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Abstract

In this paper, we propose a multilevel stochastic framework for the solution of noncon-
vex unconstrained optimization problems. The proposed approach uses random regularized
first-order models that exploit an available hierarchical description of the problem, being
either in the classical variable space or in the function space, meaning that different levels of
accuracy for the objective function are available. We propose a convergence analysis show-
ing an almost sure global convergence of the method to a first order stationary point. The
numerical behavior is tested on the solution of finite sum minimization problems. Differently
from classical deterministic multilevel schemes, our stochastic method does not require the
finest approximation to coincide with the original objective function along all the optimiza-
tion process. This allows for significantly decreasing their cost, for instance in data-fitting
problems, where considering all the data at each iteration can be avoided.

1 Introduction

Many modern applications require the solution of large scale stochastic optimization problems,
i.e., problems of the form:

min f(z), (1)

rER™

where f is a function that is assumed to be smooth and bounded from below, whose value can
only be computed with some noise [2]. When considering this problem, it is usually assumed that
random realizations of f are computable, with variable accuracy [8, 20]. While this framework
is borrowed from derivative free optimization, it applies to derivative-based optimization as well,
cf. [20]. Expected risk minimization and problems in which the objective function is the outcome
of a stochastic simulation are examples that fit this framework [12, 20].

Methods to address (1) usually rely on the assumption that the accuracy of the function
approximations grows asymptotically, which leads to iterations that are more and more expensive
[8, 20]. Moreover, such methods control the accuracy of the function estimates but not the size
of the variables. An important challenge in this context is thus to develop scalable stochastic
methods, able to handle the increasing costs of large scale stochastic optimization problems.
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In classical scientific computing, multilevel methods represent powerful techniques that have
been developed to cope with structured large scale optimization problems where the limiting
factor is the number of variables. When the structure of the problem at hand allows for a
hierarchical description of the problem itself, these methods reduce the cost of the problem’s
solution by computing cheap steps by exploiting function approximations defined on subspaces
of progressively smaller dimension. Thanks to this, they achieve not only considerable speed-
ups but also an improved quality solution in various applications, spanning from the solution of
partial differential equations to image reconstruction [28, 33, 34, 37].

Existing multilevel methods are limited to a deterministic context and thus are unsuitable
to address stochastic optimization problems. Moreover, they have always been used to exploit
hierarchies in the variables space, such as discretizations of infinite dimensional problems on
selected grids. However, in many modern applications the limiting factor can be the accuracy of
the function estimates rather than the size of the model.

In this work we propose an extension of multilevel methods to a stochastic setting. More
precisely, we assume to have access to a hierarchy of randomly chosen computable representations
of f, built either by reducing the dimension in the variables space or by reducing the noise of the
function approximation, or both. Our multilevel adaptation decreases the cost of the iterative
solution by coupling standard “fine” stochastic steps with “coarse” steps, which are less expensive
and keep a low cost for all the iterative process. Such steps can be built either:

e By reducing the dimension of the problem in the variables space, as in classical multilevel
schemes, but possibly in a stochastic way.

e Using low accuracy approximations of the objective function even in later steps of the
optimization process.

A level ¢ will correspond to a subset of variables and to a noise level in the function approximation.
The fine steps will still be computed considering all the variables and increasingly accurate
function approximations, while the coarse steps will be computed by taking into account just
small subsets of variables and/or inaccurate function approximations. While the fine iterations
will still become more and more expensive, as in standard stochastic methods, their number will
be reduced, and progress and speed will be ensured by the coarse iterations.

Our multilevel framework thus extends classical multilevel schemes by allowing for the solu-
tion of stochastic problems such as (1), with hierarchies built also in the function space. Dif-
ferently from the classical setting, the steps are stochastic, as well as the generated sequence of
iterations. The stochasticity of the framework allows one to mitigate one of the main limitations
of deterministic multilevel methods: the need of periodically handling the full original problem
at fine scale, which limits the size of affordable problems. In this context indeed, as it is the case
for classical stochastic methods [8, 10, 15, 20], this will be necessary only towards the end of the
optimization procedure.

Inspired by the stochastic trust-region framework STORM in [20], we propose a stochastic
multilevel Adaptive Regularization (AR) technique! named MU*STREG for MUlItilevel STochas-
tic REegularized Gradient method, where ¢ refers to the number of levels in the hierarchical
description of the problem. As in standard AR techniques, the automatic step selection choice
is made possible at each level by the use of models regularized by an adaptive regularization
parameter, but the fine level models are stochastic. As for STORM, we prove that our method
converges to a first order stationary point as long as the local models of the objective function
at the finest level are fully linear and the function estimates are sufficiently accurate, both with

IWe choose to employ AR techniques rather than trust-region techniques as they are easier to adapt to a
multilevel context, cf. [16].



sufficiently high probability. The proposed analysis extends that proposed in [20] to adaptive
regularization methods while including also the multilevel steps.

From a practical point of view, we test the multilevel paradigm on the solution of finite sum
minimization problems. Such problems have their origin in large scale data analysis applications
where models depending on a large number of parameters n are fitted to a large set of IV
samples, thus either n or N (or both) are really large, see e.g. [11, 12]. Several methods have
been developed to cope with the large sizes of the datasets. In particular, optimization techniques
based on subsampling techniques have been proposed, among them the numerous variations of
classical stochastic gradient descent (SGD), see e.g. [6, 11, 12, 21, 31] and references therein.

When considering expected risk minimization problems, there is a natural way of building
a hierarchy of computable function approximations, through the definition of nested subsample
sets and of finite sum minimization problems. A multilevel method in this context alternates
“fine steps”, i.e., steps computed considering increasingly large subsets of data and “coarse steps”
computed taking into account just small subsets of data (mini-batches). In this context they can
be viewed as a way for accelerating adaptive sampling strategies. Moreover, the coarse steps are
computed by minimizing a model that is built from the coarse level approximations (finite sum
problems defined on mini-batches) by adding a correction term, usually known as “first order
coherence” in the multilevel literature, which (in this context) accounts for the discrepancy
between the fine gradient and the coarse one. When the full gradient is used at fine level, this
is reminiscent of the term added in the reduced variance gradient estimate of the mini-batch
version of SVRG [31]. Multilevel methods in this case can thus also be interpreted as variance
reduction methods, cf. [13], with the advantage of allowing for an automatic choice of the step
size.

Contributions

e This is the first stochastic framework for multilevel methods, that are currently limited to
the deterministic case.

e The multilevel framework allows for hierarchies in the function space, i.e., built by consid-
ering function approximations with variable accuracy.

e The stochastic multilevel framework mitigates the limiting factor of classical deterministic
multilevel methods, whose convergence theory requires the fine level function to coincide
with the original target function at every iteration.

e Our multilevel framework, and thus the stochastic analysis, also covers the classical one-
level case.

e The multilevel method offers a strategy to accelerate methods for stochastic optimization
such as STORM.

