let N € Ny be any positive integer, {(z*,2*)}_ be the

sequence generated by Algorithm 1 with any positive relaxation schedule o = (ag, a1,...,an_1) € R%_
for solving (Q). Then, there hold
A _ N 1 1
) 19PN = 3N = )| > b

() JCN) =16 2 gpsiray o [0 o[ and

(i) [V )P = 3@ =M > fbert (F@) — 7).

Proof. The proof is accomplished by constructing specific functions that match the lower bounds. In all
three cases, the constructed functions have the form f(-) = n|| - || for some 1 > 0. Note that f is convex,
X* ={0}, f(z*) =0 and Of () = {na/||x||} for any x # 0. Let z° satisfy ||2°|| = 1.

To prove (i) and (iii), we let 7) = A1+ Zl o 041))71. Using (4), (2) and ||z°|| = 1, by induction we
can show that ¥ = 20 — Z —0 Yozt ||z = (1- Zf\;)l aAn)x® # 0 and zF = 2% — Anak/||2F|| =
(1—xn— vaz_ol a;dn)z? for any 0 < k < N. Therefore, we have shown that Vf*(z™) = (A(1 +
Zi]\gl ai))_lxo, which proves (i). Moreover, by noting ||2°|| = 1, f(2*) = 0 and f(2°) = 7, it is easy to
verify that ||V fA(x N)||2 = (AN1+ Zfigl ai))fl(f(xo) — f(z*)), which proves (iii). To prove (ii), we set
n=(2A(1+ SN ) ', In this case, we have 2V = 2%/2, and thus f(z"V) = (4A(1 + SN ai))_l,
which proves (ii) since [|2° — z*|| = 1. O

If a complexity upper bound established for RPPA with any relaxation schedule coincides with any
of the lower bounds provided in Lemma 2.3, it is considered to be tight.

3 Tight analysis of RPPA with o = a € (0,v/2]

In this section, we establish a tight worst-case complexity bound for RPPA as presented in Algorithm 1
with constant relaxation schedule oy, = o € (0,+/2]. Drawing inspiration from [TV23], we identify the
key monotonically decreasing terms within the analysis that are crucial for our analysis and introduce
a double sufficient decrease inequality to simplify the proof. We now present a useful lemma, which is
applicable beyond the case of constant relaxation schedule.

Lemma 3.1. Let 2* € X* be arbitrarily fived and {(z*,2%)} x>0 be the sequence generated by Algorithm
1 for solving (Q). Then, for k > 0, we have

1 2 —
25t — 2|2 — [l — 2|2 + o2k — 2, (11)

* k
1) 2 1) + e -

2 o,



1
FE) = FE + oY (M0 = M2 4 2 = 2P = (1= )28 = 2)%), (12)
ap —2 E4+1 _ k2 Ak k+1 _  k+1p2 ag (o — 1) E_ k2
S a1 = P g I R Dk )
_ <(Ik+17 ZkJrl) o (Ik o zk),z]Hl o Zk> > 0. (ak 7& 1) (13)

Proof. For any k > 0, from 2* = Prox,;(z"), we obtain 0 € 9f(z%) + zk;mk, and thus

Substituting z = z* in (14), we get
. 1 . (6) 1 N N
F@®) 2 f5) + St = 282 =28 = @R 4 o (18 = b+ 10 = 27| = [le* = 2*)) . (15)

Since 2%+ = agzF + (1 — ay)z*, using (7) and the fact that #FT! — 2% = a4, (2 — 2%), we deduce
1 -1
2 — a2 = = [|la* T — 2t + ok — 2t 4 (1 - )| — 22,
A &95

Substituting this into (15) directly gives (11). Setting z = 2*~! in (14) and utilizing z*~1 — 2% =
(1 — ap_1) (2%~ — 2¥~1), we obtain

_ 1 _ (6) 1 _ _
FEY > M) + XW— 2P A= 2R = (R + 2 (2" = &P+ [|25 = 2" PP = 2% = 2 1)17)

1 _ _ -
= PG+ gy (17 = 282 1128 = 2271 = (= )15 = 22,

which verifies (12). The equality in (13) follows by

<(xk+1 o Zk+1) o (fEk o Zk),Zk+1 o Zk) _ <xk+1 o Zk+1,zk+1 o Zk> o < k k _k+1 Zk>

1
(Algl) <xk+1 gl gkl Zk> — 1<xk+1 R zk>
©  ar—=2 k2 Qk k41 k12 QA k k412
(Algl) i =2 kg1 g2 Qk k1 kigz, Gkl —1) 0 po
2 ST I P g I = R SRS

Recall that % € 0f(2%). Leveraging the monotonicity property of the proximal operator, we can
deduce that (¥t —zk+1) —(gk—2F) 2F+1_2K) > 0 thereby confirming the assertion of (13). O

Next, we prove the monotonicity of ||z* — z*||, which shows that the norm of a specifically selected
subgradient element decreases monotonically as k increases.

Lemma 3.2 (Monotonicity of ||z% — 2F||). Let {(z*,2%)}x>0 be the sequence generated by Algorithm 1
for solving (Q) with ar, = « € (0,2]. Then, for any k > 0, it holds that

[ e F e (16)
Proof. We consider three cases: (i) a € (0,1), (ii) « € (1,2], and (iii) o = 1.
(i) For a € (0,1), applying (8) with # = z** — k1 y = 2k — 2k and k = = > 0, we obtain
L”zk+1 _ Zk||2

Algl ! - (17)
B |41 — 2k 12 — (1 — a)|12F — 2|2

HZkJrl o Zk||2 > aHZkJrl o xk+1||2 o

(ii) For a € (1,2], similarly, applying (8) with z = zF+1— 2**1 ¢ = k1 — 2k and k= 15 > 0 gives

HZkJrl _ Zk||2 k+1 $k+1||2 + 1||$k+1 _ Zk||2
N (18)

Alg]
D o)l 24H — o2 4 afa — 1)1 — 2F)

