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Abstract

In this paper, we revisit the recent stepsize applied for the gradient descent scheme which is called NGD pro-
posed by [Hoai et al., A novel stepsize for gradient descent method, Operations Research Letters (2024) 53, doi:
10.1016/j.orl.2024.107072]. We first investigate NGD stepsize with two well-known accelerated techniques which
are Heavy ball and Nesterov’s methods. In the convex setting of unconstrained nonlinear optimization problems,
we show the ergodic convergence of the iterates obtained by accelerated versions of NGD with a sublinear rate.
The stochastic versions of the proposed accelerated algorithms are introduced with analysis on the convergence
in the nonconvex setting of the objective. Although our proposed algorithms require global Lipschitz continuity
of the gradient, we do not utilize the global Lipschitz constant during computations. Instead, we leverage infor-
mation about local Lipschitz constants derived from previous iterations. Numerical experiments on numerous
practical problems in machine learning and deep learning problems demonstrate the efficiency of our proposed
methods compared to the recent ones.

1 Introduction

It is known that unconstrained nonlinear programming can be applied to solving many real-life problems in eco-
nomics, data science, machine learning, deep learning, etc, see e.g. [1, 2] and the references therein. Its formulation
is the following

min
x∈Rn

f(x), (1)

where f : Rn → R is smooth. Throughout the paper , we use the following assumption:

Assumption 1.1. The set of optimal solutions of Problem (1) is nonempty and denoted by X∗. For x∗ ∈ X∗, we
use f∗ = f(x∗) standing for the optimal value of Problem (1).

Utilizing the differentiability of the objective function f, first-order methods have been studied widely for solving
Problem (1) in the literature, see [3, 4, 5, 6, 7]. Among those methods, gradient descent plays an important role
because of the easy implementation as well as efficient performance. Gradient descent was originally proposed by
Cauchy [8] in 1847 and has become classical. Starting at some point x0 ∈ Rn, this method uses the idea of updating
the variable xk ∈ Rn at each iteration k ∈ N by the formula

xk+1 = xk − λk∇f(xk), (2)

where λk > 0 is the stepsize at iteration k. The usual condition of f for guaranteeing the convergence of gradient
scheme (2) is the global Lipschitzness of the gradient ∇f over Rn, i.e., f satisfies an other assumption below:

Assumption 1.2. There exists a constant L > 0 such that

∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥,∀x, y ∈ Rn.

In the setting of convex objective, the convergence rate of this method is proved to be O
(
1
k

)
if the stepsize is

defined as a constant within
(
0, 1

L

]
or using backtracking line search strategy, see e.g. [6, 7]. Recently, utilizing
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the idea of AdGD proposed in [9], Hoai et al. [10] introduced an adaptive stepsize called NGD applied for GD
scheme which requires neither line search procedure nor the information of Lipschitz constant L. NGD provides the
computational complexity O

(
1
k

)
of f(xk)− f∗ under the convexity of f and the locally Lipschitz continuity of ∇f.

One knows that the gradient scheme (2) is called the one-step method [3] where the next iterate is computed by
using the information of the previous one. To speed up gradient descent algorithms one can use multi-step methods
where the present iterate is calculated based on some preceding iterations. The two well-known techniques were
introduced by Polyak [11, 3]

xk+1 = xk − λk∇f (xk) + γ(xk − xk−1). (Heavy ball method)

and Nesterov [4]

yk+1 = xk − λk∇f(xk)

xk+1 = yk+1 + γ(yk+1 − yk). (Nesterov’s method)

These methods belong to two-step methods since xk+1 is computed via xk and xk−1. The constants γ > 0 in
Heavy ball method and Nesterov’s method are known as the accelerated factors. For the strongly convex function
f with modulus µ and f has a global Lipschitz gradient, the local convergence of the method Heavy ball method
with constant λk (i.e., λk = λ > 0 for all k = 0, 1, ...) was analyzed if f is twice differentiable, see e.g. [3].
While, the Nesterov’s method with λk = 1

L converges globally at the linear rate, see e.g. [4] and the references
therein. Recently, in [12] the authors studied the global convergence of Heavy ball method for both convex and
strongly convex conditions imposed on f and fixed stepsize λk. In particular, in the convex setting, they obtained
the convergence of the Cesáro-averages of the iterates to an optimal solution with the sublinear rate O( 1

K ). For
strongly convex f they proved the linear convergence to the unique optimal solution of Problem (1).

In this paper, our first contribution is solving an open question given by Hoai et al. [10] by studying
the adaptive stepsize NGD combined with two accelerated techniques Heavy ball method and Nesterov’s method.
For the convex function f we establish the ergodic convergence of our proposed algorithms with the rate O( 1

K ).
It is worth noting that Nesterov or Polyak typed accelerated gradient descent algorithms in literature have been
commonly investigated the convergence with stepsize obtained by line-search backtracking procedures or fixed
number derived by global Lipschitz gradient constant, and the objective has to be strongly convex, see [4, 3]. For
adaptive stepsize, the authors of in [9] proposed AdGD-accel. algorithm with Nesterov’s acceleration and obtained
the significant efficiency drawn by the numerical experiments for some typical problems in machine learning and
deep learning without providing the study on its convergence. Besides the obtained convergence results for convex
objective functions, our accelerated algorithms proposed in this paper provide significantly better numerical results
compared to the original method NGD and the other related algorithms given in [9]. The second contribution
of this study is dedicated to the study of stochastic versions of the two accelerated algorithms mentioned above. It is
known that many problems in machine learning and deep learning are considered in the form of Problem (1) with the
stochastic approach. This method overcomes the drawback of the standard way that requires the full computation
of the gradient at each iteration causing expensive costs if the number of the training data is explosion. This topic
has attracted a lot of researchers with many proposed algorithms recently such as [13, 14, 15, 16]. A comprehensive
review of optimization methods used in large-scale machine learning can be found in [17]. To obtain the quick
process of implementation many state-of-the-art stochastic algorithms utilized the constant stepsize [18, 19, 17] or
predetermined diminishing stepsize [20, 21]. In [13, 14, 22, 9], stepsizes for stochastic gradient scheme were designed
by the adaptive methods which bring the efficient performance for training deep neural networks. In this paper,
under the classical conditions including the uniform boundedness of the stochastic gradients (see e.g., [23, 24, 25])
and the globally Lipchitz gradient of the nonconvex objective function f , we prove the convergence of the stochastic
versions of the accelerated NGD method. In particular, we establish the boundedness of the worst-case expectation
of the squared norm of gradient of the designed iterates. This ensures that the best iterates obtained by the proposed
stochastic algorithms are closed to some stationary point of the objective function. Note that the convergence of
our stochastic algorithms are analyzed with the nonconvex f but the related algorithm AdSGD [9] requires the
strong convexity of f. We further validate our approach through numerical experiments on machine learning and
deep learning problems, demonstrating significant efficiency gains over recent algorithms.