Related work Multilevel methods. As a natural extension of multigrid methods [14] to a non-
linear context, multilevel methods were first proposed by Nash through the MG/OPT framework
[37] and later extended to trust region schemes [28]. Recently these methods have been extended
to other contexts: high-order models [16], non-smooth optimization [34, 38], machine learning
[26, 27, 32]. A multilevel method that exploits hierarchies in the function space has been ex-
plored in [13], for deterministic finite sum convex problems leveraging the multilevel scheme of
MG/OPT developed in [37]. Recent research [26] proposes a (deterministic) multilevel version of
the OFFO method that does not require function evaluations and that is based on the classical
multilevel scheme constructed on the variable space.



Derivative free optimization An idea close to that of multilevel methods to alternate between
accurate steps and cheap steps using more or less information can be found in full-low evaluation
derivative free optimization for direct search methods [7, 41]. Another technique that has been
considered to reduce the cost of DFO problems is random subset selection [18].

Stochastic regularization methods In [8] the authors propose a Levenberg-Marquardt adap-
tation of the STORM framework for noisy least squares problems. As in our work, the step
size in this context is updated through a regularization parameter. We inherited from this work
the dependence of the regularization parameter from the norm of the gradient (cf. (3) below)
and the definition of accurate models (cf. Definition 1). The recent literature on variants of the
standard trust-region method based on the use of random models is very extensive, we refer to
[3, 4, 6, 29, 40] to name a few and references therein. In addition, stochastic adaptive second
order regularization methods are considered in [30, 42], while higher order models are considered
in [5].

Organization of the paper In section 2 we introduce our MU*STREG method and we pro-
pose its convergence analysis in section 3. In section 4 we specialize the MU‘STREG framework
to finite sum minimization and we analyze its numerical performance in section 5. We draw some
conclusions and present some perspectives in section 6.

2 The multilevel stochastic regularized gradient method

In this section we describe our new MUltilevel STochastic REegularized Gradient method (MU*-
STREG)? for the solution of problem (1).

Hierarchical representation of problem (1) We assume to have at disposal, at each iter-
ation k, a fine level computable approximation f; of f and a hierarchy of coarse computable
approximations, {(;Sf;}g;*f‘*l, where 1 corresponds to the coarsest level. More precisely, we as-
sume that, for each k, ¢f; is less costly to compute than (bi“ and that ¢im‘”‘71 is less costly
to compute than fi, either because it is less accurate and/or because it is defined on a smaller
dimensional space. We also assume that the functions gi)ﬁ are randomly chosen at iteration k, but
once they have been defined, they are deterministic functions. As in classical multilevel methods,
we assume to have at disposal some transfer operators Rf (restriction) and P{ (prolongation)
to transfer the information (variables and gradients) from level ¢ to level £ — 1 and vice-versa,
such that Rf = v (Pf)T for some vy > 0 [14]. Unlike the classical framework, such operators
can be random and often vary from one iteration k to another. If the hierarchy is built just in
the functions space all the variables will have the same dimension and the transfer operators
will thus just be the identity. We present here some problems that fit this framework. In the
following we will refer to the fine level with the index £p.x.

Example 1. Expected risk minimization problems [12] Assume to have two sets Z,), a loss
function L : ZxY — R, and a probability distribution P on Z x Y. The expected risk minimiza-
tion problem is

min Ep[L(y, ma(2))] (2)
for a given parametric model m, : Z — Y. Given a data set {(z;,y;)}, i =1,..., N, drawn from

the distribution P(z,y), the fine approzimation at iteration k can be defined as the averaged sum

2The ¢ denotes the number of levels in the hierarchical problem description.



of the the functions f(z) := E(yi,mx(zi)), that is as
Z f( z € R,

esemdx

over increasingly larger subsets Sﬁm"”‘ CA{1,...,N}, such that Sémax C Sﬁ‘j:‘l" (cf. section 4). The
hierarchy of functions approximations at coarse levels can then be built in two different ways:

1. Hierarchy in the samples space The coarse approximations can be defined, at iteration k,
. 3
as the averaged sum of the {9 over nested subsets of Sﬁm‘“‘, that is (bﬁ = £S5 where:

4
1) = g 100 xR
ieSy

for S& C SF C Simex for all £ and for all k.

2. Hierarchy on the variables The coarse approzimations can still be defined as the averaged
sum of the f@ over S,ﬁ‘“a", but considering a (possibly random) subset of the variables:

S @) i R

> [IIIB,X
1€ES,

¢k ( ) |Sglmx |

with nﬁ < ni“ <n for all £ and for all k.

Notice that the sets S,f are drawn randomly, but once they are drawn, the function approximations
are deterministic.

Example 2. Montecarlo simulations [2/] Let £ be a random variable defined on the probability
space (2, P). Let f(z) = E(F(x,§)), with F : R® x Q — R. F(x,£) can represent for instance
the fit of the solution of a stochastic PDE to some data. F can be approzimated at fine level by
the stochastic approzimations Fy, (z,£), the output of a PDE solver with mesh size hy > 0 and
f can then be approximated by the Montecarlo estimator

fNImhk ZFhk

where &1, ...,&N, are itd samples drawn from P. The coarse approximations can be built either:

1. In the function space, by defining

ZFh‘ €T fz

k =1
with hi > hf;“ > hy, and/or N,ﬁ < Nﬁ“ < Ny, for al £ and for all k.

2. In the variables space by defining
D= L Fu(@6), seRr
= 3 hi\L5Gi), x
Nk i3

with ni < niﬂ <mn for all £ and for all k.



The step computation For any level £ and at each iteration k, our multilevel gradient method
can choose between two different types of stochastic steps: a gradient step, which is known as
the fine step, or a coarse step computed by exploiting the approximations of f. Notice that,
differently from classical deterministic multilevel schemes, the steps are all stochastic.

At the finest level, if the fine step is chosen, a model my,(z) +s) := fx + g} s approximating f
around the current iterate xy, is built, where f; and g are approximations of f(zx) and V. f(xx),
respectively, and a classical stochastic gradient step s = —m is taken® for some A\, > 0,
with g a realization of V. f(zy).

