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Abstract Sample average approximation (SAA) is a technique for obtain-
ing approximate solutions to stochastic programs that uses the average from
a random sample to approximate the expected value that is being optimized.
Since the outcome from solving an SAA is random, statistical estimates on the
optimal value of the true problem can be obtained by solving multiple SAA
replications with independent samples. We study techniques to accelerate the
solution of this set of SAA replications, when solving them sequentially via
Benders decomposition. We investigate how to exploit similarities in the prob-
lem structure, as the replications just differ in the realizations of the random
samples. Our extensive computational experiments provide empirical evidence
that our techniques for using information from solving previous replications
can significantly reduce the solution time of later replications.

Keywords Benders decomposition · Stochastic Programming · Integer
Programming

1 Introduction

We study methods for solving two-stage mixed-integer stochastic programs
with continuous recourse and randomness only in the right-hand side of the
second-stage problem:

min
x∈X

c⊤x+ Eξ[Q(x, ξ)], (1)
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where Q(x, ξ) is the optimal value of the second-stage problem and is defined
by

Q(x, ξ) := min
y

{q⊤y : Wy = h(ξ)− T (ξ)x, y ≥ 0}. (2)

Here x ∈ X ⊆ Zq
+ × Rn−q

+ is the first-stage decision vector, y ∈ Rm
+ is the

vector of recourse decisions and ξ is a random vector.

Unless ξ has a finite and small number of possible realizations, it is usually
impossible to solve this general form of a stochastic program to optimality be-
cause the expected value is hard to compute. Indeed, in [17] the authors prove
that two-stage linear stochastic programming problems are #P -hard. Sample
average approximation (SAA) [25] is an approach for obtaining approximate
solutions to stochastic programs which approximates the expectation with an
average over a finite set of scenarios sampled from the distribution of the
random vector. With K scenarios (ξ1, . . . , ξK), the SAA problem is given by:

ẑK = min
x∈X

c⊤x+

K∑
k=1

pkQ(x, ξk). (3)

Let ẑK , x̂K be the optimal value and an optimal solution of problem (3).
As these quantities are random, the multiple-replications procedure (MRP)
[31,2] has been proposed as a method to determine a confidence interval on
the optimal value of the problem. MRP calculates this confidence interval for
a candidate solution by solving multiple SAA replications with different inde-
pendent samples of ξ. When only a fixed set of realizations of the random data
is available, [26] propose a method to estimate solution quality using bootstrap
aggregating to generate multiple samples and solving the corresponding SAA
replications. Solving multiple SAA replications with different random samples
can also be used to find higher-quality feasible solutions, e.g., [40]. With these
motivations in mind, we focus on the problem of solving a set of SAA repli-
cations of the same underlying stochastic programming instance derived from
different samples.

Our objective in this work is to investigate how information obtained from
solving one SAA replication can be used to speed up solution of other repli-
cations in order to minimize the total computation time to solve a set of SAA
replications. If these SAA replications are solved on a sufficiently large cluster
of computers, the wall clock time (as opposed to total computation time) could
be minimized by simply solving all the replications in parallel. However, even
in this setting, we argue that minimizing total computation time is an appro-
priate goal, as computing time is typically a limited resource, and power usage
grows with total computation time. In addition, when multiple machines are
available, algorithms such as Benders decomposition can be implemented in
parallel on these machines when solving a single replication. Thus, solving the
SAA replications sequentially and using information from early replications
to reduce the solution time of later replications can also lead to reduced wall
clock time.
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One approach to solving an SAA replication is to solve its deterministic
equivalent form [6]. However, this formulation can become too large to solve
directly when the the number of scenarios (K) is large. Decomposition meth-
ods like Benders decomposition [3,43] and dual decomposition [9] address this
by decomposing the problem and solving a sequence of smaller problems, co-
ordinating the results, and repeating. In this work, we focus on problems with
continuous recourse and randomness appearing only in the right-hand side of
the subproblem constraints. This problem structure is seen in many applica-
tions such as fleet planning [31], telecommunications network design [39] and
melt control [16]. Benders decomposition is a leading technique for solving
problems having this structure as it is able to exploit the convexity of the re-
course function, and hence we study techniques for reusing information when
using Benders decomposition to solve a set of SAA replications.

Our assumptions on the problem structure imply that the dual feasible re-
gion of the Benders subproblem is fixed across all possible scenarios. Thus, our
first proposal is to reuse dual solutions from previous replications to generate
Benders cuts for future SAA replications by storing dual solutions in a dual
solution pool (DSP). Then, whenever we would normally solve a subproblem
to generate a Benders cut, we first check the DSP to see if any dual solutions
there define a violated cut, and if so, we add the cut and avoid solving the
subproblem. The idea of reusing stored dual solutions to generate Benders cuts
has been used in different contexts when solving a single stochastic program,
such as in stochastic decomposition [22,44] and Benders decomposition [38,1].
This is the first time this technique has been used in the context of solving
multiple different SAA replications. We support this idea theoretically by es-
timating the number of solutions that need to be in the DSP to assure that a
nearly most-violated cut can be found for a given first-stage solution.

While using the DSP can reduce time spent solving subproblems to gen-
erate Benders cuts, we make several additional contributions that reduce the
computation time significantly beyond this. First, in preliminary computa-
tional studies we observed that the DSP tends to grow excessively large as
the number of replications increases, making the process of checking the DSP
for violated cuts time-consuming. To address this, we propose a method for
curating the DSP by retaining only some of the dual solutions in the pool.
Second, we propose two techniques for choosing Benders cuts to include in the
Benders main problem at the start of the algorithm. We tested these meth-
ods on two-stage stochastic linear and integer programs on two test problems.
The combination of initialization techniques and DSP methods reduced the
total time taken to solve these replications by half compared to using the DSP
alone.

Our work contributes to a growing body of literature investigating tech-
niques for improving methods for solving a sequence of closely related instances
of an optimization problem. The surveys [5] and [14] provide an overview of
recent research investigating the use of machine learning (ML) to learn better
methods for solving instances from a family of related instances. In stochas-
tic programming, the authors in [23] train a support vector machines for the
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binary classification of the usefulness of a Benders cut and observe that their
model allows for a reduction in the total solving time for a variety of two-stage
stochastic programming instances. [15] propose to approximate the second-
stage solution value with a feed-forward neural network. Recent work by [27]
also leverages ML to estimate the scenario subproblem optimal values. In [32],
the authors develop an ML approach to accelerate generalized Benders de-
composition by estimating the optimal number of cuts that should be added
to the main problem in the first iteration. There has also been work on using
ML to quickly compute primal solutions for stochastic programs [4,34]. ML-
enhanced Benders decomposition has been used to accelerate solution times
across various domains, including power systems [8], wireless resource alloca-
tion [28], network design problems [10], model predictive control [33], among
others. These studies generally begin by solving optimization problems offline
to collect data, followed by training an ML model to find algorithm param-
eters that speed up future solves. We investigate techniques for accelerating
the solution of a fixed number of problem replications, and hence our setting
differs from this work in that we do not assume we have an opportunity for
doing computations offline on a prior family of instances to gather information
that can be used online when solving a new instance.

This paper is organized as follows: In Section 2, we review the Benders
decomposition method, for both two-stage stochastic linear and integer pro-
grams. In Section 3, we present our methods for accelerating Benders decom-
position by reusing information from the solution of previous replications. In
Section 4, we present our results from computational experiments.

2 Benders Decomposition

In this section, we describe the Benders decomposition method [3,43] for
solving the SAA (3). The dual of the subproblem (2) for scenario k ∈ [K] :=
{1, . . . ,K} is given by:

max
π

{(h(ξk)− T (ξk)x)
⊤π : W⊤π ≤ q}. (4)

We denote the dual feasible region as Π = {π : W⊤π ≤ q}, which is indepen-
dent of the scenario k ∈ [K].

We make the following assumptions about the stochastic program (1):

– The subproblem dual feasible region Π is non-empty.
– Relatively complete recourse: For every feasible first-stage solution x ∈ X

and every ξ in the support of the random variable ξ, there exists a feasible
decision to subproblem (2).

We make the relatively complete recourse assumption mainly to simplify ex-
position. In Section 3.4.1, we introduce extensions of our methods to handle
the case where relatively complete recourse does not hold.
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Under these assumptions both the primal and the dual of the subproblem
(2) have an optimal solution and from strong duality, we conclude that their
optimal values are equal. Let V denote the set of all the vertices of Π. Then,

Q(x, ξk) = max
π

{(h(ξk)− T (ξk)x)
⊤π : π ∈ V}. (5)

Benders decomposition is based on a reformulation of (3), that introduces
a new variable θk to represent the optimal value of subproblem k for each
scenario k ∈ [K]. Using (5), the reformulation is as follows:

min
x ∈ X, θ

c⊤x+

K∑
k=1

pkθk

s.t. Ax = b,

θk ≥ (h(ξk)− T (ξk)x)
⊤π, π ∈ V, k ∈ [K].

(6)

In the following subsections we discuss how this reformulation is used within
Benders decomposition to solve two-stage stochastic linear programs (LPs)
(Section 2.1) and two-stage stochastic IPs with continuous recourse (Section
2.2).

