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Abstract

In this paper, we revisit the recent stepsize used in the gradient descent scheme which

is called NGD proposed by [Hoai et al., A novel stepsize for gradient descent method,

Operations Research Letters (2024) 53, doi: 10.1016/j.orl.2024.107072]. We first inves-

tigate NGD stepsize with two well-known accelerated techniques which are Heavy ball

and Nesterov’s methods. In the convex setting of unconstrained nonlinear optimization

problems, we show the ergodic convergence of the iterates obtained by accelerated ver-

sions of NGD with a sublinear rate. The stochastic versions of the proposed accelerated

algorithms are introduced with analysis on the convergence in the nonconvex setting of

the objective. Although our proposed algorithms require global Lipschitz continuity of the

gradient, we do not utilize the global Lipschitz constant during computations. Instead,

we leverage information about local Lipschitz constants derived from previous iterations.

Numerical experiments on numerous practical problems in machine learning and deep

learning problems demonstrate the efficiency of our proposed methods compared to the

recent ones.

Key words. Stochastic gradient descent, Nesterov’s acceleration, Heavy Ball, adaptive step-

size, machine learning, accelerated method.
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1 Introduction

Unconstrained nonlinear optimization problems have received a lot of attention from researchers

since they have many applications in economics, data science, machine learning, deep learning,

etc, see e.g. [1, 2] and the references therein. The formulation of this problem is the following

min
x∈Rn

f(x), (1)

where f : Rn → R is smooth. Leveraging the differentiability of the objective function f,

first-order methods have been studied widely for solving Problem (1) in the literature, see

[3, 4, 5, 6, 7]. Among these methods, gradient descent plays an important role due to its ease of

implementation and efficient performance. Gradient descent was originally proposed by Cauchy

[8] in 1847 and has become classical. Starting at some point x0 ∈ Rn, this method uses the

idea of updating the variable xk ∈ Rn at each iteration k ∈ N by the formula

xk+1 = xk − λk∇f(xk), (GD)

where λk > 0 is the stepsize at iteration k. The usual condition of f for guaranteeing the

convergence of gradient scheme (GD) is the global Lipschitzness of the gradient ∇f over Rn,

i.e., there exists a constant L > 0 such that

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥,∀x, y ∈ Rn.

When f is convex and λk is defined as a fixed number in
(
0, 1

L

]
or λk is computed by using

backtracking line search procedures, the convergence rate of (GD) is O
(
1
k

)
for f(xk)− f∗ , see

e.g. [6, 7]. However, estimating the global constant L is often impractical, and backtracking

linesearch can be computationally expensive. Furthermore, both strategies can suffer from

small stepsizes caused by a large L or frequent backtracking calculations. To address these

drawbacks, adaptive stepsize selections used for (GD) have been proposed by Malitsky and

Mischenko [9] and Hoai et al. [10] recently. Particularly, AdGD given by [9] determines

λk = min

{√
1 + θk−1λk−1,

∥xk − xk−1∥
2∥∇f(xk)−∇f(xk−1)∥

}
, k ≥ 1, (2)

where θ0 = +∞, θk = λk/λk−1; and NGD provided by [10] updates λk as follows: for 0 < η1 <

η0 < 1/2, and a convergence positive series
∑+∞

k=0 εk,

λk =

η1
∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
, if ∥∇f(xk)−∇f(xk−1)∥ > η0

λk−1
∥xk − xk−1∥

(1 + ε′k−1)λk−1, otherwise
(3)

where ε′k =

εk if λk−1

λk−2
≥ 1

ε′k−1 = min
{
εk−1,

√
1 + λk−1

λk−2
− 1
}

otherwise
. Both of AdGD and NGD re-
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quire neither backtracking line search procedure nor the information of Lipschitz constant L

and they utilize the information of locally Lipschitz constant in deriving the stepsize. It is also

worth noting that AdGD and NGD work without using the global Lipschitz condition on ∇f ,

they only require ∇f being locally Lipschitz continuous.

In order to improve the speed of (GD) scheme, one can use accelerated techniques such as

the two classical accelerated techniques introduced by Polyak [11, 3] and Nesterov [4]. In

particular, Heavy ball technique given in [11, 3] takes

xk+1 = xk − λk∇f (xk) + γ(xk − xk−1). (Heavy ball method)

and Nesterov’s acceleration in [4] determines

yk+1 = xk − λk∇f(xk)

xk+1 = yk+1 + γ(yk+1 − yk). (Nesterov’s method)

Heavy ball method and Nesterov’s method are two-step methods because xk+1 is computed

via xk and xk−1. The constants γ > 0 in Heavy ball method and Nesterov’s method are called

accelerated factors.

Contributions: Our contributions in this paper are the followings:

(i) Firstly, we solve an open question given by Hoai et al. [10] by proposing accelerated

versions of NGD. Particularly, two new algorithms NGDh and NGDn combining NGD

with two accelerated techniques Heavy ball method and Nesterov’s method, respectively,

are proposed in this paper.

From a theoretical perspective, our convergence results are comparable to those of

other methods in the literature that employ Heavy ball method and Nesterov’s method.

In particular,

– In the case of convex f , we prove the ergodic convergence of NGDn and NGDh

with the rate O( 1
K
) from some fixed iteration. This convergence result is similar to

that of the Heavy-ball method given in [12] which uses the fixed stepsize selection

λk (which requires knowing aL). Compared with the convergence rate O( 1
k2
) of

Nesterov’s method in [4] (with λk =
1
L
or λk computed by backtracking line search),

ours is theoretically weaker. But in practice, NGDh and NGDn use adaptive

stepsizes λk that is easy to implement without estimating the Lipschitz constant L

or suffering from the expensive computation of backtracking procedures.

– It is worth noting that in the literature AdGD-accel given in [9] use Nesterov’s

acceleration with adaptive stepsize AdGD but its convergence has not yet been

provided.

(ii) Our second contribution is dedicated to studying the stochastic versions of NGDh and
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NGDn. We proposed two new stochastic algorithms named SNGDh and SNGDn. It

is well known that, the stochastic approach is useful for Problem (1) in machine learning

and deep learning (see e.g., [13] and the references therein) when working with big data.

This is because it overcomes the expensive costs of the deterministic way that requires

the full computation of the gradient at each iteration.

From a theoretical point of view, we obtain typical convergence results for our stochastic

algorithms SNGDn and SNGDh under standard conditions. In particular,

– Under the classical conditions including: 1. the uniform boundedness of the stochas-

tic gradients (see e.g., [14, 15, 16]) and 2. the globally Lipchitz gradient condition of

the nonconvex objective function f ; we prove that the best expected squared norm of

the gradient is bounded. This ensures that the best iterates obtained by our proposed

stochastic algorithms are close to some stationary points of the objective function.

– In comparison with the related AdSGD algorithm [9] (the stochastic version of

AdGD), our convergence results for SNGDn and SNGDh are obtained for nonconvex

functions f , which are popular in machine learning, whereas AdSGD’s convergence

is obtained for strongly convex f .

(iii) From a practical standpoint, the advantages of the adaptive step size based on the local

Lipschitz constant - used in our new algorithms NGDn, NGDh, SNGDh, and SNGDn -

provide significantly more efficient performance compared to other recent state-of-the-art

methods. This is demonstrated by numerical results for numerous benchmark problems

in machine learning and deep learning in Section 5.

The rest of the paper is organized as follows. After recalling some fundamental results in

Section 2 we propose the new accelerated algorithms in Section 3 with the convergent analysis.