If the coarse step is chosen at iteration k, the step is found by recursively minimizing a
sequence of regularized models mf’e, for ¢ = lpax — 1, ..., 1, built exploiting the random approx-
imations {d)f; 22*1"71 of f and are thus either defined in a lower dimensional space, or employs
inaccurate function approximations, or both. More precisely, at each level ¢ > 1 (including the
finest level £,,.x) a coarse model is defined for the immediately coarser level, which will serve as
an objective function for level £ — 1 when the algorithm is called recursively. Starting at the fine
level and considering the highest coarse approximation in the hierarchy (/)i‘“‘“*l, at iteration k
we define

A 6) = o (R )
+ (Rimax_lgk _ VS¢£max_1 (Rf;n]ax_ll,k))TS’

ie., gof;""‘”‘_l is a modification of the coarse function qﬁi’“a"_l through the addition of a correction

term. This correction aims to enforce the following relation:
emax71 ‘gxnax71
Vo™ (0) = By g,

which ensures that the behaviour of the coarse model is coherent with the fine objective func-
tion approximation, up to order one. The step is defined as an approximate minimizer of the
regularized model

)\émax_l || ||

Rolmax—1 Lrnax—1 k 9k 2

e ) = g (s) 4 S 2, 3)
with )\i“‘a"_l > 0, by calling the multilevel procedure in a recursive way. At the first level of
the recursive call, the algorithm will take as an objective function mkR’E"’a"fl, and take either

Rylmax—1
PR or a coarse step. To define the coarse step, a coarse model for

a gradient step for m
mkR’e"“""‘_l(s) is built, which involves the approximation (;5%"*“‘72, the restriction of the correction
vector and the regularization term from level ¢,,,x — 1 and a new correction term and a new
regularization for level f,.x — 2. The procedure is repeated until the coarsest level is reached,
which is minimized directly without further recursion. Once a coarse step s* is found at the end
of the recursive procedure, we set s = P,f‘““"s*.

At a generic level £, the recursive call is stopped as soon as a step si_l is found that satisfies
the following conditions:

R—1/ £—1 R—1 R—1/ -1 =1y -1
mp T s <m0, [ Ve )| < st (4)
for some =1 > 0, and we set si = ,fsﬁ_l. As we will see, these conditions will ensure the

convergence of the multilevel method in the spirit of the Adaptive-Regularization algorithm with

3This amounts to minimize my (zy + s) + %Hs”2 wrt s. Notice that the stepsize depends on the norm of

the gradient as in [8], cf. discussion in [8, section 3.1].



a first-order model described e.g., in [17, Sec. 2.4.1]. Note that even if we use a first order model
at fine level, we could use a higher order method to minimize the lower level models.
In order to be meaningful, the coarse steps are restricted to iterations such that

¢ ¢ AT
[ Rkgill = &l g
with gf arealization of the gradient of the objective function at level ¢, and for x* € (0, ming min{1, | R | })
[28].
This framework is flexible and encompasses several actual implementations: at each iteration

k one needs to choose whether to employ the fine or the coarse step. A sketch of a possible
MU*STREG cycle of iterations is depicted in Figure 1.

ol wlme = gl 4 gl

Level (e I R S
Level lpyax — 1: ¢imax1\‘.

Level 2: s

Level 1: b

Figure 1: Sketch of a possible iteration scheme for MU*STREG. Horizontal arrows represent fine
steps.

The step acceptance The step sf; obtained at each level is used to define a trial point xf; + si.

and an estimate ff’s of mkR’g(xf; + si) The step acceptance is based on the ratio of the achieved
reduction over the predicted reduction:

fE= 1"
my,(0) — mj (sy)
where f{ is an estimate of mf’e(xf;), and for the fine step mf — mi’s = —(g0)Tst with gf, an

estimate of Vsm,?’f(xﬁ) and for the coarse step m{ — mf;’s =@t 0) — i (sE7Y). A successful

iteration is declared if the model is accurate, i.e., pi is larger than or equal to a chosen threshold
m € (0,1) and |gt|| > \# for some 72 > 0; otherwise the iteration is declared unsuccessful
k

and the step is rejected. The test for the step acceptance is combined with the update of the
regularization parameter )\f; for the next iteration. The update is still based on the ratio (5). If
the step is successful, the regularization parameter is decreased, otherwise it is increased.

The full multilevel procedure with ¢ levels, specialized for finite sum minimization problems,
is described in Algorithm 2 and will be introduced in section 4. In the following section, for sake
of simplicity, we detail the procedure in the two-level case.

2.1 MU?STREG: the two-level case

We assume here that we have just two levels, i.e., just a coarse approximation to f. We therefore
omit the superscript £ and we denote by ¢ the coarse approximation at iteration k. Moreover,
let n. < n be the dimension of the coarse space, and let Ry and Py be the grid operators. We
sketch the MU‘STREG procedure for £ = 2 in Algorithm 1 where we rename it as MU2STREG.
In the following, we collect the main assumptions on the algorithmic steps that will be used in
the convergence analysis in the next section.



Assumption 1. At each iteration k of Algorithm 1, given fi € R and g € R™, approzimations
to f(xy) and V. f(xx) respectively, let the step s € R™ be computed so that either:

9k

Sk = — , ne step) or 6
f S Kelan] (e ster) )
s = Pps*, s € R, (coarse step) (7)

with s* satisfying
mi(s*) <mif(0) and ||Vemii(s*)| < 0)ls*[, 6 >0 (®)

where, for s € R
or(s) = dr(Rrxr + s) + (Rikgr — V5¢k(Rk$Ck))TS, (9a)

Akl gk

mft(s) 1= ous) + 09 g2 (90)

The definition of the coarse model ensures that

Vser(0) = Rigy (10)

and that, when the coarse model is used, it holds:

* 1 *
o (5") = @(0) < =3 Aellgellls™[1*. (11)
The use of the coarse step is restricted to iterations k such that

| Rrgrll > kmllgl (12)

for k€ (0, ming min{1, || Rx||}). We assume that Ry = vy Pl with vy, = 1 for all k, without loss
of generality, and that, for all k, |Rg|| < kg with kg > 0. This in particular, from (10), ensures
that, if s = Prs™ then

Voor(0)Ts* = gfsy. (13)

3 Convergence theory

In this section, we provide a theoretical analysis of the proposed multilevel method proving
the almost sure global convergence to first order critical points. Note that, as the method is
recursive, we can restrict the analysis to the two-levels case. We thus focus on MU?STREG as
described in section 2.1. The analysis follows the scheme proposed in [20] and is extended to
adaptive regularization methods while including the multilevel steps. Let us now first state some
regularity assumptions as in [9].

Assumption 2. Let f: R®™ — R and ¢p : R™ — R with n > n., be continuously differentiable
and bounded from below functions, for all k. Let us assume that the gradients of f and of ¢x are
Lipschitz continuous, i.e., that there exist constants Ly and Ly, such that

IVaf(@) = Ve f @)l < Lylle =yl foral zyeR",
IVatr(z) = Vadr ()l < L, lz =yl for all a,y € R™.

Let L¢, (= maXxg L¢k.



Algorithm 1 MU2STREG (29, \¢) two-levels stochastic regularized gradient method

1: e Initialization: Choose 29 € R™ and A\g > 0. Set the constants 7; € (0,1), 72 > 0 and
€ (0,1). Set k=0.

2: e Operators and functions computation: Choose a (possibly random) restriction op-
erator Ry and compute g, a fine approximation of V, f(zy).

3: e Model choice: If (12) holds, choose if to use the fine level model and go to Step 4, or
the lower level model and go to Step 5. Otherwise go to Step 4.

4: o Fine step computation: Build a model my(zy + s) = fi + gi s that approximates f(x)
around x. Set s = —m, mY = mg(xx) and m§ = my(zg + sx). Go to Step 6.

