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ABSTRACT

This paper focuses on decentralized stochastic bilevel optimization (DSBO) where agents only
communicate with their neighbors. We propose Decentralized Stochastic Gradient Descent and
Ascent with Gradient Tracking (DSGDA-GT), a novel algorithm that only requires first-order oracles
that are much cheaper than second-order oracles widely adopted in existing works. We further provide
a finite-time convergence analysis showing that for n agents collaboratively solving the DSBO
problem, the sample complexity of finding an e-stationary point in our algorithm is O(n=te~7),
which matches the currently best-known results of the single-agent counterpart with linear speedup.
The numerical experiments demonstrate both the communication and training efficiency of our
algorithm.

1 Introduction

Bilevel optimization (BO) has recently gained growing attention in the machine learning community due to its
effectiveness in various applications such as hyperparameter optimization [17, 44, 19, 41], meta-learning [2, 20, 51],
reinforcement learning [64, 27], and many others [52]. Mathematically, the bilevel optimization problem can be
formulated as follows
in ®(x)= * Lty (z) = i 1

min - (z) = flz,y"(2)), st y"(e) = arg min g(z,y) (1
where g is the lower-level (LL) function and is usually assumed to be strongly convex with respect to y for all z,
and f is the upper-level (UL) function which is possibly non-convex. A natural strategy to solve problem (1) is to
estimate V®(z) (which we call hypergradient), and then perform hypergradient descent on . Under certain smoothness
assumptions, the hypergradient exists and has the following closed-form expression by implicit function theorem [22]:

VO(z) =V, f(z,y"(z)) + Vy*(x)TVyg(x, y*(x)) 2)
where we have

Vy' ()" = =V3,g(@, v (2))(Vyg(z,y" () " (©)

Two major challenges are obvious from the hypergradient expression in (2) — one may not have direct access to
y*(z) and it is usually expensive to directly invert a Hessian matrix Vig(x, y*(z)), which may further require some
approximation of the Hessian inverse. This suggests that one should carefully handle these two sources of large bias in
estimating (2). State-of-the-art techniques to estimate (2) include AID-based methods [16, 48, 23, 22, 24, 31], ITD-based
methods [16, 44, 20, 24, 31], Neumann-series-based methods [22, 6, 27, 31], and SGD-based methods [3, 10, 8, 26].
Although the sample complexity of BO has been proven to match the lower bound under mild assumptions [8, 26],
it is worth noting all these works require Jacobian-vector product oracles, which largely restrict the applicability of

*denotes equal contributions.
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Table 1: We compare our Algorithm 1 with existing DSBO algorithms including DSBO-JHIP [9], GBDSBO [61],
MA-DSBO [7], and D-SOBA [35]. “Cost / Iter” represents the per-iteration computational and communication cost.
“Complexity” represents the oracle complexity as well as the communication rounds required to find an e-stationary
point. “Oracles” represents the oracles needed in the algorithms. We use “Jacobian”, “JVP”, and “Grad” to denote
oracles of Jacobian matrices, Jacobian-vector products, and gradients respectively. “Heterogeneity” corresponds to
data heterogeneity, and “Bounded” indicates the requirement of an additional assumption that the data heterogeneity is
bounded across agents, i.e., | Vfi— % S Vi H is bounded uniformly for all 4. In deep learning architectures, the
computation of a Jacobian-vector product can take four times the time taken by computing a gradient and may require
three times more memory than computing a gradient [11].

Algorithm  Cost/Iter Complexity Oracles Heterogeneity

DSBO-JHIP O(d?) O(e79) JVP, Grad Bounded
GBDSBO O(d?) O([L’le*‘l) Jacobian, Grad Bounded

MA-DSBO O(d) O(e™?) JVP, Grad Bounded
D-SOBA O(d) O(n=te %) JVP, Grad Bounded

DSGDA-GT O(d) O(n~te ™) Grad Unbounded

such algorithms. To mitigate this issue, another line of research has been dedicated to tackling Problem (1) by using
first-order information only [36, 5].

To accelerate the optimization process of BO algorithms, there is a flurry of work extending the single-agent training
setting to the multi-agent ones such as decentralized training [43, 9, 61, 21, 18, 35] and federated learning [58, 28, 63].
Designing provably convergent and efficient algorithms for these types of problems is even harder, as we need
to handle the heterogeneity from various sources of data and achieve consensus among different agents. Existing
decentralized stochastic bilevel optimization (DSBO) algorithms mainly utilize second-order information to approximate
the hypergradient, and then apply updates in a decentralized manner on top of it. This paper aims to propose and
evaluate the fully first-order methods for DSBO problems. Our contributions can be summarized as follows.

1.1 Our contributions

* We propose Decentralized Stochastic Gradient Descent and Ascent with Gradient Tracking (DSGDA-GT), a fully
first-order algorithm for solving the DSBO problem with a constant batch size and unbounded data heterogeneity. Our
algorithm greatly improves the per-iteration time and space complexity compared to existing works, which heavily
depend on second-order information of the objectives.

* We provide a finite-time analysis, which indicates that our algorithm is capable of finding an e-stationary point within
O(n~te~7) first-order oracle complexity, which matches the current best-known result in the single-agent counterpart
and achieves a linear speedup effect in the decentralized setting. In addition, our analysis of the double-loop and
two-timescale decentralized optimization is of independent interest.

* We conduct experiments on both synthetic and real-world datasets, comparing the performance of our algorithm
against existing state-of-the-art baselines. The empirical results demonstrate that our methods exhibit superior
generalization performance and greater efficiency compared to the others.

1.2 Related work

Bilevel optimization. The study of bilevel optimization can be traced back to [55]. Recently, there is a flurry of work
proposing novel BO algorithms with provable convergence rates [22, 24, 27, 6, 10] and implementing BO in large-scale
problems in the machine learning community [48, 41]. It is gaining popularity due to its capability to handle different
types of problems with a hierarchical structure. One line of theoretical work aims at settling the sample complexity of
finding a stationary point in BO [22, 27, 30, 6, 3, 10, 8, 26] when second-order oracles like Jacobian-vector products
are accessible. Despite the fact that the complexity of computing a matrix-vector product oracle is roughly the same as
that of a gradient [47], such oracles are still time-consuming and difficult to implement, especially when it comes to
neural network models, which require additional efforts in developing machine learning libraries to efficiently compute
the hypergradient [25, 13, 14, 4]. Motivated by this, some recent works propose novel algorithms to avoid accessing
second-order information of the problem, such as fully first-order method [36, 5], which reformulates the bilevel
problem as a single-level one treating the lower-level problem as a penalty term, zeroth-order method [54, 62, 1], which
estimates the hypergradient via finite-difference approximation, etc.
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Decentralized optimization. Decentralized optimization has been studied extensively in control community [60, 15].
When it comes to large-scale machine learning problems, the decentralized training was revealed to have its own
advantages in terms of privacy protection, robustness, scalability, and linear speedup effect [39, 57]. Theoretical
investigations include analyzing the sample complexity [39, 57], effects of network topology [46], compression
techniques [56, 33], etc.

Decentralized stochastic bilevel optimization (DSBO) arises naturally when the data of a bilevel problem is distributed
among different agents connected by a communication network. Extending BO from single-agent training to distributed
training is non-trivial, as the hypergradient estimation involves Hessian inverse estimation, which requires the informa-
tion of each local function pair ( f;, g;). Some efforts are trying to overcome this obstacle in the distributed setting, for
example, decentralized setting [43, 9, 61, 21, 18, 35] and federated learning setting [58, 28, 63]. However, all these
works require access to matrix-vector products, i.e., second-order information, that are sometimes unavailable.

2 Preliminaries

Problem setup. In decentralized stochastic bilevel optimization (DSBO), we aim to solve the BO problem via
multiple agents or devices in a distributed manner. Specifically, there are n different agents communicating over a
decentralized network, which can be represented by a graph whose vertices denote local agents and each edge indicates
the neighboring relationship between end points of it. The formal description of the DSBO problem is

n

1 1 <
i ) = — ilx, * Loyt = in — (X, 4
min (x) n;f(xy (z)) st y*(z) argm;nn;g(x Y) @
where the lower and upper functions f;(z,y) = Eeoz, [F (2, y;€)] and g;(z,y) = Ey~w, [G(z, y; ¢)] are only accessi-
ble to the agent i. We assume that each agent only has access to stochastic gradient oracles of local functions (f;, g;),
and they can only communicate with their neighbors to exchange information so that they can collaboratively solve the

problem. It is worth noting that according to the hypergradient expression in (2) and (3), we can obtain
1< 1«
Vo = - ‘7r i\4y * \% * = \Y ACS] .
(2) (n ; filw,y <:c>>> +Vy*(a) (n g iy (x)))

V)T = - (i > V2l y*(m))) (i > Vi, y*(m») .
i=1 1=1

We can clearly see that the main challenge of solving DSBO problems lies in estimating Vy* () ", and there have been
some efforts along this line [9, 7, 61, 35]. They all require access to Jacobian-vector products, which are not available
in our setting.

Notation. For convenience, we first introduce our notation conventions. 1,, denotes the all-one vector in R™. |||
represents ¢2-norm for vectors and Frobenius norm for matrices. ||-||, denotes the spectral norm for matrices. We use
bar notation over a variable to represent the average of the variables of all agents. We use O and © to denote big-O and
big-Theta notation, i.e.,

f(z) = O(g(z)), when | f(x)| < C|g(x)| for some constant C' independent of f, g,
f(z) = O(g(x)), when C1]g(x)| < |f(z)] < C2|g(z)| for some constants C7, Cs independent of f, g.

The notion of stationarity in this paper is defined as follows.

Definition 1. Suppose we are given the output sequence {Z1, Z3, ..., Zs } of an algorithm for Problem (4). We say it
finds an e-stationary point, when
min_E[[[VO(z,)[|] < e
1<s<S

2.1 Fully first-order hypergradient estimation

To effectively approximate (V?/ g)~'V, f in the expression of the hypergradient in (2), classical stochastic algorithms
either require Neumann series methods [22, 27, 6], or approximating the solution of a linear system via minimizing a
quadratic function [3, 10, 8, 26]. All of them require Hessian-vector products. To avoid the computation of second-order
information, we consider the following min-max formulation shown in [36, 5] to design a fully first-order method for
DBSO.
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Min-max reformulation. Note that in (4) the lower-level can be viewed as a constraint of the upper-level problem,
and thus it is tempting to reformulate the DSBO problem as:

. 1 n 1 n 1 n
2CRP yERa E;fi(z;y)v s.t. ﬁ;gi(%y) *ngngggi(xvz) =0. Q)

In this formulation, we introduce an auxiliary variable z to transform the lower problem y*(z) =
argmin, 2 3" | g;(z,y) into the constraint 2 3" | gi(z,y) — min, 2 3" | gi(x,2) = 0, where y serves as a
proxy of y*(z). By adding the constraint in (5) as a penalty term with a factor « to the upper-level function, the DSBO

problem can be reformulated as follows:

O ) ©
where
1 n
L.y, 2) = > (filz ) + algi(z,y) — gi(x, 2))) (7

i=1

and z € RY is the lower variable whose optimum value is still y*(x), while y € R?, o > 0 is the multiplier. In this way,
the approximation of both lower constraint and upper optimum can be obtained during the same optimization process,
and « controls the priority.

Equivalence between Problems (4) and (6). We overload the notation in (6) and define

1 n
Q% (z,y) = max LY(z,y,2), z«(x):=argmax LY(z,y,z) = argmin — Zgi(x, z),
z z z n -
i=1
I'“(z) = min Q%(z,y), ye(z):=argmin Q%(z,y).
v y
Note that solving for z does not require « to be present in the problem. The max part is essentially min, g(z, z). The
optimality metric of Problem (6) is defined as

VT (@) < e, ®

which is commonly used in non-convex strongly-concave (NCSC) min-max optimization [40]. Moreover, we have the
following Lemma 2.1 characterizing the relationship between the optimality of the min-max problem defined above and
the first-order stationarity of problem (4). We omit the proof and the details can be found in lemma 4.1 of [5]).

Lemma 2.1. Under Assumption 1, if o > 2€f71/pg, then

K
(0%

(a.) |[V®(x) — VI(z)[| <O ( 3) i (b) || VI (2)]| < O(K®) )

where Kk, g, £y 1 are defined in Section 4.

Lemma 2.1 (a.) implies that when o ~ 1/¢, the stationary point of Problem (6) is also a stationary point of Problem (4).
Note that Lemma 2.1 (b.) clarifies that the gradient Lipschitz constant of I'*(z) does not depend on the multiplier «
when « is larger than a certain threshold.

3 Algorithm

In this section, we introduce the main ingredients of our algorithmic framework.

3.1 Decentralized optimization with gradient tracking

In decentralized optimization, the gradient tracking (GT) technique was proposed to improve the convergence rates of
decentralized optimization algorithms [60, 15, 45, 50]. It was later shown, under mild assumptions, to have unique
advantages in handling unbounded gradient similarity caused by data heterogeneity [66, 42, 49, 34]. Thus, we will
incorporate this technique into our algorithms to mitigate the data heterogeneity effect. It is worth noting that the
implementation of Algorithm 2 has one communication round in each iteration, and one can also adopt multi-consensus
techniques such as FastMix [65] and Chebyshev-type communication [53] to enhance consensus among agents.
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3.2 Proposed algorithm

To solve the equivalent decentralized min-max problem (6), we are ready to present our main Algorithm 1 named
decentralized stochastic gradient descent ascent with gradient tracking (DSGDA-GT). It adopts a double-loop structure
widely used in bilevel optimization literature [22, 30, 6].

We first perform the T-step inner-loop decentralized training with gradient tracking (in Algorithm 2) to update lower
variables y, z. As shown in line 6 of Algorithm 2, we use uﬁﬁﬁl to track the stochastic gradients of the local agent ¢,
which provably achieves linear speedup without assuming data similarity assumption [49, 34]. Since the inner variables
vy, z are independent of each other, the two T'-step inner-loop updates can be performed synchronously. In the inner-loop
subroutines: when setting 7' = 1, Algorithm 1 immediately becomes a single-loop algorithm, while choosing large
T could potentially bring better convergence rates [32, 5, 37]. Thus, this seemingly complex framework offers more
flexibility than the single-loop counterpart.

In each outer iteration (indexed by s), we run stochastic gradient descent with gradient tracking specifically for the
upper variable x. The gradient track update for agent ¢ is obtained in line 8 of Algorithm 1 utilizing additional variable
set vg?_l Note that Algorithm 1 may involve unequal stepsizes for x, y, and z to accommodate their distinct objectives,
as dictated by their theoretical properties.