The stochastic versions of algorithms in Section 3 together with their convergences are presented

in Section 4. Finally, the numerical results are reported in Section 5 with available codes in

our repository https://github.com/hoaiphamthi/Accelerated-and-Stochastic-NGD.

2 Preliminaries

Throughout this paper, our underlying space is Rn equipped with the standard Euclidean norm,

denoted by ∥x∥ =
√

⟨x, x⟩.

Definition 2.1. A function f : Rn → R is called convex if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) for all x, y ∈ Rn, λ ∈ [0, 1].

Definition 2.2. A function f : Rn → R is called L-smooth if it is differentiable and its gradient

∇f is L-Lipschitz continuous, i.e.,

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥ for all x, y ∈ Rn.
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The following lemma recalls some fundamental properties of L-smooth functions.

Lemma 2.1. If f is L-smooth on Rn, then

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2
∥y − x∥2 for all x, y ∈ Rn.

Furthermore, if f is also convex, the following inequality holds:

f(x)− f(y) +
1

2L
∥∇f(x)−∇f(y)∥2 ≤ ⟨x− y,∇f(x)⟩ for all x, y ∈ Rn.

Proof. We refer the reader to [5, 4] for the detailed proofs.

Lemma 2.2. Let a ∈ [0, 1) and let i, Q be integers such that Q ≥ i. Then,

Q∑
q=i

aqq ≤ a

(1− a)2
.

Proof. We refer the readers to [17] for the detailed proof.

We consider the optimization problem (1) under the following assumption which hold through-

out the paper in both deterministic and stochastic settings:

Assumption 2.1. The set of optimal solutions of Problem (1), denoted by X∗, is nonempty.

We denote by f∗ the optimal value of the objective function, i.e., f∗ = f(x∗) for any x∗ ∈ X∗.

For specific settings in the convergence analysis, any further assumptions will be clarified ex-

plicitly at the beginning of the respective sections.

3 New accelerated gradient descent algorithms

In this section, we propose two accelerated algorithms that incorporate the Heavy Ball [11]

and Nesterov [4] momentum techniques into the NGD adaptive stepsize framework [10]. Unlike

standard methods that rely on a global Lipschitz constant, our approach adapts the stepsize

based on local curvature information approximated by finite differences of gradients.
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Algorithm 1 NGD accelerated by Heavy ball method (NGDh)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a positive real sequence {εk}

such that
+∞∑
k=0

εk < +∞. Choose x0 ∈ Rn, x1 = x0 − λ0∇f (x0) .

2: for k = 1, 2, . . . do

3: if ∥∇f(xk)−∇f(xk−1)∥ > η0
λk−1

∥xk − xk−1∥ then

4: λk = η1
∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥

5: else

6: λk = (1 + εk−1)λk−1

7: end if

8: xk+1 = xk − λk∇f (xk) + γ(xk − xk−1)

9: end for

Algorithm 2 NGD accelerated by Nesterov’s method (NGDn)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a positive real sequence {εk}

such that
+∞∑
k=0

εk < +∞. Choose x0 ∈ Rn, x1 = x0 − λ0∇f (x0) .

2: for k = 1, 2, . . . do

3: if ∥∇f(xk)−∇f(xk−1)∥ > η0
λk−1

∥xk − xk−1∥ then

4: λk = η1
∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥

5: else

6: λk = (1 + εk−1)λk−1

7: end if

8: yk+1 = xk − λk∇f(xk)

9: xk+1 = yk+1 + γ(yk+1 − yk)

10: end for

It is observed that our proposed algorithms, Algorithm 1 (NGDh) and Algorithm 2 (NGDn),

dynamically update the stepsize λk. If the local curvature condition (Line 4) is violated, the

stepsize is reduced inversely proportional to the local Lipschitz estimate. Otherwise, it is slightly

increased to accelerate convergence.

Remark 3.1. Algorithm 1 is the Heavy-ball version of NGD, while Algorithm 2 incorporates

Nesterov’s acceleration. It is easy to see that in the case where γ = 0 and 0 < η1 < η0 < 1
2
,

Algorithms 1 and 2 are similar to Algorithm 2.1 (NGD) in [10]. The range for η0 and η1 in

Algorithms 1 and 2 is now enlarged to (0,+∞), compared to (0, 1
2
) for Algorithm 2.1 in [10].

Additionally, unlike Algorithm 2.1, we do not need to update εk in Algorithms 1 and 2. These

changes make the accelerated versions of NGD simpler and could increase the step lengths.

Next, we will investigate the convergence of NGDh and NGDn with additional assump-

tions on f below.

Assumption 3.1. The objective function f is L-smooth on Rn.
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Assumption 3.2. The objective function f is convex on Rn.

Before establishing the convergence of Algorithms 1 and 2, it is essential to examine the

behavior of the adaptive stepsize. The following lemma, which is analogous to Lemma 2.3 in

[10], asserts that the sequence {λk} is bounded and converges to a positive limit.

Lemma 3.1. Let {λk} be the sequence generated by Algorithm 1 or Algorithm 2. If f satisfies

Assumptions 2.1 and 3.1, then:

(i) For all k ≥ 0, we have

λk ≥ min
{
λ0,

η1
L

}
. (4)

(ii) The sequence {λk} converges to a limit λ < +∞.

Proof. Note that both of Algorithm 1 and 2 include the same update rule for λk (lines 2-6

of each algorithm) hence in the arguments of this proof we apply for Algorithm 1, those of

Algorithm 2 are similar.

(i) Clearly, inequality (4) holds for k = 0. For k ≥ 1, we consider two cases.

Case 1: If ∥∇f(xk)−∇f(xk−1)∥ > η0
λk−1

∥xk − xk−1∥, then

λk =
η1∥xk − xk−1∥

∥∇f(xk)−∇f(xk−1)∥
≥ η1

L
,

which follows from the L-smoothness of f .

Case 2: If ∥∇f(xk)−∇f(xk−1)∥ ≤ η0
λk−1

∥xk − xk−1∥, then

λk = (1 + εk−1)λk−1 ≥ λk−1.

By induction, we conclude that λk ≥ min
{
λ0,

η1
L

}
for all k ≥ 0.

(ii) From Algorithm 1, it follows that

ak = ln

(
λk+1

λk

)
≤ ln(1 + εk) ≤ εk, ∀k ≥ 0.

Decompose ak = a+k − a−k , where a+k = max(0, ak) and a−k = −min(0, ak). Consequently,

a+k ≥ 0 and a−k ≥ 0 for all k ≥ 0. Moreover, since a+k ≤ εk, the convergence of
+∞∑
k=0

εk

implies the convergence of
+∞∑
k=0

a+k .

Now, consider the partial sum:

k∑
i=0

ai = ln(λk+1)− ln(λ0) =
k∑

i=0

(a+i − a−i ) =
k∑

i=0

a+i −
k∑

i=0

a−i . (5)
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If lim
k→+∞

k∑
i=0

a−i = +∞, then lim
k→+∞

ln(λk) = −∞, which is equivalent to lim
k→+∞

λk = 0.

This contradicts Lemma 3.1(i), which states that λk ≥ min
{
λ0,

η1
L

}
> 0 for all k ≥ 0.

Therefore, the series
+∞∑
k=0

a−k is convergent. From (5), we conclude that lim
k→+∞

λk = λ < +∞.

Lemma 3.2. Suppose that f satisfies Assumption 3.1. Let {λk} be the sequence generated by

Algorithm 1 (or Algorithm 2). Then, there exists an integer k such that

∥∇f(xk)−∇f(xk−1)∥ ≤ η0
λk−1

∥xk − xk−1∥, ∀k ≥ k. (6)

Consequently, λk−1 ≤ λk ≤ λ = lim
j→+∞

λj for all k ≥ k.