5: e Coarse step computation: Randomly define a coarse approximation ¢y, of f, and the
lower level model and its regularized version as:

o1 (s) = ¢r(Ri xr + 5) + [Ri gx — Vaor(Ry x1)]"'s,
1
mi () = wr(s) + 3 Mellgelllls®.
Approximately minimize mkR, yielding an approximate solution s* satisfying (8). Define

sk = Pps* and set m) = ¢4 (0) and m§ = @i (s*).
6: o Acceptance of the trial point and regularization parameter update: Obtain an

_ fs
estimate f of f(x + sx) and compute p = M'
mQ —m3

If pr. > m and ||gx|| > n2/Ak then set xx1 = xf + s and A\gyp1 = YAk
Else set x141 = 2 and A\gyp1 = v .
7: o Check stopping criterion. If satisfied stop, otherwise set £k = k 4 1 and go to Step 2.

Remark 1. In the setting of finite sum minimization, cf. Example 1, the assumption is satisfied
if all the £ are smooth, which is quite a common assumption in this context [23].

Moreover, we assume that the models in this work are random functions and so is their
behavior and influence on the iterations. Hence, M} will denote a random model in the k-th
iteration, while we will use the notation mj = My(w) for its realizations. As a consequence
of using random models, the iterates Xj, the regularization parameter Ay and the steps Sk
are also random quantities, and so z = Xp(w), Ay = Ax(w), sp = Sk(w) will denote their
respective realizations. Similarly, let random quantities Fy, F}} denote the estimates of f(Xy)
and f(Xj+Sy), with their realizations denoted by fr = Fj(w) and f7 = Fj3(w). In other words,
Algorithm 1 results in a stochastic process { My, Xk, Sk, Ak, Fi, Fi }. Our goal is to show that
under certain conditions on the sequences { M}, } and {Fy, F}} the resulting stochastic process has
desirable convergence properties with probability one. In particular, we will assume that models
M), and estimates F}, F} are sufficiently accurate with sufliciently high probability, conditioned
on the past. To formalize conditioning on the past, let F; ,ﬁ”f ' denote the o-algebra generated by
My, ..., My_1 and Fy,..., Fr_1 and let .7-',?{'11‘;2 denote the o-algebra generated by My, ..., My
and Fy, ..., Fr_1. To formalize sufficient accuracy we use the measure for the accuracy introduced
in [8], which adapts to regularized models those originally proposed in [20].

Definition 1. Suppose that Vf is Lipschitz continuous. Given A > 0, a function m is a
k-fully linear model of f around the iterate xj provided, for k = (kf,kq), that for all y in a



neighbourhood of xy:

Vo f(y) = Vam(y)| < r (14)
f(y) —m(y)| < Af (15)

We will ask for this requirement on the fine level model my (x), +s) = fr +grs’ . Specifically,
we will consider probabilistically fully-linear models, according to the following definition [20]:

Definition 2. A sequence of random models { My} is said to be a-probabilistically k-fully linear
with respect to the corresponding sequence { X, A} if the events

I, = { My is a k -fully linear model of f around Xy}

satisfy the condition
P(Ie| FZT) > a,

where f,i\{f is the o-algebra generated by My, ..., My_1 and Fy, ..., Fyp_1.

Notice that imposing this condition on the fine level only will be enough to ensure convergence
of the method. The first order correction imposed on the coarse model will ensure a link between
the two approximations of f and consequently the coarse step will point in the good direction
thanks to the link with the fine one?, cf. (13). Thus the accuracy of the coarse approximations
does not need to increase along with the iterations, or the increase can be much slower than at
fine level.

We will also require function estimates to be sufficiently accurate.

Definition 3. The estimates f and f;} are said to be €y-accurate estimates of f(xx) and f(xp+
si) respectively, for a given Ay if

fo = F)| < S5 and | = Flaw+s0) < T
k k

In particular we will consider probabilistically accurate estimates as in [20]:

Definition 4. A sequence of random estimates {Fy, Fj3} is said to be B-probabilistically €g-
accurate with respect to the corresponding sequence { Xy, Ak, Sk} if the events

Ji = {Fy, F}, are eg-accurate estimates of f(xx) and f(x + si), respectively, around X}

satisfy the condition
P(Jk|Fili)s) = B

where €5 1s a fized constant and ]:1?{{:/2 is the o-algebra generated by My, . .., My and Fy, ..., Fr_1.

Following [20], in our analysis we will require that our method has access to a-probabilistically
k-fully linear models, for some fixed x and to 8-probabilistically €; accurate function estimates,
for some fixed, sufficiently small e;. Cf. [20, Section 5] for procedures for constructing probabilis-
tically fully linear models, and probabilistically accurate estimates. Basically, when the function
approximations come from a subsampling this construction is possible if the model accounts for
enough samples.

4If Ry, is the identity, the coherence term makes the coarse models fully linear in a neighbourhood of xj,.
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3.1 Convergence analysis

We start by recalling two useful relations, following from Taylor’s theorem, see for example [17,
Corollary A.8.4].

Lemma 1. Let h : R™ — R be a continuously differentiable function with Lipschitz continuous
gradient, with L the corresponding Lipschitz constant. Given its first order truncated Taylor
series in x, T[h](s) := h(z) + Vih(x)Ts, it holds:

h(z + s) = T[h](s) + /0 [Voh(z + €s) — Vih(z)] T s de, (16)
Ih(z + ) — T[H)(s)] < 25| (17)

We now propose two technical lemmas on the coarse step.

Lemma 2. Let Assumptions 1 and 2 hold. Consider a realization of Algorithm 1 where at
iteration k the coarse model is used and let s, = Ps* be the resulting step. Then it holds:

* L *
|0 (0) + on(s”) — gk skl < 7¢||S 2. (18)

Proof. Using the first order Taylor expansion of ¢, and (16) applied to ¢y, and considering that
from (10), V¢5(0)s* = g{ si, we can write:

1
@r(0) — pr(s*) = —gi sk — /0 (Voo (€s™) — Vepr(0)]" s* de.

