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Abstract

This paper develops a unified game-theoretical framework for data classification and network

discovery based on pairwise influences in multivariate categorical choices. Data points, interpreted

as individuals, are connected through a signed weighted graph and take values according to a

voting rule that aggregates the influence of attractive (friend-like) and repulsive (enemy-like)

neighbors. The framework consists of two complementary games: in the direct voting game,

the network is exogenous and choices are endogenous; in the inverse voting game, choices are

observed and the network structure is endogenous. This distinction allows the same behavioral

mechanism to address both classification and discovery problems within a common strategic

framework. In particular, the direct voting game yields a classification methodology that

generalizes the K-nearest neighbors approach. On the theoretical side, we derive conditions

for the existence of Nash equilibria and show that recognizing them is NP-complete. On the

empirical side, we study three applications and show that the proposed framework improves

goodness of fit in both data classification and network discovery settings.
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1 Introduction

Pairwise dependencies among categorical outcomes are pervasive across a wide range of empirical

settings: countries often adopt policy positions that mirror those of their allies or oppose those

of their adversaries; adolescents’ behaviors are shaped by the behaviors of their peers; companies

operating in the same market imitate each other products or try to differentiate themselves from

their competitors. In all these contexts, outcomes are not independent: they exhibit structured

patterns of similarity and dissimilarity, which are naturally represented through networks.

From this perspective, three classes of problems that are usually treated separately can be

viewed as different angles on the same phenomenon: (i) Data Classification (DC), (ii) Network

Propagation (NP), and (iii) Network Discovery (ND). When the dependency structure is known

or observable, one may seek to predict categorical outcomes (as in DC); the same mechanism can

then be used to simulate how choices propagate across a network (as in NP). Conversely, when

categorical choices are observed, one may ask which dependency patterns are consistent with those

observations (leading to ND). These tasks differ only in what is taken as given and what is inferred

by the estimation framework. As a result, a model that is suited for classification must therefore

also be suitable for propagation, and a model that explains observed choices must allow the inverse

question of which dependencies rationalize them. Framed this way, the issue is not one of causality,

but of what is taken as exogenous in the analysis. As noted by Nasini et al. (2017), one may treat

network dependencies as primitive and choices as outcomes, or conversely treat choices as observed

and infer the dependency structure that is consistent with them.

Despite this conceptual intricacy, the existing literature typically addresses these problems in

isolation. Models of influence diffusion, such as the linear threshold model (Granovetter 1978)

and the independent cascade model (Goldenberg et al. 2001), provide flexible tools for simulating

how behaviors spread through networks and have been widely used in influence maximization

studies (Kempe et al. 2015, Wu and Küçükyavuz 2018). Related contributions in mathematical

economics study influence as a decision process in which agents’ final actions are shaped by the

influence exerted by others, including settings with positive and negative influence (Grabisch and

Rusinowska 2011, De Martí and Zenou 2015). However, these approaches do not directly translate

the influence mechanism into classification or network discovery. Conversely, econometric approaches

based on space-time autoregressive structures (Cliff and Ord 1975, Stoffer 1986, Borovkova et al.

2008) and their extensions to categorical data (Cohen-Cole et al. 2018, Barigozzi and Brownlees

2018, Nasini and Martínez-de Albéniz 2020) focus on estimating cross-sectional dependencies and

pattern similarities, but typically abstract from the nonlinear and strategic mechanisms that underlie

1



influence propagation. To the best of our knowledge, little attention has been given to the behavioral

micro-foundation of statistical dependencies, which would serve as a theoretical formulation of

modern machine learning approaches (Gambella et al. 2021).

In this paper, we propose a unified solution by modeling categorical choices as the outcome of

strategic interactions over a signed and weighted network. Individuals evaluate each categorical

feature by aggregating the influence of their neighbors, with attractive relationships encouraging

alignment and repulsive relationships encouraging differentiation. These influences are summarized

through a voting rule, governed by individual specific thresholds, which determines whether a

feature is adopted. A game theoretic formulation provides a micro-foundation for this mechanism:

equilibrium captures the internal consistency of individuals’ choices given the dependency structure.

Within this framework, a single behavioral mechanism is used in two complementary ways: the

Direct Voting Game for Categorical Network Choices (DVG-CNC) takes the dependency structure

as given while individuals’ choices are endogenous, supporting DC and NP; the Inverse Voting Game

for Categorical Network Choices (IVG-CNC) takes observed choices as given, while the pairwise

network linkages are endogenous, supporting ND. It is important to note that the DVG-CNC can

tackle a spectrum of machine learning problems, extending beyond the scope of social influence and

the identification of social interaction effects. By assuming a specific voting form for the aggregation

rule that maps neighbors states into the update of an individual state, the DVG-CNC generalizes

the K-nearest neighbors methodology (Lin et al. 2019, Lutu and Engelbrecht 2013), resulting in a

normative framework for DC.

This said, the DVG-CNC and IVG-CNC must not be interpreted as two distinct models, but as

two ways of deploying the same underlying behavioral mechanism depending on which elements

is taken as exogenous in the analysis. To explore this methodological intricacy, our contribution

develops the theoretical, computational, and empirical implications of the DVG-CNC and IVG-CNC

as a unified framework. On the theoretical side, we deduce sufficient conditions for the existence

of a Nash equilibrium, as well as a closed-form characterization of individual best responses. We

also prove the NP-completeness of this problem, and design mixed-integer linear programming

(MILP) formulations to approach the equilibrium solutions of both DVG-CNC and IVG-CNC using

state-of-the-art optimization solvers.

Our empirical analysis encompasses three applications: two pertaining to DVG-CNC and one

for IVG-CNC. The first application delves into geopolitical alliances among 184 countries and allows

for predicting their political stance on key issues, such as sustainability, LGBT legal protection,

migration policy, and Palestine versus Israel recognition. Our out-of-sample analysis shows that

the obtained Nash equilibrium solution of the DVG-CNC is a better fit than the social welfare
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solution for the observed national choices (as expected by the strategic behaviour of countries).

This allows to predict all national choices related to the political stance on LGBT legal protection,

and up to 83% national choices related to the political stance on CO2 emission reduction. For the

second application, we use the DVG-CNC to impute missing data and highlight its competitive

advantage over the traditional K-nearest neighbors (KNN) approach. Through our voting game,

we are able to correctly impute up to 20% more data, in comparison to the KNN approach. For

the third application, the IVG-CNC is used to discover network influences among 164 secondary

school students, unveiling network dependencies among students’ choices. Taken together, these

applications highlight the generality of the network choice problem and show how the proposed

framework can both behaviorally microfound commonly used black-box machine learning approaches

and enhance their empirical performance.

The rest of the paper is organized as follows. Section 2 presents the baseline modeling framework

for network voting. Section 3 studies the DVG-CNC, providing sufficient conditions for the existence

of a Nash equilibrium and the closed-form characterization of decision-makers’ best responses.

Section 4 studies the IVG-CNC. Section 5 addresses the integer programming representation of

both the DVG-CNC and the IVG-CNC models. The numerical and empirical analysis is provided

in Section 6. Finally, Section 7 concludes the paper. Appendix A contains the mathematical proofs.

2 Baseline modeling framework for network voting

This section presents a baseline modeling framework encoding the pattern dependencies between

choices of individuals connected in a network. We consider a signed weighted graph G+− =

⟨I, E+, E−,W ⟩, where I is a collection of individuals/decision-makers (with n = |I|), E = E+⊔E− ⊆

I×I is a collection of edges, with E+ and E− containing the lists of attractive (potentially producing

positive influences) and repulsive (potentially producing negative influences) neighbors. Self-loops

are not allowed, i.e. (i, i) /∈ E for all i ∈ I. Here, W : I × I −→ Z is a weight function that

attaches to each pair of individuals (i, j) a weight wi,j capturing the strength of their relationship,

with wi,j > 0 iff (i, j) ∈ E . Consistently, the neighborhood of individual i ∈ I is denoted as

Ei = E+
i ⊔ E−

i = {j ∈ I : wi,j > 0}, with ni = |Ei|.

Let F (with F = |F|) be a set of features (e.g., political orientations, fashion preferences, etc.),

and xi ⊆ F be the subset of these features chosen by the i-th individual. We denote the feature

profile as the n-tuple x = (x1, . . . ,xn), and the feature profile of all decision-makers except i as

the ni-tuple x−i = (xj , : j ∈ Ei), so that x = x−i ∪ xi.1 This can be represented by the indicator
1We use the set notation x−i ∪ xi for a tuple, referring to appending the set xi at the i-th position of x−i.

3



function x : I × F → {0, 1}, so that x(i, f) = 1 iff f ∈ xi, and x(i, f) = 0 otherwise. We refer to a

tuple (i, f) ∈ I × F as an IF pair (individual-feature pair).

To design a voting rule that mirrors a network dependency between individual features, xi is

assumed to be influenced by x−i, in such a way that individuals can be positively or negatively

sensitive to the choices of their neighbors, based on an voting threshold τi. Specifically, individuals

perceive as a gain (or loss) any choice that matches (or mismatches) the ones of their attractive

neighbors (with the opposite reasoning being applied to repulsive neighbors). The economic literature

formalizes this gain-loss distinction commonly via a utility function Uτi with a kink at τi (Köbberling

and Wakker 2005, Wakker 2010). In our network choice context, the individual utility of choosing

feature t and neighbors E+
i , E−

i , with weights w(i) := (wi,1, . . . , wi,n), is specified as follows:

Uτi

(
(x(i, f),w(i), E+

i , E
−
i );x−i

)
:=


x(i, f) if

∑
j∈E+

i : f∈xj

wi,j +
∑

j∈E−
i : f /∈xj

wi,j ≥ τi,

1− x(i, f) otherwise.

(1)

In this formalism, choosing f yields a gain whenever the weighted support from individual i’s

neighborhood exceeds the reference threshold τi, meaning that a sufficient mass of attractive

neighbors chooses f while a sufficient mass of repulsive neighbors does not. In the rest of the paper,

we denote this total support by neighborhood weighted sum:

WSi,f (x−i,w(i), E+
i , E

−
i ) :=

n∑
j=1

wi,jψi,jx(j, f) +

n∑
j=1

wi,jψi,j
(1− x(j, f)),

where

ψi,j :=

1 if j ∈ E+
i ,

0 otherwise,
and ψ

i,j
:=

1 if j ∈ E−
i ,

0 otherwise.
(2)

The resulting behavioral mechanism gives rise to two complementary game formulations: DVG-

CNC and IVG-CNC. The key distinctions between them (extensively explored in Section 3 and

Section 4 below) is what is taken as exogenous in the analysis between the choice dimension x(i, f)

and the network dimension w(i), E+
i , and E−

i . In both cases, a game equilibrium can be used to

capture the internal consistency of individuals’ choices and dependency structure. The DVG-CNC

model allows predicting individual choices x1, . . . , xn, from the observed network; the IVG-CNC

represents the inverse problem of observing decision-makers choices over F and deducing a potential

network of pairwise relationships E+, E− and W , that could have influenced these choices. Table

1 summarizes the distinction between endogenous variables (decision-maker’ strategies) versus

exogenous parameters in DVG-CNC and IVG-CNC.

From Table 1, we notice that both DVG-CNC and IVG-CNC treat the reference threshold τi

as an endogenous decision variable. Commonly, the reference point serves as a fixed benchmark
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DVG-CNC IVG-CNC

Endogenous variables (decision-maker’s strategies) xi and τi wi, E+
i , E

−
i and τi

Exogenous parameters wi, E+
i , E

−
i xi

Weighted sum expression WSi,f (x−i) WSi,f (w(i), E+
i , E

−
i )

Table 1: Decision-maker strategy sets versus exogenous parameters.

against which gains and losses are evaluated, often taken as the status quo or an externally specified

outcome (Köbberling and Wakker 2005, Wakker 2010). However, a growing literature in decision

science has emphasized that reference points need not be exogenously fixed, but can instead be

determined endogenously based on aspirations or strategic reasoning (e.g., Kőszegi and Rabin 2006,

2007, De Giorgi and Post 2011). For example, some models posit that reference points can reflect

rational expectations about future outcomes in the choice set that emerge from an individual’s own

decisions (Kőszegi and Rabin 2006). Similarly, in the network context, adjusting one’s benchmark for

satisfactory support in response to the neighborhood environment reflects an individual’s tendency

to align aspirations and desires with local interaction patterns. In our framework, while we allow

τi to be endogenously chosen, we enforce constraints of the form τi ∈ Ti, where Ti ⊆ {1, 2, . . . , di},

with di =
∑

j∈Ei wi,j .

3 The DVG-CNC model

The DVG-CNC model is a simultaneous discrete-game, where n decision-makers take categorical

decisions about which feature to choose, where E+, E− and W are assumed exogenous. From

now on, we will lighten the notation for the weighted sum to only explicitly show the endogenous

variables. Individuals might have mandatory features P1
i (with |P1

i | = P 1
i ) and forbidden features

P0
i (with |P0

i | = P 0
i ), meaning that if a feature t is mandatory for individual i, then t must be chosen

regardless of the i’s neighbors position on t (that is to say, t ∈ xi, even when WSi,f (x−i) < τi).

Similarly, if t is a forbidden feature for individual i, then t /∈ xi even when WSi,f (x−i) ≥ τi. The

set Fi (with |Fi| = Fi) contains the remaining features that are neither mandatory nor forbidden, so

that Fi, P1
i and P0

i constitute a partitioning of F (i.e., Fi ∪ P1
i ∪ P0

i = F and Fi + P 1
i + P 0

i = F ).

In the rest of this section, we use the following strategy sets:

X̃i ⊆ P(Fi) : the strategy set (non-fixed choices) of decision-maker i;

Xi := {x ∪ P1
i : x ∈ X̃i} : the exhaustive choice set for decision-maker i;

X−i :=
∏

j∈E+
i ∪E−

i

Xj : the set of i-th neighbors strategies.
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It must be noted that as i is forced to select features in P1
i and forbidden to select the ones in

P0
i , its strategy set boils down to X̃i × Ti. In this DVG-CNC setting, the utility function (1) can be

expressed as:

ui
(
(x̃i, τi),x−i

)
:=

∑
t∈F

Uτi

(
(x(i, f),w(i), E+

i , E
−
i );x−i

)

=


u+i

(
(x̃i, τi),x−i

)
+ u−i

(
(x̃i, τi),x−i

)
+ u1i

(
τi,x−i

)
+ u0i

(
τi,x−i

)
, if ni > 0,

F, otherwise.
(3)

where the four terms in this utility expression encode counts of matching choices based on the

voting rule:

vt(x−i, τi) =

1 if WSi,f (x−i) ≥ τi

0 otherwise.
(4)

with Uτi

(
(x(i, f),w(i), E+

i , E
−
i );x−i

)
= 1 (vt(x−i, τi) = x(i, f)) and 1 () denotes the indicator func-

tion. Specifically, u+i ((x̃i, τi),x−i) = |{t : vt(x−i, τi) = 1, t ∈ x̃i}| and u−i ((x̃i, τi),x−i) = |{t :

vt(x−i, τi) = 0, t ∈ Fi \ x̃i}| account for the decision-maker i’s free features supported and op-

posed by neighbors, respectively. Consistently, u1i (τi,x−i) = |{t : vt(x−i, τi) = 1, t ∈ P1
i }| and

u0i (τi,x−i) = |{t : vt(x−i, τi) = 0, t ∈ P0
i }| correspond to the matching of mandatory and forbidden

features, respectively. When ni = 0 (disconnected node), a decision-maker cannot be influenced,

so its utility is by convention set to F (as no influence implies complete freedom of choice). In

the rest of this section, we use the lighter DVG utility notation ui,f ((x(i, f), τi),x−i) in place

of Uτi

(
(x(i, f),w(i), E+

i , E
−
i );x−i

)
to retain only the dependency with respect to the endogenous

variables.

Remark 1. The utility terms satisfy: (i) u1i (τi,x−i) ∈ [0, P 1
i ] is non-increasing in τi; (ii)

u0i (τi,x−i) ∈ [0, P 0
i ] is non-decreasing in τi.

This remark is fundamental to characterize a Nash equilibrium (see Section 3.1 below), as

the presence of mandatory and forbidden features entails a trade-off between u0i (τi,x−i) and

u1i (τi,x−i), with respect to τi. Overall, the DVG-CNC utility structure depends solely on aggregated

neighborhood support, in the spirit of classical voting and threshold models (Granovetter 1978). This

aggregation implies that the specific labeling of categorical features should not affect best-response

behavior. Accordingly, one expects the model to satisfy a symmetry property with respect to feature

relabeling, analogous to those observed in related voting-based propagation models (Granovsky and

Madras 1995, Granovetter 1978). We formalize and prove this property next.
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Proposition 1. Let us define the labeling symmetry as ui,f ((x(i, f), τi),x−i) = ui,f ((1−x(i, f), di−

τi), ∁t(x−i)), for all τi ∈ Ti and for all xi ∈ Xi, where the notation ∁t(x−i) refers to the ni-tuple

obtained from x−i by relabeling each x(j, t) as 1− x(j, t), for all j ∈ Ei. We claim that all instances

of the DVG-CNC model for which τi ∈ Ti and (di − τi) ∈ Ti satisfy the labeling symmetry.

An immediate consequence of this labeling symmetry is that the majority rule Ti = {di/2} en-

forces a special kind of labeling invariance, for which ui,f ((x(i, f), τi),x−i) = ui,f ((1−x(i, f), τi), ∁t(x−i)),

for all xi ∈ Xi.2 Similarly, this majority rule specification of the DVG-CNC allows presenting it as

a generalization of the KNN problem (Lin et al. 2019, Lutu and Engelbrecht 2013), as detailed in

the following remark.