Proof. Suppose, for the sake of contradiction, that there exists a subsequence {kj} with kj →
+∞ such that

∥∇f(xkj)−∇f(xkj−1)∥ >
η0

λkj−1

∥xkj − xkj−1∥.

In this case, the algorithm updates λkj as:

λkj = η1
∥xkj − xkj−1∥

∥∇f(xkj)−∇f(xkj−1)∥
.

This implies

η1∥xkj − xkj−1∥
λkj

= ∥∇f(xkj)−∇f(xkj−1)∥ >
η0

λkj−1

∥xkj − xkj−1∥.

Therefore, we have
λkj

λkj−1
< η1

η0
for all kj. On the other hand, from Lemma 3.1, we know that

lim
kj→+∞

λkj = lim
kj→+∞

λkj−1 = lim
k→+∞

λk = λ. Taking the limit, we deduce that

λ

λ
≤ η1

η0
< 1,

which implies 1 < 1. This is a contradiction, completing the proof.

Lemma 3.2 just establishes the relationship between the local Lipschitz approximation of

∇f and the stepsize for sufficiently large iterations. Furthermore, it shows that the sequence

of stepsizes becomes monotonically increasing and converges to a finite limit after a certain

iteration.

3.1 The convergence of Algorithm 1 (NGDh)

In this subsection, we establish the convergence rate of the NGDh algorithm. We show that

the ergodic average of the iterates converges to the optimal value at a sublinear rate.
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Theorem 3.1. Consider Problem (1) under Assumptions 2.1, 3.1, and 3.2. Let k be the

iteration index defined in Lemma 3.2. Suppose the parameters satisfy the condition:

e

+∞∑
j=k

εj−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤ 1− γ

L
. (7)

Then, for any K > k, the weighted average iterate xK defined by

xK =

γxK +
K∑
k=1

xk

γ + (1− γ)K

satisfies the following convergence bound:

f(xK)− f∗ ≤
C

γ + (1− γ)K
= O

(
1

K

)
,

where C is a positive constant depending on the initialization and the function values at the

first k steps.

Proof. From the update rule of Algorithm 1, for each iteration k ≥ 1, we have:

xk+1 − γxk = xk − γxk−1 − λk∇f(xk). (8)

Therefore, for any x∗ ∈ X∗, we evaluate the expression:

∥xk+1 − γxk − (1− γ)x∗∥2 = ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2

− 2⟨xk − γxk−1 − (1− γ)x∗, λk∇f(xk)⟩

= ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2

− 2⟨(1− γ)(xk − x∗) + γ(xk − xk−1), λk∇f(xk)⟩

= ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2

− 2(1− γ)λk⟨xk − x∗,∇f(xk)⟩ − 2γλk⟨xk − xk−1,∇f(xk)⟩. (9)

Since f is L-smooth and convex, we apply inequality (2.1) from Lemma 2.1 to (9):

∥xk+1 − γxk − (1− γ)x∗∥2 ≤ ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2

− 2(1− γ)λk

(
f(xk)− f∗ +

1

2L
∥∇f(xk)∥2

)
− 2γλk

(
f(xk)− f(xk−1) +

1

2L
∥∇f(xk)−∇f(xk−1)∥2

)
≤ ∥xk − γxk−1 − (1− γ)x∗∥2 − 2(1− γ)λk (f(xk)− f∗)

− 2γλk (f(xk)− f(xk−1)) +

(
λ2
k −

(1− γ)λk

L

)
∥∇f(xk)∥2. (10)
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Dividing by 2λk, we obtain:

1

2λk

∥xk+1 − γxk − (1− γ)x∗∥2 ≤ 1

2λk

∥xk − γxk−1 − (1− γ)x∗∥2 − (1− γ) (f(xk)− f∗)

− γ (f(xk)− f(xk−1)) +
1

2

(
λk −

1− γ

L

)
∥∇f(xk)∥2. (11)

Summing (11) from k = 1 to K (where K > k), we get:

K∑
k=1

(
(1− γ)(f(xk)− f∗) + γ(f(xk)− f(xk−1))

)
≤ 1

2λ1

∥x1 − γx0 − (1− γ)x∗∥2

+
K−1∑
k=1

(
1

2λk+1

− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2

− 1

2λK

∥xK+1 − γxK − (1− γ)x∗∥2

+
1

2

K∑
k=1

(
λk −

1− γ

L

)
∥∇f(xk)∥2. (12)

Since k is the smallest integer satisfying inequality (6) in Lemma 3.2, the following properties

hold:

• First, λk ≤ λk+1 for all k ≥ k, which implies:

K−1∑
k=k

(
1

2λk+1

− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2 ≤ 0. (13)

• Second, since λk−1 =
η1∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
, it follows from (7) that for all k ≥ k:

λk = (1 + εk−1)λk−1 = . . . =
k∏

j=k

(1 + εj−1)λk−1 ≤ e

k∑
j=k

εj−1

λk−1

≤ e

+∞∑
j=k

εk−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤ 1− γ

L
. (14)

Substituting (13) and (14) into (12), we obtain:

(1− γ)
K∑
k=1

(f(xk)− f∗) + γ(f(xK)− f(x0)) ≤
k−1∑
k=1

(
1

2λk+1

− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2

+
1

2λ1

∥x1 − γx0 − (1− γ)x∗∥2 + 1

2

k−1∑
k=1

(
λk −

1− γ

L

)
∥∇f(xk)∥2.

(15)
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Let us define the constant C as:

C = γ(f(x0)− f∗) +
k−1∑
k=1

(
1

2λk+1

− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2

+
1

2λ1

∥x1 − γx0 − (1− γ)x∗∥2 + 1

2

k−1∑
k=1

(
λk −

1− γ

L

)
∥∇f(xk)∥2.

Then, inequality (15) can be rewritten as:

γ(f(xK)− f∗) + (1− γ)
K∑
k=1

(f(xk)− f∗) ≤ C. (16)

By the convexity of f , we have:

f


γxK + (1− γ)

K∑
k=1

xk

γ + (1− γ)K

 ≤
γf(xK) +

K∑
k=1

f(xk)

γ + (1− γ)K
. (17)

Combining (16) and (17), we conclude that:

f(xK)− f∗ ≤
C

γ + (1− γ)K
= O

(
1

K

)
, ∀K > k, (18)

where

xK =

γxK +
K∑
k=1

xk

γ + (1− γ)K
.

Remark 3.2. Following the classical scheme in [3], λk is chosen as a fixed constant (i.e.,

λk = λ ∈ (0, 2(1 + γ)/L) for all k = 0, 1, ...) and the corresponding local convergence result of

Heavy ball method was obtained for f satisfying: 1. µ-strong convexity, 2. twice differentiable,

3. having a global Lipschitz gradient. Recently, in [12], the authors provided the global con-

vergence of Heavy ball method for convex f and fixed stepsize λk. They obtained the ergodic

convergence with the sublinear rate O( 1
k
). Hence our convergence result obtained in Theorem

3.1 is comparable with those in literature and has advantage in eliminating the need to know

the global Lipschitz constant L for computing λk.

3.2 The convergence of Algorithm 2 (NGDn)

We now establish the ergodic convergence of the Nesterov-accelerated version (NGDn). Similar

to the previous section, the convergence relies on the eventual stability of the stepsize.