Using Assumption 2 and recalling that ¢, and ¢y just differ by a linear term, we obtain:
1
[01l0) = u(s") ol s1)=| < [ 1[T.n(657) = VO 7] e

1
* * L *
< [ IVaoulest) = VaanlO ] de < S s7 P

O

Lemma 3. Under Assumptions 1 and 2, for any realization of Algorithm 1 and for each iteration
k where the coarse step is used it holds:

[Rgkll < (Lo + 0 + AellgrlDIls™]- (19)
Proof. From (8) and (9), since VsmP(s) = Vi (s) + Arllgx||s, it follows:

[1Rgrll < [1Rgr — Vspr (s + [[Vapr(s™) + Mellgrlls™ | + Anllgrlllls™ I
< [[Rgk — Vsor(Rrax + s°) — Rge + Vs (Rap)|| + 0[s™[| + Axllgrllls™ |
< Lg[s* +6lls™ [ + Arllgrlllls™]-

Thus we finally obtain the thesis. O

The following lemma relates the coarse step size and the regularization parameter \.
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Lemma 4. Let Assumptions 1 and 2 hold. Assume that at iteration k the coarse step is used.
Assume that

= <min{ Yl (20)
— <minq——, —
A L¢ +6’ 2L¢ Irlls
Then 4
KH * KR
— < < — 21
< < (21)
Proof. The first inequality follows from:
o [ Rrgrl 12 kalgell @Y Ky
[s"l = > > : (22)
Lo+ 0+ Xellgrll = Lo+ 0+ Allgell — 2

The second inequality follows from (18):

* * * * L *
o1 (s™) = 0r(0)] = [Vspr(0)s™| < lon(s™) — @1 (0) = Visior (0)"s™| < 7¢Hs 17,

where we have used the fact that from (9) and Assumption 2, ¢y, is Ly-smooth. Thus, from (13)
and since ¢ (0) > pr(s*), we obtain

2i(0) = ¢i(s™) < Vapr(0) 5"+ 25”17 = gk sel + <1157
< lgwlllsill + S 1" 117 < mllgnllls ]+ =2 1ls*]1

Combining this with (11) we have:

1>\ %112 < 0 _ * < * ﬁ * (|2

ANl 17 < 0k(0) = or(s™) < mllgullls”l + 51151
Thus ) I

(3l = 52 ) 1712 < wallaul 171

From (20) we have $Ax||gx| — % > 1k llgx|| and thus

1 x
ZMH%HHS I < rrllgell-

In the following lemma we measure the decrease predicted by the model.

Lemma 5. Let Assumptions 1 and 2 hold. For any realization of Algorithm 1 and for each k it

holds: ol
s — L9k if fine step,
mk—m%ﬁ{_;ﬁ (23)

ngH ls*I|?>  if coarse step.

Proof. If the fine step is used,

N 7 . Y
Al g Ak

s * 1) >‘k||gk|| *
mi = pu(s") = () & 210l



We now prove some auxiliary lemmas that provide conditions under which the decrease of
the true objective function f is guaranteed. The first lemma states that if the regularization
parameter is large enough relative to the size of the fine model gradient and if the fine model
is fully linear, then the step si provides a decrease in f proportional to the size of the model
gradient.

Lemma 6. Under Assumptions 1 and 2, suppose that my(xy, +5) := fi + gk s is a (K, kg)-fully
linear model of f in a neighbourhood of xy. If

1 1 nil 1
2 < mi 924
N, oo {L¢+9 Gt }ng (24)

then the trial step sy leads to an improvement in f(xzy + si) such that

Flan + sx) — flag) < — ’;15 ||/g\z||.

Proof. We distinguish two cases depending on the used step.

1. In the fine step case, we get

(o +s) — f(zr) = f(zr + k) — mu(zr + k) + mp(zr + s8) — mp(zr) +mp(ze) — f(2r)

) 265 lgell 20 1llgell % llgwl
S TN T T S Tmoa
where we have used that, from (24)a S 64Kf llgrll < 4n, llgr|, since kg < 1.

2. When the coarse step is used, we have, for mj the fine model, that

[+ sk) — fax) = f(2r + sk) — mu(@k + sk)
+my(zr + sk) — mp(rr) — or(s™) + ¢r(0)
— 0(0) + i (s")
+mg(zg) — fag).

The first and the last terms are bounded by $4 from (15). The second term from Lemma

2 is bounded by 7||5 |2. The third term is bounded by —%HS*HQ from (11). Thus

Pl + 1) — fan) < o + (% _ Aklgk|> Is°IP

A7 2 2
24 Qﬂ . >‘k||gk|| HS*HQ
Y 4
@ 2y gl
- )\2 16\,
@ 3 ol
32 N

13



The next lemma shows that for a sufficiently large regularization parameter A\ relative to the
size of the true gradient V., f(z), the guaranteed decrease in the objective function, provided
by sk, is proportional to the size of the true gradient.

Lemma 7. Let Assumptions 1 and 2 hold and suppose that my, is a (K, kq)-fully linear model
of f in a neighbourhood of x. If

1 1 1 1
— < mj @ ; 25
i _mm{L¢+0+ng’(64nf/n§{)+ng’2L¢+mg}v fe)l (25)

then the trial step sy leads to an improvement in f(xy + sx) such that

[V f (1) |

flaxp +sk) — flar) < —Cy N

2
. . K L¢+0 64I<,f 2L(75
with Cl 32 max { Ly+0+ky" 64Kf+nyn%{ ?2Lg+kKg | °

Proof. We first prove that the assumption of Lemma 6 is satisfied, and we use its result to deduce
the decrease of the objective function in terms of |V, f(zk)|| rather than | g||, by linking these
two quantities through the assumption of k-fully linear model, which yields that

gkl > V2 f @) - A—k (26)

From assumption (25) it holds
|V f(z)|| > max{Ly + 0 + kg, 64k /K3 + kg, 2Lg + Iig}/\ik,
and thus from (26) we have
loull = 192 Fa)ll = 2 2 max{Lo + 6,64y /i, Lo}y

Thus the assumption of Lemma 6 is satisfied and

Kir llge |
— < g NIE
Pl + o) = floe) < =55 70
In the same way from (25) and (26) we have
Kg
lgell = 11V f (il = -
k
> [V, ()| — g min { : A e
zy)|| — Ky min T
= Ve lAk g Ly+0+k, 6465/K% 4+ kg 2Lg + Ky wIATE
Ly +6 64x 5 2L

:max{

T ::é z .
Ly+0+rk, 64k + kg% 2Ly + Ky }||V Fnl IV f ()l

We conclude that

Cng el o mRC [ Vaf ()l o, V=l

— <
Fla+sk) = flaw) < =55 ¥ < =75 A M

14



We now prove a lemma that states that, if the estimates are sufficiently accurate, the fine
model is fully-linear and the regularization parameter is large enough relatively to the size of the
model gradient, then a successful step is guaranteed.

Lemma 8. Let Assumptions 1 and 2 hold. Suppose that my, is a (kr, kg)-fully linear model in
a neighbourhood of x), and that the estimates { fx, fi} are ef-accurate with ey < ky. If

1 . 1 1 1—m
— <m1n{ ,—, } , 27
A L¢ + 6" ny 32I€f/l-€%{ + L¢ Hng ( )

then the k-th iteration is successful.

Proof. Let us consider py in Step 6 of Algorithm 1. When the fine step is used, it holds:

k=1 _mg_mz+mz_f($k+3k>+f(xk+5k)_flj
pk_mo—ms_mo—ms md —ms? m® —ms? '
k k k k k k k k

(28)

From the assumption on the function estimates (cf. Definition 3) it follows:

s € K
7= Fan+ i) < 55 < 3
k k

From the assumption of k-fully linearity of the model the numerator of the second term is
bounded by (15). Consequently, the numerator of |py — 1| is bounded by 2/\% The denominator
k

is bounded from (23). Thus by (27)

2K
lpe — 1| < Lo <1-n.