Remark 2 (Reduction to KNN). Let us define a collection of n data points W = {(Z1, x1), . . . , (Zn, xn)},

where Zi ∈ Rq is a q-dimensional vector encoding exogenous covariates for individual i ∈ I, and xi

is the corresponding binary choice. Let us define a distance metric D : Rq × Rq → R and a total

order ≻i, for each i ∈ I, satisfying j ≻i j′ iff D(Zi, Zj) < D(Zi, Zj′), for all j, j′ ∈ I. A directed

weighted graph G = ⟨I, E ,W ⟩ is obtained from these pairwise distances: (i, j) ∈ E+
i if there exists K distinct individuals Ji ⊂ I such that j ≻i j′ for all j′ ∈ Ji.

(i, j) /∈ E+
i otherwise,

and E−
i = ∅, for all i ∈ I. Further, wi,j = 1 for all (i, j) ∈ E+

i and wi,j = 0 for all (i, j) /∈ E+
i . As a

result, the voting rule for a DVG-CNC representation of a KNN problem is

vt(x−i, τi) =


1 if WSi,f (x−i) ≥

K

2

0 otherwise.
, where WSi,f (x−i) =

∑
j∈E+

i

x(i, f).

Remark 2 reveals the most important level of generality of the DVG-CNC model, establishing

the KNN problem as one its particular specifications. This allows not only to establish a game

theoretic framework to the statistical classification problem, but also to address the determination

of the optimal K using the endogeneity of the thresholds τi (for each i ∈ I). As already mentioned,

τi is an endogenous choice in the DVG-CNC, so that specific definitions of the set Ti can be adopted

when using the DVG-CNC for data classification purposes.

In the same vein, the sets of mandatory and forbidden features P1
i and P0

i play an important

role in the applicability of the DVG-CNC game to the problem of missing data imputation, as

numerically studied in Subsection 6.2. In this case, each element (Zi, xi) ∈ W (cf. Remark 2) is

associated with a partitioning between observed choices (corresponding to mandatory and forbidden
2As emerging from the theoretical analysis in the next section, a Nash equilibrium solution satisfying a majority

rule labeling invariance might not exist.
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features P1
i and P0

i ) and missing choices (corresponding to the set Fi). Consequently, missing data

constitute the endogenous choices for the DVG-CNC game, which are determined either by a social

welfare criterion or by a Nash equilibrium criterion, as studied in the next session.

3.1 Choice supportability

As previously mentioned, the existence of mandatory and forbidden features (based on the sets P1
i

and P0
i , respectively) entails a trade-off in decision-makers’ choice of their threshold levels, which is

critical in the characterization of equilibrium solutions (see Remark 1). An algebraic formulation of

this trade-off is a necessary step to establish our theoretical result. Hence, for technical convenience,

we represent P1
i and P0

i by the prerequisite function p0 : dom(p0) → {0, 1}, which is defined as

p0(i, f) = 1 if f ∈ P1
i and p0(i, f) = 0 if f ∈ P0

i , where

dom(p0) = P+ ∪ P− =
⋃
i∈I

(
{i} ×

(
P1
i ∪ P0

i

))
⊆ I × F .

where P+ = {(i, f) : f ∈ P+
i , i ∈ I} and P− = {(i, f) : f ∈ P−

i , i ∈ I} denote whole

set of IF pairs. This subsection investigates the interplay of mandatory and forbidden features

with the network topology of attractive and repulsive neighbors by introducing five new notions:

prerequisiteness, satisfiability, supportedness, supportability and extension.

Definition 1 (Prerequisiteness). A Boolean-valued function p : dom(p) → {0, 1} is called a

prerequisite for a defined voting game iff dom(p0) ⊆ dom(p) ⊆ I × F . Further, if p and q are two

prerequisites, we say that q extends p if dom(p) ⊂ dom(q) and ∀(i, f) ∈ dom(p), p(i, f) = q(i, f).

Definition 2 (Satisfiability). Given a choice profile x, we say that x satisfies a prerequisite p if

x|dom(p) (the choice indicator function x restrained to the domain of p) is pointwise equal to p.

The notion of prerequisiteness in Definition 1 generalizes the idea of mandatory and forbidden

feature selection by considering the inclusion of extra IF pairs in addition to the ones already in

dom(p0). This is achieved by the extension of a prerequisite function, which consists of enlarging

the collection of IF pairs starting from the baseline prerequisite p0. Definition 2 formalizes the

consistency between individual choices and a given prerequisite. Hence, the notion of satisfiability

of a strategy profile x with respect to a prerequisite p implies that for any IF pair (i, f) ∈ dom(p),

if p(i, f) = 1, then x(i, f) = 1 and if p(i, f) = 0, then x(i, f) = 0.

Definition 3 (Supportedness and supportability).

(i) Let s ∈ {0, 1}. An IF pair (i, f) is supported by ⟨x−i, s⟩, iff∃τi ∈ Ti, WSi,f (x−i) ≥ τi in case s = 1 (positive supportedness),

∃τi ∈ Ti, WSi,f (x−i) < τi in case s = 0 (negative supportedness).
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(ii) Given a prereaquisite p and s ∈ {0, 1}, an IF pair (i, f) is supportable by ⟨p, s⟩, iff there exists

a choice profile x satisfying p, such that (i, f) is supported by ⟨x−i, s⟩.

Definition 4 (One-step supportability and extension).

(i) Let p be a prerequisite and s ∈ {0, 1}. An IF pair (i, f) is one-step supportable by ⟨p, s⟩ iff

there exists j ∈ Ei : (j, f) ∈ dom(p), such thatif p(j, f) = 1, then f ∈ xj and if p(j, f) = 0 then f /∈ xj in case s = 1,

if p(j, f) = 1, then f /∈ xj and if p(j, f) = 0 then f ∈ xj . in case s = 0.

(ii) Let p and q be two prerequisites. We say that q is a one-step extension of p iff for all

(i, f) ∈ dom(q) \ dom(p), (i, f) is one-step supportable by ⟨p, s⟩, for some s ∈ {0, 1}, andif q(i, f) = 1 then (i, f) is one-step supportable by ⟨p, 1⟩,

if q(i, f) = 0 then (i, f) is one-step supportable by ⟨p, 0⟩.

The idea of supportedness (point (i) of Definition 3) formalizes the possibility of obtaining a

voting result by adjusting the value of τi. In particular, if (i, f) is supported by ⟨x−i, s⟩, then i

must have a neighbor whose f -th choice is consistent with it, so that there must exist τi such that

vf (x−i, τi) = 1 in case s = 1 (vf (x−i, τi) = 0 in case s = 0). Furthermore, τi can be chosen as

min Ti (as max Ti). Formally stated, there exists j ∈ Ei, such that if j ∈ E+
i , then f ∈ xj and if j ∈ E−

i then f /∈ xj in case s = 1 (positive supportedness),

if j ∈ E+
i , then f /∈ xj and if j ∈ E−

i then f ∈ xj . in case s = 0 (negative supportedness).

Similarly, the supportability (point (ii) of Definition 3) follows from this principle, so that (i, f)

being supportable entails node i having a neighbor whose f -th choice is either not restricted by p or

consistently restricted by p, where the consistency relates to the value of s.

Generally, supportedness and supportability are not exclusive in s, so that (i, f) might be

supported both by ⟨x−i, 1⟩ (i.e., positive support) and by ⟨x−i, 0⟩ (i.e., negative support) (see

Example 2 in Appendix C). Further, the concept of one-step supportability, as outlined in point

(i) of Definition 4, formalizes the idea of a node having neighbors whose choices are consistently

restricted by p. In the same vein, the one-step extension q, introduced at point (ii) of Definition 4,

entails that each newly appended IF pairs (i, f) ∈ dom(q) \ dom(p) is connected to individuals that

are already in dom(p) and whose f -th choice is supportable by p.

9



Remark 3 (Transitivity). Notice that if an IF pair (i, f) is one-step supportable by ⟨p, s⟩, and q is

an extension of p, then (i, f) is also one-step supportable by ⟨q, s⟩.3 Conversely, if an IF pair (i, f)

is supportable by ⟨p, s⟩, and q is an extension of p, then (i, f) is might not be supportable by ⟨q, s⟩.

The introduced notions of satisfiability, supportedness, supportability, and extension refer to

single IF pairs (i, f). Example 2 in Appendix C clarifies these notions on an illustrative five-nodes

network. The next definition outlines uniform supportability with respect to a family of IF pairs,

which will be used in the next subsection to characterize individual best responses and sufficient

conditions for the existence of a Nash equilibrium. To do so, we formalize the effect of attractive

and repulsive neighbors on the orientation of the support, by defining a binary-valued function,

σ, that attaches to each IF pair a binary value indicating whether it is positively or negatively

supported. We refer to it as the voting orientation mapping.

Definition 5. Let D ⊆ I×F be a family of IF pairs, p a prerequisite function, and σ : D −→ {0, 1}

a voting orientation mapping. We say that D is uniformly supportable by ⟨p, σ⟩, iff there exists x

satisfying p (Definition 2), such that for all (i, f) ∈ D, (i, f) is supported by ⟨x−i, σ(i, f)⟩.

3.2 Characterization of best responses

This subsection provides different characterizations of the uniform supportability and shows that

this notion encodes the interplay of mandatory and forbidden features with the network of attractive

and repulsive neighbors. This is needed to determine decision-makers’ best responses. The following

results establish sufficient conditions for the uniform supportability of a collection of IF pairs.

Lemma 1. Let D be a set of IF pairs, p be a prerequisite, and σ be a voting orientation in D. If

for each (i, f) ∈ D, (i, f) is one-step supportable by ⟨p, σ(i, f)⟩, then D is uniformly supportable by

⟨p, σ⟩.

Theorem 1. Let (i, f) ∈ I×F be an IF pair and p be a prerequisite. We denote as ĩ = (i0, i1, . . . , ik)

an arbitrary path in G+− (with i0 = i) and as ϕ(̃i) = (ϕ1(̃i), . . . , ϕk (̃i)) ∈ {0, 1}k the corresponding

indicator of the attractiveness and repulsiveness of each element in ĩ (i.e., ϕℓ(̃i) = ψiℓ−1,iℓ
). If

there exists ĩ with (ik, f) ∈ dom(p), then (i, f) is supportable by ⟨p, s⟩, where s = 1 iff 1− p(ik, f) +∑k
l=1(1− ϕl(̃i)) is even, and s = 0, otherwise.

Lemma 1 is the basic aggregation result: once each target IF pair in a family D can be justified

locally through a one-step approach (possibly using pair-specific intermediate orientations σi,f ),
3This comes from the fact that there exists a neighbor j ∈ Ei whose f -th choice is in p, namely (j, f) ∈ dom(p).

Further, given that q is an extension of p, it also contains the IF pair (j, f) with the same value.
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these local steps can be combined into a single global orientation σ, yielding uniform supportability

of the whole family under the same prerequisite p. Theorem 1 provides a constructive criterion for

an individual IF pair (i, f) by translating a path in G+− from i to some node ik already covered

by p into the required orientation at (i, f): along the path, attractive links preserve the vote and

repulsive links flip it, so the final supportability conclusion is governed by the parity of the number

of repulsive steps together with the terminal value p(ik, f).

Theorem 2. Let D ⊆ I × F be a family of IF pairs. Assume that there exists a voting orientation

mapping σ and a sequence of prerequisites PK = (p0, p1, . . . , pK), satisfying the following conditions:

(i) For all k = 1, . . . ,K, pk is a one-step extension of pk−1.

(ii) D ⊆ dom(pK).

(iii) For all (i, f) ∈ D, we have pK(i, f) = σi,f .

We claim that D is uniformly supportable by ⟨p0, σ⟩.

Corollary 1. Let D = {(i1, f1), . . . , (iD, fD)} ⊆ I × F be a family of IF pairs, with D = |D|, and

p be a prerequisite. Let ĩd and Σ̃d for d = 1, . . . , D be a family of paths in G+− and a family of

voting orientations, respectively:

ĩd = (id1, . . . , i
d
kd
) ∈ Ikd , and Σ̃d = (Σd

1 . . . ,Σ
d
kd
) ∈ {0, 1}kd , ∀ d = 1, . . . , D.

Assume that for all d = 1, . . . , D, the following conditions are satisfied :

(i) id1 = id and (idkd , f) ∈ dom(p);

(ii) ∀ q ≤ kd and q′ ≤ kd′ , if idq = id
′

q′ and fd = fd
′, then Σd

q = Σd′
q′ ;

(iii-a) ∀ q : 2 ≤ q ≤ kd, if idq is an attractive neighbor of idq−1 (i.e., ψidq ,i
d
q−1

= 1), then Σd
q = Σd

q−1;

(iii-b) ∀ q : 2 ≤ q ≤ kd, if idq is a repulsive neighbor of idq−1 (i.e., ψ
idq ,i

d
q−1

= 1), then Σd
q = 1− Σd

q−1.

We claim that D is uniformly supportable by ⟨p, σ⟩, where σ(id, fd) = Σd
1, for all d = 1, . . . , D.

Theorem 2 generalizes the path-based logic of Theorem 1 from a single chain to an arbitrary

sequence of one-step extensions of prerequisites, showing that if a final prerequisite pK obtained

through successive one-step extensions agrees with a target orientation on D, then D is uniformly

supportable already from the initial prerequisite p0. Corollary 1 reconnects the general sequential-

extension result to graph primitives by giving verifiable path conditions under which one can directly

construct the orientation σ and conclude uniform supportability of an entire family D from p. In
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this way, the four results form a progression from local one-step support (Lemma 1), to single-pair

path propagation (Theorem 1), to multi-pair sequential propagation (Theorem 2), and finally to a

path-based sufficient condition for families of IF pairs (Corollary 1).

Building on the graph-based supportability machinery above, the next two results translate

uniform supportability of mandatory and forbidden IF pairs into payoff characterizations and

best-response implications for agents’ threshold choices.

Theorem 3. We have the following result.

(i) If D+ =
⋃
i∈I

(
{i} × P1

i

)
is uniformly supportable by ⟨p0, σ⟩ with σi,f = 1, for all (i, f) ∈ D+,

there exists choice profile x satisfying p0, such that for all i ∈ I, and τi ≤ τ1,∗i (x−i), we have

u1i (τi,x−i) = P 1
i , where τ1,∗i (x−i) := sup{τ ∈ Ti : u1i (τ,x−i) = P 1

i }, (5)

(ii) If D− =
⋃
i∈I

(
{i} × P0

i

)
is uniformly supportable by ⟨p0, σ⟩ with σi,f = 0, for all (i, f) ∈ D−,

there exists a choice profile x satisfying p0, such that for all i ∈ I, and τi ≥ τ0,∗i (x−i), we have

u0i (τi,x−i) = P 0
i , where τ0,∗i (x−i) := inf{τ ∈ Ti : u0i (τ,x−i) = P 0

i }. (6)

Theorem 4 (Best response characterization). Assume that the set of mandatory and forbidden IF

pairs is uniformly supportable. For each i ∈ I and given x−i, define

ui(x−i) = max
(x̃i,τi)∈P(Fi)×Ti

ui((x̃i, τi),x−i).

Let τ1,∗i and τ0,∗i be defined as in the Theorem 3. Then the following properties hold:

(i) ui(x−i) = F if and only if τ0,∗i ≤ τ1,∗i .

(ii) If τ0,∗i > τ1,∗i , then ui(x−i) ≥ Fi +max
{
P 0
i + u1i (τ

0,∗
i ,x−i), P

1
i + u0i (τ

1,∗
i ,x−i)

}
.

Building on Theorems 3 and 4, we can characterize decision-makers best responses and their

relations with τ0,∗i , τ1,∗i , P 0
i , and P 1

i . It results that τ0,∗i and τ1,∗i contains all relevant information

about the prerequisite structure, concerning the set of mandatory and forbidden IF pairs and the

pairwise links between decision-makers in G+−.

3.3 Characterization of the Nash equilibrium

A pure strategy profile {(x̃∗i , τ∗i ) : i ∈ I} is an equilibrium point of the DVG-CNC iff it satisfies:

ui((x̃
∗
i , τ

∗
i ), x̃

∗
−i) ≥ ui((x̃i, τi), x̃

∗
−i), for each (x̃i, τi) ∈ X̃i × Ti, i ∈ I. A pure strategy profile

{(x̃Wi , τWi ) : i ∈ I} is a social welfare point iff it solves the following problem

u(G+−) = max
∑
i∈I

ui((x̃i, τi), x̃−i) subj. to (x̃i, τi) ∈ X̃i × Ti ∀i ∈ I. (7)
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By construction u(G+−) ≤ nF , and the case u(G+−) = nF corresponds to a strategy profile

where each decision-maker’s choice satisfies the voting rule.

Theorem 5. We have the following properties:

(1.) If u = nF , then any social welfare solution is an equilibrium point.

(2.) If for each i ∈ I and each neighbor’s strategy x−i ∈ X−i, one has τ0,∗i (x−i) > τ1,∗i (x−i), then

any equilibrium point (if it exists) is a welfare solution.

(3.) If for each i ∈ I and each neighbor’s strategy x−i ∈ X−i, one has τ0,∗i (x−i) ≤ τ1,∗i (x−i) and

u < nF , then the voting game has no equilibrium point.

