A proximal-perturbed Bregman ADMM for solving nonsmooth
and nonconvex optimization problems *
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Abstract. In this paper, we focus on a linearly constrained composite minimization prob-
lem whose objective function is possibly nonsmooth and nonconvex. Unlike the traditional
construction of augmented Lagrangian function, we provide a proximal-perturbed augment-
ed Lagrangian and then develop a new Bregman Alternating Direction Method of Multipliers
(ADMM). Under mild assumptions, we show that the novel augmented Lagrangian residual can
be bounded by the primal residuals plus a summable sequence. We further demonstrate that
the augmented Lagrangian sequence converges to the limitation of objective sequence, and the
iterative sequence converges to a stationary point of the problem. The sublinear convergence
rate of the primal residuals are also established.

Keywords: nonconvex optimization, ADMM, Bregman distance, convergence complexity
Mathematics Subject Classification(2010): 65K10; 65Y20; 90C26

1 Introduction

The problem we are interested in this paper is the following potentially nonsmooth and non-
convex minimization problem

min  F(z,y) := fi(z) + fa(z) + 91(y) + 92(y)  st. Az+ By =0, (1.1)
zeR™ ycR™

where f; : R — R and g3 : R™ — R are continuously differentiable functions (possibly
nonconvex) with L ¢-Lipschitz gradient and Lg-Lipschitz gradient respectively, fa(x) and g2(y)
are proper lower semicontinuous functions (possibly nonsmooth), A € RP*" B € RP*™ and
b € RP are given. Hereafter, the symbols R, R™ and RP*"™ denote the sets of real numbers, n
dimensional real column vectors, and m x n real matrices, respectively, and the symbol V f(z)
denotes the gradient of differentiable function f at z. We use || - || and (-,-) to denote the
standard Fuclidean norm and inner product, respectively. Throughout this paper, the solution
set of the problem (1.1) is assumed to be nonempty.

A classical yet vital method for solving linearly constrained constrained problem in the form
of (1.1) is the Augmented Lagrangian Method (ALM) proposed by Hestenes [11] and Powell
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[19], and it recursively takes the following iterations:

zeR™ yecR™

{ (Thy1,Ypy1) = arg  min _ Lg(x,y, Ap),
Akl = Ak — B(A$k+1 + Byg+1 — b)>

where
Ls(z,y,\) = F(z,y) + (\, Az + By — b) +§HA3? + By — bH2 (1.2)

L(z,y,)\)

denotes the standard augmented Lagrangian function of (1.1), A denotes the Lagrange multi-
plier, and 8 > 0 is the penalty parameter for the violation of the equality constraints.

As a first-order method, ALM has attracted increasing attention due to its applications in
signal /image processing, stochastic learning, machine learning and so forth. Most of existing
ALM-type methods were developed based on the classical augmented Lagrangian function,
such as exact/inexact accelerated ALM [9, 12, 13, 18, 23| and stochastic ALM [1, 17] for
solving equality constrained convex optimization problems, proximal ALM [16, 25] for solving
linearly constrained nonconvex optimization problems, and splitting versions of ALM [8, 10]
for solving multi-block separable structured minimization problems. Unlike using the tradi-
tional augmented Lagrangian function as in (1.2), a double-proximal ALM [3] were recently
developed with convergence guaranteed and had been demonstrated to be efficient for solving
some machine learning problems. Related to [3], a balanced ALM and a penalty dual-primal
ALM [20] were developed for solving the optimization problems in the form of (1.1) and its
multi-block extensions. More recently, by introducing an auxiliary variable for (1.1), a new
ALM was proposed by Kim [15] based on a proximal-perturbed augmented Lagrangian func-
tion, and this method was also extended to solve the nonconvex optimization problem with
nonlinear equality constraints [14]. One effective approach to establish the global convergence
and sublinear convergence rate of ALM for convex minimization problems is to use variation-
al analysis to characterize both the saddle-point of as well as the iterative sequence, see e.g.
[1, 3, 10, 20]. However, for the optimization problems whose objective function is possibly
nonconvex and nonsmooth, a practical yet useful technique is to construct a potential function
related to the associated Lagrange function and then show the convergence by showing the
monotonic decreasing property of potential function, we refer to [9, 13, 14, 25] for more details.