Theorem 3.2. Consider Problem (1) under Assumptions 2.1, 3.1, and 3.2. Let k be the
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smallest integer satisfying the condition in Lemma 3.2. Suppose the parameters satisfy:

e

+∞∑
j=k

εj−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤ min

{
1− γ

L
+ γλmin,

1

L

}
. (19)

Then, for any K > k, the sequence {xk} generated by Algorithm 2 satisfies:

f(xK)− f∗ ≤
D

K(1− γ) + γ
= O

(
1

K

)
,

where D is a positive constant and the ergodic iterate is defined as xK =

γxK +
K∑
k=1

xk

γ + (1− γ)K
.

Proof. From the update rules of Algorithm 2, we have for k ≥ 0 (with y1 = y0):

yk+1 = xk − λk∇f(xk),

xk+1 = yk+1 + γ(yk+1 − yk). (20)

Let us define a0 =
γ

1−γ
λ0∇f(x0) and

ak+1 =
γ

1− γ
(xk+1 − xk + λk∇f(xk)) , for k ≥ 0. (21)

It is straightforward to verify that

xk+1 + ak+1 = xk+1 +
γ

1− γ
(xk+1 − xk + λk∇f(xk)) =

xk+1

1− γ
+

γ

1− γ
(λk∇f(xk)− xk).

From (20), we can write xk+1 = (1 + γ) (xk + λk∇f(xk)) − γ (xk−1 − λk−1∇f(xk−1)). Hence,

for all k ≥ 0:

xk+1 + ak+1 =
1 + γ

1− γ
(xk − λk∇f(xk))−

γ

1− γ
(xk−1 − λk−1∇f(xk−1)) +

γ

1− γ
(λk∇f(xk)− xk)

= xk +
γ

1− γ
xk −

λk∇f(xk)

1− γ
− γ

1− γ
(xk−1 − λk−1∇f(xk−1))

= xk +
γ

1− γ
(xk − xk−1 + λk−1∇f(xk−1))−

λk∇f(xk)

1− γ

= xk + ak −
λk∇f(xk)

1− γ
.

12



Squaring the norm of both sides yields:

∥xk+1 + ak+1 − x∗∥2 =
∥∥∥∥xk + ak −

λk∇f(xk)

1− γ
− x∗

∥∥∥∥2
= ∥xk + ak − x∗∥2 + λ2

k

(1− γ)2
∥∇f(xk)∥2 −

2λk

1− γ
⟨xk + ak − x∗,∇f(xk)⟩

= ∥xk + ak − x∗∥2 + λ2
k

(1− γ)2
∥∇f(xk)∥2 −

2λk

1− γ
⟨xk − x∗,∇f(xk)⟩

− 2γλk

(1− γ)2
⟨xk − xk−1,∇f(xk)⟩ −

2γλkλk−1

(1− γ)2
⟨∇f(xk−1),∇f(xk)⟩.

By the L-smoothness and convexity of f , and applying Lemma 2.1 (specifically inequality (2.1)),

we obtain the following bound:

∥xk+1 + ak+1 − x∗∥2 ≤ ∥xk + ak − x∗∥2 − 2λk

1− γ
(f(xk)− f∗)−

λk

(1− γ)L
∥∇f(xk)∥2

+
λ2
k∥∇f(xk)∥2

(1− γ)2
− 2γλk

(1− γ)2
(f(xk)− f(xk−1))

− γλk

L(1− γ)2
∥∇f(xk)−∇f(xk−1)∥2 −

2γλkλk−1

(1− γ)2
⟨∇f(xk−1),∇f(xk)⟩.

(22)

Using the identity −2⟨a, b⟩ = ∥a− b∥2 − ∥a∥2 − ∥b∥2, inequality (22) can be rewritten as:

∥xk+1 + ak+1 − x∗∥2 ≤ ∥xk + ak − x∗∥2 − 2λk

1− γ
(f(xk)− f(x∗))− 2γλk

(1− γ)2
(f(xk)− f(xk−1))

+

(
λ2
k

(1− γ)2
− λk

(1− γ)L
− γλkλk−1

(1− γ)2

)
∥∇f(xk)∥2

+

(
γλkλk−1

(1− γ)2
− γλk

L(1− γ)2

)
∥∇f(xk)−∇f(xk−1)∥2

− γλkλk−1

(1− γ)2
∥∇f(xk−1)∥2. (23)

Consequently, for all k ≥ 1, multiplying by (1−γ)2

2λk
, we get:

(1− γ)2

2λk

∥xk+1 + ak+1 − x∗∥2 ≤ (1− γ)2

2λk

∥xk + ak − x∗∥2 − (1− γ)(f(xk)− f(x∗))

− γ(f(xk)− f(xk−1))−
γλk−1

2
∥∇f(xk−1)∥2

+
1

2

(
λk −

1− γ

L
− γλk−1

)
∥∇f(xk)∥2︸ ︷︷ ︸

Ak

+
1

2

(
γλk−1 −

γ

L

)
∥∇f(xk)−∇f(xk−1)∥2︸ ︷︷ ︸

Bk

. (24)

Recall that since k is the smallest integer satisfying inequality (6) in Lemma 3.2, we have

13



λk−1 =
η1∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
. It follows that for all k ≥ k:

λk = (1 + εk−1)λk−1 = . . . =
k∏

j=k

(1 + εj−1)λk−1 ≤ e

k∑
j=k

εj−1

λk−1

≤ e

+∞∑
j=k

εk−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

(19)

≤ min

{
1− γ

L
+ γλmin,

1

L

}
. (25)

From (25), we derive that Ak ≤ 0 and Bk ≤ 0 for all k ≥ k. Now, taking K > k and summing

(24) over k = 1, . . . , K, we obtain:

K∑
k=1

(1− γ)2

2λk

∥xk+1 + ak+1 − x∗∥2 ≤
K∑
k=1

(1− γ)2

2λk

∥xk + ak − x∗∥2 − (1− γ)
K∑
k=1

(f(xk)− f∗)

− γ
K∑
k=1

(f(xk)− f(xk−1)) +
k−1∑
k=1

(Ak +Bk).

Rearranging the terms yields:

(1− γ)
K∑
k=1

(f(xk)− f∗) ≤ −
K−1∑
k=1

(1− γ)2

2λk

∥xk+1 + ak+1 − x∗∥2 − (1− γ)2

2λK

∥xK+1 + aK+1 − x∗∥2

+
K∑
k=2

(1− γ)2

2λk

∥xk + ak − x∗∥2 + (1− γ)2

2λ1

∥x1 + a1 − x∗∥2

− γ (f(xK)− f(x0)) +
k−1∑
k=1

(Ak +Bk)

≤ −
K−1∑
k=1

(1− γ)2

2λk

∥xk+1 + ak+1 − x∗∥2 +
K−1∑
k=1

(1− γ)2

2λk+1

∥xk+1 + ak+1 − x∗∥2

+
(1− γ)2

2λ1

∥x1 + a1 − x∗∥2 − γ (f(xK)− f(x0)) +
k−1∑
k=1

(Ak +Bk)

≤ (1− γ)2
K−1∑
k=1

(
1

2λk+1

− 1

2λk

)
∥xk+1 + ak+1 − x∗∥2

+
(1− γ)2

2λ1

∥x1 + a1 − x∗∥2 − γ (f(xK)− f(x0)) +
k−1∑
k=1

(Ak +Bk).

(26)

Recall from Lemma 3.2 that with the chosen k, we have λk+1 > λk for all k ≥ k. Therefore:

(1− γ)2
K−1∑
k=k

(
1

2λk+1

− 1

2λk

)
∥xk+1 + ak+1 − x∗∥2 ≤ 0.