The rest of the paper is organized as follows. After recalling some fundamental results in Section 2 we propose
the new accelerated algorithms in Section 3 with the convergent analysis. The stochastic versions of algorithms in
Section 3 together with their convergences are presented in Section 4. Finally, the numerical results are reported in
Section 5 with available codes in our repository https://github.com/hoaiphamthi/Accelerated-and-Stochastic-NGD.
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2 Preliminaries

In this section, we recall some fundamental definitions and results which are useful for the upcoming sections.

Lemma 2.1. If f is L− smooth over Rn then we have

f(y)− f(x) ≤ L

2
∥x− y∥2 + ⟨y − x,∇f(x)⟩ ∀x, y ∈ Rn. (3)

If f is convex also then we have another property as follows

f(x)− f(y) +
1

2L
∥∇f(x)−∇f(y)∥2 ≤ ⟨x− y,∇f(x)⟩ ∀x, y ∈ Rn. (4)

Proof. One can see [5, 4] for more details.

Lemma 2.2. Given 0 ≤ a < 1, i, Q ∈ N with Q ≥ i then

Q∑
q=i

aqq ≤ a

(1− a)2
.

Proof. One can see [16] for more details.

3 New accelerated gradient descent algorithms

In this section, we propose two accelerated versions of NGD [10] with an additional assumption on f as follows

Assumption 3.1. f is convex on Rn.

Algorithm 1 is the Heavy ball version of NGD while Algorithm 2 is the one using Nesterov’s acceleration of NGD.
It is easy to see that, in the case γ = 0, and 0 < η1 < η0 < 1

2 , Algorithms 1 and 2 are similarly to Algorithm 2.1
(NGD) in [10]. The range of η0 and η1 of Algorithms 1 and 2 is now enlarged to be in (0,+∞) instead of (0, 1

2 ) for
Algorithm 2.1 (NGD) of [10]. Additionally, we do not need to update εk in Algorithms 1 and 2 like Algorithm 2.1
(NGD) of [10]. These changes make the accelerated versions of NGD look simpler and could be increase the step
lengths.

Algorithm 1 NGD accelerated by Heavy ball method (NGDh)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a positive real sequence {εk} such that
+∞∑
k=0

εk < +∞.

Choose x0 ∈ Rn, x1 = x0 − λ0∇f (x0) .
2: for k = 1, 2, . . . do
3: if ∥∇f(xk)−∇f(xk−1)∥ > η0

λk−1
∥xk − xk−1∥ then

4: λk = η1
∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
5: else
6: λk = (1 + εk−1)λk−1

7: end if
8: xk+1 = xk − λk∇f (xk) + γ(xk − xk−1)
9: end for
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Algorithm 2 NGD accelerated by Nesterov’s method (NGDn)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a positive real sequence {εk} such that
+∞∑
k=0

εk < +∞.

Choose x0 ∈ Rn, y0 = y1 = x0 − λ0∇f (x0) .
2: for k = 1, 2, . . . do
3: if ∥∇f(xk)−∇f(xk−1)∥ > η0

λk−1
∥xk − xk−1∥ then

4: λk = η1
∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
5: else
6: λk = (1 + εk−1)λk−1

7: end if
8: yk+1 = xk − λk∇f(xk)
9: xk+1 = yk+1 + γ(yk+1 − yk)

10: end for

Now, to study the convergence of NGDh and NGDn, it is necessary to explore some prominent and typical
properties of the stepsize used in Algorithm 1 and Algorithm 2. Analogous to Lemma 2.3 in [10] we construct the
boundedness and the existence of the limit of the sequences {λk} generated by Algorithm 1 and Algorithm 2 in the
following lemma.

Lemma 3.1. Let {λk} be the sequence generated by Algorithm 1 or Algorithm 2. If f matches Assumption 1.2
then we have

(i)

λk ≥ min
{
λ0,

η1
L

}
, ∀k ≥ 0. (5)

(ii) {λk} converges to λ < +∞

Proof. (i) Obviously, inequality (5) is true with k = 0. For k ≥ 1, we consider two possible cases: the first

case, if ∥∇f(xk)−∇f(xk−1)∥ > η0

λk−1
∥xk − xk−1∥ then λk = η1∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥ ≥ η1

L which is caused by

the L−smooth assumption on f . Otherwise, if ∥∇f(xk)−∇f(xk−1)∥ ≤ η0

λk−1
∥xk − xk−1∥ then λk = (1 +

εk−1)λk−1 ≥ λk−1. By induction, we get that λk ≥ min
{
λ0,

η1

L

}
∀k ≥ 0.

(ii) From Algorithm 1 (Algorithm 2, resp.), it is easy to see that

ak = ln

(
λk+1

λk

)
≤ ln(1 + εk) ≤ εk,∀k ≥ 0. (6)

We have ak = a+k − a−k , where a+k = max(0, ak), a
−
k = −min(0, ak). Therefore, a+k ≥ 0, a−k ≥ 0,∀k ≥ 0.

Moreover, a+k ≤ εk hence the convergence of
∞∑
k=0

εk follows the convergence of
∞∑
k=0

a+k also. Now, considering

k∑
i=0

ai = ln(λk+1)− ln(λ0) =

k∑
i=0

(a+i − a−i ) =

k∑
i=0

a+i −
k∑

i=0

a−i . (7)

If lim
k→+∞

k∑
i=0

a−i = +∞ then lim
k→+∞

ln(λk) = −∞ that is equivalent to lim
k→+∞

λk = 0 which contradicts with

Lemma 3.1 (i) that λk ≥ min
{
λ0,

η1

L

}
> 0,∀k ≥ 0. Therefore,

+∞∑
k=0

a−k is convergent. From (7), we have

lim
k→+∞

λk = λ < +∞.

The upcoming lemma provides a relationship between an approximation of the locally Lipschitz constant of ∇f
with the stepsize at large enough iterations. Moreover, the sequence of stepsizes is proved to be increasing to a
finite limit from some fixed iteration.
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Lemma 3.2. Suppose that f satisfies Assumption 1.2. Let {λk} be the sequence generated by Algorithm 1 (or
Algorithm 2) then there exists a fixed number k such that

∥∇f (xk)−∇f (xk−1)∥ ≤ η0
λk−1

∥xk − xk−1∥ ∀k ≥ k. (8)

And therefore λk−1 ≤ λk ≤ λ = lim
j→+∞

λj ,∀k ≥ k.

Proof. Suppose by contradiction that there exists {kj} , kj → +∞ such that∥∥∇f
(
xkj

)
−∇f

(
xkj−1

)∥∥ >
η0

λkj−1

∥∥xkj
− xkj−1

∥∥ .
For this case λkj

= η1
∥xkj

−xkj−1∥
∥∇f(xkj )−∇f(xkj−1)∥ . Consequently,

η1
∥∥xkj

− xkj−1

∥∥
λkj

=
∥∥∇f

(
xkj

)
−∇f

(
xkj−1

)∥∥ >
η0

λkj−1

∥∥xkj
− xkj−1

∥∥ .
Therefore,

λkj

λkj−1
< η1

η0
∀kj . On the other hand, from Lemma 3.1 we have lim

kj→+∞
λkj = lim

kj→+∞
λkj−1 = lim

k→+∞
λk =

λ. Hence we deduce that λ
λ
≤ η1

η0
< 1. It is a contradiction and we finish the proof.

