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Abstract

In this paper, we revisit the recent stepsize applied for the gradient descent scheme which is called NGD pro-
posed by [Hoal et al., A novel stepsize for gradient descent method, Operations Research Letters (2024) 53, doi:
10.1016/j.0r1.2024.107072]. We first investigate NGD stepsize with two well-known accelerated techniques which
are Heavy ball and Nesterov’s methods. In the convex setting of unconstrained nonlinear optimization problems,
we show the ergodic convergence of the iterates obtained by accelerated versions of NGD with a sublinear rate.
The stochastic versions of the proposed accelerated algorithms are introduced with analysis on the convergence
in the nonconvex setting of the objective. Although our proposed algorithms require global Lipschitz continuity
of the gradient, we do not utilize the global Lipschitz constant during computations. Instead, we leverage infor-
mation about local Lipschitz constants derived from previous iterations. Numerical experiments on numerous
practical problems in machine learning and deep learning problems demonstrate the efficiency of our proposed
methods compared to the recent ones.

1 Introduction

It is known that unconstrained nonlinear programming can be applied to solving many real-life problems in eco-
nomics, data science, machine learning, deep learning, etc, see e.g. [I, 2] and the references therein. Its formulation
is the following

min f(), (1)

where f : R™ — R is smooth. Throughout the paper , we use the following assumption:

Assumption 1.1. The set of optimal solutions of Problem is nonempty and denoted by X*. For z* € X*, we
use fy = f(x*) standing for the optimal value of Problem .

Utilizing the differentiability of the objective function f, first-order methods have been studied widely for solving
Problem in the literature, see [3, [, Bl [6l [7]. Among those methods, gradient descent plays an important role
because of the easy implementation as well as efficient performance. Gradient descent was originally proposed by
Cauchy [§] in 1847 and has become classical. Starting at some point 2o € R™, this method uses the idea of updating
the variable z; € R™ at each iteration k& € N by the formula

Tpy1 = T — MV f (), (2)

where A\; > 0 is the stepsize at iteration k. The usual condition of f for guaranteeing the convergence of gradient
scheme is the global Lipschitzness of the gradient V f over R, i.e., f satisfies an other assumption below:

Assumption 1.2. There exists a constant L > 0 such that
IVf(@) =Vl < Lllz -y, Y,y € R™.

In the setting of convex objective, the convergence rate of this method is proved to be O (%) if the stepsize is
defined as a constant within (O7 %] or using backtracking line search strategy, see e.g. [6l [7]. Recently, utilizing
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the idea of AAGD proposed in [9], Hoai et al. [I0] introduced an adaptive stepsize called NGD applied for GD
scheme which requires neither line search procedure nor the information of Lipschitz constant L. NGD provides the
computational complexity O (%) of f(x) — f« under the convexity of f and the locally Lipschitz continuity of V f.

One knows that the gradient scheme ({2)) is called the one-step method [3] where the next iterate is computed by
using the information of the previous one. To speed up gradient descent algorithms one can use multi-step methods
where the present iterate is calculated based on some preceding iterations. The two well-known techniques were
introduced by Polyak [111 [3]

Tpp1 = 2 — MV (2p) +v(Tk — 25—1). (Heavy ball method)
and Nesterov [4]

Ye+1 = T — AV f ()
Trt1 = Yk+1 + 7Y Yk+1 — Yr)- (Nesterov’s method)

These methods belong to two-step methods since xy41 is computed via xp and xp_;. The constants v > 0 in
[Heavy ball method| and [Nesterov’s method| are known as the accelerated factors. For the strongly convex function
f with modulus p and f has a global Lipschitz gradient, the local convergence of the method [Heavy ball method|
with constant A\, (i.e., Ay, = A > 0 for all ¥ = 0,1,...) was analyzed if f is twice differentiable, see e.g. [3].
While, the |Nesterov’s method| with Ay = % converges globally at the linear rate, see e.g. [4] and the references
therein. Recently, in [12] the authors studied the global convergence of [Heavy ball method| for both convex and
strongly convex conditions imposed on f and fixed stepsize Ag. In particular, in the convex setting, they obtained
the convergence of the Cesaro-averages of the iterates to an optimal solution with the sublinear rate O(%) For
strongly convex f they proved the linear convergence to the unique optimal solution of Problem .