Nellgell =7
If the coarse step is used we have:
Sk — 1
Pk = —5 s
My — My,
_ et g sk — f(xk + si) n o (s*) — @i(0) — gi sk n ©k(0) — pr(s”)
©1r(0) — pr(s*) ©r(0) — pr(s*) ©r(0) — pr(s*)

flzn+s6) — fi

0r(0) — pr(s*)
Considering the first and the last term, the numerators can be bounded as in the first case. We
thus have

2Ky 2K
fr + g;fsk — f(xk + Sk) f(xk + Sk) — f; (11) By (21) By . 32/€f
— * — * Nellgnll 11 = PrE 2 "
o1 (0) — pr(s*) @1 (0) — pi(s*) Aullgel g+ 2 %& A llgrl| w2,
For the second term we have:
* L *
r(s*) = @r(0) — glsp | BTN ZE|s*? Ly

0 _ s
My — My

)\k”ngH Is*2 Akllgrll”
Thus from (27)

2
32/<Lf/I€H +L¢ S 1 —m

lor — 1] <
el g

Hence in every case py > 1. Moreover, since ||gx|| > 32 from (27), the k-th iteration is successful.
O
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Finally, we state and prove the lemma that guarantees an amount of decrease of the objective
function on a true successful iteration.

Lemma 9. Under Assumptions 1 and 2 , suppose that the estimates {fi, fi} are er-accurate

2
with e < % If a trial step sy, is accepted then the improvement in f is bounded below by:

f(@rpg1) — flog) < *%
k

2
where Cy = L — 2¢p > 0.
Proof. If the iteration is successful, this means that [lgy|| > > and py > n1. Thus, if the fine
step is used,

(23)
fo—fi=m(mg —mi) > m o] > —7717272-
N A2

If the coarse step is used

_f5 > o_ .. s (2>3) @)\ * (12
fo = fi zmmg —mi) = 5 Aellgnlllls™l

(21) 7]11432 1 T]1’I72/€2 1
> —Hlgrll=> £

- 8 PV 8 )\%'

Then, since the estimates are es-accurate, we have that the improvement in f can be bounded
as

f($k+5k)*f(l’k):f(warSk)*f£+f§*fk+fk*f($k)S*)\T,
k
where Cy = L5 _ 9¢ > (. O

To prove convergence of Algorithm 1 we need to assume that the fine-level models { M} } and
the estimates {Fy, F}} are sufficiently accurate with sufficiently high probability.

Assumption 3. Given values of o, € (0,1) and €y > 0, there exist kg and Ky such that
the sequence of fine-level models {My} and estimates {Fy, F{} generated by Algorithm 1 are,
respectively, a-probabilistically (K, kq)-fully-linear and B-probabilistically €¢-accurate.

The following theorem states that the regularization parameter A, converges to 4+oo with
probability one. Together with its corollary it gives conditions on the existence of xy and kg
given a, § and €.

Theorem 1. Let Assumptions 1, 2 and 3 be satisfied and assume that in Algorithm 1 the
following holds.

o The step acceptance parameter ny is chosen so that

N2 > max{Ly + 0,24k}

e The accuracy parameter of the estimates satisfies

2
€r < min {/{f, 7117;2;1{ } .
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Then a and B can be chosen so that, if Assumption 8 holds for these values, then the sequence
of regularization parameters {Ay} generated by Algorithm 1 satisfies

iAi<oo

k=0

El V]

almost surely.

Proof. The scheme of the proof is the same as that of [20, Theorem 4.11]. We outline here just
the differences. Let C; be defined as in Lemma 7. We define

I = v f(Xp) + (1— V)%
k

with v € (0,1) such that

4 16 1
> max{ }

1—v V2COL ekt 23Ky

where
64k /K% + L }
L—=m .
Under this assumption, the results in the proof of [20, Theorem 4.11] hold with

¢ > kg +max {172,

1
b= (1= )~ 155,
k
1 1 1
by 1= —VCl||vxf($k)||Tk +(1-v) (72 - 1) /\—%,
' 1 1 1
by = V03||me($k)\\7k +(1-v) 2 1 2
with C3 := % + 4. In particular, there exists o > 0 such that for all &
1
Elhgi1 — ha FHLE] < —057 <0.
k

The choice of « and 3 is specified in the following corollary.

Corollary 1. Let all assumptions of Theorem 1 hold. The statement of Theorem 1 holds if «
and B are chosen to satisfy the following conditions:

40L;

aBf—3 S +4
I-a)1=5)—

and
L1
,Y2
(1-a)d-f) < 1 1 4 16 1’
? — ]. —+ 7*2(40.[/]" +4<) maX{Ccl, 771712"@%1’ %}
. K2 Ly+6 64k 5 2L
with C1 = TgmaX{L¢_’f’9+H9, 64Hf+ﬁfgl€%, 2L¢fﬁg} and ¢ = kg + 1.
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The following results can be derived as in [20, Lemma 4.17] and [20, Theorem 4.18], their
proof is therefore omitted for sake of brevity.

Theorem 2. Let the assumptions of Theorem 1 hold. Let {X} and {A} be the sequences of
random iterates and random reqularization parameters generated by Algorithm 1. Fiz e > 0 and
define the sequence {K.} consisting of the natural numbers k for which ||V, f(Xg)|| > €. Then

almost surely
1
ke{K:}

Theorem 3. Let the assumptions of Theorem 1 hold. Let {X} be the sequence of random
iterates generated by Algorithm 1. Then, almost surely,

Ve f(Xk)l| = 0.

lim
k— o0
4 MU'STREG for finite sum minimization

In this section we describe how to adapt Algorithm 1 to the solution of finite sum minimization
problems of the form
N
1 ,
in Fz)=— ® 2
min F(z) = Z f9 () (29)

using a multilevel setting with ¢ levels. We assume that N > n and we consider hierarchies built
just in the samples space, thus at each level the iterates belong to R™ and the operators Ry and
Py are the identity. We thus drop here the indexes ¢ from the iterates and the steps.

Since the objective function in (29) is the average of the set of functions { f (i)}jv:l, we can
easily define a hierarchy of approximations by subsampling. In particular, given the number of
levels liax > 2, for every £ € {1, ..., £max } we define the subsampled function as:

£ (2) = ; S 1O @); (30)

€St

where Sy is a subsample set such that ) # S} C ... C Sf C ... C S,ﬁm"“"l - Sﬁ‘“a" c{1,..,N}

The stochastic framework of Algorithm 1 allows for inexact approximations of F' at the finest
level, thus avoiding the need of the full sample evaluation at each iteration. Following [20],
in order to ensure that the model at fine level remains a fully linear model for F' we choose, at
iteration k, Sﬁ“‘a" a set of randomly drawn samples such that |S£ma"| = pg := min{N, max{100k+
n+42,A}}}. The lower level approximations ¢ are defined as in (30) with Sf C Sg™ and |Sf|
a fixed fraction® of p;,. The cardinality of the sample set thus changes at each fine iteration, and
the increase is much slower at the coarse levels.