When the objective function of optimization problems has separable structures and many
variables, such as (1.1), ALM does not make full use of these structures and hence could not take
advantage of the special properties of each component objective function. Consequently, solving
the involved subproblem of ALM becomes very difficult. An effective and practical approach
to overcome such difficulty is the Alternating Direction Method of Multipliers (ADMM) which
can be regarded as a splitting version of ALM. Although He, et al. [10] pointed out that the
multi-block ADMM can be rewritten as a Jacobian decomposition of ALM, both of these two
methods are based on the standard augmented Lagrangian function. A natrual question is: can
we construct a different augmented Lagrangian function to develop a new ADMM for solving
the nonconvex and nonsmooth minimization problem (1.1)?

In this paper, motivated by the above question, we will propose a new ADMM-type method
based on the similar way of constructing augmented Lagrangian as in [14]. We further establish
the convergence of the proposed method in terms of the corresponding augmented Lagrangian
sequence as well as the iterative residual with respect to primal variable and constraint violation.
More details on the features of our method are summarized in the forthcoming section.



2 Development of 2P-ADMM

Inspired by the new Lagrangian-based first-order method [14, 15], by introducing a similar
perturbation variable z € RP such that z = 0, we reformulate the problem (1.1) into the
following equivalent double-constrained problem

i F t. Az + By —b= —0. 2.1
pern 0 Cp (x,y) s x + By z, 2=0 (2.1)

Define the Proximal-Perturbed (2P) augmented Lagrangian of (2.1) as

Loy M zp) = Fla.g) + (A Av+ By —b—2) + u.2) + 2 |22 = ZJa -l

(2.2)

where A\, u € RP are the Lagrange multipliers associated with the equality constraints, a > 0
is a penalty parameter and o > 0 denotes a proximal parameter.

To predigest discussion, we simply denote Lg(x,y, A, z, 1) by Lz(w) where w = (x,y, A, 2, ).
Special comments are given regarding this new 2P augmented Lagrangian function:

(i) Unlike the standard augmented Lagrangian (1.2), we exploit a proximal term %||A — p||?
in (2.2), in stead of the widely-used quadratic penalty for the constraint Ax+ By —b = z,
to ensure the strongly concavity of Lg(w) w.r.t. the Lagrange multipliers A (for fixed
u) and p (for fixed A). This technique is helpful for simplifying the update of Lagrange
multipliers. Besides, minimizing the new function L£g(w) w.r.t. each primal variable
can enjoy the proximity operator of fo(z) or go(y), when each subproblem exploits a
customized proximal term including the general Bregman distance;

(ii) Because L£g(w) is smooth and strongly convex about z, there exists a unique solution for
given (A, it). More specifically, by minimizing £g(w) w.r.t. variable z, we can derive
_A—p

zZ(A\p) = o (2.3)

which implies A = p at the unique solution z* = 0. Based on the relationship in (2.3),
we thus add the smoothing proximal term —ng\ — p]|? to the Lagrangian in (2.2).

Now, plugging the certain relationship (2.3) into (2.2) results in

£a(w) = Ly ) = g A = wlf (2.4

with 8 = 35 Clearly, the function Lg(w) is strongly concave about A for given (z,y, u1), so
there exists a unique maximizer, denoted by A(x,y, 1), namely,

Az, y, ) = argmax Lg(w) = p+ f(Az + By — b).

Note that directly minimizing Lg(w) about the primal variables x and y is still challenging
since it does not make the full advantages of each nonsmooth objective function in (1.1) as
well as the sparable structure of the problem. To tackle these obstacles, we first employ an
approximation to Lg(w) as the following

ﬁg(w,vl,vg) t= fo(x) + g2(y) + By, (:17,1)1) + By, (y, U2)
+ Lg(w) + <Vzﬁg(w),x — v1> + <Vy25(w),y — U2>,
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where Lg(w) is the smooth part of Lg(w):
_ a2 O 2
Zp(w) = £i(e) + 910 + (A Av+ By —b— )+ (.2) + el = 2 -
and By, represents the Bregman distance [5, 24] defined as

By, (z,v) := ¢i(x) — di(v) — (Vgy(v),x —v), i=1,2,

for any z,v € R™. Here ¢;(-) is a continuously differentiable function with Lg,-Lipschitz
gradient and satisfies

2 =12

)

By, (v,0) = e o]

This type of proxima term (i.e., Bregman distance) is exploited to simplify the subproblems
when it is not easy to solve or does not admit a closed-form solution. A particular choice of
oi is ¢i(+) = %H -||?, which makes the Bregman distance becomes By, (z,v) = % x — UH2 and
hence the modulus #; can be regarded as proximal parameter.