3.1 The convergence of Algorithm 1 (NGDh)

Now we establish the convergence of Algorithm 1 in the following theorem.

Theorem 3.1. Considering Problem (1) under Assumptions 1.1, 1.2 and 3.1. Let k be the smallest number
satisfying inequality (8) in Lemma 3.2 and

e

+∞∑
j=k

εj−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤ 1− γ

L
. (9)

Then the sequence {xk} generated by Algorithm 1 satisfies

f(xK)− f∗ ≤ C

γ + (1− γ)K
= O

(
1

K

)
, ∀K > k.

where C is a positive constant and xK =

γxK +
K∑

k=1

xk

γ + (1− γ)K
.

Proof. From Algorithm 1, at each iteration k, we have

xk+1 − γxk = xk − γxk−1 − λk∇f(xk), ∀k ≥ 1. (10)

Therefore, with x∗ ∈ X∗ we compute

∥xk+1 − γxk − (1− γ)x∗∥2

= ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2 − 2⟨xk − γxk−1 − (1− γ)x∗, λk∇f(xk)⟩

= ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2 − 2⟨xk − γxk + γxk − γxk−1 − (1− γ)x∗, λk∇f(xk)⟩

= ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2 − 2(1− γ)λk⟨xk − x∗,∇f(xk)⟩ − 2γλk⟨xk − xk−1,∇f(xk)⟩. (11)
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Since f is a L-smooth convex function, we apply inequality (4) of Lemma 2.1 to (11), we get

∥xk+1 − γxk − (1− γ)x∗∥2

≤ ∥xk − γxk−1 − (1− γ)x∗∥2 + λ2
k∥∇f(xk)∥2 − 2(1− γ)λk

(
f(xk)− f∗ +

1

2L
∥∇f(xk)∥2

)
− 2γλk

(
f(xk)− f(xk−1) +

1

2L
∥∇f(xk)−∇f(xk−1)∥2

)
≤ ∥xk − γxk−1 − (1− γ)x∗∥2 − 2(1− γ)λk (f(xk)− f∗)− 2γλk (f(xk)− f(xk−1))

+

(
λ2
k − (1− γ)λk

L

)
∥∇f(xk)∥2. (12)

Thus,

1

2λk
∥xk+1 − γxk − (1− γ)x∗∥2 ≤ 1

2λk
∥xk − γxk−1 − (1− γ)x∗∥2 − (1− γ) (f(xk)− f∗)− γ (f(xk)− f(xk−1))+

− γ (f(xk)− f(xk−1)) +
1

2

(
λk − (1− γ)

L

)
∥∇f(xk)∥2. (13)

Taking K > k, rearranging (13) and summing up from k = 1 to K we obtain that

K∑
k=1

(
(1− γ)(f(xk)− f∗)+γ(f(xk)− f(xk−1))

)
≤ 1

2λ1
∥x1 − γx0 − (1− γ)x∗∥2 +

+

K−1∑
k=1

(
1

2λk+1
− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2 − 1

2λK
∥xK+1 − γxK − (1− γ)x∗∥2 +

+
1

2

K∑
k=1

(
λk − (1− γ)

L

)
∥∇f(xk)∥2. (14)

Since k is the smallest number satisfying inequality (8) in Lemma 3.2 then

• firstly, λk ≤ λk+1, for all k ≥ k which implies

K−1∑
k=k

(
1

2λk+1
− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2 ≤ 0 (15)

• secondly, λk−1 =
η1∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
which follows from (9) that

λk = (1 + εk−1)λj−1 = . . . =

k∏
j=k

(1 + εj−1)λk−1 ≤ e

k∑
j=k

εj−1

λk−1

≤ e

∞∑
j=k

εk−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤ 1− γ

L
, for all k ≥ k.

(16)

Now plugging (15) and (16) into (14), we obtain that

(1− γ)

K∑
k=1

(
(f(xk)− f∗)

)
+ γ(f(xK)− f(x0)) ≤

k−1∑
k=1

(
1

2λk+1
− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2 +

1

2λ1
∥x1 − γx0 − (1− γ)x∗∥2 + 1

2

k−1∑
k=1

(
λk − (1− γ)

L

)
∥∇f(xk)∥2. (17)
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Setting

C = γ(f(x0)− f∗) +

k−1∑
k=1

(
1

2λk+1
− 1

2λk

)
∥xk+1 − γxk − (1− γ)x∗∥2 + 1

2λ1
∥x1 − γx0 − (1− γ)x∗∥2 +

+
1

2

k−1∑
k=1

(
λk − (1− γ)

L

)
∥∇f(xk)∥2, (18)

we then rewrite inequality (17) to be

γ(f(xK)− f∗) + (1− γ)

K∑
k=1

(f(xk)− f∗) ≤ C. (19)

By the convexity of f we derive that

f


γxK + (1− γ)

K∑
k=1

xk

γ + (1− γ)K

 ≤
γf(xK) +

K∑
k=1

f(xk)

γ + (1− γ)K
. (20)

As a consequence of (19) we obtain that

f(xK)− f∗ ≤ C

γ + (1− γ)K
= O

(
1

K

)
, ∀K > k. (21)

where

xK =

γxK +
K∑

k=1

xk

γ + (1− γ)K
.

3.2 The convergence of Algorithm 2 (NGDn)

The ergodic convergence of Algorithm 2 (NGDn) is shown in the next theorem.

Theorem 3.2. Considering Problem (1) under Assumptions 1.1, 1.2 and 3.1, taking k as the smallest number
satisfying inequality (8) in Lemma 3.2 and suppose that

e

+∞∑
j=k

εj−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤ min

{
1− γ

L
+ γλmin,

1

L

}
. (22)

Then the sequence {xk} generated by Algorithm 2 satisfies

f(xK)− f∗ ≤ D

K(1− γ) + γ
, ∀K > k,

where D is a positive constant, and xK =

γxK +
K∑

k=1

xk

γ + (1− γ)K
.

Proof. From Algorithm 2 we have

yk+1 = xk − λk∇f(xk),

xk+1 = yk+1 + γ(yk+1 − yk) (23)

with k ≥ 0 and y1 = y0. Setting a0 = γ
1−γλ0∇f(x0) and

ak+1 =
γ

1− γ
(xk+1 − xk + λk∇f(xk)) , for k ≥ 0, (24)
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then one is easy to get that

xk+1 + ak+1 = xk+1 +
γ

1− γ
(xk+1 − xk + λk∇f(xk))

=
xk+1

1− γ
+

γ

1− γ
(λk∇f(xk)− xk).

