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ABSTRACT

This paper considers the robust phase retrieval, which can be cast as a nonsmooth and nonconvex
optimization problem. We propose two first-order algorithms with adaptive step sizes: the subgradient
algorithm (AdaSubGrad) and the inexact proximal linear algorithm (AdaIPL). Our contribution lies
in the novel design of adaptive step sizes based on quantiles of the absolute residuals. Local linear
convergences of both algorithms are analyzed under different regimes for the hyper-parameters.
Numerical experiments on synthetic datasets and image recovery also demonstrate that our methods
are competitive against the existing methods in the literature utilizing predetermined (possibly
impractical) step sizes, such as the subgradient methods and the inexact proximal linear method.
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1 Introduction

Phase retrieval (PR) aims to recover a signal from intensity-or magnitude-based measurements. It finds various
applications in different fields, including X-ray crystallography [1], optics [2], diffraction and array imaging [3l],
astronomy [4], and microscopy [S)]. Mathematically, PR tries to find the true signal vectors z, or —z, in R™ from
a set of magnitude measurements:

bi = (a;, @), fori=1,2,...,m, (1)

where a; € R™ and b; > 0,4 = 1,2,...,m. Directly solving the equations (I)) is an NP-hard problem [6], and
algorithms based on different designs of objective functions have been well studied in the literature, including Wirtinger
flow [7]], truncated Wirtinger flow [8]], truncated amplitude flow [9], reshaped Wirtinger flow [10]], etc.

In this paper, we focus on the robust phase retrieval (RPR) problem [11], which considers the case where b; might
contain infrequent but arbitrary noise due to measurement errors, i.e.,

b: — {<ai7x*>27 7;611,

2
£i7 1€ IQ) ( )
inwhichZ; UZs = {1,2...,m}, 7y NZ, = (), and &; denotes the noise that only exists in measurements in Zs, and it

follows an arbitrary distribution. We will call such noisy measurements as corrupted measurements (this is the name
used by [[L1]]). Our objective is to recover x, or —x, using {(a;, b;) }7™, without knowing either Z; or Z,.

Definition 1.1. x. € R" is an e-optimal solution if A(z.) < ¢, where

Az) £ min{[lz — z.]l2, |z + 2|2} (€)
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[11]] proposed to formulate RPR as an optimization problem employing the nonsmooth /1 -loss:

m
a 1
ZER EZ a;, T - z

min F

= h(c(x)), ©)

where h(z) £ 71L||z||1 and ¢(x) £ |Az|>—b is a smooth map in which |-|> operates element-wise on Az =

[(a1,),...,{(am,x)]" and b = [b1,...,by]". In the rest of the paper, A € R™>" such that A = [a1, az,...,am]"
denotes the measurement matrix.

In [[I1]], the authors have shown that F’ is weakly convex; moreover, under some statistical assumptions on (2), F’
satisfies some sharpness condition with high probability — here, sharpness implies that minimizers of F'(-) coincide with
the true signal vectors. In [[L1], it is shown that (4) possesses better recoverability than the median truncated Wirtinger
flow algorithm [[12] based on the ¢5-loss.

1.1 Existing Algorithms and Challenges

In the literature, two kinds of algorithms were proposed for solving {@): (i) proximal-linear (PL)-type algorithms, and (ii)
subgradient-type algorithms. First, we review proximal-linear-type algorithms. For any given z,y € R™ and ¢t > 0, let

F(zy) £ hlcy) + Je(y)(z = 1)),  Fi(zy) = F(zy) + %Hz —yl3, )

where J.(-)€ R™*" denotes the Jacobian of ¢(-) and can be written explicitly as J.(y) = 2diag(Ay)A. In one typical
iteration of a PL-type algorithm, one inexactly solves a subproblem of the form:

2" ~ arg min F, (z;2%), ©

rEcR”

where t; > 0 is the chosen step size, and “~” means that 2F*1 is an “inexact” solution to the subproblem in @

Using the fixed step sizes t, = L~! for all k € N, with L £ 2||A||3/m, [11] has proposed the Proximal Linear (PL)
algorithm, and assuming that the L-strongly convex subproblem in (6)) is solved exactly for all k > 0, the local quadratic
convergence rate of PL method is shown in terms of iteration counter k, i.e., in the number of exact minimizations
of the form arg min,, F}, (z; 2*). However, the total complexity for the PL method is unknown due to unclear cost
of solving the subproblems in the form of (6)) to exact optimality — it is worth emphasizing that closed-form solutions
to subproblems are not available and in practice one cannot compute them exactly using iterative methods; therefore,
this method is not practical. On the other hand, for the numerical experiments in [[11], each subproblem in the form of
(6) was inexactly solved by the proximal operator graph splitting (POGS) method [13]], terminated as suggested in [13]],
i.e., when the primal and dual residuals satisfy a predetermined threshold — that said, the convergence analysis was
not provided in [[L1] for this strategy.

To get better control over the cost of solving (6), under the same fixed step sizes, [14] has proposed the Inexact Proximal
Linear (IPL) algorithm that solves (6] inexactly using one of the following inexact termination conditions:

pi (F(z*) — F, (a1 2%))  (LAC-exact)

([T — |2 (HAC-exact) @

z€R™ th

Ftk(xk+1;x ) — min Fy, (x;2 ) < {

where p; > 0, pp, € (0,1/4) are given positive constants. Here, LAC is short for the low accuracy condition, and HAC
is short for the high accuracy condition. Since min,, F}, (x;2*) is not known in practice, to verify these conditions
one needs to work with sufficient conditions for (7)) obtained by replacing mingeg» Fy, (z; x*) with the dual function
values of (6). In [14], (6) is solved through applying the Accelerated Proximal Gradient algorithm (APG) given in [15]
to the dual problem of (6). In [14], it is proven that IPL can compute an e-optimal solution for @) within O(1/¢) inner
iterations in total for inexactly solving a sequence of subproblem in the form of (6], establishing the total complexity
for the double-loop algorithm IPL. Numerical experiments in [14] empirically show that IPL enjoys better numerical
performance in terms of CPU time compared to PL method. However, the efficiency of IPL is still unsatisfying due
to the sublinear convergence rate; that said, there is a room for further improvement for IPL, and this is one of the
objectives of this paper, where we improve the total complexity using diminishing step size strategy which is also
practical.

Next, we review the existing subgradient-type algorithms [[16} [17] which can handle @) while avoiding (inexact)
subproblem solves. Polyak subgradient descent (PSubGrad) is investigated in [17]:
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oM = ot — (F(ah) = F(2))) &/ll&l3, & € OF (%), keN.
Subgradient algorithms with geometrically decaying step sizes (GSubGrad) are proposed in [16]:

2" =2 — N/l &k € OF(2¥),  Ap = Aog®, k€N, ®)

where A\g > 0 and ¢ € (0,1) are constant algorithm parameters. For both algorithms, local linear convergence has
been shown. PSubGrad only works for noiseless robust phase retrieval (I as it relies on the value of F(x,), and
knowing a lower bound is not sufficient for establishing convergence for PSubGrad. Moreover, as discussed in [17],
using fixed step sizes for subgradient algorithms only leads to suboptimal solutions. On the other hand, for GSubGrad,
there is still no practical guidance on properly choosing the hyper-parameters (\g and ¢). More precisely, for any
fixed v € (0,1), the results in [17] require setting Ao = yA2/(LB¢) and ¢ = /1 — (1 — 7)(As/Be¢)?, explicitly
depending on the unknown quantity A\ (see Assumption , where Be = sup{||¢|l2: € € OF(z), » € T,} and
Ty = {z € R" : A(z) < yAs/L}. In summary, for @) with measurements as in (2), no practical hyper-parameter
choice is known for [[16}17] with theoretical guarantees, and under improper step size choices, these algorithms might
not perform well or even possibly fail to converge [[16} 17, [14].

Stochastic algorithms are also studied in [[18} 119,120} 21} 22]] where the proximal-linear type and the subgradient-type
methods are unified. In addition, [[17] and [23] also analyze the nonconvex landscape. These type of methods and their
analysis are beyond the scope of our paper.

1.2 Proposed Algorithms: AdaSubGrad and AdaIPL

In this paper, we propose to incorporate an adaptive step size strategy within subgradient and inexact-proximal linear
algorithm frameworks for improving their convergence behavior both in theory and practice. Next, we give some

definitions. Throughout we set L = 2||A||2/m. Fora 5 € (0, 1) such that mp € N, let
ri() 2ai, Y — b, Viem]; 7P(-) 2 the p-th quantile of {r;(-)},, 9)

i.e., 7P(z) denotes the (mp)-th order statistics of absolute residuals {r;(z)}™; at any given x. Quantile operator is
known for its robustness to outliers; hence, it helps us design a step size strategy that would be robust to the corrupted
measurements for (@), i.e., when the true measurement vector is corrupted by a sparse noise vector with non-zero entries
having arbitrarily large magnitudes.

1.2.1 AdaSubGrad

We propose a subgradient method with adaptive step sizes (AdaSubGrad). The step size «; at iteration k& € N is chosen
as follows:

ap = GrP(z*), VkeN, (10)
where G > 0 is an algorithm parameter. AdaSubGrad iterates are computed as
et = ok — gt /||€83, €" € OF(a"), VkeN (1n

According to [24, Theorem 10.6, Corollary 10.9], the subdifferential of weakly convex function F' has the form
OF (x) £ [Je(x)]TOh(c(z)) for x € R™, where J.(x) € R™*" denotes the Jacobian of ¢ at z. One can calculate a

subgradient &, € OF (z%) as ¢¥ = 235" (a;,2") Sign( (a;, xk>2 — bi)ai for any & € N. Our proposed method
AdaSubGrad is formally stated in Algorithm [I]

Algorithm 1 Subgradient Algorithm with Adaptive Step Sizes (AdaSubGrad)

Input: Initial point 2° € R", parameter G > 0, percentile p € (0, 1) such that mp € N ..
for k=0,1,...,do

Update 2**! using with ay, given in (T0).
end for

Note that in our choice of the step size ay, we adopt the quantile design, i.e., rﬁ(xk); the main motivation be-
hind our choice is that under a fairly reasonable data generating process discussed in Section [3] one can show that
ap = O(F(z*) — F(x,)) for all k € N with high probability. Therefore, AdaSubGrad will exhibit a similar conver-
gence behavior with the Polyak subgradient algorithm. More precisely, we prove that for sufficiently small G > 0,
AdaSubGrad enjoys a local linear convergence.
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1.2.2 AdaIPL

Second, we introduce the inexact proximal linear algorithm with adaptive step sizes (AdaIPL). Given some positive
constant G > 0, let )
ty £ min{L™, G rP(z")}. (12)
In AdalIPL, iterates are computed by inexactly solving (6) with ¢;, chosen as in (I2)) such that for all k¥ € N either
(LAC-exact) or (HAC-exact) given in (7) holds. Since mingegrn F3, (x; xk’) appearing in (7)) is not available in practice,
in AdaIPL we replace with a practical one as described next. Given t;, < % = ﬁ, @ is convex and can be
2
equivalently written as
1
in Hi(z) 2 —||z||2+||Brz — 1

min Hy(z) o [2ll3+Brz — dill1, (13)
after the change of variables: z £ z — 2* and setting B;, £ 2diag(Az*)A and d, £ L (b — |Az*|?). The problem
in (T3) has the following min-max and dual forms:

: a1 2 3T
min AER’"I:H\?;(HOOSI Hi(z,A) = T Iz]l5+A" (Brz — di), (14a)
tr
max  Di(A) 2 —E AT B2 - ATd,. (14b)
AER™: Ao <1 2 2

Let 2%(\) & —tx B] X and \*(2) £ sign (By.z — di). Using 2% £ 2*+1 — 2* we can rewrite (7) as

Hk(zk)— min Hi(z) < (15)

ZER™ Lo 12413, (HAC-exact),

2ty

{pl (Hy(0) — Hy(z%)), (LAC-exact)

where p; > 0, p, € (0,1/4) are given positive constants. As min,cg» Hy(z) may not be easily available, we provide
sufficient conditions for (LAC-exact) and (HAC-exact) conditions in (I3)) that can be checked in practice. Due to weak
duality, we have

Hy (%) — min Hy(z) < Hi(2") = Dp(N), YAER™: ||\ 1.
z€R™

Consider a generic solver such that when initialized from an arbitrary (2§, \§), it generates a primal-dual iterate

sequence {(zF, \¥)}52; € R™ x R™ for the k-th subproblem satisfying sup ;|| A7,||co < 1, and after jy, iterations it

computes a primal-dual pair (2%, A*) = (2% , A% ) such that
H(0) — Hy(2%)), (LAC)
ky ky < pi ( k )
Hi(=) = Du(X) < {Ph 23, (HAC).