Theorem 6. If G+− is a negative cycle and P1
i = P0

i = ∅, for all i ∈ I, then the voting game

admits no equilibrium point and u(G+−) < Fn.

Theorem 5 showcases how the prerequisite structure, which is encoded in τ0,∗i (x−i) and τ1,∗i (x−i),

constitutes the fundamental determinant for the relationship between the social welfare solution

and the Nash equilibrium solution. Theorem 6 establishes that the latter might not exist under

specific network topologies, even in the absence of mandatory and forbidden IF pairs.

For the sake of clarity, the theoretical notions examined in Theorems 3, 4, 5 and 6 are illustrated

in the Example 4 in Appendix C using a three-node network.

Building upon an extensive body of literature examining the computational intricacies of

equilibrium solutions (Gilboa and Zemel 1989, Ben-Porath 1990, Koller and Megiddo 1992, Koller

et al. 1996, Chu and Halpern 2001), the subsequent proposition establishes the NP-completeness of

the problem of finding a Nash equilibrium of the game.

Proposition 2 (NP-completeness). Let R-DVG-CNC be the recognition version of the proposed

DVG-CNC model, which asks whether there exists a Nash equilibrium such that all utility functions

are larger than or equal to a given threshold. The R-DVG-CNC is NP-complete.

4 The IVG-CNC model

The IVG-CNC model represents the inverse problem of observing decision-makers choices over F

and deducing a potential network of pairwise relationships that could have influenced these choices,

based on the voting mechanism studied so far. To motivate this inverse problem, it must be noticed

that, when presented with a set of noisy observations of individual choices V = {xi,f}i,f , the quest is

the characterization of the individual threshold levels {τi}i∈I , as well as the structures of attractive

and repulsive neighborhoods E+
i i ∈ I and E−

i i ∈ I.
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Specifically, in the IVG-CNC, decision-makers decide about how to partition their neighborhoods

into attractive and repulsive neighbors, as well as about the specific weight attached to each of

them. Therefore, the strategy space of the IVG-CNC is defined as:

Qi = {(w̃i, τi) ∈ W̃i × Ti : 0 ≤ τi ≤ ||w̃i||1 = 1},

where Ti ⊆ R is the set of feasible voting thresholds for decision-maker i, and

W̃ = {w̃i = (wi,1, . . . , wi,n, wi,1, . . . , wi,n) ∈ R2n
+ : wi,jwi,j = 0, ∀j ∈ Ei, wi,j = wi,j = 0, ∀j /∈ Ei}.

Here, we recall that wi,j and wi,j quantify the specific weight/relevance that decision-maker i

attaches to the choice of decision-maker j, for attractive and repulsive neighbors, respectively. When

j /∈ Ei, then no weight is attached to the choice of j by decision-maker i, so that wi,j = wi,j = 0.

Additionally, we require that at most one of the two have positive values, as a neighbor cannot be

both attractive and repulsive at the same time. Mirroring the DVG-CNC formulation, we re-define

the domains of the weighted sum, voting, and payoff functions. Therefore, we have WSi,t : Wi → R,

vi,f : Wi × Ti → {0, 1}, ui,f : Wi × Ti → Z≥0 and ui : Wi × Ti → Z≥0, respectively.

We notice that the IVG-CNC has no strategic interaction (as decision-makers payoffs are

independent), so the game is separable and equilibrium solutions are social welfare solutions.

The following propositions reproduce properties of the DVG-CNC model in the IVG-CNC model,

highlighting strict theoretical relationship between them.

Proposition 3 (Labeling symmetry). Let (Ins) and (Ins′) be instances of the IVG-CNC, parametrized

by (I, E ,F , X, T ) and (I, E ,F , ∁t(X), T ), respectively, where the notation ∁t(X) is obtained from X

by replacing x1,t, . . . , xn,t with 1− x1,t, . . . , 1− xn,t. The following labeling symmetry property holds:

u
(Ins)
i,f (w̃i, τi) = u

(Ins′)
i,f (w̃i, 1− τi), for any w̃i ∈ W̃, and some τi ∈ Ti.

Proposition 4 (Best responses). We have the following sufficient conditions:

(i) If there exists f1 ̸= f2 ∈ F , such that xi,f1 ̸= xi,f2 and for all j ∈ Ei xj,f1 = xj,f2, then u∗i < F .

(ii) If min
f

{WSi,f (w̃i) | x(i, f) = 1} > max
f

{WSi,f (w̃i) | x(i, f) = 0}, for all w̃i ∈ R2n
+ , then u∗i < F .

(iii) If there exists w̃i, such that min
f :x(i,f)=1

WSi,f (w̃i) > max
f :x(i,f)=0

WSi,f (w̃i), then u∗i = F .

Proposition 3 is an exact reflection of Proposition 1. Conversely, while Theorem 4 and Proposition

4 aim at identifying sufficient conditions for the best response value to attain F , they reveal that

the IVG-CNC presents a simpler combinatorial structure compared to the DVG-CNC.
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5 Integer programming representation

While the presented game provides a normative framework for statistical classification (DVG-

CNC) and cross-sectional dependency estimation (IVG-CNC), for the resulting methodology to

be operational, its solutions must be numerically computed. Designing numerical approaches to

characterize Nash equilibria poses important challenges in algorithmic game theory and optimization.

Adding to the recent literature exploring the computation of Nash equilibria via integer programming

(Dragotto and Scatamacchia 2023, Carvalho et al. 2022, 2017, Porter et al. 2008), this section

provides an integer programming representation of the DVG-CNC and IVG-CNC models to approach

their social welfare solutions and Nash equilibria in a computationally tractable manner.

5.1 DVG-CNC formulation

Let us introduce the variable ηi,f to encode the agreement between the f -th choice of decision-maker

i and its corresponding voting outcome. The social welfare problem (7) can be approached by the

following MILP problem:

min
η, x, ω, τ

∑
i∈I

∑
t∈F

(1− ηi,f )

s. to (1− ηi,f ) ≥ xi,f − ωi,f

(1− ηi,f ) ≥ ωi,f − xi,f

τi − 1 ≥

∑
j∈E+

i

wi,jxj,t +
∑
j∈E−

i

wi,j(1− xj,t)

− ωi,fdi i ∈ I, di > 0, t ∈ F

τi ≤

∑
j∈E+

i

wi,jxj,t +
∑
j∈E−

i

wi,j(1− xj,t)

+ (1− ωi,f )di i ∈ I, di > 0, t ∈ F

τi ∈ Ti, xi,f ∈ {0, 1}, ωi,f ∈ {0, 1}.

(8a)

(8b)

(8c)

(8d)

(8e)

(8f)

Problem (8) involves 2nF binary variables, n(F + 1) continuous variables, and 4nF inequality

constraints, where variables ωi,f play the role of the voting result. Hence ωi,f = 0, if WSi,f (x−i) < τi,

and ωi,f = 1, if WSi,f (x−i) ≥ τi. Notably, based on constraints (8d) and (8e), if a decision-maker

i ∈ I has no neighbors (namely, di = 0), then such a decision-maker has undetermined choices (i.e.,

the value of the objective function is invariant with respect to the its choices).

Based on Theorem 5, if u = nF , then any social welfare solution {(x̃Wi , τWi ) : i ∈ I} is an

equilibrium point. Therefore, when problem (8) attains this value, the obtained solution is an

equilibrium point. In the opposite case, a linearized version of inequality (ii) in Theorem 4 can

serve as a necessary condition for approaching an equilibrium point by solving problem (8). This is
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done by including the continuous variables τ0,∗i , τ1,∗i , and si, as well as the binary variables q0i and

q1i , for each i ∈ I, obtaining the following variant of problem (8):


min

∑
i∈I

∑
t∈F

(1− ηi,f ) + F
∑
i∈I

si

subject to constraints (8b)-(8f) and constraints (10a)-(10k),

q0i , q
1
i ∈ {0, 1}, τ0,∗i , τ1,∗i ∈ {1, . . . , di} i ∈ I.

(9)

The objective function of (9) quantifies the total number of agreements between the t-th choice

of decision-maker i and its corresponding voting outcome, so that

ηi,f = xi,f1

 ∑
j∈E+

i :t∈x̃j

wi,j +
∑

j∈E−
i :t/∈x̃j

wi,j ≥ τi

 .

It also contains the penalty term F
∑

i∈I si, whose value is equal to zero iff the conditions of

Theorem 2 hold, where si is characterized by in system of constraints (10a)-(10k):



∑
t∈F

ηi,f = Fi +
∑
t∈P1

i

ωi,f +
∑
t∈P0

i

(1− ωi,f ) i ∈ I,

∑
t∈P1

i

ωi,f +
∑
t∈P0

i

(1− ωi,f ) + si ≥ max{P 0
i , P

1
i } i ∈ I,

τ0,∗i − 1 ≥
∑
j∈E+

i

wi,jxj,t +
∑
j∈E−

i

wi,j(1− xj,t) t ∈ P0
i , i ∈ I,

τ1,∗i ≤
∑
j∈E+

i

wi,jxj,t +
∑
j∈E−

i

wi,j(1− xj,t) t ∈ P1
i , i ∈ I

P 0
i −

∑
t∈P0

i

(1− ωi,f ) ≤ P 0
i q

0
i i ∈ I,

P 0
i −

∑
t∈P0

i

(1− ωi,f ) ≥ q0i i ∈ I : P 0
i ≥ 1,

P 1
i −

∑
t∈P1

i

ωi,f ≤ P 1
i q

1
i i ∈ I,

P 1
i −

∑
t∈P1

i

ωi,f ≥ q1i i ∈ I : P 1
i ≥ 1,

diq
0
i ≥ τ0,∗i − τi i ∈ I,

diq
1
i ≥ τi − τ1,∗i i ∈ I,∑

t∈F
ηi,f ≤ F − q0i − q1i i ∈ I

(10a)

(10b)

(10c)

(10d)

(10e)

(10f)

(10g)

(10h)

(10i)

(10j)

(10k)
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Visibly, si acts as a slack variable to relax constraints (10b), which formulates together with

constraints (10a), a weak version of inequality (ii) in Theorem (4). Further, since ui(x−i) =∑
t∈F ηi,f , constraints (10a) establish that decision-makers choices must match the voting results

of all free features Fi (so that best response values must be equal to Fi) plus the additional

matching of mandatory and forbidden features P0
i and P1

i (whose value must be at least as large

as max{P 0
i , P

1
i }). The threshold level τi is characterized by enforcing a feasible range of τ1,∗i and

τ1,∗i in constraints (10c) and (10d). It is worth noticing that if si > 0 then (10b) is binding, so that

constraints (10a) and (10b) combined imply a maximum number of correctly classified choices:

∑
t∈F

ηi,f ≤ F − si.

Conversely, when si = 0 inequality (ii) in Theorem 4 holds. Then, variable τ0,∗i quantifies the

smallest threshold level for which all fixed features P0
i are correctly matched by the decision-maker

selection of τi. Similarly, τ1,∗i is the largest threshold level for which all fixed features P1
i are correctly

matched by the decision-maker selection of τi. Hence, if τ0,∗i ≤ τ1,∗i , decision-maker i can choose a

strategy (x̃i, τi), for which ui((x̃i, τi),x−i) = Fi + P 0
i + P 1

i = F . Constraints, (10e)-(10j) make use

of binary variables q0i and q1i to characterize the best response of decision-maker i when τ0,∗i > τ1,∗i .

Hence, if τi < τ0,∗i then q0i = 1 and the number of zero voting results
∑

t∈P0
i
(1 − ωi,f ) must be

strictly less than P 0
i . An analogous reasoning is valid for the case when τi > τ1,∗i , as enforced

in constraints (10f), (10h) and (10j). Table 2 formalizes the bounds on τi induced by constraints

(10e)-(10j).

q0i q1i τi range

0 0 max{WSi,f (x−i) : t ∈ P0
i,f}+ 1 ≤ τi ≤ min{WSi,f (x−i) : t ∈ P1

i,f}

0 1 max{WSi,f (x−i) : t ∈ P0
i,f}+ 1 ≤ τi

1 0 τi ≤ min{WSi,f (x−i) : t ∈ P1
i,f}

1 1 τi free

Table 2: Lower and upper bounds on τi induced by constraints (10e)-(10j).

Finally, constraint (10k) establishes that the best response value ui(x−i) must be less or equal

than F − 1 if either τ0,∗i > τ1,∗i or τi > τ1,∗i . Additional valid inequalities can be appended to enforce
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bounds on the excess quantity si, based on whether τ0,∗i > τ1,∗i or τi > τ1,∗i :



si ≤ q0i P
0
i + q1i P

1
i i ∈ I,

si ≥ q0i P
0
i −

∑
t∈P0

i

(1− ωi,f ) i ∈ I,

si ≥ q1i P
1
i −

∑
t∈P1

i

ωi,f i ∈ I.

(11a)

(11b)

(11c)

Notably, constraints (10a)-(10k) and (11a)-(11c) are necessary but not sufficient conditions to

guarantee that the optimal solution of (9) is an equilibrium point. However, as numerically shown

in Section 6, they represent a computationally tractable linear programming representation of the

non-linear inequalities in Theorem 2, allowing this formulation to approach equilibrium solutions in

all analyzed instances with limited computational time.4

5.2 IVG-CNC formulation

While in Subsection 5.1 we presented a MILP formulation of the DVG-CNC, this subsection adopts

an analogous procedure to approach the IVG-CNC. We also use the decision variable ηi,f to encode

the agreement between the t-th choice of decision-maker i and its corresponding voting outcome.

Notably, to construct this MILP formulation, an alternative approach to capture the comple-

mentary nature of w̃i in the IVG-CNC strategy space Qi is to introduce binary variables ψi,j and

ψ
i,j

which encodes whether wi,j > 0 and wi,j > 0 respectively. We obtain the following MILP

formulation of the IVG-CNC model (in line with problem (9) for the DVG-CNC model):

max
η

∑
i∈I

∑
t∈F

ηi,f

s. to
∑
j∈I

(wi,j xj,t + wi,j(1− xj,t)) ≤ τi − 1 +Mi(1− ηi,f ), t ∈ F : xi,f = 0

∑
j∈Ei

(wi,j xj,t + wi,j(1− xj,t)) ≥ τi −Mi(1− ηi,f ), t ∈ F : xi,f = 1

ψi,j + ψ
i,j

≤ 1 ((i, j) ∈ E) , i, j ∈ I,

wi,j ≤ ψi,j

wi,j ≤ ψ
i,j

1 ≤ τi ≤
∑
j∈I

(wi,j + wi,j)

ψi,j , ψi,j
∈ {0, 1}, wi,j , wi,j ∈ [0, 1], τ ∈ [0, 1]

(12a)

(12b)

(12c)

(12d)

(12e)

(12f)

(12g)

(12h)

4See Glover and Woolsey (1974) and Sherali and Adams (1998) for linear programming representations of systems

of non-linear constraints.
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where Mi =
∑

j∈I wi,j and Ψ is a set of feasible network dependency configurations, encoding

a-priory information about attractive and repulsive neighbors (our empirical application in the next

section will consider constraints involving the network density and the nodal degrees, among others).

Solving problem (12b)-(12h) results in the formation of a signed weighted graph G+− from

the observation of xi,f . This translates the IVG-CNC into a network discovery approach for the

estimation of cross-sectional dependency in categorical data.

6 Empirical and numerical analysis

With a view to providing an empirical grounding for our game-theoretical framework, this section

presents three applications: two pertaining to the DVG-CNC (in which the network is fixed,

and choices are determined endogenously) and one for the IVG-CNC (in which the network is

endogenously determined while choices remain fixed). Hereafter, each of these three applications is

treated in a dedicated subsection.

6.1 Country-by-country influences under geopolitical alignments

For the first application, we consider geopolitical alignments among 183 countries: I = {Afganistan,

Albania, . . ., Zambia, Zimbabwue}.5 We study how the combined influences of attractive and

repulsive neighbors shape their political orientation on m = 5 internationally relevant issues.

Categorical features correspond to these issues: F = {LGBT legal protection, CO2 reduction policy,

gender equality legislation, immigration policy, Palestine versus Israel recognition}.

We construct the data architecture required to calibrate I, E+, E−, P+, P−, and W in the

DVG-CNC model using eight publicly available data sources: (i) UN general assembly resolutions

data from January 1st 2022 to June 1st 2023, (ii) monetary, military, and bilateral trade agreements,

from January 1st 2022 to June 1st 2023, (iii) country-by-country bilateral imports from 2017 to

2023, (iv) GDP data from the World Bank, (v) Environmental Performance Index (EPI), (vi) LGBT

equality index, and (vii) Migrant Integration Policy index. A detailed description of these data

sources is reported in the dedicated online Appendix D.

Attractive and repulsive links E+ and E−. Using the data sources (i)-(iv), we define L1(i, j)

and L2(i, j) the number of co-votes and contra-votes in 91 UN resolutions, respectively, between a

pair of countries (i, j). Two countries co-vote iff either they both vote "yes" or "no" on one of the
5From the original 193 UN countries, nine countries have been dropped for the lack of complete information with

respect different required measures of the whole data architecture. These nine countries are San Marino, Andorra,

Marshall Islands, Liechtenstein, Nauru, Palau, the Federated States of Micronesia, South Sudan and Monacco.
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91 topics. In the second case, two countries contra-vote iff if their votes are opposite. Similarly, we

define L3(i, j) as the number of shared monetary, military, or bilateral trade agreements, and we

denote their bilateral export and import from WTO data with L4(i, j) and L5(i, j), respectively.