< alz



For both cases (i) and (ii), we derive

asz _ kaQ _ asz'H _ xk.HHg
oa—2 o
- 1—a (a”ZkJrlf karl||2*Oé(1705)||z}c — kaQ) + EH'ZMFI* xk+1||2 + a(afl)”zk _ ka2
(17) or (18) o — 2Rl k2 O e eili2 . i (19)
= 17" * l +§H'z T gkt I? + a(a—1)|2F —2F||2 >0,

where the “=" can be verified straightforwardly. This confirms (16) for o € (0,1) U (1, 2].

k+1

(iii) For o = 1, we have x = z*. Using the monotonicity of the proximal operator, we derive

0 < <(Zk o ZkJrl) - (Zkfl o Zk)’zk+1 o Zk> _ <(22k o Zkfl) o Zk+17zk+1 o Zk>

< sz o Zk:71||2 _ ||Zk+1 _ ZkH2 _ ”Zk o sL,lc||2 _ HZkJrl _ xk+1”2.

In summary, we have shown that (16) holds for all £ > 0. O

Lemma 3.3 (Double sufficient decrease). Let {(z*,2%)}r>0 be the sequence generated by Algorithm 1
for solving (Q) with ax, = « € (0,2). Then, for any k > 0, there hold

1. f(2F) > f(2RFL) 4 L2 — b2 4 a2k — o2 ifa € (0,1], and .............. (2SD-1)
2. F(2%) > F(2FTY) 4 & o2 | — b2 L 2O ok k2 irg € (1,2). Ll (2SD—2)

Proof. We first address the case a € (0, 1], the proof of which is divided into two subcases: « € (0,1) and
a = 1. For a € (0,1), combining (12) with (17) directly yields (2SD-1). For a = 1, we have z*+1 = 2F.
Thus, (12) reduces to f(z*) > f(z**1) + f[|z5T1 — 2*F1||2, which is exactly (2SD-1).

Now, consider the case a € (1,2). It follows from (13) that

k k - k k ala—1)*
[ HQZEH'Z +1—5U+1||2+T||Z Al
Combining the above inequality with (12) directly demonstrates (2SD-2). O

Now, we are prepared to establish the tight complexity bound for RPPA with oy, = a € (0,v/2] by
using the function value residual as the optimality measure.

Theorem 3.1 (Tight complexity bound for RPPA with oy, = o € (0,v/2]). Let 2* € X* and N € N
be arbitrarily fived. Let 2N be the output after N iterations of Algorithm 1 for solving (Q) with constant
relazation schedule ap = « € (0, \/5] Then, it holds that

1
FEN) - 1) £ ol — ot (19)

Furthermore, this bound is tight.

Proof. Reorganizing the terms in (11) gives

1 z* 2 1 k+1 * (12 k * 2 - k2
- — > — _ > 0.
Sl = P = S = a2 > (R — )+ S a2, k>0
Summing up the above inequality over £ =0, ..., N, we obtain
1 212 1 N+L _ x2 2—a, 02
- > - - —
ol — P = e [ Z R B
A 9 _ . .
-y (£ - 1)+ 252051 - Z||2) + (N DEY) - 1@ (20)

1=0

Next, we separate the proof into two cases: a € (0,1] and « € (1,v/2]. For a € (0, 1], utilizing (2SD-1)
in Lemma 3.3, we obtain for all 0 < ¢ < IV that

2 —

1) = £EM) +

N-1
. a+1 « 1, . -
e T o ARl LR Sl Eey CRa PR
k=i+1



(O ((N—i)a 2-a N N2
> — . 21
> (5522 + 550 1 - o) (21)

For o € (1,v/2], we can also establish (21). In fact, in this case, by utilizing (2SD-2) in Lemma 3.3, it
yields for all 0 <7 < N that

i 2 — i 1 2 1 a?—2 i i
FE) = FEN) + o P 7 _al? N — NP+ < Z 127 — 2*||?+ ol &
k:z+1

O ((N—i)a 2-o N _ N2
> _
> (52 58 - o

where the second “>” also uses o < v/2. Substituting (21) into (20), we obtain

1 1
2)\ ” 0 __ *”2 o meN—H _ 1,*”2
> (v | IO oy (Y - g e

Substituting k£ = N into (15), we drive

f(l'*) > f(ZN)+%<$N—ZN,$*—ZN>:f(ZN)+§<£L‘N—ZN7£L‘*—$N+1+£L'N+1—ZN>
(Algl) 1 . 1-a
R O R A LIl P el (23)

Combining (22) and (23), setting v = 2\(f(zV) — f(z*)), * = 2° — 2%, y = 2N — 2%, 2 = 2N — 2N,
s=a(N+1)and v =2(1 — a) in Lemma 2.1, we directly obtain the desired result (19) by noting that
s+~ > 0 holds for any o € (0,4/2] and N > 1. Finally, the tightness of (19) can be easily verified by

noticing that it matches the lower bound given in item (ii) of Lemma 2.3. O

Remark 3.1 (Complex1ty bound for subgradlent norm ||Vf>‘ H Let ap = o € (0,V/2]. Since, by
( ), we have V fAzN) € 0f(z ||Vf>‘ H can be viewed as the subgradient norm residual of f at
. By slightly modifying the previous analysis, we can derive a tight complezity bound for ||Vf>‘ H
Fzrst by summing the inequality (11) over k =0,1,..., N — 1, we can obtain a result analogous to (20).
Then, by following the same reasoning as in Theorem 3.1, we can derive an inequality similar to (22):

1
2\«

1
Sl — ot e — )P 2 N

alN + 2 9 *
2N e ) - s @

Next, by setting k = N in (15), leveraging the fact that f(zV) — f(z*) > 0 and rearranging terms, we
obtain

oV —a|* > || =N+ )N ) (25)

By combining (25) with (24), followed by eliminating certain non-negative terms from the right-hand side
of (24), we achieve the bound ||V f(z™)|? < mﬂxo — 2*||2 for any a € (0,v/2]. The tightness
of this bound can be verified by item (i) of Lemma 2.3 as well.

