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Abstract

In this paper, we revisit the recent stepsize used in the gradient descent scheme which
is called NGD proposed by [Hoai et al., A nowvel stepsize for gradient descent method,
Operations Research Letters (2024) 53, doi: 10.1016/j.0r1.2024.107072]. We first inves-
tigate NGD stepsize with two well-known accelerated techniques which are Heavy ball
and Nesterov’s methods. In the convex setting of unconstrained nonlinear optimization
problems, we show the ergodic convergence of the iterates obtained by accelerated ver-
sions of NGD with a sublinear rate. The stochastic versions of the proposed accelerated
algorithms are introduced with analysis on the convergence in the nonconvex setting of
the objective. Although our proposed algorithms require global Lipschitz continuity of the
gradient, we do not utilize the global Lipschitz constant during computations. Instead,
we leverage information about local Lipschitz constants derived from previous iterations.
Numerical experiments on numerous practical problems in machine learning and deep
learning problems demonstrate the efficiency of our proposed methods compared to the

recent ones.
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1 Introduction

Unconstrained nonlinear optimization problems have received a lot of attention from researchers
since they have many applications in economics, data science, machine learning, deep learning,
etc, see e.g. [I, 2] and the references therein. The formulation of this problem is the following
i 1

win f(z), (1)
where f : R” — R is smooth. Leveraging the differentiability of the objective function f,
first-order methods have been studied widely for solving Problem in the literature, see
[3, 4[5, 16, [7]. Among these methods, gradient descent plays an important role due to its ease of
implementation and efficient performance. Gradient descent was originally proposed by Cauchy
[8] in 1847 and has become classical. Starting at some point o € R", this method uses the

idea of updating the variable x;, € R™ at each iteration £ € N by the formula
Tpy1 = T — MV f(21), (GD)

where A\, > 0 is the stepsize at iteration k. The usual condition of f for guaranteeing the
convergence of gradient scheme (GD)) is the global Lipschitzness of the gradient V f over R,

i.e., there exists a constant L > 0 such that
IVf(x) = VIl < Lz —yl, Y2,y € R".

When f is convex and )y is defined as a fixed number in (0, ﬂ or )\ is computed by using
backtracking line search procedures, the convergence rate of is O (%) for f(z*) — f. , see
e.g. [0, [7]. However, estimating the global constant L is often impractical, and backtracking
linesearch can be computationally expensive. Furthermore, both strategies can suffer from
small stepsizes caused by a large L or frequent backtracking calculations. To address these
drawbacks, adaptive stepsize selections used for have been proposed by Malitsky and
Mischenko [9] and Hoai et al. [10] recently. Particularly, AdGD given by [9] determines

. lze — zp—1l| }
Ar = min 14+ 0p_1 k1, , k>1, 2
’“ {V k1M ST ) = V(o] 2

where 0y = +00, 0, = A,/ A,_1; and NGD provided by [I0] updates \;, as follows: for 0 < n; <

1o < 1/2, and a convergence positive series >, 0 e,

4! et IV ) = V)| > 52l — mi| (3)
p =
(14 ¢&_1) Me-1, otherwise
ek if 2L >
where ¢}, = 2 . Both of AdGD and NGD re-
A N1 .
€p_1 = min {514:—17 L+35= - 1} otherwise



quire neither backtracking line search procedure nor the information of Lipschitz constant L
and they utilize the information of locally Lipschitz constant in deriving the stepsize. It is also
worth noting that AAGD and NGD work without using the global Lipschitz condition on V f,
they only require V f being locally Lipschitz continuous.

In order to improve the speed of scheme, one can use accelerated techniques such as
the two classical accelerated techniques introduced by Polyak [11, 3] and Nesterov [4]. In

particular, Heavy ball technique given in [I1], [3] takes
g1 = xp — MV f (2r) + y(2k — Tp_1)- (Heavy ball method)
and Nesterov’s acceleration in [4] determines

Yrr1 = T — AV f ()
Thr1 = Y1 T Y (Yrt1 — Yk)- (Nesterov’s method)

[Heavy ball method| and [Nesterov’'s method| are two-step methods because xj.; is computed

via z, and x;_1. The constants v > 0 in [Heavy ball method| and [Nesterov’'s method| are called

accelerated factors.

Contributions: Our contributions in this paper are the followings:

(i) Firstly, we solve an open question given by Hoai et al. [I0] by proposing accelerated
versions of NGD. Particularly, two new algorithms NGDh and NGDn combining NGD

with two accelerated techniques [Heavy ball method| and [Nesterov’'s method) respectively,

are proposed in this paper.

From a theoretical perspective, our convergence results are comparable to those of

other methods in the literature that employ [Heavy ball method| and [Nesterov’s method|

In particular,

— In the case of convex f, we prove the ergodic convergence of NGDn and NGDh
with the rate O(+) from some fixed iteration. This convergence result is similar to
that of the Heavy-ball method given in [I2] which uses the fixed stepsize selection

A (which requires knowing aL). Compared with the convergence rate O(7%) of

INesterov’s method|in [4] (with Ay = F or A, computed by backtracking line search),

ours is theoretically weaker. But in practice, NGDh and NGDn use adaptive
stepsizes A that is easy to implement without estimating the Lipschitz constant L

or suffering from the expensive computation of backtracking procedures.

— It is worth noting that in the literature AdGD-accel given in [9] use Nesterov’s
acceleration with adaptive stepsize AdGD but its convergence has not yet been

provided.

(ii) Our second contribution is dedicated to studying the stochastic versions of NGDh and



NGDn. We proposed two new stochastic algorithms named SNGDh and SNGDn. It
is well known that, the stochastic approach is useful for Problem in machine learning
and deep learning (see e.g., [13] and the references therein) when working with big data.
This is because it overcomes the expensive costs of the deterministic way that requires

the full computation of the gradient at each iteration.

From a theoretical point of view, we obtain typical convergence results for our stochastic
algorithms SNGDn and SNGDh under standard conditions. In particular,

— Under the classical conditions including: 1. the uniform boundedness of the stochas-
tic gradients (see e.g., [14], (15, [16]) and 2. the globally Lipchitz gradient condition of
the nonconvex objective function f; we prove that the best expected squared norm of
the gradient is bounded. This ensures that the best iterates obtained by our proposed

stochastic algorithms are close to some stationary points of the objective function.