The criteria for two countries (i, j) being regarded as neighbors are the following:

- their co-votes in UN resolutions are larger than an upper quantile (L1(i, j) > q1) for attractive

neighbors, or smaller than a lower quantile (L1(i, j) < q
1
) for repulsive neighbors;

- their contra-votes in UN resolutions are smaller than a lower quantile (L2(i, j) < q
2
) for

attractive neighbors, or larger than an upper quantile (L2(i, j) > q2) for repulsive neighbors;

- they share at least one of the considered alliances (L3(i, j) ≥ 1) for attractive neighbors, or

they don’t share any alliances (L3(i, j) = 0) for repulsive neighbors;

- their bilateral export is larger than a specified quantile (L4(i, j) > q4) for attractive neighbors,

or smaller than a lower quantile (L4(i, j) < q
4
) for repulsive neighbors;

- their bilateral import is larger than a specified quantile (L5(i, j) > q5) for attractive neighbors,

or smaller than a lower quantile (L5(i, j) < q
5
) for repulsive neighbors.

Building on these measurements, attractive links E+ are obtained by setting the condition

[1(L1 > q1) + 1(L2 < q
2
) + 1(L3 ≥ 1) + 1(L4 > q4) + 1(L5 > q5)] ≥ 3; repulsive links E− are

obtained by setting the condition [1(L1 < q
1
)+1(L2 > q2)+1(L3 = 0)+1(L4 < q

4
)+1(L5 < q

5
)] ≥ 3.

In other words, two countries are regarded as neighbors iff at least three out of five criteria are

satisfied. Hence, different network structures can be constructed by tuning the quantile levels. Table

3 reports summary statistics for E+ and E−, based on two quantile levels.

Above 80-percentile Above 90-percentile

attractive links repulsive links attractive links repulsive links

singletons 0 0 10 0

edges 2437 5653 1280 2551

degr. max 143 (THA) 180 (STP) 112 (SGP) 174 (TUV)

degr. min 1 (TLS) 13 (CIV) 0 (CAF) 6 (MDV)

Table 3: Networks of the attractive and repulsive neighbors. The countries corresponding to the trigrams are: THA

for Thailand, STP for Sao Tome and Principe, SGP for Singapore, TUV for Tuvalu, TLS for Timor-Leste, CIV for

Cote d’Ivoire, CAF for the Central African Republic, and MDV for the Maldives.

The repulsive links appear to be more numerous in comparison to the attractive links (with

double density). This gap remains invariant when generating the network based on the 80%

percentile and the 90% (see Figure 5 in Appendix D for the corresponding network plots).
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The weight function W . To empirically calibrate edge weights W in the country-by-country

geopolitical alignments, we use GDP data from the World Bank. The working assumption that we

make is that the degree of influence that decision-maker j has on its neighbor i is increasing in the

ratio between the GDP of j and the one of i. The idea is that big countries are more influential than

smaller countries due to the size of their economies. Similarly, this influence must be decreasing

with respect to their geographical distance (i.e., far apart countries are less exposed to reciprocal

influence). Accordingly, we define W as follows:

wi,j = ρ1((i,j)∈E
−
i )

(
1 +

GDPj

GDPi

)di,j

,where di,j =


1 for (i, j) contiguous,
∆max −∆i,j

∆max
else,

(13)

with ∆i,j being the geographical distance between the capital of country i and the one of country j;

∆max is the largest distance in the data set; ρ ∈ (0, 1] is an exogenous parameter that mediates the

impacts of attractive versus repulsive neighbors. Note that the effect of the geographical distance

on wi,j is decreasing for non geographically adjacent countries. Conversely, when two countries

share a common border, the distance is set at zero by convention. See Figure 6 in Appendix D for

the distribution of weights among pairs of countries.

The prerequisite sets P+ and P−. The collection of features F represents national choices

under the geopolitical influence. To generate the prerequisite sets P+
t and P−

t , for each t ∈ F , we

use observable country-level indexes, and retrieve the top and bottom countries for each index.

The prerequisite elements for the first categorical feature (LGBT legal protection) are obtained by

including all countries in which homosexuality is sanctioned by the death penalty in P−
1 . Consistently,

we include all countries in which same-sex marriage existed for more than 15 years and where child

adoption is allowed for homosexual couples in P+
1 (see Appendix D for an extensive list of these

countries). The second categorical feature (CO2 reduction policy) is constructed based on the

EPI 2022. The top and bottom 15 countries are included in P+ and P−, respectively. The third

categorical feature is constructed based on the migrant integration policy index, which contains

measurements regarding access to nationality, anti-discrimination laws, family reunion, labor market

mobility, among others. Countries that are above average in at least three categories and below

average in at most two categories are considered to be in P+, those below average in at least three

categories and above average in at most two categories are considered P−. The last categorical

feature is constructed based on their legal recognition of Israel and Palestine: the countries that

recognize the sovereignity of Palestine are considered in P+ ; those who recognize Israel instead are

put in P−. This is summarized in Table 4.
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Categorical feature P+
t P−

t

t = 1: LGBT legal protection 30 37 Criminalization of homosexuality, legal marrage/adoption

t = 2: CO2 reduction policy 10 10 10% percentile of the EPI

t = 3: Immigration policy 17 21 Customized immigration rights index (see description)

t = 4: Palestine vs Israel recognition 26 22 Palestine recognition versus Israel recognition

Table 4: Number of countries in the prerequisite set for each categorical feature.

Numerical tests. Building on the characterization of I, E+, E−, W , P+, and P−, we apply the

DVG-CNC and approach its social welfare solutions and Nash equilibria by problems (8) and (9),

respectively. This aims to analyze how the combined influences of attractive and repulsive neighbors

shape national political orientations based on the aforementioned four features.

The computational experiment consists of 24 instances obtained by the cross-combination of two

network structures (one constructed by the 80% percentile and the other by the 90% percentile),

three levels of ρ (namely, ρ ∈ {0.1, 0.5, 1}), and four specifications of the Ti sets. The latter is

constructed as Ti = {(1+⌊(1−κ)(di−1)/2⌋), . . . , (di−⌈(1−κ)(di−1)/2⌉)}, where κ is an exogenous

parameters in [0, 1] whose role is to shrink the range of feasible threshold levels. In the conputational

experiment, we set κ ∈ {0.7, 0.8, 0.9, 1}. The extensive results covering the 48 instances, i.e., 24

instances for the social welfare problem (8) plus 24 instances for the Nash equilibrium problem (9),

are reported in Table D.3 (Appendix D).

We report hereafter a goodness-of-fit analysis, where we analyze the difference between the

country choices predicted by solving problems (8) and (9) and the ones observed in the data set,

for features t = 1, t = 2 and t = 3. As for the last item, no direct observation (beyond the one

already contained in the prerequisite) can be adopted to establish our comparison.6 As far as

feature t = 1 is concerned, our comparison assesses the percentage of countries opposing LGBT

legal protection (i.e., the 60 countries in which homosexuality is illegal) that are predicted to

take choice x(i, 1) = 0 by our model. From these 60 countries we only take into account the

23 that are not fixed by the prerequisite when measuring the goodness of fit. As far as feature

t = 2 (CO2 reduction policy) is concerned, our comparison focuses on assessing the percentage of

eco-friendly and eco-unfriendly countries (i.e., the 72 countries that are beyond the top and bottom

80% percentiles of the EPI index). From these 72 countries we only take into account the 52 that

are not fixed by the prerequisite when measuring the goodness of fit. Finally, for feature t = 3

(immigration policy), the observed political stance on immigration of the whole list of 133 countries

is compared with our prediction. We have one instance for the social welfare solution and one for
6The information contained in P+ and P− is correctly predicted by construction of the DVG-CNC parametrization.
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the Nash equilibrium solution maximizing the fit between observed and predicted choices. The

social welfare instance corresponds to κ = 1.0, percentile = 80%, ρ = 1. For the Nash equilibrium,

the selected instance corresponds to κ = 0.9, percentile = 80%, ρ = 0.1. Table 5 summarizes these

results. Table D.4 (Appendix D) reports the goodness-of-fit comparison for the whole collection of

48 instances.

κ = 1.0, Perc. = 80%, ρ = 1.0 (SW) κ = 0.9, Perc = 80%, ρ = 0.1 (NE)

Objective function 1.00 1.00

Correct classifications t = 1 0.75 (pval = 4.14e-02) 0.80 (pval = 1.18e-02)

Correct classifications t = 2 0.71 (pval = 3.19e-03) 0.81 (pval = 9.06e-06)

Correct classifications t = 3 0.73 (pval = 1.89e-08) 0.75 (pval = 2.25e-09)

Table 5: Goodness-of-fit matching proportions. The cells contain the value of the objective functions and the

proportion of matching points for two instances. Into parenthesis, we include the p-value of the result compared to

binary random variables, which is associated with the probability of a similar (or better) result by a random guess.

Visibly, both instances result in equivalent total payoffs. However, the Nash equilibrium solution

for the instance parametrized by κ = 0.9, percentile = 80%, and ρ = 0.1 gives rise to a higher

empirical fit for feature t = 1 (LGBT legal protection) and feature t = 3 (Immigration policy).

The corresponding p-values supports the sizable predictive power of the DVG-CNC solution when

applied to forecast national choices about internationally relevant issues. Note that by exploring

the overall collection of 48 instances from Tables D.3, we note that all analyzed Nash equilibrium

solutions are social welfare solutions, although among the latter there are some that are not Nash

equilibrium. Therefore, constraints (10a)-(10k) and (11a)-(11c) remove social welfare solutions.

6.2 Imputation of missing data by DVG-CNC

In this subsection, we use the DVG-CNC to impute missing data, building on its reduction to a

KNN problem (Remark 2), where the directed weighted graph G+− = ⟨I, E+, E−,W ⟩ is constructed

by selecting the K-nearest data points for each individual. Following the notation in Remark 2,

let us define n data points W = {(L1, x1), . . . , (Zn, xn)}, where Zi ∈ Rq is a q-dimensional vector

encoding exogenous covariates for individual i ∈ I, and xi is the corresponding binary choice.

To test the applicability of the DVG-CNC to missing data imputation we consider a distance

metric D : Rq × Rq → R, and we intentionally remove data point from W, based on the following

scheme: (i) pick a random subset I0 (with n0 = |I0|) from I and mark W0 = {(Li, xi) : i ∈ I0}

as missing points; (ii) for each i ∈ I0, mark as missing all j ∈ I, such that D(Zi, Zj) < r. Hence,
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missing data are created in such a way that they are clustered into n0 groups of neighbor points:

WM = {(Lj , xj) ∈ W : D(Zi, Zj) < r, i ∈ I0, j ∈ I}.

We test the applicability of the DVG-CNC to predict WM , based on the following parametrization

of E+ and E−: for all i ∈ I, we have that (i, j) ∈ E+
i iff j ∈ J +

i and (i, j) ∈ E−
i iff j ∈ J −

i , where

J +
i and J −

i are the respective closest and farthest neighbors of i, with respect to the distance D: J +
i = {j1, . . . , jK ̸= i : D(Zi, Zj1) ≤ . . . ≤ D(Zi, ZjK ); ∀j ∈ I \ J +

i , D(Zi, ZjK ) ≤ D(Zi, Zj)}

J −
i = {j1, . . . , jK ̸= i : D(Zi, Zj1) ≥ . . . ≥ D(Zi, ZjK ); ∀j ∈ I \ J −

i , D(Zi, ZjK ) ≤ D(Zi, Zj)}.

By construction (i, i) /∈ E+ and (i, i) /∈ E−. Further, to complete the characterization of the directed

weighted graph G+−, we numerically compare two alternative parametrizations of the weight function

W : uniform weights and distance-based weights. The uniform weight setting is such that wi,j = 1

for all (i, j) ∈ Ei. On the other hand, the distance-based weights for the attractive and repulsive

neighbors are respectively defined as

wi,j =

⌈M −D(i, j) + 1⌉ if D(i, j) ≤M

0 otherwise,
and wi,j =

⌈D(i, j)−M + 1⌉ if D(i, j) > M

0 otherwise.

where M =Me[D(i, j) : j ∈ I, j ̸= i] is the median of D(i, 1), . . . D(i, i− 1), D(i, i+ 1) . . . , D(i, n).

To benchmark the DVG-CNC as a tool for missing data imputation, we use 6 publicly available

datasets from the UCI machine learning repository (Bache and Lichman 2013), which are standard

test beds for comparing classification and imputation procedures (Bertsimas and Dunn 2017).7 For

each dataset, Table 6 reports the proportions of correctly imputed missing points under different

DVG-CNC parametrizations, together with the benchmark KNN performance. We compare two

specifications of the weight structure, namely distance-based weights and uniform weights, and for

each of them we report both the Nash equilibrium solution (problem (9)) and the social welfare

solution (problem (8)). The columns “in prerequisite” refer to parametrizations in which the

neighborhood of each individual is restricted to points whose choices are fixed by the prerequisite, so

that missing entries are imputed only from observed choices. Conversely, the columns “in test” refer

to parametrizations in which neighborhoods may also include points whose choices are themselves

missing and therefore endogenously imputed by the model. In this second case, the DVG-CNC

allows for a recursive propagation mechanism whereby imputed values can in turn contribute to the

imputation. This distinction is consistent with the idea that dependencies in DC should not merely
7Among these 6 data sets, the monk1, monk2 and monk3 datasets contain 2 classes for the response variable, 432

observations, and 6 binary covariates. The balance-scale dataset contains 3 classes, 625 observations, and 4 covariates.

The car-evaluation dataset contains 4 classes, 1728 observations, and 6 covariates. See Siegler (1994), for more details.
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mimic a local effects, but extends it into a network-based equilibrium framework in which observed

and endogenously reconstructed choices may jointly shape the final prediction.

Visibly, the social welfare criterion (problem (8)) results in better missing data imputation,

in comparison to the Nash equilibrium solution (problem (9)). This is related to the fact that

no strategic choices are to be invoked when trying to explain patterns of similarities between

neighbor points in a missing data imputation context. Most importantly, the DVG-CNC approach

outperforms the traditional KNN in correctly imputing missing data in 4 out of 6 data sets.

6.3 Student-by-student influences in cannabis consumption

This subsection presents a real-world application of the IVG-CNC to the consumption of addictive

substances in a cohort of n = 160 students observed over their second, third, and fourth year at

a secondary school in Glasgow (Scotland). The goal is to recover attractive and repulsive peer

influences that are capable of explaining the observed consumption behaviour. For this analysis,

we use a publicly available dataset previously employed in the influence-propagation literature

(Tchouya et al. 2023). The dataset contains the consumption levels of three substances: m̃(1) = 5

levels for alcohol, m̃(2) = 3 levels for tobacco, and m̃(3) = 4 levels for cannabis. Specifically, alcohol

use is coded as 1 (non), 2 (once or twice a year), 3 (once a month), 4 (once a week), and 5 (more

than once a week); tobacco use is coded as 1 (non), 2 (occasional), and 3 (regular, i.e. more than

once per week); cannabis use is coded as 1 (non), 2 (tried once), 3 (occasional), and 4 (regular).

For the purpose of constructing the features for our model, substance consumption is transformed

into a cumulative representation, encoded by the following binary choices:

x(i, 3L(t−1)+(j−1)(m̃(j)−1)+q) =

1 if consumption of substance j is above q + 1 in period t,

0 otherwise,

where L = m̃(1) + m̃(2) + m̃(3)− 3 = 9. For instance, x(i, 1) = 1 if decision-maker i has consumed

alcohol at least twice a year in the first period, while x(i, 5) = 1 if decision-maker i has consumed

tobacco at least twice a year in the second period. Overall, after enumerating periods, substances,

and consumption levels, we obtain F = 27 features for each of the n = 160 individuals. Out of these

160 students, only 129 are recorded in all 3 years of observation, and the others are removed from

the dataset. Finally, the dataset also contains a friendship network among the students, which we

use to define the network constraints (ψ,ψ) ∈ Ψ in problem (12b)-(12h).

Tchouya et al. (2023) analyze this dataset through an influential-imitator approach, where the

choices of more popular students represent the leading effects shaping the habits of others. In our

application, the emphasis is instead on the ND interpretation of the data: observed categorical
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Table 6: Proportions of correctly imputed missing points across various datasets using different imputation methods

and different inclusion of points in the weight function W The results are compared with KNN imputation. Datasets

include monk1, monk2, monk3, balance scale, car evaluation, and tic-tac-toe.
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choices are taken as given, and the IVG-CNC is used to recover a network of attractive and repulsive

peer influences that rationalizes them. To this end, we compare several modeling specifications of

the IVG-CNC by appending different network constraints to problem (12), as follows:

- fixed attractive neighbors (FAN): Φi,j = Ei,j , for all i, j ∈ I,

- bounded attractive neighbors (BAN): Φi,j ≤ Ei,j , for all i, j ∈ I,

- attractive larger than repulsive (ALR):
∑

j∈I Φi,j ≥
∑

j∈I Φi,j , for all i ∈ I,

- fixed degree (FD):
∑

j∈I Φi,j =
∑

j∈I Ei,j , for all i ∈ I.

Table 7 reports the optimal value of problem (12), and the discrepancy between the estimated

attractive network and the observed friendship network, for the different constraints specifications.

attractive

neighbors

repulsive

neighbors

degree-type Optimal
∑

|Φi,j − Ei,j |∑
Φi,j

(cfg 1) free free free 3227 6.7%

(cfg 2) free free FD 2363 94%

(cfg 3) FAN free FD 2344 0%

(cfg 4) BAN free FD 2351 52%

(cfg 5) BAN free free 2880 3%

(cfg 6) BAN ALR FD 2351 28%

(cfg 7) BAN ALR free 2498 14%

Table 7: Configurations with different restrictions on attractive and repulsive neighbors, and on node degrees. The

table reports the optimal value of problem (12) and the discrepancy rate relative to the observed friendship network.