2.1 Stochastic LPs

The size of the reformulation (6) depends on the number of vertices of the
dual subproblem (V), which is usually too large to explicitly enumerate. Thus,
a delayed cut generation scheme is used to iteratively add these constraints.
Specifically, Benders decomposition works with a “main problem” which has
the form of (6) but at each iteration t only includes a subset Vk,t of the
constraints for each scenario k ∈ [K]:

MPt = min
x ∈ X

c⊤x+

K∑
k=1

pkθk (7a)

s.t. Ax = b, (7b)

θk ≥ (h(ξk)− T (ξk)x)
⊤πk, πk ∈ Vk,t, k ∈ [K]. (7c)

The constraints (7c) in the reformulation are called Benders cuts.
Algorithm 1 outlines the Benders decomposition algorithm for LPs. We

start by solving the main problem with some initial cuts of the form (7c)
included. For simplicity of exposition, we assume these initial cuts are suffi-
cient to assure problem (7) is bounded and hence has an optimal solution,
(xt, {θtk}k∈[K]). Next, we solve subproblems (2), with ξ = ξk, to check for vi-
olated cuts and evaluate the objective for each subproblem k ∈ [K]. If this
objective value is greater than θtk, we have identified a violated cut. This leads
to the generation of a Benders cut, defined by the dual solution πt

k. After
iterating through all the subproblems, and adding violated cuts to the main
problem, we solve the updated main problem. This iterative process continues
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until no further violated cuts are found, leading to an optimal solution of the
original problem.

At each iteration, the main problem objective provides a lower bound, Lt,
to the problem because it is a relaxation to the original reformulation (6). We
also obtain an upper bound U t in each iteration by solving the subproblems at
every iteration. The difference between U t and Lt can be used as a convergence
condition, terminating when this difference falls below a tolerance denoted by
ϵ.

Algorithm 1 Benders decomposition algorithm.

1: Initialize t := 0
2: Initialize Vk,0 for all k ∈ [K] ▷ Initialization step
3: repeat
4: cutAdded← False
5: Solve MP t (7) and obtain (xt, {θtk}k∈[K])

6: Lt ← cT xt + 1
K

∑K
k=1 θ

t
k ▷ Calculate lower bound

7: for all k ∈ [K] do
8: Solve (2), with ξ = ξk, x = xt and obtain Q(xt, ξk) and dual solution πt

k
9: if Q(xt, ξk) > θtk then
10: Vk,t+1 ← Vk,t ∪ {πt

k} ▷ Store dual solution to add cut in next iteration
11: cutAdded← True
12: end if
13: end for
14: Ut ← c⊤xt + 1

K

∑K
k=1 Q(xt, ξk) ▷ Calculate upper bound

15: t← t+ 1
16: until cutAdded = False or Ut − Lt ≤ ϵ

This version of Benders decomposition in which we introduce auxiliary
variables θk for every scenario k ∈ [K] is called the multi-cut version. An
alternate version is the single-cut version [43] in which a single variable is used
to represent the epigraph of the expected value of the subproblem objective
taken over the full set of scenarios. We focus on the multi-cut version in this
paper, but in Section 3.4.2 we discuss how the methods proposed here can be
extended to the single-cut version of the algorithm.

2.2 Stochastic IPs

When dealing with stochastic programs featuring integer variables in the
first-stage, solving the main problem can be computationally expensive be-
cause it is an integer program. Hence, instead of iteratively solving the main
problem and adding cuts, stochastic IPs can alternatively be solved using the
branch-and-cut method [19,35].

A standard branch-and-cut algorithm for solving two-stage stochastic in-
teger programs with continuous recourse is outlined in Algorithm 2. The al-
gorithm begins by adding initial Benders cuts to the main problem. Starting
the algorithm with some initial cuts defined can help speed up convergence
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Algorithm 2 Branch-and-cut for IPs.

1: Initialize N ← {0}, z̄ ← +∞, (x∗, {θ∗k}k∈[K])← ∅
2: Initialize LP0 to be the relaxation of main problem with initial cuts
3: while N ̸= ∅ do
4: Choose a node i ∈ N , N ← N \ {i}
5: Solve LPi. If feasible, obtain optimal solution (x̂, {θ̂k}k∈[K]) and optimal value ẑ
6: if LPi feasible and ẑ < z̄ then
7: if x̂ ∈ X then ▷ Search for violated Benders cuts
8: cutAdded← False
9: for all k ∈ [K] do
10: Solve (2), with ξ = ξk, x = x̂ and obtain Q(x̂, ξk) and dual solution πk

11: if Q(x̂, ξk) > θ̂k then
12: Add Benders cut: θk ≥ (h(ξk)− T (ξk)x)

⊤πk

13: cutAdded← True
14: end if
15: end for
16: if cutAdded = True then
17: go to step 5
18: else
19: Update incumbent solution x∗ ← x̂, and z̄ ▷ (x̂, θ̂) is feasible
20: end if
21: else
22: Partition the problem and update N ▷ Branching step
23: end if
24: end if
25: end while
26: return (x∗, {θ∗k}k∈[K])

of the algorithm [37,19]. The LP relaxation of this main problem is repre-
sented by the root node or LP0. This node is added to the list of candidate
branch-and-bound nodes N .

In each iteration, the algorithm selects a node from N and solves the cor-
responding LP relaxation, a relaxation of the problem with added constraints
from branching. This LP generates a candidate solution (x̂, {θ̂k}k∈[K]). If x̂
violates the integrality constraints (i.e., x̂ /∈ X), the algorithm creates two
new subproblems by subdividing the feasible region (branching step). These
two new subproblems are then appended to N .

If x̂ ∈ X, we solve subproblems (2) with x = x̂ and for ξ = ξk for each k ∈
[K] to check if the solution (x̂, {θ̂k}k∈[K]) is feasible to the original problem. If
any violated Benders cuts are found, they are added to the main problem, and
the relaxation at that node is solved again. This process of dynamically adding
cuts can be implemented using a “Lazy constraint callback” in MIP solvers. If
no violated cuts are identified, then the current solution is feasible. Whenever
we find a feasible solution with a better objective value than the current best
solution, we update the upper bound z̄ and the incumbent solution x∗. The
algorithm terminates when there are no more nodes to explore in N .

In [19], the authors describe an implementation of Benders decomposition
using the branch-and-cut technique. They highlight the importance of initial-
izing the algorithm with a good set of cuts included in the main problem
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to accelerate convergence. To achieve this, they first solve the LP relaxation
of the original problem using Benders decomposition and retain all identified
cuts in the initial main problem of the IP. We follow their approach but only
retain the cuts which are active at the optimal solution of the LP relaxation
to manage the size of the main problem.

3 Techniques for Reusing Information to Accelerate Benders
Decomposition

We now consider a setting where we wish to solve a sequence of SAA
replications of the form (3), each with an independently drawn set of scenarios.
Suppose we wish to solve M such replications, and each having K scenarios,
(ξr1 , . . . , ξ

r
K) for r = 1, . . . ,M . The question we investigate is, when solving

the SAA (3) associated with a replication r > 1 with Benders decomposition,
how can we use information obtained from solving replications 1, . . . , r − 1 to
reduce the solution time?

We first mention a very simple technique that can be used for stochastic
IPs, which is to provide the optimal first-stage solution from a previous repli-
cation as an initial feasible solution in the branch-and-bound process. This
may be helpful as it would provide an upper bound that can be used for prun-
ing nodes in the search process. Specifically, suppose the first-stage optimal
solution of the previous replication is x̃. Then, when solving a new replication,
we first solve subproblems (2) at x̃ and ξ = ξk for each scenario k ∈ [K] in
this replication. We then provide the solution (x̃, {Q(x̃, ξk)}k∈[K]) as an initial
feasible solution.

In the remainder of this section we propose other techniques for reusing
information to accelerate Benders decomposition. To do so, we consider the key
computational tasks within Benders decomposition: solving the main problem
and solving subproblems to generate cuts. We propose two techniques, the use
of a dual solution pool (Section 3.1) and a curated version of this pool (Section
3.2) to reduce time solving the subproblems. We also propose initialization
techniques in Section 3.3 aimed at accelerating convergence of the algorithm.

3.1 Dual Solution Pool

As discussed in Section 2, the extreme points of the dual of the subproblem
(2) are used to generate Benders cuts. Given our assumption that W and q are
fixed in the second-stage problem, the dual feasible region of the subproblem
is the same for every possible scenario, as shown in (4). This implies that the
dual solutions from previous replications can be used to generate valid Benders
cuts for the current replication without solving subproblems.

To exploit this observation, as we discover dual solutions when solving an
SAA replication, we store them in a dual solution pool (DSP) denoted by
VDSP . Then, when solving a new SAA replication, these dual solutions can
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be used to generate Benders cuts if they cut off the current primal solution,
thereby potentially avoiding the need to solve the subproblem (2).

We first describe how the DSP is used when solving two-stage stochastic
LPs. Algorithm 1 is modified by running Algorithm 3 before starting the loop
of solving subproblems (line 7). After obtaining a main problem solution, xt,
we check the DSP, VDSP , for each scenario k ∈ [K] to find if it contains any
dual solutions that define a Benders cut violated by xt. Specifically, we solve
the following problem for each scenario k ∈ [K] (line 3 of Algorithm 3):

Qk(x
t,VDSP ) := max

π∈VDSP

π⊤(h(ξk)− T (ξk)x
t). (8)

That is, for each k ∈ [K], Qk(x
t,VDSP ) is defined as the objective value of

subproblem (5) evaluated at xt, with the feasible region replaced by VDSP . If
problem (8) identifies a violated cut, i.e., Qk(x

t,VDSP ) > θtk for some scenario
k ∈ [K], we add the identified cut for each such scenario and proceed with
solving the updated main problem (lines 4-5 in Algorithm 1). If no violated cut
is found from the DSP for any scenario k ∈ [K], then Algorithm 3 proceeds
with solving the scenario subproblems (line 7). If any of these subproblems
yields a violated Benders cut, the dual solution that defines the cut is not
in the DSP (otherwise we would have found the violated cut when running
Algorithm 3). Thus, every dual solution that defines a violated cut is saved,
and at the end of the replication we add these the DSP for use in the solution
of the following SAA replications.