Algorithm 1 Decentralized stochastic gradient descent ascent with gradient tracking (DSGDA-GT)

1: Input: xo, Yo, 20, 0, N, Ny, M2, S, 1.

2: Initialization: xé) =z ,y(()) = yo,zé) = zo,vo = 6@ = 0 on node 1.

3: fors=0:S—-1do
4: fori=1:ndo

5: ygizla g+)1 Y hgﬁl Yy = Inner Loop(ys Ty fl(xgl)v ) + Qag; (1’-(91)’ ) ugi)y’ hgleaT)
6: ill, Ugyy, Z,hg?_l . = Inner Loop(zg ),nz,gl(ajg ), ), us Z,hSZ, )

7. 5;21 =V, fz(ivs 7ys ; gl)) + « (ngz(‘rs)aygl)7 Sl ) \Y gz(xs ,Z ¢( )))
8: U(Eii)-l = Zn 1 wwvgj) + 69-&-1' o8

9: 35221 = Z?:l w”:cg) = NaV gll

10:  end for

11: end for

12: Output: mg), yg), zg) on each node.

Algorithm 2 Inner Loop (Ay,7, ¢i(x,0),ug, ho, T)

I: Il’lpllt: 00a’7a¢i($a9)7u0ah0aT

2: Initialization: ué’), hél) on node i satisfying @y = ho.
3: fort=0:T—1do

4: forz( 5 1:ndo @

5: R = V(@675 ¢ |

6: Ul(t+)1 > ZJUE R htJZI hgl)

7: 9521 = Z;’L:1 ijet( ng

8:  end for

9: end for

0:

Ju—

Output: 9%') () h(zJrl on each node.

4 Theoretical results

In this section, we provide a convergence analysis of our algorithms. We first introduce the following assumptions,
which are standard in both bilevel and distributed optimization literature, as follows.

Assumption 1. (Smoothness) The objectives f; and g; for each agent ¢ satisfy:

(1) The UL objective f;(x, y) is £ o-Lipschitz continuous in y; ¢ 1-gradient Lipschitz, and ¢ o-Hessian Lipschitz.
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(2) The LL objective g;(x, y) is £4,1-gradient Lipschitz, £, o-Hessian Lipschitz, and p4-strongly convex in y.

In this paper, we consider the well-conditioned bilevel problem which is sufficient under Assumption 1(2) [22]. Here
we define the condition number k = max {{; o, 07 1,%4,1,%42} /1ty Which aligns with Definition 3.1 in [5].

Under Assumption 1, f; + g, is pga/2-strongly convex in y if o« > 2041 /1. The technical lemmas for functions
L(x,y, z) and I'*(z) and their optimal functions z,(x) and y¢(z) in the nonconvex-(strongly-convex)-(strongly-
concave) min-max setting can be found in Appendix A.1.

Assumption 2. (Bounded variance) Denote by F; the o-algebra generated by all iterates with subscripts up to s.
All stochastic oracles are unbiased with bounded variance. The stochastic oracles of iterates with subscript s are
independent under Fj.

Remark 1. The assumptions for objectives f;, g; are similar to those of Theorem 4.1 in [36], except for the boundedness
requirement on Vg; as stated in [36]. In comparison to the assumptions made in [5], the Hessian Lipschitz condition of
fi is required to ensure the smoothness of y&(x) (see Lemma A.11 in Appendix), which is necessary for the consensus
analysis of Y when the inner-loop step 7" = 1. It is worth noting that this higher-order smoothness assumption in f; can
be further relaxed by incorporating the moving-average technique used in [8, 35].

Assumption 3. (Network topology) W = (w;;) € R™*™ is symmetric and doubly stochastic, and its eigenvalues
An < .o < Ay = 1satisfy p := max{| A2}, |\n]} < 1.

Assumption 4. There exists a constant cs such that in Algorithm 1 we have

E [HMHQ |fs} < csal.

Note that Assumption 4 holds provided that Assumptions 1 and 2 hold and ||V, g;(z,y)]| is bounded since
E (1801l 17] = [ [Sosal ] |* +E [[|d011 — E [50421 7] | 1]

which is of order O(a?). A similar assumption is also used in bilevel optimization literature (see Assumption 3.7
in [10]).

Now we are ready to present the convergence results of our algorithms.

Theorem 4.1. Suppose Assumptions 1, 2, 3, and 4 hold, and parameters o and step sizes are chosen such that

2/7 2/7 3/7
_ 17 _ n _ n _ n
Oé—@((TLS) )7771'_@(55/7)any_e(55/7>a772_®<54/7>
and further assume a warm-start for variables y, z such that
2
Nz = zeoll*) = O (1/a) (10)

Consider Algorithm 1 with T = 1 and S > n/3, we have

| ) I E[X, — 2L 1
Oggngﬂsl1E[I|V‘I’(xs)||]S(’)((n5)1/7>,Oggnglg1 “rlll oo (b)),

max ([0 — 2

As a byproduct of Theorem 4.1, we have the following Corollary that gives the sample complexity of finding an
e-stationary point.

Corollary 4.2. Under the same conditions of Theorem 4.1, the stochastic first-order oracles needed in Algorithm 1 for
finding an e-stationary point is O(n=te=7).

We highlight that the warm-start condition (10) can be satisfied via running Algorithm 2 as another subroutine. Note
that the sample complexity (per node) of achieving (10) is O(n~*a) = O(n~%/78/7) according to Lemma B.2, and
for S = O(n~1e~7) we know this requires O(n~'e~1) additional stochastic oracles, which do not affect the final
sample complexity. Note that we also obtain the linear speedup effect in the sample complexity bound, i.e., the samples
required on each node is O(n~te™").

Remark 2. When considering O(1) batch size setting, if we set n = 1, which represents the single-agent training
scenario, then the sample complexity of finding an e-stationary point of Algorithm 1 matches that of [36]. It is worth
noting that the large-batch and inner-loop 7' >> 1 settings can also be covered by our analysis, however, it does not
yield the desired improvement by a simple extension of [5] and [37] due to the consensus error in the upper variable x.
With stronger assumptions such as mean-squared smoothness [37, 62] and large batch sizes [5] imposed, we anticipate
the sample complexity can be further improved, and we leave this as an interesting future work.
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4.1 Proof sketch

In this section, we highlight the main steps of analyzing the proposed algorithms and the novelty of our analysis as
compared to the existing ones.

By the smoothness of I'*(z) in Lemma 2.1, we first get the descent inequality over the variable x:

E [Fa(fS-&-l)‘}—S] - Fa(jS)

. 2l trn2o?
<- @) - (- F)||E[vs+1f]| s
3 X x _ 3 x 3 €T gz
Belet 1%, —saf |+ et v, — yen] P+ 2 7, ]
outer-loop error inner-loop error

This, together with (2.1), indicates that to theoretically bound ||V®(Z;)||, we need to carefully estimate the error
induced by the inner-loop variables y, z and the outer-loop variable z.

Inner-loop error. Take y for example, motivated by the decomposition

Ve = y2 @)1 || < [V = g1 | + 0 )l — 52 (@)%,

Consensus error Convergence error

we separately analyze the consensus and convergence of inner variables y, z in Section B.

Outer-loop error. Note that due to the double-loop and two-timescale nature of our algorithm, the analysis of the
inner-loop error, which gives a recursive relation between HYS+1 —y¥(Tsr1)1,) H and HYS —y¥(7s)1,) || (see Lemma
B.2, same for 2), cannot be directly incorporated into the outer-loop analysis. We provide a novel analysis to balance
these two sources of error in Section C.

We highlight that different from classical analysis of decentralized stochastic gradient tracking techniques for optimizing
strongly convex functions [49] which only requires all stepsizes to have the same order of magnitude in terms of S
(i.e., single-timescale), our convergence analysis requires careful design of stepsize choices for 7, 1, 7. to handle the
consensus error and convergence error induced by both the inner and outer loops. Different from the existing analysis
of double-loop DSBO algorithm [7], we provide a fine-grained analysis in Section C that is of independent interest.

5 Experiments

In this section, we investigate the empirical performance of Algorithm 1. Following the basic experimental setup
in existing works [48, 24, 30, 7, 35], we consider the following hyperparameter optimization problem under the
decentralized setting.

. 1 G
min gZﬁval (L' (). st () = axg min 5;4&“(&@. (11

Here, agent 7 has access to validation dataset D( f and the training dataset Dl(ra)m, that are used to evaluate L., and ﬁtmm

respectively. We aim at learning the best hyperparameters A, under the constraint that the model parameters w are
optimal. All experiments are conducted on a computer with Intel Core i7-11370H Processor. We use § cores to simulate
8 agents (n = 8), and the communication steps are conducted with mpi4py [12] module. We compare our Algorithm 1
with MA-DSBO [7] and D-SOBA [35], two DSBO algorithms that only require first-order oracles and matrix-vector
product oracles. We note that both DSBO-JHIP [9] and Gossip-DSBO [61] require computing and communicating
Jacobian matrices, and are inefficient [7] as reported by [7]. Hence we do not include them as baseline algorithms.

We would like to highlight that for hyperparameter optimization problems, the validation datasets that produce the
upper-level functions f; are relatively much smaller than the training datasets for the lower-level functions g;. It is thus
more reasonable to update the hyperparameters less frequently than the model parameters, which indicates that our
double-loop DSBO Algorithm 1 offers more flexibility in this type of problem than single-loop ones.
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5.1 Synthetic data

To validate the efficiency of Algorithm 1, we first consider a simple binary classification problem with synthetic data.
Specifically, we consider problem (11), with functions (ﬁ Do ) as follows.

val » ~train

1
‘Csai( w) = @ Z 7/J(yex;rw)a
| val| (rayye)GD‘E;)
: 1 1<
L) = g 30 dlperlw) +5 3t
| tram| (e %)ED,(” =1

where () = log(1+e~%). We have z, ~ N(0,i?1,;) and y. = sgn(z] w + 0.1 2), where sgn(-) is the sign function
that outputs 1 for a positive input and 0 otherwise. z is the noise vector generated from standard normal distribution.
This gives a regularized logistic regression problem, which is widely used in bilevel optimization literature [48, 24]. We
plot the training loss and test accuracy over wall-clock time in Figures 1(a) and 1(b), from which we can observe that
our methods achieve the lowest training loss and best accuracy in a relatively short amount of time. Interestingly, when
all curves stabilize, the test accuracy of our Algorithm is better than the ones that require second-order information.
This may indicate fully first-order methods have better generalization performance than second-order ones.

5 —+— MA-DSBO
D-SOBA 091
] DSGDA-GT (T = 1)
—e— DGSDA-GT (T = 5)
0.8
E oo | £
22 ~1.104 ‘ 507
z
£ ~1.15 g
= T T
11 45.0 475 064
o] —+— MA-DSBO
D-SOBA
| 0.5 1 DSGDA-GT (T = 1)
11 D e e ————p——y —e— DGSDA-GT (T = 5)
0 10 20 30 40 50 0 10 20 30 40 50
Time(s) Time(s)
(2) (b)

Figure 1: Training loss and test accuracy of £2-regularized logistic regression on synthetic data. The vertical axis of
Figure 1(a) is in log scale.

5.2 Real-world data

We then test the performance of our algorithm on real-world data — MNIST [38], with functions (C( )

val » ~train

) defined as

1
‘Csal()‘ ) = (4) Z L(‘T;rwvye)a

Dl (o, ey

val

)= b Y e+ LYY e,

| lram| (ze ye)EDL(m)n =1 j=1
where we denote by L the cross-entropy loss, and (¢, d) = (10, 784) represent the number of classes and number of
features. We plot the training loss and test accuracy with respect to training time in Figure 2. Our Algorithm 1 with
different settings is consistently better than existing ones in terms of training loss and accuracy. Moreover, we can
observe better generalization performance of the fully first-order algorithm over the second-order algorithms under the
same training time. Our Algorithm also provides more flexibility, in the sense that we can set the number of inner-loop
iterations 7' to be greater than 1, which gives a double-loop algorithm, which has been proven beneficial over the fully
single-loop ones both theoretically [6, 32] and also empirically in our Figures 2(a) and 2(b).
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(a) (b)
Figure 2: ¢?-regularized logistic regression on MNIST.

6 Conclusion

In this paper, we propose a novel algorithm called Decentralized Stochastic Gradient Descent Ascent with Gradient
Tracking (DSGDA-GT) for solving decentralized stochastic bilevel optimization problems. The proposed algorithm
only requires the first-order gradient oracle, making it more efficient compared to the existing methods that involve
second-order oracles. We provide the first-order oracle complexity O(n~1e~7) to find an e stationary point, which
matches the well-known result in the single agent method [36]. In the future, it will be interesting to improve the
convergence rate of the fully first-order methods under stronger assumptions and large-batch settings. Moreover,
investigating the fundamental limits and analyzing the lower bound of such problems is an area of independent interest.
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A Appendix / Auxiliary lemmas for theoretical results
In this section, we analyze the convergence of Algorithm 1. For convenience, we first introduce our notational

conventions. 1,, denotes the all-one vector in R™. ||-|| represents #2-norm for vectors and Frobenius norm for matrices.
||-||, denotes the spectral norm for matrices.

Xs = (xg(;l)a 7:an)) 7Ys = (ygl)aaygn)) aZS = (Zgl)7vzgn)> )

A (ng, ...,Ugm) A, = (55“, ...,5§”>) .

1 I 1 1 , 1 1 ,

Ts=—-X,1l, = — Z-’L‘g)v Ys = -Y,1, = — ygl)v Zs = —1sl, = — Zgl),
1=1 1=1 1=1

1 e~ oy = 1 1<
Vs = *Vsln = - (1)7 55 = *Asln = - 5(”
v n n ;US n n ; s
y&(x) := argmin Q%(z,y), 2z«(z) := argmin g(z, 2),

) z
Y s = argmin Q%(Zs,y), 24,5 := argmin g(Ts, 2).
Yy z
Fs=o0 (U {x(()i),yéi),zéi),véi), ...,:r:g),ygi),zgi),vgi)}> .
i=1

In the following analysis, the symbol < indicates that there exists an absolute constant C' such that LHS < C RHS, and
for simplicity, omitting C' does not affect the order of RHS.