2ty

(16)

Since (T6) is a sufficient condition on (T3)), for AdaIPL we can can adopt the practical condition given in (I6) instead of
the condition in (I3).

Lemma 1.2. (LAC) and (HAC) imply (LAC-exact) and (HAC-exact), respectively.

Algorithm 2 Inexact Proximal Linear Algorithm with Adaptive Step Sizes (AdaIPL)

Input: Initial point z° € R", p; > 0 or p;, € (0,1/4), percentile p € (0,1) s.t. mp € N
Set Cond to either (LAC) or to (HAC) in (16)
for k=0,1,...,do
Compute t, as in (12)
Compute x**1 by inexactly solving (6) such that Cond holds
end for

A pseudocode for AdaIPL is given in Algorithm 2] It is only a prototype algorithm because the method for inexactly
solving () is not fixed at this point. We will discuss this issue later in Section[6.2] For AdaIPL, the step size ¢, uses the
quantile design such that under the data generation process introduced in Section tr, = O(A(2")) for all k > 0 with
high probability, where A(-) is defined in (3). Analysis in Section@will show that under adaptive step sizes, we can
reach a better balance between main iteration complexity and subproblem iteration complexity compared to IPL with
fixed step sizes proposed in [14]. We will show that for any choice of algorithm parameter G > 0, AdaIPL enjoys local
linear convergence in terms of total iteration complexity associated with inexactly solving all the subproblems in the
form of (6).
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Algorithm Ideal Complexity Step sizes Tuning

PL[LL] Unknown Fixed N/A
IPL-LAC[14] O(C2k3|lz.]2/€) Fixed N/A
IPL-HAC [[14] O(C2r3|lz.]2/€) Fixed N/A
PSubGrad[17] O(kglog 1) Adaptive Hard
GSubGrad[16] O(kglog ©) Predetermined | Hard
AdaSubGrad (this work) O(rglog ) Adaptive Easy
AdaIPL-LAC (this work) | O(Csrglog 1) Adaptive Easy
AdaIPL-HAC (this work) | O(Csrglog 1) Adaptive Easy

Table 1: Comparison of algorithms for RPR. In the first column, for IPL and AdaIPL, “~LAC” and “~HAC” correspond to
(LAC) and (HAC) conditions, respectively. The second column compares the total complexity under the ideal choices
of hyper-parameters for finding an e-optimal point when € > 0 is small enough. k¢ > 1 denotes the condition number,
Cgs> 1is a factor related to solving (), and O(-) only hides numerical constants. The third column characterizes the
types of step sizes for each algorithm. The fourth column summarizes the level of difficulties for hyper-parameter
tuning. “N/A” here means that PL and IPL that employ fixed step sizes do not need tuning —refer to the second bullet
point in Section|I.2.3]for explanations of “Easy” and “Hard”.

1.2.3 Summary of Contributions

We propose AdaSubGrad and AdaIPL with adaptive step sizes chosen based on the quantiles of absolute residuals.
To the best of our knowledge, we are the first to use quantile-based adaptive step sizes for robust phase retrieval to
design practical methods that do not require intensive hyper-parameter tuning; moreover, unlike [16]], the convergence
guarantees of our methods do not need the algorithm parameters to satisfy some conditions involving unknown problem
constants. The proposed algorithms enjoy the following advantages over existing algorithms.

* Our algorithms enjoy the best theoretical convergence rates. For finding an e-optimal solution, we define the total
complexity of subgradient-type algorithms as the number of iterations and the total complexity for proximal-linear-
type algorithms as the total iterations used for inexactly solving all the subproblems (6)). Under the ideal situation
in terms of hyper-parameters that will be explained in Section [6] Table [I] summarizes the total complexity of all
candidate algorithms for finding an e-optimal solution where ¢ is sufficiently small. Here, ko > 1 is the condition
number of RPR that will be explained in Section 3| C's = \/m max;c,)||ail|2/[ A2 is a constant factor related to
the complexity of solving (6)), and we treat p;, pj, in (LAC) and (HAC) in as numerical constants. AdaSubGrad
enjoys a local linear rate comparable to other subgradient algorithms, and AdaIPL enjoys a better local linear rate in
terms of the condition number.

* Our algorithms enjoy a linear rate even under imperfect choices of hyper-parameters: AdaIPL shows local linear
convergence for any G > 0, and AdaSubGrad enjoys local linear convergence when G is sufficiently small. In
contrast, PSubGrad[17] relies on the value of F'(x,), and GSubGrad[16] only converges under their specific choice
of parameters depending on unknown constants for (). The difficulty of tuning hyper-parameters is summarized in
Table[T

* We conduct numerical tests comparing AdaSubGrad and AdaIPL against the other state-of-the-art methods for solving
the RPR problem. Empirical results show that both AdaSubGrad and AdaIPL are robust to parameter selection and
perform better than the others.

Notations. For any my € N, we denote [mg] = {1,2...mg}. S* 1 = {x € R" : ||z|]2= 1}. 1[] is the indicator
function that takes logic statements as its argument, it returns 1 when its argument is true and 0 otherwise when its
argument is false. For z € R, we let sign(z) = 1[z > 0] — 1[z < 0]. We also adopted the Landau notation, i.e., for
f,9: Ry =R, ,weuse f = O(g) and f = Q(g) if there exists some C* > 0 and n® € R such that f(n) < C%(n)
and f(n) > C%g(n), respectively, for all n > n°; moreover, if f = O(g) and f = Q(g), then we use f = O(g).

Organization. Section [2|introduces basic properties of F'(-). Section [3|discusses the data generation process and
key conditions for our adaptive step sizes, and in Section[d] we give the proof of Theorem [3.4]that provides us with
a proper statistical foundation for our convergence analysis.

Section E] establishes the convergence rate of AdaSubGrad, and Section @ shows the convergence rate of AdaIPL. In
Section[7, we provide the proofs of the results given in Section[6] Finally, after the numerical experiments in Section 8]
we conclude the paper with a brief discussion in Section [9]
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2 Basic Properties of F'(-)

In this section, we provide some basic results regarding the important properties of F'(-). Throughout this section,
L = 2||Aj3/m.
Lemma 2.1 (Lemma 6 in [[14], local Lipschitz continuity). For any r > 0,

F(z) - F
wp {ED=FO)

Iz — ol CA) <r, Aly) <r, z# y} < L(|| @ ||a+7).

z,yeR”

Lemma 2.2 (Absolute deviation bound). For all x € R", it holds that

L
|[F(2) = Fz.)|< 5 llz = aulzllz + z.l2. (17

Proof. When © € {z,, —x.}, the relationship holds; otherwise, for u = (z — x,)/||z — Z«||2 and v = (z + z) /|| +
Z.||2, we have | F(z)—F(2,)|< L 37 (0] 2)?—(a] 2,)?| whichis equal to ||z —zy |2 ||z —zx[l2 2 >0 |u' aza] v.

Note that
1 1 « 1 &
- ;|uTaia:v|§ <uT <2m ;aia;r> u+v' <2m ;aia;r> v) < L/2.
This completes the proof. O

Lemma 2.3 (Weak Convexity [L1]). The inequality below holds for any x,y € R™:

|F(z) — F(x;y) ||as yl3, Vt: 0<te(0,1/L]. (18)

< 2t
Next, similar to [11], [16], and [17]], we make the following sharpness assumption.
Assumption 2.4 (Condition C1 in [[L1]). There exists As > 0 such that

F(x) — F(z,) > AsA(z), Vz eR", (19)
where F' is defined in @) and A(+) is defined in (3).

Under some data generation process, in [T} Proposition 4], it is proven that (T9) holds with high probability when m /n
is large enough and the proportion of corrupted measurements is small enough.

Lemma 2.5 (Lemma 7 in [14]). Under Assumption 2.4} for any r > 0,
{zeR": A(z) <EM}C{z eR": F(z) — F(a,) <7} C{z e R": A(z) <71/As},

implying E(r) < r/\s, where E(r (\/L2||x*|\2+47“ — L||zy]|2 ) L).

Lemma 2.6. Assumption[2.4|implies that Ay < L||z.||2/2.

Proof. Consider x € R™ such that ||z — x4 ||2= A(z). Based on Lemma|2.2|and Assumption 2.4} we have A;A(z) <
F(z) — F(ay) < (L/2)A(2)||z + x4||2, which implies that Ay < 2)||z + z4||2- Letting = 0, we have
As < Ly |l2/2. O

Some differentiability properties of F'(-) Recall F'(-) = h(c(:)), where h : R™ — Rand ¢ : R®™ — R™ such
that h(-) = ||-|[1/m and ¢(-) = |A - |?~b; hence, OF (z) = [J.(z)]TOh(c(x)) for z € R™ as defined in (TT). For
any fixed 7 € R”, let cz(7) £ ¢(%) + [J.(%)](x — ) for all z € R™; hence, cz(-) is an affine function. Consider
F(-; ) defined in (3). Since F'(-; Z) = h(cz(+)), the function F'(x; Z) is convex in z, and OF (x; T) |,—z can be written
as [J.(%)]TOh(cz(z)) = [J.(®)]TOh(c()). Thus, OF () = OF (2;%)|,—z for any € R™. Next, based on this
observation, we provide a useful inequality for F'(-).
For any € R™ and v € F(Z), since we have v € F(x;Z)|,—z and F(+; ) is convex, we have F(x;Z) — F(Z) =
F(z;z) — F(%;2) > (x — Z,v). Together with F(z;z) < F(z) + L||z — z||3/2, which follows from (T8}, we can
conclude that

F(x) — F(z) — (x —z,v) + L|z — 2||3/2>0, Va,z€R" YocdF(z). (20)
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3 Data Generation Process and Key Conditions

In this section, we provide the statistical background and some key conditions for RPR. We first introduce the assumption
for the data generation process of RPR.

Assumption 3.1. Suppose that the following conditions hold:

(a) Given non-negative integers mq, ma, let a1, as . .. Gy, +m, in R™ be random vectors following independent
and identical distributions, represented by a generic random variable a, which follows a o?-subGaussian
distribution with 0 as mean and X as covariance matrix. The true signal vector =, € R™\{0} satisfies () such
that 7y = [mq], Zo = [mq + mg] \ [m1], and §; for i € T, is a non-negative random variable following an
arbitrary distribution.

ma
mi+ma

(b) Suppose kgt = inf, ,cgn—1 E[|(a, u){a, v)|] and pray = < & satisfy K — 2pgait || S]]2> 0.

(c) Given p € (Prail, 1 — Prail), suppose that there exists « > 0 such that

-
po2 inf  P(min{|(a,u)|, |(a,v) [} > k) > ——.
u,peSn—1 1- Drail

Next, we briefly discuss this assumption. First, (a) in Assumption [3.1]is a combination of Model M2 and Assumption
A4 in [I1]. Let m £ m; + my denote the total number of measurements, i.e., |Z;|= my, |Zz|= my; moreover,
Prail = 7.5 represents the proportion of corrupted measurements — when my = praii = 0, this model reduces
to noiseless phase retrieval problem. We observe {(a;, b;)}™; without knowing which measurements are corrupted.
We also guarantee that {a; : i € Z; } and {a; : i € Iy} are mutually independent and they follow a o2-subGaussian
distribution. Below we argue that the aforementioned subGaussian assumption in (a) provides statistical stability
guarantees for the recovery process. That said, before proceeding in this direction, it is essential to emphasize that F'(-)
is weakly convex without any statistical assumption.