We propose to use the DSP in two ways when solving two-stage stochastic
IPs. First, as discussed in Section 2.2, the LP relaxation of the stochastic IP
is solved to obtain a set of initial cuts to include in the main problem before
starting the branch-and-cut process. The DSP can be used exactly as described
in the last paragraph for solving two-stage stochastic LPs to accelerate this
process. Second, we can apply Algorithm 3 when an integer feasible solution
x̂ ∈ X is found in Algorithm 2 before solving subproblems (lines 9-15 of
Algorithm 2). If a cut is found from the DSP for any scenario k ∈ [K] it is
added to the main problem and the LP relaxation at the node is re-solved
(line 5). If no cuts are found in the DSP, then the subproblems are solved as
usual.

Algorithm 3 Using DSP to look for a violated Benders cut.

1: Input: Current main problem first-stage solution: xt, DSP: VDSP

2: cutAdded← False
3: for all k ∈ [K] do
4: Evaluate Qk(x

t,VDSP ) using (8) and let πk be a dual solution achieving the max
5: if Qk(x

t,VDSP ) > θtk then

6: Add violated cut: θk ≥ πk
⊤(h(ξk)− T (ξk)x

t)
7: cutAdded← True
8: end if
9: end for
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We next turn to a theoretical investigation of the size of the DSP that
is required for it to be expected to successfully find violated Benders cuts.
Specifically, we consider an abstraction in which we are solving a sequence of
N problems of the form:

max{c⊤i π : π ∈ Π} (9)

for i = 1, . . . , N where each ci is a random vector drawn independently from
the same distribution. For each problem, we find an optimal solution, repre-
sented as πi, for i = 1, . . . , N . Given this set of solutions (think of it as the
DSP), we then obtain a new random coefficient ĉ from the same distribu-
tion and wish to understand whether the best solution among the previously
found solutions is near-optimal for this new coefficient. The following lemma
establishes a bound on this probability as a function of N and the optimality
gap ϵ, under the assumption that the distribution of the objective coefficients
satisfies a concentration property.

Lemma 1 Let ci for i = 1, . . . , N and ĉ be random coefficient vectors drawn
from an identical distribution that satisfies

P(∥c− µ∥ ≥ t) ≤ e
−t2

2σ2 (10)

where µ is the mean of the distribution and σ is a variation parameter. Assume
Π is bounded and let D = max{∥π − π′∥ : π, π′ ∈ Π} be the diameter of Π.
Let z∗(ĉ) = max{ĉπ : π ∈ Π} and ϵ > 0. Then:

P
{
max
i∈[N ]

{ĉπi} ≤ z∗(ĉ)− ϵD

}
≤

[
2 exp

(
− ϵ2

8σ2

)]N
.

Proof. Let c̄, ĉ be identically distributed random variables with mean µ and
distribution satisfying (10). We bound the probability that c̄ and ĉ differ
significantly:

P(∥c̄− ĉ∥ ≥ t) = P(∥c̄− µ+ µ− ĉ∥ ≥ t)

≤ P(∥c̄− µ∥+ ∥µ− ĉ∥ ≥ t)

≤ P(max{∥c̄− µ∥, ∥µ− ĉ∥} ≥ t

2
)

≤ 2P(∥c̄− µ∥ ≥ t

2
) (11)

where the last inequality uses the fact that c̄ and ĉ are independently dis-
tributed.

Next, let π̄, π̂ be optimal solutions of (9) corresponding to costs c̄, ĉ, re-
spectively. Then,

ĉπ̂ − ĉπ̄ ≤ (ĉπ̂ − ĉπ̄) + (c̄π̄ − c̄π̂) (as π̄ is optimal for c̄)

= (ĉ− c̄)T (π̂ − π̄)

≤ ∥ĉ− c̄∥∥π̂ − π̄∥ ≤ D∥ĉ− c̄∥ (12)
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Thus using (10) and (12), we have:

P(ĉπ̂ − ĉπ̄ ≥ t) ≤ P(∥ĉ− c̄∥ ≥ t

D
) ≤ 2P(∥ĉ− µ∥ ≥ t

2D
).

Now, we return to the original probability we want to bound:

P
{
max
i∈[N ]

{ĉπi} ≤ z∗(ĉ)− ϵD

}
= P

 ⋂
i∈[N ]

{ĉπi ≤ z∗(ĉ)− ϵD}


= P

{
ϵD ≤ ĉπ̂ − ĉπi, i = 1, . . . , N

}
= [P {ϵD ≤ ĉπ̂ − ĉπ̄}]N

≤
[
2P

{
∥c− µ∥ ≥ ϵ

2

}]N
≤

[
2 exp

(
− ϵ2

8σ2

)]N
(from (11))

The optimality gap in Lemma 1 is written as ϵD in order to have it be
proportional to the scale of Π.

Using Lemma 1, and doing some algebraic manipulations, we obtain that
if ϵ is large enough relative to the variation parameter σ (ϵ >

√
8 ln 2σ) and

the sample size N satisfies

N ≥
8σ2 ln 1

ρ

ϵ2 − 8σ2 ln 2
,

then the probability that one of the solutions obtained is within ϵD of the
optimal solution for a new coefficient drawn from the same distribution is at
least 1− ρ.

To relate this analysis to our use of DSP for searching for a violated Ben-
ders cut, recall that to search for a violated cut from the DSP, we solve the
problem (8) in the hopes of finding a violated cut, rather than solving the
true dual subproblem (4). We thus consider VDSP as the set of the solutions,
{π1, π2, . . . , πN}, and the cost vector as ĉ = h(ξk)−T (ξk)x

t. If the solution xt

has been used in a previous replication to generate Benders cuts, then ĉ has the
same distribution as the distribution of the cost vectors in the subproblems
(4) in that previous replication, and hence VDSP will contain dual optimal
solutions from K samples from the same distribution as ĉ. If this cost vector
distribution satisfies (10), then Lemma 1 provides a bound on the probability
that the objective value of the best solution found in the DSP (i.e., the dual so-
lution that provides the largest right-hand side value of a Benders cut) will be
close to the optimal value (i.e., the maximum possible Benders cut violation).
This implies that if a violated Benders cut exists, one would likely be found in
the DSP. This analysis is not directly applicable if the primal solution xt was
not seen in a previous replication. However, the DSP contains dual solutions
derived from many other primal solutions, and hence may still be useful for
generating Benders cuts, which we verify empirically in Section 4.
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3.2 Curated DSP

Our preliminary experiments indicated that the number of dual solutions
in the DSP tends to grow rapidly as we solve more SAA replications. This
growth makes it increasingly time-consuming to search the DSP for violated
cuts. To address this, we propose to use a curated DSP in which we restrict
the set of stored dual solutions to a more manageable size. This restricted set
of stored dual solutions is denoted by Vcur. We use the curated DSP exactly as
the DSP is used as described in Section 3.1. The only difference is that when
searching for cuts based on past dual solutions, we search the set Vcur rather
than the full DSP (VDSP ).

Our approach for creating a curated DSP is detailed in Algorithm 4. After
each SAA replication, the full DSP VDSP is partitioned into three sets: the
permanent set (Vperm), the trial set (Vtrial), and the remaining solutions which
we refer to as “the bench”. The permanent set includes dual solutions that have
generated violated cuts in multiple past replications. Once a solution is added
to the permanent set, it remains there for all subsequent replications. The trial
set consists of newly generated dual solutions discovered during the previous
replication. These newly discovered solutions are included in the curated DSP
in the following replication. If a solution in the trial set successfully identifies
a violated cut, it is added to the permanent set in the next replication. The
curated DSP, Vcur, is the union of the permanent and trial sets. After finishing
solving a replication, all dual solutions used to define violated cuts in the
replication are added to a set called Vused. After each replication, dual solutions
are re-evaluated: those that were already in the DSP and defined a violated
cut (i.e., they are in the set Vused) are added to the permanent set Vperm. Any
dual solution that was newly generated during the current replication, and was
not already part of the full DSP, is added to the trial set Vtrial. This allows
new solutions to be tested and potentially included in future replications if
they prove effective. For the next replication, the curated DSP is updated by
combining the updated permanent and trial sets.

3.3 Initialization Techniques

The Benders decomposition method can be significantly accelerated if the
main problem is initialized with a good set of Benders cuts. For linear pro-
grams, adding the “right” initial cuts can theoretically lead to convergence in
just one iteration. Initializing the main problem with Benders cuts has also
been observed to be important to solve stochastic IPs[37,19]. Thus, we inves-
tigate techniques for determining a set of Benders cuts to add to the initial
Benders main problem. We focus our discussion on initialization techniques
for two-stage stochastic IPs, and then discuss adaptations of these ideas that
we propose for two-stage stochastic LPs.

In our approach, we aim to leverage dual solutions collected from prior
replications (VDSP ) to generate initialization cuts for the current replication.
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Algorithm 4 Curated dual solution pool.