4 Tight analysis of RPPA with TV’s schedule (9)

In this section, we establish a tight worst-case complexity bound for RPPA with T'V’s relaxation schedule
as presented in (9). As in Theorem 3.1, function value residual is used as the optimality measure, and
the established bound is approximately /2 times better as N — oc.

Theorem 4.1. Let 2* € X* and N € N be arbitrarily fized. Let 2z be the output after N iterations of
Algorithm 1 for solving (Q) with TV’s relazation schedule defined in (9). Then, it holds that

FEY) = @) <€ rg e — 2P, (26)
—-1

where An_1 is defined in (9). Furthermore, this bound is tight.
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Proof. Similar to the proof of (2SD-2) in Lemma 3.3, by utilizing (12) and (13), we can show

1 2 1 2(ay — 1)2

> k+1 B+l k12, & E k)2 L >

FH) 2 FERY) 4 gy g b2 S HOR Tk g vk >,
which further implies for all 0 <1i < N that
) 2 1 2 1 a
AN N z 2 N N 2 i a2
£~ £ + e reus EU AL LR o] R
] Nl , (27)
tox 2 (=i e )HZ’“—m’“ll2~
k=i+l

Rearranging (11) gives 55 ||z% — 2*||2 — 2 [|z*+! — 2*(|2 > ap(f(z%) — f(2*) + 258 ||F — 2F||?) for all
k > 0. Summing up this inequality over k =0,1,..., N, we obtain

e *||2>Zaz( )= FN) 4 2 = IP) + AN - @)

Making use of (27), the above inequality further implies

* 1 * @ —a *
pallat =l = gyl a2 2 exGRend N a2y Ay (f(EY) - f(a*))
1 3= N-1
a?—2 i -
72 o[ 12N — VP 4 222 T Y (i + HBI ok o)
=0 ki1
! A =/ 24 24 1)2 2,
=gl (s row o) IV N [P Y Ml ) ot
k=1
[e3 (X2—
ol 22000 + An(F(zN) - f(@7)). (28)

Applying the results from (10), we can verify for k =1,..., N — 1 that

T +2A"‘E,§Cj'§_1)2 + aké‘:i;m Ap 12+ Ap) + 552451 (a — 1) + (2451 — o A1)
= A1 (24 Ap) + 5[ Ak 1(0F — 204) + 2Ak 1) = A2+ A1) + Apa( o 7)
=Ap_1(2+ Ag_1) + Ap—1(a, —2 — Ag) =0,

as well as
SN oy (2—an)=An-1(2+ Ay-1)+2ay — ok =A% —ad +24y = Ay (Ax +2(1-aw)).

Hence, (28) can be simplified to

An(A 2(1—
N+1—.’L‘*||2 > N( N ‘;)\( CYN)) HZN _

*”2_7

- NP AN -1, (29)

—A||ac0—x x

Similar to (23), we can derive
* N N_ N _x N+1 l—an, n N2
P2 FEN) 2@ = N ot - a4 LN e (30)
By combining (29) and (30), and setting v = 2A(f(zV) — f(z*)), z = 20 —a*, y = 2N — 2% 2 =
2N — 2N s = Ay and v = 2(1 — ay) in Lemma 2.1, the desired upper bound result (26) can be derived

straightforwardly. Finally, the tightness of (26) follows from item (ii) of Lemma 2.3 and the definition
of Ay_1 in Lemma 2.1. O

5 Accelerate RPPA via silver stepsize schedules
In this section, we analyze the performance of RPPA using the silver stepsize schedule from [AP23b].

Additionally, we propose two modified schedules based on the silver stepsize schedule. These sched-
ules permit the stepsizes to be considerably larger than 2 and enable higher-order convergence rates of

11



O(1/N1-2716) for either the function value residual or the subgradient norm, surpassing the standard
O(1/N) rate.

Before deriving the results for RPPA, we first establish the tight complexity bound for GD method
with the silver stepsize schedule for minimizing smooth convex functions. Part of these results can be
directly utilized to establish the tight convergence rate of RPPA with the silver stepsize schedule.

5.1 Tight convergence rate of GD method with the silver stepsize schedule

Consider minimizing an L-smooth convex function h via the N-step GD method (5) with stepsize schedule
a = (ap,a1,...,an-1) € RL normalized by L. For any m > 1, the silver stepsize schedule, denoted
by 7(™) was first proposed for the GD method in [AP23b]. The m-th silver stepsize schedule (™) is a
vector in R{Z__l, and it is recursively defined as follows:

M= [V2] and 7™+ .= [z(M) 1 4 pm=t 2(M) 0 vim > 1, (31)

where p = 1+ /2 is the silver ratio satisfying p? = 2p + 1. For convenience the components of 7(™) are
indexed by i € {0,1,...,2™ — 2}. By this definition, we have ZZ 0 Z(m) p™ — 1. In [AP23D], the
following convergence rate for GD method with silver stepsize schedule was established.

Theorem 5.1 ([AP23b, Theorem 1.1)). For any fized m > 1, let N = 2™ — 1. Then, for any L-smooth
convex function h : R* — R and any x° € R?, there holds

] P A el O A el
< <
T 14 \/‘W = 2plos: N 9N1.2716

where x* denotes an arbitrarily fized minimizer of h, and x™¥ denotes the output of the N-step GD method
(5) using the silver stepsize schedule o = (™).

However, as discussed in [LLG24, Section 3.1], the above convergence rate is not tight. By [L.G24,
Conjecture 3.2], GD method with the silver stepsize schedule 7(™) was conjectured to have the following
tight rates:

La° —a||”
S | |
- 4pm -2
In the following, we will prove this conjecture is true. To do this, we first 1ntr0duce the following definition
of Q" .y» Whose nonnegativity plays a fundamental role in the proof.

and || Vh()|| < M

Definition 5.1. Given any L-smooth convex function h and xz,y € R?, we define

1
Q1 = h(z) = h(y) = (Vh(y).z =) = 57 [VA(z) = V)|, (32)
which is nonnegative due to L-smoothness and convezity of h [Nes18, Theorem 2.1.5].
Next, we recall [GSW24, Lemma 1], which is useful in our analysis.