— In comparison with the related AASGD algorithm [9] (the stochastic version of
AdGD), our convergence results for SNGDn and SNGDh are obtained for nonconvex
functions f, which are popular in machine learning, whereas AdSGD’s convergence

is obtained for strongly convex f.

(iii) From a practical standpoint, the advantages of the adaptive step size based on the local
Lipschitz constant - used in our new algorithms NGDn, NGDh, SNGDh, and SNGDn -
provide significantly more efficient performance compared to other recent state-of-the-art
methods. This is demonstrated by numerical results for numerous benchmark problems

in machine learning and deep learning in Section 5.

The rest of the paper is organized as follows. After recalling some fundamental results in
Section 2 we propose the new accelerated algorithms in Section 3 with the convergent analysis.
The stochastic versions of algorithms in Section 3 together with their convergences are presented
in Section 4. Finally, the numerical results are reported in Section 5 with available codes in
our repository https://github.com/hoaiphamthi/Accelerated-and-Stochastic-NGD.

2 Preliminaries

Throughout this paper, our underlying space is R” equipped with the standard Euclidean norm,
denoted by ||z|| = /(x, x).

Definition 2.1. A function f: R” — R is called convex if
FOAz+ (1 =Ny) <Af(x)+ (1 =N f(y) forall z,y € R", X €0,1].

Definition 2.2. A function f: R" — R is called L-smooth if it is differentiable and its gradient

V f is L-Lipschitz continuous, i.e.,

IVf(z) = V)l < Lz =yl forall z,y € R".
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The following lemma recalls some fundamental properties of L-smooth functions.

Lemma 2.1. If f is L-smooth on R", then

F) < F@) + (V()y — )+ Sy~ ol for alla,y € R

Furthermore, if f is also convex, the following inequality holds:

1
F@) = 1) + 57 IV (@) = VWP < (x =y, V(@) foralz,yeR"
Proof. We refer the reader to [B, [4] for the detailed proofs.
Lemma 2.2. Let a € [0,1) and let i,Q be integers such that Q > i. Then,
Q
Z alq < L.
pr ~ (1 —a)?

Proof. We refer the readers to [17] for the detailed proof.

]

We consider the optimization problem under the following assumption which hold through-

out the paper in both deterministic and stochastic settings:

Assumption 2.1. The set of optimal solutions of Problem , denoted by X*, 1s nonempty.

We denote by f. the optimal value of the objective function, i.e., f. = f(z*) for any z* € X*.

For specific settings in the convergence analysis, any further assumptions will be clarified ex-

plicitly at the beginning of the respective sections.

3 New accelerated gradient descent algorithms

In this section, we propose two accelerated algorithms that incorporate the Heavy Ball [11]

and Nesterov [4] momentum techniques into the NGD adaptive stepsize framework [10]. Unlike

standard methods that rely on a global Lipschitz constant, our approach adapts the stepsize

based on local curvature information approximated by finite differences of gradients.



Algorithm 1 NGD accelerated by [Heavy ball method| (NGDh)
1: Initialization. Select \g > 0, 0 < 11 < 1, 0 < v < 1 and a positive real sequence {ej}

+o00
such that > ep < +00. Choose xg € R™, 21 = xo — AV f (x0) .
k=0

2: for k=1,2,...do

3 |V (ek) = V(@) > 12 2k — 2] then
4 e = M ot =T

5 else

6: A= (1+¢ep-1) A

7 end if

8 Tpy1 = Tp — MV (2) + 7 (28 — Tp—1)

9: end for

Algorithm 2 NGD accelerated by [Nesterov’s method| (NGDn)
1: Initialization. Select \g > 0, 0 < 11 < 19, 0 < v < 1 and a positive real sequence {e;}

+00
such that > ex < +00. Choose xg € R", 21 = xg — MV f (20) .
k=0
:for k=1,2,... do

2

3 if [V f(zk) = Vf(@e-1)]| > 52 [[ox — 21| then
& N = M oS e

5: else

6: Me = (1 +€p-1) Mpa

T: end if

8:

Yk+1 — Tk — )\ka(xk)
9: Th1 = Yk+1 + Y (Ykt1 — Yi)
10: end for

It is observed that our proposed algorithms, Algorithm [1] (NGDh) and Algorithm [2[(NGDn),
dynamically update the stepsize A;. If the local curvature condition (Line 4) is violated, the
stepsize is reduced inversely proportional to the local Lipschitz estimate. Otherwise, it is slightly

increased to accelerate convergence.

Remark 3.1. Algorithm [1]is the Heavy-ball version of NGD, while Algorithm [2] incorporates
Nesterov’s acceleration. It is easy to see that in the case where v = 0 and 0 < n; < 19 < %,
Algorithms (1] and [2 are similar to Algorithm 2.1 (NGD) in [10]. The range for 79 and 7; in
Algorithms [1| and 2] is now enlarged to (0, +00), compared to (0, 1) for Algorithm 2.1 in [10].
Additionally, unlike Algorithm 2.1, we do not need to update &5 in Algorithms [I] and [2 These

changes make the accelerated versions of NGD simpler and could increase the step lengths.

Next, we will investigate the convergence of NGDh and NGDn with additional assump-

tions on f below.

Assumption 3.1. The objective function f is L-smooth on R"™.
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Assumption 3.2. The objective function f is convexr on R™.

Before establishing the convergence of Algorithms [I] and [2] it is essential to examine the
behavior of the adaptive stepsize. The following lemma, which is analogous to Lemma 2.3 in

[10], asserts that the sequence {)\;} is bounded and converges to a positive limit.

Lemma 3.1. Let {\;} be the sequence generated by Algom'thm or Algorithm . If f satisfies
Assumptions [2.1 and [3.1], then:

(i) For all k >0, we have
)\k zmln{)\o,m} (4)
L
(i) The sequence {\;} converges to a limit A\ < +oo0.

Proof. Note that both of Algorithm [I| and [2 include the same update rule for Ay (lines 2-6
of each algorithm) hence in the arguments of this proof we apply for Algorithm , those of

Algorithm (2] are similar.