1: Initialize VDSP with dual solutions collected in the first replication
2: Initialize Vperm ← ∅, Vtrial ← ∅
3: for all replications r = 2, . . . ,M do
4: Vcur ← Vperm ∪ Vtrial
5: Solve replication using Benders decomposition
6: Add dual solutions used to generate cuts to Vused
7: for π ∈ Vused do ▷ Re-evaluation of duals
8: if π ∈ VDSP then
9: Vperm ← Vperm ∪ {π}
10: else if π /∈ VDSP then
11: Vtrial ← Vtrial ∪ {π} ▷ π is newly discovered
12: VDSP ← VDSP ∪ {π} ▷ Update full DSP
13: end if
14: end for
15: Re-evaluate and update Vperm and Vtrial for the next replication
16: end for

Using all the collected dual solutions to generate a cut for every scenario would
provide an initialization of the algorithm that provides the best possible bound
given those dual solutions. However, this would also lead to a large number of
initial cuts in the main problem, slowing down the solution of the main problem
LP relaxations throughout the algorithm. Thus, we explore techniques for se-
lecting, for each k ∈ [K], a subset Vsel

k ⊆ VDSP of dual solutions from the DSP
from which to add Benders cuts. To guide this selection, we use the first-stage
solutions encountered during Benders decomposition in previous replications.
We denote the set of all feasible solutions found during the solution process in
past replications as Xfeas (e.g., this includes integer first-stage solutions the
solver finds via its internal heuristics and integer solutions discovered at nodes
in the branch-and-bound search), and denote the set of optimal solutions of
previous replications as Xopt. We propose two methods for choosing the initial
cuts to add: static initialization and adaptive initialization, described in the
following two subsections.

3.3.1 Static Initialization

The main idea behind this approach that a previous optimal solution has
a high likelihood of being near-optimal for this replication [24]. Therefore, we
want to initialize the algorithm with cuts that maximize the objective value of
the subproblem dual when evaluated on solutions in our set of previous optimal
solutions Xopt. For each previous optimal solution, x ∈ Xopt, and for each
scenario k ∈ [K], we identify a dual solution from the DSP that maximize the
subproblem objective value, i.e., a dual solution that achieves the maximum
in (8). If there is a tie between multiple dual solutions, we randomly select one
of them. We could add the Benders cut corresponding to this dual solution
for each x ∈ Xopt and each k ∈ [K]. However, in our experiments, we found
that doing this for all previous optimal solutions yielded many cuts in the
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initialization that were not useful. Thus, we only add cuts for the first two
optimal solutions in Xopt, leading to at most two cuts per scenario.

3.3.2 Adaptive Initialization

In this initialization technique, we use both the set of optimal solutions
of previous replications, Xopt, and the full set of previously found feasible so-
lutions, Xfeas, to identify initial Benders cuts to include in the main model.
This technique proceeds in two phases. In phase one, we find the solution
xWS which has the lowest objective value among the solutions in Xopt for the
current SAA replication. In the second phase, we identify a set of cuts which
ensure that the objective values of all other solutions in Xfeas are subopti-
mal compared to xWS when evaluated on the selected set of cuts. These cuts
provide a strong initialization and ensure that these solutions are not encoun-
tered later in Benders decomposition, as, by design, their objective values in
the model will be worse than the objective value of the initial solution we
provide to the model. The hope is that the set of solutions, Xfeas, serves as a
representative approximation for the entire feasible region X, and construct-
ing the cuts this way will lead to faster convergence. In the limit, if we had all
the feasible primal solutions in Xfeas, then this initialization would find the
optimal solution.

Phase One. Let z(x) = c⊤x +
∑

k∈[K] pkQ(x, ξk) denote the objective value
of a first-stage solution x ∈ X. In this phase, our goal is to find the solution
xWS ∈ Xopt with the lowest true objective value, i.e., it satisfies

z(xWS) ≤ z(x) ∀x ∈ Xfeas.

While this could be accomplished by directly evaluating z(x) for all x ∈ Xfeas

this would be computationally expensive as it requires solving all scenario sub-
problems for each solution. Therefore, to find xWS , we use an approximation
of the true objective value,

z(x,VDSP ) = c⊤x+
∑

k∈[K]

pkQk(x,VDSP ),

where, for each k ∈ [K], Qk(x,VDSP ) is the approximate value of the subprob-
lem for scenario k as defined in (8). z(x,VDSP ) represents the approximate ob-
jective value of x, with the subproblems being evaluated on the DSP (VDSP ) in-
stead of the full feasible region (Π). This approximation always underestimates
the true objective value, i.e., z(x,VDSP ) ≤ z(x) as Qk(x,VDSP ) ≤ Q(x, ξk)
for all k ∈ [K] because VDSP ⊆ Π.

Algorithm 5 outlines the process of finding xWS . We start by calculating the
approximate objective z(x,VDSP ) for each solution in Xopt and then arrange
them in ascending order of this approximate objective value. We then check
whether the solution with the smallest value of z(x,VDSP ), say x, has the
lowest true objective value, by solving the scenario subproblems (2) with x = x
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and ξ = ξk for each scenario k ∈ [K] to find the true objective value of this
solution. In this process, we may generate new dual solutions which are added
to the DSP. If any new dual solutions are found, this will increases the value
of z(x,VDSP ) to z(x), and x might no longer be the solution with the lowest
value of z(x,VDSP ) among Xopt. Therefore, we re-evaluate z(x,VDSP ) for all
solutions on the updated VDSP to see if x remains the best candidate. If so,
the algorithm terminates; otherwise, we select the new minimizer and repeat
the process. When the algorithm terminates it holds that

z(xWS) = z(xWS ,VDSP ) ≤ z(x,VDSP ) ≤ z(x) ∀x ∈ Xopt

and hence we have found the solution with the lowest true objective value in the
set Xopt. This algorithm is guaranteed to converge in at most |Xopt| iterations
because in each iteration we expand VDSP such that z(x) = z(x,VDSP ) for a
new x ∈ Xopt.

Algorithm 5 Adaptive initialization - phase one.

1: Evaluate z(x,VDSP ) for all x ∈ Xopt

2: repeat
3: xWS ← argmin{z(x,VDSP ) : x ∈ Xopt}
4: Solve subproblem (2), with x = xWS , ξ = ξk for each k ∈ [K]
5: Update VDSP with newly found dual solutions
6: Re-evaluate z(x,VDSP ) for all x ∈ Xopt

7: until argmin{z(x,VDSP ) : x ∈ Xopt} = xWS

8: return xWS

Phase two. The goal of phase two is to identify a (hopefully small) set
Vsel
k ⊆ VDSP for each scenario k ∈ [K] such that, when the objective value of

each solution in Xfeas is evaluated using the Benders cuts defined by these
solutions, the evaluation is higher than z(xWS). As a result, when the Benders
algorithm proceeds, none of these solutions will be identified as a candidate
solution that might be better than xWS . In this process, since we are consid-
ering more solutions (Xfeas) than we considered in phase one (Xopt), we may
find a solution x ∈ Xfeas that has a better objective value than xWS identified
in phase one, in which case we update xWS .

Given a collection of sets of dual solutions Vsel
k ⊆ VDSP for k ∈ [K], we

define the lower bound approximation of the objective value of x,

z(x, {Vsel
k }k∈[K]) := c⊤x+

∑
k

pkQk(x,Vsel
k ),

where, for each k ∈ [K], Qk(x,Vsel
k ) is the objective of the subproblem k

evaluated using the set of dual solutions Vsel
k :

Qk(x,Vsel
k ) := max

π∈Vsel
k

π⊤(h(ξk)− T (ξk)x).
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Note that for all scenarios, k ∈ [K], Vsel
k ⊆ VDSP ⊆ Π and so

Qk(x,Vsel
k ) ≤ Qk(x,VDSP ) ≤ Q(x, ξk)

for all x ∈ X. Thus,

z(x, {Vsel
k }k∈[K]) ≤ z(x,VDSP ) ≤ z(x) ∀x ∈ X.

Using this notation, we restate the primary goal of phase two which is to find
sets of dual solutions {Vsel

k }k∈[K] that satisfy

z(xWS) ≤ z(x, {Vsel
k }k∈[K]) ∀x ∈ Xfeas. (13)

The pseudocode for phase two is presented in Algorithm 6. To initialize
{Vsel

k }k∈[K], we first add the dual solutions obtained by solving subproblems

for xWS . This ensures that z(xWS , {Vsel
k }k∈[K]) = z(xWS). For IPs, we first

solve the LP relaxation to add initialization cuts and thus we also include
the dual solutions which defined active cuts at the optimal solution of the LP
relaxation in the sets {Vsel

k }k∈[K]. Next, we evaluate z(x, {Vsel
k }k∈[K]) for all

x ∈ Xfeas. If the solution with least value of z(x, {Vsel
k }k∈[K]), say x, has the

same objective value as z(xWS), then we have converged having achieved our
goal (13).

However, if z(x, {Vsel
k }k∈[K]) < z(xWS) (line 7), this implies that we need

to add more cuts to {Vsel
k }k∈[K] to increase z(x, {Vsel

k }k∈[K]) above z(xWS).
To do so, we first calculate z(x,VDSP ). If z(x,VDSP ) ≥ z(xWS), then we know
there are cuts in the DSP which can be added to {Vsel

k }k∈[K] to achieve the
goal of

z(x, {Vsel
k }k∈[K]) ≥ z(xWS). (14)

Indeed, this would be achieved by adding the dual solution from VDSP

that achieves the maximum in (8) to Vsel
k for each k ∈ [K]. However, we

heuristically try to minimize the number of dual solutions that are added
to achieve (14). We arrange the scenarios in decreasing order of values of
Qk(x,VDSP ) − Qk(x,Vsel

k ). This quantity tells us how much Qk(x,Vsel
k ) will

increase if we add the dual solution which achieves Qk(x,VDSP ) to Vsel
k . For

each scenario k in this order, we add a dual solution from VDSP that achieves
the maximum in (8) to Vsel

k , and stop as soon as we achieve (14).
If z(x,VDSP ) < z(xWS) (line 13), this implies the dual solutions in VDSP

are not sufficient for adding to {Vsel
k }k∈[K] to achieve (14). Indeed, x may

even have a lower true objective than the current xWS . In this case, we solve
the subproblems (2) for x and each scenario k ∈ [K] to calculate z(x). For
each k ∈ [K], we add to Vsel

k and VDSP , the optimal dual solution from the
subproblem. If z(x) < z(xWS), we update the current best solution to be x.
Once the algorithm converges, the final xWS is provided as an initial feasible
solution when solving the SAA replication.