Lemma 5.1 ([GSW24, Lemma 1]). For any fivzed m > 1, let N = 2™ — 1. Furthermore, define a matriz
AM) e R2"X2™ "whose components are indexed by (i,5) € {0,1,...,2™ — 1}2, recursively by

02 —1)x(2i-1)

0 , AW 0 ()
AW = P . and AUt .= |+ P r , (33)
L0 P2A(1) 0@2i—1)x(2i-1)
P’ pr®) 0
fori=1,2,...,m—1. Let h : R* — R be any L-smooth convex function, x* be any fired minimizer of h

and 2° € R? be any initial point. Let {z*}N_, be the sequence generated by the N-step GD method (5)
with stepsize schedule oo = (™). Then, we have

2m—2

0 S A= 3 () b - g [V - (T 40 ) )

1,7€{0,1,...,2m—1}

e e e L P

12



Using Lemma 5.1, we can then prove the validity of Conjecture 3.2 in [LG24].

Theorem 5.2 ([L.G24, Conjecture 3.2]). For any fized m > 1, let N = 2™ — 1. Let h : R? — R be any
L-smooth convex function, x* be any fized minimizer of h, z° € R? be any initial point. Let {xk}{cv:o be
the sequence generated by the N-step GD method (5) with stepsize schedule o = 7M. Then, we have

L|2° — z*|]? L|z° — z*|?
h(zN) — h(z*) < !m . (m|)} = ”4 m_z” , (35)
(22 e +1> P
Lz — x> Lz —z*
[whe < ot ol Bl e 30)
Do ™ 1 P
Furthermore, these bounds are tight.
Proof. To prove (35), we note that 0 < Qx* i = = h(z*) — h(z") — <Vh ¥ —x > — i HVh(a:i)HZ.
Thus, Lemma 5.1 implies
2™ _2
0 < ST A L+ Y QL+ QR e
i,5€{0,1,....2m —1} i=0

2

2m_2
34 m m_ . L m_ m m_ 1|2
e E 771( ) (h(as*) —h(2*" 7t — (Vh(z"),z* — 330>) -3 Ha:2 b :I:OH — ‘Vh(a:Q 1)H
i=0

o (h(z*) —h(z*" 1) - <Vh(x2m71)7x* - x2m*1>>

. . " L L
@ @2pm = 1)(h@®) = A" ) + L(e*" T = af0" = a®) 4 S 20 = 2P = 5 || -
L Hme*l — 9:0H2 — pz—m ‘Vh(xzm;l)HQ —p" <Vh(x2m71) 5 — x2m71>
2 2L ’
" L L ym m - ?
— (2p™ — 1) (h(:c*) — h(z? -1)) + 5 o —a*|* = 5 2" - %Vh(ﬁ 1y g,

where we have used Y7 272 pm) = pm 1 and — 22 2™ Vh(2t) = Lz = 2°) in (). Reorga-
nizing the terms yields the desired upper bound in (do)
To prove (36), we note that 0 < Qx* 2 = @) — h(z') = (Vh(z'),a* — 2') — 5= HVh(xZ)H2 and

0< QZQm,_l’I* = h(m2m’1) —h(z*) — 5+ ||Vh x2m’1)||2. Thus, Lemma 5.1 implies

2™m—2

0 S Z zy xt,xd + Z Qx* xt + z*,p2™m—1 +me22m,17x*

4,7€{0,1,...,2m—1}

27 —2
34 m m ; L m 2 2m 1 m 2
SR A () = ha ) = (Tt —a) - 3 [ = ot - B o )|
i=0
— <Vh(x2m71),x* - 1:2m]71> + (p™ - 1)(h(x2m71) — h(x*))
() 2m 1 0 ,x_ .0 Ly o sz Lyo_ w2 L2 of|?
(e =0t =)+ 5 2 — P - 5 e o] - 5 2 0
L™ 2m—1 ‘ 2m—1 H2 < 2m -1y 2m71>
5 H —Vh@ || - 52 ’wL(x ) Vh(a? V), 2" — o
Lip™ 2m 1 L 0 2 Ll omy 1 2m 1 ?
] A I ] e AL B B
where we have used 227”_2 7™ = pm — 1 and — 22 2 rMh(2) = L(22" ! — 2°) in (x). Reorga-

nizing the terms yields the desired upper bound (36).
Finally, the tightness of the bounds in (35) and (36) can be easily confirmed by considering the Huber

function as discussed in [LG24, Section 3.1]. We omit the details for brevity. O
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5.2 Accelerated convergence rates for RPPA with silver stepsize schedules

We now return to the convex optimization problem (Q). Let {(«*,2*)},r>0 be the sequence generated
by Algorithm 1. Consider the connection between RPPA and GD method as given in (4), we can apply
Theorem 5.2 with h = f* and L = 1/\ and obtain the following convergence results.

