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Abstract

Bilevel optimization has recently attracted considerable attention due to its abundant applications in
machine learning problems. However, existing methods rely on prior knowledge of problem parameters to
determine stepsizes, resulting in significant effort in tuning stepsizes when these parameters are unknown.
In this paper, we propose two novel tuning-free algorithms, D-TFBO and S-TFBO. D-TFBO employs a
double-loop structure with stepsizes adaptively adjusted by the "inverse of cumulative gradient norms"
strategy. S-TFBO features a simpler fully single-loop structure that updates three variables simultaneously
with a theory-motivated joint design of adaptive stepsizes for all variables. We provide a comprehensive
convergence analysis for both algorithms and show that D-TFBO and S-TFBO respectively require (’)(%)
and O(% log4(%)) iterations to find an e-accurate stationary point, (nearly) matching their well-tuned
counterparts using the information of problem parameters. Experiments on various problems show that
our methods achieve performance comparable to existing well-tuned approaches, while being more robust
to the selection of initial stepsizes. To the best of our knowledge, our methods are the first to completely
eliminate the need for stepsize tuning, while achieving theoretical guarantees.

1 Introduction

Bilevel optimization has gained considerable attention recently due to its widespread use in various machine
learning applications, such as meta-learning [23} 7, |66]], hyperparameter optimization [[73} [20]], reinforcement
learning [40, 32]], robotics [82], communication [37] and federated learning [78]]. In this paper, we study a
standard bilevel optimization problem that takes the following mathematical formulation:

min ®(z) := f(z,y"(z))
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s.t.y*(z) = arg min g(z,y), (D
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where f and g are jointly continuously differentiable outer (upper-level) and inner (lower-level) functions. In
this paper, we focus on the nonconvex-strongly-convex setting, where the lower-level function g is strongly
convex w.r.t. y and the outer function ® () is possibly nonconvex.

Recent years have witnessed the rapid development of bilevel optimization algorithms, which can be
categorized into approximate implicit differentiation (AID) [36} [14] based, iterative differentiation (ITD) [35,
277|] based, and value-function based [41} 48] approaches. However, these methods often require substantial
effort to tune a couple of hyperparameters like stepsizes, which typically depend on unknown problem
parameters (such as Lipschitzness parameters, strong convexity parameters, and optimal function values).
This emphasizes the importance of adaptive and tuning-free methods in bilevel optimization. In this paper,
an algorithm is considered tuning-free if it does not need to know the problem parameters in advance but can
still achieve almost the same convergence rate guarantee as its well-tuned counterpart using this information.
Despite several recent efforts to reduce dependence on problem-specific parameters [19, [2], developing
a fully tuning-free bilevel optimization algorithm remains an open challenge. For instance, [19] utilizes
Polyak’s stepsizes to automate both inner and outer updates but still requires information such as gradient
Lipschitzness parameters and optimal lower-level function values. Similarly, [1]] introduces an "on-the-fly"
accumulation strategy for (hyper)gradient norms, which removes the reliance on inner and outer gradient
Lipschitzness parameters but still depends on the strong convexity parameter for the inner AdaNGD-type
updates.

This paper aims to close this gap by introducing two novel fully tuning-free bilevel optimization algorithms
named D-TFBO and S-TFBO (where D and S represent double- and single-loop approaches), along with
a comprehensive convergence analysis demonstrating their competitive performance compared to existing
well-tuned approaches (which tune their hyperparameters like stepsizes based on the problem parameters).
Our key contributions are outlined below.

e Our algorithms are inspired by the "inverse of cumulative gradient norms" strategy introduced by [8684],
adapting the stepsizes based on accumulated (hyper)gradient norms. D-TFBO utilizes two optimization
sub-loops: one for solving the inner problem and another for addressing a linear system (LS), which
approximates the Hessian-inverse-vector product of each hypergradient. Unlike previous approaches,
D-TFBO introduces cold-start adaptive stepsizes that accumulate gradients exclusively within the sub-
loops. This method establishes a tighter lower bound on stepsizes, improving gradient complexity. In
contrast, S-TFBO adopts a single-loop structure, where all variables are updated simultaneously in each
iteration. Rather than applying the "inverse of cumulative gradient norms" uniformly to all updates, our
error analysis motivates a joint design of adaptive stepsizes for ¥, v, and x, which correspond to solving
the inner problem, LS, and outer problem, respectively. For instance, the stepsize for v is coupled with
that for y, while the stepsize for = depends on both y and v.

e Compared to the well-tuned AID methods in [35], our D-TFBO method achieves the same (’)(%)
convergence rate. Similarly, our S-TFBO method attains an O (%) convergence rate, matching that of
well-tuned counterparts, up to polylogarithmic factors. The complexity analysis shows that D-TFBO and
S-TFBO require (9(6%) and 6(%) gradient computations, respectively, to reach an e-accurate stationary
point. This comparison differs from the observation in well-tuned bilevel optimization, where double-loop
approaches generally achieve lower gradient complexity than single-loop methods [35]]. This is because
the inner tuning-free solver requires (’)(%) more iterations than well-tuned methods to achieve e-level
accuracy.

e The theoretical analysis is inspired by the two-stage framework in [86) [84]], where the stages describe the



relationship between the stepsizes and certain constants that depend on the problem parameters. However,
exploring this technical framework in bilevel problems is far more challenging because the stages for
analyzing each stepsize interact with those for other stepsizes, resulting in intertwined multi-stage
dynamics across different variables. For instance, the error analysis for the updates on v must account
for the accumulated gradient norms from the updates on y. This motivates us to couple the stepsize for
v with the adaptive stepsize for y to prevent the propagation of accumulated errors. In addition, our
analysis requires establishing precise upper and lower bounds for all stepsizes to ensure convergence
results that match those achieved under well-tuned stepsizes.

o We validate the effectiveness of our methods through experiments on regularization selection, data
hyper-cleaning, and coreset selection for continual learning. The results show that our methods per-
form comparably to existing well-tuned methods. More importantly, our methods demonstrate greater
robustness to different initial stepsizes, due to the tuning-free design.

2 Related Work

Bilevel Optimization. Bilevel optimization, initially introduced by [9]], has been extensively studied for
decades. Early works [29, [75] approached the bilevel problem from a constrained optimization perspective.
More recently, gradient-based methods have gained significant attention for their efficiency and effectiveness.
Among these, Approximate Implicit Differentiation (AID) methods [17, 46, (36| [14] leverage the implicit
derivation of the hypergradient by approximating it through the solution of a linear system. In contrast,
Iterative Differentiation (ITD) methods [54} 22] estimate the hypergradient using automatic differentiation,
employing either forward or reverse mode. Recently, a range of stochastic bilevel methods have been
developed and analyzed, using techniques such as Neumann series [[12, 36], recursive momentum [87,, 28]],
and variance reduction [87]. Another class of methods formulates the lower-level problem as a value-function-
based constraint [41} 83], enabling the solution of bilevel problems without the need for second-order
gradients. A more detailed discussion of related work can be found in the Appendix.

Adaptive and Tuning-free Algorithms. Adaptive gradient descent has achieved remarkable success and is
widely studied and applied in modern machine learning. Early adaptive algorithms trace back to line search
methods, such as backtracking [25]], and Polyak’s stepsize [65]], both of which have inspired numerous recent
variants [4, (6 [71, 81, 31} 51} 163]]. To reduce the computational cost of line search and avoid the reliance
on an unknown optimal function value, the Barzilai-Borwein stepsize [, 167, [15]] was introduced, drawing
inspiration from quasi-Newton schemes. Normalized gradient descent [[13} 161} 160] preserves the direction
of the gradient while ignoring its magnitude, removing the need for prior knowledge about the function.
[18]] and [58] pioneered AdaGrad, an adaptive gradient-based method, which proved efficient in solving
online convex optimization problems. AdaGrad rapidly evolved for deep learning applications, giving rise to
numerous methods, including popular variants like Adam [16, 69} 53| 185]], RMSprop [[79]], and Adadelta [89].
Specifically, normalized versions of AdaGrad, such as AdaNGDy, [42]], AcceleGrad [43]], and AdaGrad-Norm
(84, 86], introduced adaptive stepsizes that require no problem-specific parameters, making them tuning-free
approaches. Recent work by [55]] further established lower bounds for minimizing the deterministic gradient
l1-norm. Additional methods, such as Lipschitzness parameter approximation [56] and restart techniques
[57], have also been explored. A more comprehensive discussion refers to [38]].

Adaptive and Tuning-free Bilevel Algorithms. Instead of focusing on single-level problems, [34] extended
Adam to bilevel optimization algorithms. [19] introduced adaptive stepsizes for bilevel problems, based



on Polyak’s stepsize and line search techniques. Most recently, [2] proposed a novel framework that
applies adaptive normalized gradient descent to the strongly convex inner problem and AdaGrad-Norm
to the nonconvex outer problem, allowing the algorithm to update adaptively with fewer problem-specific
parameters.

3 Algorithm

3.1 Standard Bilevel Optimization

A key challenge in bilevel optimization is calculating the hypergradient V®(z), which, according to the
implicit function theorem, is given by:

VO(x) = Vo f (2,5 (x)) — VaVyg (2, y* (@) [Vy Vg (2, v* (@) 7 Vo f (2,9 (@),

when g is twice differentiable, Vg is continuously differentiable and the Hessian V,V,g (az, y* (x)) is
invertible. In practice, y*(x) is not directly accessible, and one often use an iterative algorithm to obtain an
estimate ¢ instead. Since computing the Hessian inverse is prohibitively expensive, a more efficient way is to
approximate the Hessian-inverse-vector product in the above hypergradient V& (x) by solving the following
linear system:

1
minR(x,y,v) = ivTVyVyg(x,g))v - UTvyf(J},:l)). (2)
v

Similarly, an iterative algorithm is usually deployed to obtain an approximate solution ¢ of the problem in
eq. (2)). Given the approximates ¢ and 9, the variable x is then updated with a hypergradient estimate given by

Standard bilevel optimization approaches select the stepsizes for updating ¥, v, and x based on problem-
specific parameters, such as Lipschitzness and strong convexity parameters [14, 36, 35]. However, these
parameters are often difficult to obtain or approximate in practice, leading to significant tuning efforts. This
challenge motivates the development of adaptive bilevel optimization algorithms that require less to no tuning.

3.2 Existing Adaptive Bilevel Optimization Methods

Among the existing adaptive bilevel methods, the most closely related to this work are [[19] and [2]. [19]
utilizes Polyak’s stepsizes and a line search to automate the stepsizes for both inner and outer updates. [2]
applies AdaNGD [42] to solve the inner problem and updates x using the inverse of cumulative hypergradient
norms, where the hypergradient norms are approximated via gradient mapping [[61] with Fenchel coupling
[59].

However, these methods are not entirely tuning-free. For instance, the initialization of Polyak’s stepsizes
in [19] depends on Lipschitzness parameters, strong convexity parameters, and the optimal lower-level
function values. While the line search approach in [19] bypasses the need for problem-specific parameters, it
lacks theoretical convergence guarantees. Similarly, [1]] requires the strong convexity parameter for the inner
AdaNGD updates.



Algorithm 1 Double-loop Tuning-Free Bilevel Optimizer (D-TFBO)

1: Input: initialization x, yo, v, og > 0, B > 0, o > 0, total iteration rounds 7', and €, = €, = %

2: fort=0,1,2,....,T —1do

33 p=0,q=0,sety) = yfjl, o) = thfl’l if ¢ > 0 and yo, vy otherwise

4 while |V,g(z,y7)]|* > €, do

1 '
5: o1 = B+ IVyg(ze v P v =y — 52 Vyg(en ), p=p+1
6:  end while
7: Pt =p
8:  while |V, R(zs,y.t,v])||> > €, do

1

% ’73+1 = 7q2 + ||vvR(It7yftavg)”2’ vg+ = th - 'Yq1+1 VUR(xhytPt’Ug)’ g=q+1
10:  end while
11: Qt =dq B » o B »
122 afyy = + V(@ y vl )P wen =20 — 5 V(@ g vpt)
13: end for

3.3 Double-Loop Tuning-Free Bilevel Optimization- D-TFBO

As shown in Algorithm[I] our D-TFBO method follows a double-loop structure, where two sub-loops of
iterations are used to solve the lower-level and linear system problems. In the first sub-loop, we employ the
idea of "inverse of cumulative gradient norm" to design the adaptive updates as

e = gl yf), with B2y = 52+ V(e o) P,
5p+1

It can be seen from Algorithm [I] that our D-TFBO algorithm employs a stopping criterion based on the
gradient norm: ||V, (¢, y)||* < €, where ¢, (defaulted to 1/7 for convergence analysis) is independent
of problem parameters. The rationale behind this design is that if the stopping criterion is not met (i.e.,
Vyg(ze, ¥2)||? > €,), the accumulation 3, of gradient norms continues to increase. This increase causes the
stepsize ﬁ—lp to decrease to a value at which a descent in the optimality gap is guaranteed. A similar stopping
criterion applies to the updates of v{ when solving the linear system.

Notably, both sub-loops utilize warm-start variable values but reset the stepsizes at each iteration (cold-
start stepsizes). The warm-start variables ensure that the initial point is reasonably close to the optimal
solution, while the cold-start scheme guarantees stepsizes to achieve stronger lower bounds. Finally, the
update of z; is based on the accumulation of hypergradient estimates V f (z, ytP Lust).

Remark 1 (Extension to a tunable version with problem-parameter-free tuning coefficients.). Although
Algorithm[l]is designed as a tuning-free method, a tunable version with the flexibility to preset hyperpa-
rameters can still achieve the same convergence rate and gradient complexity. The stepsizes for {z,y,v}
can be set as {ng /e, My /Bp, Mw/Vq} and the sub-loops stopping criteria can be set to {cy /T, c,/T'}, where
{Ne, My, Mw, ¢y, cv } are configurable hyperparameters that are independent of the problem parameters such
as strong-convexity and Lipschitzness parameters.

3.4 Single-Loop Tuning-Free Bilevel Optimization- S-TFBO

The two sub-loops in D-TFBO may complicate the implementation, and increase the number of iterations to
meet the stopping criterion. In this section, we propose a much simpler fully single-loop tuning-free bilevel
optimization method named S-TFBO, as described in Algorithm 2]



Algorithm 2 Single-loop Tuning-Free Bilevel Optimizer (S-TFBO)
1: Imput: initialization xg, yo, vg, ag > 1, Bg > 0, 7o > 0, number of iteration rounds 7’
2: fort=0,1,2,....,T —1do
3 ﬁt2+1 = 51:2 + Hvyg(wtvyt)||2

4 i =% + IVeR@, v, o) |12

5 e = max{Bip1, Ve41}

6: a§+1 = atQ + ||?f(xta ytvvt)HQ

T Yy = Y — ﬁ%ﬂvyg(ft,yt)

8 Uy = v — SO%HVUR(J}, Y, Vt)

9: Ti41 = Tt — mvf(:chyt’vt)
10: end for

The design of stepsizes in Algorithm [2| follows a similar idea in Algorithm [I| In each iteration ¢, we

update a4, 3, 7; as accumulations of gradient norms of V f, Vg, and V, R from the previous ¢ — 1 iterations.
. . . . . 1 1 1

We then update Var.lables Ys, v¢ and s1multjdneously with adaptlYe stepsizes { Be> maxl B} avmax(Berre) }

However, the stepsizes for v and x are not straightforward and require careful designs guided by our theoretical

analysis, as elaborated below.

. . . . 1 . 1 . 1 . .
Design of stepsize for v;. Instead of simply using S we introduce o0 T madAaT &S the stepsize. This
adjustment is necessary because V, R(s, 3, v;) involves the approximation error ||y, — y* () ||?
error is proportional to ||V, g(z, ) ||% using i helps control this error and prevents it from exploding after
accumulation, as validated in our theoretical analysis later.

Design of stepsize for ;. Similarly, we use %@t
1

@t
convergence.

. Since this

as the stepsize for updating x;, where the coupled factor
is introduced to mitigate the approximation errors from the y; and v; updates, leading to a more stable

Remark 2 (Extension to a tunable version with problem-parameter-free tuning coefficients.). Similarly
to Remark [l Algorithm [2] can extend to a tunable version with the same convergence rate and gradient

complexity. The stepsizes for {x,y,v} can be set as {n./cwpr,ny/Be, M/ e}, where {ng,ny,ny} are
configurable hyperparameters that are independent of the problem parameters.