Note that suppose that f; and g; for each agent 7 satisfy the variance bounded condition in Assumption 2, we might let

The following technical lemmas are standard.
Lemma A.1. For any m,n € N and matrices A,B € R™*" and ¢ > 0, we have:

IA+B|* < (1+¢) A"+ (1+c") B]*.
Lemma A.2. Foranyp,q,r € Ny and matrices A € RP*9, B € R7*", we have:
|AB|| < min ([|All2 - [|B], [A] - [BT]2) -
Lemma A.3. For three sequences {a,}5% o, {bn 20, {Tn}S2 1, and a constant r satisfying
apr1 <rap+bg, ag >0,b0,>20,0=7_1 <71 <K <1, 0<r <1, (13)
forall k > 0. Then for any K > 0, we have

k—1
ar, < rkao + Z rkfl*ibi, (14)
i=0

K ) K
> may < 1 (Toao +Z7'kblc> - (15)
k=0 k=0

bi—1

r

Proof. (of Lemma A.3) To prove (14), notice that we have :—7 < ‘j;: r+ , and thus taking summation for 1 <i < k

on both sides completes the proof. To prove (15), note that we have

K K K K K
(=) mhae <Y mrlar — agpr +be) = Y (Tk — Tho1)ak — Trax 41+ D Trbi < Toa0 + Y by,
k=0 k=0 k=0 k=0 k=0
where the inequalities use (13), and the equality uses summation by parts. O
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Lemma A.4. For the sequence {mn}fj:l and constant v € (0,1), then

N s N N 1
ers_n{)?n = ZZTS_":En < 177“295”.

s=0n=0 n=0 s=n n=0

Lemma A.5. Suppose Assumption 3 holds. For any m € N+, we have
‘ 1,1}

n
Lemma A.6. Suppose f(x) is p-strongly convex and (-smooth. For any x and~ < “%, definext = x—yV f(z), z* =

Wm

2

<p™.

argmin . f(x). Then we have

la® — 2" < (1 = yp)llz — 2.
Proof. See, e.g., Lemma 10 in [50]. O
Lemma A.7. Suppose Assumption 3 holds. We have for all 0 < s < S — 1 that

Us = 0s.

Proof. (of Lemma A.7) We first note that each U.E?-1 is introduced in the gradient tracking step of Algorithm 1, i.e.,

Ugl = Z wijod) + 5&21 — 6"
j=1
Computing the average on both sides and using the fact that W is doubly stochastic, we have
VUs41 = Us + 55+1 - Ss~

Hence, 7, = d, given the initialization 7y = d. O

A.1 Properties of min-max functions and its optimal functions

Suppose Assumption 1 hold, the functions £%(z,y, z) and I'*(z) satisfy the following properties.
Lemma A.8. Under Assumption 1, the followings hold:

(i) LY(x,y, z) is pgo-strongly concave w.rt. z;
(ii) LY(z,y, 2) is pgae/2-strongly convex w.rt. y if o > 205 1 /g

The results of Lemma A.8 can be found in [36] and Lemma B.1 of [5]. From Lemma B.7 in [5], the following result
holds for T'*(x):

Lemma A.9. Under Assumption 1, if o > 20y 1/ 1g, then T®(z) is {p-smooth, where by = O(k3) is a constant that is
independent on a.

Moreover, the functions y&(x) and z, () satisfy the following properties.

Lemma A.10. Under Assumption 1, we have

I3 (@) ~y* (@) <

where Cy = Lyo/ g

The result in Lemma A.10 follows from Lemma B.2 of [5].
Lemma A.11. Under Assumption 1, if o > 20y 1/ 1q, then we have

(i) z*(x) is k-Lipschitz continuous;
(ii) y$(x) is £y, o-Lipschitz continuous where £y o = 3K.
Claim (i) in Lemma A.11 can be found in Lemma 2.2 of [22] and Claim (ii) implies from Lemma 3.2 (setting \; = A2)

of [36].
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Lemma A.12. Under Assumption 1, if o > 20¢ 1 /g,

(i) y2(x) is byy, -smooth where Uy, = O (Z—j (% + 8972))

(ii) z«(x) is by, -smooth where Uy, = O (Z—j (Lg1 + 1))

Following Lemma A.3 of [36] and recalling the Lipschitz continuous property of y&(x), we have the first claim (i)
is correct. Note that to ensure the smoothness of y&(z), we need to assume the Hessian-Lipschitz of f. Similarly,
recalling the Lipschitz continuity of z,(x) from Lemma A.11, the function z, (z) is gradient Lipschitz, that is Claim (ii)
holds.

B Appendix / Analysis of Algorithm 2

In Algorithm 1, the updates for y(z) and z( " are essentially T-step decentralized stochastic gradient descent with
gradient tracking (see Algorithm 2). Hence, their convergence and the consensus can be analyzed through the following
technical lemma.

Lemma B.1. Suppose ¢i(x,0) in Algorithm 2 is {-smooth and p-strongly convex. The stochastic oracle ht 1=

Voo; (ﬂlc(Z 9(2), C; ) is unbiased with variance bounded by o2, and is independent of ht *’1 conditioning on all iterates
with subscrlpts up to t. Define

e, = (9§1>,...,9§”>) CH, = (h§”,...,h§")) = %Zn:x(“, $(,0) = =3 ¢ilx,0)

i=1 i=1
0, = argmln — Zgﬁl ), Gi=o0 (U{G(()i),h((f), ...,Ggi),hgi)vag(i)}> .
i=1
Ifv < % < u+f’ we have
E (81— 0.]" 1 6]
= 2 2y0? _ ~v2o?
<L =) [|8 = 6] + =— o (HX— ]| + @ - 8] | ) — (16a)
_ 1 (1
e A A N (160)
E U|Ut+1 —ﬂt+11ﬂﬂ
L+p% 602421+ p?) 36(1 + p?)
<< 5 T -2 [HUt_utlnH ] ? {H@t 1= 0 11TH ]
2 pd 2 2 4. 2 2Y -2
+12(11—5—/) )0y E [HX _ﬂvﬂﬂ n 12n(11—|— ,02)6 R {Hétq _9*||2} L 12n(1 +p2 Jo ' (160)
- —p 1—p
Proof. (of Lemma B.1) At each step, we have
U1 =UW+Hy 1 —H, O = OW — Uy, 9_t+1 = ét — VU1 = ét - ’Y’_lt+1- (7

To prove the first inequality (16a), we have
§t+1 — 0. = ét - 'YEtJrl — 0.
= 0; — 0. —VVod(%,0;) — 7 (E[hsy1 | Gi] — Vood(2,0:)) = (his1 — Elhera | Gil) -

This implies
= 2

E |01 - 6.7 1G]
= |6 — 6 —YVo&(Z,0;) — 7 (Elhis1 | Ge] — Voo(Z,6;))

|2 +7°E |:H}_lt+1 — Efh41 | gtHQ | gt}
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_ _ 1 _ _
<1 +yp)||0: — 0. — 7V9¢(£,9t)“2 + (1 + W) V|| Elhesr | Ge] — V9¢(f,9t)H2

= - 2
+7°E D|ht+1 —Elhes1 | G| | gt} ; (18)
where the first equality holds by the unbiasedness of h§21 We use Lemma A.6 to estimate the first term of (18):

16— 0.~ ¥900(e. B0 < (1?6~ 6.

Then we focus on the second term of (18):

|E[her1 | Gi] — Vg(;ﬁ(i,@_t)’f -

1 NG _
- Z Vooi(x?,0,") = Voo(z,0,)
i=1

IN

%z": Hve@(ar“’,@t(i)) - Vaébi(jvét)HQ
=1

< O3 (J=0 -+ o -

i=1
where the last inequality follows from the Lipschitz smoothness of each ¢;. Next, we estimate the third term of (18):

2

;2_; (h ~E [h2 | gt])’ G
6] + & e [(1 -B 1 16] 1 - i 6] o]
J#i

(19)

E [Hﬁtﬂ - EV%H | gtm2 | gt} =E

1 n

=7 2 F g
o

<

2 -k [ 6]

n

where the inequality uses the bounded variance, unbiasedness, and the independence of different stochastic oracles.
Substituting the above results into (18), we have

_ _ 1 2€2 B 2.2
E |01 = 0.7 1G] <(1 =) 00— 0] + (1 + ) T (I = a1 + e — o) + T
The first inequality (16a) holds due to the step-size v < 3 < . Now for the second inequality (16b), by (17) we have

Qi1 — 01l = OW — U, — (9t — Ylg1)1,)

- 1,1,
= (0, —6,1,) <W — n > =4 (Upg1 — G411 . (20)
By Lemmas A.1 and A.5 we know for any ¢ > 0,
H9t+1—9t+11TH 1+ p H@t—etlTH + 1+C ’YQHUt+1 —ﬁt+1171—|‘2.

We set ¢ = 12_;) £- and obtain the second inequality (16b). Finally, for the third inequality (16¢), we have from (17) that

Ui — ﬁt-&-llz =UW+H,;; —H; — (4 + hiy — }_Lt)]-;Lr

1,17 1,17
= (U, — 1)) (W - nn) 4 (Hyyy — HY) (In - nn) . @1
— Ll | <1, implies
2
_ 2 1 + 1+
HUt+1 - Ut+11;H v HUt tlTH + v ||Ht+1 H|”.
To bound ||H,;+; — Hy||,
Hign—H;=Hyn —E[MHyq |G - (H; —EH; | G 1]) + E[Hyy | G —E[H; | Gi1] (22)
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and thus
E [[[Hey1 — Ht||2} <3E {||Ht+1 —E[Hy1 | G+ [Hy —E[H, | Gea]||” + |E [Hesr | G — E[H; | Goa]l®
< 6n0° + 38 |IE [Hys1 | G — E[H, | G| 23)

in which we bound ||E [H;; | Gi] — E [H, | G;—1]|| via the following inequalities:

S N i WO
IEHeis | G = EH | Gial? = 3 || Vosu(e®,67) = Voo, 60| < €2 0, — @14

1141 — ©> = [[(©, — 6,1,)) (W —T) —yU, 1 |* < 2[[(®) — 0,1] ) (W —D)||” + 29 U1 |2

< 800~ 8T 4297 [Uess — dusr ]|+ 297 st
—_ —_ 2 —_
E [||ﬂt+1||2 | gt] =E [HBHI -E [ht+1 | gt] H2 | gt] + HE [ht+1 | gt] ||2 < % + HE [ht+1 | gt] H2

& [hers | G = [|E [Res | Gi) = Voo (@, 6.) + Voo(,0:) — Voo (@, 6.)||”
L2 (I =21l + @0 - AT ) + 262, - 6.
Combining all the inequalities above, we obtain
E [HE Hir | G — E[H, | gtﬂ]”ﬂ
<CE [8]|©1 — 0117”4 292 [0 — a1 [P+ 292 et ]|
<SCE [[|©,1 — 0117 |*] + 22 [||U, — @1 ] + 26292 (02 + nE B [ | G]|[°))
< +40PE [0 = 0,177 +229°E [ Uy — w1 ] |°] + 4052E [|IX - 71|
+469%E (|01 — 0.]%] + 26920
and thus
E [HUm - amlﬂﬂ

1+ p? -~ 2 1

14

e Lo | — H ]

2
g”f E[|[0: - at]|] + <6n0 +3{(8£2+4e472)]E @1 = 17|"]
+209E [ U, = 2,17 |["] + 4078 [|X — 217|["] + 4620 [,y — 6. ] +2W<72}>

1+ p 66272(1 +p ) ~ 9 3(1+ p2)(8€2 + 454,Y2) - )
(2 PO g, - a7 AN g (g, 7]

+1+—£ (12g4 2 [HX—leH ] +120042E {Hgf Ry } L6+ 2220 )

The third inequality (16c) holds by noticing that v < % ‘We have completed the proof. O

Based on Lemma B.1, after T-steps, Algorithm 2 achieves the following result.
Lemma B.2. Under the same conditions as Lemma B.1. Suppose the stepsize vy satisfies

_ 2 —_ 2 _2)\2
7§O<min{l /) ’(1 pé) u/ﬁ’(l gp) }) 24)

18
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Define the constants

2 1 2 3
69:1_7Ma€p12i36p2:p+
’ 2 ’ 4
02 4
22 ~4¢6 /4 02 (lTQ + 1) Y4
pooop(l—p?) (1—p*)* \p? (1—p)?
v y3ed n 1 <’y3€4 )
Ca, = —=+1 7007 = + ’C’U’ [ — +1
: (m — ) ) T L e e (R LAY

then consider Algorithm 2, for any T > 1, we have

D, 2 T 74O 5 2 65_1762 1 R —

T—1,3p2
% 7L g o, — a1l 7] +min (17,2 ) (R [Ix - a1] ] + Y2l
Wy n

1 = 2 ’YQEQ 1 ~ ) 67177172 ) 7 .

ol G T R e D e LR A el (LA
T —1a3 44 B 51 Oy o Cogre?
WE {Heo — 0. } + TQE {HX —xlIH } + )QT;

and

1 - 2 0242 1 - 9 3267“771 1 ) ,
& s —ornnlIF] < efa (14 e ) 22 (100wt 1]+ 2 e et

T—1£4 _ 2
+ 22— [0 - 6. ] + 258 [[x = 217 ] + oo

Proof. (of Lemma B.2) We define the vector function €2,

.
~ 21 1 - 21 1 _ 2
0, = <]E (16~ 0.1] 2 [ller - 8] ] 22 [JUin — ]| ]) (25)
and an 3 x 3 matrix M
My Mz M3
M= | Mz My M (26)
M3z Msz Mss
where
62
Mg =1—yu; Mlzify?; M3 =0
1+p2 72
Moy =0; Moy = o Moy =
21 07 22 2 9 23 1_p2
5472 62 1 +p2 652’}/2(14*1)2)
My = —-—: Mgy =—-—-: M= . 27
=02 ) 2= ) 33 5 T 1= 2 (27)