Input: a > 1,0 € (0,1), 8 = 15%;,7 € (0.9,1),61 > Ly and 0 > L.
Initialization: wy = (xo, Yo, 20, Mo, it0) and g € (0, 1].

For £k =0,1,---
1. xk+1=arg£€l$ {fQ(JU)+<1‘—xkjvxﬁ_ﬁ(ﬂck,yk,)\mzk,uk)>+B¢1($,xk)};

2. yrr1 = arg min {g2(y) + (U = Uk VyLo(Thi1, Yy Ak 2ks 111)) + By, (U5 Ui) } ;
3. kg1 =+ 76 (Ak — pg) with Tk:HHAiik—uk\P;

4. Neg1 = phg1 + B(Azpp1 + Byps1 — b);

5. ZzZpy1 = 7)%“;““1 5

6. Op+1 = 1rig;

End

Output (zp+1,Yk+1) -

Algorithm 2.1: A Proximal-Perturbed Lagrangian Method (2P-ADMM)

Based on the above preliminaries and the splitting solving idea w.r.t. primal variables x and
y, we propose the following 2P-based Alternating Direction Method of Multipliers (2P-ADMM)
whose framework is described in Algorithm 2.1. In fact, both xz-subproblem and y-subproblem
can be simplified as

Tprl = arg;relIiRI}L {fz(fL’) + <:c —x, Vfi(xg) + AT)\k> + By, (x,xk)},

. (2.5)
Yr+1 = arg min {gz(y) + (¥ — Yk, Va1 (yk) + BT M) + B, (v, yr) }
Hence, the fifth step in Algorithm 2.1 does on work and can be neglected when carrying out
experiments. The updating formula of 8y, implies 6z = 7¥8y. By the region r € (0,1) and
do € (0,1], we know the sequence {d;} is summable. Due to this fact, the choice of 75 can
guarantee the boundedness of {x}, which in turn guarantees the boundedness of {\}.



3 Convergence analysis

3.1 Technical preliminarily

In this subsection, we prepare several lemmas that will be used in the convergence analysis of
the augmented Lagrangian sequence as in (2.2)(equivalently (2.4)) and the iterative sequence.
Throughout this paper, similar to the assumptions in [2], we make the following assumptions:

(Al) fl = lgf{fl(QT) - ﬁ”v‘fl(l’)HQ} > —oo and g1 = Hz,llf {gl(y) _ ﬁval(y)HQ} > —o0;

(A2) lim inf fo(z) = +oo and lim infgs(y) = +o0.

[[]| o0 llyll—o0

Lemma 3.1 Let {ux}, {2k} and {\¢} be the sequences generated by Algorithm 2.1. Then,
these three sequences are bounded.

Proof. By the update of uy41, we have

k +o0 Y 1 00
k]| = {[o+ D mi(Ni = i) || < lluoll + ) 5 1N — all <ol +5 )8 < +oo,
A 2
i=0 i=0 "7

12
which shows that the sequence {y} is bounded. Combine the update of pr11 and zgyq1, we
have z, = Tlrk(“kﬂ — 1k ), which, by the boundedness of pj 1, shows that {z;} is also bounded.
Besides, the update of pg1 gives
1 1
AN = — k41 + (1 - *)Mk,
Tk Tk
which means A; is a combination of p;y1 and py. Combine this relationship with the bound-
edness of {ux} to ensure that {\;} is a bounded sequence. W

The above lemma as well as the following lemma will be used to investigate some properties
of the iterative sequence {w} generated by Algorithm 2.1.

Lemma 3.2 Let {u} and {\;} be the sequences generated by Algorithm 2.1. Then, we have

52 0
= S VT (3.1)
and 2 2 2
et = Al € 2 wss sl + 2es = M 52
Proof. By the way of updating pr4+1 and Agy1, we have
62 o

— )

2 2 2
[ nsr = ]| = 732 | M — o 1N = ikl + 2+ e

where the first inequality uses the definition of 73, and the last inequality uses the fact that
a+b > 2+vab for any a,b > 0. Using the the definition of 7, again, it holds that

O

—_— < (.
1
L+

el = g =
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The result in (3.2) follows directly by the the fact (a + b)? < 2a® + 2b? for any a and b. B

By the update of 7, we know 74 € (0,1) which is a bounded sequence. Based on its lower
bound, next we provide some core properties related to the sequence {Lg(wy)}, which further
establishes that both the iterative residual and the constraint residual converge to zero.