4 Theoretical Analysis

4.1 Technical Challenges

Compared to existing single-level tuning-free approaches, fully tuning-free bilevel optimization poses unique
challenges that have not been addressed well.

» Compared to single-level problems, bilevel problems involve interdependent variable updates, resulting
in more complex and interconnected stepsize designs.

* The stages for analyzing each stepsize interact with those of other stepsizes, leading to intertwined
multi-stage dynamics across various variables.

* The optimization error of each variable can accumulate (hyper)gradient norms from previous iterations
due to the adaptive stepsize designs, complicating the error analysis.



In Section we introduce the standard definitions and assumptions. Next, in Section .3|and [4.4] we
provide a detailed convergence analysis, explaining how we address the above challenges.

4.2 Assumptions and Definitions

We make the following definitions and assumptions for outer- and inner-objective functions, as also adopted
by (124} 12} 139].

Definition 1. A mapping f is L-Lipschitz continuous if || f (x1) — f(x2)|| < L||z1 — x2l| for Vo1, zo.

Since the outer objective function ®(x) is non-convex, we aim to find an e-accurate stationary point, as
defined below.

Definition 2. An output T of an algorithm is the e-accurate stationary point of the objective function ®(z) if
[V®(Z)||? < € where e € (0,1).

Assumption 1. Functions f(x,y) and g(x,y) are twice continuously differentiable and g(x,y) is p strongly
convex w.rt. y, for x € Rz, y € R,

The following assumption imposes the Lipschitz continuity on the outer and inner functions and their
derivatives.

Assumption 2. Function f(x,y) is Ly o-Lipschitz continuous; the gradients V f (x,y) and Vg(x,y) are Ly
and L 1-Lipschitz continuous, respectively; the second-order gradients V ;N yg(x,y) and VNV yg(x,y) are
L y.2-Lipschitz continuous.

Rather than directly using the Lipschitz continuity parameters as bounds on gradients-which can cause
dimensional inconsistencies during logarithmic operations-we offer the following remark:

Remark 3. Assumptionindicates that there exist constants Cy,, Cy,, Cy, and Cy  suchthat |V, f(z,y)| <

Cr IVyf(2,9)ll < Cry [VaVyg(@,y)ll < Cy,, and [V Vyg(z, )| < Cy,,-
Assumption 3. There exists m € R such that inf,; ®(x) > m.

Next, we present the main convergence theorems for Algorithm [T and Algorithm 2] along with key
propositions that provide insights into these theorems. A proof sketch is provided in Appendix|C]

4.3 Convergence and Complexity Analysis for Algorithm 1|

Firstly, we explain the two-stage framework used in our analysis.

Proposition 1. Suppose the iteration rounds to update {x,y,v} are {T1,T>, T3} and {a, By, v } are gener-
ated by Algorithmor For any Co, > o, Cg > Po, Cy > 0, we have

(a) either oy < C, for any t < T4, or 3k < Ty such that ay, < Cy, agy+1 > Co
(b) either 3y < Cpg for any t < Ty, or ko < Tb such that By, < Cg, Bry+1 > Cps

(c) either vy < C,, for any t < T5, or ks < T3 such that v, < Cy, Yga11 > Cy.



The analysis for each stepsize is divided into two cases. Let us take (a) as an illustration example. Case
1: the accumulation o of gradient norms is bounded by a constant C, before the end of the iteration. In
this case, the average gradient norm square can be bound as %3, which decreases with 77. Case 2: the
accumulation o, exceeds C,, and hence «; experiences two stages: in stage 1, oy < C,, and in stage 2,
ot > Cy. The error analysis for stage 1 is similar to that of case 1. In stage 2, the stepsizes are small enough
to show the gradient norm decreases via a descent lemma.

PropOSItlon 2. Recall that for ty, iteration, the sub-loops in Algorzthmlatm to find y " and v;** such that
IVyg(ze, yr)? < e, and ||V, R(xs, ylt ,vt 92 < €. UnderAssumptlons @ we have

lOg(Cg/ﬁg) Bmax Lg,l(ﬁmax - Cﬂ)

t > lOg )
log(1 + ey/Cg) ,u ( €y )
IOg(Cg/Vg) Ymax Cg2yy (’Ymax - C’Y)
Qt = 2 IOg ( ))
log(1 + ev/C',y) 7 €y
where {C3, Cy}, Buax, Ymax are denied in eq. (5), eq. (22), eq. in the Appendix, respectively.

Proposition 2] provides upper bounds on P; and Q¢, which correspond to the total numbers of iterations
of the two sub-loops. This result is the same as that of the standard AdaGrad-Norm in the strongly convex
setting [86]. For the sub-loop for y, in Case 1 above, the loop terminates within log(C’g /B2)/log(1 + €,/ Cg))
steps; and in Case 2, it takes at most log(Cg /B3)/log(1 + €,/ C%) steps for stage 1 and it takes at most
% log(LfL1 (Bmax — Cg)/€y) steps for stage 2. For €, small enough, it can be seen that P, takes an order of
1/e€,, which is typically larger than those obtained with well-tuned stepsizes. Based on this proposition, we
can derive the following convergence results.

Theorem 1. Suppose Assumptions @ are satisfied. By setting €, = 1/T and €, = 1/T, the iterates
generated by Algorithm|[I| satisfy

%Z v < W2 _o( 1),

where Cy, and c; are constants defined in eq. (3) and eq. (37), respectively.

Corollary 1. Under the same setting Theorem|l] to achieve an e-accurate stationary point, Algorithm[I|needs
T = 0O(1/e¢), { P, Qi} = O(1/¢), and the gradient complexity (i.e., the number of gradient evaluations) is

Ge(e) = O(1/€2).

Theorem [I] shows that the convergence rate of Algorithm [[|matches that of the standard double-loop
bilevel algorithms [36} 35]. According to Proposition [2} the sub-loops for updating y and v require O(1/¢,)
iterations to ensure an ¢,-level approximation accuracy, which is worse than the O(1) results achieved by
well-tuned bilevel optimization methods. This is because more iterations are needed to ensure high accuracy
in both sub-loops, due to the lack of information about the Lipschitzness parameters and strong convexity
parameters. Consequently, the gradient complexity of our D-TFBO method is worse than those of well-tuned
double-loop methods by an order of 1/e.



4.4 Convergence and Complexity Analysis for Algorithm 2]

Differently from D-TFBO that uses sub-loops to achieve high-accurate y and v iterates, the main challenge for
analyzing S-TFBO lies in dealing with the accumulated approximations errors for updating all variables over
iterations. In the following propositions, we will show how we upper-bound such cumulative approximation
errors and lower-bound the adaptive stepsizes.

First, we present a descent result for the objective function ().

Proposition 3. Under Assumptions(l| 2} for Algorithm[2] suppose the total iteration number is T. No matter
k1 in Proposition|l|exists or not, we always have

1 1 La _
P(x —P(ry) < — ————||VD(zy)|]* — (1— )V e, Ye, ve)||?
(1) = D) € = g VR = g (1= |9 v
_ 2 _
L? 2 (Ly2Cy, 21 | Vyg(as, v L2 ||V R(e, ye, v0) |12
o2ttt (7 + Lf,l) toz :
2p 1% 1% Q419141 Iz Q410141
If in addition, k; in Proposition[l|exists, then for t > ki, we further have
1 1 _
Drppr) — D(ay) < — ——|[VB(x)]|2 = ————— ||V F s, g, v1)||2
(e41) — (a1) < 20zt+1<pt+1H enll T IV f (e, ye, ve) |
_ 2 _
L2 2 /L,5C 27 ||V, ) L2 || VoR(zy, ye, v0)]|?
+2{1+ 7( 9:2% fy +Lf71) } || y9 (2 yt)H i 72” vR(@e, ye, o) || ,
2u H H Q4 1P1+1 H Q4 1P1+1

where L := max {Q(C?y 2/,u +L V2C,,, }.

It can be seen from Proposition m that we derive two distinct forms of descent results for the objec-
tive function based on the relationship between «y; and C, (whose form is specified in eq. @ in the
appendix). Their key difference is that the second inequality is tighter for the case ¢ > k; by eliminating
a term of Mffliq:pﬂl |V £ (24, ye, v)||?. Both upper bounds consist of two parts: (i) the approximation er-

rors O(||Vyg(xe, yo) |12 + |V R(@e, yt, v1)|?)/ (i+1¢0441) induced by the updates on y and v; (ii) the descent
term —||V®(z¢)||?/(aur100+1)- It can be seen that there exists a trade-off: a smaller a;p; leads to a more
notable descent, but larger approximation errors. However, due to the lack of information about the problem
parameters, the value of a;p; remains unknown, making it infeasible to determine the optimal trade-off.
Instead, we adjust this trade-off based on an overall bound on the descent and approximation errors, derived
by telescoping all descent inequalities.

Next, we investigate the upper bounds on the summations of the positive error terms in Proposition 3]

Proposition 4. Under Assumptions|l| 2} for any 0 < ko < t, for the positive error terms in Proposition[3] we
have the upper bounds in terms of logarithmic functions as

t
V,9(zr, Vo R(zr, yr, vi) ||
Z Vg @yl gt 11y 18y, 3 IVeB@e 0w s 41y 1,
5k+1 k=ko Ph+1

where as, bg, as, bs are defined in eq. in the Appendix.

Proposition 5. Under Assumptions suppose the total iteration rounds is T. For any case in
Proposition[l} we have the upper-bound of p; and o in Algorithm[2] as

or < aplog(t) + b1, ay <Cq + (a4 log(t) + by + 4(P(zg) — igf@(x)))gpt,

where ay, by are defined in eq. and agy, by are defined in eq. in the Appendix.



Proposition ] provides the upper bounds on the accumulated positive error terms in Proposition 3| and
Proposition [5|shows that the cumulative gradient norms for all variables increase only logarithmically. By
rearranging the terms and taking the average, we have the upper bound for the average squared hypergradient
norm % Z;‘F:_Ol |V®(z¢)||?, establishing the final convergence rate of Algorithm as shown in the following
theorem and corollary.

Theorem 2. Suppose Assumptions[l|2|5]are satisfied. The iterates generated by Algorithm 2] satisfy

T
;;HV@(M)HQ < % {<a4 log(T) + bs + 4(®(z0) — igfq)(x)))Z(al log(T) + b1)2

log*(T) > |

+ Cy <a4 log(T') + bs + 4(<I>(x0) — igf@(x))) (a1 log(T) + bl)} = (’)( E

where {Cy, a1, b1, as, by} = O(1) are defined in eq. @ eq. , eq. (79) in the Appendix.

Corollary 2. Under the same setting Theorem 2] to achieve an e-accurate stationary point, Algorithm
needs T = O (% log4(%)) and the gradient complexity is Ge(e) = O (2 log4(%)).

Theorem [2| shows that the proposed Algorithm [2] achieves a convergence rate of O(log*(T)/T") and
a gradient complexity of (’)(% log4(%)), both of which nearly match the results in [35] of the standard
well-tuned bilevel optimization methods up to polylogarithmic factors.
Remark 4. Note that the difference of % in gradient complexity between double-loop and single-loop methods
has not been observed in previous works on well-tuned bilevel optimization. This difference stems from the
design of the sub-loops. In previous double-loop works, carefully selected stepsizes are used to ensure that the
iterates of each sub-loop converge linearly, up to an approximation error caused by the shift in x. However,
due to the precise control of stepsizes, tuning-free approaches can only guarantee a sub-linear convergence
for each sub-loop (as shown in Proposition [2).

S Experiments

In this section, we evaluate the effectiveness of our proposed algorithm on practical applications including
regularization selection, data hyper-cleaning [22]], and coreset selection for continual learning [30]. Our
implementation is based on the benchmark provided in [14] and [30], respectively. Please refer to Appendix|B|
for more details about practical implementation, experiment configurations, and additional plots.

5.1 Regularization Selection

The selection of regularization can be framed as a bilevel optimization problem, where the inner objective fo-

cuses on optimizing the model parameters 6 on the training set Sy = {(di" ", ytr@™)}, ., ,,, while the outer

objective aims to determine the best regularization term A on the validation set Sy = {(d;’al ) y;“l)}lg j<m-
Denote the model parameters by § € RP and regularization term by A € RP, then the outer and inner problems

can be formulated as

m

1 1 & . .
O3 =— > 1y yseh),0); (0, N) = ” > I((diren, ytramy 0) + R(6, A),
j=1 i=1
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where the loss [((d;, y;),0) = log(1 + exp(—y;d; 0), and R(6,\) = 3 >-F_, exp(\)07 represents the
regularization, where each element 6y, is regularized with strength exp(\;). We compare our proposed
algorithm with benchmark bilevel algorithms including AmIGO [3]], BSA [24], FSLA [45], MRBO [87],
SOBA [14], StocBiO [36], SUSTAIN [39]], TTSA [33]], VRBO [87] on the Covtype dataset. More details are
provided in Appendix

0.65
i == AMIGO 0:90 == AmMIGO
0.60 BSA 0.89 BSA
—me FSLA === FSLA
0.55 === MRBO 0.88 === MRBO
w=me SOBA === SOBA
050 == StocBiO P —— StocBiO
%] 1)
8 0.5 SUSTAIN 8 o0.86 SUSTAIN
) = TTSA — VRBO
0.40 VRBO 0.85 === S-TFBO
9 === S-TFBO === D-TFBO
035 | —~— DTFBO 0.84
S ~= 0.83  p— 5 : . . =
0.30 oo f——t ]
0 5 10 15 20 25 30 35 ) 0 2 4 6 8 10
Iterations Iterations
(a) Covtype (b) MNIST

Figure 1: Comparison with other bilevel methods. (a) Regularization selection on Covtype dataset. (b) Data
hyper-cleaning on MNIST dataset.

As shown in Figure [I(a)] our D-TFBO achieves the fastest convergence rate, while S-TFBO converges
slightly more slowly but remains comparable to other well-tuned methods.

5.2 Data Hyper-Cleaning

The training set Sy = {(di"%", yir4")}, <;<,, have been corrupted in this scenario, where the label of a data
sample could be replaced by a random label with a certain probability p. It is important to note that we
do not have prior knowledge about which data samples have been corrupted. The objective is to develop a
model that can effectively fit the corrupted training set while performing well on the clean validation set

v = {(d;’“l ) y;’“l)}lg j<m- We conduct experiments on the MNIST dataset, where we aim to learn a set of
weights A, one for each training sample, in addition to the model parameters §. Hence, the outer and inner
problems are

n

1 & 1
EZ (@5, 95°).0)5 9(0,0) = =~ o (M)I((d"™™,;™™),0) + C10]*,

i=1

where o () is sigmoid function, C is a regularization constant, and loss function [((d;,v;),0) = 1/(1 +
exp(—y; diTH)). Ideally, we would like the weights to be O for the corrupted sample and 1 for the clean sample.
More details can be found in Appendix [B] We compare the performance with other bilevel optimization meth-
ods including AmIGO [3]], BSA [24]], FSLA [45], MRBO [87], SOBA [14], StocBiO [36l], SUSTAIN [39],
VRBO [&7]. The results presented in Figure [I(b)|demonstrate that our algorithms achieve a convergence rate
comparable to other baselines.
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Table 1: Results on Split CIFAR100. The best and second best results are in bold and underlined.