(i) Clearly, inequality (4) holds for £k = 0. For k > 1, we consider two cases.
Case 1: If ||V f(zx) — Vf(zr_1)| >

322 ||lzk — wp-a |, then

mllzr — 21| S

)\k = T]_7
IVf(ze) = V()| — L

which follows from the L-smoothness of f.

Case 2: If ||V f(zy) — Vf(zr_)| <

Py 1||$k—$k 1” then

e = (14 ep-1) A1 > N

By induction, we conclude that A\; > min {)\0, "—Ll} for all £ > 0.

(ii) From Algorithm |1} it follows that

ap =In (Aiﬂ) <In(1+¢e;) <&, VEk>0.

k
Decompose ay, = a; — aj,, where a; = max(0,a;) and a;; = —min(0, a;). Consequently,
+o00o
a;“ > 0 and a, > 0 for all £ > 0. Moreover, since a; < &g, the convergence of > e
k=0

+oo
implies the convergence of Y a; .
k=0

Now, consider the partial sum:

k k k
Zaz In(Agt1) — In(Ag) = Z(aj —a; ) = Za;“ - Za;. (5)

i=0 i=0 i=0 i=0



If lim Za = +o00, then lim In(A\;) = —oo, which is equivalent to lim A\, = 0.

k—+o00 ;= k—+o00 k—+o00
This Contradlcts Lemma ( ), which states that A\; > min {/\0, } > 0 for all & > 0.
+oo _
Therefore, the series Z aj, is convergent. From ([5), we conclude that khm A = A < +o0.
O

Lemma 3.2. Suppose that [ satisfies Assumption . Let {\¢} be the sequence generated by
Algorithm 1| (or Algorithm @) Then, there exists an integer k such that

IV (k) = V()| < 57— /\ IIka —apall, VE>F. (6)

Consequently, \g—1 < My < A= lim Aj for all k > k.

j—)OO

Proof. Suppose, for the sake of contradiction, that there exists a subsequence {k;} with k; —
+o00 such that

IV F () = V(i) >

o, =
kj—1

In this case, the algorithm updates A, as:

||xkj - l'kj—IH

IV f(2k,) = Vf (2,1

>\kj :771|

This implies

7]1||xkj - xk]’—lH
Ak

= IV £ (k) = V()| > 5w, = il

J J

Therefore, we have )\:kj_ < "—1 for all k;. On the other hand, from Lemma we know that

J

lim Ap, = lim Ay, 1 = hm A\ = A\ Taking the limit, we deduce that

kj—+o00 kj—+o00 k——+o0

Aoy
Ao
which implies 1 < 1. This is a contradiction, completing the proof. O

Lemma just establishes the relationship between the local Lipschitz approximation of
V f and the stepsize for sufficiently large iterations. Furthermore, it shows that the sequence
of stepsizes becomes monotonically increasing and converges to a finite limit after a certain

iteration.

3.1 The convergence of Algorithm (1) (NGDh)

In this subsection, we establish the convergence rate of the NGDh algorithm. We show that

the ergodic average of the iterates converges to the optimal value at a sublinear rate.



Theorem 3.1. Consider Problem under Assumptions and . Let k be the
iteration index defined in Lemma[3.3. Suppose the parameters satisfy the condition:

“+oo
egzgj*l mlleg — | l1—~
IVf(ag) =Vl )l = L

Then, for any K > k, the weighted average iterate T defined by

K
VTR + Y Tg
_ k=1
Tx = ———————
(K
satisfies the following convergence bound:
C 1
) —fi<—"  —o(=).
100 1% = =)

where C' is a positive constant depending on the initialization and the function values at the

first k steps.

Proof. From the update rule of Algorithm [I] for each iteration k£ > 1, we have:
Tp1 — YTk = T — Y0p-1 — MV S (1) (8)
Therefore, for any x* € X*, we evaluate the expression:

211 = yar — (L= )2 |1” = llzg — yze—1 — (1 =)z > + X[V f ()]
— 2w, — yap_1 — (L =y)x", MV f (z1))
= [leg = yara — (L= )z + AV ()12
—2((1 =) (2 — 27) + (2 — 2-1), MV f (7))
= lar = yar—1 — (1= 7)a™[]> + AZ[V £ () |2
—2(1 = Y)Mlxp — 2", Vf(ar) — 29 (@ — 2-1, V f(z1)). (9)

Since f is L-smooth and convex, we apply inequality (2.1)) from Lemma [2.1] to (9):

ke = e — (1= a2 < i = s — (L= )2+ A F )P
- 2= (o) - £+ IV Sl
~ 20 (o) = fanca) + 57 19 F0) = Vo))
< llaw = yar-1 — (1= 72" |* = 2(1 = M)A (f(2x) = f.)

=2 (FGan) = o)+ (32 = 22 ) 9. (o)



Dividing by 2\, we obtain:

1

oy = = (L= e < 5 = s = (1= )| = (L= ) () - £.)

20
=37 = fa) + g (= ) IVl )

Summing (11)) from k = 1 to K (where K > k), we get:

S (U= @) = £+ 3 @) = F@ea))) < 5 o = w0 — (1= )
K—-1 1 1 2
> (r - K) ks — vz — (1= )|
2; |zxp — o — (1 — )z |
23 (e ) Iwstear (12
k=1

Since k is the smallest integer satisfying inequality @ in Lemma , the following properties
hold:

o First, \y < Mgy for all £ > k, which implies:

K-1 1
— —yap — (1 =~)z* || < 0. 1
> (35— 3 ) howes == (1 =) <0 (13
o Second, since \;_; = 15 ﬂ;”;ﬁ;?& %H y» it follows from (@ that for all k > k:
—1
k in €j-1
)\k = (1 + gk—l))\k—l =...= H(l + Ej— 1>>\k 1 < ei=k >‘E71
j=k
p [ [
= | — TR L
< o < (14)
IV fag) = Vf(zg_)ll L
Substituting and into ((12)), we obtain:
K k-1 1 1
(1— < R — oz — (1= )z
DS £ #3050 £ 3 (g = ) b == (1=
1 1] 1
b o o= = W=+ 5 3 (= 25 IV sl
k=1
(15)
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Let us define the constant C as:

el

C =7(f(zo) — fo) + ; ( ) | Trg1 — yar — (1 — )x*||2

- Nep1
Ly IS M= ) 9P
2)\1 T1 — Yxo T 5 £ k Tl .
Then, inequality can be rewritten as:
K
Y(f(ei) = f)+ (=)D (flow) = f) < C. (16)

k=1

By the convexity of f, we have:

s+ (1= ) f Vflax) £ 5 Flan)
k=1 < k=1
K

f 17
T+ (1 =) T+A-7K ()
Combining and , we conclude that:
F(@x) — f <L—o<i) VK > (18)
Ty s -y T\K)] ’
where
K
VTR + Y Tk
Tg = ———
T+(I-7K
O

Remark 3.2. Following the classical scheme in [3], Ay is chosen as a fixed constant (i.e.,

A =X € (0,2(1+)/L) for all k= 0,1,...) and the corresponding local convergence result of

I[Heavy ball method| was obtained for f satisfying: 1. p-strong convexity, 2. twice differentiable,

3. having a global Lipschitz gradient. Recently, in [12], the authors provided the global con-

vergence of [Heavy ball method| for convex f and fixed stepsize A\p. They obtained the ergodic

convergence with the sublinear rate O(%) Hence our convergence result obtained in Theorem
is comparable with those in literature and has advantage in eliminating the need to know

the global Lipschitz constant L for computing \.

3.2 The convergence of Algorithm 2| (NGDn)

We now establish the ergodic convergence of the Nesterov-accelerated version (NGDn). Similar

to the previous section, the convergence relies on the eventual stability of the stepsize.

Theorem 3.2. Consider Problem under Assumptions and . Let k be the
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smallest integer satisfying the condition in Lemma[3.3 Suppose the parameters satisfy:

+oo

S ejoa S _

2 mlxg — 25| : {1 v 1 }

ei=k <min{ —— 4+ YA\min, = ¢ - (19)
IV f(z5) =V fzg_y)l L L

Then, for any K > k, the sequence {x;} generated by Algom'thm@ satisfies:

f(fK)—f*Sﬁ:O<%)7

K
YT + Y Tp
k=1

T+ (A=K
Proof. From the update rules of Algorithm |2, we have for k > 0 (with y; = yo):

where D is a positive constant and the ergodic iterate is defined as Ti =

Yk+1 = Tp — MV f(xg),
Ti1 = Yor1 T YY1 — Un)- (20)

Let us define q¢ = %on f(xo) and

Q41 =

: . (ke — 2+ MV (@) for k20, (21)

It is straightforward to verify that

(o — 25 + MV F(2p) = 4L 4 T (VY F(2h) — 2p).

Tht1 + Q41 = Tpy1 +
11—y 1—»

L=y

From (20)), we can write 2511 = (1 +7) (zx + MeVf(zr)) — v (@h—1 — Me—1 V f(24-1)). Hence,
for all £ > 0:

1+
Tpt1 + Ay = 11— 1 (xr — MV f(ar)) — T (Th1 — N V.f (2p-1)) + - Z . WY f(z) — ax)
_ 8 B MV f (k) 7 -
=1+ T ka 1= T (Tp_1 — M1V f(2r-1))
MVf(x
=z + 1—~ (xp — xp—1 + M1 Vf(T1)) — %(»yk)
=T+ a — M
|

12



Squaring the norm of both sides yields:

)\ 2

|Trs1 + a1 — -73*H2 = 1_
v

(f SIS = T2 o+ =",V o)

R P )

a (12?5)2 %Wﬂwk D), V().

By the L-smoothness and convexity of f, and applying Lemma (specifically inequality (2.1))),

= ”l‘k + ag — :L'*HQ +

= ||lzg + ax — 2|* +

o
(xp — 2p—1, Vf(2r)) —

we obtain the following bound:

25 A
GO R R vy _’;)L

AV S @)l? 29 M

IV.f ()|

@1 + appr — )] < ||op + ap, — 2*|* —

Gonp ) = o)
A . 27NN
_ ﬁ”vf(l’k) Vi(zr-1)|® - ﬁ(Vf(xk D, V().

(22)

Using the identity —2(a,b) = |la — b||*> — ||a]|* — ||b]|?, inequality can be rewritten as:

|Tks1 + apr1 — x*’|2 < |zg + ax — gj*H? _ 12:\k7(f($k) — f(z")) — (121/\}7;)2 (Flan) — fxp1))
)\z _ )\k fy)\k)\k 1 N )
+ <<1—'y)2 (1_7)[/ (1 ’7) ) ||Vf( k)H

YAAR-—1 AN ) — T 2
+ ((1_7) L(1—7)2) IVf(z) = Vi (zra)l

AR

IV ) (23)
Consequently,
Lo oy +ap 27l < %ka b= = (1= ) () — )
)\ 1
— V() = Seee) = 5V )P
by (-2 m_l) IV
Ar
+ 5 (s = 1) IV @) = V)P (24)
By,

Recall that since k is the smallest integer satisfying inequality @ in Lemma we have

13



- mllzg—2g_4 |l 7.
N = S F D)V Far It follows that for all k& > k:

)\k = (1 + Ek—l))\k—l =...= (1 + gj—l))%—l < ei=k )\E 1

—.