Theorem 3.1 Let 7 > 0 be the lower bound of {1} and {wy := (Tk, Yk, Mk, 2k, pic) } be the
sequence generated by Algorithm 2.1. Then, the following hold:

(1) The sequence {Lg(wiy1)} defined in (2.4) satisfies

0, — Ly
2

Ok+1 + O

0y —
2 gHka—ysz +T, (3.3)

La(wry1) < Lg(wy) — [ eps1 — a]|” —

(11) Under the assumptions (A1)-(A2), the sequence {Lg(wy)} is convergent. Moreover,

klim Hwk—H — wkH =0 and lim HACUk—s—l + Byg+1 — bH =0. (3.4)
500 k—o0

Proof. To prove the assertion (i), we split Lg(wy41) — Lg(wy) into three residuals:

La(wi1) — La(wr) =La(Tkp1, Yis Zhr Moo o) — LB(Thr Yhs Zh> Aoy k) (3.5)
+ LTkt 15 Y15 2k My k) — L5(Tht1, Yk Zhs Akey k) (3.6)
+ L8 (Thp1s Yrr1s 215 Mot 1s Her1) — L8(Thi 1, Yrrts 2k Ay i) (3.7)

According to the equivalent expression of zj1-subproblem as in (2.5), we have
fo(@rr1) + (Vfi(mr) + AT Ne, 2hs1 — @) + Boy (w1, 21) < fala),
implying that
fo(rs1) — fo(mr) + (AT Ng, 2 — 21 ) <AV fr(@p), 2 — Tpg1) — %kaﬂ — ax)?,
which, by using the Lipchitz continuity of fi:
Jil@per) — fileg) < (Vi) g — o) + LfHSUkH —kaH
gives

L( Tkt 15 Yks Zhs Moo o) — L8(Th, ks 215 Ay pi) = J1(@p41) — fi(zk)
0, — Lf

+ f2($k+1) fQ .%'k <A )\k,xk_H — xk> < - ka-&-l — l‘kHQ (3.8)

Similarly, the Lipchitz continuity of ¢; yields

L
91 (k1) — 91 (k) < (Vr1(e): Yrs1 — Yi) + TgHka

which, by using the following property from the yjy1-subproblem:

0
92(Yk+1) — g2(wk) + <B N Ykt1 — Uk) < (Va1 (yk), Yk — Yr41) — ;Hykﬂ



gives

0y — L
Sl w39

L5(Tha1s Y15 Zhs Mes k) — L(Thi1, Yk Zhs My k) < —
Notice that
L(Tht1, Yh+15 2h15 Mot 15 Mot 1) — L(Th41, Yot 15 2hs Akes Hk)
=M1 — Ay A1 + Bypy1 — by — 216“)\k+1 - Mk+1H2 + ;ﬂH)\k - MszQ (3.10)
and
Iow = el = e s+~ sl = 0= e — el < -l )
By using A1 — pe+1 = B(A%ks1 + Byks1 — b), 2x = 2 (A — ju), and applying the identity
(a—ba) = glla— bl + lal ~ 52
with (a,b) = (Ak+1 — tk+1, A\ — pk+1) to (3.10), we have
L8(Tht1s Yht15 215 Mer1s 1) — L8 Tk 15 Ykt15 Zh> Ak 1k
= e = Al = gl = Ml + 51— e

(3.2) 1 (3.1), (3 ) S + 6
_*HAkH ,uk+1H +25H,Uk+1 )\kH + BHAk—#kH G

So, combining the above inequalities (3.8),(3.9) and (3.12) yields the desired result (3.3).