Adaptive initialization as described is designed primarily for initializing
Benders decomposition when solving stochastic IPs. For stochastic LPs, in
preliminary experiments we found that too much time is spent doing this
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Algorithm 6 Adaptive initialization - phase two.

1: Input: xWS from phase one
2: Initialize Vsel

k ← ∅ for all k ∈ [K]

3: Add π which achieves the maximum in (8) at xWS to Vsel
k for each k ∈ [K]

4: Add active LP cuts to {Vsel
k }k∈[K]

5: zWS ← z(xWS ,VDSP )
6: while True do
7: Evaluate z(x, {Vsel

k }k∈[K]) for all x ∈ Xfeas

8: x← argmin{z(x, {Vsel
k }k∈[K]) : x ∈ Xfeas}

9: if z(x, {Vsel
k }k∈[K]) < zWS then

10: Compute z(x,VDSP )
11: if z(x,VDSP ) ≥ zWS then
12: Add enough duals from DSP to {Vsel

k }k∈[K] so that z(x, {Vsel
k }k∈[K]) ≥ zWS

13: else
14: Solve (2) for x = x and ξ = ξk for each k ∈ [K] to compute z(x)
15: Add the optimal dual solution from (2) to Vsel

k and VDSP for each k ∈ [K]

16: if z(x) < z(xWS) then
17: Update xWS ← x, zWS ← z(x)
18: end if
19: end if
20: else
21: Break
22: end if
23: end while
24: return xWS , {Vsel

k }k∈[K]

initialization process relative to the savings it yields in the eventual algo-
rithm. Thus, for LPs, we make some changes to the adaptive initialization. In
phase one, we evaluate the previously collected optimal solutions (Xopt) on the
DSP. Let x denote the solution with the lowest approximate objective value
z(x,VDSP ). Rather than solving scenario subproblems to verify whether x has
the lowest true objective value (line 4 of Algorithm 5), we directly declare x
to be xWS . Phase two begins with this solution and proceeds as in Algorithm
6, with line 4 skipped as it is not relevant for LPs. The next change is after
the else condition on line 13, which is run when z(x,VDSP ) < zWS . In the LP
case, we do not solve subproblems at this point. Instead, we update xWS to
x, add the dual solution that achieves the maximum in (8) at xWS to Vsel

k for
each k ∈ [K], and then terminate the initialization.

3.4 Extensions

In this section, we describe how our ideas for accelerating Benders de-
composition using information from previous replications can be adapted for
solving problems without relatively complete recourse (Section 3.4.1) and for
the single-cut version of Benders decomposition (Section 3.4.2).
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3.4.1 Relatively Complete Recourse

In the absence of relatively complete recourse, the reformulation (6) that
is the basis of Benders decomposition needs to be augmented with Benders
feasibility cuts [3]: (h(ξk) − T (ξk)x)

⊤r ≤ 0 ∀r ∈ R, k ∈ [K], where R is the
set of extreme rays of the dual feasible region Π.

The Benders decomposition algorithm is modified such that if the sub-
problem (2) is infeasible, then an extreme ray of the dual feasible region is
identified and used to add a Benders feasibility cut to the main problem.

Since the dual feasible region remains fixed according to our assumptions
thatW and c are fixed, the set of rays also remains constant across replications.
Thus, as we seek to solve a sequence of SAA replications, we can store the
dual extreme rays that are identified in a DSP just as we do for Benders
optimality cuts. When we obtain a main problem solution, we search the DSP
for violated cuts (both optimality and feasibility cuts). If no violated cut is
found for any scenario, we proceed by solving the subproblems to generate a
feasibility or optimality cut. Curating the DSP follows the same principles as
we have discussed in Section 3.2.

For the static and adaptive initialization method, we can initialize the Ben-
ders optimality cuts exactly as described previously. In adaptive initialization,
if a scenario subproblem (2) is infeasible, then we identify an extreme ray of
the dual feasible region and add the associated Benders feasibility cut as an
initial cut. For adding Benders feasibility cuts, we would check the DSP to de-
termine if any primal solutions from previous replications Xfeas are violated
by any of the associated feasibility cuts, and add at least one such cut for each
solution in Xfeas that violates one of these cuts.

3.4.2 Single-Cut

In single-cut implementation of Benders decomposition, we introduce a
variable Θ which represents the expected value of the subproblem objective.
The single-cut Benders decomposition algorithm is based on a reformulation
that includes Benders cuts of the form

Θ ≥
K∑

k=1

pk(h(ξk)− T (ξk)x)
⊤πk, (15)

where πk ∈ V for each k ∈ [K].

In standard Benders decomposition, given a main problem solution x̂, a
Benders cut of the form (15) is found by solving the scenario subproblem (2)
for each scenario k ∈ [K], and then using the dual solution πk from subproblem
k for each k ∈ [K] to define the cut (15). The single-cut version uses fewer
variables in the main problem and only adds one cut per iteration. Hence, the
main problem typically is more compact and hence solves faster than in the
multi-cut approach, but it often requires more iterations to reach optimality.



Accelerating solution of a sequence of SAA replications 19

Our proposal for using the DSP and the curated DSP directly adapts to the
single-cut version. For every scenario k ∈ [K], at a solution xt, we find the dual
solution with maximum Qk(x

t,VDSP ) by solving (8) and then aggregate them
to generate a cut (15) using these dual solutions. If it is violated by xt, we add
it to the main problem and continue with the algorithm. Otherwise, we solve
all scenario subproblems and generate a cut using those dual solutions (and
update the DSP with the newly identified dual solutions). We expect that
this would speed up the Benders iterations because the full set of scenario
subproblems do not need to be solved at every iteration.

To adapt static initialization in this context, for each previously collected
optimal solution, we identify dual solutions from the DSP that maximize the
subproblem objective value by solving (8) for each k ∈ [K]. Aggregating these
yields a cut for that primal solution, and repeating this procedure for all
previously collected optimal solutions leads to a set of initial cuts that can be
added to the main problem.

For adaptive initialization, phase one remains unchanged, where the pri-
mary goal is to identify the best solution (xWS) to provide as an initial feasible
solution to the branch-and-cut algorithm. We follow the steps in Algorithm 5
to do this. To adapt this method for single-cut, we also maintain {Vsel

k }k∈[K]

in phase one. Now, whenever we evaluate any solution, say x, on the DSP
to estimate its value, the dual solutions for each scenario k ∈ [K] that corre-
spond to Qk(x,VDSP ) are stored in Vsel

k . Furthermore, any dual solutions that
are found when solving the scenario subproblems are also incorporated into
{Vsel

k }k∈[K]. In phase two, we follow the same steps as outlined in Algorithm 6.

This algorithm outputs both an updated {Vsel
k }k∈[K] and the initial candidate

solution, xWS . In the multi-cut version, we would add a Benders cut to the
main problem for every dual solution in Vsel

k for each scenario k ∈ [K]. For
single-cut, the main problem is first initialized with a cut of the form (15),
with the πk dual solutions defined according to the optimal dual solution of
subproblem (2) with x = xWS and ξ = ξk. To determine which additional cuts
to initialize the main problem with, we iterate through each primal solution
x ∈ Xfeas. For each such x, we find the maximum value of the right-hand
side of the currently added cuts on x. Let’s call this value Θ̂(x). If c⊤x+ Θ̂(x)
exceeds z(xWS), we do nothing as the current cuts are sufficient to ensure
that the objective value of x in the model is higher than the objective value
of xWS in the model. Otherwise, we find the dual solution which achieves
Qk(x, {Vsel

k }k∈[K]) for each scenario k ∈ [K] and use these to define a cut.
This cut is added to the main problem, ensuring that, as a result of phase two,
the updated c⊤x+ Θ̂(x) will be at least z(xWS).

4 Computational Study

This section presents a comprehensive computational study to evaluate the
effectiveness of our proposed information reuse strategies.
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4.1 Experimental Setup and Implementation Details

We compare the following approaches for reusing information from previous
solves of a replication:

– Baseline: This approach represents the standard Benders decomposition
algorithm. The only information reused from previous replications is that
for IPs an initial feasible solution is provided based on the optimal solution
of the most recent replication, as described at the beginning of Section 3.
No information is reused for LPs.

– DSP: This approach stores the dual solutions collected in previous SAA
replications and uses them to generate cuts as described in Section 3.1.

– Curated DSP: This approach refines the DSP by maintaining a smaller
pool of dual solutions as described in Section 3.2.

– Static init: This approach extends the curated DSP approach by ini-
tializing the algorithm with cuts generated through static initialization as
described in Section 3.3.1.

– Adaptive init: This approach extends the curated DSP approach by ini-
tializing the algorithm with cuts generated through adaptive initialization
as described in Section 3.3.2.