Il
el

J

o o 5 B
= mllzg — v5_4|| M . (1-—~ 1
< er=k < - )\mlna_ . 25
= ||Vf(wz)—Vf(xg_1)H S B AR (25)

From , we derive that A, < 0 and By < 0 for all k& > k. Now, taking K > k and summing
over k=1,..., K, we obtain:

 (1-79)° 2w (1-79)° =
> o et aer — o < S a2 - () Y U
k=1 k=1 k k=1
K k-1
—VZ(f(xk) — flze-1)) + ) _(Ar + By).
k=1 k=1

S 19 ) (1= )
(1 - ’7) Z (f(xk) - f*) < - Ar H$k+1 + Qg1 — «T*H - W ||IK+1 + a4 — I*H
=1 k=1
(1) ), (1-19)° ,
+k§:; LRIt > vl ARt
k-1
—v(f(wrx) = f(z0)) + > (Ar+ Bi)
k=1
K-1 K-1
1—7)? 1—
> = ( 2)\7) | ki1 + Qg1 — 33*H2 + (2)\ ) |Tks1 + apsr — w*HQ
k=1 k 1 k+1
(1 -7 2 w2 <
2 = 0 = (o) = S(50) + 3 (Ax + B
k=1
K—1
1 1
< ]_ — 2 - ok 2
<=7 - (2>\k+1 2)\k) |xpe1 + agsr — =¥
(1—7) =
+ 8 oy g = o) = 3 (o) = Flan)) + 3 (A + By

B
Il
—

(26)

Recall from Lemma that with the chosen &, we have Agr1 > A for all k& > k. Therefore:

F%x

1 2
— —z*||” <0.
(2)\k+1 2)\I<;) ||$k+1 + Af41 x || —

14



Combining this with , we have:

K
Z f* +7(f( >_f*)§D
k=1
where D is defined as:
k-1
D= (f(wo) — 1. 5 = 1) g + g — 1P
0 - 2)\k+1 o k+1 k+1
k—1
(1 - 7)2 * 12
+ 2—)\1 ||[L’1 —|—CL1 — T || + ;(Ak + Bk)
By the convexity of f, we conclude that
F@x) — f <L—o<i) VK > T (27)
T (e SV |

where «
_ Y%K + D ket Tk
v+ (1 —-79)K

Remark 3.3. We highlight the following items regarding Algorithm [2{ (NGDn):

(i) The classical Nesterov accelerated gradient method has strong convergence rate O(kiz)
under the same assumptions but typically requires a fixed stepsize A\, = 1/L or a back-
tracking line search procedure (see Section 2.2, Theorem 2.2.2 [4]). While the former re-
quires knowledge of the global constant L, which is often unavailable; the latter increases
computational cost per iteration. Although, the ergodic convergence rate of Algorithm
is O(1/K) from some fixed iteration, it overcomes the limitations of classical stepsize
used in classical Nesterov gradient descent method by adapting the stepsize dynamically
using local Lipschitz constant of f. Its advantages will be demonstrated more clearly by

numerical experiments for benchmark examples in machine learning in Section [5]

(i) It is worth noting that the authors of [9] also proposed AdGD-accel which combines

AdGD with the [Nesterov’s method| technique. However, the convergence of AdGD-accel

has not yet been provided.

4 Stochastic versions of NGDh and NGDn

In this section, we extend our proposed methods to the stochastic setting, which is essential for
large-scale machine learning and deep learning applications. We propose Algorithm |3| (SNGDh)
and Algorithm [4| (SNGDn) for solving Problem where the objective function is potentially
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nonconvex and takes the form of a finite sum problem.

d
1
. _ 1 ' 9
min [f(l“) y gfz(iﬂ)] : (28)

This form of f is prevalent in machine learning and deep learning tasks where x corresponds
to the model parameters, f;(x) represents the loss on the training point i and the aim is to

minimize the average loss f(z) across training points. The problem can be solved using SGD:

Tpr1 = T — MV fe, (T,

where \; > 0 is the step-size and V f¢, (x)) is an unbiased stochastic estimator of the full
gradient, satisfying E(V fe, (z1)) = Vf(x). In practice, this estimator is computed using a
mini-batch & C {1,...,d}. Crucially, these mini-batches are drawn i.i.d. from the uniform

distribution over the dataset at each iteration, yielding V fe, (zx) = |£—1k| > Vfi(zy) to ensure
1€8k

the unbiasedness.
To define Algorithm [3] (SNGDh) and Algorithm [4] (SNGDn) we need the following assump-

tion.

Assumption 4.1. (Bounded Second Moment). There exists a constant o > 0 such that the

stochastic estimator satisfies:

Algorithm 3 Stochastic version of NGDh (SNGDh)
1. Initialization. Select A\g > 0, 0 < 11 < 19, 0 < v < 1 and a real positive sequence {e},

2o € R™, Anax > Ao, Amax 18 a sufficiently large number, and & is the initial sample.

2 v1 = Ve, (20)

3 11 = T — AUt

4: for k=1,2,...do

5: Sampling &

6:  if [Vfe (zk) = Ve (2r1)|| > 525 llx — 21| then
T Ak =1 ¥ e, (!Eié:ézj(‘wkﬂ)”

8: else

9: A = min{(1 + ex_1) Me—1, Amax }
10: end if
11: Vg1 = YUk + V fe, (@)
12: Tyl = T — ARUpg1
13: end for
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Algorithm 4 Stochastic version of NGDn (SNGDn)
1: Initialization. Select A\g > 0, 0 < 7, < 179, 0 < v < 1 and a real positive sequence {e;},

2o € R™, Anax > Ao, Amax 18 a sufficiently large number, and &, is the initial sample.

2 v1 = V fe, (20)

3: X1 = 29 — A\gU1

4: for k=1,2,...do

5: Sampling &

6:if [[Vfe, (z) = Ve (@e-1)l| > 525 ll2e — 21| then
" Me = a5 e ]

8: else

9: A = min{(1 + &x_1) Ae—1, Amax }

10: end if

;v = vk + Ve, (21)

12: Thol = Tk — Ak (7vk+1 + Vfék (xk))
13: end for

Remark 4.1. It is worth noting that there are slight differences in the stepsize selection for
Algorithms [3] and [f] compared to Algorithms [I] and [2] Specifically, we relax the condition
+oo

imposed on the sequence {g;} by not requiring > e < +00.
k=0

The bounded second moment assumption (Assumption is very common, but it fails
when the objective function f is strongly convex (as shown by Lam et al.[I8]). Therefore, in
this paper we will investigate the convergence of SNGDh and SNGDn without using the strongly

convex assumption imposed on f. We only use the L— smoothness property as follows.

Assumption 4.2. (Smoothness) Fach function f; : R" — R i € {1,...,d}, is L-smooth, i.e.,

there exists a constant L > 0 such that
IVfi(z) = Vi)l < Lz —yl|,vVz,y € R".

Assumption implies that f is also L-smooth.