By the results of Lemma B.1, for any ¢, we have

Qi < MQ +C (28)
where
- v02 T2 7202 (42 2 o2 T
e P (S AR S

19



Fully First-Order Methods for Decentralized Bilevel Optimization

Note that we omit the constant factor to simplify the definitions of matrix M and C. For sufficient small stepsize
v <O (#), we have M3z < 32—”2. For simplicity, we overload the notation and set 2; = (ay, by, ct)T and
C = (dy,ds,ds3)". Note that we have

agp1 < Mijag + Mioby + dy

bey1 < Magbs + Moasct

Cty1 < Mszyar + Msaby + Maser + ds
and thus we apply Lemma A.3 ((14) to a; and (15) to a¢, b, ¢¢) to get

t

b; d
A4 S Mffla()“v‘MlnglZ Mz “V‘MleMilZ (a*)
i=0 ~11 i=0 T 11
t t t
a; 1 bi d1
— < | a0+ M o i @)
t t
bi 1 C;
_ < —— | by + M . (b)
Loe 1 LA Loy, 'd
Zi < —— | o+ M3z 3 + M3 Zy + 3; ©
t t
Z Ciz' < __ . M3,y aw M3y M;is Z bii
=0 Mll 1—M33 1—M331—M11 1—M331—M11 =0 Mll
M Loy, M 1 ‘d 1 Lod _
=2 (Y ) — ]+ > @
Incorporating (a) into (c) gives (¢), the coefficient of ZE:O 1\32 in (¢) is denoted by Ry
11
M3, Mo Mso 06~2 2 062
= ~ O ~O| —u 30
o 1= Mg 1— My 1 Mg ((1—02)2M2 " (1—p?)? (L—p?)2pu?)’ G0

and then doing the operations on the two inequalities (1;\471\24;2) x (b) + (¢) gives

(1—M22 —Ro)zt: bi < bo L0 M ao
M3 M}y = Mas 1 —Msz  1—DMs31— My

i=0
My, 1 'Lody 1 'Lods
+ — | + — . 3
1— Mss 1 — My, (Z Mi, 1 — Mas ZM{l

i=0 i=0
Let
1— ]\422 (1 _ p2)2 66,)/2
Ri=—"_ R, =6 — 32
! Mo ’ ( 72 (1= p2)?p? G2
For sufficient small stepsize v < (1 — p?)+/u/l/¢, we have Ry > (1555)2. Then

t

b; 1 bo o M3, ag
Z 3 < = + +
—~ M}, T Rqy \Mas 1—Msgz 1—Msz1l— My,

=0
t t
1 M31 1 dl 1 d3
+ = E — | + g , . 33
R (1]\43311\411 ( Mlzl) 1— M ( Mﬁ)) G

=0 =0

Then incorporating (33) into (a*), then

M M. 1 . d 1 = d
<M Mt 12 31 1 3
Gt =M a0 M R P\ T My 1 My ; M ) 1 ; M,

20
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t

My ( bo Co M3, aog > dy
+ My + + + MY : (34)
Ry \ My 1Mz 1— Mgzl — My t Z% M},

Incorporating the definitions of a;, M and d1, d3, we have
e flos 0.1
2 2
< (1= )" B[ - 0.]*] + min <T,1) < E [|x —a1]]"] + 22 )
wy) \ pn n

. 1 7352 5472 T2 o?
-+ min <T, ,u’Y> 1= ) ((1 — pg)n]E {HX —-zl, H } + (1—p2))

-y <M(17_€;)HE (@0 —a] "] + i)nuz [||U1a11;||2}>
T-1 A )
+(1— ) WE[HQO—G*H - (35)

Following the same process for sequence a;, we may achieve the estimation for b;. We apply Lemma A.3 ((14) to b;
and (15) to ay, ¢;) to get

t
C;
biy1 < Mgglbo + M23M§2 Z Vi (b*)
i=0 = 22
t t
b 1 Ci
< ——— | by + Mas L (b”)
t t t
a; 1 bl dl
— < ———— |ao+ Mo T 5 @)
; M22 1—Mn < i—0 M22 ; M22>
LA 1 'oa "oy, ‘L d
— < ———— o+ Mz — | + M3, — |+ ?; : )
oo My~ 1 Mss ( ; M22> (; M22> (; M3,
Firstly, we incorporate (a’) into (c’) and get that
zt: Ci M3, aw M3, Mo zt: b; n M3, 1 Et: dy
z:OMQ 1—M331—M11 1—M331—M11l M52 1—M331—M11 =0 M212
t t
Co M3, b; 1 ds
+ + — | + — |- (36)
Let
M3y Mo Mo 05~2 22 02
fis T— Mg 1— My 1 Mg 9<M2(1—f02)2+(1—ﬁ2)2 © (1=p32)’ &7

then we do the operations R3 x (b’) + (36), we have

(1 R, Mo > zt: G [ _Msn w M 1 zt: dy
17M22 s M212 - 17M33 17M11 17M33 17M11 P M£2
t

Rgbo Co 1 d3
+ + + E — | . (38)
1= My 1-Msz  1- Mz \ = M,

We can select sufficient small step-size y < (1 — p*)? /¢ such that the coefficient 1 — R 1 %\24322 > 1/2. Incorporating
the above inequality to (b*) get that

R3b ¢ M. ! d
b <Mt+1b 2Mt M 390 0 31 1
et = Moz Do 7 2 Mg 1—M22+1—M33+1—M331—M11 ao+Z
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+2M§2M23 'Lods
1— My \= M3, )’

then we thus substitute the definitions by, M, d;, d2 into the above inequality:

"k [|or - 1] ]

P2+1\" 1 _ o
<(57) & [leu- )]

+nﬁn<T’13P2)Ad;é€ﬂP (WQE[HXl -1TH} > 2
i (7 1T‘4p2> i (e - ]+<1ip2>>
+(p22+1) ((175) Il — 17| + ¢ Wp22)2nE[HU1_ull’THQD

2 T 3p4
p°+1 vl = 2
+< 2 ) u(l—p2)3E[H0070*H J

Since for the sequence c;, we have the recursive formulation c¢;y1 < Msscy + Msjar + Msab, + ds.

Lemma A.3 ((14) to ¢; and (15) to ay, by, ¢;), we have

a; 1 b d
L Qe M 2 L
i (0% )

3

\M#
CAJ%
I

{.
Il
=)

Loy, 1 'Loe
— < bo + Mas -
t t t t
C; 1 a; bz d3
< ——— |t Ms ) — + Ms — + -
e i (o i e

d
Ci+1 < M33 Co—|—M31M33Z +M32M33Z +M§?’Z M?; .
3 i=0 33 i=0 33

Incorporating (a”) into (cx) gives

t
M3y M.
o< g J2B S (013
i 1=0

dy ( M31M12> " b
- + | M3y + ———= | M. -
M§3> 21— My, 33 ; M3,

t

ds
+ Mi, Z M
— M3

Then incorporating (a”) into (c”), we have

= 33

t

Yk
1 —M33 M33

1=

Combining (41) and (b) and doing the operations 1= M22 x (b”) + (41) gives:

(1 ~ My 1 (1\4311\412 +M32)> Xt: bz-i
Mo 1— M3 \1— My i=o a3

b 1 Msia M. d Ld
<2 4 |0 Y ).
M23 1- M33 1- Mll 1- Mll — Mgg Mgg

=0 =0

S

22

t t
C; 1 M31a0 M31M12 bz M31 dl
M. . -
ZM 1—M33< +1—M11+<1—M11+ 32 ZM§3+1—M11;M§3

(39)

Applying

(@”)

()

(c”)

(cx)

(40)

(41)

(42)
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Define R5, R and for sufficient small stepsize v < min ((1 — p2)/¢, (1 — p?)(p/€)"/3/£)

My M 2
= M ~
Rs 1—M11+ 32 6<1—/)2 ,
1 — Moo 1 M3 Mo (1—p?)?
H = — \/1: ~ B —— .
6 Moz 1—1\433<1—1\4HJr 52) @< 72

Thus
t

bi 1 bQ 1 1 M31a0 M31 d1 i d3
> i < o = co + + > Y |
Miy = Rg Mays ' Re 1 — Msg ( UMy - My S My Mg

i=0
Applying the above inequality into (40) gives

Ct41

t
SM;;I M31M33 Z ( + Z T ) + M33Z ]\23

t t
M31M12 M33 bo 1 M31a0 M31 dl d3
M : _
+< 52+ 1—M11> Re \ Moy T 1= \ O T 1000, +1—M11;M§3 +ZM§3

May M M, [ b 1 M.
<Mifley + =3283%0 4 p 33( 0 + <c0+ 3140 >)

1— My, "R \ My ' 1 — Mag 1— My,
M, Rs Ms, 'Lody Ry 1 L ds
M, (3 : 1422 Mg > 43
* 33(1—M11 T Re1— My ) 2y, T\ T Re 1= ) 0 2 i, @)

We thus substitute the value of ¢;, M, d;, do and get the simplified result

1
LB Uz - ]|

0242 1 - 2 el 1 - 2
<, (1 n (1_[)2)4) LE [0 - m1l] + 2 L e - o]
T—1p4

2 0 phia o+ (£ 11) 228 B [x - T
+WE[HQO 0.]| }+<M2+1> T e MX x1nM

3p4 2
v2L o

1 .

+(nu - )(1/)2)2

The proof is complete. O

To get the recursive result of the T-step inner-loop, we need to carefully estimate [E [HUl — a1 HQ} .

Remark. Note that by (21) we have
1

E Ui - w1l || <E[[[Uo - 1] |’] + E[|H: — ]

Following (22) and (23), for
ZS—R—D ug?—l,z? hi?—l,z = Inner LOOP( g )7 Nz, gl( L(s )7 ')7 ugl)zv hgl)zv T)

’ )

we know that H) is initialized by Hr 1, the output in the previous 7'-steps inner-loop update (see Algorithm 2). Hence,
we know

B s Bl7] <on02 433 [0, ) = Tt 0

<6n0? + 962, [|[X, = 217" + [ Xom1 = 2o 117 + 07 — P

23
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Combining the above conclusions we know for s > 1

B (U - a1 ] < & [0 - a1 ][] + 2%
9652]1 _ LT n2 _ T2 _ _ 2
Uheml [ SRR M R SR S M L AR A R

For s = 0, we provide a more careful estimation. Following (22) and (23), for

47, uiL by, = Inmer Loop(zg, s, gilag” ). up L, hiy L T)

We know Hj = 0, thus
. 2
E [, - H|?] = & [ ] = ZE [zl
< 2n0? —I—QZE{Hvygz (@, 20) M = 2n(0? + £2,). (45)

C Appendix / Consensus and convergence analysis for Y, 7, X

As a direct result of Lemma B.2, we first get the estimations for the consensus of y and z.

Lemma C.1. Suppose Assumptions 1, 2, 3, and 4 hold, we have the following estimations for the consensus of y and z:

S S
% S B [[|Zs — 217 || < Cer0Bis 0+ C20820 + Cu0Bu.0 + Cow D E | [E 5,41 I

s=0
5 1 S 2
+ Corne B[ Iosl] + Coas S E[|X, = 2,1] ] + 8- €0
s=0 s=0
1 S S
= Y B[V =42 T[] < Cuu0Byeo + CroAvo + Cu,0Bu,o0 + Cyu 3B [[E e | K]
s=0 s=0

S S
1
+Cyus 3 E [||17s+1||2} +Cyad E [HX — 71| } +8C, 407
s=0 s=0

where the constants C, 0,Cz0,Cu,.0,0%.,0,820,A0,.0,Cz0,Cs.06,Cs2,C. s are defined in (66) and
Cll*707 CY707 CUy7O7 Ay*,Oa AY,Oa AUy,Oa Cy,va Cy,vs; Cywa Cy,a are defined in (87).

Proof. (of Lemma C.1) We train the variables y, z with T-steps b-batch gradient descent for b > 1. Note that from
Algorithm 1 and by Lemma A.7 we know the updates of i, z, take the form

Z?s+1 - gs - 77y773+1,y - ys - ns,ygs-i-l,y (46)
Zs-‘,—l =Zs— 7721_)5+1,z =Zs— 77265+1,z- (47)

The variable z is to optimize the objective g; which is p4-strongly convex and £, ;-smooth. The stochastic gradient
hy+1,. of updating z is supposed to be variance-bounded by o2 = 03. By Lemma B.2 and Inequality (44), we know if

the step-size 7, satisfies that
1—02 (1—-p%)/ 1 — p2)2
n. <0 (min{ P d=r) ﬂg (1=p) }) (48)

b
g1 PRRVAZR g

then for s > 1

E |71 = 2]

< (1—pgn )T 1+ﬂ E{HZ -z 1H2} + (1 — pgn )TAL?MEE [HZ -z 1TH2}
= g'lz Mg(l—p2)4 s *,5-+ g'lz ug(l—pQ)n s sitn
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—|—min<T, 1 )(WE [HXS—@QHQ] C“nﬁ )
Mgz n

(L= pgn.)" "2ty e Lonpe,
+ Mg?l —p )Sn - 1 [”Us,z - Us,z]-;LrH } + (1 — ,Ugnz)T ! ﬁﬁo‘?
1- z = 262
+ :gg )_ p2>l’ = <9£ E[[[Xs = 17 [|* + [|[Xoo1 = 20117 |* + nllz, - js_12}>
g
er e 1 eIy R
S B Iz = zeenl] + S 2B (|12~ 5] 1] + £ [0, — ] ]
i 1 Cz,lnz T 01 2 o2
i (7 ) (SR [ aa )] :)
T—1,3 1
i % (nE e m“”zD (49)

where e, = 1 — 2447, /3 and for simplicity we choose sufficient small 7, and any 7" > 1 such that

4 96 T
7726 1 2/J/g77z
(1 _ Mgnz)T (1 + 9, ) S (1 _ 2=
pg(1—p?)* 3

1 T-1 263 1 < 77363 1 <min (T C
W) =i = = o =\ Ty, ) o
A2 2
(1 _ /lgnz)Til n g,1 < n g,1 < Ca'] (50)

ha(T= ) = (1= =7
with constant C; 1 = O (1) and C, 1 = O (n,n + 1) for variable z. We also have
HZS - Z*,s+1||2 = ||55 - Z*7S||2 + HZ* s T R s+1||2 +2 <Z* s Zsy Zw,sl T Z*7S>
< ||Zs - 2*78”2 + TII@* ”Us-i-lH +2 <Z* s Zsy x5l T Z*,S>

When we consider the convergence of the consensus convergence Z and U, we only need the following inequality
o (51)
To ensure convergence of variable Zs, it is necessary to carefully estimate the cross-term. For any a;, az > 0, we have

E[2 <z*,s — Zss Zays41 — Z*,S>|}—S]

=E 2 (24,5 — 25, (V2u(Zs), Bot1 — T))Fs] + E (2 (20,5 = Zsy 20,541 — 2a,s — (V2u(Ts), Bsg1 — Ts)) | F]
S2alz, (|2 = Za s B [Os g1 [ Falll + E 2112 = 2asll [[20,541 = 205 = (V2u(Ts), Tor — o) ||| ]

]

_ 2 1 _ 2 20~ 2 1 2
<t (0112 = 2oall + B Gl + bt (2 (12 = 2ol 10al? 17 + 5 [Jonl| 7] )

125 — Z*,s+l||2 <2z - Z*,S”2 +2 Hz*,s - Z*,s+l||2 =2||zs - Z*,S”2 + 2779%@*

1
<t (@15 = 2oall + Bl + b 28 [l = 5

ascso®

_ 1 _
<t (115 = 2oall + B Gl + bt (222 2 = sl 4 5 [0l )

where the second inequality uses smoothness of z*(-). Note that here we carefully analyze the cross term by using the
method introduced in [6]. Note that this type of analysis utilizes Taylor expansion that leads to better error bound, and
can be avoided by using the Moving-Average trick in [8]. Combining the above inequalities, we have

aglo . csna’?
E {HZS — z*,s+1||2] < (1 +aint,, + M) E {st _ 2*78”2}

2
nzgz* _ 2 2 2 EVZ* _ 2
+ ——E|[[E s | F]II7| +mz | &, + E | |1vs4all (52)
a1 2az
Choosing 1., 1, and T" such that
e z 2 2 2 z T z T
= <1+amxez* + e AR ) (1 - el ) <(1-fF) (53)
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Combining (49), (52) and (53) gives

E 2041 = 201
T-1
4

e, m 1 _ 2 el=1n3 1 _ 2
T B 1 - 27 |] + T nE 10,2 = 2017 |]

7Nl _ 2 T 2 ()2 by, _ 2 €zT77§77§ _ 2
+ R ([l B + o (£, + 5 ) B loun ] + S [fo.)]