Remark 3.2. [11, Lemma 3.1] shows that under Assumption a), when m/n is large enough, the weak convexity
parameter L is close to 2||X||2 with high probability.

Remark 3.3. According to [[11, Proposition 4], under (a) and (b) in Assumption@ the sharpness condition in (T9)
holds with high probability when kg > 0,m/n is large and pg,; is sufficiently small, in which case, A is close to
|z4]|2(kst — 2ptair|| X|2). More importantly, (I9) implies that {z,, —z,} = argmin . F(z).

Using weak convexity and sharpness properties, we can define a condition number kg = L||z,|2/(2);) for F defined
in @); under (19), Lemmal[2.6)shows that ro > 1.

Since kg < inf,ecgn—1 E(a'u)2, we argue that L||x,||2/(2),) is related to the condition number of X and py,;1. Indeed,
from Remarks and|[3.3] for kg, > 0, m/n large and pg,; sufficiently small,

1
KS‘L/H X ||272pfail '
Therefore, kg represents how ill-conditioned the RPR problem is.

Ko = Lllz.[l2/(2A) = @D

Assumption c) is new to the RPR literature and is the key to guarantee that t;, and vy, are proportional to ©(A(z*)).
Indeed, consider p € (pail, 1 — Prai1), Which can always be set to p = % as % clearly belongs to this interval, and recall

that we use p-th percentile of the residuals at 2* to define o, and ¢, as in (T0) and (12), respectively, e.g., for p = %,
both oy, and t;, are set based on the median value of {r;(x*)}" . Statistically, it means that for any |u||s= 1, the
distribution of (a, ) should not concentrate too close around 0 € R™.

Next, we provide an example that (a), (b), and (c) of Assumption hold simultaneously. Let p = Landa~ N (0,1,),
which indicates that ks, = 2/7 (see [I1, Example 4]) and X = Z,,. Thus, when 0 < pg,; < 1?(277), we have that
Kst — 2Pgait|S]2> 1/7 > 0. Moreover, for po(w) £ inf, ,esn—1 P(min{|(a,u) |, [{a,v) |} > w), it holds that
lim,, 0 po(w) = 1; and, we also have 1i;£“ <1/(2 —1/m) < 1. Therefore, we can conclude that x > 0 satisfying
Assumption [3.1]c) exists.

Next, we argue that 77 (x) = O(F(z) — F(x,)) with high probability.

Theorem 3.4. Suppose that Assumptionholds and p € (Ptail, 1 — prait), mp € N. There exists positive constants
UL, U, P1, P2, P3, depending on X, 0, Kst, K, Do, Ptail, D, Such that when m > pin,

P (rﬁ(x) e [uL(F(m) — F(z)), un(F(z) — F(x*))}, Vo € R") > 1 — pyexp(—mps). 22)
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The detailed proof of Theorem [3.4] will be provided in Section 4]

Finally, using (T9) and (22)) implies the following conclusions for AdaSubGrad and AdaIPL.
Corollary 3.5. Under Assumption[2.4] suppose the event in (22)) hold.

(a) When 0 < G < 2/up, the AdaSubGrad step size «y, in (]EI) satisfies that

ar € [cl(F(xk) ~ F(z)), ea(F(a*) — F(x*))], Vk € N,

where ¢1 2 urG, co 2 uyG and they satisfy 0 < ¢ < cg < 2.

(b) For any k € N, if A(z*) < ||x4||2, then there exists gi. € [gr, 9] such that the AdaIPL step size ty, in (12) satisfies
tr, = min{ L™, gr A(aF)}, where g1, & GAgur, and gg = 3GL||z, | 2w /2.

Proof. (a) is a direct conclusion of ([22). For (b), we only need to prove that for any z € R™ with A(x) < [|z,||, we
have (g1,/G)A(x) < rP(z) < (9u/G)A(x). The first inequality follows from (T9) and (22)). For the second one, (22))
implies that r?(z) < uy(F(x) — F(x,)). By Lemma |F(z) — F(z.)|< £||2 — 2.2]lz + 24|2. In addition,
we have that £{|z — z|]2]|z + 2.][2< $A(z)(A(2) + 2||z||+) < 3L||z.|[2A(z)/2 = gu/(Gup). Thus, the second
inequality is also proved. O

Note that larger choices for G lead to larger ¢y, c2, g1, g coefficients.

4 Proof of Theorem 3.4

Fix € R™. First, we recall an upper on F(x) — F(x). According to Lemma [2.2| one has F'(z) — F(z,) <
Lz — 2.]|2/lz + @.[|2. in which L = 2[[A|3/m can be equivalently written as L = 2 || 3" | a;a, ||, Moreover,
Lemmald.1|stated below shows that L is close to 2||X||2 when m/n is large, where ¥ is given in Assumption [3.1]and
[|IX]|2= sup,esn-1 E (a, ). Throughout the proof, we adopt the notation A ()£ ||z — a, ||2||z + a.||2 for brevity.

Lemma 4.1. (Lemma 3.1 in [I1)]) Let Assumption 31| hold. Then for all t > 0,

1« /4 4
P(’Zaia;r—z >1102max{ n+t,n+t}> < exp(—mt).
m = m m

Next, we begin the proof. It contains two main components.

2

4.1 7P(z) = ©(A(z)) with high probability

Next, we review the definitions related to (T0) and (T2) regarding our choice of vy, and t;. Let r;(z) = |(a;, z)>

foralle =1,2...,m.

— by

Definition 4.2. Given x € R", for any i € [m], let r(;)(x) denote the i-th order statistic based on {r;(x)};",, which
indicates that 7(1)(z) < ... < 7(m)(x). Similarly, for any i € [m;], let 7;) () denote the i—th order statistic based on

{ri(z)}™. Moreover, for any given percentile § € (0, 1) such that mp € N, we define 17 ()7 ;5 (2).

Remark 4.3. Recall that ps.;) = (m — mq)/m is the fraction of corrupted measurements, and by definition mps.; =

m —mq € Zy. We assume that pga;; < % and p € (Ptail, | — Prail)- For the sake of simplicity of notation, we assume

that mp € Z; hence, m(p — prai1) € Z, and note that mp < m(1 — prai1) = m1. Thus, the order statistics 7(,, (5—pe.i1))»
T(mp) and 7(,,5) are all well defined.

Next, we compare 7,5 () to the mean and quantiles of the noiseless samples.

Lemma 4.4. Suppose that Assumption 3.1 holds. If prait < p < 1 — prait, then for any © € R", 75— py)) () <
T'(mp) () < T(mp) (z); moreover,

mi

1 — 1 —prai 1
Tmay (T) < — Ty (z) < —~— ) TilZ).
(mp) (@) m(1 — prait — P) Z.:%;H (@) (l—pfail—p)m1; (=)
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Proof. We denote A1 £ {i € [m] : 7i(x) < r(mp)(2)}, A2 £ {i € ] 1 73(x) < r(mp) ()}, A3 £ {i € [m] :
ri(x) < Fmpy(x)} and Ay £ {i € [m] : 7;(z) < Fmp)(x)}. From the definition of order statistics, we know that
|A1|> mp — it might happen that r;(x) = r;(x) for some 4, j € [m] such that i # j; hence, it is possible that | A;|> mp.
Furthermore, note that Ay = A;\([m]\[m1]). Thus, |As|= |A1\([m]\[m1])|> |A1]—(m — m1) > m(P — Dtai1)»
which indicates the first inequality. We can find that Ay C Aj, which indicates that |A3|> |A4|> mp. Thus, the

second inequality holds. The third inequality holds because 7(;) () > 7(mp)(z) when @ > mp and we also have

m(1 — prait — p) = m1 — mp. The fourth one holds because Y™, ri(x) > >\ = 7(;)(x) and ui;’ﬁﬂ% =
1
O

m(l_pfail_i)) :
Lemma [#.4]implies that
N 1—pran 1
F(m(p—pan)) (T) < T(mp) (¥) < mm*l Z ri(z), (23)
al i=1

where both bounds are quantities that are only related to the noiseless measurements. Next, we argue that
mil St ri(x) < O(A(z)) for all 2 € R™ with high probability.

Lemma 4.5. Suppose that Assumptionholds Sfor p € (0,1) such that mp € N and prayy < p < 1 — pgayt. Then
whenever m > 8n/(u1(1 — prai1)), we have

1 3 ~ mauy
_ ) < = nl>1_ _ — D
P <m1 ;:l:rl(x) <SIZhAR), vrek ) >1 exp( (1 pfaﬂ)) (24)

where uy = min{1, ||X|2/(220%)}||]l2/(2202).

Proof. For my = 0, i.e., m = m;, we have F/(z,) = 0 and Lemma[2.2|implies mil Y ri(z) = F(z) — F(z,) <
Hmil S aza; ||2A(x), ¥ @ € R™. In this setting, letting m; > 8n/u; and t = u; /2 in Lemma we have that
I mil S azal — 3a< %HEHQ holds with probability at least 1 — exp(—mju1/2). Thus, under this event, we have
s iy ri(x) < 3[1Z[|2A(x) forall 2 € R™. Next, for mg > 0, using my = (1 — pgait)m within the above inequality
completes the proof. O

Next, we argue that 7, (5—pc..1)) (£) > Q(A(x)) holds for all z € R™ with high probability.
Lemma 4.6. Suppose that Assumption holds for p € (0,1) such that mp € N and pry < p <
1 — pgayi.  There exists co > 0 such that for all x € R", F(m(ﬁ—l’fail))(:’v) > mzA(m) holds w.p. at least

5 ~ -2
1— 2exp (_ m(l—Pfail)/q?(ngQ(l—P)/(l—Pfail))2> whenever m > KZ(ﬁZW) (po—(l—pzl/(l—pfail)) '

Proof. When A(x) = 0, the conclusion obviously holds; otherwise, let u = (x — ) /||x — x||2, v = (x + 1) /||x +
Z||2, and for all i € [m;] we define

hi(u,v) = 1[|(ai, u) [> £]1{[{a;, v) [> £].
Thus, for all i € [m,], we have

ri(x) = [ai, u) | - [(as,v) |A(x) > £2hi(u, v)A(x). (25)

Next, we consider the event % S hi(u,v) > o~ Knowing that h;(u, v) takes value in {0, 1}, the event
indicates that number of 0 in {h;(u, v)}; is strictly less than mq — m1 (1 — p)/(1 — prait) = Mm(P — Prai)- Together
with (23), this event indicates that 7 (,,, (5_p,..)) () > £*A(z). To conclude,

i . 1 & 1—p
. > k2A 1|— h; . 2
Fm(—pran)) (€) 2 £ A(z) lm1 ; (w,v) > 1 pfaﬂ] 2o

Based on (¢) in Assumption we have Eh; (u,v) > po > 1i;fi)'l for all u,v € S*~! and i € [m]. By the last display

mode equation in the proof of [[11, Proposition 1], there exists a numerical constant ¢y < oo such that for any ¢t > 0,

42
P sup K Zcm/l—&—t <2exp(—ml )
w,veSn—1 mi 2

mil 3" hilu,v) — E[hi(u,v)]
=1
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_ —2 _
Therefore, if m > HQ(EZFI) (po—(l—p)4/(1—pfai1)> and + — Kw’ then w.p. at least 1 —
2 exp (_m(lfpfan)nz(pogélfﬁ)/(lfpfan)f), for all u,v € S”~! we have
m 1—p ~
1 L Po + T—pr.s 1-— p
— ) hi(u,v) > E[hi(u,v)] — —t/k > Phail )
o Z; i(,0) 2 [hi(u, )] = oy [y — t/n 2 ——) T
Together with (26), this indicates that 7(,,,(5—pe.)) (¥) > K2A(z) for all z € R™. O

Combining the event in Lemma [{.5] and the event in Lemma [4.6] applying (23), we can claim that, when

2 S\ 2
m > ugn where ug = 17?)&1“ max{ui17 %9 (po — 1i;f’;l> }, w.p. at least 1 — 3exp(—uzm) where uz =
N
% min{'f—; (po — %) , ul}, the following event holds:
usA(2) < rimp) (@) < usA(w), Vo eR”, 27)
A A3 7] -
where u4 £ 1% and us £ §||EH2<1 - 17&&“)

42 F(x)— F(z,) = O(A(z)) with high probability
First, we provide an upper bound for F'(z) — F(x,). Letting m > 8n/u; and t = u; /2 in Lemma.1] we have that
£ 3" aia] — 3[]2< 3]|Z]|2 holds with probability at least 1 — exp(—mu1/2). Thus, under this event, together

with Lemma (2.2} and noticing that L = 2 || £ ™ a;a. ||., we have F(z) — F(z,) < 2||X QA ).
g m =1 1 |2

Next, we discuss a lower bound for F'(z) — F(x, ) provided by [[L1].
Lemma 4.7. (Proposition 4 in [I1|]) Under Assumption[3.1) 3C, c3 > 0 such that

F(z)— F(a,) > (Hst — 2ppit | Z]|2—Co® {/ % - CO’Qt) A(z),
holds for all x € R™ with probability at least 1 — 2e =™ — 2e—mt’ foranyt > 0.