Remark 4.2. It should be emphasized that there are two major distinctions between our
proposed SNGD schemes and the related AdSGD algorithm given in [9]:

e Acceleration: SNGDh and SNGDn incorporate an explicit momentum term v > 0.
When v = 0, they revert to a stochastic gradient descent without acceleration, whereas
AdSGD is inherently a one-step method.

e Nonconvexity: The convergence analysis of AASGD typically relies on the strong con-
vexity of the objective function. In contrast, we establish convergence results for SNGDh

and SNGDn in the nonconvex setting, which is more relevant for deep neural networks.
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Next, in order to prove the convergence of our stochastic algorithms, we should prepare auxilary
results regarding the boundedness of the sequence of stepsizes generated by Algorithms [3] and
in the following lemma.

Lemma 4.1. Suppose that Problem satisfies Assumptions and . Let {\.} be the
sequence generated by Algorithm @ (or Algorithm |4}, respectively). Then,

min {A()a %} = )\min S )\k S )\maxa vk Z 0. (29)

Proof. 1t is evident that Ay > min{Xg,®} holds for &k = 0. For k > 1, if ||V fe (z)) —

Ve (@e-1)|l > 3= llzw — zi-1]; then

mllzr — 21| m

A =
F T IV e (n) = Vg (@) ~ L

which follows from the L-smoothness of fe, . In the remaining case, where ||V fe, (x1) =V fe, (z-1) || <

70
Ak—1

|7 — 21|, we have
e = (14 ep-1) A1 > A

By induction, we conclude that A\, > min {Ao, "—Ll} for all £k > 0.
Similarly, the upper bound is proved by induction. For k = 0, A\g < Apax clearly holds.
Suppose that A; < Apax for all ¢ < k. For the next step, if ||V fe,  (2r1) — Ve, (@2)| >

nol|Te+1—2k |
IV ey @ra1)=Vie, o (@e)ll

Z—ZkaH — x|, then < M. Consequently, since 1; < np:

Ml Tk — ol - NollTk+1 — 2]
va§k+1 ($k+1) - Vf§k+1 (xk)H va€k+1 (xk-i-l) - vf§k+1 (xk)|’

Ak’-i—l = < /\k S >\max~ (30)

In the other case, where ||V fe, ., (zr41) — Ve, (zp)]| < 2[zpr — 2|, we have:

/\k+1 - mln{(]- + 6k—l) )\k—la Amax} S /\max- (31)
Both and imply A\p11 < Apax. The induction proof is complete. O

The next lemma provides useful properties for the convergence analysis of SNGDh and
SNGDn.

Lemma 4.2. Suppose that Problem satisfies Assumptions and 4.3 Let {z} and {v;}
be defined by Algorithm @ (or Algorithm |4}, respectively). Then we have:

(i)

k
Ve = 7'V e (). (32)
=0
(ii) )
E [Joes|?] < i f 5 vk > 0. (33)



(iii)

E[(Vf(zi), Ve (@) =E[IVf(=o)lP] . ¥k > 1 (34)

Proof. (i) This follows immediately from the update rule of vj;.

(ii) Using the expansion of the squared norm and the independence assumption:

E [[lve4 7]

2

=E 7.($k,i)
=E <ZV Ve i (@r- Zvjvfsk ;(@k J)>]
ko k
=E erylryy vfﬁk \Tk— ) Vfﬁkj(xk—j»]
Li=0 5=0
ko k
i IV fe . (x z)H2 IV fer s (@ry) |12
<E;J27 ( £2k Ezk >]
ko k
i [V fe (@) 1P IV fe (=) |IP
S;]ZOVWE[ s : 2'“ }
ko ko ) 2
ind
- i=0 1:0770 = (1=7)?

(iii) Using the law of iterated expectations and the unbiasedness property:

E[(VF(2r), V fe(ax))] = B[RV f(2), V fe (1)) | 2]

= E((V/(20). BV fe. () | 4]}
—E[IVf@)?], Vk>1. (35)

4.1 Convergence analysis of Algorithm 3| (SNGDh)

In this section, we study the convergence of Algorithm We first establish a descent-type

lemma, which plays a crucial role in deriving the final convergence result.

Lemma 4.3. Under Assumptions[{.1] and[2.1}, let {zy}, {oe}, {\} be the sequences defined

by Algorithm[3. Then,

ELV f(2x), ve)] 2 ZviE IV F(@r-a)lI*] -

)\maxL'yo

T (36)
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Proof. Consider the expansion:

<Vf($k),7]k;+1 = ’}/i Vf(l'k), vffk—i(xk—i)>

)=
:Z<

k
’yi vf(xk—l)v vfgk—i(‘rk—i)> + Z’yi <Vf(xk) - Vf(l’k_1>, Vfgkfi (xk—i)> :
=1 Pl
(37)
By Assumption [4.2] f is L-smooth. Thus, we have:
; 2
IV f () = V(i) |” < LP||lag — 2] < LP Z($k—l+1 — Tg-1)
=1
; 2 2
< L? Z Ne—tVh—is1|| < L? maxVk—I+1
=1
<M L70) okaal®, Vi=1,.. k. (38)
On the other hand, applying Cauchy-Schwarz and Young’s inequality:
1/1- i Amax L
Hiz -5 R 19100) = VSl + R (o ')

(23) )\maxL
> — ( Z |

Therefore, substituting back into (37)), we get:

v(wki)||2> : (39)

k
(Vf(xr), vrsr) Z (Vf(zh-i), Ve (@)
i=0

ol : i
- AWLZ > ((1 )3 ol + mnm_m_nn?) . (40)
=1 =1

Taking the expectation on both sides of :
k: .
E[(V (i), ve1)] > Y AR [(VF(@emi), Ve, (21-))]
i=0

k i i .
- )\max Z ( ZE |:H’Uk7l+1H2:| + 1 i ,}/E [”vfsz(xkz)uz}> '
i=1 =1

(41)

[\Jl‘QV
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Using Lemmas [2.2] and [4.2] combined with Assumption [4.T we deduce:
k .
E[(Vf(wr),vne0)] > Y VR [V (2)lI’]
=0

k ’y ( ( i 02 > Z
- max 1_ + 0'2>
_ 2 _
—~ 2 — (1—7) 1—vy

> S B [IV S l] - 220 (42

]

The following theorem establishes the worst-case bound for the expectation of ||V f(zy)||?,
implying that the best iterate from the sequence {x;} resides in a neighborhood of a stationary

point of f.