Theorem 5.3 (Convergence rate of RPPA with silver stepsize schedule 7(™)). Let 2* € X* be arbitrarily
fized and z* = Proxy;(z*) = 2*. For any fized m > 1, let N = 2™ —1 and { (2%, 2*)}}_, be the sequence
generated by Algorithm 1 for solvmg (Q) with stepsize schedule a = 1) from any starting point 20 € RY.
Then, we have

J° —

(4p™ — 2)A

0 _ %
and HVf)‘ H < M

o (37

FEN + 2 VAP - fa) <

Note that p™ = (N + 1)1°82° ~ (N 4 1)12716_ Therefore, Theorem 5.3 has already provided an
accelerated convergence rate for RPPA using the silver stepsize schedule. Moreover, the upper bound
on ||[VfA(@N)|| given in (37) is tight due to item (i) of Lemma 2.3 and the fact that Zf 0_2 Z(m) =
p™ — 1. On the other hand, the first inequality in (37) also yields an accelerated complexity bound for
the function value residual f(z") — f(z*). However, this bound is no longer tight. Deriving a tight
upper bound for (f(zV) — f(z*))/ ||2° — x*H2 from the first inequality in (37) remains challenging. This
challenge motivates us to construct two modified silver stepsize schedules: the “right silver” stepsize
schedule 7™ and the “left silver” stepsize schedule 7(™). These two modified silver stepsize schedules
allow us to achieve accelerated and tight convergence rates for RPPA under the measures (f(2%)

N/ |2 — = H and ||V f2 (2 H /(f(x%) — f(z*)), respectively.
Our ‘right silver” stepsize schedule W(m) is defined by extending the silver stepsize schedule with an
additional element on the right, i.e.,

70 = [y] and 7™ = [z(™ ~,], VYm>1, (38)
where v, = % (1 ++v1+ 4pm) > 1 for any m > 0 is a solution to
Yoo = Y + P (39)
On the other hand, our “left silver” stepsize schedule (™ is defined as

7@ =[] and 7 = [y, 7], Vm > 1. (40)

Define Ty, := 1 4+ v + Z?;o 7™ for m > 1. Then, it follows from (39) and ZZ - gm) =p" -1

l
that
om_9

m m (39 1 1 m
Tn=1+9m+ > m ):’ym—l—p'(2)721=§+§\/1+4pm+,0 . (41)

=0
For N = 2™, we have T}, = 2 + $V/1 + AN0820 + N'°&2/ ~, NIo&27,
To prove convergence results of RPPA with the silver stepsize schedules 7™ and 7("™) | we need to
adapt Lemma 5.1 from GD method to RPPA (see Lemma 5.3). This adaptation is based on the relations
(2) and (3). Before proceeding, we introduce the notation ny, _;» which is crucial to our proof.

Definition 5.2. Given N € Ny, a € RY, and 2° € R?. Suppose that {(z*,z*)}}_ is the sequence
generated by Algorithm 1 with stepsize schedule o for solving (Q). Let x* € X* be any minimizer of f
and z* = Proxs(z*) = x*. For anyy € R? and j € {,0,1,..., N}, define

Pl =) = (&) = (V@) y—2). (42)
From (2), we have V fN(27) € 0f(27) and thus szj > 0.
Next, we show that Qll wi = szz ,; forany i, j e {x,0,1,...,N}.

Lemma 5.2. Given any fited N € N1, a € RY | and 2° € R?. Suppose that {(z*, 2*)}1_ is the sequence
generated by Algorithm 1 with stepsize schedule o for solving (Q). Let x* € X* be any minimizer of f
and z* = Proxy¢(z*) = «*. Then, we have

QL =PL ., Vije{x01,. .. N} (43)
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Proof. Recall that f* is convex and (1/))-smooth. Further considering the notation defined in (32) and
(42) and the relations (2) and (3), we obtain

QL pah - fA(wj)—<ka(mj>,xi—xﬂ‘>—5||ka<zi>—vﬁ<zj>||2

CLO P2y = f2d) = (V@) 2 — 27 + X (V) — VfA(Zj)»

+%<VfA($i)—Vf’\(xj),VfA(x)—&-ka(x] )) — HVf/\ vfk(zj)‘f
= f(z") = f(Z) = (V)2 = ) = sz,z”

for any 4,5 € {%,0,1,..., N}. This completes the proof. O

By invoking » = f* in Lemma 5.1, we can derive the following lemma, which plays a key role in
proving the convergence results for RPPA with the modified silver stepsize schedules 7" and z(™).

Lemma 5.3 (Adapted from Lemma 5.1). For any fivzed m > 1, let N = 2™ — 1 and {(z*,2%)}2_, be
the sequence generated by Algorithm 1 for solving (Q) with the silver stepsize schedule o = 7™ from
an arbitrarily starting point 2° € RY. Then, we have

272
0< Z A(J)sz = Z oy (f(zi)—f(zgm_l)+<Vf’\(xi)7w0—zi>>
i,5€{0,1,...,2m —1} i=0 (44)
— (mefl))‘ vak(er”fl)HQ_é 2%32&,va($1) i
2 2| & ’

where AU™ € R2">2" " whose components are indexed by (i,7) € {0,1,...,2™ —1}2, is defined in (33).

Proof. Due to the connection (4), we can invoke h = f* and L = 1/) in Lemma 5.1 and then deduce

2m 9
0< Z A(m)Qm = Z a; (f)\({l;l) —f’\($2m_1)+<Vf’\( N a —x>+ va)\ 1)H2>
i,je{0,1,....2m 1} i=0

-3 szm—1 _ 0H2 P (e = A va)\(x2m—1)H2_

x
2
Then, by leveraging Lemma 5.2 and the relations (2) and (3), we derive
0< Z A(m sz . (43) Z QIL o
i,7€{0,1,...,2m —1} z‘,je{o,l,...,2m—1}
a) 2022 Y . . 2 . 4
(;) Z az(f(zz)_’_§va/\(l,z)HQ_f( 2 —1 va)\(x2 —1)” +<vf)\($z)7x0_xz>
i=0
A PYIRNIE Lo omy o2 (PP —p >\ 2m 1, ||?
R ITP ) gy ot ot - I o
2m—2
S ai (fE) = £ + (VA0 — 2 + AV E)])
i=0
AT ol 0N o
—3| X avse)| - et
(‘_)2771’72 i 2m—1 (0 0 _ i
2w (fE) = T+ (V) - )
=0
NS A 2 (PP — 1A VA (2" 1 2
“5|| X Ve - =2 e |

where we have used 32 2 a; = 22 2 al™ = pm —Tand 22" — 20 = = 327 2 A VA (2f) in ().
This completes the proof. O
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The following technical lemma will be used in subsequent analysis. Although it may appear complex
initially, its verification is elementary as it comprises equations.