In this paper, our first contribution is solving an open question given by Hoai et al. [I0] by studying
the adaptive stepsize NGD combined with two accelerated techniques [Heavy ball method| and [Nesterov’s method}
For the convex function f we establish the ergodic convergence of our proposed algorithms with the rate O(%)
It is worth noting that Nesterov or Polyak typed accelerated gradient descent algorithms in literature have been
commonly investigated the convergence with stepsize obtained by line-search backtracking procedures or fixed
number derived by global Lipschitz gradient constant, and the objective has to be strongly convex, see [4, B]. For
adaptive stepsize, the authors of in [9] proposed AdGD-accel. algorithm with Nesterov’s acceleration and obtained
the significant efficiency drawn by the numerical experiments for some typical problems in machine learning and
deep learning without providing the study on its convergence. Besides the obtained convergence results for convex
objective functions, our accelerated algorithms proposed in this paper provide significantly better numerical results
compared to the original method NGD and the other related algorithms given in [9]. The second contribution
of this study is dedicated to the study of stochastic versions of the two accelerated algorithms mentioned above. It is
known that many problems in machine learning and deep learning are considered in the form of Problem with the
stochastic approach. This method overcomes the drawback of the standard way that requires the full computation
of the gradient at each iteration causing expensive costs if the number of the training data is explosion. This topic
has attracted a lot of researchers with many proposed algorithms recently such as [I3] 14, 15 [16]. A comprehensive
review of optimization methods used in large-scale machine learning can be found in [I7]. To obtain the quick
process of implementation many state-of-the-art stochastic algorithms utilized the constant stepsize [I8| [19, [I7] or
predetermined diminishing stepsize [20, 21]. In [I3] [14], 22} @], stepsizes for stochastic gradient scheme were designed
by the adaptive methods which bring the efficient performance for training deep neural networks. In this paper,
under the classical conditions including the uniform boundedness of the stochastic gradients (see e.g., [23] 24 [25])
and the globally Lipchitz gradient of the nonconvex objective function f, we prove the convergence of the stochastic
versions of the accelerated NGD method. In particular, we establish the boundedness of the worst-case expectation
of the squared norm of gradient of the designed iterates. This ensures that the best iterates obtained by the proposed
stochastic algorithms are closed to some stationary point of the objective function. Note that the convergence of
our stochastic algorithms are analyzed with the nonconvex f but the related algorithm AdSGD [9] requires the
strong convexity of f. We further validate our approach through numerical experiments on machine learning and
deep learning problems, demonstrating significant efficiency gains over recent algorithms.

The rest of the paper is organized as follows. After recalling some fundamental results in Section 2 we propose
the new accelerated algorithms in Section 3 with the convergent analysis. The stochastic versions of algorithms in
Section 3 together with their convergences are presented in Section 4. Finally, the numerical results are reported in
Section 5 with available codes in our repository https://github.com/hoaiphamthi/Accelerated-and-Stochastic-NGD.
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2 Preliminaries

In this section, we recall some fundamental definitions and results which are useful for the upcoming sections.

Lemma 2.1. If f is L— smooth over R™ then we have

F) = @) < Slle i +ly — 2, VF(@)) Yo,y € R Q

If f is convex also then we have another property as follows

F@) = F@) + 5 I95@) — VIW)IP < (e -y, V@) Vey e R ()

Proof. One can see [5, [4] for more details. O

Lemma 2.2. Given 0 <a < 1,i,Q € N with Q > i then

@ a
Zaqq < 2
e (1-a)

Proof. One can see [16] for more details. O

3 New accelerated gradient descent algorithms

In this section, we propose two accelerated versions of NGD [I0] with an additional assumption on f as follows
Assumption 3.1. f is conver on R™.

Algorithm [T] is the Heavy ball version of NGD while Algorithm [2]is the one using Nesterov’s acceleration of NGD.
It is easy to see that, in the case v = 0, and 0 < 7y < 19 < =, Algorithms [1| and [2| are similarly to Algorithm 2.1
(NGD) in [10]. The range of 19 and 7, of Algorithms [1{and [2|is now enlarged to be in (0, +00) instead of (0, 1) for
Algorithm 2.1 (NGD) of [10]. Additionally, we do not need to update &j, in Algorithms [1| and [2|like Algorithm 2.1
(NGD) of [I0]. These changes make the accelerated versions of NGD look simpler and could be increase the step

lengths.

Algorithm 1 NGD accelerated by [Heavy ball method| (NGDh)

“+o0
1: Initialization. Select Ay > 0, 0 < 11 < 79, 0 < v < 1 and a positive real sequence {e} such that Y e < 4o0.

k=0
Choose xo € R", x1 = x9 — AV f (z0) -

2: for k=1,2,...do

3: if HVf(:L‘k) — Vf(xk_l)H > )\Zil ||:ck — l‘k_1|| then
. — ”fk—kalu

& Ak = T2V Flan )]

5: else

6: A= (1+ek-1) Ai—1

7 end if

8: Tpy1 = Tk — MV f (xk) + ’7($k - xkfl)

9: end for




Algorithm 2 NGD accelerated by [Nesterov’s method| (NGDn)

+o0
1: Initialization. Select Ay > 0, 0 < 11 < 19, 0 < v < 1 and a positive real sequence {e} such that Y e < 4o0.
k=0
Choose xg € R", yo = y1 = 29 — MV S (z0) .

2: for k=1,2,...do

3: if [Vf(ze) = Vf(zr-1)l > 52 |z — 2k-1]| then
. _ lzx—2zk—ull

4 Mo = M F )=V 7 Cen 1)1

5: else

6: Ae=(1+ek-1) A1

7 end if

8: Yrt1 = Tk — MV f(Tk)

9: Th1 = Yot + 7Y (Yrs1 — Yr)

10: end for

Now, to study the convergence of NGDh and NGDn, it is necessary to explore some prominent and typical
properties of the stepsize used in Algorithm [1| and Algorithm [2 Analogous to Lemma 2.3 in [I0] we construct the
boundedness and the existence of the limit of the sequences {\;} generated by Algorithm [1|and Algorithm [2[in the
following lemma.

Lemma 3.1. Let {\i} be the sequence generated by Algorithm |1| or Algorithm @ If f matches Assumption
then we have

(i)
Ap > min {)\0, %} vk > 0. (5)

(ii) {\x} converges to A < +00

Proof. (i) Obviously, inequality is true with k£ = 0. For k > 1, we consider two possible cases: the first
case, if [|[Vf(zk) = Vf(zp—1) > 52 ok — zp-1] then Ay = va%‘f;k__vx;&zlll)u > & which is caused by
the L—smooth assumption on f. Otherwise, if ||V f(zg) — Vf(ap_1)] < v2- ||ag — xk—1] then Ay = (1 +

Ak—1
€k—1)Ak—1 > Ag—1. By induction, we get that Ay > min {)\0, %} vk > 0.