Method Balanced Imbalanced
Ar FGTr Ar FGTr

k-means features 57.824+0.69 0.070+0.003 45.444+0.76 0.037+0.002
k-means embedding 59.77+£0.24 0.061+0.001 43.91+£0.15 0.044+0.001
Uniform Sampling 58.994+0.54 0.074+0.004 44.734+0.11 0.033+0.007
iCaRL 60.74+0.09 0.044+0.026 44.254+2.04 0.0424+0.019
Grad Matching 59.17+0.38  0.067+0.003 45.444+0.64 0.038+0.001
GCR 58.73+0.43 0.073+0.013 44.4840.05 0.0354+0.005
Greedy Coreset 59.394+0.16 0.066+0.017 43.804+0.01 0.0394+0.007
PBCS 55.644+2.26 0.062+0.001 39.87+1.12 0.076+0.011
BCSR 61.60+0.14 0.051+0.015 47.30+0.57 0.022+0.005
S-TFBO 58.90+0.75 0.046+0.009 45.7840.70 0.03640.005
D-TFBO 59.544+0.45 0.041+0.005 46.684+0.72 0.02940.002

5.3 Coreset Selection for Continual Learning

Coreset selection aims to improve training efficiency by selecting a subset of the most informative data
samples, which can be used as an approximation of the entire dataset. Thus, the model that minimizes the
loss on the coreset can also minimize the loss on the entire dataset. Following the design in [30], we apply the
proposed algorithms to coreset selection for continual learning. The inner problem learns model parameters
¢, and the outer problem determines the distribution A (0 < A; < 1 and [[A[|; = 1) over the entire dataset

FON) =D L(0) + CR(A);  g(0,7) =D Apli(0),
i=1 =1

where n is the sample size, C'is a constant, \(;) is the i-th entry. R()\) = — Zfil E(A + d2);) denotes
the smoothed top-K regularizer, where ¢ is a constant and z ~ A (0, 1), A[q] 1s the i-th largest component.
The regularizer encourages the distribution to have K non-zero entries, corresponding to the size of the
selected coreset. Following [90], we use the Split CIFAR100 dataset and conduct experiments in the balanced
and imbalanced scenarios. We compare the proposed algorithms with various methods, including k-means
features [62]], k-means embedding [72]], Uniform Sampling, iCaRL [68]], Grad Matching [[11]], GCR [80]],
Greedy Coreset [8], PBCS [90], and BCSR [30], with the last three being bilevel optimization-based methods.
We evaluate the performance using the average accuracy and forgetting measure across all tasks after learning
task 7. The former is defined as A7 = % Zszl ar;, where ag; is the test accuracy of the i-th task after
learning task 7. The latter is defined as FGTp = % Zzﬂ:l[maxjelv... 1-1(aj; — ar,;)]. The results are
shown in Table[I} Each experiment is repeated three times and the average is reported. It can be observed
that our D-TFBO achieves the best F'G77 under the balanced setting and the second-best performance under
the imbalanced setting.

Sensitivity analysis w.r.t. different initial learning rates. The tuning-free design provides another benefit.
The proposed algorithms demonstrate more robustness compared to the [30]. We conduct a simple sensitivity
analysis under the balanced setting, regarding the learning rates in the inner and outer loops. Specifically, we
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Table 2: Experiment results of sensitivity analysis on Split CIFAR100. The initial values refer to the constant
learning rates in BCSR or ag,5p,70 in S-TFBO and D-TFBO.

Method  initial =2 initial =4 initial =6 initial =8 Relative Average Change

BCSR 59.42 56.25 58.75 57.55 5.8%
S-TFBO 58.85 58.55 58.69 58.47 0.4%
D-TFBO 59.71 59.62 59.11 59.08 0.3%

set the initial learning rates in [30]] and «v, B, Yo in S-TFBO and D-TFBO for the inner and outer loops to
{2,4, 6,8}, where the original values are set to 5. We run one experiment for each learning rate. Further,
we compare the changes in average accuracy Ar. We also compute the average and report the relative
change compared to the results presented in Table |1} The code is available at https://github.com/
OptMN-Lab/t fbo.

6 Conclusion

We introduce two fully tuning-free bilevel optimization algorithms, D-TFBO and S-TFBO. Both methods
adaptively update stepsizes without requiring prior knowledge of problem parameters, while achieving
convergence rates comparable to their well-tuned counterparts. The experimental results show that our
tuning-free design performs comparably to existing well-tuned methods and is more robust to initial stepsizes.
We anticipate that the proposed algorithms and the developed analysis can be extended to the stochastic
setting, and the proposed algorithms may be applied to other applications such as meta-learning, few-shot
learning, and fair machine learning.
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Supplementary material

A Supplementary Related Work on Bilevel Optimization

Initially introduced by [9], bilevel optimization has been extensively studied for decades. Early works [29,
75,1261 [76] solved the bilevel problem from a constrained optimization perspective. More recently, gradient-
based bilevel methods have gained significant attention for their efficiency and effectiveness in addressing
machine learning problems. Among them, approaches based on Approximate Implicit Differentiation
(AID) [17, 146, 164,152, 27, 136, 13, 133] exploit the implicit derivation of the hypergradient, approximating it by
solving a linear system.

On the other hand, approaches based on Iterative Differentiation (ITD) [54} 22, 21}, 73] 27]] estimate the
hypergradient by employing automatic differentiation, utilizing either forward or reverse mode.

A series of stochastic bilevel approaches has been developed and analyzed recently, utilizing Neumann
series [[12, 136, 3], recursive momentum [87, 134, 28], and variance reduction [87,/14], etc. For the lower-level
problem with multiple solutions, several approaches were proposed based on upper- and lower-level gradient
aggregation [[70} 50, 44], barrier types of regularization [48|47]], penalty-based formulations [[74]], primal-dual
techniques [77], and dynamic system-based methods [49]. Another class of approaches formulated the lower-
level problem as a value-function-based constraint [41} [83]] to solve bilevel problems without second-order
gradients.

B Specifications of Experiments

B.1 Practical Implementation

For regularization selection and data hyper-cleaning, we use the benchmark provided in [14]. For coreset
selection, we use the codebase from [30]. We implement D-TFBO using “for loops” as an approximation,
since the magnitude of ||V, R(x, y, v)|| in Algorithm|[I]varies across different experiments. Specifically, the
number of loops for updating y and v in regularization selection and data hyper-cleaning are both set to 10,
while the numbers of loops for updating y and v in coreset selection are 5 and 3, respectively.
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Figure 2: Comparison of running time with other bilevel optimization methods.
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B.2 Configuration

We adopt the default configuration for regularization selection and data hyper-cleaning. The batch size is 64.
The maximum iterations are 2048 and 512, respectively. The data corruption ratio in hyper-cleaning is 0.1.
For coreset selection, we also use the default configuration except for the leaning rates, due to the tuning-free
design. The oy, B, and 7o values are set to 5.

B.3 Additional Results

For regularization and data hyper-cleaning, we also present the loss curves regarding running time in Figure[2]
Our methods exhibit a faster running time than other baselines on the Covtype dataset.

C Proof Sketch

The proofs of Propositions [T}, [2] B} i] and [5] can be found in Lemma [ 9] [T1] respectively. In this
section, we present a high level proof sketch that outlines the convergence and gradient complexity analysis
of Algorithm[T]and Algorithm [2] emphasizing the key challenges and our technical innovations.

Proof sketch of Algorithm|I}

Step 1: We first discuss the two-stage framework in our problem in Lemma 4] and we develop two forms of
descent lemma of the objective function in Lemma[7]based on the two stages of c; in Lemma]

Step 2: We developed upper bounds of a;; under the two stages in Lemma 4]

Step 3: We provide the maximum iteration numbers for the sub-loops approximating y*(z;) and v*(z;).
Step 4: Combining the results in Step 1 and Step 2, we telescope and take the average of the inequalities in
the descent lemma of the objective function, then we obtain the convergence rate.

Step 5: Combining the maximum iteration numbers in Step 3 and convergence rate in Step 4, we obtain the
gradient computation complexity to find e-stationary point. Then the proof is complete.

Proof sketch of Algorithm 2}

Step 1: We first discuss the two-stage framework in our problem in Lemmafd]and we develop two forms of
descent lemma of the objective function in Lemma|[I1|based on the two stages of o in Lemma ]

Step 2: We develop a rough upper bound of two important components in the descent lemma in Lemma
Sk , |Vyg x’“’y" 2 and S W”R(Z’Z—W where k9 and k3 represents the second stage in Lemma
Step 3: Followmg the results in Step 2 and the upper bound of v; in Lemma [I0] we obtain a two-way

”Vf(ftkvykyvk)H

relationship between ;41 and Z k=0 , which further indicates the logarithmic upper bounds

k+1
of both terms in Lemma|[I5]and Lemma|I6] respectively.

Step 4: Incorporating the results from Step 3 into the rough bounds from Step 2, we can also obtain the
logarithmic upper bounds of Y7} _ ko w and Z};:ks W in Lemma|16

Step 5: We rearrange the terms in Lemma@ and incorporate in the results in Step 4, we obtain two forms of
the upper bound of a; in Lemma

Step 6: Combining the results in Steps 3, 4, 5, we telescope and take the average of the inequalities in the
descent lemma of the objective function, then we obtain the convergence rate.

Step 7: Without sub-loops, via the convergence rate in Step 6, we can directly obtain the gradient computation

complexity to find e-stationary point. Then the proof is complete.
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D Proofs of Preliminary Lemmas

Lemma 1 ([84] Lemma 3.2). For any non-negative ay, ..., at, and a; > 1, we have

T T
Z zlal < log <Zal> + 1. 4)

1=1 24i=1 i =1

Lemma 2. Under Assumptions|l] [2| we have basic properties as follows:

2
(a) ®(z) is Ly-smooth w.r.t x, where Lg := (Lﬁl + %) (1 + %) ;

C

9zy .

(b) y*(z) is Ly-Lipschitz continuous w.r.t. x, where Ly := D

(c) the gradient estimator ¥V f(x,y,v) is (Lg2|[v|| + Ly1) -Lipschitz continuous w.r.t. (z,y), and Lg 1-
Lipschitz continuous w.r.t. v;

(d) Vf(z,y,v) can be bounded as |V f(z,y,v)| < Cy,,llv]| + Cf,.

Proof. The proof of (a) and (b) can refer to [24]. For (c), under Assumption [2] we have

IVf(x1,91,0) = V (22, y2,0)|| <[[VaVyg(z1,91) — VaVyg(a, )| - o]
+IVaf(z1,y1) — Vo f(z2,y2) |l
<(Lgz2llvll + Lya)([[z1 — 22| + llyr — v2l)
IVf(z,y,v1) = VI, y,0)|| <[VaVyg(z,y)ll - lor —val < Lgallor —va.

By Assumption [2]and Remark [3| we can easily prove (d) as

IV (@, g, o)l < IVaVyg(@ )l - o]l + Ve f (@ 9)ll < Cg,, llvll + Cr,.
Then the proof is complete. O

Lemma 3. Under Assumptions we have basic properties of linear system function R in eq. as
follows:

(a) R(x,y,v) is p-strongly convex and Cy,,-smooth w.r.t. v;

(b) VyR(x,y,v) is (Lga2||v|| + Ly1)-Lipschitz continuous w.r.t. (z,y);

(c) VyR(x,y,v) can be bounded as ||V, R(xz,y,v)| < Cy,, |lv]| + Ct,s

(d) v*(x) in eq. (2) can be bounded as ||[v*(x)| < %, and v*(z,y) := argmin, R(z,y,v) can also be
bounded as ||0* (z,y)| < %

(e) v*(x) is Ly,-Lipschitz continuous w.r.t. = and 9*(x,vy) is L,-Lipschitz continuous w.r.t. y, where

Cy, L = Cy, L
L= (% + ”T”)(l + Ly) and L, = FLL 4 o2,
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Proof. First of all, since V,V,R(x,y,v) = V,Vyg(z,y), we know ul < V,V,g(z,y). Thus, according
to AssumptiongI]2] we have

IVoVu Rz, y,v1) = VoV R(2, y,v2) | < [[Vy Vyg(a, y)lllvr — vall < Gy, [[or — w2l
Then (a) is proved. Next, by using Lipschitz continuity in Assumption 2] we have
IVoR(z1,91,0) = VoR(22, 2, 0)|| <[V Vyg(21,91) = Vy Vyg(a2, y2)|| - o]

+ ||\ Vyf(x1,y1) — Vy f(x2,92)||
<(Lga|lvl| + Lya)(lr1 — 22|l + [[yr — v2l])-

Then (b) is proved. By Assumption 2] we can easily prove (c) as
IVoR(z,y, )| < IVyVyg(@,y)ll - [[v]l + [IVy f (2, 9)|| < Cgy, llvll + Cp, -
Next, for v*(z, y), we have
v’U}B(:Ev ya @*(IE? y)) = Vyvyg(xa y)@*(ﬂi, y) - vyf(l‘» y) = 07

which indicates that
_ _ C
15 (2, )| =[|[Vy Vya(z,9)] " Vi f (@, 9)| < [V Vyglz )] | - IV f @) < %

Since v*(x) is a special case as v*(x) = 0*(z,y*(x)), (d) is proved. The proof of the first part of (e) can
refer to Lemma 4 in [88]]; for the second part, we have

0% (2, 1) — 0" (2, y2) |
=[[[Vy Vyg(z,y)) 7 Vy f(2,91) = [Vy Vyg(a, 42)] 7 Vy f (2, 52|
SH[Vyvyg(a?,yl)rl(vyf(z,yl) - Vyf(x,yg)) ||
+ [ ([Vy Vg, 90)] 7" = [V Vyg(a,y2)] 1) Vy f 2, 90) |

L _ _
S%”yl — 2| + ny”([vyvyg(x7yl)] 1(Vyvy9(x7y2) - VyVyg(x,yl))[VyVyg(x7y2)] 1)”

Liy CpLgo
S(f’ + =2 ) g — pell-
I J

Thus, the second part of (e) is proved and the proof of Lemma [3|is complete. O

Lemma 4. Suppose the iteration rounds to update {x,y,v} are {T1,T>, T3} and {ay, By, v} are generated
by Algorithmor For any Co, > o, Cg > Py, Cy > 70, we have

(a) either ay < Cy, for anyt < Ty, or 3ky < T such that oy, < Co, o, 41 > Cq;
(b) either By < Cg for any t < Ty, or ko < T such that By, < Cg, Bry+1 > Cps
(c) either v < C, for any t < T5, or k3 < T3 such that v, < Cy, Vr41 > C,.

Proof. The proof resembles the Lemma 4.1 in [84]. Here we only prove part (a), and the other two are similar.
Note that if oy, > Cl, then there must exist k; < 77 such that oy, < Cy, o, 41 > Cy, because Cy, > g
and the sequence {ay} is monotonically increasing. Otherwise, we have oy < ap, < C, forany ¢t < T7.
This completes the proof of part (a). O
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E Proof of Theorem 1]

We define some notation for convenience before proving Theorem I}

E.1 Notation

Here, we define the following constants as thresholds for parameters 3, 4, a; in Algorithm 1 as

Cy = maX{QLq),ao}, Cp 1= max {Lgyl,ﬂo}, Cy = max{ngy,fyo}. )

E.2 Proofs of Preliminary Lemmas

Lemma 5. Under Assumptions[l} 2} for any t > 0 in Algorithm[I} we have

P, € . P2 _ €
lyr* =y (@0)* < M% o7 = 0" (ze, )| < ;”2

where ¢, and €, are sub-loop stopping criteria in Algorithm|[l]

Proof. For the ky, iteration, according to the stop criteria of the sub-loops, we have
P
||Vy9($taytt)||2 < €y, ||VUR($t,yt ) Uy )||2 < €.
By using Assumptions we have

1
o =y (@)lI” < 25| Vg en u™) - Vyg(ze,y" (@) | < ;

1
Hvt ' _@*(fftayft)HQ < EHVUR th7yt 7vt -V R(ffhyt U (fl‘tayt ))H < /72

since | Vg (2, y* (22))||> = 0 and ||V, R (¢, /", 0* (21, ") )H2 = 0. Thus, the proof is complete. O

Lemma 6. Under Assumpttonsl Ifor any t>0in Algorlthml we have ||V f (x4, yt ,vt 92 < C'f,

202 4c2  C?
where C'y .—( iﬁy + gZy Ty —|—4CQ>

Proof. For the kyy, iteration, we have

IV £ (@, yt 0|2
§2va mtvyt 7Ut ) vf<xtayt y U (wt»yt )H2 +2va(xt7yt U xtvyt )H
ZQHVIVM Tt; Yy ')(UtQt - 0" (fft»yt )H +2||Vy Vyg(fﬂt»yt )0 (xtayt ) — yf(wt,yff)llz

2
<2||VaVyg(aey )| o = 0% (@eyl )P + 201VeVyg(ze, y )0 (20 yi") = Vil (2o y7)|1?