14



Combining this with (26), we have:

(1− γ)
K∑
k=1

(f(xk)− f∗) + γ(f(xK)− f∗) ≤ D,

where D is defined as:

D = γ (f(x0)− f∗) + (1− γ)2
k−1∑
k=1

(
1

2λk+1

− 1

2λk

)
∥xk+1 + ak+1 − x∗∥2

+
(1− γ)2

2λ1

∥x1 + a1 − x∗∥2 +
k−1∑
k=1

(Ak +Bk).

By the convexity of f , we conclude that

f(xK)− f∗ ≤
D

γ + (1− γ)K
= O

(
1

K

)
, ∀K > k. (27)

where

xK =
γxK +

∑K
k=1 xk

γ + (1− γ)K
.

Remark 3.3. We highlight the following items regarding Algorithm 2 (NGDn):

(i) The classical Nesterov accelerated gradient method has strong convergence rate O( 1
k2
)

under the same assumptions but typically requires a fixed stepsize λk = 1/L or a back-

tracking line search procedure (see Section 2.2, Theorem 2.2.2 [4]). While the former re-

quires knowledge of the global constant L, which is often unavailable; the latter increases

computational cost per iteration. Although, the ergodic convergence rate of Algorithm

2 is O(1/K) from some fixed iteration, it overcomes the limitations of classical stepsize

used in classical Nesterov gradient descent method by adapting the stepsize dynamically

using local Lipschitz constant of f . Its advantages will be demonstrated more clearly by

numerical experiments for benchmark examples in machine learning in Section 5.

(ii) It is worth noting that the authors of [9] also proposed AdGD-accel which combines

AdGD with the Nesterov’s method technique. However, the convergence of AdGD-accel

has not yet been provided.

4 Stochastic versions of NGDh and NGDn

In this section, we extend our proposed methods to the stochastic setting, which is essential for

large-scale machine learning and deep learning applications. We propose Algorithm 3 (SNGDh)

and Algorithm 4 (SNGDn) for solving Problem (1) where the objective function is potentially
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nonconvex and takes the form of a finite sum problem.

min
x∈Rn

[
f(x) =

1

d

d∑
i=1

fi(x)

]
, (28)

This form of f is prevalent in machine learning and deep learning tasks where x corresponds

to the model parameters, fi(x) represents the loss on the training point i and the aim is to

minimize the average loss f(x) across training points. The problem can be solved using SGD:

xk+1 = xk − λk∇fξk(xk),

where λk > 0 is the step-size and ∇fξk(xk) is an unbiased stochastic estimator of the full

gradient, satisfying E(∇fξk(xk)) = ∇f(xk). In practice, this estimator is computed using a

mini-batch ξk ⊆ {1, . . . , d}. Crucially, these mini-batches are drawn i.i.d. from the uniform

distribution over the dataset at each iteration, yielding ∇fξk(xk) =
1

|ξk|
∑
i∈ξk

∇fi(xk) to ensure

the unbiasedness.

To define Algorithm 3 (SNGDh) and Algorithm 4 (SNGDn) we need the following assump-

tion.

Assumption 4.1. (Bounded Second Moment). There exists a constant σ > 0 such that the

stochastic estimator satisfies:

E
(
∥∇fξk(xk)∥2

)
≤ σ2, ∀k ≥ 0.

Algorithm 3 Stochastic version of NGDh (SNGDh)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a real positive sequence {εk},
x0 ∈ Rn, λmax > λ0, λmax is a sufficiently large number, and ξ0 is the initial sample.

2: v1 = ∇fξ0 (x0)

3: x1 = x0 − λ0v1

4: for k = 1, 2, . . . do

5: Sampling ξk

6: if ∥∇fξk (xk)−∇fξk (xk−1)∥ > η0
λk−1

∥xk − xk−1∥ then

7: λk = η1
∥xk−xk−1∥

∥∇fξk (xk)−∇fξk (xk−1)∥
8: else

9: λk = min{(1 + εk−1)λk−1, λmax}
10: end if

11: vk+1 = γvk +∇fξk (xk)

12: xk+1 = xk − λkvk+1

13: end for
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Algorithm 4 Stochastic version of NGDn (SNGDn)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a real positive sequence {εk},
x0 ∈ Rn, λmax > λ0, λmax is a sufficiently large number, and ξ0 is the initial sample.

2: v1 = ∇fξ0 (x0)

3: x1 = x0 − λ0v1

4: for k = 1, 2, . . . do

5: Sampling ξk

6: if ∥∇fξk (xk)−∇fξk (xk−1)∥ > η0
λk−1

∥xk − xk−1∥ then

7: λk = η1
∥xk−xk−1∥

∥∇fξk (xk)−∇fξk (xk−1)∥
8: else

9: λk = min{(1 + εk−1)λk−1, λmax}
10: end if

11: vk+1 = γvk +∇fξk (xk)

12: xk+1 = xk − λk (γvk+1 +∇fξk (xk))

13: end for

Remark 4.1. It is worth noting that there are slight differences in the stepsize selection for

Algorithms 3 and 4 compared to Algorithms 1 and 2. Specifically, we relax the condition

imposed on the sequence {εk} by not requiring
+∞∑
k=0

εk < +∞.

The bounded second moment assumption (Assumption 4.1) is very common, but it fails

when the objective function f is strongly convex (as shown by Lam et al.[18]). Therefore, in

this paper we will investigate the convergence of SNGDh and SNGDn without using the strongly

convex assumption imposed on f . We only use the L− smoothness property as follows.

Assumption 4.2. (Smoothness) Each function fi : Rn → R, i ∈ {1, . . . , d}, is L-smooth, i.e.,

there exists a constant L > 0 such that

∥∇fi(x)−∇fi(y)∥ ≤ L ∥x− y∥ , ∀x, y ∈ Rn.

Assumption 4.2 implies that f is also L-smooth.

Remark 4.2. It should be emphasized that there are two major distinctions between our

proposed SNGD schemes and the related AdSGD algorithm given in [9]:

• Acceleration: SNGDh and SNGDn incorporate an explicit momentum term γ ≥ 0.

When γ = 0, they revert to a stochastic gradient descent without acceleration, whereas

AdSGD is inherently a one-step method.

• Nonconvexity: The convergence analysis of AdSGD typically relies on the strong con-

vexity of the objective function. In contrast, we establish convergence results for SNGDh

and SNGDn in the nonconvex setting, which is more relevant for deep neural networks.
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Next, in order to prove the convergence of our stochastic algorithms, we should prepare auxilary

results regarding the boundedness of the sequence of stepsizes generated by Algorithms 3 and

4 in the following lemma.

Lemma 4.1. Suppose that Problem (1) satisfies Assumptions 2.1, 4.1 and 4.2. Let {λk} be the

sequence generated by Algorithm 3 (or Algorithm 4, respectively). Then,

min
{
λ0,

η1
L

}
= λmin ≤ λk ≤ λmax, ∀k ≥ 0. (29)

Proof. It is evident that λk ≥ min
{
λ0,

η1
L

}
holds for k = 0. For k ≥ 1, if ∥∇fξk(xk) −

∇fξk(xk−1)∥ > η0
λk−1

∥xk − xk−1∥, then

λk =
η1∥xk − xk−1∥

∥∇fξk(xk)−∇fξk(xk−1)∥
≥ η1

L
,

which follows from the L-smoothness of fξk . In the remaining case, where ∥∇fξk(xk)−∇fξk(xk−1)∥ ≤
η0

λk−1
∥xk − xk−1∥, we have

λk = (1 + εk−1)λk−1 ≥ λk−1.