For the computational experiments, we solve 26 replications of problem (3),
each with an independently drawn set of scenarios. The first replication is used
for data collection and is identical for all compared methods. Thus, to compare
the impact of different strategies for reusing information, all results presented
in the following sections are based on the 25 SAA replications excluding the
first one. Every replication is given a time limit of one hour for each method.
To reduce the time required to run the experiments, we run less than the full
25 replications for the baseline method because it is significantly slower than
the other methods. This method is only tested on the 2nd, 14th and 26th
replications, and results reported are averaged over these three runs instead
of the full 25 as in the other methods. Since all replications are independent
and the only information used from previous replications is an initial feasible
solution for IPs, and nothing for LPs, an average of a metric taken over this
subset is expected to be a close approximation of the average over the full set
of replications.

We implemented Benders decomposition in Python using Gurobi 10.0.1 as
the optimization solver for both LPs and IPs. When searching the DSP and
curated DSP for dual solutions that potentially generate a violated cut (i.e.,
when solving subproblem (8)) we use the linalg library in NumPy for ma-
trix multiplications and use numba to efficiently calculate the argmax. We use
Python’s hash function to determine if a dual solution obtained after solving
a subproblem is already present in the DSP or not. We build a main prob-
lem model and a single subproblem model which is updated with the current
primal solution (x̂) and scenario data (ξ) whenever we need to look for a cut,
saving model building time and enabling warm-starting of the subproblems.
As discussed in the beginning of Section 3, whenever we solve a new SAA
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replication (after the first), we provide the solver with the optimal primal so-
lution of the previous replication as a candidate solution. To do this, we solve
the scenario subproblems given the new scenario data and this candidate solu-
tion x̂, and then provide this solution (x̂, {Q(x̂, ξk)}k∈[K]) to the solver. This
initialization is done for all methods except for the adaptive initialization, in
which the method generates its own candidate solution. We do this initializa-
tion even for the baseline method in order to better illustrate the impacts of
the other techniques we propose for reusing information.

We terminate Benders decomposition when the optimality gap percentage
is less than 10−4: (U t − Lt)/Lt ∗ 100% ≤ 10−4. A candidate Benders cut of
the form θk ≥ αk − βkx is considered violated by the current main problem
solution (x̂, {θ̂k}k∈[K]) if it satisfies

θ̂k −Q(x̂, ξk) ≥ 10−5 ∥(1, αk, βk)∥ .

This relative cut violation threshold ensures that the violation exceeds a small
tolerance scaled by the norm of the cut’s coefficients.

For the branch-and-cut method (Section 2.2), we implement the algorithm
using a callback provided by the solver Gurobi. Whenever the algorithm finds
an integer feasible solution, the callback is called to verify if this solution is
feasible to the true problem. In this callback, if we are using the DSP, we
first check the DSP for violated cuts. If no violated cuts are found in the
DSP, we solve subproblems to check if any cuts are violated. If DSP is not
employed, then we directly solve subproblems to check for violated cuts. Due
to the presence of callbacks, we set the lazyconstraints parameter to 1, and
that avoids reductions and transformations which are incompatible with lazy
constraints.

For stochastic IPs, we first solve the LP relaxation of the problem via
Benders decomposition. Benders cuts that are active after solving the LP re-
laxation are retained in the main problem and used as part of the formulation
that is given to the solver when it starts the the branch-and-cut algorithm.
The initialization methods add cuts in addition to these cuts. If we deploy
any initialization method for the IP, then the same method is also used to
initialize the LP relaxation of the problem. Initialization methods are always
used in conjunction with curated DSP to check for violated cuts. Only duals
from curated DSP are considered to generate initialization cuts.

The experiments were run on two Intel Core i7 machines: an i7-9700 CPU
at 3.00GHz and an i7-10700 CPU at 2.90GHz.

4.2 Test Problems

The study investigates the performance of all these methods on two prob-
lem classes: stochastic network design and stochastic capacitated facility loca-
tion. We describe these problems at a high level below. Appendix A provides
the detailed formulation of each problem. All test instances have 400 scenarios,
unless mentioned otherwise.
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Capacitated Facility Location Problem (CFLP) The CFLP has a set of facil-
ities and a set of customers with uncertain demands. The objective of the
problem is to minimize the total expected cost of building and operating facil-
ities while ensuring that customer demand is met. In the first-stage, we decide
which facilities to open. Every facility has a setup cost and also a capacity.
In the second-stage, we decide how to allocate goods from open facilities to
satisfy customer demand as much as possible. Unmet demands are penalized,
and thus this model has relatively complete recourse.

Our instances use the data from [12] and the extension of these to create
stochastic programming instances from [15]. They create a stochastic variant
by first generating the first-stage costs and capacities, followed by generating
scenarios by samplingK demand vectors using the distributions defined in [12].
In Tables 1 and 2, we list the number of facilities and sets of customers we
consider for the IP and LP instances, respectively. We use larger test instances
for the LP instances to provide a more difficult test for that problem class.

Facilities Customers
15 {105, 125, 215}
25 {95, 105, 185}
35 {105, 185}
55 {125}
75 {105}

Table 1: CFLP instance data for
IPs.

Facilities Customers
25 {305, 355, 405, 455, 495}
55 {305, 355, 405, 455, 495}
85 {305}

Table 2: CFLP instance data for
LPs.

Multi Commodity Network Design Problem (CMND) The CMND problem is
defined on a directed network comprising of nodes (N), arcs (A), and commodi-
ties (K). Each commodity must be routed from an origin node to a destination
node in the network. The arcs are characterized by installation costs and ca-
pacity. The objective is to determine a subset of arcs for installation with the
goal of minimizing the expected total cost. In the first-stage, binary decisions
are made for each arc to decide if it will be installed or not. In the second-
stage, after the demand for each commodity is revealed, routing decisions are
made for how to route the realized commodity amounts in the network.

We use the test instances in [13]. The instances were originally proposed
for the deterministic fixed charge capacitated multi-commodity network design
problem [21]. To generate stochastic programming instances, we adopt the
approach outlined in [23]. They use the techniques described in [41] to create
random samples for the demands of various commodities. In each scenario, the
demand of a commodity follows a normal distribution with the mean set to the
demand in the deterministic instances and standard deviation of 0.1 times the
mean. To generate instances, we start with base instances given in Tables 10
and 11. These tables give the number of nodes, arcs and commodities for each
base instance. For each base instance, we run experiments on three versions
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of these instances that differ in the ratio of fixed costs to variable costs. These
are given by r02.1, r02.2, and r02.3 in the actual dataset documentation for
the II base instance.

Problem Set |N | |A| |K|
II 10 35 25
III 10 35 50
IV 10 60 10

Table 3: CMND instance data for IPs.

Problem Set |N | |A| |K|
VI 10 60 50
IX 10 83 50
X 20 120 40

Table 4: CMND instance data for LPs.

4.3 Results

Metric Description
Total T Time taken to optimize a SAA replication
LP T Time taken to solve the LPs to optimality
Init T Time taken to initialize the problem. For IPs, this includes selecting

active cuts from the LP and finding other initial cuts
IP T Time taken to solve the IPs to optimality, excluding LP T and Init T

Iterations (LP only) # of iterations needed to solve the problem
SP count # of times subproblems are solved to generate cuts
DSP T Time taken to search for a violated cut in the DSP
SP T Time taken to solve subproblems and find a violated cut
Cut T Time taken to find violated cuts to add to the main problem
Nodes (IP only) # of branch-and-bound nodes
Root gap (IP only) Gap closed at the root node of the IP from initialization cuts
Callback calls (IP only) # of calls to the callback to check an integer feasible solution

Table 5: Benders decomposition metrics.

Table 5 summarizes the metrics used to evaluate different methods. Each
metric represents the arithmetic mean of the quantity calculated over the
25 SAA replications after the first replication. For results that are aggregated
over multiple instances, like in Tables 6 - 11, the quantity presented is a shifted
geometric mean over all instances of that test problem, with a shift of 1 being
applied. Geometric mean is chosen as the relevant mean when summarizing
results over different base instances because there might be a lot of variation
in the values for different instances. Arithmetic mean is used for summarizing
results across the 25 replications of an individual instance because we expect
the values to remain more consistent over the 25 replications. All the time-
related measurements are done in seconds.

For IPs, note that LP T represents the time spent solving the initial LP
relaxation before proceeding with the IP. IP T notes the time taken to solve
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the IP after initializing, and Total T includes the time taken for this entire
process. For each IP instance, Total T = Init T + LP T + IP T1.

DSP T and SP T describe how much time is being spent to generate Benders
cuts via the DSP and by solving subproblems. Cut T tells us the total time
taken to find and add Benders cuts: for each instance, Cut T = DSP T + SP

T.

4.3.1 LP Results

Method Total T Iterations SP count Cut T DSP T SP T Init T

Baseline 213.9 81.2 81.2 187.4 - 187.4 -
DSP 62.1 66.4 8.0 50.8 36.0 14.3 -
Curated DSP 46.3 58.6 8.4 37.8 22.3 15.2 -
Static init 23.3 25.1 8.4 20.7 5.4 15.2 0.1
Adaptive init 22.2 20.7 8.5 18.7 3.2 15.4 1.3

Table 6: LP results: CFLP.

Method Total T Iterations SP count Cut T DSP T SP T Init T

Baseline 616.9 131.4 131.4 531.2 - 531.2 -
DSP 89.7 75.2 10.0 70.2 26.3 40.3 -
Curated DSP 63.4 66.2 10.2 47.3 4.9 41.4 -
Static init 49.9 31.5 10.4 44.4 2.0 42.2 0.1
Adaptive init 51.2 21.9 10.5 44.0 1.2 42.7 3.6

Table 7: LP results: CMND.