(@)2C? ¢ 4% 2
Zd;y v + 9;1/2 fy +4O?y7

where (a) uses Assumption [I] Remark 3] Lemma [3|and Lemma([5] Then, the proof is complete. O
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E.3 Descent in Objective Function

Lemma 7. Under Assumptions for Algorithm|l| suppose the total iteration number is T. No matter k1
in Lemma | exists or not, we always have

1 1 Le = ¢
o <P(1y) — —— ||V 2—7(1— )V Y to— (6
(1) <) = g V@) | = g (1= 5 ) IV g™ o) P+ 5 ©)

If in addition, k1 in Lemmad] exists, then for t > ky, we further have

1 1 = €
® <B(z;) — —— ||V (z) > — ——||V o 7
(z441) <P(24) Sores IV ()]l Tor IV f (e, y) 7Ut Ol7 + 21’ (7
here ¢ = L d L= max{2(Dbe2 12 (o2 p2
where € := (ey + €v) and L := max {2( 2z Lyt 0g, v) V2Cy,, }.

Proof. From Lemma we have ®(z) is Lg-smooth. So we can apply the descent lemma to ® as
® La 2
(@er1) <(e) + (VO(2r), 141 — @) + <~ lloer — 2]

=0(zy) — O;H<V<I>(xt),Vf($t,yt aU?t)> +

(xta yt 7,UtQt) H

1 1 _
=0(@)) = zo—Ve@) - ﬁuvmt,% ,v?t)u

4 HV‘ID xt) vf(xbyt vv?%)H +

20ét+ va(xtvyt ’U?t)H ) (8)

2 ?H
where the approximation error
[V®(xe) = V(e y" o )H
=V f (@ y" (), v (@0)) = Vf (e, 50|
<2V (g (o). 0" (20)) = V£ (0l 0" (@)
+2||Vf(xt7yt 0t (24)) = Vf (e, v )H
<AV, Vyg(@n yt (@) (@) — Vy Vg (e, o™ (@)

)
+4||Vyf($t7 t)) Vyf fft»yt' H +2Hvyvyg($tayft)(v*(xt)*”tQt)H

(a) 2 *
s4( G g 132 lwf =y @) I? + 262 ol = v* ()]

9 * t *
< Gl02 413 Vi~ @OIP +4C2, I — 5"y IP +4C2, 19 ) — v ()
(d) Cf 2
§4< “’ +I2 +c§yL3)||yff Y @)IP +4C2 ot — 0" (@, y))?

<Ly =y (@) | + [l — 07 (20, 57 (20))[12), )

where (a) uses Assumption Remarkand Lemma (b) uses v*(xy) = 0* (xt, y* (xt)) and Lemma By
using Lemma 5] we have

_ L?
[Vo@e) = V1 aes o) < 5o+ e) = ¢ (10)
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By plugging eq. into eq. (8)), we obtain ().
Now if in addition, k; in Lemma exists, then for ¢ > ki, we have ay1 > Cy > 2Lg. From (6) we can
immediately obtain (7). Thus, the proof is complete. O

E.4 The bound of o,

Lemma 8. Under Assumptions suppose the number of total iteration rounds in Algorithm[l|is T. If
there exists k1 < T described in Lemmald) we have

(673 SCCM7 t S kl?
/

2t
ar <Co+2e0+ )t >k,
ap
where we define
LsC?
203

cO:::2(¢(x0)-—igf®(x))+- (11)

When such k1 does not exist, we have oy < Cy, forany t <T.

Proof. According to Lemmald] the proof can be split into the following three cases.

Case 1: if ar < C,, for any t < T, we have the upper bound of a;11 as a1 < Cl.

Case 2: if a > C\,, there exists k1 < T described in Lemma Then we have the upper bound of a;1 as
i1 < Cy forany t < k.

Case 3: in the remaining proof, we only consider and explore the case k1 < t < T when ar > C,.

From Lemmal(7] for k > k1, we have

1 1 _ e
Pz <®(xp) — Vo(z)|? — T, ,v 2y
(k1) <®(ax) = o VR ~ o9 FCae o)+ 5
which indicates that
Vf xk,y ,v 2 2¢
IV el < 4(@(@%) — @(:ck+1)) + .
Q41 Qf+1
By taking summation over k = k1, ...,t, we have
Z ||vf xk;ayk 7Uk; )H2 <4i (@( ) i ,
> Lk $k+1
P Qk+1 fo—hy —ry k1
2¢
=4(®(zg,) — P(z441)) + (12)
Py Ok+1
1
For ®(zy, ), by telescoping (6), we get
k1 1 kl 1 /
d <®( IV f(xp, y, ", 2 13
(wh,) <P(20) + kzo il |V f(xg yk vk )+ Z Sony (13)
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Plugging eq. into eq. (12)), we obtain

t — k1—1 t
Vf(xg, yl k p@rY||2 ) L _ 2¢

S W ) — it () + 3 9 eyl o DY
=k Xhet1 ¢ o Ykt1 ¢ Qt1

2
Q Q
0 o Jk+1

kl— 2 t ’
§4(q>($0) _ ll’lf(I)(.’L')) L‘:I) Z ||vf(xk7yk 5vk )” + 2e

2
Loag, | 2(t+1)¢

<4(®(x0) — inf ®(x)) + —

g (7))
LeC2  2(t+1)€
<4(®(x) — inf B(z)) + 2Cy | 20+ De (14)
x O[O (%))

Inspired by [84] and using telescoping, we have

@ T, Ptijt 2
A7 CR S
at+1+Oét

<oy + va(xtayt /Ut )”2
Qi1

[ A

Z va x/ﬂyk 7Uk )H2

(0
k=Fk: k+1

LeC2 N 2(t+1)¢

2

<Cu + 4(®(z0) — inf ®(z)) +
z Qg (674}

Thus, the proof is complete. O

E.5 Convergence Analysis of Sub-loops

Lemma 9. Recall that for the ty, iteration, the sub-loops in Algorlthmlalm to find y " and v** such that
IVyg(ze, yi )P < €, and ||V R(zt, yft ,vt 9|12 < €,. Here we prove that

log(cg/ﬁg) ,Bmax Lg,l(ﬁmax - Cﬁ)

P <P .= 1 15
t X log(l—i—ey/cg) N Og( Ey )’ ( a)
IOg(CQ/"}/g) v, 02 ('Ymax - C’y)
<0 = Y maxl Jyy 1
Qt = Q log(l + 60/0’3) + L Og( €v )’ ( Sb)

2

€ 2C 1 C €q 2
where Bmax = CB + Lg,l(% + ;27;210 =+ 210g(06/60) + 1) and Ymax ‘= C + Cg (2 Y —|— J
21og(C5/70) +1)-

Proof. The proof is split into the following two parts.
Part I: maximum number for convergence of g(z;, v, ").
Inspired by [86], we split the analysis into the following two cases.

Case 1: k> does not exist before we find P;. This indicates 3p, < C3. Referring to Lemma 2 in [86]], we

02 2
have P, < % and therefore the desired upper bound for P, holds. This can be proved as follows. If
€y B
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log(C3/53)

P, > B (LT ey /C2) we have the following result.
512%5 :BJQDt—1 + Hvyg(ﬂﬁml/tpt DI
=52 1(1+ IVyg(@e,yi'~ 1)|2)
' Bpt—1
Pi—1
Vyg(ze, y7) |l
> 32 ( Hy—w)
P
>Bo(1 + C2> >0l (16)

This contradicts 3p, < Cj.
Case 2: ky exists and P; > ko. Here we have (3, < Cg and Bj,+1 > Cs.
log(C3/57) log(C3/63)

o8 (1T ey /2 0B (1T ey /2 following eq. by replacing

Firstly, we prove ko < Similar to Case 1, if ko >

P, with ko, we have

oz )" >

which contradicts 3, < Cp.
Secondly, referring to Lemma 3 in [86], we have the bound of ||y*2 — y* () |2 as

k
lye? =y (ze)II?

1 Vyg(z y'”_l) 2
k ty
=||y;> 1—¥ y* ()
2 ko—1
g(ze, Y} Vyg(ze,y
_”ykg 1 * H2 H Y ty It H 2<yfg 1 y*(xt)7 Y (ﬂt t )>
ko
ko—1 * 2 yg xt)yt ) 2 2 ko—1 * 2
<Hy z)|)? + || Vyg(ze,y* ) — Vyg (e, v (21)) |
Bk‘? g:
* Hv g(xtay )H2
<yt =yt () )P+
B,
ko—1
1Vyg( th,y |2
<|ly? — v (= H2+Z B
p+1
ko—1

\V4
Pt e 2|2 + Z H w9yl I1?/ 685

<Hy 5
=0 Hvyg(xta Yt )” /60

() X Vyg(xt, 2
DaflyP - y<MJﬂ|+2m<wo—y<mm2+bg(§j”@”%t%”')+1
p=0 0

Q ko—1
@2, 2C2, |V f (1,7 v t11)||2 <2Z IV,9( :ct,yt \|2)

= +1
p? prai
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(e) 2¢ 202 (2
<=y 8L 4 910g(Cs/Bo) + 1, a7
12 202 B
where (a) uses Assumptions (b) refers to the warm start of y?; (c) uses Lemma (d) uses Lemmas [2{and
5} (e) follows from Lemma|6|and £, < Cp.
Last, following [86], for all P > ks, we have the bound of ||y — y*(z¢)||? as

* — * ||V g(l’t,y )H2 ) yP—l _y*(wt)’v g(wt’yP 1)
Iyt —y* @oll” =lly, " = y*(@)|]> + —2 32 t - Bp il 2
P

= R A G S [ AR A COR IRV

(a) B . 1 B .
<yt =y (@))? - pr@tp Ly (@), Vyglan, gt ™h)

) I P-1 * 2
< - = —

<(1- g ) =yl
(c)

< e~ H(P—k2)/Bp Hyfz — y*(z) ||2

(d) 2 20?2 02

et (%5 2 sty 1), 0
H e

where (a) uses Bp > Cg > Lg1; (b) uses Assumptionm; (c) follows from Bp > Cg > Lg1 > p and

1—m < e ™for0 < m < 1; (d) refers to eq. . Inspired by Lemma 4 in [86]], we have the upper-bound

of Bp as

IVyg(xe, yf ||2 Hvyg T, yy;) ||2
< + E 19
Bp + Br-1 < Pra = Bp+1 (19)

To further bound the last term of the right-hand side of eq. (I9), using Assumption 2] we have the following

result:

Bp = Bp_1+

lyl” = " (2:)|1?
2 IVygae g DIP 20 =y (@), Viglany ™))

P-1 *
=lly; -y
[y (@) 2 B
(2” otz IVeg@n gl DI 209y ) = Vig(an vt (z)]
<lly; Y (@e)|” + 5 -
ﬁP /BPLgal
® IVyg(ze, yl I
<llyt ™ =y (@) e
IVyg (e, yp)|1?
<ly* — y* ()| L (20)
Iy )2 - Z o

where (a) uses Assumptions (b) refers to Bp > Cp > L,,1. By rearranging eq. (20) and using eq. (T7),
we have

1Vyg(ze, y7)|? k « P
Z b I <Loa (k2 — v ()| = llvf — v* (@)%

=k Bp+1
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k
<Lgallye® = y* (@)
2 (2

9 2C C
<Lg1 <;§ + :70 + 2log(C3s/Bo) + 1) (21)

Plugging eq. into eq. (19), we obtain the upper-bound of Sp as

%, 207 C3
Bp < Cp+ Lg (Mg + Téﬂ +21og(Cp/Bo) + 1) = Bmax- (22)
0

Then, by plugging eq. into eq. , we have the upper bound of ||y — y*(x¢)||? as

2¢ 202 02
Iof = )| < e (35 1 Sl tog(Cy ) +1) =
K P o
C2 2
Recall we have the upper bound ky < %. Note that P’ defined in (I3a) satisfies
Ey B
P > ]{72 + 51;&1)( log (L;l(ﬁmax — CB)/Ey)

By replacing P with P’ in eq. , we have
IVyg(ee i NP < L5 llud” =y ()P < e H0mn [2 (B — Cp) < ¢y

Therefore, P, < P’ and this completes the proof of @
Part II: maximum number for convergence of R(z¢, 7, ", th ‘).

Similarly to Part I, we split the analysis into the following two cases.
log(C3/8)

Case 1: k3 does not exist before we find ;. This indicates vg, < C,. Then we have Q; < Tog(1Tes/C2) "
v~y

2 2
Otherwise, if (); > M, we have the following result.

log(14€,/C2
1
Y, =01 + IVoR (e, yft v P
V. R , Qt—1\12
(14 [T
'YQ,_l
Q:—1 Qi—1y12
”V Rmtay U )H
>ny H ( t Ut )
’yQt 1

>3 (1 + @)Qt > 2,

This contradicts yg, < C,.

Case 2: k3 exists and (); > k3. Here we have v, < C, and vy, 1 > C,.

log(C2/~2) .. . log(C2/~2) . .
¥/ 7- Similar to Case 1, if k3 > m, following eq. l) by replacing

Firstly, we have k3 < Tog(1+e./C2)

Q) with k3, we have

€y \ K3
? 23 (1+ 03) > C2,
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which contradicts v, < C,,.
Secondly, referring to Lemma 3 in [86], we have the bound of ||v[* — v*(x;)||? as following:

ky—1 2
o 2 _ VoR(xe,y: b 03~ A*
[0 = 0% (e, 5 )| =|op* ™ = = vt ™) (22,577
Vks
kg—1y (12
- o 2 VoR(xe, y; 502"
i g | )
Vks
2 - A~k
—77@53 Y 0% (@), VoR (e ylt o)
3

vvR(:Bhyt 7%53 1) ?

Vks
o o 2
fd 1)_V’UR($t7ytPta’U ($taytpt))H

(a)
<ol — 5 (@ yP)|? +

- VoR(x, ylt v
7k3ngyH ° e
. VoR(zy, ylt, o= |12
SHIU?B 1_v*(xt’yft)H2+ vR(ze yt 0 )
Vks
ks—1 2
. VoR(ze,ylt v
SHU?—U*(%,% + Z ( ty It t)
7=0 k3
( k3 1

< Hvt — 0" (zy,y

+ Z ||V R( fﬁtﬂlt 7vt)H /70
— 3o IVoR(@e, yr t )12 /42

<2H7)Pt b0 (2 1,Z/tPt11 Hz"‘QH@*(iﬁt—hyﬁIl) —@*(l't,yft)HQ

ks—1
#log (3 VR o2/ ) +1
q=0

Py P

<2||v, "3 @*(fﬁtfl,yf_til)uz + 40" (ze—1, ¥, 5 H2 + 40" (ay, yft)HQ

ks—1
T log ( S IV Ryl )| /fm) i1

q=0
(<) 25y
2

where (a) uses Lemmaand Vo R(:Ut, yi b 0% (e, yy )) = 0; (b) refers to the warm start of v,? ; (¢) uses
LemmalT} (d) follows from Lemma [35]and v, < C.,.
Last, similar to Part I, for all () > k3, we explore the bound of Hvt — v*(my)]|? as

N Sny

+ 2log(Cy/70) + 1, (24)

o = 0" )|
— A% V R ) , U 2
:Hvt -9 (ﬂft,?/ft)H H (@ yt )H
g0
Q-1 ~x Py Q-1
_ 2<Ut —v (:Etayt )7VUR(:Etayt U )>
7Q
(a) 1 C _ _
] R | R e [N CR TR AL CRVER )
Q 7Q
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_ 1 _ _
<[Jo2™t = 0% (@, ul)||P = — (0@ = 0% (w0, yl), Vo Ryl 02 7))

Q e-n@—k3)a s — @*(xt, u)|?