From (23), xk+1 = yk+1+ γ(yk+1− yk) = (1+ γ) (xk + λk∇f(xk))− γ (xk−1 − λk−1∇f(xk−1)) , hence for all k ≥ 0,

xk+1 + ak+1 =
(1 + γ) (xk − λk∇f(xk))

1− γ
− γ (xk−1 − λk−1∇f(xk−1))

1− γ
+

γ

1− γ
(λk∇f(xk)− xk)

= xk +
γ

1− γ
xk − λk∇f(xk)

1− γ
− γ (xk−1 − λk−1∇f(xk−1))

1− γ

= xk +
γ

1− γ
(xk − xk−1 + λk−1∇f(xk−1))−

λk∇f(xk)

1− γ

= xk + ak − λk∇f(xk)

1− γ
.

Thus,

∥xk+1 + ak+1 − x∗∥2 = ∥xk + ak − λk∇f(xk)

1− γ
− x∗∥2

= ∥xk + ak − x∗∥2 + λk
2

(1− γ)2
∥∇f(xk)∥2 −

2λk

1− γ
⟨xk + ak − x∗,∇f(xk)⟩

= ∥xk + ak − x∗∥2 + λk
2

(1− γ)2
∥∇f(xk)∥2 −

2λk

1− γ
⟨xk − x∗,∇f(xk)⟩

− 2γλk

(1− γ)2
⟨xk − xk−1,∇f(xk)⟩ −

2γλkλk−1

(1− γ)2
⟨∇f(xk−1),∇f(xk)⟩.

Because of the L-smoothness and convexity of f , using Lemma 2.1, inequality (4), we evaluate

∥xk+1 + ak+1 − x∗∥2 ≤ ∥xk + ak − x∗∥2 − 2λk

1− γ
(f(xk)− f∗)−

λk

(1− γ)L
∥∇f(xk)∥2 +

λ2
k∥∇f(xk)∥2

(1− γ)2

− 2γλk

(1− γ)2
(f(xk)− f(xk−1))−

γλk

L(1− γ)2
∥∇f(xk)−∇f(xk−1)∥2

− 2γλkλk−1

(1− γ)2
⟨∇f(xk−1),∇f(xk)⟩ . (25)

Using the fact that −2 ⟨∇f(xk−1),∇f(xk)⟩ = ∥∇f(xk)−∇f(xk−1)∥2 −∥∇f(xk)∥2 −∥∇f(xk−1)∥2, inequality (25)
is transformed to be

∥xk+1 + ak+1 − x∗∥2 ≤ ∥xk + ak − x∗∥2 − 2λk

1− γ
(f(xk)− f(x∗))− 2γλk

(1− γ)2
(f(xk)− f(xk−1))+

+

(
λ2
k

(1− γ)2
− λk

(1− γ)L
− γλkλk−1

(1− γ)2

)
∥∇f(xk)∥2+

+

(
γλkλk−1

(1− γ)2
− γλk

L(1− γ)2

)
∥∇f(xk)−∇f(xk−1)∥2 −

γλkλk−1

(1− γ)2
∥∇f(xk−1)∥2. (26)

Therefore, for all k ≥ 1

8



(1− γ)2

2λk
∥xk+1 + ak+1 − x∗∥2 ≤ (1− γ)2

2λk
∥xk + ak − x∗∥2 − (1− γ)(f(xk)− f(x∗))− γ(f(xk)− f(xk−1))+

+
1

2

(
λk − 1− γ

L
− γλk−1

)
∥∇f(xk)∥2︸ ︷︷ ︸

Ak

+

+
1

2

(
γλk−1 −

γ

L

)
∥∇f(xk)−∇f(xk−1)∥2︸ ︷︷ ︸
Bk

−γλk−1

2
∥∇f(xk−1)∥2. (27)

Note that, since k is the smallest number satisfying inequality (8) in Lemma 3.2 then λk−1 =
η1∥xk−xk−1∥

∥∇f(xk)−∇f(xk−1)∥
. It

follows that for all k ≥ k,

λk = (1 + εk−1)λk−1 = . . . =

k∏
j=k

(1 + εj−1)λk−1 ≤ e

k∑
j=k

εj−1

λk−1

≤ e

∞∑
j=k

εk−1 η1∥xk − xk−1∥
∥∇f(xk)−∇f(xk−1)∥

≤
by (22)

min

{
1− γ

L
+ γλmin,

1

L

}
. (28)

From (28) we derive that Ak ≤ 0 and Bk ≤ 0 for all k ≥ k. Now taking K > k and summing (27) over k = 1, ...,K
to get that

K∑
k=1

(1− γ)2

2λk
∥xk+1 + ak+1 − x∗∥2 ≤

K∑
k=1

(1− γ)2

2λk
∥xk + ak − x∗∥2 − (1− γ)

K∑
k=1

(f(xk)− f∗)

−γ

K∑
k=1

(f(xk)− f(xk−1)) +

k−1∑
k=1

(Ak +Bk).

Rearranging we have

(1− γ)

K∑
k=1

(f(xk)− f∗) ≤ −
K−1∑
k=1

(1− γ)2

2λk
∥xk+1 + ak+1 − x∗∥2 − (1− γ)2

2λK
∥xK+1 + aK+1 − x∗∥2

+

K∑
k=2

(1− γ)2

2λk
∥xk + ak − x∗∥2 + (1− γ)2

2λ1
∥x1 + a1 − x∗∥2

− γ (f(xK)− f(x0)) +

k−1∑
k=1

(Ak +Bk)

≤ −
K−1∑
k=1

(1− γ)2

2λk
∥xk+1 + ak+1 − x∗∥2 +

K−1∑
k=1

(1− γ)2

2λk+1
∥xk+1 + ak+1 − x∗∥2

+
(1− γ)2

2λ1
∥x1 + a1 − x∗∥2 − γ (f(xK)− f(x0)) +

k−1∑
k=1

(Ak +Bk)

≤ (1− γ)2
K−1∑
k=1

(
1

2λk+1
− 1

2λk

)
∥xk+1 + ak+1 − x∗∥2 + (1− γ)2

2λ1
∥x1 + a1 − x∗∥2

− γ (f(xK)− f(x0)) +

k−1∑
k=1

(Ak +Bk). (29)
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Remember that with k taken from Lemma (3.2), λk+1 > λk ∀k ≥ k hence we have

(1− γ)2
K−1∑
k=k

(
1

2λk+1
− 1

2λk

)
∥xk+1 + ak+1 − x∗∥2 ≤ 0.

Therefore it follows from (29) that

(1− γ)

K∑
k=1

(f(xk)− f∗) + γ(f(xK)− f∗) ≤ D,

where

D = γ (f(x0)− f∗)+(1−γ)2
k−1∑
k=1

(
1

2λk+1
− 1

2λk

)
∥xk+1 + ak+1 − x∗∥2+ (1− γ)2

2λ1
∥x1 + a1 − x∗∥2+

k−1∑
k=1

(Ak+Bk).

By the convexity of f we obtain that

f(xK)− f∗ ≤ D

γ + (1− γ)K
= O

(
1

K

)
, ∀K > k. (30)

where

xK =

γxK +
K∑

k=1

xk

γ + (1− γ)K
.