. 1 Ce 11 _ T2 Ccrl 2 2 el 1 - T2
-+ min (T, Mgnz) <nE |:HX€ 7:.551” H ] + n,o Z) + WEE |:HXS_1 — Is_lln H ] . (54)

where e, = 1 — 2p4m,/3 and 7, < 1 — pgn./3. Recalling the result of Lemma B.2 for the consensus of z and
incorporating Inequalities (44) and (51), we have

STE l12 — 20l?] +

1
“E [||Zs11 — 211 ]
n

nzl; e, _ e, _ U5 _
: <1+ a 2’234) 18 17, 2T 2 1 ] 2 10 a7

B (e o1 E|[x mﬂ]fhﬂf@[”x — el ]
2)7’1 x,27]4 (1_p2)2 s sdip (1 s—1 s—1

A=e —p?)3
¢ . o1l 2,
2 0,2 p,1 2 p, 171z 2 2 pl o
(1—-p?3 ]E{ . } a—p2p { s } 55
m( " +<1—p2>2>”z+(1_pz>s% J501°] + LZSE [l 55
22 2

any 7" > 1. Similarly, we recall the result of Lemma B. 2 for the consensus convergence U of z and incorporate
Inequalities (44) and (51)

1
—-E [||U5+1,z - ﬁs+1721;”2}
n

£21772 1 9 €T§177 ) T21 1 5
< 14+ 2= *E{Usz_iszl—r } - ZE[is_ *,8 } . 7E{ZS_781T }
~p2( +(1p2)4>n H 2 T Us, nH +(17p2) 126 = 2 s +(17p2)3n H 2 n”

T T
2, 2 |1 [ 4T 2} €p.2 [ - 2}
. 2 )R ||X, — 2.1 2 g X,y - 71
(5222 ) Lo, - ] ] o e - 1]
i (Cosr 22 ) 02 PZ’“ B [i007] + 222 [jo,0al] (56)
S IPCN R v (1-p?) SH

for sufficient small n, < (1 — p?)3/¢, 1 such that ry , = €p,2 (1 + 7 4, m; ) < 4Jgp2 < 1 forany T > 1. Here we use

the same idea in Lemma B.2 and define the vector function 2 ,:

1 1
Oz, = (E 12, = 20 ?] , ~E [|12, - 217 |°], -E [|U,.. - us,zlllﬂ) 57
n n
and an 3 X 3 matrix My
My Mz M3
My =My My Mo (58)
M3z Msy Mss
where
eT-1p T —1p3
Miy=rLy Mpgp=-2—"2; Mg=--—>* =%
11 =", 12 1= 13 1= )3
e eT 2
Moy — p, 1z Moo — A Moa — p, 1z
2 (1_p2)37 22 ep,27 23 (1_p2)2
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6T5177 6T51 .
Mgy = L2 2. May=—22___. Mz =r] . 59
=0 ) 2= (2 )8 33 =Ty, (39)
By the above inequalities (54), (55) and (56), we have
Qze01 < MzQz,+C. s (60)

where C*w € R3 is defined by

Cealt] = min (7, 1) (S25 x, — pa 7] + Cotiot

Mgz n
T,3
€21, 1 [ - T 2} T’r]T Z* [ 2}
—zlz TR |||Xelq — 211 E F,
Ay X = Zeata| B | [ F)I
g €T 3,2
T, 2 ()2 V2 _ 2 2 21z — 12
‘ E los1l”] + 725 I7]
bl (£, 4 22 ) B floal] + FEEE
o= B (g 0 E[|X, - z.17 ]
Z,S[ ] - (1_p2)n x,27; (1_p2)2 ’ s — Ts n’
T ,2
ep,lnz 1 |: _ T 2:|
el TR Xy — 21
+(1—p2)3n H 1= Ts—1 n”
CO' 2 6;1 2 651773 P, 1772771’
v (2 o ) o B ] 2 ]
(n (1—p?)2 (23" o (1—p2)3 7511
T T
Cosld) = | Cosr? + 1225 ) “E X, — 2 ][] + 22 B Xt — 2]
1—p?)n )

T _
- (co,g - fj’}) 2+ g (7] + —(”1’2_”;;7;1& [T

For simplicity, we also overload the notation and set Qs = (as, bs, cs) | and C’z,s = (d1,s,da,,d35)" . Note that we
have

as+1 < Miras + Miobs + Miscs + dy s

bor1 < Mayas + Mogbs + Mozcs + do s

Csr1 < Mzras + M3abs + M3zcs + d3 2,
thus we apply Lemma A.3 ((15) to as, bs, cs and let 7, = 1)

s s s s
Zaisl_l]w—u<QO+M12Zbi+M13ZCi+Zd1,i> (z:a)
i=0 = P P
Zbi % <b0+M21Zai+M23ZCi+Zd2,i> (Z:b)
i=0 — — —

Zci 1_1]\433 <60+M312a1+M322b +Zd31>. (z:0)

=0 1=0 1=0 1=0

IN

| /\

Mg
1—My1 1— M33

Incorporating (z : ¢) into (z : a) and (z : b), let Q1 = we have

S S
ag
1— Q1M < — M. b;
(1-Q1 31);& ST, +CoQ1+<Q1 32+1—M11)1
S 1 S
dzi+ —— dy ;- cal
+Q1; 3’+1—M11§ 1 (z:a")
Let Q2 = 1= 1\43221 3o We have
(1—Q2M32) S bi <b70+Q260+ Q2M31+& i:ai

27



Fully First-Order Methods for Decentralized Bilevel Optimization

+Q2dez ZdQZ (Zib/)

Then we make the operations on the sum of a5 and b,: that (QgMgl + 1M151122) X(z:a)+(1—Q1M3z1) X (z:0),
then

((1 — Q1 M3z1) (1 — QaMsp) — <Q2M31 + : MM22> (Q1M32 + M11)> Z b;

i) (i o) 0 (i )
< M3y + + ¢ + (1 — Q1 M. + Qa2c
<Q2 2t T, ) \T0an, 0Q1 ) + (1 — Q1 M3) v Q2¢o

21Q1 (1 —Q@Q1Mz)
+ <Q1Q2M31 + T + Q2 (1 — Q1 M3z ) de T ;dz i

(Q2M31 + 1%6}22

+ 1— My

) idu. 61)
=0

Note that to simplify the calculations and also cover the two cases: T'=1and T > 1, we set
1 1 1 5
= ~ max | — ;
1-My; 1-—+T wy'" )’

1 1 1 < 1 2)
~ ~ ~ max PEE———— .
1— My 1—Mss 1_(3+p2)T 1—p?
1

Then

S e (@ ()
= ~O| —2“2_-max| —F++—,4] ],
G=q My 1 — Mss (1-p?)? tgn=(1 — p?)
Mos 1 ep 1’ 1
Qs = ~0| —F——max| —=,4| |.
2 1-— M22 1-— M33 (1 — p2)2 (1 — p2>2
For any T' > 1 we choose sufficient small stepsize 7, < min ((1 — p*)%, (1 — p?)4) such that

2 s
1-— My ~1 -0 z z
Q1 M3z, <max (Mg(l 2 (1= 2)4>)
02T 2 02T 2
1—Q2M23~1—@<max< ,;1772 -, ,;1772 ))

v

IV
W= Wi Wl

(L=p)7"" (1 —=p?)°

v

<(1 — Q1 M31) (1 — QaMs33) — <Q2M31 =+ MM22) <Q1M32 + 1 y;\;ﬂ))

we have

- My, ao by
> b <3 ( QoM. 1 QM) [ — 20—
2 h=? (Q2 nt 1—M22> <1 ~ M, +60Q1) +3(1 - QiMs) (1 i +Q2c0>

21Q1 — Q1 M3,
+3<Q1Q2M31+1M +Q2(1_Q1M31>Zd3z+3 1— Moy ;(bl

; (Q2M31 + %)

1— My, ;d”

T 2 T 2 T 2 s

e, 1" 1 €,17 €517

< __pllz ag + max (, 2) bo + P 2 co + Lo 2 ds;
™ pg(1—p?)* 1—p? 1=p)t" (A=p?)* ;0 ’

+ < L 2> § bt [+ 2 oz E d (62)
max | ——-—5, 2,1 - 1,2-
1—p?" ) = pg  (1=p%) ) (1=p*)* =
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Then we substitute the above result w.r.t. b; to Inequality (z : a’), then
- 3 ap M
;(1 =01 - My, 00Q1+ (Ql 32T 7 MH)Z
+ Ql Z ds;i + 5 M1 Z dyq

M;» M: a
M + o1+ <Q1M32 R v > (Q2M31 t1- ]2\222) <1 — ?\411 + Cle)

~1-
Mo bo
M. 1— QM. _—
+<Q 2217 Mu)( Q1 31)(1—M + Q2c0
Mo M1Qy :
+ 1Mz + v Q1Q2Ms1 + ——— 1 M +Q2(1—=Qi1Mz1) ) + Qs ZdB,i
11 i=0
Mo 1— Q1M
M. d
+<Q1 32+ M11> 1= Mo ; 2,i
M, (Q2M31 + 1= Mm)
M. dii
* (Q1 32+1—M11> 1— My 1—M11 2; !
1 el el'n? e n?
,Smax( ,2)%4‘ =< bo + ==+ > ds.;
figT pg(L=p?) " pg(1—p?)° Z
el -
+ [ — dg’i + max ( > d1 i (63)
pg(1—p?)? ; fign:’ Z;

We then substitute the definitions of a;, b; and the matrix Mz and d; 4, d s, d3 ;. Note that
1 1
—E {||zs — z*ysleQ} <E {st —zus|?+ = ||Zs - 551,]]2] = a, + by (64)
2n n
Now we can give the estimation for the sum of z:
1 & 2
T -
3 2B (12 -zt ] =

T .2
€517 1 177 177
< P11tz 2)p TRUP €p,1" d
~ug<1—p2>4“°+max(1—p2’ ) P ) 421_0 >

+ ( L 2) i:d (L €p.2 €pal: i:d
max | —, 2,1 — : : 1,i
1—p* ) = pg  (1=p?) ) (1-p*)* =

el

T2 T2 s
2 ) ap+ z bo + oo + = ds
) fg(L=p2) " " pg(L=p2)°> 7 pg(l—p?)° ; '
el

1 s
+2Zd21+max< ’2>Zd1»i
(1- Hg)z =0

p,177z 1 ( 1 el )
ag + max , b
(u p2)4’ um) 0 1—p2 pg(1—p2) ) °

( T > 773 ( T ezT > 773 id
€, 1, +max | e, 3,
) 1 2 P g 2) ) (- g2yt 2
S
da ; 1
+ max (1, © ) =0 222 + max (,2) Zdl,s.
It p?) gz ) =
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We thus substitute the definition of ag, bg, o, d1,s, d2,s, d3,s then

1< T2
=~ E {HZS—Z*751RH }
s=0

T 2 T
€ 772 1 _ 2 1 e 1 . 2
< max Pl , E[|zo—z*o }—l—max( , z )E{Zo—zoln }
(ug(l—p2)4 /~Lgnz> | ol 1=p* pg(1=p%) /) n H |

T 4 "3 1 _ 2
-+ max ep’lv,l-l/g(l_pQ) (1—[)2)4 ﬁE [HUOZ—UO,ZlnH ]
el n? eT,z 51 _ 2
+ max (65,17 11— p2)> 1= )t { <Cz,3773 + 1,2 _p 7 ; ﬁIE [HXS — msll—H ]
6T2 S—1 2 6T2 2 2772 S—1
> = P, p T
4 _pp2)n ;m [||Xs — 2,1 | } +5 <a,,3 + = p2> o2 Z]E [HUSHH }
2 C 4 g
0} eT T’Z< w2+ p2>2> 1 o
4 Sp2 el E5,4l?] f+—r “E [||X, - 2,17’}
(1 p SZO ‘U +1|| /J/g(l_p2)2 (1 ;On H X H
77z _ 2 Co, el
p1 ZE [||X —z,1, || } + Sn? ( n2 + a _Pp12)2> o?

”“72 ZJE[II%HH “”Z’“ZE[MH]}

+max( ! ,2) {min (T,l) (CMZE [HXS —fs11||2] Coi 2,
/'Lgnz Ngnz n n
ezflg = 1 IR T77x z*
T o B e a7 + ZE [ACeEATY
5 S—1

e (1 ) o i + S o] }

S 0800+ Cz0020+ Cu.0Av. 0+ Ca ZE [HE [@s+1|fs]||2:|

)
S
SN—

+C“SZ]E[|7}S+1H } O, ZE[HX —z17 ]+S C, 002 65)
s=0
where the constants are given by
24g7 B 2+1
:1— Mgn,’rzgl—ugn ,ep71:%7a1 >O,a2>07

1
Az*,O = E I:HZO — Z*)0||2i| 7AZ70 = EE |:HZO - 501;[”2:| )

1
Ay.o= EE |:HUO,Z - aO,z]-IH2:| =0(1),

T 2 T
€17z 1 1 1 e
Cz*,O = mnax - ) =0 <) aCZ,O = max ( ’ z ) =0 (1) s
(ug(l —p°)! %m) 7 1—p2 py(1—p?)
€T ,'72 ,’72
CUz,O = Imnax (eT ) z ) z =0 (Z> )
P (1= p2) ) (1= p?)* (1—p?)?