2 -m@-ka) (v | fy +210g(Cy/v0) + 1), (25)
(0 (Cy/70) +1)

where (a) uses Lemma (b) follows from v > C., > C’g ; () uses V R(azt, yi 0% (e, Yy )) = 0 and
Lemma (d) follows from v > Cy > ngy >pand 1l —m < e ™ for 0 < m < 1; (e) uses eq. .
Similar to eq. (I9), we have the upper-bound of ¢, as

I

||vvR(l‘tayt ’Ut )H2 < ,,y + Z ||v R xt>yt avt)

Soen 26
Q = 7Q-1 1Q + Q-1 = Vo1 (26)
To further bound the last term on the right-hand side of eq. (26)), we can have the following result:
- IVoR(xe, y; 2
HU?—@*(«ftayft)HQ :HU? 1—®*(xt,yft)H2+ | (2t zg |
Q
2o = (@ yl), VR (@ y o)
7Q
(a) 2
%Hvt v D))+ |H’v”R(xt’y2t ol
70
2| VoRGnyl o) = VR yl 0 ) |
FYQngy
Qe [V RG@ryl o)
SUQ 1_@*x,yPt 2_ v +
H t ( i )H VQCny
2
<||of* — 0" (x4, y1) Z [ R )] : 27)

q=ks Ya+1Cl,,

where (a) uses Lemma 3} (b) refers to 7 > C, > Cy,, . By rearranging eq. (27) and using eq. (24), we have

V Rx Y H U ? n*
5 IRl DI o — ot = 108 = oo
st Vg+1
8C*2
<o (G4 S+ 208G 1), @&

Plugging eq. (23) into eq. (20), we obtain the upper-bound of ¢ as

26?/ 8ny
Y@ < Cy +Cy,, 2 + 2 + 210g(Cy/70) + 1) =t Ymax- (29)



Then, we have the upper bound of Hth o* (24, yl)|)? as

2
» 9 o % 8C
HUtQ -0 (mt,yft)H < e HQe=ks)/Yman (M2y + TQJCU + 2log(Cy/v0) + 1).

2 /a2
Recall we have the upper bound k3 < %. Note that )" defined in (I3b) satisfies
v il

log (Cy,, (max = Co) /ev)-
By replacing Q with Q' in eq. (30), we have
! Ak 2 — = .
vaR(SCtayt » Uy )H2 < Cg2yvatQ —-v (l‘t, yft)H <e neQ ks)/’ymdx(’)/max - C’y) < €.

Therefore, Q¢ < @’ and this completes the proof of (I53b). Thus, the proof is complete.

E.6 Proof of Theorem (I

(30)

Here we suppose the total iteration round is 7. According to Lemma [4] the proof can be split into the

following two cases.
Case 1: k; does not exist. Based on Lemma] we have ar < C,,. Then by Lemma[7| we have

[V () Lo o . ¢
— < 2(P(xy) — P(x + —— ||V f(xy, ,v ,
ot S 2(00) = Blaesn)) + 5 T G o+

where €’ is defined in Lemma By taking the average, we have

T— T—1
qu) )| 2 Lq;. 1 9 1 ¢
TZ Qe f(q)(mo)_q)( 2 ZTZHVf xuyt 7vt )H +T§at+1

1 Lq>C’2 € ¢ €
<—(2(® —inf ® & — =4 —
_T( (® (o) in (z)) + 207 ) + T + ot
where ¢ is defined by eq. (I1)) in Lemmal(g]

Case 2: k; exists. For¢ < kj, according to Lemma(7] we still have

V()] Lo o ., €
— < 2(P(xy) — P(x + =V f (@, yl, 0P S
e < 200 = Blaesn)) + T oI+

For ¢t > k1, we have oy > C,. Using Lemma(7] we have

[V ()| ¢
— 7 < 2(P(xy) — B(x + .
T (®(z1) — P(141)) o

By merging eq. and eq. (33), and taking an average from ¢ = 0,...,7 — 1, we have

k1—1

Vo(x) H2 1 Z

Oty

T 1
[V®(z)[” Vel Z V()|

(0% (07
t 0 t+1 t+1
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k1—1 T-1

2 Lq> 1 2 1 €
<—(® —-® \v4 —
_T( (o) (wr 2 2T Z H F ey ’Ut )H +T i—o A+l
1 L<1>C’2 € g €
<—|2(® — inf ® Q@ — ==+ — 34
_T(( (z0) it &(2)) + = 5 )+a0 T o (34)

where ¢ is defined in Lemma(8] This result is the same as eq. (3I)). Thus, for both Case 1 and Case 2, we
have

T 1

HW zll” Ve ()|? _ 1 . LaC2\ | ¢

= 2(® —inf @ <
t 0 Z 041 _T ( (o) 0 (x))+ 203 +a0
which indicates that
T-1

1 1 L@CQ ¢

— <|—= 3 « <

TEOHV(I)(%)' - T<2((I)(x0) 12f¢($))+ 20 )+Ozo “r

(@) 1

ap

2 /
v [ca +4(®(xo) — inf B()) + LaCy | 2T }

g (7))

)]

<z [(2((1)(%) - irzlf@(@) + 202

(35)

where (a) uses Lemma(8] To achieve the O(1/T) convergence rate, we need € = O(1/T') in eq. (35). This
can be guaranteed by taking ¢, = 1/T and €, = 1/T’, which implies (see Lemmal7)

1 ( 2 Lg2C; 212
¢ = (5222 1,y +1>L2 e (36)
T [ MZ ( m fs ) 1 ,U,
For symbol convenience, here we define
172 Lg2C 2L2
o1 = c0+[(2(“"’2fy+Lf )+1)L21L2+] 37)
Qo |\ H p?

where cg is defined in eq. (II). Thus, we can obtain

%Z V@ (x| < M — O(%)

Thus, Theorem [1|is proved.

E.7 Complexity Analysis of Algorithm [1{(Proof of Corollary

Recall in Theorem|I] we take €, = 1/T", e, = 1/T’, and we obtain

= Z V()% < M
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To achieve e-accurate stationary point, we need

1 1(Ca + 201)

T—1
72 Ve < ¢ <e ie, T=0(1/e).
t=0

T <
Recall in Lemmal9] we have

log(C?2 /B2 L2 (Byax — C
< g( ,B/BO)Q + Brmax log ( g,l(/B a 5))
log(1 + €,/C7) ,u €y

10g(C3/88) | Bumax,  TLy1(Bmax — Cp)

_log(l—i—l/CgT) 1 log ( 1 ) = <10g(11+(—:)+10g(e>>'

When e is sufficiently small, we have
1 1 1 1
P=0(—" 11 (7) —o(-+1 (7) = O(1/e).
! <log(1 +€) +log € ) (e +log € (1/e)
Similarly, we have

Q= O(k)g&ﬂ) T log C)) _ o(i +log (i)) —0(1/e).

We denote Ge(e) as the gradient complexity, then we have
Ge(e) =T - m?x{Pt + Qi) = 0(1/62).

Therefore Corollary [I]is proved.
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F Proof of Theorem 2

We define some notation for convenience before proving Theorem [2]

F.1 Notation

Below, we define several preset constants for notational convenience at their first use. We first define some
Lipschitzness parameters for ®(x) as

L,.C Cooy \ 2
Le ::(Lﬁl + 222 fy) (1 + 7@,)
[ 7

_ Cc? L2, 1
L::max{2< f;’ﬂg’ —i—L?l)z,\@ngy}.

Next, we define the following constants as thresholds for parameters 5, vk, i as

2L
Ce ::max{—q),ao},
%0

2pLg 2
C ::max{ + L1, —2= By, 64a ,1},
B K g,1 ‘UJ+L971 /B 0

) 1Cy 2
C’7 = max {2<,u + ngy), Fé/gyuya Y0, 640,07 1, ngy}a

Cy, :=Cg + C, 41)
where the constant « is defined as

4u+Cy, )> L,C 1 + Ly 1)?L?
a0 ::<( (w 90,) T 8)( 9.2Y 1y i Lf71)2—2 i 1) 'z 9.1)° L
Mcgyy K K /’(’Lgalcﬁ
4(p+C + Lg1)L2 /L, 20 2 4 C,, ) L2
+ (:LL .‘]ysy)('u 971) Y ( 9.2% fy + Lf,l) + (,u + gyy) v
1 Lg,100 1Cg,, Y0

F.2 A rough bound of v,

C
Lemma 10. UnderAssumptions for anyt > 0in Algorithm we have ||v]| < %@H_l + @\/f

Proof. By strong convexity of g in Assumption[I] we have

t t
S P llokl® <NV Vyg(ar, yi)orl®
k=1 k=1

t t
< 2V Vg (@, yk)ok — Vo f (e u)|I> + D 20 Vo f (@, i)l
P k=1
t t
= 2/VuR (@ yro o) I+ D 20V f (s we) |1
=1 =1

<29¢y, + 203,
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which indicates that for any ¢ > 0, ||v¢|| can be bounded as

N

1
@20 a2 Ve +vicy)

[[ve]| < < < (42)
I [ ft

Then the proof is complete. O

F.3 Descent in Objective Function

Lemma 11. Under Assumptions|I| 2} for Algorithm 2] suppose the total iteration number is T. No matter ky
in Lemma | exists or not, we always have

1 1 Lo -
P(x <P(xy) — ——— || VO (24)[|* — (1— )V T, Yp, U 2
(T141) <P(z) 2at+1%+1\| ()| oo oo IV f (@, ye, ve) |
- 2 = 2
L? 2 s LyoC 2] ||Vy9(ay, L?||VoR(z, ys, v
+2|:1+2(M+Lf’1>:|Hyg(tyt)H+2H v (tyt t)H ) (43)
2p 1 Y Q410141 Iz Qt+1Pt+1
If in addition, ky in Lemmaexists, then for t > k1, we further have
D(@1s1) V(1) — =——— [ VO(2) |2 = ———— ||V (a1, oo vo)
T Ty) — ——— T — Tty UYt, U
= i ! dot 1441 b
= 2 - 2
L? 2 /L,2C 2] (|Vyg(a, L? ||VoR(zy, ys, v
+2|: 72<M+Lf71) :|Hy,’%tyt)H+2H v ( ty Yt t)” , (44)
21 H H Qi 41Pt+1 M Qi 41Pt+1
— Cc? 12
where L := max {2( fiitzgg + L?n) 2Cy,, }-

Proof. From Lemma we have ®(x) is Ly-smooth. So we can apply the descent lemma to ¢ as

L
(1) <B(xe) +(V(1), w1 — 1) + - [weer — el

1 = Lo
=0 (2;) — ————(VO(2), VI (20,51, 01)) + 55— |V f (@1, 90, 00)|
Ot4+1Pt+1 20 t+1(10t+1
1 1
=0(z;) — 5——||VO(2)||* - Vf (e, ye, v4)|?
(2¢) 2at+1¢t+1H (@) S IV £ (2, e, ve) |
1 = Lo
LYY V(I) T - v z Y 7’U 2 + - o o V x 9 7U 27 45
2at+190t+1H (@) = V(e ye, v 20‘%+190t+1H f(@e, gy )| (45)

and the approximation error

[V®(z¢) — ?f(wt,yt, Ut)HQ
=V f (22, y" (20), 0" (22)) = V f (2,96, 01) H2
<2||Vf (20, y" (21),0 ( D)) = V(@ ye 0 @) |F + 20|V F (26 ye, 0 (20)) = V(@ yo, 00) ||
<4||VyVyg(@e, y* (24)) o™ (20) — Vi Vyg(ae, ye)v” xt)H2
+ 4|V f (26, v (1)) — Vi f (20, y1) H +2||Vy Vyg (@, ye) (v* (1) — Ut)H2
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CJ%yL?JQ 2 * 2 2 * 2
<A(=P5" 4 13 )l =y )P+ 207, o — ")
<L (lye — " (@)l + o — 0" @)]1?), (46)

where the third inequality used results from Lemma[3] By plugging eq. {#0)) into eq. (43)), we have

1 1 Lo _
P(x <P(zy) — ———— || VD () ||? — (1— )V T4, yr, vp) |2
(Te41) <P(x4) 2at+1¢t+1\| (@)l ST orior IV f (e, ye, 0|
EQ * 2 2
e — —y*(x + || — v (x . (47)
sl = v @I + o = v (@) )

Note that g(x, y) is pu-strongly convex in y and R(z,y,v) is u-strongly convex in v. So here we can bound
the approximation gaps ||y — y* () [|* + [lve — v*(20)[|* by [[Vyg(ze, yo)|* and | Vo R (e, ye, v) || as

lye—y™ (@) lI* + lloe — v* () ||”
(a) 1 1
Hvyg $t7yt) vyg(mtay*(xt)) H2 + EHV’UR(xta yt7vt) - VUR(xhyta’U*(xt)) H2

(b) 1 2
Hvyg l’t,yt)H ;HVUR(%,%,WNP

HV R(we, ye, v (20)) — VoR (20, y* (1), 0" (20)) ||

(©) 1 9 2 (Ly2C 2 i
Sﬁuvyg(%,ytw + EHVUR(%, ytﬂft)H2 + E <guy + Lf,1> lye —y (»”Ult)H2

d
(S) |:12 n 2 (LQ,Qny
1% 2

2 (48)

2
il + Lf,1> ]Hvyg(xt,yt)H HV R( ﬂUtayt,Ut)‘

where (a) and (d) use the strong convexity; (b) and (d) result from Vg (z, y*(2)) = 0and V,R(z, y* (), v*(z)) =
0; (¢) uses Lemma 3] By plugging eq. (8) into eq. (#7), we obtain eq. (43).

Now if in addition, k7 in Lemmaexists, then for t > k1, we have a1 > Cy > 2Lg /po. From (@3) we

can immediately obtain (@4)). Thus, the proof is complete. O

Note that to further explore the bounds of the right-hand side of eq. @ and eq. (44) in the above lemma, we
£ IVug@ey)l® oo 4 IV R(zeye,00)
41 Prr1

next show the (summed) bounds o

Lemma 12. Under Assumptions for Algorithm 2| suppose the total iteration rounds is T. If ko in
Lemmaexists within T iterations, for all integer t € [ka, T, we have

Zuvygwk Gt Lo)C3 (et LonPLE | (e Ly P < (9w
Br+1 o w2 pLg 10 pliga

2
k=k2 Q1 Pkt

Proof. For ky <t < T, we have B, < Cs and ;11 > Cj. For any positive scalar A1, using Young’s
inequality, we have

* N * 1 *
Iy — 7 o) 2 < (U Rl — 7 @0l2 + (1+ " My (@) = y* @)l @9)
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For the first term on the right hand side of eq. (49), we have

lyes1 — y*(z0)]?

1 . 2
:Hyt - mvyg(xtayt) -y (xt)H

=lve —y*(xt)‘\Q ||Vyg(xt,yt)|| - 7<yt y*(xy), Vyg(xt,yt»
6t+1 Bi+
) 2Ly, ) 1/ 1 2
_< B (p+ Lg) e = o™ (=) Br+1 \Bty1 p+ Lga IVygtee yol
(b) 2uLg1 ) 1
<|{1- — % —y*(z 2 - \V4 T, 2’ 50
_< Bey1(p+ Lg) lye =™ (@) 5t+1(M+Lg,1)H v9(xt, Yt (50)

where (a) uses Lemma 3.11 in [10]; (b) follows from ;11 > Cg > p + Ly 1. By plugging eq. @) into
eq. (@9), we have

||yt+1 - y*($t+1)||2

3 2uLg ) * 2 0 1 2
<(14+ M\ 1- — — —(1+ X —— ||V
<(1+ t+1)< B+ Lyy) lye — y*(xe)||* — (1 + t+1)ﬁt+1(u+Lg,1)” y9(xe, ye) ||
+ (1+ ot )Hy (e) — ¥ (w111 (51

By rearranging the terms in eq. (51, we have

(14+Ae41) )||Vy9(l‘t,yt)||2

Bet1(pe+ Lga

- 2ul
§(1+>\t+1)<1— e

Bir1(pn+ Lg)
1 * * 2
(1 ) W) = v @) P

)Hyt @I = et — v @)

We take \;1 1= % Since By > Cg > “Lg L ineq. li we have A\, ; < 1. Then we have

||Vy9($tayt)||2 <(1+5\ )Hvyg(l"tayt)HQ

Bt+1 B t“ Bi+1
<(p+ Lg) (lye = v (@)I? = lyerr — v (@er1) )
2 ,u + L ,1 * *
4 2O L0 ) ) P
t+1
=1+ Lo1) (e = " @)|” = lyerr — v (@) %)
+ * *
# VLB ) )

—

a

<(u+ Lg1)(lye — v (@)|I> = lyers — v (zer1)[I7)
n (1 + Lg1)L3 Bry1
/LLg,l

N

th - $t+1|\2,
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where (a) uses Lemma 2] Summing the above inequality over k = kg, ..., t, we have

Z IVyg(zr, ye)ll |2

Br+1

t

2

< Z HVyg(xk,yk)H
o Br+1

(NWLLQ,I)QL;Q, d

S(M_'_Lgyl)uykz*l _y*(xszl)Hz + I3
Hlig,1

k=ko—1
L
=T w? — HVyg (Tho—1, Yko—1) — Vyg(xkz—lay*(xk2—1))u2

n (1 + Lg,1)2L§ i ﬁkﬂ

I a2 ||vf($ka Yk, Uk’)”
Hibeg 1 f—kg— OF 1 Ph
2712 t = 2
,u-I-L 1 (1 + Lga)"L IV (@, yr, vr) |
& ”Vyg(xl@ l7yk2 1)||2+ L Y Z 2
phg,1 k=ko—1 Apt1Pk+1
®) (u+ L 1)0 + L 12L2 ! V(@ vk, vi) |12
< ;1 +(M g.1) Z IV f(zks Yr, vr) |

2
% NLg, kg1 Qpi1Pk+1

Qi+ Ly )G 5+ Lo Ly (1t Lya)*Ly i~ 9 g w0
a ©? pLg1e0 plgq li—ko Oé%+190k+1 7

Z Bra1llTr — Tpor]?