(ii) From Algorithm [1] (Algorithm [2} resp.), it is easy to see that

A
ax =In <§+1) <In(1+ep) <ex,Vk > 0. (6)
k

We have ay = a — a,, where a} = max(0,a;), a, = —min(0,a;). Therefore, ajf > 0,a; > 0,Vk > 0.
Moreover, ag < g1, hence the convergence of > g follows the convergence of Y aﬁ also. Now, considering

k=0 k=0

k k k k

Y ai=m(r1) —In(ho) =D (af —a;) =D af = a;. (7)

=0 i=0 i=0 i=0

k
If lim > a; = +oothen lim In(A\;) = —oo that is equivalent to lim Ay = 0 which contradicts with
k—++ooi:0 k— 400 k— o0

+oo
Lemma (i) that A\ > min{)\o, "fl} > 0,Vk > 0. Therefore, ) a, is convergent. From |D we have
k=0

lim Mg =< +00.
k—+oco

O

The upcoming lemma provides a relationship between an approximation of the locally Lipschitz constant of V f
with the stepsize at large enough iterations. Moreover, the sequence of stepsizes is proved to be increasing to a
finite limit from some fixed iteration.



Lemma 3.2. Suppose that f satisfies Assumption . Let {\i} be the sequence generated by Algorithm (1| (or
Algorithm@ then there exists a fixed number k such that

IV (2k) = VI (@) < AZ‘; lox — zia]| VR >E. (8)

And therefore A1 < A\ < A= lim Aj, VEk > k.

j—+o0

Proof. Suppose by contradiction that there exists {k;},k; — 400 such that

197 Ga1) = 9 o)} > 52 o, =1,

ok, —an,
e, =1

TR e

For this case Ay, = m 70 k Consequently,

n kaj _ xkj_l” =||Vf (zk,) = Vf (wr,-1)]| > o |z, — 2k, —1]| -

Ak; Akj—1
Ak
Therefore, Nocm Vk;. On the other hand, from Lemma [3.1)we have lim Xy, = lim Ay, _1 = lim Ay =
kj—1 o kj—+oo 7 kj—+oo 7 k—+o0
. Hence we deduce that % < % < 1. It is a contradiction and we finish the proof. O

3.1 The convergence of Algorithm |[1| (NGDh)

Now we establish the convergence of Algorithm [1]in the following theorem.

Theorem 3.1. Considering Problem under Assumptions and . Let k be the smallest number
satisfying inequality (@ mn Lemma and

“+oo
T mlleg — o 11—~ ©)
IVf(ag) = Vi)l = L
Then the sequence {xy} generated by Algom'thm satisfies
c 1 _
Tg)— fi < ————=0|(—=], VK >k.
f@x) = 1 T+ -mK (K)
K
YT + Y Tk
where C' is a positive constant and Ty = k=1
T+ A -NK
Proof. From Algorithm [I}, at each iteration k, we have
Tpy1 — VT, = Ty — YTp—1 — MV f(zp), V=1 (10)

Therefore, with * € X* we compute

ki =y — (1= y)z*||?

= [Jzx —yar—1 — (L= 7)2"|? + AV (@) |* = 2(ex — yar—1 — (1= )2 MV f(21))

= [lzx —yar—1 — (L= )2"1> + MV F (@) ? = 20 — yar + yoe — vz — (1= )", MV f(21))

= lar — yer—1 — (L= )a* P + ANV @)l — 201 = y) Akl — 2%, VI (2r)) — 29Ak (e — 21, Vi (2r)). (1)



Since f is a L-smooth convex function, we apply inequality of Lemma to , we get
k41 —yaK — (1 —y)2*|?

<l = g1 = (1= )P 4 RV @OI =201 =) (£~ 1.+ 57 I9F @01 )

~ 200 (£ = flaor) + 5 IV ) = V)P
< k=7 — (1= 9022 = 20 =) () — £2) = 20 () — )

+ (- S s, (12)
Thus,
il = o = (L= e [P < g flon =g = (L= = (1=9) (Fon) = £2) =7 (Fo) = Flae) +

(o) = o) + 5 (- ST ) 9@l (13)

Taking K > k, rearranging and summing up from k£ =1 to K we obtain that

K
(=N ar) = f)+r(flar) = fler-))) < 5= . lz = vz — (1= 7)z"||* +
2)\1

k=1

K-1
1 1 ) 1 )
E — _ PR S B P
- Pt (2/\k+1 2>\k> w41 — vy — (L =)z M lzrs1 —yrr — (1 =) [|" +

+5 Z( ) s, (14)