By induction, we conclude that λk ≥ min
{
λ0,

η1
L

}
for all k ≥ 0.

Similarly, the upper bound is proved by induction. For k = 0, λ0 ≤ λmax clearly holds.

Suppose that λi ≤ λmax for all i ≤ k. For the next step, if ∥∇fξk+1
(xk+1) − ∇fξk+1

(xk)∥ >
η0
λk
∥xk+1 − xk∥, then η0∥xk+1−xk∥

∥∇fξk+1
(xk+1)−∇fξk+1

(xk)∥
< λk. Consequently, since η1 < η0:

λk+1 =
η1∥xk+1 − xk∥

∥∇fξk+1
(xk+1)−∇fξk+1

(xk)∥
<

η0∥xk+1 − xk∥
∥∇fξk+1

(xk+1)−∇fξk+1
(xk)∥

< λk ≤ λmax. (30)

In the other case, where ∥∇fξk+1
(xk+1)−∇fξk+1

(xk)∥ ≤ η0
λk
∥xk+1 − xk∥, we have:

λk+1 = min{(1 + εk−1)λk−1, λmax} ≤ λmax. (31)

Both (30) and (31) imply λk+1 ≤ λmax. The induction proof is complete.

The next lemma provides useful properties for the convergence analysis of SNGDh and

SNGDn.

Lemma 4.2. Suppose that Problem (1) satisfies Assumptions 4.1 and 4.2. Let {xk} and {vk}
be defined by Algorithm 3 (or Algorithm 4, respectively). Then we have:

(i)

vk+1 =
k∑

i=0

γi∇fξk−i
(xk−i). (32)

(ii)

E
[
∥vk+1∥2

]
≤ σ2

(1− γ)2
, ∀k ≥ 0. (33)
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(iii)

E [⟨∇f(xk),∇fξk(xk)⟩] = E
[
∥∇f(xk)∥2

]
, ∀k ≥ 1. (34)

Proof. (i) This follows immediately from the update rule of vk+1.

(ii) Using the expansion of the squared norm and the independence assumption:

E
[
∥vk+1∥2

]
= E

∥∥∥∥∥
k∑

i=0

γi∇fξk−i
(xk−i)

∥∥∥∥∥
2


= E

[〈
k∑

i=0

γi∇fξk−i
(xk−i),

k∑
j=0

γj∇fξk−j
(xk−j)

〉]

= E

[
k∑

i=0

k∑
j=0

γiγj⟨∇fξk−i
(xk−i),∇fξk−j

(xk−j)⟩

]

≤ E

[
k∑

i=0

k∑
j=0

γiγj

(∥∇fξk−i
(xk−i)∥2

2
+

∥∇fξk−j
(xk−j)∥2

2

)]

≤
k∑

i=0

k∑
j=0

γiγjE
[∥∇fξk−i

(xk−i)∥2

2
+

∥∇fξk−j
(xk−j)∥2

2

]

≤
k∑

i=0

k∑
j=0

γiγjσ2 ≤ σ2

(1− γ)2
.

(iii) Using the law of iterated expectations and the unbiasedness property:

E [⟨∇f(xk),∇fξk(xk)⟩] = E [E [⟨∇f(xk),∇fξk(xk)⟩ | xk]]

= E [⟨∇f(xk),E[∇fξk(xk) | xk]⟩]

= E
[
∥∇f(xk)∥2

]
, ∀k ≥ 1. (35)

4.1 Convergence analysis of Algorithm 3 (SNGDh)

In this section, we study the convergence of Algorithm 3. We first establish a descent-type

lemma, which plays a crucial role in deriving the final convergence result.

Lemma 4.3. Under Assumptions 4.1, 4.2, and 2.1, let {xk}, {vk}, {λk} be the sequences defined

by Algorithm 3. Then,

E [⟨∇f(xk), vk+1⟩] ≥
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxLγσ

2

(1− γ)3
. (36)
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Proof. Consider the expansion:

⟨∇f(xk), vk+1⟩ =
k∑

i=0

γi⟨∇f(xk),∇fξk−i
(xk−i)⟩

=
k∑

i=0

γi⟨∇f(xk−i),∇fξk−i
(xk−i)⟩+

k∑
i=1

γi ⟨∇f(xk)−∇f(xk−i),∇fξk−i
(xk−i)⟩︸ ︷︷ ︸

Hi

.

(37)

By Assumption 4.2, f is L-smooth. Thus, we have:

∥∇f(xk)−∇f(xk−i)∥2 ≤ L2∥xk − xk−i∥2 ≤ L2

∥∥∥∥∥
i∑

l=1

(xk−l+1 − xk−l)

∥∥∥∥∥
2

≤ L2

∥∥∥∥∥
i∑

l=1

λk−lvk−l+1

∥∥∥∥∥
2

≤ L2

∥∥∥∥∥
i∑

l=1

λmaxvk−l+1

∥∥∥∥∥
2

≤ λ2
maxL

2i
i∑

l=1

∥vk−l+1∥2, ∀i = 1, . . . , k. (38)

On the other hand, applying Cauchy-Schwarz and Young’s inequality:

Hi ≥ −1

2

(
1− γ

iλmaxL
∥∇f(xk)−∇f(xk−i)∥2 +

iλmaxL

1− γ
∥∇fξk−i

(xk−i)∥2
)

(38)

≥ −λmaxL

2

(
(1− γ)

i∑
l=1

∥vk−l+1∥2 +
i

1− γ
∥∇fξk−i

(xk−i)∥2
)
. (39)

Therefore, substituting back into (37), we get:

⟨∇f(xk), vk+1⟩ ≥
k∑

i=0

γi⟨∇f(xk−i),∇fξk−i
(xk−i)⟩

− λmaxL
k∑

i=1

γi

2

(
(1− γ)

i∑
l=1

∥vk−l+1∥2 +
i

1− γ
∥∇fξk−i

(xk−i)∥2
)
. (40)

Taking the expectation on both sides of (40):

E [⟨∇f(xk), vk+1⟩] ≥
k∑

i=0

γiE
[
⟨∇f(xk−i),∇fξk−i

(xk−i)⟩
]

− λmaxL

k∑
i=1

γi

2

(
(1− γ)

i∑
l=1

E
[
∥vk−l+1∥2

]
+

i

1− γ
E
[
∥∇fξk−i

(xk−i)∥2
])

.

(41)
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Using Lemmas 2.2 and 4.2, combined with Assumption 4.1, we deduce:

E [⟨∇f(xk), vk+1⟩] ≥
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxL

k∑
i=1

γi

2

(
(1− γ)

(
i∑

l=1

σ2

(1− γ)2

)
+

i

1− γ
σ2

)

≥
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxγLσ

2

(1− γ)3
. (42)

The following theorem establishes the worst-case bound for the expectation of ∥∇f(xk)∥2,
implying that the best iterate from the sequence {xk} resides in a neighborhood of a stationary

point of f .

Theorem 4.1. Consider Problem (1) under Assumptions 4.1, 4.2, and 2.1. Then, the sequence

{xk} generated by Algorithm 3 satisfies:

min
k=0,...,K−1

E
[
∥∇f(xk)∥2

]
≤ (1− γ) (f(x0)− f∗)

λmin(K + γ2 − γ)
+

K

(K + γ2 − γ)

(
λmaxLγσ

2

(1− γ)2
+

Lλ2
maxσ

2

2λmin(1− γ)

)
.