(52)

where (a) uses Assumption [1} (b) results from ||V, g(2r,—1,yr.—1)|> < B2 < C2; (c) denotes ¢y =
Yy 2 2 ko [3

max{ o, Y0}. Then, the proof is complete.

O]

Lemma 13. Under Assumptions for Algorithm 2} suppose the total iteration rounds is T. If k3 in

Lemma 4| exists within T iterations, for all integer t € [ks,T'), we have

Z Vo R(2k, Y, vi) ||

f—hs Pr+1
4+ Cy, )C2 [ L, oC 2 4 C, )C?
< (M 49yy) ﬁ( 9,2% fy +Lf,1> + ('u+ 29yy) Y
I I I
ks—2 | =
+4(H+ngy)(M+Lg,1)L§ <L9720fy+Lf1>2 32 ||Vf($k7yk7vk)|’2
12 Lg,100 K IS 41
¢ _
A(p+ Cy,, )’ L3 3 IV f (ks yis vi) |2
ngyC’Y k=ks—1 az—&-l
A(p+C, )2 L,2C 21 &V i) |I?
+< ('u gyy) +8)< 92~ fy +Lf,1> — Z M
1C,, z el Br+1
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Proof. For k3 <t < T, we have 711 > C,. For any positive scalar 5\t+1, using Young’s inequality, we have

" 1
[orer = v ()P < (0 sl = 0" @)+ (14 = ) I ) = v @)% 53)
t+1

For the first term on the right hand side of eq. (53, we have

vt — v* (z4) ||

2
ZHUt - VoR(xe, yi, ve) —U*(iﬂt)H

P41

. 1 2
=llvr — v* (@) |I> + —— Vo R(@s, ye, vr) |* —
Pr+1 Pt+1

(ve — v* (1), Vo R (24, yr, 1) ). (54)

For the last term of the right-hand side of eq. (54), we have

—(ve — 0" (21), Vo R(24, Y2, v1))
= — (vr — v*(x1), VoR(we, Y1, ve) — VoR (e, ye,v* (21)))
— (vy — 0" (), Vo R (e, ys, 0" (1)) — Vo R (s, y* (0), v (24)))

(a) 1 9 uCly
<—— VUR y Yt - v’U-l% y Yty * - v —v* 2
TG H (¢, yt, v¢) (a:t Yt, U (xt))H 0 Cy |vg — o™ (a4) ||
p+C ) \
4 2 o HV R l'byta (z )) - VUR(fﬁt’y (1), v (%))HZ
2uCy,,
IU’ngy * 2
+ —— vy — v (x
e Al
(b) 1 1

Vo R (e, ye, ve) || + vaR(CUt,yt,U*(xt))HQ

< - - s
B ( +ngy) /’L—'_ngy

+C * *
'u2,uC fuy |VoR (e, ye, v* (1)) — VR (e, y" (w1),v (a:t))H2
Iyy
Iucgyy * 2
— ||y — v (x
S 1 Byl vl
(©) 1 9 pCy, . )
=— — ||V R(x¢, 4, v — |y — v (x
2(u+ngy)H (@ w0l 2(M+ngy)” e = (@)l
1 uw+C i} i )
i (M+C’ o gyy)‘w R(w,yr, v (20)) = VoR (w1, (20), 0" (1) ) |
Gyy g
(d) 1 uC
< — — ||V R(xy, ye, v 2P0 g, — o ()2
2(M+ngy)|| ( ty Yt t)” 2(N+ngy)” t ( t)”
1 /‘L+C * 2 *
(o + ™ ) ol @l + L)l = (w0
vy yy
(e) 1 uCly
< — ——— ||V R(xg, Y, v 2 D0 g — o ()2
2(M+ngy)|| ( ty Yt t)” 2(M+ngy)‘| t ( t)”
1 +C, Ly oC 2
" (u+c * M2/LC gyy)( ¥ . +Lf1) e =y (@0l 43)
Gyy 9yy
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where (a) follows from Lemma 3.11 in [[10]; (b) uses —|la — b[|> < —3||a|* + ||b]|? since [ja — b+ b]|* <
2||a — b]|? + 2[|b]|%; () uses VyR(z¢, y*(2¢), v*(z¢)) = 0; (d) and (e) follow from Lemma Plugging

eq. (53) into eq. (54), we have

I”

MCg ) * 2 1 1 1 2
S 1- — ||'Ut —v (.’L't) + - v R T, Yt, Ut
( (1 + Cg,, ) Pr41 | Y1 \pe+1 p+Cyy, V5 )l

2 p+C Lg.2C ' 1 *
. ( i - 9yy>< 9.2~ fy —{—Lf,l 7“% -y (l't)HQ
Pt+1

HUtH - U*(Cft)

K + ngy H Gyy K
<a>< uC, ) 1 2
<(1— —2 oy — v (2)||* — VoR(t, yt, vt
(1 + Cy,, )Pr41 | )l 2(p + Cy,, ) P41 [Vori( )l
2 N+ngy> <Lg 2CY, )2 1 2
+ + ——2 + Ly | —|lye — y*(z0) |7, (56)
<M =+ ngy Mngy H d P+l

where (a) follows from ¢y11 > 41 > Cy > 2(u + Cy,, ). Combining eq. with eq. , we have

o1 — v* (zeg1) P

3 pCy > * 2
<(1+ A 1—— 79 Vo —v*(z
(1) (1= 2 Y=
- 1 2
—(14+A VoR(xe, ys, v
( t+1)2(M+ngy)§0t+1H ( t) Yt t)H

2
+ Lf,1> —— |y — y* ()2
Pt+1

. 2 +Cy,,\ [ Lg2C
+(1+>\t+1)< + 2 9yy>< 9.2 fy

Bt ngy H ngy K
1
(1 5 ) I = ) P (57
Atr1

By rearranging the terms in eq. (57), we have
1

N 2
14+ A\ VoR(x¢, ye, v
( t+1)2(M+ngy)%+1 H ( t, Yt t)H
g@+xﬂﬂ(1’“@w>umvw%w2WM1UVMHMP
(1 + Cy,, ) pt41

2
1
+Lm)um—y%mm2
Ot+1

. C L,2C
+(1+>\t+1)< +M+ gyy)( 9.2 Jy

'u+ ngy 'ucgyy K
1 * *
+ (14 )" () = v* @)1 (58)
At+1
BN L uC, . nC . R
We now take A1 = %. Since @i41 > Y41 > Cy > N+éij in eq. , we have A\ < 1.
Then we get
VUR 9 ) 2 N VUR B 9 2
IVoBeyerl? ()5 ISR vl
Pt+1 Pt+1

(a)
<2(p+ Cy,, ) (llve = v* (@)1 = lvr1 — v* (@41)]1?)
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2 +C L,2C 2Ny, — y*(24)1I12
+4(M+ngy)( + 4 9yy>< 9.2 fy+Lf71> llye = y* (=)II7
p+Cy,, 1Cy,, M Pe+1
p+ Cy,, ) Pt41
+ 2(,“ + ngy)(l + (q)t-‘r)LﬂIt — I’t+1H2
’U’ngy

(®) * 2 * 2
§2(N+ngy)(HUt—”U (@)[I” = lverr — 0" (@eg1) || )

A u+C, )2 L,-C 2Nys — v ()2
+ ( (:u gyy) +8) ( g,2 fy + Lf,l) ||yt Yy ( t)”
1Cq,, Iz Pt41

+ 4(,[1 + CQ3J3J)2L2SDt+1

C s — x|, (59)
g

vy

where (a) multiplies both sides of eq. li by 2(u + ng) and uses 5\t+1 < 1; (b) uses @¢r1 > Ver1 >

nCy .
> vy
(0N [ C Take summation of eq. li and we have

i Vo R(2h, Y, vi) |12

Pr+1

k=ks
t

< Z HVUR(UUk>yk7Uk)||2
kmkg—1 Pk+1

t

A(p+ Cy,, )L
1P+ —=22 > grqallar — zral®

L2(p 4 Cy, ) vrs—1 — v (hy—1)

Iz Jyy k=ks—1
4(u+Cy,,)? Ly 2C 7 —y* ()|
+( (1 gyy) +8>( 9.2% fy +Lf,1> Z lye — y* (ze) ||
1Ca,, H k—kg—1 Ph+1
) A+ Cy L2 K IV (@ yr, v |12
<opt Cy, ks 0 gy )2+ L G Lo IV G )
Klg,, ka1 k4+1Pk+1
Apu+C, )2 Ly2C 24 — gt ()2
+( (n+Cy,,) +8>< 9207y, +Lf’1> 3 lyx — y* (zx)||
1Cq,, H k—ha—1 Prt1
4p+Cg )’ L~ IV (@ vk v |2
<2+ Cy vy —1 — v* (Try—1)|* + S —
I ° ’ ucgyy k:kzg—l a%-&-l(pk‘i‘l
Apu+C, )2 L, -C 2 < —y 2
+( (1 gyy) +8>< 9.2% fy +Lf,1> Z lye — y* (ze) ||
1Cy,, H k—kg—1 Br+1
(a) * 4(/’L+C 1)2[’12) : v Tk, , U 2
L+ Cyp, g — v ()4 S G Lo g 19T )]
Klg,, ka1 k4+1Pk+1
4+ C, )2 L,-C 29 i Vy9(xg, —Vyg(xk, y*(x ?
+< ( . ) +8>( 9207, +Lf,1> 1 Z |Vy9(k, yr) w9 (zry* ()|
Hlgy, H k=ks—1 5k+1
(b) A+ Co L2 & IV (@ yr, o) |12
<2(p+ Cy, ) vky -1 — 0" (zhy 1) > + e —
9yy 3 3 Mngy k:kz?ﬁl ai+1<,0k+1
A(p+Cy )2 Lg2C 1 & Vg vl
+ ( ('U‘ gyy) +8>< 9,2% fy +Lf,1> = Z || yg( k yk)H
1C,, I i Bret1
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©2(n+ C, 2

) HVUR(xkg—hykg—hvkg—O — V1;R($k3—1,yk3—17U*($k3—1))H

<
= /142
N A(p+Cy,,)° L3 zt: IV £ (@, vk, vr) |12
N’ngy k=ks—1 OZ£+1(,0]C+1
t
(Al ) (D32 g, VO S (ol
1Cy,, H 7 ? =k —1 Bre+1
D4+ C . . * 2
S(MQQW)’|VUR<5W¢3—153/ (Th—1), V" (Try—1)) = Vo R(Zhg— 1, Yry—1, 0" (215-1)) ||
4 un+ Cy, * *
(M29yy>vaR(xks—layks—lvvks—l) - v?JR(xks—lvy (wks—l)av (zks—l))||2
A CuPIE S~ 9l
Mngy kg —1 O‘i_g_l@kJrl
t
(Aol ) (B g, )L 5 ISl
IU’C‘]yy /J/ ' lu2 k=ks—1 /Bk+1

(6)4(/1, + ngy) Lg,Qny
S ,LLQ

4p+Cy,,) A(p+Cy,, ) L2 : V(@ Yr, vi) ||
GRS IR L e TS o NAICEE O]
H IU’ngy k=ks—1 Qpq1Pk+1
U+ C,y )2 LyoC o R | v/ ue)l1?
+( (,LL gyy) +8>< g,2 fy +Lf,1> 72 Z || yg(xk yk)H , (60)
1Cy,, H P D Bre+1

where (a) uses Assumption (b) results from V, g (x, y* (w)) = 0; (c) uses the strong convexity in Lemma
(d) uses VUR(.”L‘, y*(x), v*(az)) = 0; (e) follows from Lemma

Our next step is bounding ||yx;—1 — y*(2x;—1)||? on the right hand side of eq. in two cases. The first
case is 3, < Cjg. In this case, by using strong convexity of g and the definition of 3}, we can easily have

* 1 2
lyks—1 = y* (@r—1) I SEHVyg(a?kg—hykS—ﬂ — Vyg(@hs—1, Y (Ths—1)) ||
1 32 C2
:E\|Vyg(:ck3—1,yk3—1))|l2 < M—; < M—g. (61)

The second case is 3;, > Cg. This indicates that ks exists and k3 > ko based on Lemma@ By plugging

_ o 2Ly ) o
Ahg—1 1= Bra1 (i Ly 1) into eq. l) and noting A\, 1 < 1, we have

(et Lg)Bra—1

[Wks—1 = ¥* @y 1> <Yg—2 — ¥ (@rs—2)* + Y (2ky—2) — ™ (@ryg—1)|I?

/’LLg,l

(@) « (14 Lga) L2 Brs 1
SHyks*Q ) (xk3*2)|‘2+ QL e ka3*2 _:Eks*le

Hig,1
_ . o (1 Lg 1)L Byt |V f(Thy—2, Yy —2, Vs —2)||?
=Yrs—2 = Y (s —2)||” + 7 2 2

Hliga Oy 1Pz —1

* (,U + Lgvl)L’Q ||vf(1’k —2, Yk —2, Uk —2)H2
S”ykg—Q ) (xk3—2)H2 + L . > 2 > 5
Hlig,1 Qg 1Pks—1
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24 Bt Lo VS ks, 03, o)

SHyk’s—? - y* ($k3—2)

MLg,IQPO ai3,1

+L,1)L2 "2 v 2
Sltyr 3 o+ Lot B 5 IV s )

MLg,1<P0 kg1 Qpy1

k — _
OO, Wt Loty R[9Sy

< (62)
w2 pLg 10

a? ’
k=ko—1 k+1

where (a) uses Lemma [} (b) uses eq. (61) by replacing k3 by kg since B, < Cjs (see Lemmafd). By
.. : * 2
combining eq. (61) and eq. (62), we obtain a general upper bound of |yx, 1 — y* (7x,_1)||? as

02 L L2 k372 — ] 2
2 < i_i_ (M+ g’l) Yy Z ||vf(xk7yk‘7vk‘)|| , (63)

[Yks—1 — Y (Trs—1) |7 <
: : Mz ;UngJSOO k—ky—1 a%_;,_l

where we define > ;/_ I, = 0 for any m > n and non-negative sequence {l; }. By plugging eq. into
eq. and using ||V, R(Th; 1, Yrs—1, Vks—1)]|* < y,%g < C’,%, we have

i Vo R (g, s vi) |2

k=Fk Ph+1
=R3
4(u+Cy, )O% (L, 5C 2 4 Cy,.)O2
é (u 4gyy) ﬁ( g,2 fu —|—Lf71> + (,LL—'- 2gyy) Y
{ I 1
ka—9 _
+4(M+ngy)(M+Lg,1)L§ <Lgv20fy+Lfl>2 i IV f (@, yr on) |12
12 Lg100 K e s
: _
4(:”’ + ngy)2L% Z ”Vf(xk7yk‘7vk)H2
1Cy, Oy k—hg 1 apiy
A+ Cy )2 L,2C 21 & v 2
+< (n+Cy,,) +8)< 92C7, +Lf71) 1 Z 1Vyg(@r, yi)ll '
1Cy,, u Wit Br+1
Then, the proof is complete. O

Supported by Lemma[I2]and Lemma|[I3] we derive upper bounds of §; and ¢.