Since k is the smallest number satisfying inequality in Lemma then

o firstly, A, < A\gy1, for all k& > k which implies

K-
1 .
> ( 3 ) howes =22 = (1= )7l <0 (15)
— N1
e secondly, A;_| = N4 fz;”;i;vf(;gl_l)” which follows from (EI) that
k ifj—l
)\k = (1 —+ 5k—1))\j—1 =...= ]:[(1 +6j_1)>\E71 S ei=k )\E71
j=k
Lo mllep-apall_1-4 .
< ei=k — < , for all k > k.
IV f(zg) = Vfagz_)ll L
(16)
Now plugging and into we obtain that
K k—1 1 1
1— — £ - ) < —(1—7y)z*
(=Y ()~ £0) #2150~ S0 £ 3 (g = gy ) v —ew = (1= 202"+
1 13 -9
ol =00 - @ =i+ 5 X (- L2219l (1)

k=1



Setting

—1 1 1
C=v(f(xo)—f*)+k_l(2xk+1 2Xk #h
k-1
* (Ak _4a ;”)) IV ()l

k=1

we then rewrite inequality to be

V(f(ere) = )+ 1= S (Flaw) - £.) < C.

k=1

By the convexity of f we derive that

K K
yrr +(1—7) X =% vf(zk) + 1;1 f(xk)

k=1
/ T+ A=K STk

As a consequence of we obtain that

C 1

where

K
YR + Y, T

T = —————.
-9k

3.2 The convergence of Algorithm [2| (NGDn)
The ergodic convergence of Algorithm [2| (NGDn) is shown in the next theorem.

* 1 *
- ) kst — vk — (1= P 4o [l — 120 — (1 — "] +

- — Y ) BN (N
Y+ (1=K <K> ~

(18)

(19)

(20)

Theorem 3.2. Considering Problem under Assumptions and taking k as the smallest number

satisfying inequality (@ n Lemma and suppose that

400
2 ei-1 ol — o | {17
ei=k — < min

IV f(zg) = Vf(az_y)ll

Then the sequence {1} generated by Algom'thm@ satisfies
D

f@r) = fu € o7, VK >k,
K(1—7)+~
K
YT + Y T
where D 1is a positive constant, and T = k=1l
T+I-7K

Proof. From Algorithm [2] we have

Yk+1 = Tk — MV f(2k),
Tht1 = Yk41 + YWrt1 — Yk)

with & > 0 and y; = yo. Setting ag = ﬁ)\OVf(xo) and

Qg1 = ZW (xp41 — 2k + MV f(zr)), for k>0,

1

1
)\mirwi .
— 7 L}

(22)



then one is easy to get that

Th+1 + Okt1 = Tpy1 + —

= fk_ﬂ + f@\kvf(fﬂk) — xp).

i 7 (py1 — 2k + MV f(2k))

From 23), zr11 = yks1 +YWrt1 —yk) = (1+7) (@k + MV f (@) — 7 (h—1 — A1V f(z—1)) , hence for all k > 0,

(1+7) (w7 = M Vf(ar) v (@r—1— M1V f(zr-1)) v

Th41 + Q41 = 11—~ - T—~ + 1—~ AV f (k) — k)
T MV (@) v (@e-1 — A1 V(@e-1))
I—vy L—v 1—v
M Vf(x
=kt 7 j 5 (g —xp—1 + M1 Vf(2p-1)) — W
oy tap MV (k)
L=y
Thus,
" MV f(z .
ok + apss =2l = o+ e - 2L g
A2 2)
=l + ax — 7 |* + ﬁnwm)n? — {5 (o ek = V()
* (12 >‘ 2 >‘k *
= [lzk + ar — 27| +ﬁllvf(xk)|\ 7<$k—$ ,Vf(zk))
29\ 27)\k)\k 1
- (1 — 7)2 (T — 2p-1, V(1)) — W<Vf(zk 1), Vf(zg))-

Because of the L-smoothness and convexity of f, using Lemma inequality , we evaluate

2\ Ak AV f () |12

o +axs = < llow+ o =" = T2 (Fan) = £) = T IV AP + 2L
- T ) = fa) = T IV ) = Ve
- 2 (Y (a11). V(@) (29)

Using the fact that —2(V f(xr_1),Vf(zr)) = |V f(xr) = V(ze_1)|I? = IVf(ze)||? = |V f(zx_1)||?, inequality
is transformed to be

k1 + arrr —a*|* < llzg + a — 2% ~ fi’iy(f(m@ — f(a")) - (12”7’“)2 (f(xx) = flzr-1))+
. R LY -
+<(1_7)2 (1_,}/)[1 (1_,)/) >||Vf( k)” +
’)/)\k)\k_l B "}//\k " " 2 YAEAk—1 z 2
# (T - 2 ) 194G - Vi) P - RS sl (20

Therefore, for all £ > 1



D o+ anss =217 < o oo~ 1P = (=) () ~ 1) =1 @) ~ S+

2k
1 1—
5 (M= T = ) IV ) 2+
2 L
Ag
1 2 'Y>‘k 1 2
15 (Peer = L) IV 7 ) = V)P =L f o) 7 (27)
By
Note that, since k is the smallest number satisfying inequality @) in Lemma then \y_, = eyl It
k=1 = VI Vi@ )l
follows that for all k > k,
AM=0+ep 1)1 =...= H(l + Ejfl)AE_l < ei=k Al
j=k
S B mllee e
IV f(zg) = V(g )l
1—7 1
< min —— + Y \min, = ¢ - 28
. { 7+ L} (28)
From we derive that Ay < 0 and By, < 0 for all k£ > k. Now taking K > k and summing over k=1,...,. K
to get that
K K K
1- Y 2 * 1- Y 2 *
S o b - P < ot - (1= Y () - )
2k 2k
k=1 k=1 k=1
K k-1
> (f(@r) = Flme—1)) + > _(Ar + Br)
k=1 k=1
Rearranging we have
K—1
(1=9)? a2 (1=19)? o2
(1- 1; (vx) — fo) < — 1;:: I |Tht1 + aper — ™" — v |1 +axsr — |
K
1 2
D D+ an 21+ Co 2 o 4 00—
k-1
— oy (flax) — f(20)) + 3 (Ax + By)
k=1
K—1 K— 1
1—7)2 .
= S A D o+ g — 2|
2k 2
k=1 k=1
1 — )2 ) k—1
+Q||x1+a1—x||2—7(f(m 0)) + > (Ak + By)
2\ k=1
K—1
1 1 2 (1—9)? 2
< (1— 2 = K A=) ok
<02 Y (g - gy ) e o =2 5 e )
k—1
=7 (f(zx) = f(z0)) + )_(Ax + Br). (29)
k=1