-3
Thus, for m > (%3;”2“2) nand t = %ﬁ;”m, it holds with probability at least 1 — 4exp( -

4C o2

3
. A 8 4C, 02
with ug = max { ) (7,{“72“&““2“2 , one has

mmin{cs, (%“HEHQ)Q}) that F(z) — F(xy) > %“”2”25(1‘) for all z € R™. Thus, for m > ugn

usA(z) < F(z) — F(z,) < ugA(z), Vo eR", (28)

2
A . —2pail || 2 A st —2Pfail || 2 A
w.p. at least 1 — 5 exp(—muy), where u; = min q ¢3, %1012””2) S ug = %ﬂl\lz and ug = %”EHQ

Finally, we finish the proof of Theorem [3.4] by combining and (28); indeed, whenever m > pin for p; =
max{us, ug }, 22) holds for ur, = u4/ug and uy = us/us with probability at least 1 — ps exp(—mp3) for p; = 8
and p3 = min{us, ur}.

5 Convergence Rate of AdaSubGrad

In this section, we establish the local linear convergence of AdaSubGrad (Algorithm|[T).

Theorem 5.1 (Convergence Rate of AdaSubGrad). Suppose that Assumption[2.4)and the probability event in (22) hold,
and cy, co are constants in Corollary If 20 satisfies A(z%) < \y(1 — 2)/L, then for ¢ = max{|1 — ¢1|, |1 — c2},
AdaSubGrad sequence {x*}%°  satisfies that

k

2X2(1 — ¢?)

A(zF) < 1— 25 ) A>zD)2 k . (29)
(") < ( 9L2||$*||% > (z")= Ry, VEeN

10
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Proof. Define e, £ ay,/(F(z*)—F(x,)) for k > 0. From Corollary[3.5] €* € [¢1,¢5] C (0,2) and e¥(2—e¥) > 1—¢2

for k € N. Note that 1 — % € (0,1) from Lemma Let & € {4, —x,} such that A(20) = ||20 — 2||,.
*ll2

In the rest we establish (29) by showing ||z* — #|l2< Ry for & > 0 using induction. Note that the base case of the
induction for k = 0 trivially holds, i.e., [|[z° — 2||2< Ry = A(2?). Next, we assume that ||z* — £||2< Ry, holds for
some k € Z, and we show that it also holds for k + 1. From the update rule in (TT)), we have

2
2

ka+1 A k

; 2 (et ettt a1t

2 ey (F(xk) — F(,@)) . " 2 (F(xk) _ F(i‘))Q (30)
i Sk RESEE AN T

@O) with z = &, 7 = 2%, v = £F implies (¢¥, & — 2*) < F(2) — F(aF) + & [|«* — §5H2 . Applying it to (30), we can
further find that

-

= |l

~ [~

€k (F(xk) _F(i)) (LH E o

3 xr — X
1€713

Next, we discuss three quantities appearing in (3T)).

lz*+ = 23< [|l=* — 23+

- e (F@Y - F@)). 6D

Term 1: ||z* — #||3 By the induction hypothesis, we have ||zF — #||s< Rj, < A(2°). Thus, ||2F — 2|z <
A(x%) < Xs(2 — ¢2)/(2L) < \s/L, where the second inequality follows from the hypothesis and the last one
from ¢ > 0. Moreover, the last inequality and Lemmaimply that ||2% — &||2< ||z]|2/2. Thus, [|2* + & 2>
2||2[l2— 2% — &||2= 2||z4|l2—|l2* — #[|2> 3||z4]|2/2 > ||2* — £||2, which means that z* is closer to & compared to
—7 so that A(z*) = ||z* — Z||2. To conclude,

A(z*) = [|la* = 2ll2< A@@®) < [lll2/2. (32)

Term 2: ||¢¥|| For any ¢ > 0 and arbitrary ¥ € OF(2*) such that £€¥ # 0, since z* is an interior point of
Sk £ {x € R" : A(z) < A(zF) + €}, there exists tp > 0 such that ¥ + &% € S* for t € [0,¢,]. In 20), setting
=ik & 2k 4 t£¥ for some t € (0,t], 7 = z¥ and v = &*, we get F(7*) — F(2%) + Lt2||€¥||3/2 > t||¢¥||3. Thus,

~ky_ k Sk k
noticing that [l — 2*{|s= t]}¢" |, we can obtain [|¢ o< FEAEED + Lt¢"2/2. Moreover, HT=iE) <

sup {% cwy €Sk o # y} since ¥, z* € S*. Therefore, letting t — 0, we have that
2

F(x) - F
s sup D ZEWs
z,yeSk, z#y ||1‘ - y||2
By Lemma[2.T]and (32), we have that
3
6o Ty B =l Ll o) = el AG) < 3Ll 3

Since (33) trivially holds when £¥ = 0, we have ||¢¥||2< 3 L|z.||; for all &, € OF (z*).

Term 3: L ||z* — & E —(2—ex) (F(z¥) — F(2)) Dueto (32) and (T9) and e, € (0,2), we have (2 — e, ) (F(z*) —
F(2)) > As(2 — ex) |2 — ], Thus,

L||ack—i“

s~ (2= ) (Fab) = P(@)) < 2% = 2o (Llle* — al2-As(2 — ex) ).

Recall that by the hypothesis, 2° satisfies A(2°) < A;(1 — 2)/L; therefore, it follows from (32) and e;, € [¢1, ¢2] C
(0,2) that L||z* —2|]a< LA(2%) < A\s(2—c2)/2 < A\s(2—ex)/2. Thus, we get |2% — 2|2 (L||2* —2||a—As(2—es)) <
—Xs(2 — ep)||z* — #||2/2. To conclude, we have
~112 o X
L ||xk — 2|, — (2 —ex) (F(z*) = F()) < —Xs(2 — ep) ||z — &[|2/2- 34)

Thus, using (33) and (34) within (31)), we have

2\sek(2 — eF)

B+l Ap2 E A2
T —z|[5< ||zt — 2||5—
|| H2— || ||2 9L2||$*||%

(F(z*) = F(@)) 2" — &|2.

11
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From (T9), we have F(z*) — F(&) > A||2* — #||2, which combined with the above inequality implies

2X2ek(2 — eF)
FHL _ pllg< (1= 25522~ )k 4 Vk € N. 35
H.I‘ .17”2_ \/ 9L2||CC*H% ||$ xH27 S ( )

Using €¥(2 — €*) > 1 — ¢? and the inductive hypothesis, i.e., ||z* — #||2< Ry, within this inequality implies that
|z*+1 — 2[|2< Ryy1 completing the induction, which also implies 29) since A(z*) < ||2% — 2|5 forall k > 0. O

Remark 5.2. The initialization requirement A(2%) < A\s(1—¢2/2)/L in Theoremcan be satisfied by [[11} Algorithm
3] with high probability when m /n is large enough and pg,; is small enough. In fact, under some regularity assumptions,
[11l Theorem 3] claims that for any Ci,i; > 0, 2° returned by Algorithm 3 in [11] satisfies A(z°) < Cini when
prail < 1/4and m/n > Q((||z4[l2/Cinit)?)-

Theorem shows that Algorithmmtakes O(= ”2 1) iterations to find an e-optimal solution for any € € (0, A(z?).
According to Corollary @Ka) this complexrty result is guaranteed to hold with high probabrlrty when the parameter
G > 0 appearing in the step-size choice in (T0) is sufficiently small such that G < 2/upg = 2 (kg / ||E||2—2pfall)(1 -

1—;;3“) = %m(l — #) when m/n large and pg.; sufficiently small —see @I) The factor 1 — ¢? represents how

well our adaptive step size oy, in (T0) approximates F(z*) — F(z,), i.e., 1 — ¢? measures how close AdaSubGrad
update rule in (TT) mimicks PSubGrad; indeed, in the ideal situation where ¢ = 0, which might be impossible in
practice, PSubGrad and AdaSubGrad coincide. When G is overly small such that co = ugG < 1,wehavec =1 —¢;

2
since 0 < ¢; < ¢p < 1;hence, 1 — ¢ = ¢1(2 — ¢1) > ¢ and the required iterations is (’)('z—f log %) Since ¢; = ur,G,
the complexity bound in terms of G and e becomes O(é log %)

6 Convergence Rate of AdaIPL

In this section, we analyze the convergence properties of AdaIPL stated in Algorithm 2]

6.1 Convergence Behaviours for Outer Iterations

In this subsection, we analyze a prototype of AdaIPL where we do not impose ¢, being selected based on (12); instead,
we establish convergence of AdaIPL for {t;} satisfying a more general condition. More precisely, in the result below,
we provide a one-step analysis of AdaIPL when t; € (0, L~='] and A(z*) is small.

Lemma 6.1. Under Assumption if % satisfies A(z%) < \s/(4L) and ty, € (0, L~Y] for some k > 0, then the
following conclusions hold for Algorlthm@

(a) When (LAC) in (16) holds with p; > 0, we have that

5min{ At /(2A(2F)), 1
8(1+ )

F(a" — F(x,) < (1— }) (F(z®) = F(x)).

(b) When (HAC) in holds with py, € [0,1/4), we have that

5min{ Aty /(2A(2F)), 1
8(1+ 22-)

F(z" ) — F(z,) < (l— }> (F(z*) — F(x,)).

Lemma indicates that in AdaIPL with Cond stated in Algorithm set to either (LAC) or (HAC) in (16), if A(2%) is
small enough, the number of main iterations required for computing an e—optimal point is O(log(1/€)). Specifically,

consider the t;, selection rule in (I2), when G' > 0 is chosen sufficiently small so that g5 2 3G L| 2 ||l2ur /2 < 2/ s,
according to part (b) of Corolla we have ¢, = gp A(2F) < gy A(z¥) for all £ > 0 with high probability. Note
that A\ytr/(2A(2%)) = A\sgr/2 < Asgm/2 < 1; therefore, the contraction rate is smaller than 1 — 5’\ﬂ(l +p)7 !
and 1 — 5’\““ 1+ 7 2p ’;) )~! for (LAC) and (HAC), respectively, where we used the fact that g, > g for all
k>0 W1th hrgh probabﬂlty (see part (b) of Corollary [3.5). Hence, the number of main iterations for both (LAC)
and (HAC) is O(5%— log ); and in terms of € and G, we get O(5& 1 log(%)). On the other hand, when G > 0 is

chosen sufﬁcrently large so that g, = L Ghup, > 2 /As, the number of main iterations for both (LAC) and (HAC) will
become O(log ) without G explicitly appearing in the denominator. Indeed, when g;, > 2/, the discussion above

12
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implies that Astj,/(2A(z*)) > 1 for all k > 0; therefore, the contraction rate is smaller than 1 — 2(1 + p;) ! and
1-— %(1 + ﬁ%)_l for (LAC) and (HAC), respectively. This implies that the O(1) constant for the outer iteration
complexity does not explicitly depend on #;; hence, G does not appear in the bound. That said, the above complexity
bound for (HAC) case is not tight. Indeed, for (HAC) whenever G is selected large so that g;, > 2/\,, we next
establish in Lemma that Algorithmhas a better complexity bound than O(log(1)) implied by Lemma b). In
the result below, we provide one-step analysis of AdaIPL when t; € (2A(x*)/\,, L] and A(z*) is small — for this
result, similar to the above discussion, we also do not assume ¢, being selected based on @)

Lemma 6.2. Under Assumption for any k € N, if (HAC) in (16) holds with p;, € [0,1/4) and A(x*) <
min{||z4|l2/vMo, As/(4L)}, then

AAFTY) < (dpn /ty +4L) A% (2), Vg € 2A@R) /s, L7,
where My £ (2 + \ﬁpi/‘l/(l _ 2p;11/2)) /(1 — \ﬁpi/él).