Lemma 5.4. For any vectors a,b,c,d € R? and positive scalars r,s € Ry, we have

(b7a>—%(TQ—l)HcHz—%||b\|2—|—(r+1)<c7a—b—c>+2r<d,c—d—sc)+2s(d,a—b—sc—d>
= 2 (lall® = fla b~ (1 4+ rje — 2sd|*) +2 (>~ 5 ) (d, d — c) (45)
and
s+r 2 2 2 S
3 ((b,(1=s)c+dy—(r*=1)||d||” = (d,b+ (s = D)c+d)) — || +;<c,b+(s—1)c+d)
2
9o s*P—s—r
=—(s+r)|d|l +T<c,—b+rc—d>. (46)

Then for RPPA with the right silver stepsize schedule 7™, we establish an upper bound for the
measure (f(2) — f(z*))/ || — x*”2 in the following theorem.

Theorem 5.4 (Tight convergence rate of RPPA with the right silver stepsize schedule ﬁ(m)). For any
fized m > 0, let N = 2™ and {(z*,2%)}_, be the sequence generated by Algorithm 1 with stepsize
schedule o = 7™ for solvmg (Q) from any starting point x° € R%. Let z* € X* be any minimizer of f
and z* = Proxys(z*) = «*. Then, there holds

1
FEN) = 1) < g or 10 = ~ S gy o0 =

where T,y is defined in (41). Furthermore, this bound is tight.

Proof. For m = 0, we have N = 1 and a = 7® = [y]. Note that 0 < P’ , = f(z*) — f(z') —

z*,zt

(VfAah), 25— 2"),0< P;)721 = f(2°) = f(z}) = (V[ a?),2° — 2'), and Ty = 1 + . We thus have

0 < 2P . +2P)  +29P

(2),(4 )2T0 (f( )—f(zl)) +2<Vf>‘(a: ), 20 — 2* —AVfA x0)>

(
+2(V M a'), =0AV 2 (2°) = A (VA ') — VA))
+ 270 (VA ('), 2% — 25 — AV A (2%) = AV A (ah)),
2T, (f(z*)—f(zl)) —&—%(on—z*ﬂz— on—z*—Z/\Vf)‘(x )—270)\VfA H (47)

D

(45)

where in the second “=" we have utilized (45) with @ = A=%/2(z0 — 2*), b = 0, ¢ = A2V (20,
d= N2V a'), r =1, s = 70, and the fact that 72 —vo — 1 = 0. Hence, (47) implies that the desired
bound holds for m = 0.

For m > 1, we have N = 2™ and a = 7™ = [z(™ ~,.]. Since the first 2™ — 1 stepsizes are
identical to the silver stepsize schedule 7("™) the inequality (44) in Lemma 5.3 still holds. Then,

by noting 0 < P/, = f(z*) = f(2') = (VA1) 2* = 2%), 0 < Pl i om = f(22"71) = f(2*") -
(V) 22" = 22"y and Ty = 14 4+ 3oy > @ = Y + p™, we derive

2m_2
0 < Z A(m)szin"‘ Z a; P un ZL P +1)Pz 22M 1+2me2m 1 2m+27mPZ ,22™
i,7€{0,1,...,2m —1}
(1) = * om 1 Aoy 0 % (P = 1A A2m—1h |2
2N () = ST (VR0 - ) = e e e
i=0

+(p"+1) (f(z*) —fZT Y = <fo(x2m_1)7 o ng_1>>

om_o 2

Z Oéivfk(xi)

=0

+2p™ (f(sz*l) - f(zzm) - <Vf>‘(x2m),22m*1 — 22m>> — %

16



+29m (1) = £ = (V)2 = 22"))

(2),(4) om N~ (™™ = DA || pap 2m -1 ||
M09, (£(21) - £2T) + ; A R e A Ca]
2m_9
+(p" +1) <ka<x2“>,x0 —2 =X ) Vi) - WfA(m2m'1)>
i=0
A\ 2m _2 ‘ 2
+ 2 A (VA VA = VA =3V A - || v )
i=0
2m—2 )
+ 2%m <ka<x2 ),al =2 =AY V@) = 4 AV T - Wf*(ﬁm)>
i=0
45 1 22 ’
(45 A 1/2($ — ) — A\L/2 Z ainA(xi) . (1+pm))\1/2Vf’\(x2m*1) —QWmAl/QVf’\(xzm)
’L:O
* m * 2
F2T, () = FG)) + 5l — (48)
where in the last “=” we have utilized (45) with @ = A~Y/2(20 — 2*), b = \1/2 21‘22672 a; VA (),

c= A2V A 22", d = N2V AN a2, r = p™, s = ym, and the fact that 42, —~,, — p" = 0. Hence,
P i Tm =7 P

(48) implies that the desired bound also holds for m > 1. Finally, the tightness of the bound can be

verified by using item (i) of Lemma 2.3 and the fact that Tp,, = 1+ Y-, "« O

Our final result concerns RPPA with the left sﬂver stepsize schedule E(m). Here, we establish a
tight upper bound for the measure HV P H /(f f(z*)). This measure is especially relevant in
overparameterized models, which are frequently encountered in machine learning applications. In such
models, f(z*) is often a known constant, such as 0. In these cases, the initial function value residual is
directly computable, whereas the initial distance to a minimizer can be difficult to estimate.

Theorem 5.5 (Tight convergence rate of RPPA with the left silver stepsize schedule ﬂ(m)). For any fixed
m >0, let N = 2™ and {(z*,2%)}_, be the sequence generated by Algorithm 1 with stepsize schedule
a =71 for solving (Q) from any starting point 2° € dom(f). Let z* € X* be any minimizer of f and
z* = Proxyf(x*) = a*. Then, there holds

1
2Nlogz p

SITPEI < 50 (70 - £a7) ~ (£6%) = ).

where Ty, is defined in (41). Furthermore, this bound is tight.