Remember that with &k taken from Lemma 1) Aky1 > Ax VE > k hence we have

K-1

1
2 w112
Z (2/\k+1 > [Tk+1 + arer — 2|7 <0
k=k
Therefore it follows from that
K
Z f* +'V(f( )_f*)§D7
k=1
where
k-1 1 (1 ) k-1
D = (f(x0) - 7)? - k1 + arsa —x*||2+7||x1+a1 — 2P+ Y (Ax+ Br).
P 2)\k+1 2\ 22 e
By the convexity of f we obtain that
D 1 _
Tg)— [ < ————=0|—=], VK >k 30
where
K
YT + D Tk
Tg = k=l .
Y+ (1 -7K

4 Stochastic versions of NGDh and NGDn

In this section, we study the stochastic versions of NGDh and NGDn for solving the Problem . It is known that
the stochastic approach is useful for solving problems arising from machine learning or deep learning. Below we
propose Algorithm [3| (SNGDh) and Algorithm 4| (SNGDn) under the following assumptions:

Assumption 4.1. At each iteration k > 0, there exists a random function f¢, satisfies the unbiased gradient
estimator, i.e., E(Vfe, (z)) = Vf(x) for any fixed z. We can also access an oracle providing i.i.dE| samples fe.
Moreover, the expectation of the squared norm of the stochastic gradients are uniformly bounded, i.e., there exists
o > 0 such that, E (||V f¢(2)]|?) < o2, for any sample ¢ and € R™. This is a classical hypothesis when analyzing
stochastic gradient scheme (see e.g., [23] 24], 25]). Observably, in [21], the authors showed that this assumption
conflicts with the strong convexity of f. But during for our next analysis, one can see that f is considered as a
nonconvex function in general and therefore this assumption is well-defined.

Assumption 4.2. We assume that f and f¢ are L-smooth over R", i.e., their gradients are L-Lipschitz continuous,
Va,y € R, [[Vfe(z) = Vel < Lllz — yll and [V f(z) = Vf(y)l| < Lz — y].

Notably, in the case f is the sum of functions f;,7 = 1, ..., d, we only need this assumption imposed on f;(i = 1,...,d)
since it implies that f is L-smooth on R™ also.

lindependent and identical distributed

10



Algorithm 3 Stochastic version of NGDh (SNGDh)

1: Initialization. Select A\g > 0, 0 < 71 < 1o, 0 < v < 1 and a real positive sequence {ex}, 2o € R"™, Anaz > Ao,
Amaz 18 @ big enough number, &; is the first sample.

2: v = Vfgo (xo)

3. X1 = To — AoU1

4: for k=1,2,...do

5: Sampling &

6:  if [|Vfe, (ar) = Ve, (@)l > 52
. )\ lzx =251l

! =M |V fe (@r) =V fep, (i) ||

8: else

9: Ak :min{(1+5k—1))\k—17/\mam}

10: end if

11: Vk4+1 = YUk + Vfgk (xk)

12: L1 = T — )\kvk+1

13: end for

Algorithm 4 Stochastic version of NGDn (SNGDn)

1: Initialization. Select Ao > 0, 0 <1y < 19, 0 < < 1 and a real positive sequence {ex}, g € R™, Anaz > Ao,
Amaz 18 a big enough number, & is the first sample.

2: v = Vfgo (IEQ)

3: 1 = T — A\gU1

4: for k=1,2,... do

5: Sampling &

6: if [|Vfe, (zr) = Ve, (@)l > 525 llok — 2p—1[| then
. lor—zr—1ll

v Ak = ||Vf5,C zk) =V fep, (Tr— 1)”

8: else

9: A = min{(l—&-sk,l))\k,l,)\mam}

10: end if

e v = v + Ve, (T1)

12: Thy1 = T — AL (’)/’Uk_;,_l =+ Vfgk (:Ek))
13: end for

It is worth noting that there are slight differences in stepsize selection of Algorithms [3] and [4] compared to
OO

Algorithms I 1| and [2| Specifically, we first relax the condition imposed on the sequence {ej} not requiring E e <

+o00. Secondly, we use an additional parameter \,,,, to bound the sequence of the stepsizes. In comparlson with
the most related stochastic algorithm that AdSGD [9], our proposed algorithms SNGDh and SNGDn have two main
differences:

e firstly, our stochastic algorithms have accelerated factor v and when v = 0 they become stochastic gradient
descent algorithms without acceleration. While AdSGD is a pure stochastic version of one-step algorithm
AdGD [9];

e secondly, the convergence of our algorithms are analyzed with the nonconvex f but AASGD requires strongly
convex f.

Now, we are ready to prove the boundedness of the sequence of stepsizes generated by Algorithms [3] and [4] in
the following lemma.