1 £ T
C., = max ( ,2) ezm = =0 <€z77z) ,
,Ufgnz al alnz
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6T772( 1) Tn27]2 >
C’zvs:O z 1w 1+ +M ,
< Uz (1_ )4
T T,2
exn 26 > .
C,.=0 Z _ + +mm<T7) )
((1—02)7 (1—p2)5 ue )
2 T2
n; . 1 e; s
= S — T, — —zlz )

Ceor = O(( *(1—;))4)”““(’m)*(l—pz)?) (©0

Following the same reasoning in (49), (52), (55), (53), (56), and (65) we may obtain a similar conclusion for y. The
variable y is to optimize the objective, f + ag with respect to y which is %-strongly convex and 2221 _smooth.
The stochastic gradient h; 1, of updating y is variance-bounded by 05 = g]% + a2g§. Let p = ng A= 30‘[# in
Lemma B.2. If the step-size 7, satisfies that

<(’)<1mm{l_p2 (1_'02)\/@,(1_'02)2}), (67)

9
£911 Eg,l Eg,l ggvl

we have

E [Hys+1 — y*a,s+1“2]
4,46

,M)T 9yl (152~ 30l
= (1 2 <1+M§(1—p2)4 E Hye y*,s+1H

+ (1- :?(TI)T a)nyégJ 1e [HY gslﬂﬂ

+ (1 —M:E%);;?@AE [HUs,y — U, 17| } + min ( 0!#1%) %E [HXS - :Eslzm

+ min (T, a;i,ny) C;’lnigi + (1 _:(Sfy);o)é;?z@l . 602

4 _%);052263’1 (azfi,llﬂ*l [ SR T SR S A e x51||2]>

T 3
_ eom B e, an B
< B[ — ] + LR [, - 7]+ 2 2R o, - ]

sin (7, L) (Stg [x -] + Cetigor)

QufhgTy n
e, a’ny (1
+ (nE (X = 2t LT [°] + 02 [J15,]1 D (68)

where e, = 1 — 2£¢ and for simplicity we choose sufficient small n, < O ((1 — p?)py/(l2 ;) and for any T > 1
such that

4446
aﬂgny)T oyl aﬂgny)T
1- 14— el ) o (1 QHe'ly
(-5 ( T2 ) <(1-75

1_ opgNy T 04‘5 5€4 1
( 2 ) ly"g.1 < min (T, > Ca,1my, where Cp 1 ~ O
QflgTly

4
0‘6371 I 773,52,
2)4

a1 = 7P bt

1— opem\T g2 an, C, arpylgan

(1 ™) ylor o M1 Cot e 0y m0 [ O L) (69)
(L= 2?) ig(1— ) g (1= p?)

Recalling the inequality (51) for z, we also have a similar result for y. When we consider the convergence of the
consensus convergence Y, and U ,,, we only need the following inequality

Do |? (70)

15 = v i I < 20175 — v2ul” + 202y — v orall® = 2|5 — w2 ||” + 20262,
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. _ . _ 2. -
For the convergence of variable 3, we need a careful estimate about ||yS — Yt H justas z,

/¢ 2.2
E |:||§5 - y37‘9+1||2i| S (1 + alnméy* + aww) E |:||gs - yg,s||2:|

2
nxey* _ 2 2 ( 2 ZVy,‘ _ 2
+ —E \E [eqa|F]lI7| + 12 | &, + 5 ) E | 1Us41]l (71)
ai 2a2
and we properly choose 7,, 71, and T such that
¢ 202 o T
ry = (1 + iy, + S ) (1-Ft) <1 fobt (72)

Combining the above inequalities, we have

E {71 =i ]

S8 (1. vl ]+ 2 L v, )] + 2 L U, )]

) 1 C’w B 2 Cy Lo _
e (1.2 ( o [Hx—m;su |+ Cotaiod) + e B (B G ]
QfbgNy n n - a1

= o] eratn) /1 _ 2
e (éi* o ) B [Inal] + 7ty (LB I 2t D] o2 1] ) 9

where e, = 1 — 2521 and r, < 1— 2272 Recalling the result of Lemma B.2 for the consensus of i and incorporating
Inequalities (44) and (70), we have

1
JE 1Yo = et

2 2 T
<1+ ¢ €p1
~ (1=p)*] n

Ty 2 ep1 @’ T2 o?n2 1 B .
+m Cx,Qny‘Fm ]E[HXs_l'slnH } +m* |:HXS 1 — X511 || ]

eT Oé ’r] o 77 _ 9
e I~ + gt [10s — a1

B[Y. - 51|

002 ‘5’,?1 ny 2 _ 377377§
5 s E |: Vs :| )Ua Yy |: Vs :| 74
2
for sufficient small 7, such that (1 + ((lln 62)4 ) ep,1 < ep2 = =, then (1 + %[29)41) eZ,l < eZ’Q forany 7" > 1.

Similarly, we apply the result of Lemma B.2 to the consensus Uy, for y and incorporate Inequalities (44) and (70)
1 _ T2
EE {HUS‘HJJ - u5+17y1n || }

ol qm 1 _ 2 el o’y
S <1+(1p>> E 10 02T B I -]

O[2€T 1 2

T2 elha?\ 1 ) )
T 28 (1—p2)3 E]E {HY — 71, || ] + (Cm,w]i + 1p_2 p2> EE [HXS —z,1, | }
2

T T
+ 761),20[ |:HX-S—1 - ff's—l]-TH2:| + <Co’,3 + 6p,22> O'j
—p

(L=p*n 1
62,2 2 2 — 12 62,2 3 2 = 2
Tz 2 E {HvsH } + ma Ny K {||Us+1|| } : (75)
@ eg 177y 4-‘,—p2
for sufficiently small n, < (1 — p?)?/(al, 1), we have ry, = (1 + Tt ) epe -
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Combining the above results for E [Hﬂsﬂ — yff,s+1H2} ,%]E [HYsH — ysﬂl,ﬂﬂ, and

_ 2 . .
ig [HUsﬂ’y — Usy1y1, || }, we follow the same procedure for variable z and define the vector function

QY7SI

_ o n2] 1 N 21 1 i 2
. = (E [l v, 7] 2B [IY. - 517 ) 28 [0~ w1 )] ) )
and an 3 x 3 matrix My
My Mia Mg
My = | Mar Moy Mos )
Mz Msy  Mss
where
T T3
elan, elan
M1 =rL M, = Y s Mia= —Y Y
11 =Ty 12 1—p2’ 13 (1—p2)3
T adn? e 2
Moy = P4 Yo Moo= eTlo: Mo = p, 1y
21 1- p2)3’ 22 = €593 23 1—p2)2
T 3 2T
el,a a’e
My = 2E0 My = 22 My =rf, 78)

) JM?Q - )
(1—-p?) (1—p?)3
By the inequalities (73), (74) and (75), we have

Q41 < MyQys+Cy (79)
where C,, ; € R® are defined as below:
- 1 Cy Cs
Cy.s[1] = min (T, ) ( ) [||Xs - flﬂﬂ + ’11);03:;)
QfigNy n n
eladn? 1 2 1Ly 2
B [ = 21T 4+ e 2 IR o 7))
lo,. o, T aBip o
w e (8 + 5 Y o] + 1222 ]
2 T 2
- n €, 1Q T2
Cyoll = = | a2+ 25 B [|[X, = 21|
Y»s (1—p2)n v (1 —p?)2 H H
T 2.2 T
el a?n? 1 _ T2 Co2 €p1 2 2
+p’7y*E[ Xs—1—Ts—11 ]-l- =+ —2 n.0
(1 _ p2)3 n H H n (1 _ p2)2 Y-y
T 2.2 T 3,32
€517 2 €5, 107y 1% _ 2
+ Wﬂ?ﬁ {Hvs” } + WE {||Us+1|| }
T 2 T
= B 2, €p20 ) 1 — T2 p,2% = T2
Cy,s[3] = (Oﬂﬂﬁny Mg ~E [HXS — 1, || } + mﬂz |:HXS—1 — Tl | }
€2 €2 2 €2 2
| ot 72255 ) op + T 22RalE [0 l] + 2 el n B [0l (80)

For simplicity we overload the same notation and set Qy s = (as, b, cs) ' and éy,s = (di,s,d2s, ds.s)". We thus
obtain a similar conclusion for y.

eTand 1 eT 2
oy ly 9] . ~ Py 81

O gy <augny’ ) ey e
For sufficient small n, < (1 — p?)3-5/(«) such that

2 2
1—-Q1 M3 > 3’ 1—Q2Msy > 3
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1
((1 — QuMa) (1~ QoMso) — (Qng +r i”Mm) (QlMgg o i”;\jll)) = (82)

Then

S T

o?n? 1 e e
bg Fh Yy a0+max< 72) b0+ f’7 Yy 0+ P y d31
‘ g Mg(l _ P2)5 1— p2 (1 P2)4 Z
2

+max( )Zdzz o1 ”yZdlz, (83)

> 1 ey ey e, ny .
a; < max ,2> ag + Y bo + Y Co—|— Y ds,
2 ( pg(1—p?)2 " " pg(1—p?)t )? Z ’

i=0 XHg'ly
Sy >
+———— % dy; +max ( ) dy ;. (84)
tg(1 = p?)? =0 afigny’
Combining the above inequalities we have
1 & 2 5 2 51 2 5
o SB[V~ 21T < B [l - v+ 3 |2 1Y = gt = 3 (e 0
" 5=0 s=0 s=0 s=0
el an? 1 eT 2 A
< M - 92 b p1'ly p1'ly d .
'vMup%““+m“(1w’)(”wlfﬂ%+<1w%§;3”
1 s el a?n? &
4+ max [ —, 2> do; + L% dy s
(1—p2 ; T (L=p?)P =
T T2 I &
+ max ,2>a0+ K by + gy 0+ y ds,
<0‘Mg77y fg(1 — p?)? fg(1 — p?)* Z Z

eT n2 S 1
+ max | e 4, Y Y ds; + max dl+max( > dy s
(”1 1-p) p2)4; B 1= p2" i Z ’ apgry’ Z '
T T 2
€y AYO T y My
<max<augny’2) Bt max (1’ug(1—p2)> T A N R
no ) e (o + E20) S Le i na )]
TmatCon Ty | [T 2 w3y T Zan s
2 S-—1 T
el 1 S T2 €p.2 2
Mierapd EE[HXsfl—xsfllnH | +5(Cos+ 25 ) o

(&
PgmﬁzEwwm}( a%mZEWMM}
. (v 1 ) S g, ] )
rm\ T i e ) (T o ) 2t e e

2,2 S—1 T
plo‘ My 1 [ _— 2] Cop2 €p,1 2 2
2ol Ty ND 2R (11X, — 2,1 S
+ (1= %) < n I z:1, ||| + n (1—p2)2 My0y

34



Fully First-Order Methods for Decentralized Bilevel Optimization

oo, epraining &
y 2 Z]E [HUsH” } (p y ZE [||Us+1|| } }
p s=0
1 .17 _
+ max ( ) min (T7 > Coty ZE [HXS - xl,ﬂﬂ
aftgny’ QligTly no 3

i)
77351 2 nE*S 9
Ty n M&—@QH}W}ﬁ%Xﬁmmmmam}

T,2 [ 92 évy* o’ S
+eyn: (fy* + )ZE[vs+1|| [+ meE [175111%] (85)

where we use these notations to simplify the inequality

1 1
By =E 50~ v20l?] . Avo = B[ ¥o - 501} ] . Au, 0 = 2 [|[Un, — 50,17

We further re-arrange the above inequality and get that

> LE[IY. -]

s=0
S s
5C%ﬂAwﬁ+Ciﬂhm+0wﬁ&%n+Qm§:EHEwﬁﬂﬂmﬂ+(&w§:EM@+wﬂ
s=0 s=0
S
+0e Y B[, — 2] ] + 8Cy00% 56)
s=0

where the constants are given by

C ( ! % C L !
.,0 = max s , LUy,0 = Inax , ,
Y QfigTy pg(1=p?) | 1= p?
T 2
€ n
Cy, o = max el ,i _ Y
y p,1 Iy (1 _ p2)4

1 oy el'n,
C’yﬂ,maX( ,2) eguw(’) vl
QUlbgTy a1 arany

o egny [ €l amia’ +6?,,277§04317y N ey 651a2n§n3+ e alnin?
YT (1=p2)p | 1=p? 1—p? (1=p2)2\ (1-p2)3 = (1-p2)3

1 by, ey o’y
+ max ,2) el'n? <52 + ‘”) + L5
(aﬂgny ( ! o 2a (1—p?)?
T T T2 3p3
ere e, n 1 acn
~ O[22 (2?4 n2aty,) + L (14—
((1 — p2)8 ( y) any az  (1—p%)3
eT'n2 el a? el a?
Cyu = Ufé C:r,377§ + 22 3| T 22 2
(1—p2)? L—p (1-p%)
1 (g4 019} | a0 )
A=\ =) " T @22 ) T a2
) 1 P A
+ max ( ,2) min <T, > Ceany + 7727?/3
QigTy gy (1=p?%)
1 eT ot 1 atnd
~O min(T,)Jr Ty 277‘” +mm<T>n'7§4
an, ) (1= p2)7 u—p) any ) (1= p?)
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_ 65775 652 65 00,2 6;7;,1 2
Cy,cf — B CU,S + 2 + 2\ + N2 ny
(1—p?)° 1—p (I=p?2\ n  (1-p?