To prove the result (ii), we first show that {w*} is bounded. It follows from (3.3) together
with the conditions 67 > L; and 0 > L, that

(3.12)

do

k
Opr1+96
)4 o > (7 ) = Lgwy) + T
Jj=0

,BT > ﬁﬂ(warl)

BT
1
=F (241, Yk+1) + Moy 1, ATpgr + Bypgr — b) — ﬁH)\k—H - Mk+1”2
1 1
=F(Try1, Ykt1) + B</\k+1a Aktl = fkt1) — %H)\lﬂrl - Mk+1”2
1 1
=F(Tt1, Yks1) + *BHMHHZ - *BHMkHHz
1
<f1($k+1 HVfl | ) <gl(yk+1) - f”vm(ykﬂ)HQ)
g
1
+ fa(Trt1) +92(yk+1) + %H)\kJAHZ - %HMI@+1H2
- 1 1
>f1+ g1+ fo(xre1) + 92(yrs1) + %HAM—lHZ - %Hukﬂsz

where the last inequality uses (A1). Then, combining the above relationship with (A2), Lemma
3.1 as well as r < 1, we conclude that both {zj} and {yx} are bounded. Consequently, the



whole sequence {wy} is bounded. Because {wy} is bounded, the sequence {Lg(wy)} is also
bounded from below and there exists at least one limit point. Without loss of generality, let
{wg; } be a subsequence of {wy} and w* be its limit point. Then, the lower semicontinuity
of {Ls(wg)} implies Lg(w*) < limy o0 inf Lg(wg,;) So, {Ls(wy;)} is bounded from below and
hence is convergent.

Let L be the lower bound of {£g(wy)}. Then, by the result (3.3) again, we deduce

00 91 — Lf 2 92 — Lg 9 250
%( 9 |Zhs1 —zn||"+ 5 | Wk+1— v ) < Ls(wo) — L+ -1 < 400, (3.13)
where the last inequality holds by the fact
- 5
S0k < —— < o (3.14)
o 1—7r

Then, it follows from (3.13) together with the condition #; > Ly and 6 > L, that

lim ||zgs1 —axf|” =0, and  lim [lyeer — w]” = 0. (3.15)
k—o0 k—o00
Summarizing the inequalities in (3.1) over £k =0, 1,--- , 00 together with (3.14) shows
lim [|uper — ]| =0, and  lim |\ — p]|* =0. (3.16)
k—o00 k—o0

Combine the following relationship from (3.2):

| Akt — >\kH2 < 2|[Apgr — uk+1H2 + 4(|| k1 — ukHQ + || — )\kHQ)

with (3.16) immediately ensures

P‘k-l—l — )\kHz = 0. (3.17)

lim ‘
k—o0

Besides, the update of 2z gives

2
[ rs1 — 2e]|” < @(H)\I#rl — Nel* o+ (lpr — MkHZ),

which, by (3.17) and the first result in (3.16), further implies klim | zk11—2x]|% = 0. As a results,
—00

combine this limitation and (3.16)-(3.17) to confirm the first result in (3.4). The second result
in (3.4) is clearly from klim Ak — pll* = 0 and the update of A\py;. M
—00

3.2 Convergence and convergence rate

In the following, the distance from any point z to the set € is defined as dist(z, ) := infzcq ||z —
z||. Based on this definition, we first give an estimation on dist (0, 0Lg(wg+1)) by the iterative
residuals, and then analyze the convergence of the iterative sequence {w} and its convergence
rate. Similar analysis can be found in e.g. [4, 6, 7, 22]. Hereafter, 0 stands for a zero vector with



proper dimensions. For a proper lower semi-continuous function h, its (limiting-) subdifferential
[21, Definition 8.3 (b)] at € domh, denoted as Oh(x), is defined as

Oh(z) = {y € R": 3a* 5 2, h(zF) = h(z),F = v with vF € éh(xk)} , (3.18)

where éh(:p) denotes the regular subdifferential 21, Definition 8.3 (a)] of h at x given as

Bh(z) = {VER”: liminf 28 =A@ = nE D) o}.

T—x,TH#T Hi‘ — IIZ”

Corollary 3.1 Let {wy = (vg, 2k, i)} be the sequence generated by Algorithm 2.1. Then, for
every k > 0, the following hold:

(i) There exists a F* such that

lim Lg(wk_H) = lim L(Uk_H) = lim F(xk+1,yk+1) = I,
k—o0 k—oo k—o0

(ii) It holds that klim dist (0, 0Lg(wy41)) = dist (0,0L(vg41)) = 0.
— 00

Proof. Note that
1 2
F(2py1, Yrr1) = Lp(wip1) — (M1, ATpqr + Byp — b) + %H)\k—kl |

= L(Trt1, Yrt 1 Met1) — (M1, AZpgr + Bypgr — b),

which ensures the conclusion (i) by the second item of Theorem 3.1, and (3.16).