Lemma 4.1. Suppose that Problem satisfies Assumptz’ons and . Let {\} be the sequence generated
by Algorithm[3 (SNGDh) (or Algorithm[{] (SNGDn), resp.) then

min{)\o, U

7 } = Anin <A < Apae Yk > 0. (31)
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Proof. Obviously, Ay > min {\o, 2 } is true with k = 0. For k > 1, if ||V fe, (zx) — V fe, (zp—1)|| > = 2k — 2|

_ mllzy—zk—1l| n _ i ini
then A\ = Ve (@) Ve, (el > 2t because of the L-smooth assumption on fe, . The remaining case,
Mo
IV fe (@) = V fe, (zr-1)|| < N ok — zr-all,

we have Ay = (1 + ex—1)A\k—1 > A;—1. By induction we get that A\;, > min {)\0, "—Ll} vk > 0.
Similarly, the remaining inequality is proved by the induction procedure. For k = 0, A\g < Mg IS true.
Suppose that \; < M\,ae with ¢ < k. The next step, if HVngl(ka) fong(xk)H > Z—Z |lxg+1 — zk|| then

Mol|Tk+1 =2k || A
and hence
TV Feps (@ra1)— Vg, s @)l =

Ml zr1 — x| m <o Mol Zr1 — k|

Mt = e (onet) — Ve @Ol IV e @ren) = Ve ] = = Amee - (32)
In the converse case, ||V fe,,, (Tr41) — Vngl(a:k)H < 2 ||zg41 — @kl then
A1 = min{ (1 + ex—1) Me—1, Mnaz b < Amaz- (33)
Both of and imply
Akt1 < Amaz-
The induction process is finished. O

The next lemma is useful for the convergence analysis of SNGDh and SNGDn.

Lemma 4.2. Suppose that Problem satisfies Assumptions and[1.3} Let {x}} and {vi} are defined by
Algorithm (@) (or Algorithm , resp.), then we have

(i) k
Vg1 = ;vivfsm(wk—i)- (34)
(i) 2
E(fowsal?) € g2y W20 (35)
(iii)
E(Vf(2), V feu (1)) = E (|V f(@i)|*) . = 1. (36)

Proof. (i) Obviously.

12



2

k
D Ve (@)

1=0

k
=E <Z V'V fer (Th—i),

=0 J

N——

M=

Il
o

YV fer_, (Ik—j)>)

k k
=E (> > v (Ve (@) Ve, (zk_j»)

k k 9 )
<E ZZViVj<“Vf£ki2(xk_i)H +!|vfgkj2(xk_j)y| ))

k k 2 2
< Z VAR (vaﬁk—z;wkt)u + vafkj;xk—j)u )

(ii)

E((Vf(zr), Ve (zr)) = EE(V (), Ve () |[21)
E((Vf(zk), E(V fe, (zi) [ 71)))
E

(Ivs@aI?), vz 1. (37)

4.1 The convergence of Algorithm |3 (SNGDh)

In this section, we study the convergence of Algorithm [3| (SNGDh). We first establish the descent type lemma
which plays an important rule to get the final convergent result.

Lemma 4.3. Under Assumptions and [1.1], let {zi}, {vi}, {\r} be the sequences defined by Algorithm [

then we have .

0.2
B (VA1) i) = 3 0B (19 an-lf) - 250 (38)
=0
Proof. Considering
k
(Vf(@r),vne1) = D7 (Vf(@r), Ve (wr-2))
1=0
k k
= Y (Vi(r-i), Ve (mr-i)) + D7 (Vf(xr) = VE(@ri), Ve (2ri)) - (39)
1=0 =1 o,

13



By Assumption f is L-smooth then we have

IV f(zx) = V f@r-o)|* < L[| (ax — 2-)|* < L

i
g LTh—1+1 — Tk—1

=1

2

<rL? ZAkflUk7l+1 mazVk—1+1
1=1
SN L2 eial®, Vi=1,.,k. (40)
On the other hand,
1 1-— )\maac 2
Hi>—> IV £ () = V fag—)||* + S22 ||Vf5k (h=d)|
2 Mmam 1-—
> el vak sl + el ) (41)
by
Therefore, it follows from that
k
(Vf(z), vet1) Z (Vf(@r—i), Ve, (wp—s))
i=0
k i i ;
- max Z? ( Z Hvk—l+1H2 + ]-_,y||vf§ki('rk—i)|2> . (42)
i=1 1=1

Taking the expectation both sides of , we have

k
E((Vf(zx),vei1) > > V'E(VF(@p-i), Ve, (z6-0)))
=0

L
~Anarl Y% ((1— ZE log—141]1%)
i=1

Now using Lemmas [2.2] and [£.2] combining with Assumption [£.I] we deduce that

(||Vf§k (@) )> (43)

ko i 9 ;
(<Vf(l'k> vk+1 > nyZE ‘Vf Th— 1)” Amaz Z % ( < (1 0-7)2> =+ - 70-2>
i=1 =1

1=0

>Z¢E IV end)?)) — % (44)

O

The following theorem gives the worst-case boundedness of the expectation of |V f(z)||? yielding that the best
iterate obtained from the sequence {z} belonging in a neighborhood of some stationary point of f.