4 Stochastic versions of NGDh and NGDn

In this section, we study the stochastic versions of NGDh and NGDn for solving the Problem (1). It is known that
the stochastic approach is useful for solving problems arising from machine learning or deep learning. Below we
propose Algorithm 3 (SNGDh) and Algorithm 4 (SNGDn) under the following assumptions:

Assumption 4.1. At each iteration k ≥ 0, there exists a random function fξk satisfies the unbiased gradient
estimator, i.e., E(∇fξk(x)) = ∇f(x) for any fixed x. We can also access an oracle providing i.i.d1 samples fξ.
Moreover, the expectation of the squared norm of the stochastic gradients are uniformly bounded, i.e., there exists
σ > 0 such that, E

(
∥∇fξ(x)∥2

)
≤ σ2, for any sample ξ and x ∈ Rn. This is a classical hypothesis when analyzing

stochastic gradient scheme (see e.g., [23, 24, 25]). Observably, in [21], the authors showed that this assumption
conflicts with the strong convexity of f. But during for our next analysis, one can see that f is considered as a
nonconvex function in general and therefore this assumption is well-defined.

Assumption 4.2. We assume that f and fξ are L-smooth over Rn, i.e., their gradients are L-Lipschitz continuous,

∀x, y ∈ Rn, ∥∇fξ(x)−∇fξ(y)∥ ≤ L∥x− y∥ and ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥.

Notably, in the case f is the sum of functions fi, i = 1, ..., d, we only need this assumption imposed on fi(i = 1, ..., d)
since it implies that f is L-smooth on Rn also.

1independent and identical distributed
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Algorithm 3 Stochastic version of NGDh (SNGDh)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a real positive sequence {εk}, x0 ∈ Rn, λmax > λ0,
λmax is a big enough number, ξ0 is the first sample.

2: v1 = ∇fξ0 (x0)
3: x1 = x0 − λ0v1
4: for k = 1, 2, . . . do
5: Sampling ξk
6: if ∥∇fξk (xk)−∇fξk (xk−1)∥ > η0

λk−1
∥xk − xk−1∥ then

7: λk = η1
∥xk−xk−1∥

∥∇fξk (xk)−∇fξk (xk−1)∥
8: else
9: λk = min{(1 + εk−1)λk−1, λmax}

10: end if
11: vk+1 = γvk +∇fξk (xk)
12: xk+1 = xk − λkvk+1

13: end for

Algorithm 4 Stochastic version of NGDn (SNGDn)

1: Initialization. Select λ0 > 0, 0 < η1 < η0, 0 ≤ γ < 1 and a real positive sequence {εk}, x0 ∈ Rn, λmax > λ0,
λmax is a big enough number, ξ0 is the first sample.

2: v1 = ∇fξ0 (x0)
3: x1 = x0 − λ0v1
4: for k = 1, 2, . . . do
5: Sampling ξk
6: if ∥∇fξk (xk)−∇fξk (xk−1)∥ > η0

λk−1
∥xk − xk−1∥ then

7: λk = η1
∥xk−xk−1∥

∥∇fξk (xk)−∇fξk (xk−1)∥
8: else
9: λk = min{(1 + εk−1)λk−1, λmax}

10: end if
11: vk+1 = γvk +∇fξk (xk)
12: xk+1 = xk − λk (γvk+1 +∇fξk (xk))
13: end for

It is worth noting that there are slight differences in stepsize selection of Algorithms 3 and 4 compared to

Algorithms 1 and 2. Specifically, we first relax the condition imposed on the sequence {εk} not requiring
+∞∑
k=0

εk <

+∞. Secondly, we use an additional parameter λmax to bound the sequence of the stepsizes. In comparison with
the most related stochastic algorithm that AdSGD [9], our proposed algorithms SNGDh and SNGDn have two main
differences:

• firstly, our stochastic algorithms have accelerated factor γ and when γ = 0 they become stochastic gradient
descent algorithms without acceleration. While AdSGD is a pure stochastic version of one-step algorithm
AdGD [9];

• secondly, the convergence of our algorithms are analyzed with the nonconvex f but AdSGD requires strongly
convex f .

Now, we are ready to prove the boundedness of the sequence of stepsizes generated by Algorithms 3 and 4 in
the following lemma.

Lemma 4.1. Suppose that Problem (1) satisfies Assumptions 4.1, 4.2 and 1.1. Let {λk} be the sequence generated
by Algorithm 3 (SNGDh) (or Algorithm 4 (SNGDn), resp.) then

min
{
λ0,

η1
L

}
= λmin ≤ λk ≤ λmax ∀k ≥ 0. (31)
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Proof. Obviously, λk ≥ min
{
λ0,

η1

L

}
is true with k = 0. For k ≥ 1, if ∥∇fξk(xk)−∇fξk(xk−1)∥ > η0

λk−1
∥xk − xk−1∥

then λk = η1∥xk−xk−1∥
∥∇fξk (xk)−∇fξk (xk−1)∥ ≥ η1

L because of the L-smooth assumption on fξk . The remaining case,

∥∇fξk(xk)−∇fξk(xk−1)∥ ≤ η0
λk−1

∥xk − xk−1∥ ,

we have λk = (1 + εk−1)λk−1 ≥ λk−1. By induction we get that λk ≥ min
{
λ0,

η1

L

}
∀k ≥ 0.

Similarly, the remaining inequality is proved by the induction procedure. For k = 0, λ0 ≤ λmax is true.
Suppose that λi ≤ λmax with i ≤ k. The next step, if

∥∥∇fξk+1
(xk+1)−∇fξk+1

(xk)
∥∥ > η0

λk
∥xk+1 − xk∥ then

η0∥xk+1−xk∥
∥∇fξk+1

(xk+1)−∇fξk+1
(xk)∥ < λk and hence

λk+1 =
η1∥xk+1 − xk∥

∥∇fξk+1
(xk+1)−∇fξk+1

(xk)∥
η1 < η0

<
η0∥xk+1 − xk∥

∥∇fξk+1
(xk+1)−∇fξk+1

(xk)∥
< λk ≤ λmax. (32)

In the converse case,
∥∥∇fξk+1

(xk+1)−∇fξk+1
(xk)

∥∥ ≤ η0

λk
∥xk+1 − xk∥ then

λk+1 = min{(1 + εk−1)λk−1, λmax} ≤ λmax. (33)

Both of (32) and (33) imply
λk+1 ≤ λmax.

The induction process is finished.

The next lemma is useful for the convergence analysis of SNGDh and SNGDn.