The highest fit, in terms of correctly predicted choices, is obtained in cfg 1, where both attractive

and repulsive links are left free. In this case, the objective function reaches 3227, while the resulting

attractive network remains close to the observed friendship network, with only 6.7% discrepancy.

By contrast, cfg 3, which forces the attractive neighbors to coincide with the observed friendship

network, yields a substantially lower fit, with objective value 2344. Hence, the best predictive

performance is not obtained by imposing the observed network structure, but by allowing the

IVG-CNC to endogenously recover the pairwise influences that best rationalizes the data. This

provides evidence that the IVG-CNC can recover a latent influence structures that both preserves a

connection with the observed social network and improves the explanation of choices.
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7 Conclusion

This paper develops a unified game-theoretical framework for studying pairwise network influences

in multivariate categorical choices. Individuals are connected through a signed weighted graph and

evaluate each choice through a voting rule that aggregates the influence of attractive and repulsive

neighbors. This yields a behavioral micro-foundation for structured similarity and dissimilarity in

observed choices, and provides a common framework for DC, NP, and ND. The paper distinguishes

two complementary uses of the same mechanism. In the DVG-CNC, the network is taken as given

and choices are endogenous; in the IVG-CNC, choices are observed and the network structure is

endogenous. On the theoretical side, we characterize individual best responses, provide sufficient

conditions for the existence of Nash equilibria, and show that recognizing equilibrium outcomes

is NP-complete. On the computational side, we reformulate both models as MILP problems,

which makes it possible to approach social welfare and equilibrium solutions with state-of-the-art

optimization tools.

The empirical analysis illustrates the breadth of the framework. In the geopolitical application,

the DVG-CNC predicts countries’ stances on major policy issues from networks of attractive and

repulsive international influences. In the missing-data application, the same model extends the

KNN logic by combining observed and endogenously imputed choices, and improves imputation

accuracy in several benchmark datasets. In the school application, the IVG-CNC recovers a signed

network of peer influences that explains observed patterns of substance consumption.

Overall, the proposed framework shows that data classification and network discovery can

be treated as two sides of the same voting-based mechanism. This flexibility to tackle diverse

empirical contexts opens avenues for further research. A modeling aftermath of the DVG-CNC is its

applicability to the analysis of power indexes, measuring the ability of decision-makers to influence

voting outcomes (Leech 2002, 2003). In fact, when decision-makers are linked on a network carrying

pairwise influences, the decision power of a decision-maker is not solely driven by the weight an

organization can acknowledge to it (for instance, the International Monetary Fund and World Bank

give each member country a number of votes based on its financial contribution), but also on the

influence that its decision has on others. From this viewpoint, our equilibrium solution can be

used to design power indexes in voting games. Furthermore, conditions for the uniqueness of a

Nash equilibrium remains to be investigated. Also, specialized combinatorial and decomposition

algorithms can be designed to tackle large instances of problems (9) and (12).
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Appendices: Supplementary Material

A : Mathematical proofs

Proposition 1

Proof. By definition of ui,f ((x(i, f), τi),x−i) in (3), we have:

ui,f ((x(i, f), τi),x−i) = |1 (WSi,f (x−i) ≥ τi)− x(i, f)|

= |1
(
WSi,f (∁t(x−i)) < di − τi

)
− x(i, f)|

= |1
(
WSi,f (∁t(x−i)) ≥ di − τi

)
− (1− x(i, f))|

= ui,f ((1− x(i, f), di − τi), ∁t(x−i)).

Lemma 1

Proof. It is sufficient to note that if (i, f) is one-step supportable by ⟨p, σi,f ⟩, then (by Denifition

4), i has a neighbor j ∈ Ei in the prerequisite p (namely, (j, f) ∈ dom(p)), such thatif p(j, f) = 1 then f ∈ xj and if p(j, f) = 0 then f /∈ xj in case σi,f = 1,

if p(j, f) = 1 then f /∈ xj and if p(j, f) = 0 then f ∈ xj . in case σi,f = 0.

Let x be an arbitrary choice profile satisfying p. For the same j, we have thatif x(j, f) = 1 then f ∈ xj and if x(j, f) = 0 then f /∈ xj in case σi,f = 1,

if x(j, f) = 1 then f /∈ xj and if x(j, f) = 0 then f ∈ xj . in case σi,f = 0.

This implies that x supports (i, f) ∈ D, with the sign σi,f . Hence, by Definition 5, D is uniformly

supported by ⟨p, σ⟩.

Theorem 1

Proof. We proceed by induction. For k = 1, we have ĩ = (i0, i1) and p(i1, f) = ϕ1(̃i). We have four

possibilities
case 1: ϕi1 (̃i) = 1, p(i1, f) = 1

case 2: ϕi1 (̃i) = 1, p(i1, f) = 0

case 3: ϕi1 (̃i) = 0, p(i1, f) = 1

case 4: ϕi1 (̃i) = 0, p(i1, f) = 0

Cases 1 and 2 entail that (i, f) is positively supportable by p, whereas cases 3 and 4 entail that

(i, f) is negatively supportable by p.
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Suppose the proposition is true for k, meaning that the existence of a path ĩ of length k + 1,

connecting i0 = i and ik, with (ik, f) ∈ dom(p) implies that (i, f) is supportable by ⟨p, s⟩.8 We

show that if there exist a path ĩ′ of length k+2 connecting i = i0 and i′k+1, with (i′k+1, f) ∈ dom(p),

then (i, f) is supportable by ⟨p, s⟩, where

s =

1 if 1− p(ik+1, f) +
∑k+1

l=1 (1− ϕl(̃i)) is even.

0 otherwise.

To do that, let ĩ′′ = (i′′0, i
′′
1 . . . , i

′′
k, i

′′
k+1) be such a path and ϕ(̃i′′) be corresponding indicator of

attractiveness. By focusing our attention to the subsequence (i′′1, · · · , i′′k+1), we note that since

(i′′k+1, f) ∈ dom(p), the existence of any path of length k + 1 from any arbitrary node i′′k+1 entails

(by the induction hypothesis) the supportability of that node by ⟨p, s⟩. Therefore, by the induction

hypothesis, (i′′1, f) is supportable by ⟨p, s′⟩ where

s′ =

1 if 1− p(i′′k+1, f) +
∑k+1

l=2 (1− ϕl(̃i
′′)) is even.

0 otherwise.

Let x satisfy p, such that x(i′′1, f) = 1, for s′ = 1 (resp. x(i′′1, f) = 0, for s′ = 0). We have four

possibilities
case 1: ϕi′′1 (̃i) = 1, x(i′′1, f) = 1

case 2: ϕi′′1 (̃i) = 1, x(i′′1, f) = 0

case 3: ϕi′′1 (̃i) = 0, x(i′′1, f) = 1

case 4: ϕi′′1 (̃i) = 0, x(i′′1, f) = 0

Cases 1 and 4 entail that (i, f) is positively supported by x, whereas cases 2 and 3 entail that (i, f)

is negatively supported by x. Case 1 and case 4 both imply that

1− p(i′′k+1, f) +

k+1∑
l=2

(1− ϕl(̃i
′′)) is even

and case 2 and case 3 both imply that

1− p(i′′k+1, f) +
k+1∑
l=2

(1− ϕl(̃i
′′)) is odd

Which proves the proposition for the case k + 2.

8Note that the induction hypothesis is the truthness of the implication.
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Theorem 2

Proof. To prove Theorem 2, we prove the following stronger statement (called Stat(K)), whose

truthiness implies theorem 2 (by Lemma 1):

Stat(K): If (i) (ii) (iii) are satisfied, then for all (i, f) ∈ D, (i, f) is one-step supportable by ⟨pK , σ⟩.

We proceed with mathematical induction. For K = 1, it is true by Definition 4. In fact, since

P1 = (p0, p1) and since p1 is a one-step extension of p0, the notion of one-step extension in Definition

4 establishes that for all (i, f) ∈ dom(p1) \ dom(p0), (i, f) is one-step supportable by ⟨p0, σi,f ⟩. In

particular, this is true for all (i, f) ∈ D.

Assume Stat(K) to be true (for an arbitrary K), and let’s consider Stat(K + 1). Assume there

exists a sequence PK+1 = (p0, . . . , pK , pK+1) satisfying:

(i) For all k = 2, . . . ,K + 1, pk is a one-step extension of pk−1.

(ii) D ⊆ dom(pK+1).

(iii) For all (i, f) ∈ D, we have pK+1(i, f) = σi,f .

Let’s consider a restricted collection of IF pairs D̃ := D ∩ dom(pk) and the corresponding

restricted sign function σ̃ = σ|D̃. We have:

(i. a) For all k = 2, . . . ,K, pk is a one-step extension of pk−1.

(ii. a) D̃ ⊆ dom(pK).

(iii. a) For all (i, f) ∈ D̃, we have pK(i, f) = σ̃i,f .

Note that (i) implies (i.a). Next, pK+1 being a one-step extension of pK together with (ii) imply (ii.a).

Concerning (iii), since pK+1 is a one-step extension of pK , for all (i, f) ∈ D̃, pK+1(i, f) = pK(i, f),

thus σ̃i,f = pK+1(i, f) = pK(i, f).

By the induction hypothesis Stat(K), we conclude that for all (i, f) ∈ D̃, (i, f) is one-step

supportable by ⟨pK , σ̃i,f ⟩. Consequently, (i, f) is one-step supportable by ⟨pK+1, σ̃i,f ⟩.

Since pK+1 is a one-step extension of pK , the incremental part ∂D := D\D̃ is one-step supportable

by ⟨pK , σ⟩. Consequently, for all (i, f) ∈ ∂D, (i, f) is one-step supportable by ⟨pK+1, σ̃i,f ⟩, which

finishes the proof.
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Corollary 1

Proof. Consider the family of paths and orientations (̃i1, . . . , ĩD) and (Σ̃1, . . . , Σ̃D), satisfying (i)

-(iii-b). Let us define an ordering g of {(d, q) : d = 1, . . . , D, q = 1, . . . , kd}:

g(d, q) = (d− 1)kd + (kd − q + 1),

so as to follow a counter lexicographic ordering

((1, k1), (1, k1 − 1), . . . , (1, 1), (2, k2), (2, k2 − 1), . . . , (D, kD), . . . , (D, 1)).

Let’s construct a sequence of prerequisite, which we is attached to the collection of extending paths :

PK =
(
p0, p1, p2, . . . , pk1︸ ︷︷ ︸

ĩ1

, pk1+1, pk1+2, . . . , pk1+k2︸ ︷︷ ︸
ĩ2

, . . . , pg(D,kD), pg(D,kD−1), . . . , pg(D,k1)︸ ︷︷ ︸
ĩD

)
, (A.1)

where the prerequisite pg(d,q) is associated to the q-th element of the d-th path. Specifically, we

define pg(d,q) recursively from pg(d,q)−1, in the following way:

pg(d,q) : dom(pg(d,q)−1) ∪ {(idq , fd)} −→ {0, 1}, (A.2)

and

pg(d,q)(i
′, f ′) =

Σ̃d
q for i′ = idq and f ′ = fd,

pg(d,q)−1(i
′, f ′) otherwise.

(A.3)

The rest of this proof consists of two steps:

1. We first show that the family of paths and orientations (̃i1, . . . , ĩD) and (Σ̃1, . . . , Σ̃D) is

uniquely associated to a sequence of extending paths (A.1). To do that, we note that

pg(d,q) extends pg(d,q)−1. In fact, by (A.2) and (A.3), if (idq , f
d) /∈ dom(pg(d,q)−1) then

dom(pg(d,q)) \ dom(pg(d,q)−1) = {(idq , fd)}. Conversely, if (idq , fd) ∈ dom(pg(d,q)−1), by (A.3),

pg(d,q)(i
′, f ′) = pg(d,q)−1(i

′, f ′), for all (i′, f ′) ∈ dom(pg(d,q)).

By condition (ii) in Corollary 1, if there is d′ ≤ d and q′ ≤ kd′ for which idq = id
′

q′ and fd = fd
′

then Σd
q = Σd′

q′ . Let us define

(δ, ν) = min{d′ : idq = id
′

q′ , f
d = fd

′},

so that g(δ, ν) < g(d, q). By (A.3), we have

Σδ
ν = pg(δ,ν)(i

δ
ν , f

δ) = pg(δ,ν)(i
d
q , f

d).

Since pg(d,q)−1 is an extension of pg(δ,ν), we know that pg(d,q)−1(i
d
q , f

d) = Σδ
ν , which also

equals Σd
q . Hence, if (idq , fd) ∈ dom(pg(d,q)−1), then both dom(pg(d,q)−1) = dom(pg(d,q)) and

pg(d,q)−1 = pg(d,q), elementwise.
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2. In the second step, we show that the sequence of one-step extending paths (A.1) satisfies

conditions (i)-(iii) of Theorem 2.

- Condition (i) of Theorem 2. Let’s show that for each d = 1, . . . , D and q = 1, . . . , kd,

pg(d,q) is a one-step extension of pg(d,q)−1. If q = kd, we know that

(idkd , f
d) ∈ dom(p),

so that (idq , f
d) ∈ dom(p) ⊆ dom(pg(d,q)−1). Therefore, (idkd , f

d) is supportable by

pg(d,q)−1, so that by Definition 4, pg(d,q) is a one-step-extension of pg(d,q)−1.

Next, if q < kd, we can show that (idq+1, f
d) is one-step supportable by ⟨pg(d,q+1)−1,Σ

d
q⟩.

Let x be a choice profile satisfying pg(d,q+1) and such that x(idq , fd) = Σd
q . Using

conditions (iii-a) and (iii-b) from Corollary A.2, if idq+1 is an attractive neighbor of idq ,

then pg(d,q+1)(i
d
q+1, f

d) = Σd
q+1 = Σd

q = x(idq , f
d). If idq+1 is a repulsive neighbor of idq ,

then pg(d,q+1)(i
d
q+1, f

d) = Σd
q+1 = 1 − Σd

q = 1 − x(idq , f
d). Hence, (idq+1, f

d) is one-step

supportable by ⟨pg(d,q+1)−1,Σ
d
q⟩.

- Condition (ii) of Theorem 2. By construction, the first node of each path id1 is

such that (id1, f
d) ∈ D. Since (idq , f

d) ∈ dom(pg(d,q)) and PK is a sequence of extending

prerequisites, we have dom(p) ⊆ dom(pg(1,k1)) ⊆ · · · ⊆ dom(pg(D,1)). Combining above

points, we have that for all

(id1, f
d) ∈ dom(pg(D,1)) = dom(pK), for all d = 1, . . . , D.

- Condition (iii) of Theorem 2. For each d = 1, . . . , D, q = 1, . . . , kd, (id1, fd) ∈ D and

pK(id1, f
d) = pg(d,1)(i

d
1, f

d) = Σd
1 = σ(id1, f

d) by definition of σ.

Theorem 3

Proof. Notice that, since (i, f) is supported positively by x−i, we know that WSi,f (x−i) ≥ min
j∈Ei

wi,j .

By choosing τi = min
j∈Ei

wi,j , we have WSi,f (x−i) ≥ τi. Thus vt(x−i, τi) = 1. Similar argument can

be made for the negative supportedness. As a consequence, we have that

(1.) if for all f ∈ P1
i , (i, f) is positively supported by x−i, then max

τi
u1i (τi,x−i) = |P1

i |;

(2.) if for all f ∈ P0
i , (i, f) is negatively supported by x−i, then max

τi
u0i (τi,x−i) = |P0

i |.
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In fact, by letting τi = min
j∈Ei

wi,j , we have vf (x−i, τi) = 1, for all f ∈ P1
i . Since (i, f) is positively

supported by x−i, then x satisfies p0. Therefore, for all f ∈ P1
i , x(i, f) = 1. By construction of u1i ,

we have

∀ i ∈ I, ∃ x−i, such that u1i (min
j∈Ei

wi,j ,x−i) =
∑
f∈P1

i

1 (x(i, f) = vf (x−i, τi)) = |P1
i |. (A.4)

This proves (1.). An analogous argument is valid for (2.).

Note that (A.4) does not entail x−i∪xi = x−j ∪xj , for all i, j ∈ I. To obtain (5) (which entails

x−i ∪ xi = x−j ∪ xj , for all i, j ∈ I), we requires the uniform supportability of D+ (Definition 5).

Let x be a choice profile satisfying p0 such that for all (i, f) ∈ D+, (i, f) is supported by ⟨x−i, 1⟩,

where x = x−i ∪ (P1
i ∪ x̃i), for all i ∈ I. Using (A.4), and setting τi = 1, for all i ∈ I, we have

vf (x−i, τi) = 1 for every (i, f) ∈ D+, or using the definition of D+, for all f ∈ P1
i and for all i ∈ I.

Therefore,

u1i (τi,x−i) = |{f : vf (x−i, τi) = 1, f ∈ P1
i }| = P 1

i .

The proof for (ii) is analogous.

Theorem 4

Proof. From Theorem 3, the functions u1i (τi,x−i) and u0i (τi,x−i) are monotonous in τi, with u1i

non-increasing and u0i non-decreasing. Consequently, u1i (τi,x−i) attains its maximal value P 1
i for

all τi ≤ τ1,∗i , while u0i (τi,x−i) attains its maximal value P 0
i for all τi ≥ τ0,∗i .