Theorem 4.1. Considering Problem (l) under Assumptions m - cmd- 1. 1| then the sequence {x} generated by
Algorithm [3 satisfies

1—9) (f(xo) — f+) K (x\m,me2 LA,
\v4 2 < ( + maz? . 45
" E(IVF@IF) < Amin(K+792=7)  (K+9*=7) \ (1-7)?  2Anim(1- 7) )
Proof. By Assumption f is L-smooth and therefore from inequality of Lemma we get that

L

F@rrr) < flzn) + (2rpr — 2n, V(@) + 5 o - ||
L
< Flr) = Mg (Onrn, VI (20)) + SN allosa)* (46)

14



Remember that Ain < Ak < A < 00, Vk > 0 from Lemma Therefore it follows from inequality that

E(f(zr41)) < E(f(2r)) = AminE ((vrs1, VI (@0))) + 5 /\fnaz (lok+1?)

k
AmazLyo? L., o2
< E 'E V x —_— |+ =N
by (B8 and { . (f Amin (;’7 H f k— 7,)” ) (1 _7)3 ) 9 ‘max (1 _7)2
1 >\min>\mamL70—2 LAQ
<E(f(z1)) = Amin YE (IVf(ze_i)|]?) | + 4 ZZmaz 47
() (; (97l ) + Aiznas 0 | Dnest (47)
Summing (47) with & € {0,..., K — 1} and reformulate it to get that
K—1 k
i Ann’nAnme’YUQ L/\gnaz
hmin 3= A B (IV S an-)IP) < flan) — B (flore) + K (P ) )
2 2 (1—7) 2(1—7)
On the other hand,
K-1 k K-1 k
Y AEVH@-dl?) = D D ATE(IV@)I®)
k=0 i=0 k=0 7=0
N-1 K-1 _
=Y E(IVS()I?) Y A
=0 k=j
1 K-1
= E ([[Vf(z)]1?) (1 =~%7). (49)
A
Observing that
- 1—" gl
( :K—71 zK—li. (50)
= -9 -9
Combining , and to derive that
K AminAmaz Lyo? L2 o2
) - : _ * K max 1
hoin (727 =7) g B(IVA@IP) < flan) — £+ & (ipmem @y Smes ) (s
which is equivalent to
. 1 —7) (f(zo) = fi) K AmamLVUZ L2
E(IV 2 < ( maz? ]
i BV s) < oI B e B (T s i T
O

4.2 The convergence of Algorithm 4| (SNGDn)
Similarly to the previous section, we need a descent inequality proven in the following lemma.

Lemma 4.4. Under Assumptions and (1.4}, let {zx}, {v}, {\r} be defined by Algorithm [J] then we have

k 0_2 2 _
B (7 f(on),onn) 2 0B (V) ) - et B 208, (52)
i=0

Proof. Considering

(Vf(zr), vkt1) ZV (VI(@r), Ve (@-4))

1=0
k k
= VAV (@h-i), Ve, (@) + > (VF(@r) = VI (@ri), Ve, (Th-i)) - (53)
1=0 i=1

N;
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By Assumption f is L-smooth then we have

A
IV f(xx) = Vf@r-)l* < L[l — wp—l)* < LD (w141 — @51) (54)
i =1 ,
< I Z)\kfl (Vor—141 + feo_, (1))
=1 i ,
SN LD (vor—ig1 + feoy (wi1)) (55)
=1 ,
< 2070, L ka 1+1 (k)

< 2iN% L2 <72 > lok—ig1ll” + > ||f§k,l(xk_l)||2> , Vi=1,..,k (56)
=1 =1

On the other hand,

1/ 1- iAmaz L
Nz =g (o 197w = V)l + SR Ve
> Amael [ Z”’”k 2201 =~ ZHfgk ()| +7||stk z—a)|)? (57)
by 2

Therefore, it follows from that

K
(Vf(@r),ver1) =Y A (VF(@pi), Ve, (x6-i))

=0

k .
- max Z’;<27 17 Z”Uk l+1|| +217 ZHfEkl

(@)l >

(58)

Taking the expectation both sides of , we have
k: .
E((Vf(zr),vhi1) 2 D VE (VI (@h-i), Ve (x5-0)))
i=0

k A % .
W ( = D E (loe-nl?) +20 =) 3B (e -0 l) + T2 E (19 e (-0 IP)
i=1 =1 =1

A N—,

From Lemma Lemma [£.2] and from Assumption [£.1] we get that

k k.
i 2 7' 2 o’ 2 1 2
E ((Vf(@r), vri1) > ;7 E (|| V£(ze-i)l*)) —AWL;7 (27 Q=N+ =N+ o )
k

max L 24 2_4 +3

2(1—9)?

The last result of this study is about the convergence of Algorithm [4] providing the best iterate near some
stationary point of the objective function f.
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Theorem 4.2. Considering Problem under Assumptions and then the sequence {xy} generated by
Algorithm [ satisfies

(1 =) (f(wo) = f+)