Lemma 4.2. Suppose that Problem (1) satisfies Assumptions 4.1, 4.2 and 1.1. Let {xk} and {vk} are defined by
Algorithm (3) (or Algorithm (4), resp.), then we have

(i)

vk+1 =

k∑
i=0

γi∇fξk−i
(xk−i). (34)

(ii)

E
(
∥vk+1∥2

)
≤ σ2

(1− γ)2
∀k ≥ 0. (35)

(iii)

E (⟨∇f(xk),∇fξk(xk)⟩) = E
(
∥∇f(xk)∥2

)
, ∀k ≥ 1. (36)

Proof. (i) Obviously.
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(ii)

E
(
∥vk+1∥2

)
= E

∥∥∥∥∥
k∑

i=0

γi∇fξk−i
(xk−i)

∥∥∥∥∥
2


= E

〈 k∑
i=0

γi∇fξk−i
(xk−i),

k∑
j=0

γj∇fξk−j
(xk−j)

〉
= E

 k∑
i=0

k∑
j=0

γiγj⟨∇fξk−i
(xk−i),∇fξk−j

(xk−j)⟩


≤ E

 k∑
i=0

k∑
j=0

γiγj

(∥∥∇fξk−i
(xk−i)

∥∥2
2

+

∥∥∇fξk−j
(xk−j)

∥∥2
2

)
≤

k∑
i=0

k∑
j=0

γiγjE

(∥∥∇fξk−i
(xk−i)

∥∥2
2

+

∥∥∇fξk−j
(xk−j)

∥∥2
2

)

≤
k∑

i=0

k∑
j=0

γiγjσ2

≤ σ2

(1− γ)2
.

(iii)

E (⟨∇f(xk),∇fξk(xk)⟩) = E (E (⟨∇f(xk),∇fξk(xk)⟩ |xk))

= E (⟨∇f(xk),E(∇fξk(xk) | xk)⟩)

= E
(
∥∇f(xk)∥2

)
, ∀k ≥ 1. (37)

4.1 The convergence of Algorithm 3 (SNGDh)

In this section, we study the convergence of Algorithm 3 (SNGDh). We first establish the descent type lemma
which plays an important rule to get the final convergent result.

Lemma 4.3. Under Assumptions 4.1, 4.2 and 1.1, let {xk}, {vk}, {λk} be the sequences defined by Algorithm 3
then we have

E (⟨∇f(xk), vk+1⟩) ≥
k∑

i=0

γiE
(
∥∇f(xk−i)∥2

)
− λmaxLγσ

2

(1− γ)3
. (38)

Proof. Considering

⟨∇f(xk), vk+1⟩ =
k∑

i=0

γi
〈
∇f(xk),∇fξk−i

(xk−i)
〉

=

k∑
i=0

γi
〈
∇f(xk−i),∇fξk−i

(xk−i)
〉
+

k∑
i=1

γi
〈
∇f(xk)−∇f(xk−i),∇fξk−i

(xk−i)
〉︸ ︷︷ ︸

Hi

. (39)
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By Assumption 4.2, f is L-smooth then we have

∥∇f(xk)−∇f(xk−i)∥2 ≤ L2∥(xk − xk−i)∥2 ≤ L2

∥∥∥∥∥
i∑

l=1

xk−l+1 − xk−l

∥∥∥∥∥
2

≤ L2

∥∥∥∥∥
i∑

l=1

λk−lvk−l+1

∥∥∥∥∥
2

≤ L2

∥∥∥∥∥
i∑

l=1

λmaxvk−l+1

∥∥∥∥∥
2

≤ λ2
maxL

2i

i∑
l=1

∥vk−l+1∥2, ∀i = 1, ..., k. (40)

On the other hand,

Hi ≥ −1

2

(
1− γ

iλmaxL
∥∇f(xk)−∇f(xk−i)∥2 +

iλmaxL

1− γ
∥∇fξk−i

(xk−i)∥2
)

≥
by (40)

−λmaxL

2

(
(1− γ)

i∑
l=1

∥vk−l+1∥2 +
i

1− γ
∥∇fξk−i

(xk−i)∥2
)
. (41)

Therefore, it follows from (39) that

⟨∇f(xk), vk+1⟩ ≥
k∑

i=0

γi
〈
∇f(xk−i),∇fξk−i

(xk−i)
〉

− λmaxL

k∑
i=1

γi

2

(
(1− γ)

i∑
l=1

∥vk−l+1∥2 +
i

1− γ
∥∇fξk−i

(xk−i)∥2
)
. (42)

Taking the expectation both sides of (42), we have

E (⟨∇f(xk), vk+1⟩) ≥
k∑

i=0

γiE
(〈
∇f(xk−i),∇fξk−i

(xk−i)
〉)

− λmaxL

k∑
i=1

γi

2

(
(1− γ)

i∑
l=1

E
(
∥vk−l+1∥2

)
+

i

1− γ
E
(
∥∇fξk−i

(xk−i)∥2
))

. (43)

Now using Lemmas 2.2 and 4.2 combining with Assumption 4.1 we deduce that

E (⟨∇f(xk), vk+1⟩) ≥
k∑

i=0

γiE
(∥∥∇f(xk−i)∥2

〉)
− λmaxL

k∑
i=1

γi

2

(
(1− γ)

(
i∑

l=1

σ2

(1− γ)2

)
+

i

1− γ
σ2

)

≥
k∑

i=0

γiE
(∥∥∇f(xk−i)∥2

〉)
− λmaxγLσ

2

(1− γ)3
. (44)

The following theorem gives the worst-case boundedness of the expectation of ∥∇f(xk)∥2 yielding that the best
iterate obtained from the sequence {xk} belonging in a neighborhood of some stationary point of f.

Theorem 4.1. Considering Problem (1) under Assumptions 4.1, 4.2 and 1.1 then the sequence {xk} generated by
Algorithm 3 satisfies

min
k=0,...,K−1

E
(
∥∇f(xk)∥2

)
≤ (1− γ) (f(x0)− f∗)

λmin(K + γ2 − γ)
+

K

(K + γ2 − γ)

(
λmaxLγσ

2

(1− γ)2
+

Lλ2
maxσ

2

2λmin(1− γ)

)
. (45)

Proof. By Assumption 4.2, f is L-smooth and therefore from inequality (3) of Lemma 2.1 we get that

f(xk+1) ≤ f(xk) + ⟨xk+1 − xk,∇f(xk)⟩+
L

2
∥xk+1 − xk∥2

≤ f(xk)− λk+1⟨vk+1,∇f(xk)⟩+
L

2
λ2
k+1∥vk+1∥2. (46)
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Remember that λmin ≤ λk ≤ λmax < ∞, ∀k ≥ 0 from Lemma 4.2. Therefore it follows from inequality (46) that

E (f(xk+1)) ≤ E (f(xk))− λminE (⟨vk+1,∇f(xk)⟩) +
L

2
λ2
maxE

(
∥vk+1∥2

)
≤

by (38) and (35)
E (f(xk))− λmin

(
k∑

i=0

γiE
(
∥∇f(xk−i)∥2

)
− λmaxLγσ

2

(1− γ)3

)
+

L

2
λ2
max

σ2

(1− γ)2

≤ E (f(xk))− λmin

(
k∑

i=0

γiE
(
∥∇f(xk−i)∥2

))
+

λminλmaxLγσ
2

(1− γ)3
+

Lλ2
maxσ

2

2(1− γ)2
. (47)