(i) Suppose first that τ0,∗i ≤ τ1,∗i . Then there exists τ̃i ∈ [τ0,∗i , τ1,∗i ] such that

u1i (τ̃i,x−i) = P 1
i , u0i (τ̃i,x−i) = P 0

i .

For this threshold,

ui((x̃i, τ̃i),x−i) = u+i ((x̃i, τ̃i),x−i) + u−i ((x̃i, τ̃i),x−i) + P 1
i + P 0

i .

Define the strategy x̃′i such that for every f ∈ Fi

f ∈ x̃′i ⇐⇒
∑

j∈E+
i :f∈xj

wi,j +
∑

j∈E−
i :f /∈xj

wi,j ≥ τ̃i
∑
j∈Ei

wi,j .

This choice aligns i’s decision with the voting rule for every free feature, implying

u+i ((x̃
′
i, τ̃i),x−i) + u−i ((x̃

′
i, τ̃i),x−i) = Fi.

Hence

ui((x̃
′
i, τ̃i),x−i) = Fi + P 0

i + P 1
i = F.
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Since F is the maximal attainable payoff, we obtain

ui(x−i) = F.

Conversely, if ui(x−i) = F , then all four components of the utility must attain their maximal

values simultaneously. This requires u1i = P 1
i and u0i = P 0

i for some τi, which is possible only if

τ0,∗i ≤ τ1,∗i .

(ii) Suppose now that τ0,∗i > τ1,∗i . In this case no threshold can simultaneously achieve u1i = P 1
i

and u0i = P 0
i .

Consider first τi = τ0,∗i . Then u0i (τ
0,∗
i ,x−i) = P 0

i , and for an appropriate choice of x̃i the

free-feature component can again be maximized so that

u+i + u−i = Fi.

Therefore

ui((x̃i, τ
0,∗
i ),x−i) = Fi + P 0

i + u1i (τ
0,∗
i ,x−i).

Similarly, evaluating the utility at τi = τ1,∗i yields

ui((x̃i, τ
1,∗
i ),x−i) = Fi + P 1

i + u0i (τ
1,∗
i ,x−i).

Since ui(x−i) is the maximum payoff over all strategies,

ui(x−i) ≥ Fi +max
{
P 0
i + u1i (τ

0,∗
i ,x−i), P

1
i + u0i (τ

1,∗
i ,x−i)

}
.

Proposition 2

Proof. To prove the NP-completeness of R-GVG-CNC we establish an equivalence with respect

to the 3-SAT problem, which consists in determining the satisfiability of a formula in conjunctive

normal form, where each clause is limited to at most three literals.9

To establish this equivalence, we introduce the following notation. Let us consider a collection of

m clauses and L literals y1, . . . , yL. We define ι : {1, . . . ,m} × {1, 2, 3} → {1, . . . , L} × {0, 1} and

characterize a Boolean expression (in disjunctive normal form) as

BE(y1, . . . , yL) =
m∧
i=1

 3∨
j=1

(yι0(i,j))
ι1(i,j)(1− yι0(i,j))

1−ι1(i,j)

 . (A.5)

9Note that any conjunctive normal form with clause having less than three literals (e. g., (y1 ∨ y2)) can be

equivalently expressed as conjunctive normal form with clause having exactly three literals. This is obtained by

introducing dummy literals ε and replicating the clause by affirming and negating ε ((y1 ∨ y2 ∨ ε) ∧ (y1 ∨ y2 ∨ ¬ε)).
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To establish an equivalence between this Boolean expression and a signed graph G = ⟨I, E+, E−⟩,

we define

I = {c1, . . . , cm, v1,1, v1,2, v1,3, v2,1, v2,2, v2,3, . . . vm,1, vm,2, vm,3, l1, . . . , lL, a0, a1} ,

E+ = {(ci, vi,j) : i = 1, . . . ,m, j = 1, . . . , 3}

∪
{
(vi,j , lι0(i,j)) : i = 1, . . . ,m, j = 1, . . . , 3, ι1(i, j) = 1

}
∪{(lk, a0) : k = 1, . . . , L} ,

E− =
{
(vi,j , lι0(i,j)) : i = 1, . . . ,m, j = 1, . . . , 3, ι1(i, j) = 0

}
∪{(lk, a1) : k = 1, . . . , L} ,

(A.6)

This is elucidated in the following illustrative example.

Example 1. To visualize this equivalence between disjunctive normal forms with three literals per

clause and signed graphs, we consider a small example: (y1∨y2∨y3)∧(¬y1∨y2∨y4)∧(¬y3∨y4∨y5).

The equivalence between this Boolean expression and a signed graph G = ⟨I, E+, E−⟩ is established

by defining I, E+, E− as follows:

I = {c1, c2, c3, v1,1, v1,2, v1,3, v2,1, v2,2, v2,3, v3,1, v3,2, v3,3, l1, l2, l3, l4, l5, a0, a1} ,

E+ = {(ci, vi,j) : i = 1, . . . ,m, j = 1, . . . , 3}

∪
{
(vi,j , lι0(i,j)) : i = 1, . . . ,m, j = 1, . . . , 3, ι1(i, j) = 1

}
∪{(lk, a0) : k = 1, . . . , L} ,

E− =
{
(vi,j , lι0(i,j)) : i = 1, . . . ,m, j = 1, . . . , 3, ι1(i, j) = 0

}
∪{(lk, a1) : k = 1, . . . , L} .

Figure 1 illustrates the corresponding signed graphs.
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Figure 1: The constructed network for the formula (y1 ∨ y2 ∨ y3) ∧ (¬y1 ∨ y2 ∨ y4) ∧ (¬y3 ∨ y4 ∨ y5).

Visibly, this example reveals that the equivalent signed graph (A.6) has a four-partite structure,

where the first layer refers to the m clauses, the third layer refers to the L literals, and the second

layer consists of placeholders for the literals inside the clauses (namely, in which place of each

clause a literal appear). Finally, the fourth layer contains two auxiliary nodes whose purpose will

be clarified next in the proof.

Next, for each disjunctive normal form with three literals per clause (encoded in a signed graph

(A.6) ), we construct an instance of GVG-CNC(I, E+, E−, P+, P−, W , T ) with one item (F = {t})

and 4m+ L+ 2 individuals, by defining

P+ = {(ci, t) : ∀i = 1, . . . ,m} ∪ {(a0, t), (a1, t)}

P− = ∅

W (i, j) = 1 ∀ (i, j) ∈ E+ ∪ E−

Tci = {1}

Tvi,j = {1} ∀i = 1, . . .m, ∀j = 1, 2, 3

Tlk = {1, 2} ∀k = 1, . . . , L

Ta0 = Ta1 = {1}.

We now proceed to prove the equivalence of the 3-SAT problem and the recognition version of

GVG-CNC problem, by distinguishing the two implications.

(3-SAT) implies GVG-CNC. If 3-SAT has a solution, let’s construct a solution to the GVG-CNC

problem which has a total utility greater or equal to Fn. Let b1, . . . , bL ∈ {True,False} ≡ {1, 0}
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be the values for the literals y1, . . . , yL, such that BE(b1, . . . , bL) = 1. We construct the

following voting profiles xi ⊆ F for each i ∈ I:

(xci , τci) = ({t}, 1) ∀i = 1, , . . . ,m

(xvi,j , τvi,j ) = ({t}, 1) ∀i = 1, . . . ,m ∀j = 1, 2, 3 if bι0(i,j) = ι1(i, j)

(xvi,j , τvi,j ) = (∅, 1) ∀i = 1, . . . ,m ∀j = 1, 2, 3 if bι0(i,j) ̸= ι1(i, j)

(xlk , τlk) = ({t}, 1) ∀k = 1, . . . , L, if bk = True

(xlk , τlk) = (∅, 2) ∀k = 1, . . . , L, if bk = False

(xa0 , τa0) = (xa1 , τa1) = ({t}, 1),

where xi is the subset of F denoting the collection of features selected by individual i. We

can show that if BE(b1, . . . , bL) = 1, then the utility function ui((x̃i, τi),x−i) = F = 1, for

all i ∈ I. Since we have a single item, this boils down to vf (x−i, τi) = x(i, f), where x is

the associated choice profile function. Therefore, using the weighted sum we can further

reformulate it as follows:

x(i, f) = 1 ⇐⇒
∑
j∈E+

i

xj,f +
∑
j∈E−

i

(1− xj,f ) ≥ τi for i ∈ I and f ∈ F , (A.7)

where a0 is only influenced by a1 ( more precisely {a1} = Ea0 = E+
a0 ). Since x(a1, f) = 1

and τa0 = 1 are assigned by construction, (A.7) holds for a0, so that ua0((xa0 , τa0),x−a0) = 1.

The same argument is valid for a1, which implies that the fourth layer of the four-partite

graph attains the highest utility.

Focusing on the third layer, for each k = 1, . . . , L, the node lk is influenced attractively by a0

and repulsively by a1. More formally, E+
lk
= {a0} and E−

lk
= {a1}. Since its weighted sum is

always 1, by varying the threshold level τi = 1 or 2, the voting result would suggest either 1

or 0 accordingly, which matches the assigned value for ylk .

Focusing on the second layer, for each i = 1, . . . ,m, j = 1, 2, 3, the node vi,j is only influenced

by lι0(i,j). Hence, we have {lι0(i,j)} = E+
vi,j when ι1(i, j) = 1 and {lι0(i,j)} = E−

vi,j when

ι1(i, j) = 0. Inspecting whether weighted sum being greater than the threshold yields:

x(lι0(i,j), f)ι1(i, j) + (1− x(lι0(i,j)), f)(1− ι1(i, j)) ≥ τvi,j︸︷︷︸
=1

⇐⇒ x(lι0(i,j), f) = ι1(i, j)

⇐⇒ bι(i,j) = ι1(i, j)

⇐⇒ x(vi,j , f) = 1.

This implies the utility associated to vi,j is maximized.

Finally, focusing on the first layer, we have that for each i = 1, . . . ,m, the node ci is influenced

by exactly three nodes vi,1, vi,2, and vi,3. Inspecting whether the weighted sum being greater
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than the threshold yields:

x(vi,1, f) + x(vi,2, f) + x(vi,3, f) ≥ τci︸︷︷︸
=1

⇐⇒ (x(vi,1, f) = 1) ∨ (x(vi,2, f) = 1) ∨ (x(vi,3, f) = 1)

⇐⇒
3∨

j=1

(x(vi,j , f) = 1)

⇐⇒
3∨

j=1

(bι0(i,j) = ι1(i, j))

⇐⇒
3∨

j=1

(bι0(i,j))
ι1(i,j)(1− bι0(i,j))

1−ι1(i,j)

⇐⇒ True ⇐⇒ x(ci, f) = 1.

(DVG-CNC) implies (3-SAT). Conversely, if there exists a solution to the GVG-CNC problem

with total utility greater or equal to Fn, let’s show that 3-SAT has a solution. To do so, let

xi and τi be the choices corresponding to this maximal utility level, for i ∈ I. We proceed to

show that the Boolean expression (A.5) is satisfied by the following evaluation of literals:

yk = bk =

True if xlk = {f},

False otherwise.
(A.8)

In fact, the maximal utility in DVG-CNC is attained when every decision-maker utility is

equal to one. Firstly by focusing on the first layer, uci((xci , τci),x−ci) = 1 entails

x(ci, f) = 1 ⇐⇒ x(vi,1, f) + x(vi,2, f) + x(vi,3, f) ≥ τci︸︷︷︸
=1

, for i = 1, . . . ,m.

Similarly, for the second layer, the utility of decision-makers vi,j are maximized, by noticing

that the only neighbor of vi,j is lι0(i,j), with the attractiveness determined by ι1(i, j). Formally,

x(vi,j , f) = 1 ⇐⇒ x(lι0(i,j), f)ι1(i, j) + (1− x(lι0(i,j)), f)(1− ι1(i, j)) ≥ 1

⇐⇒ x(lι0(i,j), f) = ι1(i, j).

Therefore, for every i = 1, . . . ,m,
3∨

j=1

(bι0(i,j))
ι1(i,j)(1− bι0(i,j))

1−ι1(i,j) =

3∨
j=1

(bι0(i,j) = ι1(i, j))

=
3∨

j=1

(x(lι0(i,j), f) = ι1(i, j))

=

3∨
j=1

(x(vi,j , f) = 1)

= (x(vi,1, f) = 1) ∨ (x(vi,2, f) = 1) ∨ (x(vi,3, f) = 1)

= (x(vi,1, f) + x(vi,2, f) + x(vi,3, f) ≥ 1)

= (x(ci, f) = 1) = True.
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It follows that the Boolean expression (A.5) is satisfied by (A.8).

Theorem 5

Proof. Based on Lemma 4, if u = nF , then any social welfare solution {(x̃Wi , τWi ) : i ∈ I}

constitutes a best respond strategy profile. Hence, {(x̃Wi , τWi ) : i ∈ I} is an equilibrium point for

G (no decision-maker can improve its payoff by unilaterally departing from it). This proves the

statement (1.).

Next, let {(x̃Ei , τEi ) : i ∈ I} be an equilibrium point for which∑
i∈I

ui((x̃
E
i , τ

E
i ), x̃E

−i) < nF.

This implies that there must exist i′ ∈ I for which

ui′((x̃
E
i′ , τ

E
i′ ), x̃

E
−i′) < F.

Based on Lemma 4, this implies τ0,∗i′ (x−i) > τ1,∗i′ (x−i). Hence, if for all i ∈ I, τ0,∗i (xE
−i) ≤ τ1,∗i (xE

−i),

then

ui((x̃
E
i , τ

E
i ), x̃E

−i′) = F,

so that any equilibrium point (if it exists) is a welfare solution.

Theorem 6

Proof. By way of contradiction, let (xi)i=1...n be an equilibrium point and let (xi,f )i=1...n, f∈F be

the corresponding binary representation encoding of whether f ∈ xi. Since G is a negative cycle,

by reordering the nodes, we assume that node i is only connected to the node i + 1. Also, τi is

constrained to be 1. Define

ei =

1 if i+ 1 ∈ E+
i

−1 if i+ 1 ∈ E−
i

Since G is a negative cycle,
∏n

i=1 ei = −1. Further, by Theorem (4), since P 0
i = P 1

i = 0, then

1 = τ0,∗i (x−i) ≤ τ1,∗i (x−i) = di = 1, then

max
(x̃i,τi)∈P(Fi)×Ti

ui((x̃i, τi),x−i) = F.

This implies

∀f ∈ F , f ∈ xi ⇐⇒ vf (x−i, τi) = 1.
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By definition of voting,

xi,f = 1 ⇐⇒ vf (x−i, τi) = 1

⇐⇒
∑
j∈E+

i

xj,f +
∑
j∈E−

i

(1− xj,f ) ≥ 1

⇐⇒ xj,f = 1
(
j ∈ E+

i

)
, where j = i+ 1.

Therefore,

x(i+ 1, f) = vf (x−(i+1), τi+1) =

xi,f if ei = 1,

1− xi,f if ei = −1,

or equivalently (−1)xi+1,f = (−1)xi,f ei, which leads to a contradiction by taking the product over

i.

Proposition 3

Proof. Let WS(Ins′)
i,f (w̃i) and WS(Ins′)

i,f (w̃i) be the weighted sum associated to X and ∁t(X), respec-

tively. We have the following equivalences:

u
(Ins)
i,f (w̃i, τi) = 1 ⇐⇒ v

(Ins)
i,f (w̃i, τi) = xi,f

⇐⇒ WS(Ins)
i,f (w̃i) ≥ τi

⇐⇒ 1−
n∑

j=1

(
wi,jxj,t + wi,j(1− xj,t)

)
≤ 1− τi

⇐⇒ WS(Ins′)
i,f (w̃i) ≤ 1− τi

⇐⇒ v
(Ins′)
i,f (w̃i, 1− τi) = 1− xi,f

⇐⇒ u
(Ins′)
i,f (w̃i, 1− τi) = 1.

To achieve full equivalence, we need the inequality to be strict. This can be achieved by replacing τi

with τi − ε where ε > 0 is a small enough positive number. We just need to show that such ε > 0

exists. This is established from the following property:

∃ ε > 0 ∀t ∈ F WS(Ins)
i,f (w̃i) ≥ τi ⇐⇒ WS(Ins)

i,f (w̃i) ≥ τi − ε.

In fact, we can pick ε small enough such that τi − ε > max
t : xi,f=0

WS(Ins)
i,f (w̃i). Therefore by replacing

with a τi that avoid equality in every item,

WS(Ins′)
i,f (w̃i) ≤ 1− τi ⇐⇒ WS(Ins′)

i,f (w̃i) < 1− τi.
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Proposition 4

Proof. Consider the weighted sum of the two items,

WSi,t1(w̃i) =
n∑

j=1

(
wi,jxj,t1 + wi,j(1− xj,t1)

)
=

n∑
j=1

(
wi,jxj,t2 + wi,j(1− xj,t2)

)
= WSi,t2(w̃i).

Since WSi,t1(w̃i) = WSi,t2(w̃i), then vi,t1(w̃i, τi) = vi,t2(w̃i, τi). To lighten the notation, we write

vi,ts in place of vi,ts(w̃i, τi) in the rest of this proof, when the input argument (w̃i, τi) is clear.We

know that either vi,t1 = xi,t1 or vi,t2 = xi,t2 (but not both). Hence, for any (w̃i, τi) ∈ Qi, we have

ui(w̃i, τi) =
∑
t∈F

ui,f ≤ F − 2+ ui,t1 + ui,t2 = F − 2+ 1 (vi,t1 = xi,t1)+ 1 (vi,t2 = xi,t2) = F − 1 < F.