_in E(IVF@e)l?) <

KLAmamU2 (’7(472 —dy + 3) Amaz(’y2 -7+ 1)> (61)
TR (E - 7) 2(1—7)? Amin (1 = 7)?
Proof. By Assumption f is L-smooth and therefore from inequality (3) of Lemma [2.1] we get that
L
Flarsn) < flan) + (@i = 2p, V@) + 5 e — ol
L
< Flr) = Mot (vosg + V fe (1), V(@) + 5 A lyvess + Ve (@) (62)
By Lemma Amin < Ak < Amaz < 00, Yk > 0, it follows from inequality that
E(f(zk+1)) < E(f(r)) = Amin (VE (01, V(@) +E(V fe (xx), V f 1)) )+
+ LA e (VE ([lves1]1?) +E (I fe, (z)[1%)) - (63)
Now, combining with and we have the following evaluation
k
% Arna:v’y-[/a—2 4’72 - 4")/ +3
E (f(a01)) < B(F(21) ~ A (Zv B (VAo |?) - 220 B8 4 (19 ) P) ) +
i=0
2
+ LA, ( 9 + 02>
(1—7)?
k .
< E(f(zk)) = Amin <Z VE (IV f(zr-i)l*) +E (||Vf(xk)||2)> +
i=0
AminAmaz Lyo?(4y? — 4y + 3 LX\? 2 1
n 70(73 7 +3) | LA’y 27+ ) (64)
2(1=7) (1—=7)
Summing with k£ € {0, ..., K — 1} and reformulate it to get that
K—1
k=0 \i=0
AminAmaz Lyo? (492 — 4y +3)  LA2,0?(y?* — v+ 1)
< — .
On the other hand,
K—1 k K—1 k
> AVE(IVF (k- > AE(IV@)IP?)
k=0 =0 k=0 7=0
K—1 K—1 .
=Y E(IVS@)IP) YA
Jj=0 k=j
1 K—1 _
= E ([[Vf(@)|?) (1 —~%). (66)
-7 =
Observing that
K—1 ) 1— ')/K 5
1-y5 ) =K - > K — ——. 67
;( v%=7) e e (67)

Combining , and to derive that
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[RRRE}

i (12 =7+ )i B (I )IP) <
<

AminAmaz Lyo? (472 — 4y +3)  LA2, 0%(7? —~v+1)
o= fo & ( 21— ) + B o) o
which is equivalent to
2 (1 —7) (f(zo) — f4)
o B UNI @) < 3 e R =0 =)
KL az0? <7(472 — 47 +3) | Amaz(r? =7+ 1)>
TKF (K- —7) 2(1—9)? Amin(1 —7)?
O

5 Experiments

In this section, experiments for the proposed algorithms are presented for logistic regression problems in machine
learning and neural network problems in deep learning. We implemented by Python language. Our codes are
available at the link https://github.com/hoaiphamthi/Accelerated-and-Stochastic-NGD.

5.1 Logistic Regression

In this part, the experiments are run with the logistic regression that has the objective function

d
1 14
= EZ g(1 + exp( biazrx)) + 5“35”27

where (a;,b;) € R"xR,i=1,2,....,d are observations, £ > 0 is the regularization parameter which is often chosen as
é. We implement our proposed algorithms NGDh and NGDn in comparison with related algorithms including GD
[8], AAGD, AdGD-accel [9]. We use popular benchmark datasets such as covtype, mushroom, w8a, a9a, phishing,
and cod-rna ﬂ In the experiment, parameters are settled as follows:

e GD. )\, = %, Vk > 0, where L is the smoothness constant of f.
¢ AdGD and AdGD-accel. default parameters as in public source coddﬂ

2(log k)*-®

¢ NGD. AO = le — 37 Ny = 027 m = 015, Ep = T

¢ NGDn and NGDh. A\ =1e—3, 179 =0.2, 51 =0.19, g, = %
As shown in Figure [I} both of NGDh and NGDn have good results for most of tested data. Especially, NGDh gives
the fastest running time to get the lowest objective value for all implemented cases.

5.2 For SNGDh and SNGDn

The next experiment is dedicated to evaluating the performance of the stochastic algorithms including SNGDh
and SNGDn for the benchmark datasets MNIST [26], FashionMNIST [27], and Cifar10 [28]. The tested algorithms
include SGD, SGDm, AdSGD [9], SNGDn and SNGDh. We use parameters as follows:

e SGD and SGDm. default parameters Ay, = 0.01, Vk > 0 for both algorithms and the momentum parameter
for SGDm is v = 0.9.

e AdSGD. default parameters as in public source code of [9].

2All datasets are available at |https://www.csie.ntu.edu.tw/ cjlin/libsvmtools/datasets/
3https://github.com/ymalitsky /adaptive_gd
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Fig. 1: The logistic regression objective results

1
¢ SNGDn and SNGDh. )y =1le—5, 19 = 0.2, 51 = 0.15, g = 7090 7= 0.9 and A4, is a big enough

positive number, for instance A,,q, = 10. However, after implementation we see that the ranges of the step
size of SNGh and SNGDn are very small, (less than 1, see Figure then in our public Python code we omit
this parameter.

The numerical results are shown in Figures[2and[3] In Figures[2] SNGDn and SNGDh provide the best performances
for all datasets. Especially, with FashionMNIST and Cifar10, SNGDh gives the lowest train losses. As shown in
Figure [3 the learning rates of SNGDh and SNGDn are adaptively adjusted throughout the training process to
minimize the loss function as quickly as possible.

6 Conclusions

In this study, we extended previous research on new stepsize for gradient descent method NGD in [I0]. Specifically,
relying on the two accelerated techniques given by Polyak [I1], 3] (Heavy ball) and Nesterov [4], we propose two
accelerated versions of NGD with ergodic convergence property for the convex objective function. Additionally, we
investigate stochastic versions corresponding to the accelerated algorithms. The stochastic algorithms are proven to
converge in the case where the objective is nonconvex and satisfies the classical condition that uniform boundedness
of the stochastic gradients. The numerical experiments for instances in machine learning and deep learning with
various benchmark datasets demonstrate the effective performance of our new method.
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