(43)

Proof. By Assumption 4.2, f is L-smooth. Therefore, from Lemma 2.1 (inequality (2.1)), we

have:

f(xk+1) ≤ f(xk) + ⟨xk+1 − xk,∇f(xk)⟩+
L

2
∥xk+1 − xk∥2

≤ f(xk)− λk+1⟨vk+1,∇f(xk)⟩+
L

2
λ2
k+1∥vk+1∥2. (44)

Recall from Lemma 4.2 that λmin ≤ λk ≤ λmax < ∞ for all k ≥ 0. Taking the expectation of

(44):

E [f(xk+1)] ≤ E [f(xk)]− λminE [⟨vk+1,∇f(xk)⟩] +
L

2
λ2
maxE

[
∥vk+1∥2

]
(36),(33)

≤ E [f(xk)]− λmin

(
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxLγσ

2

(1− γ)3

)
+

L

2
λ2
max

σ2

(1− γ)2

≤ E [f(xk)]− λmin

(
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

])
+

λminλmaxLγσ
2

(1− γ)3
+

Lλ2
maxσ

2

2(1− γ)2
. (45)

Summing (45) over k ∈ {0, . . . , K − 1} and rearranging terms yields:

λmin

K−1∑
k=0

k∑
i=0

γiE
[
∥∇f(xk−i)∥2

]
≤ f(x0)− E [f(xK)] +K

(
λminλmaxLγσ

2

(1− γ)3
+

Lλ2
maxσ

2

2(1− γ)2

)
. (46)
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On the other hand, changing the order of summation:

K−1∑
k=0

k∑
i=0

γiE
[
∥∇f(xk−i)∥2

]
=

K−1∑
k=0

k∑
j=0

γk−jE
[
∥∇f(xj)∥2

]
=

K−1∑
j=0

E
[
∥∇f(xj)∥2

]K−1∑
k=j

γk−j

=
1

1− γ

K−1∑
j=0

E
[
∥∇f(xj)∥2

]
(1− γK−j). (47)

Observing that
K−1∑
j=0

(1− γK−j) = K − γ
1− γK

1− γ
≥ K − γ

1− γ
, (48)

and combining (46), (47), with (48), we derive:

λmin

(
K

1− γ
− γ

)
min

k=0,...,K−1
E
[
∥∇f(xk)∥2

]
≤ f(x0)− f∗ +K

(
λminλmaxLγσ

2

(1− γ)3
+

Lλ2
maxσ

2

2(1− γ)2

)
.

This is equivalent to:

min
k=0,...,K−1

E
[
∥∇f(xk)∥2

]
≤ (1− γ) (f(x0)− f∗)

λmin(K + γ2 − γ)
+

K

(K + γ2 − γ)

(
λmaxLγσ

2

(1− γ)2
+

Lλ2
maxσ

2

2λmin(1− γ)

)
.

4.2 Convergence analysis of Algorithm 4 (SNGDn)

Similar to the previous section, we first prove a descent inequality in the following lemma.

Lemma 4.4. Under Assumptions 4.1, 4.2, and 2.1, let {xk}, {vk}, {λk} be defined by Algorithm

4. Then,

E [⟨∇f(xk), vk+1⟩] ≥
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxγLσ

2(4γ2 − 4γ + 3)

2(1− γ)3
. (49)

Proof. Consider the expansion:

⟨∇f(xk), vk+1⟩ =
k∑

i=0

γi⟨∇f(xk),∇fξk−i
(xk−i)⟩

=
k∑

i=0

γi⟨∇f(xk−i),∇fξk−i
(xk−i)⟩+

k∑
i=1

γi ⟨∇f(xk)−∇f(xk−i),∇fξk−i
(xk−i)⟩︸ ︷︷ ︸

Ni

.

(50)
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By Assumption 4.2, f is L-smooth. Thus:

∥∇f(xk)−∇f(xk−i)∥2 ≤ L2∥xk − xk−i∥2 ≤ L2

∥∥∥∥∥
i∑

l=1

(xk−l+1 − xk−l)

∥∥∥∥∥
2

≤ L2

∥∥∥∥∥
i∑

l=1

λk−l

(
γvk−l+1 + fξk−l

(xk−l)
)∥∥∥∥∥

2

≤ λ2
maxL

2

∥∥∥∥∥
i∑

l=1

(
γvk−l+1 + fξk−l

(xk−l)
)∥∥∥∥∥

2

≤ 2λ2
maxL

2

∥∥∥∥∥γ
i∑

l=1

vk−l+1

∥∥∥∥∥
2

+

∥∥∥∥∥
i∑

l=1

fξk−l
(xk−l)

∥∥∥∥∥
2


≤ 2iλ2
maxL

2

(
γ2

i∑
l=1

∥vk−l+1∥2 +
i∑

l=1

∥fξk−l
(xk−l)∥2

)
, ∀i = 1, . . . , k.

(51)

Applying Cauchy-Schwarz and Young’s inequality for Ni:

Ni ≥ −1

2

(
1− γ

iλmaxL
∥∇f(xk)−∇f(xk−i)∥2 +

iλmaxL

1− γ
∥∇fξk−i

(xk−i)∥2
)

(51)

≥ −λmaxL

2

(
2γ2(1− γ)

i∑
l=1

∥vk−l+1∥2 + 2(1− γ)
i∑

l=1

∥fξk−l
(xk−l)∥2 +

i

1− γ
∥∇fξk−i

(xk−i)∥2
)
.

(52)

Substituting back into (50):

⟨∇f(xk), vk+1⟩ ≥
k∑

i=0

γi⟨∇f(xk−i),∇fξk−i
(xk−i)⟩

− λmaxL

k∑
i=1

γi

2

(
2γ2(1− γ)

i∑
l=1

∥vk−l+1∥2 + 2(1− γ)
i∑

l=1

∥fξk−l
(xk−l)∥2

+
i

1− γ
∥∇fξk−i

(xk−i)∥2
)
. (53)

Taking expectations and applying Lemmas 2.2, 4.2, and Assumption 4.1:

E [⟨∇f(xk), vk+1⟩] ≥
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxL

k∑
i=1

γii

2

(
2γ2(1− γ)

σ2

(1− γ)2
+ 2(1− γ)σ2 +

1

1− γ
σ2

)

≥
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxγLσ

2(4γ2 − 4γ + 3)

2(1− γ)3
. (54)
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The final result of this study establishes the convergence of Algorithm 4, demonstrating that

the best iterate approaches a neighborhood of some stationary point of the objective function

f .

Theorem 4.2. Consider Problem (1) under Assumptions 4.1, 4.2, and 2.1. Then, the sequence

{xk} generated by Algorithm 4 satisfies:

min
k=0,...,K−1

E
[
∥∇f(xk)∥2

]
≤ (1− γ) (f(x0)− f∗)

λmin(K + (K − γ)(1− γ))
+

+
KLλmaxσ

2

K + (K − γ)(1− γ)

(
γ(4γ2 − 4γ + 3)

2(1− γ)3
+

λmax(γ
2 − γ + 1)

λmin(1− γ)2

)
.