To prove (iii), suppose that the inequality statement holds, define τi = min {WSi,t(w̃i) | t : x(i, f) = 1}

for each t ∈ F
ui,f (w̃i, τi) = 1 ⇐⇒ vt(w̃i, τi) = x(i, f)

⇐⇒ 1 (WSi,f (w̃i) ≥ τi) = x(i, f).

The last term holds for each t by definition of our τi here.
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B : Auxiliary technical notes

Optimality bounds for τ0,∗i and τ1,∗i

A closed-form sufficient condition for the best responds to attain the highest value F , is provided

by the following bounds:

max
x̃−i

τ1,∗i (x−i) ≥ min
t∈P1

i

∑
j∈E+

i

1
(
t ∈ P1

j

)
wi,j +

∑
j∈E−

i

1
(
t ∈ P0

j

)
wi,j

 = τ1,∗i ,

min
x̃−i

τ0,∗i (x−i) ≤

1 + max
t∈P0

i

∑
j∈E+

i

1
(
t ∈ F \ P0

j

)
wi,j +

∑
j∈E−

i

1
(
t ∈ F \ P1

j

)
wi,j

 = τ0,∗i .

The detailed steps to determine this bonds are given below.

τ1,∗i (x−i) :=


max
τi∈[di]

τi

s.t. vt(x−i, τi) = 1 ∀t ∈ P1
i

=


max
τi∈[di]

τi

s.t. min
t∈P1

i

vt(x−i, τi) = 1

=


max
τ∈[di]

τi

s.t. min
t∈P1

i

∑
j∈E+

i

1 (t ∈ xj)wi,j +
∑
j∈E−

i

1 (t ∈ F \ xj)wi,j

 ≥ τi

= min
t∈P1

i

∑
j∈E+

i

1 (t ∈ xj)wi,j +
∑
j∈E−

i

1 (t ∈ F \ xj)wi,j



= min
t∈P1

i

∑
j∈E+

i

1 (t ∈ x̃j)wi,j + 1
(
t ∈ P1

j

)
wi,j +

∑
j∈E−

i

1 (t ∈ Fi \ x̃j)wi,j + 1
(
t ∈ P0

j

)
wi,j


By properly choosing x̃j for j ∈ Fi to zero out the first and the third term, we have

max
x̃−i

τ1,∗i (x−i) ≥ min
t∈P1

i

∑
j∈E+

i

1
(
t ∈ P1

j

)
wi,j +

∑
j∈E−

i

1
(
t ∈ P0

j

)
wi,j


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and

τ0,∗i (x−i) :=


min
τi∈[di]

τi

s.t. vt(x−i, τi) = 0 ∀ t ∈ P0
i

=


min
τ∈[di]

τi

s.t. max
t∈P0

i

∑
j∈E+

i

1 (t ∈ xj)wi,j +
∑
j∈E−

i

1 (t ∈ F \ xj)wi,j

 ≤ τi − 1

≤

1 + max
t∈P0

i

∑
j∈E+

i

1
(
t ∈ F \ P0

j

)
wi,j +

∑
j∈E−

i

1
(
t ∈ F \ P1

j

)
wi,j

 .

Doubled-instance equivalence of the IVG-CNC

Let IVG-CNCR be a relaxed version of IVG-CNC, obtained by removing the complementary

constraints wi,jwi,j = 0 from Wi. Hence, the strategy space of IVG-CNCR is associated to the

following weights set:

WR
i = {(wi,1, . . . , wi,n, wi,1, . . . , wi,n) ∈ R2n

+ : wi,j = wi,j = 0, ∀j : (i, j) /∈ E}.

Similarly, let IVG-CNCFO(I, E ,F , X, T ) be the friend-only re-formulation of IVG-CNC, with

strategy set associated to the following weights set:

WFO
i = {(wi,1, . . . , wi,n, 0, . . . , 0) ∈ R2n

+ : wi,j = 0, ∀j : (i, j) /∈ E}.

Therefore, WFO
i ⊂ Wi ⊂ WR

i .

Proposition 5 (Doubled-instance equivalence). Let (Ins) and (Ins′) be instances of IVG-CNC

and IVG-CNCFO, parametrized by (I, E ,F , X, T ) and (ID, ED,F , XD, T ), respectively, where ID,

ED and XD refers to a doubled-instance obtained by doubling the nodes and assign the corresponding

doubled node with flipped features:

ID = {i1, i2, . . . , in, iD1 , . . . , iDn }, ED = E∪{(i, jD) : ∀(i, j) ∈ E}, XD =

 X

1−X

 ∈ R2n×F .

We have

max
(w̃i,τi)∈WR

i ×Ti
u
(Ins)
i (w̃i, τi) = max

(w′
i,τi)∈WFO

i ×Ti
u
(Ins′)
i (w′

i, τi), for any i ∈ I. (B.1)

Proof. We prove (B.1) in two parts. We first show that the LHS is less or equal than the RHS, and

then the other way around.
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(≤) We will show that for any feasible solution (w̃i, τi) ∈ WR
i × Ti of (Ins), we can construct a

feasible solution (w̃′
i, τi) ∈ WFO

i × Ti of (Ins′) with the same utility.

u
(Ins)
i (w̃i, τi) = u

(Ins′)
i (w′

i, τi) ≤ max
(w′

i,τi)∈WFO
i ×Ti

u
(Ins′)
i (w′

i, τi)

Since this inequality is true for any feasible (w̃i, τi), we have

max
(w̃i,τi)∈WR

i ×Ti
u
(Ins)
i (w̃i, τi) ≤ max

(w′
i,τi)∈WFO

i ×Ti
u
(Ins′)
i (w′

i, τi).

Before we proceed to the construction, notice that if their weighted sums are equal then their

utilities are equal. In fact, since xi,f and τi are equal in both formulation by definition, the

utility depends only on the weighted sum. More specifically,

u
(Ins)
i,f (w̃i, τi) = 1

(
v
(Ins)
i,f (w̃i, τi) = xi,f

)
= 1

(
1
(
WS(Ins)

i,f (w̃i, τi) ≥ τi

)
= xi,f

)
.

To construct w̃′
i, we make use of the fact that WFO

i is of dimension 2|ID| = 4|I| = 4n with

the last 2n dimensions filled with zero. We define a feasible solution w′
i as w̃i followed by 2n

zeros:

w′
i = (w′

i,1, . . . , w′
i,n, w′

i,n+1, . . . , w′
i,2n, 0, . . . , 0︸ ︷︷ ︸

2n zeros

) := (wi,1, . . . , wi,n, wi,1, . . . , wi,n, 0, . . . , 0)

In other words, w′
i,j =

wi,j if 1 ≤ j ≤ n

wi,j−n if n+ 1 ≤ j ≤ 2n

.

The weighted sum can be calculated as follows

WS(Ins)
i,f (w̃i) =

n∑
j=1

wi,jxj,t + wi,j(1− xj,t)

=
n∑

j=1
wi,jxj,t + wi,jxj+n,t

=
n∑

j=1
w′

i,jxj,t + w′
i,j+nxj+n,t

=
2n∑
j=1

w′
i,jxj,t

=
2n∑
j=1

w′
i,jxj,t + w′

i,j︸︷︷︸
=0

(1− xj,t)

= WS(Ins′)
i,f (w′

i)

(≥) Inversely, we construct w̃i given w′
i ∈ WFO

i , by simply picking its first 2n entries. More

specifically,

w̃i = (wi,1, . . . , wi,n, wi,1, . . . , wi,n) := (w′
i,1, . . . , w′

i,n, w′
i,n+1, . . . , w′

i,2n).
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Since this definition coincides with the previous part of the proof, all previous equations still

hold. We conclude the equality of the weighted sum

WS(Ins)
i,f (w̃i) = WS(Ins′)

i,f (w′
i).

The idea of Proposition 5 is to replace each repulsive link wi,j with a new attractive neighbor

jD with flipped choices, which implies doubling the number of nodes in IVG-CNC. The weight

associated to this new neighbor is wi,jD = wi,j . By this doubled-instance, the claim in Proposition

5 is that focusing only on the nodes in I ⊂ ID from IVG-CNCFO (and ignore doubled nodes

iD1 , . . . , i
D
n ’s utilities), then both (Ins) and (Ins′) have the same global optimal solution.
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C : Illustrative examples

Example 2 (Five-node graph). Let us consider a case in which I = {i1, i2, i3, i4, i5} and E =

E+ ∪ E− = {(i1, i3), (i2, i3), (i3, i4), (i3, i5)}, as illustrated in Figure 2. This corresponds to the

following lists of attractive and repulsive neighbors: E+
i1

= {(i1, i3)}, E+
i2

= ∅, E+
3 = {(i3, i4), (i3, i5)},

E+
i4

= ∅, E+
i5

= ∅, and E−
i1

= ∅, E−
i2

= {(i2, i3)}, E−
i3

= ∅, E+
i4

= ∅, E+
i5

= ∅.

i1

i2

x (i3 ,t) = 1

i4

i5

i3

+

-

+

+

(a) Supported IF pair

i1

i2

i4

i5

i3

+

-

+

+

p0(i4 ,t) = 1

p0(i5 ,t) = 0

(b) Supportable IF pair

i1

i2

i4

i5

i3

+

-

+

+

p1(i4 ,t) = 1

p1(i5 ,t) = 0

p1(i3 ,t) = 1

(c) One-step supportable IF pair

Figure 2: Five-node graph with attached choice profiles and prerequisites. A directed (i, j) edge with sign + means

that j is an attractive neighbor of i, and one with sign − means that j is a repulsive neighbor of i.

In panel (a) the IF pair (i1, t) is positively supported by x−i1, as i1 has an attracted neighbor

(i.e., i3) that includes t in its selected features (i.e., x(i3, t) = 1). Likewise, i2 is negatively supported

by x−i2, as i2 has a repulsive neighbor (i.e., i3) that includes t in its selected features. Note that,

given the presented graph structure, the only relevant information to assess whether (i1, t) and (i2, t)

are supported is the choice of i3. For this reason, i4 and i5 appears as shadow objects in panel (a).

Panel (b) shows a prerequisite p0 that requires i4 to select t and i5 not to select it, while leaving

everyone else free to choose. Therein, the IF pair (i1, t) is supportable both positively and negatively

by p0, as there exists x−i1 (which reduces to a feasible choice of i3 in this specific graph structure)

such that (i1, t) is supported by x−i1. The feasible choice x(i3, t) = 1 supports (i1, t) positively,

while another feasible choice x(i3, t) = 0 supports it negatively. Conversely, (i1, t) is not one-step

supportable, as none of the neighbors of i1 is in p0.

Finally, panel (c) reports p1, a possible extension of p0, in such a way that the IF pair (i1, t)

becomes positively one-step supportable by p1. However, it stops being negatively supportable by p1

(and consequently, not negatively one-step supportable).

Example 3 (Supportability by paths and one-step extensions). Given the same graph as in Example

2, panel (a) of Figure 3 shows the existence of a path (highlighted in the gray-shadowed region)

connecting i1 to an individual whose t-th choice belongs to the prerequisite, i.e., (i4, t) ∈ dom(p).
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i1

i2

i4

i5

i3

+

-

+

+

p0(i4 ,t) = 1

p0(i5 ,t) = 0

x(i1 ,t) = 1

x(i3 ,t) = 1

(a) Supported IF pair.

i1

i2

i4

i5

i3

+

-

+

+

p0(i4 ,t) = 1

p0(i5 ,t) = 0

x(i1 ,t) = 0

x(i3 ,t) = 0

(b) Supportable IF pair.

Figure 3: Five-node graph with attached choice profiles and prerequisites.

Since 1 − p(i4, t) + (1 − ψi1,i3) + (1 − ψi3,i4) = 0 (even), then (i1, t) is positively supportable

by p0. Similarly, panel (b) shows a different path which allows establishing the supportability of

(i1, t) by ⟨p, 1⟩. This second path is (i1, i3, i5) and its corresponding sign is (ψi1,i3 , ψi3,i5). Since,

1− p(i5, t) + (1− ψi1,i3) + (1− ψi3,i5) = 1 (odd), then (i1, t) is negatively supportable by p.

Based on Theorem 2, the supportability of (i1, t) can be achieved by the sequence of one-

step extensions: P2 = (p0, p1, p2), as shown in Figure 4. We have: dom(p0) = {(i4, t), (i5, t)},

dom(p1) = {(i4, t), (i5, t), (i3, t)}, and dom(p2) = {(i4, t), (i5, t), (i3, t), (i2, t)}. Hence, p1 is a one-

step extension of p0, because {(i3, t)} = dom(p1) \ dom(p0) is one step supportable by p0. Similarly,

p2 is also a one-step extension of p1 because all elements of {(i1, t), (i2, t)} = dom(p2) \ dom(p1) are

one-step supportable by p1. For i1, p2(i1, t) = 1 since it has an attractive neighbor i3 that chooses 1.

For i2, p2(i2, t) = 0 since it has a repulsive neighbor i3 that chooses 1.

i1

i2

i4

i5

i3

+

-

+

+

p0(i4 ,t) = 1

p0(i5 ,t) = 0

(a) prerequisite p0

i1

i2

i4

i5

i3

+

-

+

+

p1(i4 ,t) = 1

p1(i5 ,t) = 0

p1(i3,t) = 1

(b) p1 a one-step extension of p0

i1

i2

i4

i5

i3

+

-

+

+

p2(i4 ,t) = 1

p2(i5 ,t) = 0

p2(i3,t) = 1

p2(i1,t) = 1

p2(i2,t) = 1

(c) p2 a one-step extension of p2

Figure 4: Five-node graph with attached choice profiles and prerequisites.

Since at the end of the extension, p2(i1, t) = 1 and p2(i2, t) = 0, we conclude that (i1, t) and

(i2, t) are uniformly supportable by ⟨p0, σ⟩, where σ(i1, t) = 1 and σ(i2, t) = 0.10

10It is noteworthy to mention that we could have considered an alternative sequence of one-step extensions:

P ′
2 = (p0, p

′
1, p

′
2), where p′1(i3, t) = 0, p′2(i1, t) = 0, p′2(i2, t) = 1. In such a case, (i1, t) and (i2, t) would have been

uniformly supportable by ⟨p0, σ⟩, where σ(i1, t) = 0 and σ(i2, t) = 1.

A20



Example 4 (Illustrative three-node example). Consider a three-node fully connected signed weighted

graph G+− = ⟨{i1, i2, i3}, E+, E−,W ⟩, where E+
i1

= {i2}, E−
i1

= {i3}, E+
i2

= {i3}, E−
i2

= {i1},

E+
i3

= {i2}, E−
i3

= {i1}, so that E = {(i1, i2), (i1, i3), (i2, i3), (i2, i1), (i3, i1), (i3, i2)}. We define

a DVG-CNC with F = {t1, t2}, and prerequisites P+ = {(i3, t1), (i1, t2)} P− = {(i2, t1)}. To

characterize decision-makers’ best responses, we compute the weighted sums for all IF pairs:

WSi1,t1(x−i1) =
∑

j∈{i2}
xj,t1 +

∑
j∈{i3}

(1− xj,t1) = xi2,t1 + (1− xi3,t1)

WSi1,t2(x−i1) =
∑

j∈{i2}
xj,t1 +

∑
j∈{i3}

(1− xj,t1) = xi2,t1 + (1− xi3,t1)

WSi2,t1(x−i2) =
∑

j∈{i3}
xj,t1 +

∑
j∈{i1}

(1− xj,t1) = xi3,t1 + (1− xi1,t1)

WSi2,t2(x−i2) =
∑

j∈{i3}
xj,t1 +

∑
j∈{i1}

(1− xj,t1) = xi3,t1 + (1− xi1,t1)

WSi3,t1(x−i3) =
∑

j∈{i2}
xj,t1 +

∑
j∈{i1}

(1− xj,t1) = xi2,t1 + (1− xi1,t1)

WSi3,t2(x−i3) =
∑

j∈{i2}
xj,t1 +

∑
j∈{i1}

(1− xj,t1) = xi2,t1 + (1− xi1,t1).

Fixing the prerequisite for (i3, t1), (i1, t2), (i2, t1), the weighed sums are reported in Table C.1.

WSi,t(xi) i1 i2 i3

t1 0 + (1− 1) 1 + (1− xi1,t1) 0 + (1− xi1,t1)

t2 xi2,t2 + (1− xi3,t2) xi3,t2 + (1− 1) xi2,t2 + (1− 1)

Table C.1: Weighed sum values of the six IF pairs (i1, t1), (i2, t1), (i3, t1), (i1, t2), (i2, t2), (i3, t2).