1 1\ Cs
+ —— min (T, ) —’1772

any any,) n Y
O (win (7, ) 2o (0m L), &t (87)
~ min — = |t = —= | -
tany ) o \(1=p*)*  n)  (1-p?)7
The proof is complete. O

Next, we derive the consensus analysis for the upper-level variable x.
Lemma C.2. Suppose Assumptions 1, 2, 3, and 4 hold, consider Algorithm 1, by properly choosing n, such that

n<01mlﬂ—f)ﬂ—ﬁf
v = Oégﬁl ’ Ozng ’

we have
1 & )
o D E[[Xes = zen1]|]
s=0
7?2 S )
5 m (C’uzcz,v + vaC'y,v) Z]E |:H]E [61+1|f2]” :|
2 S—1
Nz Cv'u _ 2
+ m <4Cvzcz,vs + 4va0y,vs + n > ;} E |:||’Ui+1H :|
12C0z
+ ﬂiipg)g (C. 00,0+ Cz0A70 + Cu, 0Avu., 0)
van;%
+ m (Oy*,OAy*,O + Cy,0Ay,o + OUy,OAU O)
2 2, 2 202 (14 p?)
7S 2 2 Snyoz Nz f,o( p
+ m (Cvzcz,oa'z + vacyﬁa'y) —+ (1 — p2)3 (1 — p2)3
where 07 = 0120 + 2a20 02 = O'f + a202 ol = O’ , and other constants are defined in (66) and (87) of Lemma C.1.

Proof. (of Lemma C.2) Note that in Algorithm 1 we have
Xs+1 =X;W — nwvs+1; Vs+1 =V,W + As—‘,—l - As, Ts41 = Ts — NaVsy1, Vs = Ss~

Thus we know by Lemmas A.1 (with ¢ = 1_2

1+p 1+p %

2
%, — 227"+ I

||Xé+1 - xs—i—ll || HV5+1 - U5+11n

We also have

Vs+1 - 65+112 = wa + As-‘,—l - As - (T)s + Ss-‘rl - 55)12

1,17 1,10
= (Vs — 1_151;) <W — n) + (As+l - As) (In - 77«>
n n
which, together with Lemmas A.1, A.2 and A.S5, — % < 1, implies
2
B 2 1 + _ 1+
[Vors = ooant] P < 222 v, o] + pz 181 — AP (88)

To bound ||Agy1 — Ag||, we have
Aerl _As :Aerl _E[Aerl |]:s} - (As _E[As | ]:sfl])_'_]E[Aerl ‘]:s] _E[As ‘]:571]7
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and thus
E (80 — A7)
<3E [I18s+1 — E[Aurt | BIIP + 18, —E[As | For]* + B [Assr | F] —E[A | Foa]|?
<6n0? + 3E [IIE[Ass1 | F) —E[A, | Foa]l] (89)

where the stochastic gradient A, 1 of updating variable z is variance-bounded by o2 = 0120 + 204203. We then bound
IE [Ast1 | Fs] — E[Ag | Fs—1]|| via the following inequalities:

||IE [A8+1 | ]:5] —E [As | -7:5—1]”2

Szn:3“vzfi($ ’ys ) Va fi(z s 17ys 1 H 2304 HV gi(x 7ys ) Vagi(x il)1aygl)1)“

+ 230‘2 vagi(xgi),zgi)) - Vaugi(z (1)17 é )1)H
i=1

<(3+60°)63 1 [1Xs = Xt |* + (B +30%)65 1 | Y = Yooul* + 306 1 |12, — Zoa | (90)

Note that we also have for || X — X _

- 2
[Xss1 — XSH2 = || (Xs - xsll—) (W-1I) - 77:I:Vs+1||
- 2
<2|(Xs = 21,)) (W =D)||" + 21 [V |*

<8|X, — 21 T||* + 202 [ Vars — a1 1) ||” + 2002 0541 | 1)
for | Ys — Ys_1],
HYS - sz—IH2 = HYs - yi"(fs)lz - Y1+ yi’(i‘s_l)ll + yf(fs)lz - y*a(fs—l)lluz
<3||Y, — y2 @)L |* + 3] Yoo —y2 @) 1] |7 + 308202 [0, (92)
and for | Zs — Zs—_1]|,
HZ - Za 1|| - ||Z - Z*(ms) - Za 1+ Z*(Jfé 1) I + Z*(i‘b)l—r - Z*(-fs—l 1IH2
<3||Zs — z.(s) 1I}| +3||Zs—1 — 2(F5-1)1, H + 302 02 |57 . 93)

Combining all the inequalities above and setting o > 1, we obtain
E[IE A | F]-E[A, | Foal]
<9026 | (81X, 1 — zomatT||* + 22 [V, = 01+ 2002 ]
+60%(2 | (3 1Y, — yjf(:?s)lm2 +3| Yoo — y2(Ts-1) 1TH2 + 3002 1n? ||175||2)
+3a%02 (3 1Zs — 2@ )1 ||° +3|Zo1 — 2 (@)1 || + 306202 ||| )
and thus for s > 1, we have

E [HVsH —58+112HQ]

1+p° _ 1+p°
< [V -l + 1_’;21E[\|AS+1 - a7
2 2\ 2
< 2g (v, —va])f] + Gn(ifp’z)"r

3(1 + p?
+ 7(1 jp’; ) {3&@,1 (8 1Xo 1 — 2o a1 |)* 4 202 | Ve — 0,1 || + 20072 ||17s||2)

60202 (Ve = 2 @)L + [ Yorr =y @ )LT |+ 0t 02 o))
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+3022 | (12 = 2@ + | Zoor = 2@ D1T | + 0202 15)) }

—C,FE {||st17$1§|}2} +OWE[||XS_14:S_11T||2} +Cq,yIE{||Y @+ ([ Ve =y (@)1 }

2 2 6n(1+ p°)o
+ CoB [||Ze — 2@+ [ Zoor = 2@ )1 ] + CouE [)12] + (152>x_ (94)
where the constants are given by
o (1o, 180207 11z (1 + p°)
v 2 1 _ p2 )
720[26? L1+ %) _o a2 _ 180222 1 (14 p?) _ 0 o?
vT 1_p 1_p I vy 1_[)2 1_p2 I
o 90202 (1 + p?) _o a?
vz 1 _ p2 1 _ p2 ?
B 3na’n(1 + ,02)(6@’1 + 602 02 4302 102) _0o <na27792,:>
vV T 1 _ p2 - 1 _ *

Especially, for s = 0, by (88) and Ag = 0 and V;, = 0, if we initialize y( = z(() ") at each agent, we have

1 1
E[[vi-a1]|*] < “ Vo — 1] |* + *zml Aol

1 0\ 2
||V0—2701,1—H2+ 11—22 (59)
i=1

<1+p
- 2

14 p2 - o nlGo(1+p%)  nl3o(14p%)
<= [[Vo - w1l + ff_p2 < flo_p2 . 95)
Combining the result at the initial iteration s = 0 and telescoping the inequality (94) for s = 1,2, --- | S, we have
5 2
ZE [||Vs+1 | ]
i=0
S ) 5—1 ) s )
<Cy 3 B[[Ve = v 1[*] + Cuo 3B (X, = 2 T[] + Cuy SB[V -y @]
‘ i=0 i=0
= nti o (1+p%)  6nS(1+ p?)o2
+Cuy ;E [HY —y (@)1, | } fff 2 + 1— 2
5-1 51
+C.z ZE [HZ — Zx Is ]-TH } +Cy Z]E {HZ — Zx Is ]-TH :| +Cm)ZE [H’Us+1|| ]
i=0 =0 =0
S 5—1 )
<C, Y E[[V. - w1]][] +CWZ1E[||X ~217|’] +2CWZ]E[HY 2@l
=0 =0 =0
s 5-1 2 (14 02 2y 2
+2C0. 3B (|12, - 2@ [*] + Cow 3B [l55]7] + . ff(_p2p ) 6"5(11_+pp2 )% (06)
i=0 i=0

Applying the consensus convergence estimations of y, z in Lemma C.1 (see (65) and (86)) into (96), we have

5 1 2
2 #E [||Vs+1 — U1, || ]
S 1 5 S—1 1 9 S—1
$C Y CE[IIVe =51l ] + Coa Y- SE[IIXe = 217 |*] + Cow B [I50a]
=0 =0 1=0
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S
+4C'UZ{CZ*,OAZ*,O + CZ,OAZ,O =+ OUZ,OAUZ,O + Cz,v ZE |:||E [1—}8+1|J—_-S]||2:|
s=0
S5—1 S—1
_ 1 _ 2 65(1 + p2)o2
+ Czvs Z E [H%HHQ} + Cz,acg ZE [HXS — 7,1, || ] +S- C'Zﬁaﬁ} + (1_£2)3¢
s=0 s=0
S
+4va{0y*70Ay*,O + CY,OAYQ + CUy,OAUy,O + Cy,vs Z E |:H68+1||2:|
s=0
5 s 2 2
0 1 = 2 Gro(1+p7)
RO 313 (SIS RUCH SE [Py R B T
s=0 s=0
S 1 ) o g
_ T VU _ 2
<G, Z —E [HVS — 0,1, || } - (4cvzcz,vs +4Cuy Cy s + = ) ZOE [Ilvs+1H }

S S
+ (QCszz,v + QOvyOy,v) ZE [”E [778+1|]:s} HQ} + (Cvac + 4Cvzcz,x + 40@1/09790) Z %E {HXS - .1_7312 ||2}
s=0 =0

+4C,. (C, 0z, 0+ Cz00 20 + Cu, 0Au, 0) +4Cyy (Cy, 04y, 0 + Cy0Ay, + Cu, 040, 0)
(G040 6S(1+ p?)o?

2 2
445 (Cy:C. 007 4+ CoyCy o07) + 2 2 97)
For sufficient small 7, such that
1+p2 18205 m2(1+ p?) 3+ p?
C, = : < 98
v ( 2 + 1 _ p2 — 4 bl ( )
since véi) = 0 for each agent 7, dividing the both side of (99) by 1 — C,, then
1 5 2
=3 B[ Vi = 1] |f]
n
s=0
4 Con ©
VU — 2
5 1_ p2 (4Cvzcz,vs + 4vaCy7vs + TL) ZE |:HUS+1|| :|
s=0
4 s
_ 2
+ T3 (4C0:Ceip +4Cy ) Y E [||E Al ]
s=0
16 51 2
- 1T
+ 15 (o +4C0:Cla +4Cy ) > -E [HXS —z.1) }
i=0
4Cvz
+ 1o pe (C 08z, 0+ Cz0Az0 + Cu. 0Auv. 0)
16C, 165
1— pg (Cy*,OAy*,o + Cy,0Ay,0 + CUy,OAUy,o) + 2 (Cszz’goi + vacy,aUZ)
ol +p%) S0 09)
A=pP 0=
Recalling that
_ 2 14 p? _ 2 14 p?)n? _ 2
[Xer = 21| < 55 X -zl + (lj’p);’ [V — e (100)
we have
s s s
1 - 2] 1+ p? 1 T2, A+ 1 S T2
E;E |:||Xs+1 _l‘s-‘rllnH :| < 9 ;EE |:HX‘5_J:S]'71H :| +1—7p2§ﬁE |:HVs+1_Us+11n|| :|
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S
(Cox +4C,.C g + 4va0y7r)> 3 %E [HXS - jslmﬂ
s=0

2 T (-pp

~

2 2
<(1+p 1602

(14 p*)n3

iy

S
(CozCarw + CoyCy) 3 B[ IE [6141| 5]
s=0

,r]2

S—1
x O’UU _ 2
a2 (401,202,@5 +4C,y Cy s + ) > E [Hv,»_HH }

n
s=0

(C.. 00 0+ Cz00z0+ Cu. 0Av. 0)

_|_

13C0z
A pn
van;%
m (Cy*,OAy*,O + CY,OAY,O + CUy,OAUy,O)
3
1—p?

_|_

77336?,0(1 + %) Sn2o2

" -7 U-pF

(Cszz,ogg + vacy,ao'i) +

(101)

Properly choosing 7, < O ((1 — p*)?/(aly,1)) such that

3+p?
4

1+ p? 1612
P N
2 (-

(Cvm + 4Cvzcz,:c + 4vaCy,z) <

(102)
and due to that :céi) = 1z for each agent, we have

S

1o T2 ; 2
7 2B X =il Sy (CosCen + CuyC) Y [IE s ]
s=0 s=0

2 C, S—1
+(1_’7#)3 (4CUZOZ,US H4C,yCy e + n) Y E [||@i+1||2}
s=0

2Cus

(17]17;2)3 (C.. 000+ Cz0A20+ Cu, 0Au. 0)

Cuoynz
a- P
2 2 92 262 1 2
nws 2 2 Snxax nm fO( +p )

+—"== (C,.C, s0; + Cy,yCy 50;,) + - - -

1-p2)3 ( yCy.00y) 1-p2)3 1-p2)p°
where 07 = 0} + 2a%07, 07 = 0} + a0, 02 = 0. Note that the symbol < indicates that there exists an absolute

constant C' such that LHS < C' RHS. Now we have completed the proof. O

+

+ (Cy. 04y, 0 + Cy,0Av,0 + Cu, 0Au, 0)

(103)

D Appendix / Convergence complexity in Theorem 4.1

To derive the convergence rate in Theorem 4.1, we first have the following sufficient decrease lemma.
Lemma D.1. Suppose Assumptions 1 and 2 hold. The stepsize 1, satisfies 0, < 1/lr for all s. We have

2
Na o= Ne Mt _
L@l + (% - ) el EI°

2 2
(= Q= Nz — Q= 2 EF"]?EUZ
<T(3) — EM @R + 2 [E [l - VT @) + T2
Proof. (of Lemma D.1) Note that in Algorithm 1 we have
Tst1 = Ts — NeVst1- (104)
By smoothness of I'*(z), we have
15
Fa(jsﬂ—l) - Fa(js) - (VFQ(jS)ajs-ﬁ-l - 533> < ?F Hfs-&-l - j8||2 (105)
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and thus

Y/ 2
E [0 (701)F] = T(@,) + 1o (VT(3), E [pal B]) < DEE [[5,0]| 7] (106)

which implies
Nz o~ — — o=
2 (IVT @I + I 1| R = I [p11] 5] = 9T (@)])

lrn2o? n lrn?
2n
Rearranging terms on both sides completes the proof. O

<I(75) — E[0%(Toga) | Fs] + IE [B041 | F] 1 (107)

Note that following the analysis in [6], ||E [0s41|Fs]||> should not be thrown away since it will be used later in the
analysis. Another commonly used approach is to incorporate the moving-average updates in the algorithm, which has
been used in distributed optimization [59, 29].