Lemma shows that when A(z°) is small enough, AdaIPL with Cond set to (HAC) in (T6) shows linear or super-
linear convergence in terms of main iterations. Specifically, consider the ¢, selection rule in (I12)), when G > 0 is chosen
sufficiently large such that gy, > 2/, the number of main iterations is O ( log(1)/log(yg L)\s)); thus, in terms of € and
G, we get O(log(2) /log(@G)). In the extreme situation with G = oo, we get ¢, = L~ and choosing constant step size
1/L corresponds to the IPL algorithm in [14], of which convergence rate in terms of main iterations (k) is quadratic.

6.2 Subproblem Solvers and Computational Complexity

In this subsection, we introduce a class of algorithms for inexactly solving the AdaIPL subproblem in (6)) and their
computational complexity. We consider two alternative solvers that can guarantee the suboptimality Hy, (zf) — Dy ()\é‘) =
O(1/3?) for all k > 0. The first one is [15, Algorithm 1] and throughout this paper, we refer to it as the Accelerated
Proximal Gradient (APG) method. The second one is the Accelerated Primal-Dual (APD) algorithm introduced in [25,
Algorithm 4] and [26], Algorithm 2.2]. In the following result, we state the complexity result for both methods when
applied to the k-th AdaIPL subproblem in (I3).

Theorem 6.3 (Corollary 1(b) in [[15]] and Theorem 2.2 in [26]]). For any k > 0, consider either APG or APD applied
to (T3). Let {(z}, A\¥)}52 be the iterate sequence generated. Then, supcy|| A% ||loo< 1 and there exists a constan
Co > 2 such that

txCom|| Byll3

Hk(Zk) - Dk(Af) < (j + 1)2 ’

. Vj €N, (36)

To the best of our knowledge, for solving (T3) when By, matrix is arbitrary, O(1/;2) is the best rate we can get on the
duality gap of the primal-dual iterate sequence.

Next result shows that || By ||2 on the r.h.s. of (36) can be uniformly bounded.
Lemma 6.4 (Lemma 8 in [14]). Ifsup,cy A(z*) < r, then

2
sup|| By [2< B(r) £ —||All2(||z]|2+r) maxas]|.
keN m i€[m]

In the rest, we discuss the complexity of the AdaIPL when is solved inexactly by some algorithm that can guarantee
(36) and terminated according to (I6). For any given ¢ > 0, let K. denote the number of main (outer) iterations
required by AdaIPL to compute an e-optimal solution, i.e., K. = inf{k € N, : A(zF) < €}. Given 2* for any
k > 0, let Nj, € N, denote the number of iterations required by the solver, i.e., inner iterations of AdaIPL, to
inexactly solve the k-th subproblem —in order to compute z**! within the k-th outer iteration of AdaIPL. For (LAC)
in (I6), Nj, = inf{j € N : Hy(z}) — Dr(\¥) < pi(Hx(0) — Hi(2F))}. For (HAC) in (16), N), = inf{j € N :
Hy, (zf) - Dk(/\;?) < thsz%/(th)} Therefore, the overall complexity of AdaIPL for computing an e-optimal
solution is thus given by N (€)2 S 10" N.

Next, we provide an upper bound for Ny; similar to Lemmas[6.1]and [6.2] we do not assume ¢;, being selected based on
(I2), instead we show the result for any ¢;, € (0,1/L]. First, in Lemmal6.5] we give a bound under (LAC) in (16).

'Cy is dimension-free and does not depend on any problem or algorithm parameters.

13
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Lemma 6.5 (N, bound under (LAC)). Suppose Assumptlon 24| holds and a subproblem solver satisfying and (36) for
some constant Co > 2 is given. For any k € N, if A(z*) < X\;/(4L) and 0 < t;, < L1, then for any p; > 0, (LAC)
in (T6) holds within

ti L+pa ymac
N < M . M
RS 1\//\ A(zF)min{1, \tx/(2A(2F))} 2 ’

inner iterations in which My £ \/1.6ComB2(\s/(4L)) and B(") is defined in Lemma

Second, in Lemmal6.6] we give another bound considering (HAC) in (16).

Lemma 6.6 (N}, bound under (HAC)). Under the premise of Lemma for any pp, € (0,1/4), (HAC) in (16)) holds
within

Uk 1+pha ,HAC
N, < M- =M
P =T A @) min{1, At /AN TV T on koo

inner iterations in which My £ \/16ComB2(\s/(4L)).

These two results indicate that for AdaIPL with ¢; selected as in @), if A(xo) is small enough, then the
number of inner iterations needed to satisfy (T6) is O(1). More precisely, it follows from the discussion below
Lemmathat when G > 0 is chosen sufficiently small so that gy 2 3GL||z,||2un/2 < 2/, we would have
Astr/(2A(2F)) < A\sgr /2 < 1 holding for all £ > 0 with high probability. Thus, for both (LAC) and (HAC) in (T6)),
we get N,=0(y/mB(\s/(4L))/\s). According to Lemma)\ s/(4L) < Hx*||2/8 therefore, using the definition

of B(-) in Lemmal6.4]
As) _ 2 . As 2, -3/2
5(31) = o [ All2 maxjaillz 2 (ll2. 2+ 55 ) =O(Cs o 2| All3m™—/2), (37)

where Cs = \/Mmaxze[m]ﬂalﬂg/ ||All2. Here, Cg is a factor related to the complexity of solving
the subproblem in (13), i.e., equivalently (6) —see Theorem [6.3] and Lemma [6:4 Note Cs > 1 as

maxiefm [laill3> o 321 llasl|3= || A% /m > [|A|[3/m. Thus, using L £ 2| A[|3/m. we get
=0(Cs a2l Al3/(mAs)) = O(Csro),

in which kg £ L|x,||2/(2)s) > 1 is the condition number for (@) introduced in Sectionand Lemma It is crucial
to note that this upper bound holds for all sufficiently small G and does not increase as G' chosen smaller.

On the other hand, when G > 0 is chosen sufficiently large so that g;, = GA,ur, > 2/\,, then according to part (b)
of Corollaryﬂ, 3.5, with high probability we have A\ t;,/(2A(z%)) = A\sgr/2 > 1 (since g, > gr) for all k > 0. Thus,
Lemma[6.5]and Lemma [6.6] together with (37) imply that

Ml\/T \/1;7 (CskovguAs) for (LAC),

My A(x \/ﬁ O(CskogrAs) for (HAC).

*)

Since gy = 3G L||x,||2ugr /2, in terms of the dependency on G, we have N, = O(v/G) under (LAC) in (T6), and
Ni, = O(G) under (HAC) in (T6).

6.3 Overall Complexity

Finally, we are ready to pr0V1de the overall iteration complexity for AdaIPL. Indeed, in Theorem [6.7] we establish a

bound on N (¢) for any given G > 0 when ¢}, is chosen according to (12)).

Theorem 6.7. Suppose Assumption2.4\holds and a subproblem solver satlsfying and B0) is given. Moreover;, we assume
2

that the event in 22) holds. If A(z°) < min{E(%)7 E(gi‘{L)} where E(r) & J- ( L2||xy||3+4rL — LHx*Hg)

defined in Lemma[2.3|and gy > g1, > 0 are constants defined in Corollary- 3.3] then the following conclusions hold
ith C( ) A9 5min{Asgr, 2}
wi 6(1+p) -

(a) When Cond in AdaIPL, stated in Algorithmlzl is set to (LAC) in (16) for some p; > 0, for any e € (0, A(z?)), it

holds that
1+p -log 280 Lz, l2 | 1
As mm{l )\SgH/Q} P )\ C(p1) €

log (1/C(p1))
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(b) When Cond in AdaIPL, stated in Algorithm[2] is set to (HAC) in (I8) for some py, € (0,1/4), for any € € (0, A(2°)),
it holds for p = 2py, /(1 — 4py,) that

gH Ltpn . Jog 28@) Llzals | 1
min{1,Xsgr /2} Ph AsC'(p) €

log (1/C(p))

Next, we discuss that whenever A(z") is sufficiently small and G in is sufficiently large, using (HAC) in
leads to a better complexity bound when compared to that of Theorem [6.7|(b).

Theorem 6.8. Suppose Assumption holds and a subproblem solver satisfying and is given. More-
over, we assume that the probabilistic event in (22)) holds. If constants defined in Corollary B.5| satisfy gz >

gr > 2/Xs, Cond in AdaIPL, stated in Algorithm |2| is set to (HAC) in for some pp, € (0,1/4), and
A(2%) < min {ﬁ, lz+]|2/v/ Mo, (gHL)_l} , then for any € € (0, A(z?)), it holds that

N(E)SMQ

9H - Ph 6pn €

log (Asgz/(6pn))

Remark 6.9. Initialization requirements on A(z?) in both Theorem and Theorem can be satisfied by Algorithm
3 in [[T1]] with high probability when m/n is large enough and pg,; is small enough. Please refer to Remarkfor
more explanations.

Next, we explain the results in Theorems and Indeed, when A(z°) is sufficiently small, the total complexity
for reaching an e—optimal point is O(log I) for any G > 0 and ¢ < A(z"). Specifically, when G’ > 0 is chosen
sufficiently small so that g < 2/\,, we have min{1, \sgr /2} = Asgpm /2 and min{1, Asg1,/2} = Asg1, /2. Therefore,
Theorem implies that N (6)20(% log %) for both (LAC) and (HAC) in (T6). Moreover, since g;, = GAsur,

1+pn -log ()‘sA(xO)QL . 1)
N(G) S MQ .

the complexity bound is O (é log(%)) in terms of GG and e. On the other hand, when G > 0 is chosen sufficiently

large so that g;, > 2/)s, we have min{1, A\;gir/2} = min{1, A;gr./2} = 1. Thus, Theorem a) implies that

N(6)=0(Cskov/grhs log 1) for (LAC) in ([6) and N(e)=O(§50442 log 1) for (HAC) in (T6). Knowing that

g1 = GAuy and gy = 3GL||z.||2up /2, the complexity depends on G and € as O(v/G log 1) for (LAC) in (T6) and

as O( ;5 log 1) for (HAC) in (T8). To conclude, if we were to set tj, = 2A(z*) /A for any k € N, AdaIPL would

achieve a total complexity of O(Cgkg log %) under both (LAC) and (HAC). That said, since setting g = 2/ A, for
k € N may be impractical, the corresponding bound can be interpreted as the ideal total complexity bound.

6.4 Comparison of AdaSubGrad and AdaIPL complexities

Here we compare the total complexity of AdaSubGrad and AdaIPL for reaching an e—optimal solution of @) with
the existing deterministic algorithms summarized in Section|l} The total complexity refers to total inner iteration
numbers for PL, IPL, and AdaIPL and refers to iteration numbers for PSubGrad, GSubGrad, and AdaSubGrad. The
comparison is fair as the computational complexity of either a subgradient-type iteration or an inner iteration for solving
the subproblem in (6) using either APG or APD is dominated by matrix-vector multiplications involving matrices of size
m X n.