(55)

Proof. By Assumption 4.2, f is L-smooth. From Lemma 2.1 (inequality (2.1)):

f(xk+1) ≤ f(xk) + ⟨xk+1 − xk,∇f(xk)⟩+
L

2
∥xk+1 − xk∥2

≤ f(xk)− λk+1⟨γvk+1 +∇fξk(xk),∇f(xk)⟩+
L

2
λ2
k+1∥γvk+1 +∇fξk(xk)∥2. (56)

Using Lemma 4.2 (λmin ≤ λk ≤ λmax), we take expectations:

E [f(xk+1)] ≤ E [f(xk)]− λmin

(
γE [⟨vk+1,∇f(xk)⟩] + E [⟨∇fξk(xk),∇f(xk)⟩]

)
+ Lλ2

max

(
γE
[
∥vk+1∥2

]
+ E

[
∥∇fξk(xk)∥2

])
. (57)

Combining with (36) and (33), we evaluate:

E [f(xk+1)] ≤ E [f(xk)]− λmin

(
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
− λmaxγLσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+ E

[
∥∇f(xk)∥2

])

+ Lλ2
max

(
γσ2

(1− γ)2
+ σ2

)
≤ E [f(xk)]− λmin

(
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
+ E

[
∥∇f(xk)∥2

])

+
λminλmaxLγσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+

Lλ2
maxσ

2(γ2 − γ + 1)

(1− γ)2
. (58)

Summing (58) over k ∈ {0, . . . , K − 1} and reformulating:

λmin

K−1∑
k=0

(
k∑

i=0

γiE
[
∥∇f(xk−i)∥2

]
+ E

[
∥∇f(xk)∥2

])

≤ f(x0)− E [f(xK)] +K

(
λminλmaxLγσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+

Lλ2
maxσ

2(γ2 − γ + 1)

(1− γ)2

)
.

(59)
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Using the identity from (47) and (48), we substitute back to derive:

λmin

(
K

1− γ
− γ +K

)
min

k=0,...,K−1
E
[
∥∇f(xk)∥2

]
≤ f(x0)− f∗ +K

(
λminλmaxLγσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+

Lλ2
maxσ

2(γ2 − γ + 1)

(1− γ)2

)
.

This is equivalent to the stated result:

min
k=0,...,K−1

E
[
∥∇f(xk)∥2

]
≤ (1− γ) (f(x0)− f∗)

λmin(K + (K − γ)(1− γ))
+

+
KLλmaxσ

2

K + (K − γ)(1− γ)

(
γ(4γ2 − 4γ + 3)

2(1− γ)3
+

λmax(γ
2 − γ + 1)

λmin(1− γ)2

)
.

5 Numerical experiments

In this section, we evaluate the performance of the proposed algorithms on logistic regression

problems in machine learning and neural network training in deep learning. All algorithms were

implemented in Python. Our source code is available at https://github.com/hoaiphamthi/Accelerated-

and-Stochastic-NGD.

5.1 Logistic Regression

In this subsection, experiments are conducted on the logistic regression problem, which mini-

mizes the following objective function:

f(x) =
1

d

d∑
i=1

log(1 + exp(−bia
T
i x)) +

ℓ

2
∥x∥2,

where (ai, bi) ∈ Rn ×R for i = 1, . . . , d denote the observations, and ℓ > 0 is the regularization

parameter, typically chosen as 1
d
. We compare our proposed algorithms, NGDh and NGDn,

with related methods including GD [8], Nesterov-accel, Heavy-ball-accel, AdGD, and

AdGD-accel [9]. We utilize popular benchmark datasets 1 such as a9a, cod-rna, ijcnn1,

mushroom, phishing, skin nonskin and w8a. In the experiments, the parameters are config-

ured as follows:

• GD: λk =
1
L
, ∀k ≥ 0, where L is the smoothness constant of f .

• Nesterov-accel: Nesterov’s accelerated gradient descent configured for strongly convex

functions. We use a constant stepsize λ = 1
L
and a fixed momentum coefficient γ =

√
L−√

µ√
L+

√
µ
.

1All datasets are available at https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
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• Heavy-ball-accel: Polyak’s Heavy Ball method using the theoretical optimal parameters

for strongly convex quadratic functions. The stepsize is set to λ = 4
(
√
L+

√
µ)2

and the

momentum coefficient is γ =
(√

L−√
µ√

L+
√
µ

)2
.

• AdGD and AdGD-accel: Default parameters are used as provided in the public source

code2.

• NGD: λ0 = 10−3, η0 = 0.2, η1 = 0.15, and εk =
2(log k)4.5

k1.1
.

• NGDn and NGDh: λ0 = 0.01, η0 = 0.2, η1 = 0.19, and εk =
3

k1.1
.

As illustrated in Figure 1, both NGDh and NGDn demonstrate superior performance across

most tested datasets. The results also show that on certain datasets, with a fixed stepsize,

Heavy-ball-accel and Nesterov-accel algorithms exhibit severe oscillations and instability.

GD
AdGD
AdGD-accel
NGD

NGDn
NGDh
Nesterov-accel
Heavy-ball-accel
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Fig. 1: The logistic regression objective results

2https://github.com/ymalitsky/adaptive gd
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(a) MNIST (b) FashionMNIST (c) CIFAR-10

Fig. 2: Training losses for different datasets

(a) MNIST (b) FashionMNIST (c) CIFAR-10

Fig. 3: Stepsizes for different datasets

5.2 Deep Learning Tasks

The subsequent experiments evaluate the performance of the stochastic algorithms, SNGDh

and SNGDn, on the benchmark datasets MNIST [19], FashionMNIST [20], and CIFAR-

10 [21]. The compared algorithms include SGD, SGD Heavy Ball Accel, SGD Nesterov

Accel AdSGD [9], Adam, SNGDn, and SNGDh. The hyperparameters are set as follows:

• SGD, SGD Heavy Ball Accel and SGD Nesterov Accel: Default parameters with

λk = 0.01,∀k ≥ 0. The momentum parameter for SGD Accel is set to γ = 0.9.

• AdSGD: Default parameters are used as in the public source code of [9].

• SNGDn and SNGDh: λ0 = 10−5, η0 = 0.2, η1 = 0.15, εk =
1

k0.9
, and γ = 0.9.

The parameter λmax is initially set to a sufficiently large positive number (e.g., λmax =

10). However, empirical observations revealed that the effective stepsizes for SNGDh and

SNGDn remained very small (less than 1, see Figure 3). Consequently, we omitted this

parameter in our public Python implementation.

The numerical results are presented in Figures 2 and 3. As shown in Figure 2, SNGDn and

SNGDh exhibit the best performance across all datasets. Particularly on FashionMNIST and

CIFAR-10, SNGDh yields the lowest training losses.

Observing the stepsize Figure 3, it is evident that our algorithms (SNGDh and SNGDn)

exhibit adaptive behavior throughout the training phase. They maintain large stepsizes during

the initial epochs and gradually decay upon converging to a stationary point. Consequently, our

algorithms provide the best performances among the compared methods regarding objective

function values.
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6 Conclusions

In this paper, we have developed efficient accelerated and stochastic variants of the NGD

algorithm originally proposed in [10]. By incorporating Polyak’s Heavy Ball and Nesterov’s

momentum techniques, we address the limitations of fixed-stepsize and backtracking linesearch

strategies. From some finite iteration, we establish the ergodic convergence of the proposed

deterministic algorithms with a sublinear rate of O(1/K) for convex objective functions, relying

solely on local Lipschitz estimates rather than a global constant. Furthermore, we extend these

methods to the stochastic setting to handle large-scale optimization problems. We provide

a rigorous convergence analysis for the stochastic algorithms (SNGDh and SNGDn) within

a nonconvex framework, proving that the expected gradient norm remains bounded under

standard variance assumptions. Numerical experiments on logistic regression and deep neural

network training (using MNIST, FashionMNIST, and CIFAR10 datasets) confirm that our

proposed algorithms achieve superior performance and faster convergence compared to existing

adaptive methods.
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