Theorem 4.1. Consider Problem under Assumptz’ons cmd. Then, the sequence
{1} generated by Algorithm[d satisfies:

(1 =) (f(zo) — f) i K ()‘(HllaX_Lz)aj + 2/\{2?1(1%_ 7)) '

i E{IV/ @Il < Amin(K +92 =7) (K +17%=7)

Proof. By Assumption [£.2] f is L-smooth. Therefore, from Lemma (inequality (2.1))), we

have:

Fok) € Fo) + (s — 00 V@) + 5 s —

L
< f(@r) = M1 (Veg1, Vf(ar)) + 5)\%+1\|Uk+1\|2- (44)

Recall from Lemma that Apin < M < Apax < 00 for all £ > 0. Taking the expectation of

[E):

E[f(zrr1)] S E[f(zr)] = AminE [(vkg1, V(1)) + s)‘maX]E [lors1l1?]

II A L0 ) L o2

[f(xk mln (ZVZE ”Vf L— )” ] W QAmaXW

i N Amin Amax LY 0> L)\fnax
< E[f(zx)] — Muin (;7 E [HVf(LUk—'L)H }) + TEEE + 20— ) (45)

Summing over k € {0,..., K — 1} and rearranging terms yields:

oo 3 DA E IV an-)IF] < flan) ~ B + (R Do)y
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On the other hand, changing the order of summation:

K—1 k& Kl
k=0 =0 =0 j—0
K—1 o1
= ]E ||foj || ka]
jZO k:]
K-1
1 i
= 7= L ENIVA)I] =), (47)
v o
Observing that
K—1
1 —PyK v
_ S g )

=0

<.

and combining , , with , we derive:

max

(T-F " 20-1p

. )‘min/\maxL 0'2 L/\2
“mGT?‘O _min E[|[Vf(@)l] < (w—ﬂ+K< g >

This is equivalent to:

2 (1 — fy) (f(l‘o) — f*) K )‘maXI/YO-2 L)‘IQnaX
gt E VA lF] < Amin(K 492 =) (K477 —7) ( 1= " 2Dl —7))'

]

4.2 Convergence analysis of Algorithm |4| (SNGDn)

Similar to the previous section, we first prove a descent inequality in the following lemma.

Lemma 4.4. Under Assumptions[4.1] and(2.1], let {xx}, {vi}, {\} be defined by Algorithm
[4. Then,

L AmaxyLo? (472 — 4
E [V f(zr), vrs1)] > ;VE IV f(xr—i)[1*] - ! g(i _77)3 L 3). (49)
Proof. Consider the expansion:
k
(V (i), vein) = Y AV (@), Ve, (wr-1)
i=0
k k
=D VS @), Ve (i) + Y2 (V@) = Vf(@rm), Ve (210)
i=0 i=1 N,
(50)
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By Assumption [4.2] f is L-smooth. Thus:

i 2

Z(-Tk—l—i-l - xk—l)

=1

IV f (k) = VI (ze)||? < Lo, — 2] < L2

2

<L) et (Ywrmir + fe (00)

=1

i

Z (VOr—t1 + fer  (z21))

=1

<\ 2

max

2
< 2)\?

max

ka I+1
< 2iN2 L2 ( ZHvk 112 +Zuf5kla:k l H) Vi=1,... k.

(51)

_ (JUH)

Applying Cauchy-Schwarz and Young’s inequality for N;:

1/1 I Amax
Nz =5 (G IV ) - Vi + 5 |memnu)

v(wm)H2> :

(1) )\maxL
= > ( ZHW pall® +2(1 - ZHfsk Szr)|1? +
(52)
Substituting back into (B0):
k
(Vf(@r),vns1) 2 > 7 (VF(@ri), Ve (244)
i=0
E
kT (290 420D 3
i=1
<u%wﬁ' (53)
Taking expectations and applying Lemmas [2.2] [£.2] and Assumption [4.1}
k
E[(Vf(zh), vee1)] = Y AR [[IVF(@r)|’]
i=0
A szjw (2 21— )T 21— )t — 2>
— /\max a5 - — 7)o g
— 2 ! (1—=7)? 1—1
k
; AmaxYLo? (472 — 4y + 3
> S B[V o) - 2t B D) (54)
i=0
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[]

The final result of this study establishes the convergence of Algorithm [4] demonstrating that

the best iterate approaches a neighborhood of some stationary point of the objective function

f.

Theorem 4.2. Consider Problem under Assumptions cmd. Then, the sequence
{zr} generated by Algorithm |4 satisfies:

(1 =) (f(xo) = f2)
Amin(K + (K = 7)(1 = 7))
N K L pax0? (7(472 —474+3)  Amax(Y2 =7+ 1))

K4+ (K —7)(1—7) 2(1—7)3 Amin(1 —7)?

min B [[|Vf(z)]?] <

k=0,...,K-1

-----

+

(55)
Proof. By Assumption , f is L-smooth. From Lemma (inequality ):
Florn) < F(e) + s = 2 VI @) + o lzis - il
< f(@r) = Mo {Yven + Ve (@), VI (2r) + g)‘erlH’VUkJrl + Ve (@)l*. (56)

Using Lemma (Amin < A < Amax), We take expectations:

E[f(@r1)] < ELf(2)] = Anin (VE [(0rs1, V. (20))] + E [(V fe (20), Vf (@1))])
+ LAGax (VE [[loesa ] + E [IIV fe (20)17]) - (57)

Combining with and , we evaluate:

maX’yLO_2<4’y2 B 4’}/ + 3)
2(1 —~)?

E[f(zre1)] S E[f(z1)] = Amin (Z YE IV f(zr—i)|I?] — A +E [||Vf($k)||2]>

2
o 2
+ L)\ilax <— +0o )
(1 =)

< E[f(@k)] = Amin (Z YE[IIVf(ze)|?] +E [IIVf(xk)||2]>

1=0
AminAmaxL702 (472 - 47 + 3) + L)\r2naxo'2(’y2 -7 + 1) (58)
2(1—7)? (1—9)?