Now we analyze ||E [0541]|Fs] — VI'(Z)].
Lemma D.2. Suppose Assumptions 1, 2, and 3 hold. We have

3@5 302 3a? ez
IE [Be41|Fs] — VI ()| < 221 | X, — 21 || + Y, - v @1y + |2, — 2 (@)1 )

where (2 1—42 +2a? €g1,€ 1—€f1—|—ozf and@,l:é;l

g9,
Proof. (of Lemma D.2) By Lemma A.7 we know it suffices to analyze ||E [6,11|Fs] — VI®(Z,)]|.

| [Bera| ] = Val® (@e, 02 (), 2 (20))|
2

Tlé;E [0, | o] = Val2 @042 (20), 2(3))

- % S VLA ) Vo fil@a 2 (22) (2, 47) = Vegi(@a, (@)
i=1 9
a:gz s 7 s ) vﬁgi(fs’z*(js))
35
< 7{1 (Hx() H H > 80’5 (H O -z, ‘ yf(ffs)H2>
n
=1
3(2 120202 307, 2, 20
S GTRA ) N B AR D N L T
n n "

O

Theorem 4.1. Suppose Assumptions 1, 2, 3, and 4 hold, and parameters o and step sizes are chosen such that

2/7 2/7 3/7
- 1/7 - n o n o n
a_@((ns)/)77795—@(55/7)777y—®(55/7>a772—@<54/7>

and further assume a warm-start for variables vy, z such that
_ 2
max (Hyo — yiOH ,Zo — z*7o||2) =0 (1/a) (10)

Consider Algorithm 1 with T = 1 and S > n4/3, we have
1 . E[|Xs — Zs1n]l] 1
< _— _— < —_ .
T <(n5)1/7>  0<s25-1 n = O Gigir
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Proof. (of Theorem 4.1) Incorporating the result of Lemma D.2 into the sufficient decrease condition in Lemma D.1
and telescoping the inequality from s = 0 to .S — 1, we have

S—1

> B+ (% ) S el

s=0 s=0

S—1
Lo
<3 T(z,) ~ E[T*(241)|F] + ZIIE [Pe41|F] = V(@) +Z an :

14
<I°(&0) — E[I*(Z5)|Fs] + ZH]Evs+1|f N L C e

e o (302 2 302 o s 3a? ez 2
§A10+*Z ( Tl71 HXs_xs]-;LrH + ;:71 ||Ys_y* (SUS)].IH ! ||Z _Z* S)l’r—LI—H
(108)

where A, g = I'*(Zo) — I'*(z*). Incorporating the consensus results of Y and Z in Lemma C.1, we have

S—1
x « T Iz
> L v+ (% - F)ZIIE el FI

s=0
S—1

1 3n.L; _
<A;v o+ S an + 2y’1 {Cy*,oAy*,o + CY’OAY’() + CUy,oAUy,O + Cy’vs Z E [||’US+1 ||2}
s=0

S—-1 S—1
+ Cyo 3B |[E Bust FIP] + Cp Y %]E [, - 217 |] + Scy,(,oj}
s=0

s=0
S—1

377930‘2@ 1 _ 2
t—s C:o08:.0+ Cz0020+ Cu. 0Av.0+ Cap Z E [H]E [Us+1] F] }
s=0

S—1 S—1
4 Ceps S B [[o0al?] + Coan SOE[|X — 22 7[F] 45 cz,wg}

s=0 s=0

37796627 S_ll
+71§5E (X =z |]

3n.a?
SAzo + ; (Cy. 00y, 0+ Cy oAy + CUy,oAUy,o + C.. 04z, 0+ Cz00z70+ Cu. 0Au. 0)

S—1 S—1

3, _ 3
At o) SB[t l] + 22 (0 4 C) S E[IE s R
s=0 s=0

2 Sn2o2  Sn.a?

(Cya+ Co + 1) Z % (1%, —za|f] + 2% T, o2 0Le?) 109)
s=0

3Nz
+ 2

where £2 | = O(a?), £ ; = O(a®) and £2 | = O(1). For simplicity, we let Cx = C, , +C. , + 1. Then incorporating
the sum w.r.t X; in Lemma C.2 and d1V1d1ng 1S on both side, we achieve that

1 77151“
r*(z E o5

2SZHV O+ (55 - 2S)Zn el

Am,O 2
< s § (Cy. 08y, 0+ Cy0Avo + Cu, 0Au, 0 + Cz 04z, 0 + Cz0A20 + Cu. 0Auv. o)

O[2 S—1 2 S—1
+ 5% Cos + Cons) Y E 50 l’] + 5 (G + Co) Y E [IE B 1]

s=0 s=0
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2 2 2 S 1
Nz Oy « (e CX nm (C’UZCZ v+ Ov C v
+22 4 - (Cooy + Cao0?) + = { Gt CnCun) ¥ g [IE (5141|7311
s=0
2 o S-1
+ 7(1 _77:;2)3 (4Cvzcz,vs + 4CUyOy,vs + o ) Z E {”@'-{-1”2}
s=0
1200 (0 AL 04 CroBmo+ Cu o
+ (1 . pg)g ( 2x,022,,0 + Z,00Z.0 + U.,0 UZ70)
 Cols_ (Cy. 08y, 0 + CyoAyo + Cur, oA, o)
(1—p2)3 Y,02,0 Y,02Y,0 Uy,08U,,0
2 2 2 22 2
nzS 2 2 Snyos N2l 0(1+ p?)
71 o\’ vzz,0 Cv o ’
e (CosCeoz  OuCuom) + T+ 0y

Bao 0o e B O G ) i E [IE (501 7] ]
~ nws Y, > 3 s Y-y, b

0[2 7]2
+§ ((Cy,'us + Cz,vs) + CXi (4Cvz0z vs T 4Cuyc

) 2

s (1—p?)
T )) ZE [1510117]
Nz

’Cal'+°‘i(o 02+ C. ,0%) +a>C 72(0 C.y0? + CyyCyo0?) + LTt
m 2 o z,0 X (1_p) vz N vy“Yy,o (1_,02)3

026G 0(1+p%) a2
-7 s

+

Cuoym,
(1 +Cx (yan)g) (Cy. 040y, 0 + Cy,0Ay,0 + Cu, 0Au, 0)
2

a Co
+§ (1 +Cx (TIIPQ)g) (C.. 0820+ Cz0Az0+ Cu, 0Au, 0) - (110)

Incorporating the inequality that

2
«
T O

e [ie] <& [iz@im] + o (Z), i

we have

o 1 Nzt
2 Z VTl + (55 - 2;) Z IE [l ]I
S—1

ArO 2 77 — 2
< 2 Z,v — vzYz,v v v E i i
<250 4 0 (Ot Co) + O 2 (oo + ) > & [IE 7]

)) S E[IE [l

s=0

))

(C’UZCZ ga + CUyCy,UU + O’

2

Lo
S

Cxn?
(Cy,vs + Cz,vs) + (1 — p2)3 40’[)202,'(}8 + 401Jy0y, ]
2

2
+— ((Cy,vs + Cz,vs) + C()(777 (4011202 Vs + 4vac

a
S (1—=p%)?
2 2
77 Oz @ 2 2 a*Cxn3
on T g (Cuooy +Cooz) + (1—p2)3
2 2@2 <1+ 2) 2 C
« Nz £,0 P « vyl
+§O - +5 <1 + Oxi( Jp2)3> (Cy. .04y, 0+ Cy,0Ay,o + Cu, 0Au, 0)

2 C’UZ

S ( p2)3> (Cz*,OAz*,O + CZ,OAz,o + CUz,OAUz,O) . (112)
We consider Algorithm 1 with 7' = 1 and variance 02 ~ © (azaz) ,05 ~ 0O (a202) ,02=0 (02) (defined in Lemma
C.2), to ensure that

<1+C’X

asly ., csnia? 2519\ " L)
7“2:<1—|—a17}m@*+*2$) (1—5) <1-— 93 ) (113)
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we set
o S L a5 (114)
7790 naja
Similarly, to guarantee that
Y 2.2 T
ry = (1 +arply, + 2 Vy*;wza) (1 - uggya) <1- ngyo‘_ (115)
we might choose
T TR (116)
7790 nma

Thus to make sure the two conditions (113) and (115) both hold, we choose an, and 7, are in the same scale, then a;
and ay are well-defined. Setting

1
any ~n. > <, (117)
and C'x can be simplified as
Cx=Cyr+C.p+1
T oA T 02n2 atnd
~0 min(T,1>+ z Zy7+ £ ;’%+min(T,1)ng4
any ) (1=p*)7"  (1-p?) any ) (1= p?)
g el eTn? 1
+0 22y b F Z+min(T,> +1
((1 —p7 Ty -
~ O(1). (118)

T
P2

and eT with [ and let a; ~ 2 ~ 2z and gy ~ —225 ~ 208 the
z Na : z

. . . T T
Combining this and replacing e, , e, ;, e e ma? 7

inequality (112) can be simplified

1 S—1 1 n ) S—1
af = 2 T _ 2
35 LIVT @I+ (55 - B8 ) X [Eloel ]
s=0

s=0

Dpo [ o*(( 2 0} ; AN .
so 5 (F ) ol (F +32)) SElEmas]

a’n? o2 noony)) =

a® (55 M Ny | Qg — 2
+5 (e + 24 B ) Y B B ol ]
S ( any  n2 2 ;J i

o nla? < ) 1 7?2 a2n2>51 )
+ e (0 + B Sk ) SR (B[54 7
S (1—p?)3 any - my o n: ) = "

2 4 2, 4 4.2 2 2, 2 )
@ o 1 « ato
(oo 2 ) e i (e 5 5F)
any My UF (1—p?) any  n? 2 n

malo?  alo? camy 7 o ((miaPe® camy | ma\ | nia’o’

+ +—(—+— )t vl G s + e
" 2 \n - n (1=p)*\'n  n/ (1-p?)3
2 2 2 2 3

@ N o a’n 1 )

i s (1 ) (vt dva i)
2 2 2

(07 et 1

] (H @ fp?)?’) (mAZ*’”AZ”"fAUﬁO) (119)
where
2 4 2 2,4
o
Cyms'\"ﬂioﬁ—f'ni—f—%; Cz,vs"\‘ni—l— Zw
ATy T]y 2 nz
2 2
« « n n
CUZN]__pZ; vaNl PR Cy,GN%“‘nf}; Cz,o”\’f“v‘ng
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Now we choose the parameters « and stepsizes as follows.

n2/7 n3/7
a=0 ((nS)l/7> M =1y = O <S5/7> ,an, =1n, =0 <S4/7> ) (120)
and set a warm-start for y, z such that

Ay*,OaAz*,O S O(l/a) (121)

By properly choosing the parameters as in (120), (121) and S > n*/3, the coefficient of & Zf;ol E {HE [Os+1]Fs] HQ}
of RHS in (119) is smaller than that of LHS. We thus conclude
5-1

1
> B IV @l] + 5 Z IE [t E |
Am,o 1 o2 1 - 1
~ (’I’LS)2/7 + n9/756/7 + (nS)2/7 + (T],S)2/7 =0 ((’I’LS)Q/7) . (122)

Note that the difference A, o = I'*(z9) — I'*(2*) can be controlled by a constant which is independent with a

Ay =T%(x0) = T(z%) = L (w0, 4 (w0), 24 (w0)) — L (2", 4 (¢7), 2(27))
=f(@o, 4 (w0)) = f(2", 42 (27)) + a (9(wo, ¥ (20)) — 9(20, 2+(20)))
+a(gle,yl(z7) — g(@", 2.(2")))
= (20, y«(20)) = f (2%, 5 (7)) + f (w0, y2 (x0)) — f (0, Y= (70))
+ f(@" y (@) = F(2%, 92 (27)) + a (g(zo, y2 (20)) — 9(z0, 24(20)))
+a(g(@®, yl(z7) — g(a”, z(27)))
<P(xo) — (27) + L0 [y (wo) — yu(@o)ll + L0 [ly2 (27) — ya (")

oLy (a0) — (o)l + 0L g %) — 2 )|

20
<P(xg) — P(z") + f’TOCO + 20497’1%
20 0,1C2
<®(z9) — D(2*) + f’;CO“g + 9’200“9 = ®(z0) — (") + O (K24,1) (123)
f’l f71

where the first inequality follows from the gradient-Lipschitz of g and the Lipschitz continuity of f in y, and the second
inequality uses Lemma A.10.

We then recall the relationship of || V®(z,)||” and || VI'*(z,)||” in Lemma 2.1, we have

S Lafive@) <2 Z_% o [9r?) + 2 <0 (G )

‘We then notice that

= 2 k= , 1571 ,
(S SE [||v<1><at~s>|n> < & S EIVe@E)|® < 5 S E[IVeE,)]
s=0 s=0 s=0

where the first inequality uses Cauchy-Schwarz inequality and the second one uses Jensen’s inequality. Hence we know

1= ) 1
§ LBVl <0 (7))

Moreover, we notice that from Lemma C.2, (120), and (121) we know

1 2
=3B |[Xs = et ]]
n s=0

S

2
S s (CosCon + CunC) 3 E [IE Pl FiI
=0
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2 S—1
Na va
+ W 4Cvzcz ,US + 4va0y Vs + Z E |: ‘Ul-‘rl” ]
wcvz
+ a-2)p (Cr 0l 0+ Cz0Az0+ Cu, 0Au. 0)
va’lg
+ EE (Cy. 00y, 0+ Cy0Ay,0 + Cu, 0A0,0)
2 2 2 22 2
771,5 2 2 SanI nng,O(l +p )
'*ﬁffig“”*kﬂ%**”“%ﬁ%)+<r—wﬁ =
a 773: 77x
e )Zﬁmwmfm}
2 o? Tz
E |||vs
3( an, ny 2 )Z UUHH]
a? 1
77:,; ( Ay, 0+ Ayo+ Ay, o)
aT]y
1
-9 (nAz* 0o+ Azo+niAy. o)
292 2
Nz 2 Ny 2 SaPnio? 77z£f,0<1+P )
A=) ((n +12) + (g +i) o*) 0 +(1_,02)3+ (1—2)°
s 7’]4042 1 S—1
x 2 =~ 2
T 2 E el 7] + s (o o) S e ]
LT a*piSe? | SaPnie? | milie(1+p?)

A ey A e T (= R (e
Using (111) and (122) in the above inequality, we know

S
% S E[|Xesr — Eaa1 ][]
s=0

B n2/7 n12/7 [ p2/7 §2/7 n2/7 n6/7 nd/7 B n6/7
=0 S12/7 +0 S16/7 Sl2/7+n5/7 +0 512/7+58/7+517/7 =0 S8/7 |

This indicates that

2 1 S 9
<<m<lg Bl et ”) = (sg [IXot1 = Zara1y ]
S
: 1 _ 2 n6/7
<5 L E IR =T < 5 5 %o 2t o (=)

S|

n

which gives

1
O<ISIE¥51 1EE[HX — &Ll = (n1/14S4/7>.
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