Summing (47) with k ∈ {0, ...,K − 1} and reformulate it to get that

λmin

K−1∑
k=0

k∑
i=0

γiE
(
∥∇f(xk−i)∥2

)
≤ f(x0)− E (f(xK)) +K

(
λminλmaxLγσ

2

(1− γ)3
+

Lλ2
maxσ

2

2(1− γ)2

)
. (48)

On the other hand,

K−1∑
k=0

k∑
i=0

γiE
(
∥∇f(xk−i)∥2

)
=

K−1∑
k=0

k∑
j=0

γk−jE
(
∥∇f(xj)∥2

)
=

N−1∑
j=0

E
(
∥∇f(xj)∥2

)K−1∑
k=j

γk−j

=
1

1− γ

K−1∑
j=0

E
(
||∇f(xj)||2

)
(1− γK−j). (49)

Observing that
K−1∑
j=0

(1− γK−j) = K − γ
1− γK

1− γ
≥ K − γ

1− γ
. (50)

Combining (48), (49) and (50) to derive that

λmin

(
K

1− γ
− γ

)
min

k=0,...,K−1
E
(
∥∇f(xk)∥2

)
≤ f(x0)− f∗ +K

(
λminλmaxLγσ

2

(1− γ)3
+

Lλ2
maxσ

2

2(1− γ)2

)
(51)

which is equivalent to

min
k=0,...,K−1

E
(
∥∇f(xk)∥2

)
≤ (1− γ) (f(x0)− f∗)

λmin(K + γ2 − γ)
+

K

(K + γ2 − γ)

(
λmaxLγσ

2

(1− γ)2
+

Lλ2
maxσ

2

2λmin(1− γ)

)
.

4.2 The convergence of Algorithm 4 (SNGDn)

Similarly to the previous section, we need a descent inequality proven in the following lemma.

Lemma 4.4. Under Assumptions 4.1, 4.2 and 1.1, let {xk}, {vk}, {λk} be defined by Algorithm 4 then we have

E (⟨∇f(xk), vk+1⟩) ≥
k∑

i=0

γiE
(∥∥∇f(xk−i)∥2

〉)
− λmaxγLσ

2(4γ2 − 4γ + 3)

2(1− γ)3
. (52)

Proof. Considering

⟨∇f(xk), vk+1⟩ =
k∑

i=0

γi
〈
∇f(xk),∇fξk−i

(xk−i)
〉

=

k∑
i=0

γi
〈
∇f(xk−i),∇fξk−i

(xk−i)
〉
+

k∑
i=1

γi
〈
∇f(xk)−∇f(xk−i),∇fξk−i

(xk−i)
〉︸ ︷︷ ︸

Ni

. (53)
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By Assumption 4.2, f is L-smooth then we have

∥∇f(xk)−∇f(xk−i)∥2 ≤ L2∥xk − xk−i∥2 ≤ L2

∥∥∥∥∥
i∑

l=1

(xk−l+1 − xk−l)

∥∥∥∥∥
2

(54)

≤ L2

∥∥∥∥∥
i∑

l=1

λk−l

(
γvk−l+1 + fξk−l

(xk−l)
)∥∥∥∥∥

2

≤ λ2
maxL

2

∥∥∥∥∥
i∑

l=1

(
γvk−l+1 + fξk−l

(xk−l)
)∥∥∥∥∥

2

(55)

≤ 2λ2
maxL

2

∥∥∥∥∥γ
i∑

l=1

vk−l+1

∥∥∥∥∥
2

+

∥∥∥∥∥
i∑

l=1

fξk−l
(xk−l)

∥∥∥∥∥
2


≤ 2iλ2
maxL

2

(
γ2

i∑
l=1

∥vk−l+1∥2 +
i∑

l=1

∥∥fξk−l
(xk−l)

∥∥2) , ∀i = 1, ..., k. (56)

On the other hand,

Ni ≥ −1

2

(
1− γ

iλmaxL
∥∇f(xk)−∇f(xk−i)∥2 +

iλmaxL

1− γ
∥∇fξk−i

(xk−i)∥2
)

≥
by (56)

−λmaxL

2

(
2γ2(1− γ)

i∑
l=1

∥vk−l+1∥2 + 2(1− γ)

i∑
l=1

∥∥fξk−l
(xk−l)

∥∥2 + i

1− γ
∥∇fξk−i

(xk−i)∥2
)
. (57)

Therefore, it follows from (53) that

⟨∇f(xk), vk+1⟩ ≥
k∑

i=0

γi
〈
∇f(xk−i),∇fξk−i

(xk−i)
〉

− λmaxL

k∑
i=1

γi

2

(
2γ2(1− γ)

i∑
l=1

∥vk−l+1∥2 + 2(1− γ)

i∑
l=1

∥∥fξk−l
(xk−l)

∥∥2 + i

1− γ
∥∇fξk−i

(xk−i)∥2
)
.

(58)

Taking the expectation both sides of (58), we have

E (⟨∇f(xk), vk+1⟩) ≥
k∑

i=0

γiE
(〈
∇f(xk−i),∇fξk−i

(xk−i)
〉)

− λmaxL

k∑
i=1

γi

2

(
2γ2(1− γ)

i∑
l=1

E
(
∥vk−l+1∥2

)
+ 2(1− γ)

i∑
l=1

E
(∥∥fξk−l

(xk−l)
∥∥2)+ i

1− γ
E
(
∥∇fξk−i

(xk−i)∥2
))

.

(59)

From Lemma 2.2, Lemma 4.2 and from Assumption 4.1 we get that

E (⟨∇f(xk), vk+1⟩) ≥
k∑

i=0

γiE
(∥∥∇f(xk−i)∥2

〉)
− λmaxL

k∑
i=1

γii

2

(
2γ2(1− γ)

σ2

(1− γ)2
+ 2(1− γ)σ2 +

1

1− γ
σ2

)

≥
k∑

i=0

γiE
(∥∥∇f(xk−i)∥2

〉)
− λmaxγLσ

2(4γ2 − 4γ + 3)

2(1− γ)3
. (60)

The last result of this study is about the convergence of Algorithm 4 providing the best iterate near some
stationary point of the objective function f.
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Theorem 4.2. Considering Problem (1) under Assumptions 4.1, 4.2 and 1.1 then the sequence {xk} generated by
Algorithm 4 satisfies

min
k=0,...,K−1

E
(
∥∇f(xk)∥2

)
≤ (1− γ) (f(x0)− f∗)

λmin(K + (K − γ)(1− γ))
+

+
KLλmaxσ

2

K + (K − γ)(1− γ)

(
γ(4γ2 − 4γ + 3)

2(1− γ)3
+

λmax(γ
2 − γ + 1)

λmin(1− γ)2

)
. (61)