Summing over k € {0,..., K — 1} and reformulating:

k=0 1=0

Amin Z_ <Z YE[IVF(zr-)|IP] +E [||Vf($k)||2]>

)\min>\rnaxI/}/O-2(472 - 47 + 3) + L)‘rznaxo-2 (72 -7 + 1))

< J(on) ~ B[] + 5 s T

(59)
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Using the identity from and , we substitute back to derive:

K ) 9
i (72 =) iy B (9]

AminAmax L0 (49° — 4y +3) | LN 0%(4" — 7 + 1>)
2(1—~)? (1—~)? '

< f(:co)—f*+K(
This is equivalent to the stated result:

| o (=) (fleo) — £)
gt V@) < = e e = a =)

K L\pax0? (7(472 —4y+3)  Apax( =7+ 1))
K+ (K-7)(1-9) 2(1—~)? Amin (1 = 7)?

_|_

5 Numerical experiments

In this section, we evaluate the performance of the proposed algorithms on logistic regression
problems in machine learning and neural network training in deep learning. All algorithms were
implemented in Python. Our source code is available at https://github.com/hoaiphamthi/Accelerated-
and-Stochastic-NGD.

5.1 Logistic Regression

In this subsection, experiments are conducted on the logistic regression problem, which mini-

mizes the following objective function:

d
_ 1 T ¢ 2
Fe) = 3 3 tog(1-+ expl—bal ) + el

where (a;,b;) € R" xR for i = 1,...,d denote the observations, and ¢ > 0 is the regularization
parameter, typically chosen as é. We compare our proposed algorithms, NGDh and NGDn,
with related methods including GD [§], Nesterov-accel, Heavy-ball-accel, AdGD, and
AdGD-accel [9]. We utilize popular benchmark datasets [] such as a9a, cod-rna, ijcnni,
mushroom, phishing, skin nonskin and w8a. In the experiments, the parameters are config-

ured as follows:
e GD: )\, = %,Vk‘ > 0, where L is the smoothness constant of f.

e Nesterov-accel: Nesterov’s accelerated gradient descent configured for strongly convex
VI-yi
VI+yi®

functions. We use a constant stepsize A = % and a fixed momentum coefficient v =

LAll datasets are available at https://www.csie.ntu.edu.tw/ cjlin/libsvimtools/datasets/
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e Heavy-ball-accel: Polyak’s Heavy Ball method using the theoretical optimal parameters

——42 ___ and the

for strongly convex quadratic functions. The stepsize is set to A = AN

ﬁ—\/ﬁ>2

momentum coefficient is v = ( IR

e AdGD and AdGD-accel: Default parameters are used as provided in the public source
coddl

2(log k)*®
o NGD: \g= 1073, 150 = 0.2, 1, = 0.15, and 5 = %
3
¢ NGDn and NGDh: A\ =0.01, ng = 0.2, n; = 0.19, and ¢ = i1

As illustrated in Figure [, both NGDh and NGDn demonstrate superior performance across
most tested datasets. The results also show that on certain datasets, with a fixed stepsize,

Heavy-ball-accel and Nesterov-accel algorithms exhibit severe oscillations and instability.

— GD —&— NGDn =10
—e— AdGD —— NGDh Z10"
—&— AdGD-accel =~ —=— Nesterov-accel =
—— NGD —+— Heavy-ball-accel 10
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Fig. 1: The logistic regression objective results

Zhttps://github.com /ymalitsky /adaptive_gd
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Fig. 2: Training losses for different datasets
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(b) FashionMNIST (c) CIFAR-10

Fig. 3: Stepsizes for different datasets

5.2 Deep Learning Tasks

The subsequent experiments evaluate the performance of the stochastic algorithms, SNGDh
and SNGDn, on the benchmark datasets MNIST [19], FashionMNIST [20], and CIFAR-
10 [21]. The compared algorithms include SGD, SGD Heavy Ball Accel, SGD Nesterov
Accel AdSGD [9], Adam, SNGDn, and SNGDh. The hyperparameters are set as follows:

e SGD, SGD Heavy Ball Accel and SGD Nesterov Accel: Default parameters with
Ar = 0.01,Vk > 0. The momentum parameter for SGD Accel is set to v = 0.9.

e AdSGD: Default parameters are used as in the public source code of [9].

¢ SNGDn and SNGDh: )y = 107, 9 = 0.2, ;, = 0.15, ¢, = L and v = 0.9.
The parameter Ap.x is initially set to a sufficiently large positive number (e.g., Apax =
10). However, empirical observations revealed that the effective stepsizes for SNGDh and
SNGDn remained very small (less than 1, see Figure . Consequently, we omitted this

parameter in our public Python implementation.

The numerical results are presented in Figures 2] and [8] As shown in Figure 2], SNGDn and
SNGDh exhibit the best performance across all datasets. Particularly on FashionMNIST and
CIFAR-10, SNGDh yields the lowest training losses.

Observing the stepsize Figure , it is evident that our algorithms (SNGDh and SNGDn)
exhibit adaptive behavior throughout the training phase. They maintain large stepsizes during
the initial epochs and gradually decay upon converging to a stationary point. Consequently, our
algorithms provide the best performances among the compared methods regarding objective

function values.
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6 Conclusions

In this paper, we have developed efficient accelerated and stochastic variants of the NGD
algorithm originally proposed in [I0]. By incorporating Polyak’s Heavy Ball and Nesterov’s
momentum techniques, we address the limitations of fixed-stepsize and backtracking linesearch
strategies. From some finite iteration, we establish the ergodic convergence of the proposed
deterministic algorithms with a sublinear rate of O(1/K) for convex objective functions, relying
solely on local Lipschitz estimates rather than a global constant. Furthermore, we extend these
methods to the stochastic setting to handle large-scale optimization problems. We provide
a rigorous convergence analysis for the stochastic algorithms (SNGDh and SNGDn) within
a nonconvex framework, proving that the expected gradient norm remains bounded under
standard variance assumptions. Numerical experiments on logistic regression and deep neural
network training (using MNIST, FashionMNIST, and CIFAR10 datasets) confirm that our
proposed algorithms achieve superior performance and faster convergence compared to existing

adaptive methods.
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