Proof. For m =0, we have N =1 and & = [yp]. Note that 0 < on o =1 = f(z°) - A HVf’\(xO)||2,

0 < szl’z* = f(z") = f(2*), 0 < PZfl’ZO = f(z") = f(z°) - <Vf)‘( ),Zl_zo>v 0< szo,zl = f(z°) -
f(Zl) - <Vf/\($1),20 - Zl>, and Ty = 1 4 9. We thus have

0 < TOszO,zl + ryopzfl,z" + Pa{[),zo + szl,z*

CLY £(0) — f(2) = TA (VA (@), (0 = DV ) + VA @)

+70A<ka<x0)7(%fl>wk<x)+Vf* ) = AV )
F(@°) = 1) = T [V @] + (38 =70 = DAV @0), VA ) — VA Y, (49)

where in the second “=" we have utilized (46) with a = b = 0, ¢ = A2V a0), d = A\/2V (),
r=1and s =p. Since ¥ — o — 1 =0, (49) implies that the desired bound holds for m = 0.

For m > 1, we have N = 2™ and a = 71("™) = [y,,, 7(™)]. We define the multiplier matrix C'("™) :=
%A(’”) € R?"*2" whose components are indexed by (i,5) € {1,2,...,2™}2. Since that the last 2™ —1

components of 7(™) are identical to the silver stepsize schedule 7("™), the sequence {zY U {37 s

generated by Algorithm 1 with stepsize schedule 7(™ from starting point z!. Thus, by Lemma 5.3, we

(46)
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have

(m) 2Tm
0< Z C z 2 p2m
i,je{1,2,...,.2m}

3 (1) 1)+ (9P @t - )

om N 2" —1 ) 2
D opee| -2 S avpe) ] (50)
i=1

Note that 0 < Pa{07z0 = f(2%) — f(2Y) )\HVfA(xO)| 2, 0< szw o = f(z2") = f(z%), 0 < szl o=
F(2") = f(2°) = (VA (2%), 2" = 2°), 0<szozlff(20)*f( D)= (VI AMa"), 20 = 2"), and T = 14y +

Z?:fl a; = Ym + p™. We thus have

QWL
Tm
0 < Y ompL L+ e S i (Phc+ Pl )+ P | + ﬁpg;m ot P o+ Pl
i5€{1,....2m} i=1
@ Lo ' v
(1 + 3 %) (PO = 1G2) + T (PG = FED) + 56) = FE) + £ = £7)
m m 2
T (< A( i 1_,0_ 2" 2 a2 |1 - A( i
—|—p2—m Zai<Vf (x"),20" —2° — 2 >—(pm—1)>\HVf (x )H —-A Zain (z*)
i=1 —
A2 2™ 0 Jm A 0_ A
+<Vf (z% ),z z>>+pm<Vf (z9), 20 — 22 > )\HVf )||
(2),(4) ., o A A, 2™
= f (=) - f(z* Zazw (1= ) V(%) + VA (")
2m i
- <Vf* Z VA + (ym = DVIAN0) + VfA(wT")> ) =AMV
v <ka Zazw* + (9 = DV ) + V(@ >> — (P = A [V
(46) m |2
2 J60) = £ = Tod [ @) | : (51)
where in the second “=" we also used 2121 =22 (m) — pm — 1 and in the last “=” we have
utilized (46) with a = 0, b = \/2 21 la,vﬁ( N, ¢ = Al/QVfA(xO), d = N2V A2, r = p7,
8 = Ym, and the fact that 72, — v, — = 0. Hence, (51) implies that the desired bound also holds for
m > 1. Finally, the tightness of the bound can be Veriﬁed by using item (iii) of Lemma 2.3 and the fact
that T,, = 1+ Y0 g Lo O

5.3 Discussion on the optimality of silver stepsize schedules

Given a fixed stepsize schedule, we obtain a specific instance of the RPPA and can establish its tight
convergence rate under certain performance measures. This naturally raises the following questions:
What is the optimal stepsize schedule that yields the best tight convergence rate for RPPA? Are the
silver stepsize schedules (™, 7™ and 7(™) that we previously analyzed optimal in this regard? In
this section, we aim to address these questions.

First, we consider the optimality of the order of the accelerated convergence rate O(1/N'°82°) ~
O(1/N*2716) " which we obtained for the RPPA using the (modified) silver stepsize schedules across
different measures. This order of convergence has been conjectured optimal for GD method without
momentum for solving smooth convex optimization problems [AP23b, Section 1.1] [GSW24, Remark 1].
Given the close relationship between RPPA and GD method, it is reasonable to conjecture that this
order of rate is also optimal for RPPA without momentum, i.e. Algorithm 1.

Next, we examine the exact optimal stepsize schedules, that is, those that achieve the optimal rate
even up to the constant. For any fixed N € N, and a € RY 2y, the tight worst-case rate of Algo-
rithm 1 with the stepsize schedule a under different measures can be computed numerically using the

18



performance estimation approach proposed in [DT14, THG17¢c, THG17b]. Additionally, for any fixed
performance measure, we can conduct a numerical search for the optimal stepsize schedules that mini-
mize the tight worst-case rate. The problem of finding the optimal stepsize schedules can be formulated
as a nonconvex quadratically constrained quadratic programming problem and be solved numerically
by a customized branch-and-bound method (abbreviated as BnB-PEP for later use), as described in
[DVR24]. In this paper, we have considered the followmg three measures: HV Az || / Hm —x H

(f(zN) = f(@*)/]|2° — = || and ||V f2 (2 || /(f f(z*)). In the following, we denote the numer-
ically optimal stepsize schedules for these measures as ()tgd*diSt * qfvaldistx and asdivalx respectively.
In Table 3, we compare a&ddist* with 7(™)_ for which the measure HVf’\ || / Hx x*H is used, and

afvaldistx with 7(m) for Wthh the measure (f(zV) — f(z*))/[|2° — = H is employed.