Proof. By Assumption 4.2, f is L-smooth and therefore from inequality (3) of Lemma 2.1 we get that

f(xk+1) ≤ f(xk) + ⟨xk+1 − xk,∇f(xk)⟩+
L

2
∥xk+1 − xk∥2

≤ f(xk)− λk+1⟨γvk+1 +∇fξk(xk),∇f(xk)⟩+
L

2
λ2
k+1∥γvk+1 +∇fξk(xk)∥2. (62)

By Lemma 4.2, λmin ≤ λk ≤ λmax < ∞, ∀k ≥ 0, it follows from inequality (62) that

E (f(xk+1)) ≤ E (f(xk))− λmin

(
γE (⟨vk+1,∇f(xk)⟩) + E (⟨∇fξk(xk),∇f(xk⟩)

)
+

+ Lλ2
max

(
γE
(
∥vk+1∥2

)
+ E

(
∥∇fξk(xk)∥2

))
. (63)

Now, combining with (38) and (35) we have the following evaluation

E (f(xk+1)) ≤ E (f(xk))− λmin

(
k∑

i=0

γiE
(
∥∇f(xk−i)∥2

)
− λmaxγLσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+ E

(
∥∇f(xk)∥2

))
+

+ Lλ2
max

(
γσ2

(1− γ)2
+ σ2

)
≤ E (f(xk))− λmin

(
k∑

i=0

γiE
(
∥∇f(xk−i)∥2

)
+ E

(
∥∇f(xk)∥2

))
+

+
λminλmaxLγσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+

Lλ2
maxσ

2(γ2 − γ + 1)

(1− γ)2
. (64)

Summing (64) with k ∈ {0, ...,K − 1} and reformulate it to get that

λmin

K−1∑
k=0

(
k∑

i=0

γiE
(
∥∇f(xk−i)∥2

)
+ E

(
∥∇f(xk)∥2

))
≤

≤ f(x0)− E (f(xK)) +K

(
λminλmaxLγσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+

Lλ2
maxσ

2(γ2 − γ + 1)

(1− γ)2

)
. (65)

On the other hand,

K−1∑
k=0

k∑
i=0

γiE
(
∥∇f(xk−i)∥2

)
=

K−1∑
k=0

k∑
j=0

γk−jE
(
∥∇f(xj)∥2

)
=

K−1∑
j=0

E
(
∥∇f(xj)∥2

)K−1∑
k=j

γk−j

=
1

1− γ

K−1∑
j=0

E
(
||∇f(xj)||2

)
(1− γK−j). (66)

Observing that
K−1∑
j=0

(1− γK−j) = K − γ
1− γK

1− γ
≥ K − γ

1− γ
. (67)

Combining (65), (66) and (67) to derive that
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λmin

(
K

1− γ
− γ +K

)
min

k=0,...,K−1
E
(
∥∇f(xk)∥2

)
≤

≤ f(x0)− f∗ +K

(
λminλmaxLγσ

2(4γ2 − 4γ + 3)

2(1− γ)3
+

Lλ2
maxσ

2(γ2 − γ + 1)

(1− γ)2

)
(68)

which is equivalent to

min
k=0,...,K−1

E
(
∥∇f(xk)∥2

)
≤ (1− γ) (f(x0)− f∗)

λmin(K + (K − γ)(1− γ))
+

+
KLλmaxσ

2

K + (K − γ)(1− γ)

(
γ(4γ2 − 4γ + 3)

2(1− γ)3
+

λmax(γ
2 − γ + 1)

λmin(1− γ)2

)
.

5 Experiments

In this section, experiments for the proposed algorithms are presented for logistic regression problems in machine
learning and neural network problems in deep learning. We implemented by Python language. Our codes are
available at the link https://github.com/hoaiphamthi/Accelerated-and-Stochastic-NGD.

5.1 Logistic Regression

In this part, the experiments are run with the logistic regression that has the objective function

f(x) =
1

d

d∑
i=1

log(1 + exp(−bia
T
i x)) +

ℓ

2
∥x∥2,

where (ai, bi) ∈ Rn×R, i = 1, 2, ...., d are observations, ℓ > 0 is the regularization parameter which is often chosen as
1
d . We implement our proposed algorithms NGDh and NGDn in comparison with related algorithms including GD
[8], AdGD, AdGD-accel [9]. We use popular benchmark datasets such as covtype, mushroom, w8a, a9a, phishing,
and cod-rna 2. In the experiment, parameters are settled as follows:

• GD. λk = 1
L , ∀k ≥ 0, where L is the smoothness constant of f .

• AdGD and AdGD-accel. default parameters as in public source code3.

• NGD. λ0 = 1e− 3, η0 = 0.2, η1 = 0.15, εk =
2(log k)4.5

k1.1
.

• NGDn and NGDh. λ0 = 1e− 3, η0 = 0.2, η1 = 0.19, εk =
3

k1.1
.

As shown in Figure 1, both of NGDh and NGDn have good results for most of tested data. Especially, NGDh gives
the fastest running time to get the lowest objective value for all implemented cases.

5.2 For SNGDh and SNGDn

The next experiment is dedicated to evaluating the performance of the stochastic algorithms including SNGDh
and SNGDn for the benchmark datasets MNIST [26], FashionMNIST [27], and Cifar10 [28]. The tested algorithms
include SGD, SGDm, AdSGD [9], SNGDn and SNGDh. We use parameters as follows:

• SGD and SGDm. default parameters λk = 0.01, ∀k ≥ 0 for both algorithms and the momentum parameter
for SGDm is γ = 0.9.

• AdSGD. default parameters as in public source code of [9].

2All datasets are available at https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
3https://github.com/ymalitsky/adaptive gd
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Fig. 1: The logistic regression objective results

• SNGDn and SNGDh. λ0 = 1e − 5, η0 = 0.2, η1 = 0.15, εk =
1

k0.9
, γ = 0.9 and λmax is a big enough

positive number, for instance λmax = 10. However, after implementation we see that the ranges of the step
size of SNGh and SNGDn are very small, (less than 1, see Figure 3) then in our public Python code we omit
this parameter.

The numerical results are shown in Figures 2 and 3. In Figures 2, SNGDn and SNGDh provide the best performances
for all datasets. Especially, with FashionMNIST and Cifar10, SNGDh gives the lowest train losses. As shown in
Figure 3, the learning rates of SNGDh and SNGDn are adaptively adjusted throughout the training process to
minimize the loss function as quickly as possible.

6 Conclusions

In this study, we extended previous research on new stepsize for gradient descent method NGD in [10]. Specifically,
relying on the two accelerated techniques given by Polyak [11, 3] (Heavy ball) and Nesterov [4], we propose two
accelerated versions of NGD with ergodic convergence property for the convex objective function. Additionally, we
investigate stochastic versions corresponding to the accelerated algorithms. The stochastic algorithms are proven to
converge in the case where the objective is nonconvex and satisfies the classical condition that uniform boundedness
of the stochastic gradients. The numerical experiments for instances in machine learning and deep learning with
various benchmark datasets demonstrate the effective performance of our new method.
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