Lemma 14. Suppose the total iteration rounds of Algorithm2]is T. Under Assumptions|[I| 2} if k2 in Lemma|
exists within T iterations, we have

Bry1 <Cp, t < ko;

Bera <(Cg I (H—FLg,l)Og (n+ Lg’1)2L§> N (N"‘Lg@)QL; Et: II?f(:ck,ykwk)IP
> ,U2 ,ULg,upo ,ULg710/3 Pl ai+1

When such ko does not exist, ;1 < Cg holds for anyt < T.

Proof. According to Lemmad] the proof can be split into the following three cases.
Case 1: k; does not exist: In this case, based on Lemma[d] we have 37 < Cj, and hence ;11 < Cj for any
t < T because (; is non-decreasing with ¢.
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Case 2: k- exists and ¢t < ks: In this case, based on Lemma@ we have 3,11 < Cjg.
Case 3: ks exists and ¢t > ky: Inspired by [84] and using telescoping, we have
IVyg(e, ye) ||
Brv1 + B
\Y , 2
<B; + [Vyg(xe, yt) |l
Bi+1

<G, + Z IVyg (@, ye) I

Br+1

(@) /,L+L,1 C? + L,1)%L2 +Lg1)?L2 ||V
<<CB+( g )C3 n (1 + Lg,1) y> n (1 + Lgn Z IV f l‘k,yk,vk)H
[ fLg 100 pLg1Cp

Bt+1 =Pt +

;o (64

k=ks ak’-i—l
where (a) uses lemma(I2] Thus, the proof is complete. O

Lemma 15. Under Assumptions[I| 2} suppose the total iteration rounds of Algorithm2]is T'. If at least one of
ko and ks in Lemmaexists, we denote ki, := min{ka, ks}. Then we have the upper bound of ¢ as

Pt choa t < kmin;
wr <ap log(t) + b17 t> kmina

where a1, by are defined as

C

Jay

b-i-CfI-l-ozo
C

gacya’

C_l) + 4ag + 2bg, (65)

Gy

a1 = 6ag, b1 :=4aglog (1 ) + 4ag IOg(C

in which we define constants

\/5 b= \[Cf/

(4 p+Cg,.) +8)(Lginy

gvu

+C +Lg1)L2 (Ly2C 2y C, )2L2
n 4(p 9y )(M gl) ( 9,2 fy+Lf,1> 4 (p+ gyy) v

3Lg 1%0 /J,Ogyy")/o
(/J’ =+ Ogyy)cl% Lgagcfy ? 4(# + ngy)cs
e m +Lsi) + —,UQ

+(4(M+ngy)2 +8)(Lg,10fy +Lf’1)2/$12<02

1Cg,, Ff - BO)

A+ Cy,, ) Lg2Cy 21 K(/ﬂrLg 1)CE  (u+ Ly, 1)252)
[( 1Cq,, ) ( H f/l) H I pLg 1o (©0

bo 2:C5 + C’Y +

When such ko and k3 do not exist, we have oy < Cy, forallt < T.

Proof. To begin with, we first show the following result as the first two lines of eq. (64): since §; and ~y; are
positive and increasing monotonically with ¢, we can easily have

0< min{ﬂt%rp %52+1} — min{f7, 77}
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2 2
= (5t+1 + Vi1

i(ﬁtﬂ + ’Yt+1) (87 +77) —

—max{f, 1,71 }) -

(‘Pt2+1 -

(B7 + 77 — max{7,~7})

©7),

where (a) uses the definition ¢, := max{3;,y;}. Similar to eq. , we have

03 S(ﬁt%rl — B7) + (%2+1

2
Pt+1 —

which indicates that

=) = IVyg(@e, y) I* + Vo R(@e, yo, vo) |17,

IV R(4, ye, ve) ||

Pt+1 + @t
Vo R(2e, ye, ve) ||

Vo R(xy, yo, v1) ||
o IV Ry v

Pt+1

1Vyg(ze, )2
Y41 S+ P
<ot 1Vyg(ze, y) |2
Bt+1 + Bt
<pp + IVyg (e, yo)|I?
B+

(67)
Pt+1

Note that, to simplify the proof, we define ;' I, = 0 for any m > n and non-negative sequence {l)}.
According to the definitions of k2 and kg3 in Lemmal] the proof can be split into the following four cases.

Case 1: neither k5 nor k3 exists: for any ¢t € (0,7"), we can easily have ¢,

C,.

= max{f, v} < max{Cp, C,} <

Case 2: k- exists but k3 does not: by using the third line of eq. , for any ¢t € (0,7T), we have

IVyg(@i,u)lI?

where we take > _ ko B

= 0 for any ¢t < ks.

| Vyg(@r, yn)ll?
Oi41 < Bry1 +ve41 < Cg + Z Sk SANLILAIL S

k=k>

Br+1 O (68)

Case 3: k3 exists but &y does not: from the second line of eq. (67), for any ¢ € (0,T’), we have

Ol (<<p 4 !\Vyg(xuyt)!!? ”VuR(ﬂﬂt,yt,Ut)HQ
5t+1 + By SDt+l
<, + Z IVyg(@r, i)l H2 Z IV oR (g, Yk, vi) ||
Br+1 + B = P41
vyg xkayk H2

By + g + z |

Br+1 + B

Z ||v R('Ik? Yk, Uk:)”

pa— Ph+1

b
(Z)ﬂtﬂ + Vs

k—ks Pr+1
VoR(xk, Yk, v
b4+ 3 IR e )P
k—ks P41
Vo Rk, Yk, vi) ||*
<Cg+C,+ , (69)
g K Z Pr+1

k=k3
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where (a) uses the second line of eq. ; and we take zzzks W = 0 forany ¢ < ks; (b) uses
the first line of eq. (64).
Case 4: both k; and k3 exist: from the third line of eq. (69), for any ¢ € (0,7), we have

t
\4 g\ Tk, Yk 2 v R Tk, Yk, Vi
b o 3 Tt Z IV Rk, e )

k- —
<ﬁ n 32 IVyg (@, y)lI* 10+ Z M Z Vo R(zk, yr, o) |2
Br+1 Br+1 = Oh+1
=05+ C, + Z M Z Vo R(@k Y, vr) | 70)

where (a) uses the third line of eq. ; and we take ZZR’:E W = 0 when ky > ks, and

Sk ko Mgﬁfikflk)ll = 0 for any ¢ < ks and ch:kg W = 0 for any ¢ < k3. It is easy to see
that the upper bound of ¢;1 in eq. (70) is the largest among all cases. Thus, in the remaining proof, we only
explore the upper bound of ; in Case 4.

To further explore the bound of ¢;, we need to use some auxiliary results and bounds. So we split them into

three parts as follows.
v 2
Part I: an auxiliary bound of IV f@xyisvon) I

Okt1 B
To further explore Case 4, we begin with a common term ZZ: ko Ww for any kg < t. Recall in
k+1
Lemmal[I0} we have
V2 V2C ) _
oell < 74Pk+1 + p vk =: a1 + bVk,

where a and b refer to eq. . According to Lemma since ag > 1, for any integer ¢ > 0, we have

I

Z IV f( xkaykﬂ)k)” i IV £( $kayk77}k)
k=0

k=ko ak+1 ak+1

t
k=0

(a) !
k
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=2log(t + 1) + 2log (Cy,, apt+1 + Cg,, bVt + Cy, + ag) + 1
<2log(t+ 1)+ 2log ((ngy&§0t+1 + ngyb +Cy, + ao)\[) +1

<3log(t + 1) 4 21og(Cy,, a1 + Cy,,b + Cy, + ) + 1, (71)

where (a) follows from Remark(3[and Lemma Therefore, we obtain the upper bound of 37, M
k+1
for any ko <t in eq. (71)). Part I'is completed.
[

Part II: a more general bound of > W,

In Lemmal we show the bound of 3 K=y W when k3 exists. In Part II, we further provide a

rough bound of Z w for any potential kE<T. Firstly, if k> ko, itis easy to have

Z IVyg (e, yi)ll* H2 Z IVyg(@r, y)I*
Br+1 Br+1 ’

secondly, if k< ko, we have
Yy k> k Y k> k‘ Y ks Yk
ZHVQiU i) || ZHV!J% i) |1 ZHVgx i) |1
Br+1 Br+1 = Br+1

k 1
<Z 2 Vg (e, i) 1P Z IVyg(@r, yi)ll* )2
- Bo

= Br+1

% 1Vyg(xr, i) |I”
Z I Vyd\ Tk, Yr)II~ kuyk

Br+1

50 Z ||Vyg l’lmyk ||2

Br+1

\Y ,
5+2H yngkka'

Br+1

Combining these two situations, since Cg > 3y, for any k < t, we have

Z Hvyg xkayk ‘ /8 + Z Hvyg xkayk)H
- 5

Br+1 Br+1

() C3 6+(M+L9,)C (n+ Lg1)*L2

~ Bo MQ MLg,l(PO
p+ Ly v (Tk, Yk, v
Hlg,1 O‘k+190k+1

where (a) uses Lemma[I2] Thus, Part II is completed.
Part III: the bound of ¢, in Case 4.
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Here, we explore the upper bound of ¢; in Case 4. Recalling eq. (70), we have

V T, 2 v RQ:J , U
prr1 <Cs + Cy +Z” w9, i )| +Z” w402,
K=k Br+1 k—ks Pk+1

for t < kmin := min{ks, k3}. For t > kpyin, we have

t
Vyg (@, yill® Vo R (i,
pui1 <Cp+Cy+ 3 Wl w)lE Z IV R(@r, i, o)1

= Br+1 = Pr+1
(a) LIV g(2h, yr)|2
SCg-i-C»y-i- Z || yg( k yk)H
P Br+1
2
A(p+Cy,,)CF [ Ly Gy, 2 A +Cy,,)C
1 +Lsq | + 5
1Y 1Y 1Y
ks—2 | =
4(:u‘+cgyy)('u’+Lgal)L?24<L9x20fy +Lf )2 SZ ||Vf($k,yk,’l)k)||2
1
13 Lg 190 Iz ko1 Cya

A(p+C,,, )2 L2 Z IV £ (h yis o) |2

ngyc"/ k=ks—1 Oéi+1
U+ Cy )2 L,>C 21 ¢ 2
+ ( (p’ gyy) + 8)( g,2% fy +Lf,1> — Z ||V’l/g(x/€7yk?)||
1Cy,, iz I _ks . Br+1
O 4(u+C, )2 L,2C
s{( (1 +Cy,,) +8) (Lo ﬁl) +1] Z IVyg (e, vl
#Cy,, H Brt1
4(p+C, )C? C +C,,,)C?
b0y uf”) ‘5( e +Lf,1) +—<“ Mz“’”) :

(g ) () (5 )

A(p+C + Ly1)L2 (L, »C 2 NIV (ks yss vp) |2
(+Cg, )+ Ly 1) y( 9.2 fy+Lf’1> ) IV f(xr, yi, vr)|

12 Ly, 100 H k=kz—1 i1
4(p+ Cy,, ) L3 Z IV £ (o i, o) |2
#Cg,,Cy k=ks—1 O‘ZH
(¢) C L,>C 21 + Ly1)%L2 2
S(( (h+Cy,,)° +8)< 920y, +Lf71) 2+1> (n+ Lg1)°Ly Z |V £( ﬂﬁk,ykwk)ﬂ
1Cl,, H H pilig OF 41 PRt
4(lu‘+ngy)('u’+L911)L?2l <Lg,20fy —|—Lf 1)2 i ||vf(xk7yk7vk)”2
13 Lg 10 1t oA i
4n+ Cy,, )2 L2 Z IV f (@i o, o) |2
ngyC'Y k=ks—1 ai-‘rl
4u+Cy, )C% (L, C 2 +Cy,,)C2
+ 0[3 +ny + ( 4gyy) 8 ( g9,2% fy +Lf,1> + %
I I Ju
4(u+Cy,,)° Ly 2Cy C3
(e Ol Bty 21D )
lu‘ngy H d N2 5
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4u+C, )2 L,2C 2 1 p+Ly1)C? + Ly1)%L2
+ |:( (,LL gyy) +8)( g.2% fy +Lf,1) 2+1:|(( gl) B + (lu g,l) y)
pCy,, % % % pLg 190
4 C, )2 L,-C 21 + L,1)2L2
SK( (1t Cyyy) +8>( 9.2 fy+Lf,1) 2+1>(N o)L
nCq,, I I plg1Ca

4<u+cgyy><u+Lg,1>L§(Lg,chy L H 3 IV )|
13 Lg,100 p :

+

2
!
k=ky—1 k+1

LMot Co LY S VS )P

1Clg,, Y0 k—hg 1 O‘erl
4(u+Cy YC? /L, 5C 2 Au+C, )C?
copro, X f‘”) 5( 921y +Lf,1> g At %)G f”) :
% % w
4(M+qu )2 Lq 2Cf 21 C%
(T ) (P ) (- )
1Cq,, Iz ) 12\ B o
4 C, )? L,2C 21 + L, 1)C% + Ly1)%L2
+ {((WF o11) +8)<7‘"’2 Ty +Lf,1) 2+1]((u Z’l) a+(u 2.1 y)
pCy,, % % uLg 160
. _
d \Y4 Yk 2
(:):ao Z I f(ﬂkayk ol + by
«
k=min{ks—1,ks—1} k+1
) _
V b b 2
<ap Z ! f(xkzyk v + ag + by
k=min{k2,ks} Y1
(e) C, b+Cs +a
<ag {3 log(t+1) + 2log (aptﬂ 4 Yo o J:_; O) +2log(Cy,,a) + 1| + ag + bo, (73)
Gy

where (a) uses Lemma (b) uses the first line in eq. by replacing k with ks — 1; (c) results from
eq. ; (d) refers to eq. ; (e) uses eq. . Since min{ks, k3} < T, we have @1 > min{Cs, C,} >
max{64a3, 1}, which indicate that

(1) if 8ag < 1, we have

log(pi+1) _ pre1
2 - 2

dag log(piy1) < < Qit1;

(ii) if 8ag > 1, we have

@41 — daglog (1) = i1 — 8aglog(v/@rr1) = 8ao(vprr1 — log(y/@iv1)) > 0.

Combining (i) and (ii), we have 4ag log(¢¢+1) < ¢¢+1. Then we obtain

Cgmyl_) -+ Cfr “+ g

wir1 <ag [3 log(t +1) + 2log (@tﬂ + ) + 2log(Cy,,a) + 1] +ao + bo

Cy,,a
<agy {3 log(t + 1) + 2log(¢r1) + 2log <1 + ngl}g Cff i ao) + 2log(Cy,,a) + 1} + ag + bo
Gzy
S%@tﬂ + ag [3 log(t + 1) + 2log (1 + Cg”bggf:; + oz0> +2log(Cy,, a) + 1} ~+ ag + by,
which indicates that
wi+1 <6aglog(t+ 1) + 4agp log (1 + ngyb;_ CJ:; + OA)) + 4ag log(Cy,,a) + 4ag + 2bg
Guy
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(:a):al log(t 4+ 1) + by, (74)
where (a) refers to eq. (63). Thus, Part III is completed and the proof of this lemma is completed. O

Lemma 16. Under Assumptions for any integer ko € [0,t), we have the upper bounds in terms of
logarithmic functions as

v

k— ko Oék—‘rl

\Y%
Z IVyg(zi yoll < aglog(t+1) + b,
P ko Br+1

Z ||V R(xkvykavk)n < aglog(t+1)+b3,

k—ko P+l

where referring to eq. (63), eq. (66), c2, as, ba, as, by are defined as

¢y :=2log (Cy,,aa1 + Cy, aby + Cy, b+ Cy, +ag) + 1,

s :5(/.L+ Lg’l)QLZ - (u—i— Lg,l)zL'z (gg _ BO n (M"‘Lg 1)C (M"—Lg 1) LZQ/)
. pnLg1Cp ’ ) puLg1Cg Bo Mz pLg 100
a .:20(M+ngy)(y’+Lg’1)L121 L!chfy +L 2+ (M+C‘Jyy)
o 3Ly 100 1 uCy, C,
4(p+ ngy)Z Lg2Cs 202
8 =~ Y + L —,
(e ) (P 1)
Cc? 4(p+C, YC2 L,C 4(pu+C, )C?
by =1 ot ( 49“) b(Le2Ch oy Z ngy) s
Yo 1Y 0
4(p+C +Lg1)L2 /L, C 2 A(p+C,, )L
+ (/1’ ggéy)(ll’l’ 9,1) y( g9,2% fy +Lf1> + (,Lt 9yy ) T Cs
w Lg,IQOO 1% ngyc
4(p+Cy,,)? Ly2C 2b
+ ( Mcggy( +8)( gu v 4 Lpa) u%’ (75)
vy

Proof. Based on the logarithmic-function form bound in Lemma|[I5] we can further have the logarithmic-
function form bounds of the components in Lemma|IT]as the following 3 parts.