For the measure HV P || / ||9c x*H, we observc from Table 3 that the silver stepsize schedule
7(m) approximates the optimal stepsize schedule a&ddist* found via BnB-PEP for m = 1,2,3 (cor-
responding to N = 1,3,7, respectively) quite well. Therefore, we conjecture that the silver stepsize
schedule 7(™) is already optlmal for RPPA for the measure HV Nz H / Hx - || For the measure

(F(N)—=f(x%))/ Hx —x H , the constructed right silver stepsize schedule 7™ approximates the optimal
stepsize schedule found by BnB-PEP quite well when m = 0,2 (corresponding to N = 1, 4, respectively).
In Table 4, we present the tight worst-case upper bound of (f(2V) — f(z*))/ on — x*”2 corresponding
to @™ and afaldist* with m = 0,1,2,3 (corresponding to N = 1,2, 4,8, respectively). It can be seen
from Table 4 that, for m = 1 (and N = 2), our constructed schedule 71) ~ [1.414214, 2.132242] gives a
tight worst-case bound of (f(zV) — f(z*))/ on - az*H2 to be 0.054988. This value is larger than that cor-
responding to af?hdist* which is 0.54900. The discrepancy between the two is somehow nonnegligible.
A similar discrepancy is observed for m = 3 (and N = 8). This indicates that 7(™) may be suboptimal,
though it is quite close to the optimal stepsize schedule.

The right and left silver stepsize schedules 7™ and 7(™ mirror each other and provide convergence
rates that mirror the relationship between function value residual and subgradient norm (see Theorems
5.4 and 5.5). This symmetry has been observed in optimal gradient methods for solving smooth convex
optimization problems [GSW24, Kim™23]. It appears closely related to the H-duality theory presented
in [Kim™*23]. Therein, it was shown that reversing the order of steps in methods using certain inductive
proofs leads to a conversion between (sub)gradient norm and function value residual convergence. Due
to this fundamental connection, the left silver stepsize schedule 7(™) may also be suboptimal.

6 Conclusion

In this paper, we have examined RPPA for solving convex optimization problems. Our analysis encom-
passes three types of relaxation schedules. For both the constant and the TV’s relaxation schedules, we
have established non-ergodic and tight O(1/N) convergence rate results by using the function value resid-
ual or subgradient norm as the optimality measure. For the original silver relaxation schedule and two
extensions, which permit ay, to exceed 2, we have attained accelerated convergence rates of O(1/N1-2716)
across three prevalent performance measures.

Some limitations of our analysis are as follows. First, our tight analysis for the constant case can
only cover the range a € (0,/2], rather than the traditional range (0,2). This gap might be addressed
by leveraging recent advances in GD method in [RGP24], where tight bounds for the GD method with
a constant stepsize across the full range o € (0,2) were established. Second, we have maintained the
proximal parameter A > 0 as constant throughout all the iterations. This may be overly restrictive in
practice. Hence, conducting an in-depth analysis of RPPA with varying proximal parameters A presents
an interesting avenue for future research. It remains an open task for further studies. Moreover, there
is also room for improvement in the constructed silver stepsize schedules 7™ and 7("™), as they do
not precisely match the numerical optimal stepsize schedules. Determining the exact optimal stepsize
schedule also remains an open problem for future study.
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VN N *
Measure: w Measure: %
N =] ]
71_(m.) agd,dist,* f(m) afval,dist,*
1 [ 1.414214 ] [ 1.414334 ] [ 1.618034 ] [ 1.618035 ]
9 1.600519 1.414214 1.515086 f(m) afval,dist,*
1.414482 2.132242 2.038664 N
r - - = Tight upper bound
1.414214 1.414745 1.414211 N
of 1EM—1")
3 2.0 2.000451 - 1.601232 [[20—2* |2
1.414214 1.414115 2.565298
L - L E 1 0.095492  0.095492
[ 1.414214 ] 1.414214 [ 1.414214 ]
\ 1.601232 2.0 2.0 2 0.054988  0.054900
2.260578 1.414214 1.414213 4 0.028429 0.028429
| 1.414214 | 2.965447 L 2.965447 |
- . - . - . 8 0.013620 0.013422
1.414214 1.414402 1.414214
2.0 2.000943 1.601232 Tabl 4 C . b
able 4: omparison be-
1.414214 1.413279 3.989651 . b
tween the tight upper bound
7 3.414214 3.411508 - 1.414214 FEN)—f@?) .
of R corresponding to
1.414214 1.413362 2.745299 [0~ foal dist .
2.0 2.000698 1.515087 ﬁ(m) and R with m =
' ’ ' 0,1,2,3 (corresponding to N =
| 1.414214 | | 1.414120 | [ 2038664 | 1 94 8 respectively). In the
[ 1.414215 | [ 1414214 | [ L4414 ] computation, we set A = 1
5 000003 90 00 for RPPA. Each table entry is
’ ' ' obtained through solving the
1.414214 1.414214 1414214 corresponding performance es-
. 3.754383 3.414214 5.004706 timation problem. We ob-
1.414213 1.414214 1.414214 serve that 7™ attains larger
1.601232 2.0 2.0 ti%h‘g d_wtoirst—case bounds than
val,dist, — _
2.260578 1.414214 1.414214 @ . when m 1,3 (COI“
responding to N = 2, 8, respec-
L 1414214 ] | 4.284319 ] L 2.965447 ] tively). This may indicate that
i 7(M) is suboptimal.
Table 3: Comparison between a8bdist* and 7(™)  as well as
afvaldistx 5049 ﬁ(m), where a8ddist.x anq qfvaldistx Jepote the op-

timal stepsize schedules computed by BnB-PEP under the measures
IV A/ ]| = 2*|| and (f(zN) = f(2%))/ ||° — «*] 2, respectively.
Recall that 7(™) is available only for N = 2™ — 1 (m > 1), and 7™ is
available only for N = 2™ (m > 0).
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