In order to define the objective functions for each level £, we introduce the following notation.
Given a function g, we define [g]s its subsampled version, i.e., if g is the average of functions g(*)
over a sample set including S, [g]‘S is the average of the ¢g(¥) restricted to just the samples in S.
If ¢ is not defined on a sample set, [g] is just g.

Lmax
We use the functions { f Sk }e to define the regularized models that are minimized at each
=1
level in a recursive way. In particular, at level 1 < £ < £,,,.«, given the objective function of that

5Note that they could as well be chosen constant.
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level f,f and an iterate xy, we define the objective function m,}j’é_l at xy for the lower level £ —1
as

- st _ 1 )
mp T s) = [T (me+s)+ (o) s+ ?\i Ve fi () || ]I (31)
with )\i > 0 and
_ 8271
v = Vafi(m) = Ve [fi]T (). (32)
] Se'maxfl e
At the finest level ff = 5™ thus [f‘gﬁm} * is simply fS™ . However, when

< lax, f,f represents the regularized model built at the immediately upper level £ + 1 and
incorporates also the regularization and the vector Ui-H. Given that this quantities are not defined

on a samples set, the subsampled version of f,f will contain the term fSﬁ that is subsampled on
Sﬁ_l, while the correction and the regularization vectors remain unchanged®.

The stopping criterion depends on the level. At fine level it checks if the norm of the approx-
imated gradient is below some tolerance e:

Vs @) < e (33)

If the full gradient is not evaluated (i.e., |S£““‘"‘| < N), case expected for most of the fine iterations,
the stopping criterion (33) might not be meaningful. Therefore we use a heuristic stopping test.
When (33) is satisfied for the first time, after a fine or a coarse step, a new set of py randomly
chosen samples is drawn and fine steps are taken until (33) is satisfied again. In practice the
stopping criterion is however, in most cases, satisfied when the full sample size is reached. A
safeguard is also added that imposes a maximum number of fine iterations. If ¢ < £,.x, We use
the stopping condition (4) where mf’z is defined in (31), with ¢/~! > 0, and impose a maximum
number maxit, of iterations.

We report in Algorithm 2 the complete MU*STREG algorithm for problem (29). The call to
the algorithm at fine level is MUZSTREG(Emax,xo,—,eémax,)\ém" ), with £y € R™. Note that the
choice of the alternate scheme between the coarse and fine steps is left to the user.

5 Numerical experiments

In this section we illustrate the performance of MU!STREG for the solution of finite sum mini-
mization problems (29) arising in binary classification.

Considered methods We use 3 levels (adding more levels did not improve the results) and we
rename our method MU?STREG. We compare MU?STREG against the 1-level MU'STREG. We
remark that MU'STREG can be interpreted as a STORM-like approach where the trust region
constraint is replaced by a quadratic regularization, resulting in fact in an adaptive sampling
strategy.

We also consider two first-order stochastic algorithms widely used in the solution of (29):
SVRG [31] and Adagrad [22, 36]. The choice of SVRG is due to the variance reduction interpre-
tation of multilevel methods mentioned in the introduction, while Adagrad was chosen among
the Ada-like methods for its good complexity properties [25]. As our approach, Adagrad uses an
adaptive strategy for the stepsize, while SVRG uses a constant steplength (or learning rate) a.
Both algorithms use a mini-batch of size b for evaluating the approximated gradient but SVRG
also need to re-evaluate the full gradient every m iterations [31].

6Notice that each time we go down a level we accumulate in the regularized model a regularization term and
a correction vector.
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Performance measures In order to compare the efficiency of the various methods, we consider
the number of weighted gradient and function evaluations performed during the execution: a
full-gradient evaluation is counted as 1, while a function evaluation is counted as %, taking into
account that the size of the gradients is n. Therefore, the sub-sampled gradients are weighted as
l“jvi, the size of the sub-sample set. From now on, we will refer to this measure as computational
effort or more simply weighted number of evaluations, which will be denoted by #f/g.

Beside the efficiency of the methods, we also take into account the quality of the solutions
found. In particular, we consider the classification accuracy (in percentage) on the testing set

that will be denoted by %tA.
Implementation issues Both the versions of MU‘STREG with one and three levels have
been implemented following Algorithm 2 with parameters chosen as follows:

m =05, 7 =103, 713 =0.75, 71 = 0.5, 72 = 0.3, 73 = 2, Ain = 1072,

Moreover, for the 3 level version, we set |S}| = 0.001 py, and |S?| = 0.01 pg. The recursion scheme
encompasses a fine step after each recursive call, as depicted in Figure 2 where the horizontal
arrows represent the fine steps.

T T4l =T+ S
Level 3: Sg fS,‘?(l) k ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, k1 k k

Level 2: 82 fsf(a") ,,,,,,,,,,,,,,,

Level 1: 811 fsllc(x)

Figure 2: Tteration scheme used in our implementation of MUSTREG for problem (29).

Algorithm 2 terminates when condition (33) holds with e = 1073 and we set ¢/=! = 1073 in
(4) and a maximum number of coarse iterations maxit, = 5. Finally, we set \§ = 1074 for £ > 1
and \} = 1073.

For the implementation of SVRG and Adagrad, we followed [39, 43] and, also taking into
account our own extensive tuning work, we set the mini-batch size b = 20 for both methods and
chose the learning rate o = 0.01 and m = N/b for SVRG. Regarding the stopping criterion,
SVRG terminates when the norm of the gradient computed on the full sample set is below
e = 1072 or 10% iterations are performed. Imposing a stopping criterion on Adagrad is less
obvious and we only set a maximum number of weighted number of gradients and functions.

All algorithms have been implemented in MATLAB R2024a using HPE ProLiant DL560
Genl0 with 4 Intel(R) Xeon(R) Gold 6140 CPU @ 2.30GHz with 512 Gb RAM".

Results on binary classification problems We consider a binary classification problem
where the objective function is obtained by composing a least-squares loss with the sigmoid
function, that is

N 2
1 1
in F(z) = — P Pb-F
min F(z) QN;(% . +exp(_yixTZi)> : (Pb-FS)

with (z;,9;) € R™ x {0,1}, for every ¢ = 1,..., N. The tests are performed with four different
datasets for binary classification: MNIST [35], MUSH [1], A9A and IJCNN1 [19]. The data sets
are divided into a training set and a testing set as specified in Table 1.

"We kindly acknowledge the Department of Mathematics of the University of Bologna for making the depart-
ment’s HPC resources available for this work.
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Data set nr. of features (n) Training set size (N) Testing set size (IV;)

MNIST 784 60000 10000
MUSH 112 6503 1621
A9A 123 22793 9768
IJCNN1 22 49990 91701

Table 1: Data sets with number of features n and number of instances of the training set N and
the testing set IV;.

For each dataset we perform five tests with random initial guesses and then we show the
averaged values (see Table 2 and Figures 4-5). In Table 2 we consider the computational effort
#f/g of the solvers to satisfy the convergence stopping criteria®.