Tables 6 and 7 display the summary results of the different methods for
solving the LP test instances for CFLP and CMND problems, respectively. The
tables demonstrate the significant benefits of information reuse techniques for
solving these test instances. The introduction of DSP drastically reduces SP

count, suggesting that we are usually able to find violated cuts in the DSP, and
only occasionally need to solve subproblems to generate cuts. This validates
the presence of valuable dual solutions within the DSP, and their effectiveness
in generating violated cuts. The reduction in SP count directly contributes
to savings in SP T, leading to the observed savings in Total T. A somewhat
surprising result is the decrease in iterations of the algorithm from baseline
to DSP.

As hoped, we observe curated DSP reduces DSP T and hence leads to a
reduction in Cut T and ultimately Total T. Intuitively, one might expect SP

1 This equality holds on a per-instance basis, but does not hold for the summary statistics
because we use geometric mean to summarize across instances.
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Fig. 1: Plots showing the fraction of solved LP instances over time for CFLP
and CMND problems.

T to increase from DSP to curated DSP, as we have fewer dual solutions in the
curated pool. However, the curation does not lead to a substantial increase
in SP T suggesting that curated DSP obtains a good trade-off in the time
saved from searching the DSP against the small extra time spent solving the
subproblems

Both static and adaptive initialization methods consistently outperform
baseline and DSP methods, needing significantly fewer iterations to con-
verge. This shows the value of initializing the algorithm with Benders cuts.
This reduction in iterations directly contributes to these methods having
the shortest overall Total T. Interestingly, adaptive initialization needs the
fewest iterations to converge. This suggests that it is able to identify useful
cuts. However, we do not see proportional decrease in Total T because adap-
tive initialization needs more time to find these initial cuts. Also, adaptive
initialization usually adds more cuts in the main problem, leading to longer
time to solve the main problem. Overall, using the combination of information
reuse methods we propose, we are able to solve these problems approximately
10 times faster compared to baseline on average.

We complement the summary results presented Tables 6 and 7 with the
total time cumulative distribution function (CDF) plots shown in Figure 1.
In these figures, the Y-axis shows the proportion of solved instances and the
X-axis represents time. To focus on the relative improvements beyond just
using DSP, these figures display only the four methods that reuse information
and exclude the baseline method. Broadly, we observe that curated DSP im-
proves significantly over DSP and that both initialization methods improve
significantly over curated DSP, while they are comparable to each other.
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Method Total T IP T LP T Cut T DSP T SP T Init T

Baseline 387.5 327.1 44.9 163.9 - 163.9 0.6
DSP 244.0 212.6 20.0 61.0 56.9 3.0 0.5
Curated DSP 216.9 191.4 14.7 46.2 41.4 3.8 0.5
Static init 194.1 182.4 6.1 43.9 39.2 3.8 0.6
Adaptive init 102.2 77.7 5.7 5.7 4.5 1.2 13.7

Table 8: IP results: CFLP - Part 1

Method Total T IP T LP T Cut T DSP T SP T Init T

Baseline 667.2 537.8 89.2 259.2 - 259.2 1.5
DSP 100.9 75.2 18.2 26.1 23.2 2.9 1.0
Curated DSP 61.8 45.8 9.8 10.5 7.0 3.4 1.0
Static init 58.5 47.2 6.5 9.4 6.3 2.9 1.1
Adaptive init 40.5 21.2 6.1 1.6 1.2 0.5 8.4

Table 9: IP Results: CMND - Part 1

4.3.2 IP Results

Tables 8 and 9 display the summary results of the different methods for
solving the IP test instances for CFLP and CMND problems, respectively.
We find that DSP reduces SP T which translates into savings in Total T.
Curated DSP reduces the DSP T because of a smaller pool, in turn also help-
ing to decrease Total T. Similar to the LP results, curated DSP does not
lead to a significant increase in SP T, suggesting that curated DSP provides
a good trade-off in the time checking the DSP against the time spent solving
subproblems.

The static and adaptive initialization methods consistently outperform
baseline and DSP techniques. While the two initialization methods performed
comparably for LPs, we see a clear distinction for IPs. For CFLP, static ini-
tialization offers only a marginal improvement over curated DSP, whereas
adaptive initialization demonstrates a substantial two-fold improvement in to-
tal time and a ten-fold reduction in cut generation time. This highlights the
effectiveness of adaptive initialization in identifying strong initial cuts. Data
for CMND shows a similar trend, with adaptive initialization again proving
superior and static initialization providing only a marginal benefit over cu-
rated DSP. Although adaptive initialization has a higher initial computational
cost (Init T), it delivers superior overall performance (Total T), making it
the best choice for IPs.

Tables 10 and 11 present results of additional metrics for these instances.
We observe a significant reduction in the SP count after employing DSP, sim-
ilar to what we saw for LPs. Interestingly, deploying adaptive initialization
leads to a significant reduction in both the callback calls and SP count

compared to other methods. This suggests that the initial cuts generated by
adaptive initialization provide a strong relaxation of the original problem, min-
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Method Nodes Root gap (%) Callback calls SP count

Baseline 2814.5 2.9 115.7 115.7
DSP 2819.9 3.1 116.6 6.1
Curated DSP 2824.7 3.1 114.8 6.6
Static init 2645.7 3.1 111.0 6.5
Adaptive init 2129.8 2.8 13.4 1.9

Table 10: IP results: CFLP - Part 2

Method Nodes Root gap (%) Callback calls SP count

Baseline 2404.9 12.7 140.1 140.1
DSP 1446.1 11.6 71.2 5.0
Curated DSP 1357.7 11.2 64.5 5.5
Static init 1420.7 9.3 62.5 5.2
Adaptive init 1379.0 3.9 10.8 1.2

Table 11: IP Results: CMND - Part 2
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Fig. 2: Plots showing the fraction of solved LP instances over time for CFLP
and CMND problems.

imizing the need for looking for additional cuts during the optimization pro-
cess. Furthermore, adaptive initialization improves root gaps, particularly for
CMND. Since root gaps help isolate the impact of initialization, this demon-
strates that adaptive initialization closes the most gap among all methods.
The resulting reduction in callback calls confirms that the initial cuts are
highly effective.

Figure 2 presents the cumulative distribution function (CDF) plots of solu-
tion times for IP instances, again displaying the results only for the methods
that reuse information. These plots further illustrate that the adaptive ini-
tialization method has the best performance. We also see that curated DSP
generally leads to an improvement in total time compared to regular DSP.
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4.3.3 Cut Distribution

Method Initial cuts SP cuts DSP cuts Total cuts

Baseline - 39192 - 39192
DSP - 448 33455 33903
Curated DSP - 589 34139 34728
Static Init 784 608 33327 34719
Adaptive Init 13105 128 3610 16843

Table 12: Cut distribution for the CFLP instance with 35 facilities and 105
customers.

Method Initial cuts SP cuts DSP cuts Total cuts

Baseline - 55721 - 55721
DSP - 85 29851 29936
Curated DSP - 128 27604 27732
Static Init 782 50 26455 27287
Adaptive Init 8723 24 3629 12376

Table 13: Cut distribution for the CMND instance r03.3.

Our algorithm generates Benders cuts from three sources: cuts provided
during initialization (Initial cuts), cuts derived by solving subproblems
during the algorithm (SP cuts), and cuts obtained by searching a pool of
dual solutions (DSP cuts). To provide more insight about our methods, we
present in Tables 12 and 13 the distribution of cuts of each type for a sam-
ple IP instance of the CFLP and CMND problems, respectively. To focus on
differences between the methods, the Initial cuts and Total cuts exclude
active LP cuts, which are nearly identical for all methods.

We find that the inclusion of DSP in the Benders decomposition frame-
work significantly reduces the number of subproblems solved to generate cuts,
leading to a dramatic decrease in SP cuts. This is expected and confirms the
presence of useful dual solutions within the pool, capable of generating violated
cuts. We also find that curated DSP requires slightly more SP cuts than DSP,
which can be attributed to the reduced size of the curated DSP compared to
the DSP. Using either of the initialization methods leads to a further reduction
in the number of subproblem solves required to generate cuts relative to the
curated DSP. Finally, we observe a drastic reduction in the number of total
cuts needed to reach the optimal solution when using adaptive initialization,
which is explained by the significant decrease in the number of cuts added from
the DSP. The adaptive initialization method requires very few additional cuts
beyond the initial set introduced during problem initialization. This translates
to significant time savings in solving the SAA replication.
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4.3.4 Impact of Adaptive Initialization

Analysis of the cut distribution in Tables 12 and 13 reveals that adaptive
initialization consistently introduces a higher number of initial cuts compared
to static initialization. To isolate the impact of cut quality from quantity on
the observed performance improvements, we conduct another experiment in
which we modify the static initialization method to add the same number of
cuts as adaptive initialization. In this version of static initialization, which
we refer to as boosted static initialization, we solve the LP relaxation first as
usual, and then use static initialization to add

⌈
n
K

⌉
cuts per scenario to the

main problem, where n is the number of cuts that was added by the adaptive
initialization method for the same instance. For each scenario within the new
SAA replication, we identify the top

⌈
n
K

⌉
dual solutions from the DSP that lead

to the highest value of the subproblem objective value function, Qk(x,VDSP ),
evaluated at the first two optimal solutions in Xopt. The cuts generated from
these are then used to initialize the problem. This ensures both initialization
approaches use the same number of cuts.

In Fig. 3, we track the root node gap closed and also the average time
taken to solve the ith SAA replication over 26 replications using boosted static
initialization and adaptive initialization. The results demonstrate that adap-
tive initialization remains superior even when the static initialization adds the
same number of cuts. Thus, we conclude that the adaptive nature of adaptive
initialization is important, and in particular it seems to benefit from allowing
the number of cuts added for each scenario to vary.