In Table |1| provided in the introduction we summarized the total complexities for all the methods under the ideal
situations for each of them. The total complexity for PL is unknown because it requires solving (6 exactly, which is
not practical. IPL is only guaranteed to achieve sublinear rate leading to O(1/¢) complexity. In the ideal scenario, the
convergence of PSubGrad, GSubGrad, and AdaSubGrad are all linear leasing to O (k2 log %) complexity. Here, the
ideal scenario means that F'(x, ) is known for PSubGrad, A\ and g are set exactly as in [16, Theorem 5.1] for GSubGrad
(which is not practical), and ¢ = 0 in Theorem [5.1|for AdaSubGrad. The total complexity of AdaIPL is O(Cgkg log %)
under the ideal situation that g;, = gy = 2/X; 1n Corollary b). It is the best in terms of the condition number
but contains an additional factor C's that results from the iteration complexity associated with inexactly solving the
subproblems in (6). Thus, AdaIPL is expected to show greater efficiency than AdaSubGrad when kg /|| X||2—2pai 18
small (this quantity is discussed in Section [3|and is approximately equal to 1/£¢), i.e., when the condition number for

@) is large.

Next, aiming to compute an e-optimal solution to () for a given sufficiently small € > 0, in Table 2] we discuss the
robustness of AdaIPL and AdaSubGrad to the algorithm parameter G in terms of main (outer) iterations (K), the
largest number of inner iterations per subproblem solve (sup,cy Vi), and the total complexity (N.) —we consider the
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effects of overly large or overly small choices of the step size parameter G > 0 (see the stepsize rules in (I0) and
(T2)). Here, we treat each AdaSubGrad iteration as an outer iteration requiring only one inner iteration for each outer
iteration, i.e., N(e) = K.. Tablehighlights the advantages of AdaSubGrad and AdaIPL in hyper-parameter tuning
over PSubGrad and GSubGrad: AdaSubGrad tolerates overly small G values and AdaIPL works with any G > 0 while
PSubGrad and GSubGrad rely on some particular choice of hyper-parameter values to guarantee convergence.

Algorithm G K. supgen NV Ne)
AdaSubGrad | Large (c; > 2) diverge diverge diverge
AdaSubGrad | Small (c2 < 1) O (k§/c1) 1 O (k§/c1)
AdaIPL-LAC | Large (g1 > %) o(1) O(Cskovgurs) | O(Cskovaguas)
AdaIPL-HAC | Large (g > 2) | O(1/log(gz\,) | O(CsroguAs) o(%)
AdaTPL-LAC | Small (9 < ) | O(1/(grAs)) O(Csro) O(%)
AdaIPL-HAC | Small (gy < ) | O(1/(9rAs)) O(Csko) O(3552)

Table 2: Robustness of AdaSubGrad and AdaIPL to parameter choice in terms of number of outer iterations (K.), the
maximum number of inner iterations per subproblem solve (supy,cy Vi), and the total complex1ty (N (€)). “~LAC” and

“~HAC” indicate whether (LAC) or (HAC) is used for AdaIPL. The O notation here hides log =

7 Proofs for Section [6]

We first introduce some notation. For all k£ > 0, let
Sp, (z*) £ argmin Fy, (252"), &, (w52%) £ Fy, (z;2%) — F, (S, (2%);2%),

TER™

where Fy(-;-) is defined in (§). Here, the minimizer S;, (z*) is unique since Fy, (-; z¥) is strongly convex with modulus
1/t for all k > 0. According to Lemma. 1.2} (LAC) and (HAC) in (16) provide sufficient conditions for (LAC-exact)
and (HAC-exact) in (T3) to hold, respectively.

7.1 Proof of Lemmal6.1]
Within this proof, without loss of generality, we assume that A(z*) = ||2* — x,||2. We split the proof into four parts.

7.1.1 (©) is exactly solved and the step size belongs to [2A(z*)/\,, L™!]

Let #hH1 £ Si, (@%) for some arbitrary € [2A(2%)/)s, L™1] —the interval is not empty because we assume

A(z*) < \;/(4L) in Lemma 6.1} hence,

1 1
F(iF+h) < Fy (3" 2%) < (o, 2b) + fof* — 2|3 Flz,) + (25

in which the first and the third 1nequahtles hold because of (T8) and the second one holds because £

L
2):u—xW§ 68)

7%+1 is the minimizer

of Fy, (+;2*). Due to the fact that A(z*) = [|z% — 2, |2< As/(4L) and #;, > 2A( k)/Xs, we have
1 L cin s LA X
—— 4+ = - < Z2A(z —ZA = -\ A(z");
(my@)m*xnb4 @)+ L2 @) = 2rait
hence, using (19), we get <21~ %) |z, — x*||3< 3(F(2*) — F(x4))/8. Applying it to (38), we have
, ) .
F(a%) = P@ET) > Pat) = F (3" 2%) > 2(F(Y) = P(e,). (39)

7.1.2 (@) is exactly solved and the step size is less than 2A (%) /A,

Denote 51 & SE (%) for some 7, € (0,2A(z*)/A,). Consider the result in Section|7.1.1{for 7;, = 2A (%) /A, and

k

let Zh+1 £ gk 4 Lo (3541 _ %) Hence,
k

ng (ijrl; Ik) S

;\:H‘ ;;FZZ

- AV
t (-
Fuﬁ“wﬂ+cf>ﬂﬁ)“ a1
k
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by strong convexity of F? (-;2%). Thus, we have
k

1 1
F(a*) = By (#5)a") = F@b) = Fy (2 ah) + (5 = = ) 12 — ¥
Ly th th
t (7)1 —7) 11
> E(P(ak) - By (355 08)) + ST ok - g (- ) 7 23
tr 2ty 2t 2ty
i k ki1, ke Ol k
==(F(@") = F, (2" 52")2 = (F(2%) — F(.)),
tr k 8ty
where in the last inequality we used the last inequality in (39). In addition, since 71 is the minimizer of Fx (-;2%),
k
we have F (% @ 2k < Fy (z%+1; z%) which implies F(z*) — By (3" 2%) > ny’j (F(2*) — F(x.)); therefore,
k l« k
N N 5L
F() = FE™) 2 Fab) - B (37at) > 25 (@) — F(a), (40)
k

Here, the first inequality is from (T8). This finishes part 2.

7.1.3 Proof of part (a)

Combining (39) and (@0), we can claim that, for any ¢, € (0, L~!], whenever A(z*) < A\ /(4L) holds, one also has

F() = Fo (50,045 #) 2 ZABLOAED L oy o), @n

Furthermore, we have F(z") — F(2"*1) > F(a*) — Fy, (a5t 2%) > - (F(2*) — F, (S, (2*);2%)), where the

first inequality is due to (I8)), and the second one originates from (LAC-exact) in (7), which is implied by (LAC).
Finally, combining the last inequality with T)), we complete the proof.

7.1.4 Proof of part (b)

For part (b), we first establish some connections between (LAC-exact) and (HAC-exact) in (7). We know that

Ftk(‘rk"rk) _Ftk(xk+1;xk) +Etk(xk+1; ) Ftk(‘r 3L ) Ftk(Stk( )7$k)
1 1

> o = S @32 gl - 2t - o e - S I
where the first inequality is due to the strong convexity of F;, (-; #*), and the second one is from Cauchy-Schwarz
inequality. Using the fact that i |2F+L — Sy, (2F)13< &4, (%1 2F) due to strong convexity of F}, (+; 2%), we further
obtain 1

Fy, (aF:2%) — Fy, (2" 2F) + 2¢4, (a8 2F) > Fﬂxk — xh 2 (42)
Note that the inexact subproblem termination condition (HAC) implies (HAC-exact) in (7), which further implies that
e4, (TFTL 2R) < pp||2k — 2F+L||2/(2ty,); therefore, it follows from (@2) that

2pn, Ph
— (B (aha®) — B (@M ) > 2t — oM 3 e, (a5 2). 43)
1—4py, 2ty
This takes the same form as (LAC-exact) in (7) when p; = 2p h—_ Therefore, it directly follows from the arguments in

the proof of part (a) that one can simply replace p; in (a) w1th 2” ’; .

7.2 Proof of Lemmal6.2]

We first show an auxiliary result for one-step behavior of AdaIPL.
Lemma 7.1. Given 3 € (0, 1] and arbitrary t;, > 0, for any AdaIPL iterate x*,

1-5 2 1 L k 2, p-1 k L 1 k|2
_ < _ i _
F) - Pl + 2 e~ alBs (g + 5 ) It - el en ooty + (5 - 5 ) b - ot @)

for all z € R™. The above inequality is also valid if we replace x, with —x in {@4).
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Proof. Given arbitrary 8 € (0,1] and any t; > 0, then for any x € R™,

1 k112 ﬂ ﬁ t— k\ |12
— il = S @B < e — B S e — 5 M) B (45)
<22 o —:v*||2+(ﬂ‘ Ve, (2:2%),

in which the first inequality holds because of Cauchy—SchwaIz inequality, and the second inequality holds since
F}, (-;2%) is 1/t —strongly convex. We then have

L 1
F(x) = ey, (2;2%) < Fy (S, (aF);2%) + (2 - m) |l — 2|13
1 1 Lt, —1
< F(a") 4 g lla® = wul= g e = Su (@) 15+, — llz = o1
Lt +1 1 Lt — 1
< F(z,) + =222 — 23— 2w — Si (@) 3+ ol — 2|3,
2 2ty 2ty,

where the first and the last inequalities use (I8)), and the second inequality is from the strong convexity of Fy, (-; zk).
Combining this inequality with @3) yields (44). It is easy to verify that the proof still holds when we replace z, with
— T O

Next, we provide another useful result to be used in the proof of Lemma[6.2]
Lemma 7.2. Suppose Assumption 2.4\ holds. For any k € N with t;, € (0,1/L], if (HAC-exact) in (7)) holds with
pn € [0,1/4) and A(z*) < ||z4|l2/v/ Mo, then

1[A(z") = |a* = zull2] = 1 [A@EM) = oM — 2.l2] (46)

where My = (2 + fp3/4/( - Qp}L/Z)) /(1 fp1/4) and 1['] is the indicator function.

Proof. Without loss of generality, we assume that A(z*) = ||2* — 2,||o. We will split the proof into two cases.

CASE 1: p;, € (0,1/4). Consider @) with 3 € (0,1] and x = x**!. Since (HAC-exact) in (7) holds, we have

B tey, (2F T 2F) < B71py||2% — 2*F13/ (2t ). Moreover, noticing L/2 + 1/(2t;€) <1/tx, L/2—1/(2t;) < 0and

F(z**1) — F(x,) > 0, @) implies that -2 ||x}C+1 —,[3< %ka —x*||2+ﬂ2tkp" [|z* —:c’”: ||12 Then, for any u' €
+ —T xr —xT

(0, 1), Cauchy-Schwarz inequality implies (1 — B)||xF Tt — 2, |13< 2|2k — |2 +B87 on (”m = el y l” = u*Hz),

which further leads to

Ph

13—

( p Bu’

Hence, setting ' = /4p, € (0,1) and 8 = /pn/u’ = (pn/4)"* € (0,1), we have that 1 — 3 — p, /(Bu’) =

1/4 o 2 \

—V2p;, / € (0,1) as pp, € (0,1/4). Thus, indicates that |28t — z,||2< f%’;’i’//((ﬁu,)ﬂx — z,|3=

Mo||ac — 2, ||3< ||oy |3 Thus, |25 + 2, ||2> 2|2k |l2— |25 — 242> ||2¥Tt — 2, ||2. This means that 25+ is
closer to x, than —x,.

CASE 2: p;, = 0. Note p;, = 0 implies that zFT! = S, (2*) and e, (z¥*1;2%) = 0. Thus, setting z = zF*!
in (]Z_ZI) and using the facts that L/2 + 1/(2t) < 1/ty,L/2 — 1/(2t;) < 0, F(zF*1) — F(x,) > 0, we have

Ph
Yt = aligs (24 g It = (47)

th Bkt — g, ||2< i-|a* —2,|[3 forany B € (0,1]. Letting 8 — 0T, we have [|2*+! — 2, [|5< 2[|2* — 2, [|3< [|2.[|3

since My = 2. Thus, ||2* 1 + 2, [l2> 2|z |l2— |25 Tt — 24][2> ||#¥FT — 2,]|2. This means that z¥*1 is closer to z,
than —xz,. O

Remark 7.3. Later, when we invoke Lemma([7.2 with pj, = 0, we use My = 2.