MUSH
SVRG | MUISTREG | MUSSTREG
Avg. %tA 98.69 97.68 97.74
StD %tA 0.25 0.50 0.48
Avg. #f/g | 341.89 216.78 35.48
StD #f/g 722.65 30.69 9.95
A9A
SVRG MUISTREG | MUSSTREG
Avg. %tA 85.00 84.65 84.83
StD %tA 0.05 0.04 0.07
Avg. #f/g | 840.77 207.68 90.87
StD #f/g 300.51 53.97 30.31
IJCNN1
SVRG | MUISTREG | MUSSTREG
Avg. %tA 91.68 91.10 91.13
StD %tA 0.00 0.25 0.09
Avg. #f/g | 553.87 6.20 7.09
StD #f/g 1.64 0.97 0.64
MNIST
SVRG | MUISTREG | MUSSTREG
Avg. %tA 90.43 89.80 89.82
StD %tA 0.13 0.04 0.05
Avg. #f/g | 17843.40 2923.02 414.15
StD #f/g 6336.56 497.15 16.37

Table 2: (Pb-FS) Comparison between MU!STREG, MU?STREG and SVRG. Average of max-
imum classification accuracy reached and number of evaluations, with corresponding standard
deviation.

We first observe that MU3STREG is in general much more efficient than the one-level version,
while reaching the same accuracy level. Also, Figure 3 shows the evolution of the cardinality py
of the sample set at the finest level along the finest iterations, for one illustrative run of the five
performed. We can observe that MU3STREG often requires a smaller sample set, especially in
the first phase of the iteration history.

Moreover, both MU‘STREG solvers requires definitely less weighted number of evaluations
than SVRG with similar solution quality. We also remark that the reported results for SVRG
are the best obtained after a consistent tuning work for the learning rate «, while the stepsize
selection is automatic in our approach.

8 Adagrad is not included, since the stopping criterion is based on a maximum number of function evaluations
only.
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Figure 3: (Pb-FS) Cardinality of the sample set at the finest level for MU'STREG and
MU3STREG and the full size N along the iterations.

We now compare our method with Adagrad, imposing a maximum budget of 100 weighted
function and gradient evaluations #f/g . Figures 4 and 5 show the value of the objective
function and of the classification accuracy along #f/g, respectively. Here, the solid curves
represent the mean values and the shaded area takes into account the standard deviation. Figure
4 shows that the objective decrease is faster for MU‘STREG solvers than for Adagrad, while
Figure 5 highlights an oscillatory behaviour of Adagrad that reaches a lower accuracy than
MU‘STREG (especially for the A9A and MNIST datasets) and comparable in case of MUSH .

6 Conclusions

We have proposed a new framework for the multilevel solution of stochastic problems, assum-
ing that the stochastic objective function admits a hierarchical representation. Our framework
encompasses both hierarchies in the variable space and in the function space, meaning that the
function can be represented at different levels of accuracy.

We propose MU‘STREG, a new multilevel stochastic gradient method based on adaptive
regularization that generalizes the AR1 method [17] and we propose a stochastic convergence
analysis for it. This convergence theory is the first stochastic convergence study for multilevel
methods.

We detailed our method for the solution of finite sum minimization problems and we made
experiments on binary classification problems. We show that the proposed multi-level method
outperforms the adaptive sampling one-level counterpart and is competitive with the tested
subsampling methods (Adagrad and SVRG).

In particular, the finite sum minimization setting allows us to show the main advantage of a

9We do not consider SVRG in this analysis, as the required budget to get an accurate solution for SVRG is
much larger than 100 and therefore the plots of its performance curves are unreadable.
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Figure 4: (Pb-FS) Objective function value along the number of weighted evaluations of gradients
and functions.
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Figure 5: (Pb-FS) Classification accuracy on the testing set along the number of weighted
evaluations of gradients and functions.

stochastic multilevel framework with respect to the classical deterministic one: it does not need
the evaluation of the function/gradient over the full samples set along all the iterations.

Our framework covers different contexts (cf. the examples in section 2). Testing its effec-
tiveness in other practical contexts (Montecarlo simulations, hierarchies in the variables space,
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notably, e.g., when random projection operators are used) is an open research direction.

Moreover, our analysis assumes that the stochastic objective function f admits a hierarchy
of computable approximations, i.e., that the functions qﬁf;, once drawn randomly, are determin-
istic. The development of a fully stochastic analysis, where the functions gbi are assumed to be
stochastic like f, is another meaningful perspective.
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Algorithm 2 MU‘STREG for finite-sum minimization - MU*STREG (£,z¢,*,e",\*,5%)

Input: ¢ index of the level, zo € R™ starting point, f¢ : R™ — R objective function for level £ < fmax,
€’ > 0 tolerance for the stopping criterion, A* > 0, S* sample set for the current level.
Given 0 <m <m3 <1,m2>0,0<y2 <7 <1<ns.

: Set k=0, A\§ = X and S§ = S%.

while the stop criterion for level ¢ is not satisfied do

Sample set construction

3: if ¢ = {ax then

N =

4: Set py := min{N, max{100k + n + 2,A?}} and build S;™* C {1,..., N} drawing p;, indices
randomly. Set fﬁ“‘a" = f‘sﬁmﬁx as in (30).

5: else

6: Set ff = f-.

7: end if
Model choice

8: if £> 1 then

9: Choose to go to Step 13 or to Step 14.

10: else

11: Go to Step 13.

12: end if
Regularized Taylor step

£
13: Define m§ (s) = fi(zx) + Vafi(xx)'s. Set s, = *M~ Go to Step 19.
Al £ ) |

Sub-sampled model

14:  Build S € SY randomly. Set f5 ' as in (30).

15: Build the lower level approximation ,571 of ff from f‘sﬁi1 (cf. discussion in section 4, below
(32).). Compute the correction vector vt ' as in (32). Define the lower level model ¢f ' (s) and its
regularization m ‘"' (s) as

o () = i e+ e) + (o) s

) = A7 9+ 5| Ve sia) 11

16: Recursive call
17: Choose ¢! and call MU*STREG (¢ — 1,0,m§’871,65_1,>\£,8£71) to find an approximate solution
s* of the problem

min m¢? (s),
seRn F

such that condition (4) is satisfied.
18: Set s = s* and mj,(s) = 5 ' (s).
Step acceptance of trial point

_ Jh@p)—fi(eptsk)
mf (0)—mj (sk)

20: if p, > m and || Vafi(ax)|| = n2/A; then

19: Compute pf, :

21: Tk41 = Tk + Sk
22: else
23: Tri+1 = Tk

24: end if
Regularization parameter update
25: if p, > m and || Vafi(zx)|| = n2/A; then

26:
)\4 — ma'X{)\min, 'YQ)\i}, if pi 2 n3,
w max{)\miny 'Yl)\i}, if pi <m3
27: else
28: M1 = 3)b.

29: end if
30: k=k+1

31: end while 28