Using these weighed sum values, the thresholds τ0,∗i and τ1,∗i in Theorem 3 are the following:

τ0,∗i1
= min

τi1∈{1,2}
τi1( s.t. vt(xi1 , τi1) = 0 ,∀t ∈ P0

i1
) = 1

τ1,∗i1
= max

τi1∈{1,2}
τi1( s.t. vt(xi1 , τi1) = 1 ,∀t ∈ P1

i1
)

= max(1, xi2,t2 + (1− xi3,t2)

τ0,∗i2
= min

τi2∈{1,2}
τi2( s.t. vt(xi2 , τi2) = 0 ,∀t ∈ P0

i2
)

= min(2, xi3,t1 + (1− xi1,t1) + 1)

τ1,∗i2
= max

τi2∈{1,2}
τi2( s.t. vt(xi2 , τi2) = 1 ,∀t ∈ P1

i2
) = 2

τ0,∗i3
= min

τi3∈{1,2}
τi3( s.t. xi2,t1 + (1− xi1,t1) < τi3)

= min(2, xi2,t1 + (1− xi1,t1) + 1)

τ1,∗i3
= max

τi3∈{1,2}
τi3( s.t. vt(xi3 , τi3) = 1 , ∀t ∈ P1

i3
) = 2
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These closed-form expressions for τ0,∗i and τ1,∗i highlight decision-makers sensitivity to the choices

of their neighbors. Using these quantities, we obtain the following:

i1: To maximize i1’s utility, its optimal choice is x(i1, t1) = 0 as WSi1,t1 = 0 and x(i1, t2) = 1,

since (i1, t2) ∈ P+. Therefore, we have

ui1(x−i1) =

2 if xi2,t2 + (1− xi3,t2) ≥ τi1 ,

1 otherwise.

In other words, i1 attains its highest score iff it is positively supported by x−i1 .

i2: To maximize i2’s utility, its optimal choice is x(i2, t1) = 1 as required by prerequisite, which

forces its weighted sum WSi3,t1(x−i2) = 1 + (1− xi1,t1) to be at least 1 when τi2 = 1 ; or at

least 2 when τi2 = 2, in which case xi1,t1 = 0 is necessary. As for t2 we have x(i2, t2) = 0 or

1, depending on WSi2,t2(x−i2) = xi3,t2.Therefore, we have

ui2(x−i2) =

2 if 1 + (1− xi1,t1) ≥ τi2 ,

1 otherwise.

i3: To maximize i3’s utility, its optimal choice is x(i3, t1) = 0 as required by prerequisite, which

forces its weighted sum WSi2,t1(x−i2) = 0 + (1 − xi1,t1) to be 0 when τi3 = 1 in which case

xi1,t1 = 0 is necessary.; or less or equal to 1 when τi3 = 2, As for t2 we have x(i3, t2) = 0 or

1, depending on WSi2,t2(x−i2) = xi2,t2. Therefore, we have

ui3(x−i3) =

2 if 1− xi1,t1 ≥ τi3 ,

1 otherwise.

Since τi1 , τi2 , τi3 ≥ 1, it can be show that it does not exists xi1,t1, xi2,t2, and xi3,t2, for which
xi2,t2 + (1− xi3,t2) ≥ 1

1 + (1− xi1,t1) ≥ 1

1− xi1,t1 ≥ 1

This is equivalent to case (ii) of Theorem 4, as the inequality τ0,∗i (x−i) ≤ τ1,∗i (x−i) does not

hold for all i ∈ I.

Given the presented three-node fully connected signed weighted graph, there are four equilibria:

xi1,t1 = 0, xi2,t2 = 0, xi3,t2 = 0,

xi1,t1 = 0, xi2,t2 = 1, xi3,t2 = 0,

xi1,t1 = 0, xi2,t2 = 1, xi3,t2 = 1,

xi1,t1 = 0, xi2,t2 = 0, xi3,t2 = 1,

all of them corresponding to the case u(G) < Fn.
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D : In-depth analysis of the country-by-country influences under

geopolitical alignments (Subsection 6.1)

This appendix contains supplementary material to enrich the analysis of the country-by-country

influences under geopolitical alignments presented in Subsection 6.1.

Attractive and repulsive links E+ and E−. The attractive and repulsive links E+ and E− are

constructed using the following data sources:

(i) UN general assembly resolutions data from January 1st 2022 to June 1st 2023;11 This data

set contains links to voting records for the general assembly resolutions in the United Nation

digital library, which returns all adopted resolutions with or without vote, as well as a record

for the vote of each country (either "yes", or "no", or "abstention", or "non-voting");

(ii) monetary, military, and bilateral trade agreements, from January 1st 2022 to June 1st 2023;

(iii) country-by-country bilateral imports from 2017 to 2023;12 This data set contains statistical

indicators related to WTO issues. Available time series cover merchandise trade and trade in

services statistics (annual, quarterly and monthly), market access indicators (bound, applied

and preferential tariffs), non-tariff information as well as other indicators.

We collected the voting results from the digital library of united nation votes. The selected

topics are the dated from 1 January 2022 to 1 June 2023. There contains three types of resolutions :

(i) resolutions where all of the 193 member countries are required to vote, (ii) resolutions where

only some countries are required to vote, (iii) resolutions adopted without voting. Only case (i) is

taken into account for the construction of this data set. Hence, out of four hundreds resolutions,

only 91 topics are kept. For each topic, there can be four possible decisions : either "yes", or "no",

or "abstention", or "non-voting".

To read the HTML file, filter and export the required information from the websites into

spreadsheets, we use the Python library request and BeautifulSoup.

We gathered data on the number of co-votes and contra-votes between countries. High numbers

of co-votes indicate similar voting behaviors in the UN general assembly, suggesting an attractive

relationship according to our model. Conversely, numerous contra-votes suggest a repulsive relation-

ship. Specifically, we analyzed the distribution of co-votes and calculated percentiles to establish

thresholds for determining whether the number of co-votes is relatively high or low.
11https://research.un.org/en/docs/ga/quick/regular/77
12https://stats.wto.org/
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To define L3(i, j) we consider the following list of monetary and military alliances, as well as

bilateral trade agreements, from January 1st 2022 to June 1st 2023:

The weight function W . The weight function W is constructed using the GDP data from World

Bank.13

The prerequisite sets P+ and P−.

(v) Environmental Performance Index (EPI);14 This data set provides summary indexes of the

state of sustainability around the world as well as multiple environmental indicators, such as

climate change performance, environmental health, and ecosystem vitality.

(vi) We use the LGBT equality index website15 to determine the countries in which homosexuality

is sanctioned by death penalty,16 as well as the countries in which same-sex marriage existed

for more than 15 years and children adoption is allowed to homosexual couples.17

(vii) Migrant integration policy index. 18 This data set contains measurements regarding the access

to nationality, the anti-discrimination laws, the family reunion, the labor market mobility,

among others.

The processed data required to construct L1, L2, L3, L4 and L5 are summarized in Table D.1,

for the upper percentiles q1, q2 and q4, and in Table D.2, for the lower percentiles, q
1
, q

2
and q

4
,

where two different percentile levels have been reported.
13https://databankfiles.worldbank.org/public/ddpext_download/GDP.pdf
14https://epi.yale.edu/
15https://www.equaldex.com/equality-index
16Afghanistan, United Arab Emirates, Burundi, Bangladesh, Brunei Darussalam, Cameroon, Comoros, Dominica,

Algeria, Eritrea, Ethiopia, Guinea, Gambia, Iran, Kenya, Liberia, Libya, Sri Lanka, Morocco, Maldives, Mauritania,

Malawi, Malaysia, Oman, Pakistan, Qatar, Saudi arabia, Sudan, Senegal, Solomon Islands, Somalia, Chad, Togo,

Tunisia, United Republic of Tanzania, Uganda, Uzbekistan, Saint Vincent, Yemen, Zambia.
17Argentina, Australia, Austria, Belgium, Brazil, Canada, Switzerland, Chile, Colombia, Costa rica, Cuba, Germany,

Denmark, Spain, Finland, France, United kingdom, Ireland, Iceland, Luxembourg, Malta, Netherlands, Norway, New

zealand, Portugal, Slovenia, Sweden, Uruguay, United states, South africa.
18https://www.mipex.eu/
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Above 80-percentile Above 90-percentile

covotes contravotes exports imports covotes contravotes exports imports alliances

singletons 46 5 0 0 71 8 0 0 55

edges 3847 7356 5806 5864 2109 4120 3090 3123 1934

degr. max 91 (PER) 181 (ISR) 183 (ARE) 183 (ARE) 75 (PER) 170 (ISR) 183 (GBR) 183 (GBR) 62 (BEL)

degr. min 0 (ARM) 0 (COM) 21 (LSO) 23 (TON) 0 (AFG) 0 (COM) 12 (GUY) 10 (PRK) 0 (ATG)

Table D.1: Networks generated by fixing a percentile levels in co-votes, contra-votes, export and import trade flow

percentages, as well as by the existence of an alliance. If co-votes, contra-votes, and trade flow percentages are above

the 80 or 90 percentiles, than an edge is included. The countries corresponding to the trigrams are: PER for Peru,

ISR for Israel, ARE for united arab emirates, GBR for united kingdom, ARM for Armenia, COM for Comoros, LSO

for Lesotho, TON for Tonga, AFG for Afghanistan, GUY for Guyana, PRK for North Korea, ATG for Antigua and

barbuda.

Below 20-percentile Below 10-percentile

covotes contravotes exports imports covotes contravotes exports imports allinaces

singletons 0 0 0 0 0 0 0 0 0

edges 4053 13125 6207 6505 2030 13125 3350 3485 16788

degr. max 194 (COM) 194 (AFG) 183 (TUV) 182 (TUV) 194 (COM) 194 (AFG) 179 (TUV) 177 (TUV) 194 (ATG)

degr. min 12 (CRI) 70 (FSM) 16 (NGA) 14 (NGA) 8 (ARG) 70 (FSM) 6 (ETH) 7 (CIV) 132 (BEL)

Table D.2: Networks generated by fixing a percentile levels in co-votes, contra-votes, trade flow percentages, as

well as by the existence of an alliance. If co-votes, contra-votes, and trade flow percentages are above the 75 or 90

percentiles, than an edge is included. The countries corresponding to the trigrams are: COM for Comoros, AFG for

Afghanistan, TUV for Tuvalu, ATG for Antigua and barbuda, CRI for Costa Rica, FSM for Federated States of

Micronesia, NGA for Nigeria, ARG for Argentina, ETH for Ethiopia, CIV for Cote d’Ivoire and BEL for Belgium.

Figure 5 provides a graphical illustration of the largest components of the network of attractive

and repulsive neighbors, constructed in accordance with the following procedure:

- For E+: [1(L1 > q1) + 1(L2 < q
2
) + 1(L3 ≥ 1) + 1(L4 > q4) + 1(L5 > q5)] ≥ 3;

- For E−: [1(L1 < q
1
) + 1(L2 > q2) + 1(L3 = 0) + 1(L4 < q

4
) + 1(L5 < q

5
)] ≥ 3.

Two networks are generated setting two different percentile levels q1, q2 and q4: 80% and 90%

percentiles, with q
1
= 100− q1, q2 = 100− q2 and q

4
= 100− q4.
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(a) The largest component of the friends 90 network,

containing 174 countries and 1280 links.

(b) The largest component of the enemies 90 net-

work, containing 184 countries and 2367 links.

(c) The largest component of the friends 80 network,

containing 184 countries and 2437 links.

(d) The largest component of the enemies 80 net-

work, containing 184 countries and 5653 links.

Figure 5: The largest component of the friends network (left panel) and the enemies network (right panel).

Figure 6 provides a graphical illustration of the largest components of the weighted network of

attractive and repulsive neighbors, as defined in (13).
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(a) in-degree for the 90-percentile network.
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(b) out-degree for the 90-percentile network.
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(c) in-degree for the 80-percentile network.
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(d) out-degree for the 80-percentile network..

Figure 6: The distribution of weighted in-degree and weighted out-degrees for each nodes in the 80-percentile and

90-percentile network respectively. The x-axis is reported with base-10 logarithmic scale. We can notice a general

trend of having fewer weighted degree in 90-percentile network, matching the fact that the criteria for being an edge

in 90 percentile is more demanding. In addition, we notice all logarithmic distribution of the weighted degrees are

bell-shaped, consistently with the power law distribution of multiple historically observed social network data.

Table D.3 provides the objective function, CPU time and linear relaxation value for 48 instances

(namely 24 instances for the social welfare problem (8) plus 24 instances for the Nash equilibrium

problem (9)) of the GVG-CNC model.

The first insight from this results is that in most analyzed instances the Nash equilmibrium

solution differs from the social welfare. This is particularly evident for parametrizations in which the

range of feasible threshold levels is shrank as Ti = {(1+ ⌊0.3(di − 1)/2⌋), . . . , (di −⌈0.3(di − 1)/2⌉)}.

Secondly, the LP relaxations of problem (8) coincides with the one of problem (9), entailing that

the system of constraints (10a)-(10k) and (11a)-(11c) is satisfied by the optimal solution of the LP

relaxation of problem (8). Thirdly, the computation time required to characterize the social welfare

solution ranges between 6.02 seconds and 431.36 seconds, whereas the one required to characterize

the Nash equilibrium solution rages from 9.6 seconds to 194.49. These computational times are

mostly aligned with no clear pattern in relation with the specific GVG-CNC parametrization.
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social welfare (problem (8)) Nash equilibrium (problem (9))

κ Percentile ρ Obj. fun. CPU time LR Obj. fun. CPU time LR

1.0 80 0.1 1 2.78 0.26 1 8.32 0.26

1.0 80 0.5 1 3.85 0.06 1 4.96 0.06

1.0 80 1.0 1 60.64 0.0 1 16.27 0.0

1.0 90 0.1 2 3.3 1.12 2 1.06 1.12

1.0 90 0.5 2 3.1 0.85 2 5.18 0.85

1.0 90 1.0 2 3.62 0.59 2 0.94 0.59

0.7 80 0.1 1 15.0 0.26 1 15.94 0.26

0.7 80 0.5 1 17.25 0.06 1 4.76 0.06

0.7 80 1.0 1 85.68 0.0 1 16.77 0.0

0.7 90 0.1 5 4.29 1.16 5 1.63 1.16

0.7 90 0.5 3 65.84 0.91 3 3.94 0.91

0.7 90 1.0 3 16.2 0.66 3 5.74 0.66

0.8 80 0.1 1 8.53 0.26 1 9.01 0.26

0.8 80 0.5 1 8.96 0.06 1 5.81 0.06

0.8 80 1.0 1 59.92 0.0 1 22.07 0.0

0.8 90 0.1 2 9.8 1.12 2 4.14 1.12

0.8 90 0.5 2 6.27 0.87 2 3.81 0.87

0.8 90 1.0 2 11.74 0.61 2 8.07 0.61

0.9 80 0.1 1 9.48 0.26 1 8.78 0.26

0.9 80 0.5 1 7.6 0.06 1 4.11 0.06

0.9 80 1.0 1 56.02 0.0 1 18.64 0.0

0.9 90 0.1 2 3.77 1.12 2 1.9 1.12

0.9 90 0.5 2 6.21 0.85 2 3.73 0.85

0.9 90 1.0 2 9.06 0.59 2 3.59 0.59

Table D.3: social welfare and Nash equilibrium solutions under different parametrization of the DVG-CNC, for

the country-by-country geopolitical alignments application. From left to right, columns represent: the shrinkage

threshold interval κ, the network topology (generated either with 80% or 90% percentile), the weighted function

parameter ρ, the optimal objective function of problem (8), the corresponding CPU time (in second) and value of the

LP relaxation, the optimal objective function of problem (9), the corresponding CPU time (in second) and value of

the LP relaxation.
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social welfare (problem (8)) Nash equilibrium (problem (9))

κ Per ρ t = 1(23) t = 2(52) t = 3(56) t = 1(23) t = 2(52) t = 3(56) SW-NE

1.0 80 0.1 0.65 0.75 0.63 0.75 0.65 0.76 **

1.0 80 0.5 0.7 0.75 0.55 0.65 0.83 0.71 **

1.0 80 1.0 0.65 0.67 0.56 0.65 0.67 0.56

1.0 90 0.1 0.65 0.79 0.71 0.75 0.73 0.65 *

1.0 90 0.5 0.75 0.85 0.69 0.6 0.71 0.31

1.0 90 1.0 0.6 0.81 0.76 0.65 0.71 0.33 *

0.7 80 0.1 0.6 0.79 0.62 0.65 0.79 0.71 **

0.7 80 0.5 0.65 0.79 0.54 0.6 0.83 0.71 **

0.7 80 1.0 0.65 0.73 0.69 0.75 0.73 0.66 *

0.7 90 0.1 0.5 0.77 0.64 0.5 0.87 0.53 *

0.7 90 0.5 0.5 0.62 0.41 0.5 0.63 0.54 **

0.7 90 1.0 0.6 0.65 0.69 0.55 0.67 0.43 *

0.8 80 0.1 0.75 0.83 0.71 0.4 0.81 0.43

0.8 80 0.5 0.55 0.77 0.55 0.45 0.65 0.43

0.8 80 1.0 0.55 0.73 0.59 0.7 0.65 0.67 **

0.8 90 0.1 0.55 0.73 0.54 0.55 0.88 0.43 *

0.8 90 0.5 0.55 0.69 0.63 0.65 0.73 0.56 **

0.8 90 1.0 0.7 0.79 0.54 0.65 0.83 0.53 *

0.9 80 0.1 0.8 0.77 0.76 0.75 0.63 0.73

0.9 80 0.5 0.6 0.83 0.7 0.8 0.71 0.58 *

0.9 80 1.0 0.5 0.69 0.57 0.55 0.69 0.62 **

0.9 90 0.1 0.6 0.75 0.7 0.6 0.79 0.6 *

0.9 90 0.5 0.6 0.81 0.64 0.7 0.79 0.5 *

0.9 90 1.0 0.6 0.83 0.65 0.45 0.75 0.54

Table D.4: Percentage of matches between observed choice and choice predicted by the DVG-CNC, with intermediate

level countries filtered out at %70 percentile.
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