Now we are ready to prove Lemma[6.2]

Proof of Lemmal[6.2] Without loss of generality, we assume A(z¥) = ||2* — z,|>. By @6) in Lemma we know
that A(z*1) = ||2**! — z,||>. Consider @) with z = 2**! and 3 = 1 € (0,1]. Since (HAC-exact) in (7)
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holds, we have 3~ te;, (z¥+1;2%) < B~ 1py||2% — 2F*+1|2/(2t)). Using this inequality within (@4) together with
F(2*1) — F(xy) > AeA(2%+1) due to (T9), we get

AT,

1 1 L L 1-2p,
A A k+1 7A2 E+1y [ - A2 k = k _ L k+1 2.
@) + o2t < (5 + 5 ) 2% + (5 - 152 ) et - ok

Note that Ty, = £ |[(a* — 2,) — ("1 — 2,) 13— 25722 || (2" — 2,) — (z"F! — 2,)[|3. From (@), we also have that
Sl =) = (@ =2, )[3< F(A@EP) +AM)? and — 15220 |(2F —2,) — (28 —a)[3< 15 (A(eF) —
A(x*+1))2. Thus,
— 2pp k k+1 3—4pn L 2/, k+1 Ph 2,k
o= (L+ 122 A k) AR + CEVa ey < (PR p) A2k @B)
ty 4ty 2 tr
From the hypothesis we have A(z%) < X\;/(4L), tx € [2A(x*)/As, 1/L] and p;, € (0,1/4); therefore, we get
As — LA(z?) = 2222 A(a%) > Ao = Ao/4 = A(a%) [ty > Ao/4 and 2220 — L = (i = g) + (1;%) > 0.

2ty

Using these relations within [@8)), we obtain A A (2F+1) < (4”’”‘ + 4L) AQ( ¥); hence, the proof is complete. ~ []

7.3 Proofs of Lemma[6.5 and Lemma [6.6

We first give an auxiliary result to discuss the scenario where the subproblems in (6] are solved exactly.
Lemma 7.4. Suppose that Assumption 2.4 holds. Let k € N.

(a) If A(z%) < A\s/(2L) and 2%+ = S, (2%), then

Az < 2L/ )A% (2, Vi, € 2A(2R) /A, L7V (49)
(b) If A(z%) < \s/(4L), then for all t, € (0, L™1),
5 Ast
Fy, (aF;2%) — F,, (Sy, (2%); 2%) > g)\s min {1, W;IC)}A(Q:’“), (50a)
1. Ast
Ja* = S, (2")]}2 > 5 min {1, m}A(M)‘ (50b)

Lemma [2.6| implies that A(2*) < ||2,|l2/v/2. Moreover, as z*t! = S, (z¥), invoking Lemma with p, = 0,
for which case My = 2 (hence, we have A(z*) < ||z.|l2/v/Mo), @G) implies that 1 [A(zF) = |z¥ — z,||2] =
1 [A(z*Th) = ||z — z,||2]. Therefore, we have A(z*™!) = |[zF™1 — z,||;. Using A( By = || — 2,2,
A(zMh) = |25 — 2|2, and § — 5= <0, we get

Next we use it within (#4) for z = x**1. Note that &, (z**1;2*) = 0 since 2¥*! = S, (2*), and we also have
F(z*) — F(z,) > M\A(z k“) due to (IEI) thus, AsA(z ’”1) = AQ( M) < (24 i)AQ(xk) + (£ -
i)(A(xk) — A(x**+1))2. Letting 8 — 0, we further get

(61— L/2)A @) + (A — (671 — D)A() A1) — LA2 () <.

Note that ¢, ' — L/2 > t;'/2 and (t;,' — L)A(z*) < \s/2 since L' > t;, > 2A(xF)/)\,; therefore, we have
t LA (@) 4 A A (2R ) — 20A2(2%) < 0, which also implies that

Proof. (Part a) Without loss of generality, we assume that A(z%) = |z¥ — 2,|2. Since AH’“ < A/(2L)

A(z"H!) <ALA* (2 <\/)\2 + 8t TLA%(2F) 4+ X ) < 2LA(@") /A,

(Part b) Recall that (T9) implies F'(x*)— F(x,) > A\;A(x*). Moreover, (1)) holds since we assume A(z*) < \,/(4L).
These two relations directly lead to (50a) since F}, (z*; 2%) = F(2*). Next, we focus on the proof of (50b). Without
loss of generality, we assume that ||2% — z, [|o= A(zF).
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First, we consider the scenario with t; € [2A(z%)/\s, L™!]. From Lemmal[2.6| we get A(z%) < \;/(4L) < ||:1:*H2/8.
Therefore, Lemmawith prn = 0 and My = 2 implies that A(S;, (x )) = ||Stk( k) — a:*Hg since A(z¥) <
|4 ||2//Mo. In addition, since A(z*) < A;/(4L), @) implies A(zF1) < 3L . 2 22 A(zF) = A(2F)/2; hence,

2" = Se. (a")ll2> lla® = walla=[1Se, (&°) = w2 A(z*) /2. (D

Next, we consider ¢, € (0,¢') where t' £ 2A( *)/As. By strong convexity of Fy (-;z*) and F}, (-; 2%) defined in
@. Fur (S, (2);2%) — Ft/(St'(fU’“);fEk) 2 gt/IIStk( ") = Su(a")||3 and Fy, (Sp(2*);2%) — Fy, (Si, (2%);2%) >
30196, (2%) — Sur (x%)]13; hence, for u £ 2% — Sy (z¥) and v = ¥ — Sy, (2F),

1 1
P(S,(a");%) = F(Su(a)sa*) + o (lol3=llul) = ol — ol
1
P(Su(a");a*) = F(Su(a*)s0*) + 5 (lul3=lol3) = 5w — vl
k k

Adding these two inequalities, we have

11 ) 11 )
- =) fju — 2
(52— 3) (ull=To1) > (5= + 57 ) I = vl (52)

which further implies that ||u||2> ||v||2. Next, we consider two cases: |[ul|2= ||v||2 (case 1), and ||u||2> ||v||2 (case
2). First, we consider (case 1), i.e., [|z% — Sy (2%)||2= ||ull2= ||[v|l2= ||z* — S, (z*)]|2. Note that (5T)) implies that
|z% — Sy (z%)||2> A(2*)/2 since t' = 2A(2*) /\; therefore,

2" = Se. (a")ll2= lla* = Sy (a")ll2> A@*)/2, (53)

1mp1y1ng that@‘;ﬂ) holds. Second, we consider (case 2). Since ||ul/2> ||v]2, (]3_7[) implies (¢' — tx)(|lull3—|v||3 ) >
(t' + ti ||U— vl3> (' + te)(lfulla—lvll2)®. Thus, (¢ — tx)([[ulla+]vll2) = (' + k) ([ull2—[[v]2). which gives

Hvllz_ wllullz, ie., .
lz* — S, () [l2> §tk/\sllxk = Sy (2")ll2/ A(z¥), (54)

where we used t' = 2A(z*)/)\,. Similar to (case 1), we have ||z* — Sy (z%)|2> A(2*)/2 due to (5T). Therefore,
using this relation within (34), we get ||z* — Sy, (2¥)||2> ¢, \s. Combining this bound with (31)) and (53) completes
the proof of (30B). O

Next, we provide the proofs for Lemmas|[6.3]and [6.6]

Proof of Lemma[6.3] Given k > 0 such that A(z*) < \,/(4L), Lemmal6.4]shows that || By||2< B(3). Let j € N
such that j > max {0, [M}FAC| — 2}. From (36),

Cotkm||Bk||§< Pl
G +2)72 1+p8

By (0a), we have Hj.(zF, ) — Dr(\F, ) < 5 (Hi(0) — minzegn Hy(2)). Thus,

Hi(1) — Di(Miy) < 2 xomin{1, Asty/A(5)FA(E).

Hy(zf11) = De(Miy) < i ( = Hy(2541) + D(Njr) + Hy(0) — min Hy(z >)

which further implies that Hy(z J+1) Dk()\ﬁ_l) < m (Hk(O) Hy( ]_H)), where we used weak duality,

ie., Dk(/\J'|r ) — min,ern Hi(z) < 0. Therefore, (LAC) in (T6) holds within N inner iterations and Ny <
max{l MEACY, Moreover, it can be shown that MEZAC > 1 (we omit the details due to limited space); therefore, we
can conclude that Ny 3 N, < MEAC, which completes the proof. O

Proof of Lemmal[6.6] Given k > 0 such that A(z*) < \;/(4L), Lemmashows that || By|[2< B(%s). Let j € N

such that j > max {0, [MF*4€] — 2}. From (36),

Cotrm|| Bil|3 Pn

Hi(ef) = DuO) = PO < LB (i1, v/ GAGI)E AGY) )
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By (50B), we have

k k pn Ly k(2
Hi(2541) = De(Ajiq) < 1+phEka = St (%) 2. (55)

For 2z £ argmin, cg. Hp(2), we have |[2f||o= ||a* — S, (2")]|2; moreover, using ;--strong convexity of Hy(-) and

weak duality together, we obtain g |25, — 2 [|3< Hg (2] 1) —minsern Hy(2) < Hy(21) — Dy(N,t1). Therefore,
(53) implies that
2511 — 2815 pn/(2(1 + pn)) [|25115-
By Cauchy-Schwarz inequality, we further have
2

o R e B e P 1

2ty Aty 4t (1 + pp) 4t (1 + pp)
Therefore, (HAC) in (]E[) holds within N, < max{1, M ,?AC} inner iterations. Moreover, it can be shown that

M ,?AC > 1 (we omit the details due to limited space); therefore, we can conclude Ny > Ny < M ,fIAC, which
completes the proof. O

Ph Ph
el oI5 — K82

Finally, we are ready to provide the proofs for Theorems|[6.7and [6.8]

7.4 Proof of Theorem[6.7]

(Part a) By Lemma (LAC) implies that (LAC-exact) in (7) also holds for all k € N. As A(z°) > ¢, we have
N 3 K. > 1. Next, we use induction to show the following relations hold simultaneously for k¥ € N:

F(a%) = F(z,) < (C(m)" (F(a°) = F(a,)), (562)

A(z®) < min{\,/(4L), (g L)1}, (56b)

g € [gn,gu] : tk = geA ("), (56¢)

where C'(p) = 1 — % for p > 0. For k = 0, (36a) holds. Moreover, by Lemma we have

F(2%) — F(z,) < min{\2/(4L), A\s(gur L)'} and A(2°) < min{\s/(4L), (guL)~'}. Therefore, (56b) holds for
k = 0, which also implies that goA(z") < ggA(2°) < L~! since go < gz. Recall that according to Corollary b),
we have ty = min{goA(z"), L7} since A(2°) < |lz4||2 due to Lemma Thus, holds for k& = 0 as well.
Next, we assume that (]3_3[) holds for some k£ > 0. Together with @, (56¢) and g > g1, Lemma a) implies

Fz) — F(z,) < (1 - %) (F(z*) — F(x,)); hence, using it with (56a) establishes (56a) for & -+ 1.

Since F(x**1) — F(z,) < F(2°) — F(x,) < min{\2/(4L), \s/(g L)} holds, using (T9) we get (56b) for k + 1.
Finally, Corollary [3.5(b) implies that holds for k + 1 as well because gj 1 A(z*+!) < ggA(xF+1) < L7! and
A(z*+1) < ||z, |2 due to Lemmal[2.6] This completes the induction.