The first-order optimality condition of x1-subproblem implies
0 € dfa(zps1) + Vii(k) + ATN, + Vi (zpi1) — Vo (zp).
Combining it with the reformulation (2.4) to have
€hr1 € OzLg(wyy1),

where ef | = Vfi(xry1) — Vi(zr) + Vo (o) — Vo (o) + AT(Mgs1 — Ag). Similarly, we
have from the first-order optimality condition of yj,1-subproblem that

€1 € OyLa(Wr1)-

where e} | = Vg1(yr+1) — Vg (yr) +V2(yr) = V2(yk1) + BT (Agr1— ). Besides, it follows
from the A-update that

1
VaLg(wt1) = (Azg+1 + Byg+1 —b) — B()\k-i-l — Hg+1) =0
and V,Lg(wpy1) = —%(/Lk_i_l — Akt1) i= €}, Hence, the following relationship holds:

€k+1 = (ei+17€Z+1vaeg+1) € OLg(wg+1).



Next, we simplify the computation of each component of ey, 1. By the Lipschitz continuity
of f1 and ¢1, we have

lefsll < | VA1) = VAR + [ Vér(zrer) — Vor(ae) || + AN Arrr — x|
< (Lg + Loy |[zrer — zel| + IAN]Arsr = Ax]
Analogously, we have by the Lipschitz continuity of g1 and ¢o that
et il < [[Varwrs1) = Var (i) || + || Vo2 (wrr1) — Voo (ur)|| + IBIl]| Aes1 — x|
< (Lg + L) ||yrs1 — wi|| + 1B [ Ar1 = Ae |-

Combining the last two results, the equality |le} || = %H)\k+1 — pik+1]| and the relationships

02 Lg(wey1) = Oz L(vk11), OyLp(wgs1) = OyL(vg41),

1
NLs(wiy1) = OpL(vey1) — B()\kﬂ — Hk+1),

to obtain .
dist (0, 0L (vg+1)) < dist (0, Lg(wi41)) + BH)\k+1 — 1|

and

dist (0, 0Lg(wi+1)) < |lewsr || < e(||zrrr = zul| + || vrsr — vl + [[Mes1 — Xe|| + [ Mes1 — prsa )

with ¢ = max{Ly+ Ly,, Ly + Lg,, | Al| + || B, %} Then, we confirm the result (ii) by the first
equality in (3.4). H

Corollary 3.1 shows that the objective sequence of (1.1) is convergent, but it does not point
the convergence of the iterative sequence as well as its convergence rate. In what follows, we
not only show that any limit point of {vy = (xk,yr, A\x)} converges to a stationary point of
(1.1) as defined by (3.19), but also establishes the sublinear convergence rate of the iterative
residuals of the primal variables. We say (z*,y*, A*) € R™ x R™ x RP is a stationary point of
(1.1) if 0 € OL(x,y, \), that is,

0 € Vfi(z*) + 0fa(x*) + ATX*, 0 € Vg1 (y*) + dg2(y*) + BTA\*, Az* + By* =b.  (3.19)

Theorem 3.2 Let {wy, = (vk, 2k, k) } be the sequence generated by Algorithm 2.1. Then,
(i) Any limit point v* of the sequence {vy} is a stationary point of (1.1);
(i) For any integer k > 1, there exist j < k and (1,(1 > 0 such that

o

2 Co
athrn M i1 = wsl|” <

2
|2j41 — 2] < G+’

where (o = Lg(wo) — Lg + ,Bf?fo—r) with L being the lower bound of {Ls(wy)}.

Proof. For any limit point w* = (v*, z*, u*) of the sequence {wy}, it follows from the second
conclusion of Corollary 3.1 together with the definition of the limiting-subdifferential 0L (v*)
and the definition of (3.19) that the conclusion (i) holds.
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Secondly, for any k > 0, we have from (3.3) and (3.14) that

6y L ’s
2y —y|*) < Lawo) — Ly + =2 = o,

k
b —Lpy 12
jo( 5 i =l Br(1—r)

which indicates that there exists a j < k such that

Co
(k+1)(6h — Ly)

Co
Kt 1)(0:— Ly)

241 — a]|* < and ||y;41 —yj* < (

These inequalities with (; =6y — Ly > 0,(2 = 62 — Ly > 0 confirms the conclusion (ii). N
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