4.3.5 Impact of Curated DSP

In Figure 4, we plot the size of the DSP and curated DSP as we solve more
SAA replications. For CMND, we notice that, the DSP constantly increases in
size, but the curated DSP has a sharp decrease in size in the second replication.
Although it begins to grow again after that, the increase is not as significant
compared to the DSP. This indicates that we have successfully achieved our
goal for the curated DSP, as we are able to maintain a controlled size of the
pool. In the case of CFLP, we notice similar trends, although the reduction in
size from the first to the second replication is not as pronounced as in CMND.
Additionally, by the end of the 25 replications, the size of the pool is nearly
the same as it was after the first replication.

We next investigate the importance of our particular mechanism for choos-
ing the dual solutions to keep in the curated DSP. To do this, we compared our
method to a baseline that randomly selects the same number of dual solutions
as were chosen in our curated DSP method. We refer to this method as the
random curated DSP. In Table 14, we display the average total time taken to
solve 25 SAA replications after the first one with these two methods. We use
the same instances to test these methods as the experiments on cut distribu-
tion in Sec. 4.3.3. The results indicate that there is no significant improvement
in time using our curated DSP method compared to a random curated DSP.



30 Harshit Kothari, James R. Luedtke

0 5 10 15 20 25
SAA number

50

100

150

200

250

300

To
ta

l t
im

e 
(s

)

Boosted Static init
Adaptive init

(a) Total time - CFLP.

0 5 10 15 20 25
SAA number

1.5

2.0

2.5

3.0

3.5

Ro
ot

 g
ap

 c
lo

se
d 

(%
)

Boosted Static init
Adaptive init

(b) Root gap - CFLP.

0 5 10 15 20 25
SAA number

50

100

150

200

To
ta

l t
im

e 
(s

)

Boosted Static init
Adaptive init

(c) Total time - CMND.

0 5 10 15 20 25
SAA number

0

5

10

15

20
Ro

ot
 g

ap
 c

lo
se

d 
(%

)
Boosted Static init
Adaptive init

(d) Root gap - CMND.

Fig. 3: Total time and root gap trends for boosted static initialization and
adaptive initialization per replication. The CFLP results (top plots) are for

the instance with 35 facilities and 105 customers. The CMND results
(bottom plots) are for the r03.3 instance.

Method CFLP CMND
Curated DSP 153.17 89.56
Random curated DSP 152.28 92.19

Table 14: Total time comparison for curated DSP and random DSP.

Thus, we find that the key feature of the curated DSP that explains its per-
formance is the reduction of the size of the DSP – the particular choice of the
dual solutions that are kept does not outperform a random choice. Thus, the
key feature of our method is that it suggests the number of dual solutions to
retain in the curated DSP without requiring this number as input.
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Fig. 4: Number of dual solutions in the pool for DSP and curated DSP.

4.3.6 Performance with Varying Number of Scenarios

All the previous experiments have been done on instances in which the
number of scenarios in each replication is 400. We next investigate the impact
of varying the number of scenarios in the replications on our conclusions.

For this experiment, we select one instance for each problem class and then
run our methods for that instance with the number of scenarios as 200, 400,
and 800. For network design, we use instance r09.2 for the LP case and r03.3
for the IP case For facility location, we select the instance with 55 facilities and
495 customers for LP, while the IP instance has 35 facilities and 105 customers.

Figure 5 displays the relative performance of our information reuse meth-
ods as a fraction of the execution time of the baseline method, across three
scenario sets. We find that in general the relative performance of the differ-
ent methods is similar across the different scenario sizes. We also find that
the improvements from reusing information tend to be more significant for
instances with more scenarios, which is not surprising considering that in such
instances there is more work that has to be done in solving subproblems, and
hence more opportunity to save time on that work with the proposed DSP
and initialization techniques.

5 Conclusion and Future Directions

We presented methods to accelerate solving a sequence of SAA replica-
tions in two-stage stochastic programming, assuming randomness only in the
right-hand sides of the subproblems. These methods are derived for Benders
decomposition as the solution algorithm and we find that, for our test prob-
lems, it is possible to reduce the time to solve the replications after the first
one by a factor of 10 for both stochastic LP and IP problems by using the
information reuse techniques we have proposed.
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Fig. 5: Comparison of performance of methods as number of scenarios vary.

One significant direction for future research is to consider problems in
which the subproblems have uncertainty in either the objective coefficients or
the recourse matrix. Such problems do not have the property that the dual
feasible region is fixed across scenarios, and hence the techniques we proposed
do not extend directly to such problems.

This paper focused on the Benders decomposition algorithm, as it is a
leading algorithm for both two-stage stochastic LPs and for IPs with contin-
uous recourse. Future research could investigate techniques for accelerating
different algorithms in this context of solving a sequence of SAA replications.
For example, for two-stage stochastic LPs, the level method [29,18] often per-
forms better than Benders decomposition. We anticipate that the techniques
presented here would be useful for accelerating this and other cut-based de-
composition methods, but testing this hypothesis would be an interesting di-
rection for future work. It would also be interesting to explore methods to
accelerate alternative methods for solving two-stage stochastic IPs, such as
dual decomposition [9] and methods that use different types of cuts [7,11,20,
30,36,42].
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Appendix A

We provide detailed descriptions of the problems considered in our compu-
tational study. We adopt the formulations and problem descriptions from [23]
for both test problems.

A.1 Capacitated Facility Location Problem

Consider a set F of facilities, where a facility i ∈ F has a setup cost fi
and a production capacity limit ui. Additionally consider a set of customers
C, where each customer j has an uncertain demand denoted by d̃j . The vector
of realizations of this uncertain demand in a scenario k ∈ [K] is denoted by
dk = [dkj : j ∈ J ]. This demand can be met by shipping from any open
facility i to customer j at a unit transportation cost cij . Any unmet demand
for customer j incurs a lost-sale penalty, with a unit cost ρj . The objective is
to select a subset of facilities to open in order to minimize the total expected
cost.

This problem is modeled as a two-stage stochastic programming problem.
The first-stage binary decision variables xi indicate whether the facility i is
opened or not. In the second-stage, after revelation of the demands, we in-
troduce continuous decision variables yij ≥ 0,∀i ∈ F, j ∈ C, which represent
goods transported from facility i to customer j. The model aims to find the
best decisions to minimize the sum of facility setup cost, expected transporta-
tion cost, and expected lost-sale cost. The first-stage formulation is given by:

min
x

∑
i∈F

fixi +
∑

k∈[K]

pkQ(x, dk)

s.t. xi ∈ {0, 1} i ∈ F.

The second-stage problem for each scenario k, Q(x, dk) is defined using trans-
portation variables yij from a facility i to a customer j and auxiliary variables
αj that denote the amount of unmet demand of customer j. We have:

Q(x, dk) = min
y,α

∑
i∈F

∑
j∈C

cijyij +
∑
j∈F

ρjαj

subject to
∑
j∈C

yij ≤ uixi ∀i ∈ F ;

dkj −
∑
i∈F

yij ≤ αj ∀j ∈ C;

yij ≥ 0 ∀i ∈ F, j ∈ C;

αj ≥ 0 ∀j ∈ C.

By allowing unmet demand, the problem always has a feasible solution and
Benders decomposition only requires optimality cuts.
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A.2 Multi Commodity Network Design Problem

Consider a directed network with node set N , arc set A, and commodity
set K. Each commodity ℓ has an uncertain demand ṽℓ that must be routed
from an origin node, oℓ ∈ N , to its destination node, dℓ ∈ N . The vector of
demands in scenario k ∈ [K] is denoted by vk = [vℓk : ℓ ∈ K]. For each arc
(i, j) ∈ A, there is an installation cost fij and an arc capacity uij . The cost for
transporting one unit of commodity ℓ on installed arc (i, j) is cℓij . Any demand
that is not met is penalized at a rate of B > 0 per unit.

The objective in the first-stage is to decide which subset of arcs to install
to minimize the sum of arc installation cost and expected total transportation
cost and penalty for unmet demand. In the second-stage, after demand is
realized, the goal is to determine the optimal flow of commodities through the
installed arcs to minimize the sum of transportation and unmet demand costs.

In the first-stage, we define binary decisions xij for all arcs (i, j) ∈ A such
that xij = 1 if we install arc (i, j). The first-stage formulation is given by:

min
x

∑
(i,j)∈A

fijxij +
∑

k∈[K]

pkQ(x, vk)

s.t. xij ∈ {0, 1} (i, j) ∈ A.

In the second-stage, we define non-negative continuous decisions yℓij to repre-
sent transportation units of commodity ℓ on arc (i, j). Additionally, we intro-
duce auxiliary variables αℓ to denote the unmet demand for commodity ℓ. For
scenario k, the formulation is given by:

Q(x, vk) = min
y,α

∑
(i,j)∈A

[∑
ℓ∈K

cℓijy
ℓ
ij +Bαℓ

i

]

subject to
∑

j:(i,j)∈A

yℓij −
∑

j:(j,i)∈A

yℓji = gℓi (v
ℓ
k − αℓ) ∀i ∈ N, ℓ ∈ K;

∑
ℓ∈K

yℓij ≤ uijxij ∀(i, j) ∈ A;

yℓij ≥ 0 ∀(i, j) ∈ A, ℓ ∈ K;

αℓ
i ≥ 0 ∀i ∈ N, ℓ ∈ K.

The parameter gℓi is set to 1 if node i is the origin of the commodity ℓ,−1 if
node i is the destination of the commodity ℓ, or 0 otherwise. By allowing unmet
demand, the problem always has a feasible solution and Benders decomposition
only requires optimality cuts.
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