By Lemmal6.3]together with (36b) and (36c), we have

ge(1+p1) gu(1+ p1)
sup Ny < sup M : <M & ) (57)
kGE b= keg 1\/)‘81)1 mln{l, /\sgk/Z} o 1\//\spl mln{L )‘ng/Z}

Without loss of generality, suppose A(z°) = ||2° — x,||2. Due to Lemma[2.6] A(2°) < \,/(4L) < ||z.||2; hence,
invoking Lemmahwith r = |22, we get F(2°) — F(z,) < 2A(2°)L||24][2 since max{A(z?), A(z*)} < [|z*|2.
Recall that K, = inf{k € N, : A(z¥) < €}; therefore, from ([9), F(z¥<~1) — F(x,) > \;A(xF<~1) > A e. Thus,
by (6@, (C(p1))" ™" > A€/ (2A(2°) L|2]|2), implying

)Ll o (1
K. < og (260 rally o 0 Ly

BT NeC) flog Clp)

Since N(€) < K supycy N, using (57), we get the desired result for part (a).

(Part b) By Lemma 1.2} (HAC) implies that (HAC-exact) in (7) also holds for all k£ € N. Note that #3) implies that
(LAC-exact) in (7) holds for any k € N for p; = p = 2p;,/(1 — 4py,). Thus, similar to the proof of (Part a), (56a),
(36b) and with p; = p hold for any k € N, which implies that (38) holds for p; = p. Moreover, from Lemmal6.6|
together with (56b) and (36¢), we get

(58)

sup Ny < sup Mgk Ltpn Magu L+ pn
keN - genmin{l Asgr/2}V pn T min{l, Asgu/2} V. pn
Since N (¢) < K. supycn Nk, we get the desired result for part (b).
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7.5 Proof of Theorem[6.8]

By Lemma (HAC) implies that (HAC-exact) in also holds for all & € N. We use induction to show the
following relations hold simultaneously for £ € N:

A(x") < (6pn/(Asgr))*A(z?), (592)
A(z®) <min{pn/(2Lgr), ||z«ll2// Mo, 1/(guL)} (59b)
gk € (91,90 ¢ te = grA(z"). (59¢)

For k = 0, (594) trivially holds and (39b) is true due to hypothesis. Moreover, since pp, € (0,1/4) and g, > 2/),, we
have A(2°) < pr,/(2Lgr) < A /(16L) hence, Lemmalmphes that A(z%) < ||z, ||2. Thus, by Corollarylb)
we have tg = {goA(z"), L~} for some go € [g1, gx]. In addition, (59b) implies that goA(z°) < gy A(2°) < L~

which leads to for k = 0. Thus, the base case (k = 0) for inductlon holds. Next, we assume that holds for
some k € N, and we prove that it also holds for & + 1. The induction hypothesis on (59a) implies that A(z") < A(z?).
Thus, A(zF) < min{\;/(4L), ||z.|l2/vVMo, 1/(guL)}, and t;, € [2A(x*)/Ng, L™!] since gr, > 2/As and
A(2°) < 7. Therefore, Lemma 6.2| together with implies that \,A(z**1) < (4pn/gr + ALA(2F))A(2F).

By gr > g1, and A(z*) < p/(2Lgr), we further have

AsA(ah ) < (4Ph/9L +4Lpn/(2Lgr))A(a*) = 6pn A(a*) /gr.
Together with (59a) for k, this proves (59a) for k& + 1. Moreover, observing that the rate coefficient in (594) satisfies

i’”ghL < 2as gy > 2/A; and p, € (0, 1/4 we also get A(zFt1) < 3A(z*)/4. Thus, for £ immediately

implies that (59b) also holds for & + 1. Finally, since A(zF*1) < A(2°) < N\,/(4L) < ||z,||]2, according to

Corollary [3.5(b), we have ;1 = min{gx;1A(z**1), L~} for some g1 € [gL,gH} and A(z**1) < (gygL)~!

due to 1m]| shows that (59¢) holds for k + 1, establishing the induction. Since (59¢) holds for all k € N, we have
2A(zF) /N < grA(@F) <ty < ggA(x¥) for k > 0 since g, > 2/)\ Using these inequalities within the bound

Ko—1
for N, in Lemma @ we get supgey Ni < Magn ”ph CAs A(zBeTl) > ¢, implies (%) ENCOL
0
thus, K. < log (% )/log ( &9L> Since N( ) < K. supycy Nk, we get the desired result.

8 Numerical Experiments

In this section, we conduct numerical experiments on the RPR problem in {@). We tested the following algorithms:

(i) PL: The original proximal linear algorithm proposed in [[I1]] where each subproblem (6) is solved using
POGS [13]. In our comparison, we use all the default parameters set by the authors in their codeﬂ

(i) GSubGrad: The subgradient method with geometrically decaying step sizes was proposed in [16] for solving
(@) —GSubGrad supdates are stated in (). We picked the best performing contraction coefficient ¢ € (0, 1)
among all the values tested in [L6]}, i.e., ¢ € {0.983,0.989,0.993,0.996,0.997}; on the other hand, [16]] does
not specify how to choose Ao, and we set A\g = 0.1||2°]|2.

(iii) IPL-LAC, IPL-HAC: IPL algorithm with fixed step sizes ¢, = 1/L and the subproblems in (6} are solved using
APG. “~LAC” and “-HAC” indicate whether (LAC) or (HAC) is used.

(iv) AdaIPL-LAC, AdaIPL-HAC: These methods, stated in Algorithm [2] use adaptive step sizes given in (I2). The
subproblems in (6)) are solved using APG, which performed better compared to APD on the problems we tested.
“~LAC” and “-HAC” indicate whether (LAC) or (HAC) is used.

(v) AdaSubGrad: It is the subgradient method, stated in Algorithm [I] with adaptive step sizes given in (I0) and
(L1).

We didn’t include PSubGrad because according to [[17], it only works for the noiseless situation. All the methods are
initialized from the same point 2° which is generated by [11, Algorithm 3].

8.1 Synthetic Data

We generate synthetlc data as in [11] and [14]. Spe01ﬁcally, a;’s are drawn randomly from the normal distribution
N (0, diag([s1, $2 . .. s,])) where s; = 1 — 0.754=% for i € [n]. Throughout the experiments in this subsection, we set

The code of [11] can be downloaded from https://web.stanford.edu/~jduchi/projects/phase-retrieval-code,
tgz
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Figure 1: Comparisons on Synthetic Datasets.

n = 1500 and we choose m such that m/n € {4,5,6,7,8}. The entries of z, € R™ are drawn uniformly at random
from {—1,1}. For each value of m tested, the index set Z, for corrupted measurements is generated with random
sampling [m peaii ] elements from {1,2, ..., m} without replacement, where pg,;; = 0.1. Corrupted measurements
b; = &; for i € I, are independently drawn from Cauchy distribution, i.e., b; = & = M tan (gUl) and U; ~ U(0,1)

for all ¢ € Z,, where M is the sample median of {(a;'—x*)2 7 . For a given threshold € > 0, we call an algorithm

successful if it returns some x. € R™ such that the relative error A(z.)/||z«|[2< €.

All the algorithms are terminated after such x. is computed. For each m/n € {4,5,6,7, 8}, we randomly generate
10 instances according to the above procedure. For both IPL and AdaIPL, the parameters are set to p; = pp, = 0.24
as in [14]; and we choose G € {0.1,0.5} for AdaSubGrad and G € {1000/n,100/n,10/n,1/n} for AdaIPL, and
for both methods we set p = 0.5. In this set of experiments, the success rate is 1 for all the algorithms and we find
that ¢ = 0.983 for GSubGrad, G = 100/n for AdaIPL, and G = 0.5 for AdaSubGrad consistently yield the best
performance, respectively; thus, we make comparisons based on these parameter choices.

In Figurewe provide the experimental results where we set ¢ = 10~ for PL and ¢ = 10~ for all other algorithms.
The left panel shows the median CPU time in secondsﬂ for all replications. The right one shows the median of total
iteration numbers, i.e., total inner iteration numbers for PL, IPL, and AdaIPL and total iteration numbers for GSubGrad
and AdaSubGrad. This image shows that both AdaSubGrad and AdaIPL perform better than the other algorithms.

Next, Table 3| provides results for the setting in Figure [I|with m/n = 8 to show the performance under difference
choices of G. In this table, median values for CPU time, total subproblem iterations, and main iterations are reported.
XL, L, M, S correspond to G = 1000/n,100/n,10/n,1/n for AdaIPL, and 0.5, 0.1 correspond to the values of G for
AdaSubGrad. We can find that using large G for AdaSubGrad reduces iteration numbers. For AdaIPL, using a larger G
leads to a larger ratio of total iterations to main iterations and a smaller main iteration number, which is lower bounded
by the IPL counterparts. In addition, when G is very small, the ratio of total iterations to main iterations is less than 3,
which means that very few iterations are needed to solve a subproblem.

8.2 Image Recovery

In this subsection, we conducted experiments on images as in [[11]]. In particular, consider an RGB image array
X, € RMxn2%3 we construct the signal as z, = [vec(X,) 0T]" € R" where n = min{2® | s € N, 2° > 3nin,}
and 0 € R"~3™"2 _here, vec(-) vectorize its argument. Let H,, € ﬁ{—l, 1}™*™ be the Hadamard matrix. We
generate diagonal S; € R™*" for j = 1,2, ...,k such that all the diagonal entries are chosen uniformly at random
from {—1, 1}. Next, for m = 6n, we set A = \/n[(H,S1) " (H,S2)" ... (H,Ss)"]" € R™*™ _for this setting, it can
be shown that L = 2. The advantage of such a mapping is that it mimics the fast Fourier transform and calculating

Az requires O(mlogn) work for any 2 € R™. We conduct the test on an RNA imageﬂ of size n = 222, In the
experiment we considered pg; = 0.1, and we generate corrupted measurements as in the synthetic datasets. The

3The CPU time for initialization and approximately calculating L is negligible in this example.
*https://visualsonline.cancer.gov/details.cfm?imageid=11167
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CPU Time (sec) | Total Iterations | Main Iterations
IPL-LAC 23.78 528.5 11
AdaIPL-LAC-XL 6.86 144 11
AdaIPL-LAC-L 6.37 120.5 11.5
AdaIPL-LAC-M 8.93 162.5 16.5
AdaIPL-LAC-S 55.83 491 220.5
CPU Time (sec) | Total Iterations | Main Iterations
IPL-HAC 54.34 1194 6
AdaIPL-HAC-XL 16.65 425 7
AdaIPL-HAC-L 8.53 211.5 7
AdaTIPL-HAC-M 9.47 182 17
AdaTIPL-HAC-S 55.41 475.5 220.5
CPU Time (sec) | Total Iterations | Main Iterations
AdaSubGrad: 0.5 3.09 132 132
AdaSubGrad: 0.1 10.62 473 473

Method CPU Time
PL > 1440
GSubGrad 44.21 (26.79)

IPL-LAC 177.21 (136.30)

IPL-HAC 235.75 (136.23)
AdaIPL-LAC 16.44 (9.56)
AdaIPL-HAC 25.35 (15.06)
AdaSubGrad 4.12 (0.35)

Table 3: Comparison of different G for simulated datasets: median values for 10 replicates are reported.

Table 4: Comparison of CPU time (in minutes) for image recovery problem. Median (interquartile range) values are
reported over 10 replications.

algorithm parameters are set to G = 0.5 for AdaSubGrad, G = 1000/n for AdaIPL, and ¢ = 0.983 for GSubGrad
while keeping the other hyper-parameters the same as in Section

All the algorithms are terminated whenever z. with a relative error at most ¢ = 107 is computed. The results are
reported in Table[d] where we report the median and interquartile range of CPU times in minutes based on 10 replications.
The results show that both AdaSubGrad and AdaIPL perform better than the other algorithms. The result for PL is not
reported as it cannot reach the desired accuracy within the time limit of 1440 min.

9 Conclusion

In this paper, we propose two adaptive algorithms for solving the robust phase retrieval problem. Our contribution
lies in designing new adaptive step size rules that are based on the quantiles of absolute residuals and are robust to
sparse corruptions. Employing adaptive step sizes, both methods show local linear convergence and are robust to
hyper-parameter selection. Numerical results demonstrate that both AdaSubGrad and AdaIPL perform significantly
better than the existing state-of-the-art methods tested on both syntetic- and real-data RPR problems.
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