Part I: the bound of M in terms of logarithmic function.
kE+1

Firstly, we bound S _, 1N/ @rvevi)l® g0 arbitrary ko < t. Back t .,b lugging i .,
h1rs y, we bound > 7}, o or arbitrary ko < ack to eq. (71), by plugging in eq. (74), we
ave

Z IV f( xkzayk,vk)H
k=ko ak+1

<3log(t + 1) + 21log(Cy,, a1 + Cg,,b + Cy, + ap) + 1

(@)
<3log(t + 1) + 2log (Cy,,aay log(t + 1) + Cy,,ab + C

b+ Cr, + a0) +1
<3log(t + 1) + 2log (Cy,,aay(t + 1) + Cg,,aby + Cy, b+ Cy, + ag) + 1
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<3log(t + 1) + 2log ((Cy,,aa1 + Cy,,ab1 + Cg,,b+ Cy, + ap)(t +1)) + 1

<5log(t + 1) + 2log (Cy,,aar + Cy,,aby + Cy, b+ Cyr, + ag) + 1

()

=:5log(t+ 1) + ca, (76)
where (a) results from eq. (74)); (b) refers to eq. (75).

Part II: the bound of > W in terms of logarithmic function.

Secondly, we bound Z k—ko W. We split this part into two cases using Lemma@
Case 1: If 8; 1 < Cg, we have

2 t v 2 2 12 02 — 52 2
Z IVyg (e, yi)l* _ > k=t I Vyg(@r, y) |l <5t+1 Bro <9 Bo _ % g <by

Br+1 - Bo - Bo b Bo

Case 2: If 5,11 > Cp, we have ky < t, where ky refers to Lemma Then we can use eq. , which
indicates

Z IVyg(ar, y)l?

k—Fo Br+1

<(C§ + (M+Lq’1)C§ + (M+L971)2L§ + (N+Lg1 2L2 i va xkvykavk)”
p

MLg,IWO MLg 106 k—Fo ak+1
5(u+ Lg1)%L? + Ly1)%L3 oF +Ly1)C3 + Ly1)%L
< (/“L !]1) ylog(t+1)+ (:u 971) Y <B—Bo+ (/J’ gl) (:u 91) y)
MLg,1CB NLg,lcﬁ Bo H MLg,lsl?o
(:a):ag log(t + 1) + bo, 77)

where the second inequality uses (76)), and (a) refers to eq. (75)). Since the upper bound of Case 2 is larger,
we take eq. (77) as our final result.

Part I11I: the bound of 3~ ”ij';—ykm” in terms of logarithmic function.

Last, we bound >} _ ko W. We split this part into two cases using Lemma

Case 1: If 1,1 < C,, we have

2 ¢ V.R(z )2 CZ—A2 C2?
Z Vo R(zk, i, vr)|| < > heko I Vo R(Zk, Yk, vi) | <9 Y <Y<,
k—ko Pr+1 $¥0 0 Y0

Case 2: If 441 > C.,, we have k3 < ¢, where k3 refers to Lemma

Z |VoR(zk, Yk, vi) ||

k—Fo Pk+1
ks—1
(a) 32: |V R (g, yr, vr)| Z Vo R(xk, i, vi)||?
k=Fko Ph+1 k=l Ph+1
() C2 +Cy,,)C5 [ Ly2C 2 4u+0C, )C?
SFYO 70_’_ (/’L M4gyJ) ( 972 fy —|—Lf71> + (,u quyy) %
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2 2 k3—2 &
Ap + Gy, ) (1 + Ly 1) Ly, (Lg,chy n Lm) 32 IV f (e, g, v) |12

3 2
1Ly, 100 H kmhog 1 Oht1

Ap+Cy,, ) L3 Zt: IV f (zk, yr, ve) I
2

1Cgy, Cy k—hg 1 Apt1
4 C, )? L, oC 2 i 2
+ ( (,U, + gyy) + 8) ( 9,2% fy + Lf,l) ig Z Hvyg(mhyk)u
ngy 12 12 k—hg—1 Bra1
(c)02 Au+C, YC? /L, ,C 2 Ap+cC, )C?
B P + (lu 4gyy) B ( 9,2 fy + Lf71> + (/J, 29yy) ¥
0 0 7 0
4(,“ + ngy)(ﬂ + Lg I)LZQ/ Lg 2Cf (,u + Cg ) >
+ z : =Y + L + S5log(t+1) +¢
( 12 Lg,100 ( 7 f’l) #Coy, Cy (Blog(t 1)+ c2)
4(u+Cy,,)* )<Lg2Cf )21
+ | —F—+8 )| ——+Ls1 | —(azlog(t+1)+ by
( 1Cy,, @ S /ﬂ( (1) + o)
(d)
=:azlog(t + 1) + b3, (78)

where (a) allows ZkS . M = 0 when kg > ks; (b) uses C,, > 7o and Lemma (c) follows
from eq. (76) and eq. . (d) refers to eq. (73). Since the upper bound of Case 2 is larger, we take eq. (78)
as our ﬁnal result.

Thus, the proof is complete. O

Next, we show the upper bound of o.

Lemma 17 (The upper bound of «;). Under Assumptions suppose the number of total iteration
rounds in Algorithm[2]is T. If there exists k1 < T described in Lemma[4) we have

oy <Cl, t <k

ar <Cy + (a4 log(t) + by + 4(®(z0) — i{clffb(a:)))@t, t >k,

where a4, by are defined as

2L%as [ 2 Ly2C 2 4E2a3
) ‘—m——= + = D7 Iy + L } +
4 12C, 112 ( 7 f71) 12C,
2L%by 2 Lg2Cy o] | 4L%b3  2Le C3
bii= g (L4 5 (F22 e )] 208 , (79)
12Cy u2( [ ) 12Co 93 o}

and the upper bound of p; := max{f, v} refers to Lemma When such ki, does not exist, we have
oy < Cy foranyt <T.

Proof. According to Lemmad] the proof can be split into the following three cases.

Case 1: if ar < C,, for any t < T, we have the upper bound of a;11 as az1 < Cly.

Case 2: if ap > C,, there exists k; < T described in Lemma Then we have the upper bound of oy as
apr1 < C, forany t < ky.

Case 3: in the remaining proof, we only consider and explore the case k1 < ¢t < T when ar > C,.
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From Lemmal I 1] for k > k1, we have

1 1 _
O(x <O(xp) — ——||VO(zp)||? — ———— |V (@, Yk, vp) |2
(@s1) €B(a0) = 5o [ V()| = oV i )
_ 2 _
L? 2 /LgoC 2] || Vyg(zg, L? || VoR(zk, vk, vi) ||
+2[1+2< 9.2 fy+Lf71> ]H w9 @i,y || +7}| o R(Tk, Y, vi) |
2 1 Iz Ok 1Pk+1 2 Ak 1Pk+1
which indicates that
Vf(zr, vk, vk
Ok+1Pk+1
_ 2 _
2L2 2 (LgoC 21 || Vyg(z, AL? ||V R (ks yi, vg) |2
+2[1+2< 229 1)) ]I! o@r vl | AL [V Rlar, v o)l
2 2 2 Ok +1Pk4+1 2 Ok 4+1Pk+1
By taking summation, we have
Z IV f (ks Yo i) |1
Qk+1Pk+1
212 2 (Ly2Cf HVyg Thy Yk H
<4(P(zp,) —inf P(x +{1+(’y ) —
() —inf @(x)) + 5= 1+ 5 (= Z oo
T2 t V., R 2
n 42L Z H v <xkaykuvk‘)‘| . (80)
p=Co Py P41
=K1
For ®(zy, ), by telescoping eq. in Lemmal[11] we get
ki1—1 2
ch IV A( ﬂﬁt,?/t,vt)H
(I)(x/ﬂ) Z
O‘t+1‘%7t+1
I2 9/ LyoC MY, g,
H[m(w b1y, 35 It
2u " i Qt41Pt+1
L2 i HVvR(xt,yuUt)H
- . (81)
Ot +1Pt+1
By plugging eq. (1) into eq. (80), we have
Z IV f (ks Y vi) |1
Qk+1Pk+1
92L2 [ 2 (Ly2Cy 19w, o) ||
<4(®(xg) — inf D(x +71+7<77y )
(®(a0) = inf @(a)) + 514+ 5 (=2 Z o

4 Z Hv R xk7yk7vk)” + 2L<I>Q§
Pht1 0 of
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<4(®(wo) — inf B(x)) +

212 2 (LyaCy, | ] IV yg (i, )|
[1+ ( . Lyy) Z

12Cy w2 Br+1
4L VoR(xk, Yk, v 2Lg C2
Z H ks Yk k)” + 2<I>72
12Caq Pr+1 Yo X
(a) 2L2 2 /L, QCf 2
< i 2 (282
<4(®(wo) 1531f<1)(x)) + 20, [ + 2 < . + Lf,l) ] (azlog(t + 1) + by)
412 2Lg C2
log(t b — 5
+u2Ca(a30g(+ 1)+ :),)—i-gp0 P
b
Claslog(t +1) + by +4(®(zo) — inf B(x), (82)

where (a) plugs in eq. and eq. (78); (b) refers to eq. (79). This immediately implies

Z IV £ (h, i o012 < (a4 log(t + 1) + bs + 4(®(z0) — infq’(@))‘PtH' (83)
P Qf41 ’

Similarly, we can have the upper bound of a1 as

Z IV f(zk, yr, vg) ||

opp1 <oy, +

K=k Ok+1
<Cy + <a4 log(t + 1) + by + 4(®(x0) — igf@(a})))gotﬂ. (84)
Then the upper bound of a1 is proved. 0

F.4 Proof of Theorem 2|

Here we still assume the total iteration rounds of Algorithm [2]is T". According to Lemmafd] the proof can be

split into the following two cases.
Case 1: If ap < C,, then by Lemma [l T]and Lemma[I7] we have

Ve Tt 2 Lq> —
IR < @) — Blar1)) + = 9 £ oo 1. v1)
Q+1Pt4+1 X 1P+
— 2 —
L? 2 /Lg2C 2] || Vyg(ae, 2L? ||V R(zt, yr, ve) ||?
+2[1+2< 2200 | 1,.) ]H w9z g™ : Vo R,y voll”
K H K Q4 1Pt+1 1% Qt+1Pt+1
By taking the average, we have
T—1
VO (z4)]|? 2 Ly 1 = 2
— @ X + p v Tty , U
Z crprpn ST (200) = @)+ S g 3 Iy vl
I? 9 /LysC 211 22 |V, g(ze, o) ||
+2{1+2< 9.2 fy+Lf,1> s [Vyg(@e, 3]
% % % T4 = o1

2L2 Z HV R(xt, yz, ve) ||
Qi 1Pt+1
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2 L<1>C2
<—(® -
_T( (z0) — ®(x7)) + TaZe?
+ 7? {1 + 2<L972ny ) ] Z Hvyg i, Yt) ‘
u2agT e w Be+1
2172 Z Hv R l‘t,yt,vt)HQ
M 2a0T Pr41
(@) 2 LoC?

< T((I)(QUO) - ir;;f@(x)) + Ta%gp%

L? 2 Ly2C 2
+ ,uzaoT |:1 + E (ngy + Lﬁl) :| (CL2 log(T) + b2)

72
+ ,UJSOZOT (ag log(T) + b3)
=57 <a4 log(T) + bs + 4(®(z0) — irmlffl)(a:))),

where (a) uses Lemma[16| with ko = 0.
Case 2: If ar > C,, by Lemma there exists k1 < Tp such that ay, < C,, ag,+1 > Cq.
Then for ¢ < k1 when ap > C,,, from Lemmal[l1] we have

Vo) _ Ly

<2(P(z¢) — P(x141)) + 7\|Vf($t7yt, v)|?
O 1Pt+1 ( ) t2+180t+1

+ — _
/1'2 ,u2 2

Qt+1Pt+1 12 Qt4+1Pt+1

For t > ki when ar > C,, from LemmallI} we have

IVe(ze)|?

<2(P(zy) — P(x
T (®(x) — D(441))

D14 2 (220 g, ISastoel | 202 |V Rlowenl?

+ —
/112 2

O 41Pt+1 Y At41Pt+1

By taking the average, we can merge t < ky and t > k; as

T —
([ V()2 0? IV H2 Ve (ze)|?
> Z +7 Z
t=0 t=0

’ﬂ \

Qt4+1Pt+1 Qt41Pt+1 Qt4+1Pt+1
5 -
< (®(z0) = @(an,)) + 75 Z% IV £ (e, v
= 2
+ L {1 + Q(LQ,Zny ) ] Z Hvyg LAl
p? p? K Q+1Pt+1

2L2 el Vo R (2, ye, v0)]?

T2

Qt1Pt+1
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+ 2 (Brn,) — B(r))

L 2 (Lo2Cy, ] ([ Vo)
— (1 > Y
* u? [ * uz( 1 ) Z Q19141
2L2 Z * || Vo R, v, )12
At 41Pt+1
<2(s . L‘,p 1 .
<7 (®(z0) — inf &(x)) + ZH F(@e,yeon)|)?

79 T-1
" % |:1 n 32 (Lg,Qny + Lf ) :| 1 Z HVyg Tt, yt)H
H H H i—o Q1P

2L2 Z HV R(ze, ye, 012

Qt4+1Pt+1
) _
<7 (®(z0) — inf &(x) Z% IV £ (e, ye, v0) |12
s [1+2< ngfy Lpa) ]Z [¥yg( w0l
p2ogT pAENp Or41

2L Z HV R(zy, ye, vr)|?

P41

,u 2a0T

(a )2 . L@CE{
T((I)(xO) H;;f(p(x))—i_Ta%@g
L2 2 /L QCf 2
1 7(97 L ) log(T) + b
+uaoT[+u2 H o ](GQOg(Hz)
2 T2
log(T
+ /LQ(JZOT (ag og( )+b3)

21T <a4 log(T) + bs + 4(®(z0) — irmlffl)(a:))),

where (a) uses Lemma[I6|by plugging in ko = 0.
Note that Case 1 and Case 2 indicate the same result. Thus, we have

1 .

T Z IV ()] §—T<a4 log(T) + bs + 4(®(z0) — 1I%f<I>(x))>aT<pT
(@) 1
Si

5T [(a4 log(T) + ba + 4(®(z0) — igf ‘I’(x)))290%"

+C, (a4 log(T) + by + 4(®(20) — igf@(x)))g@zﬂ}

. 2 )
=97 [(a“ log(T') + ba + 4(®(xo) — inf ‘I’(x))> (a log(T) + by)
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+ Cy (a4 log(T) + by + 4(®(z0) — ir%ffb(w))) (a1 log(T) + bl)}

o)

where (a) follows from Lemma [T7} (b) results from Lemma([I5] Thus, the proof is finished.

F.5 Complexity Analysis of Algorithm 2| (Proof of Corollary 2)

Recall in Theorem 2| we know that there exist a constant M such that

%Z IVa|? < M1oE @)

When we set the iteration number T' = M N log? ( ) and assume the constant N = 124, we have
Mlog"(T) Mlog* (¥ log*(21))
T MN 10g4(%)
_ [log(N) + log (%) + 4 log(log(%))I*
- Nlog4(%)
)<log( )+ 210g(M)>4 (b)
>~ £ + € S 9
N7 log(4)

- €

where (a) follows from the inequality log(log(%)) 1 log( ) for sufficiently small €; (b) holds because

log(N) + 2 log(%) < N7 log(%) for N = 12 and € is sufficiently small. Thus, to achieve e-accurate
stationary point, we require 7' = @ log4(%) = (’)(% log4(%)), and the gradient complexity is given by
Ge(e) = QT) = O(¢ log (7))
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