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Abstract

Single-source capacitated facility location problems are well studied in the operations research lit-
erature, yet classic problems often lack practicability by disregarding the customers’ perspective: An
authority that assigns customers to open facilities deprives customers from choosing facilities according
to their individual preferences. In reality, this can render solutions infeasible, as customers may deviate
to their most preferred open facility, thereby breaking capacities of facilities serving more customers than
originally planned. Preference constraints aim to prevent this by ensuring that each customer is served at
their most preferred open facility. The corresponding problem is called single-source capacitated facility
location problem with customer preferences (CFLP-CP) and is known to be strongly NP-hard.

In this paper, we provide a deeper understanding of the transition from polynomially solvable
cases to strongly NP-hard cases of the CFLP-CP. In particular, we show that the effect of preference
constraints on the theoretical complexity can go both ways: Some problems become harder, while others
become easier. This is because preference constraints simplify the assignment of customers to facilities,
while simultaneously increasing the complexity of locating facilities. We show that the type of customer
preferences, e.g., strict preferences or geographically closest assignments, has a vital impact on the
complexity. Notably, strict preferences, i.e., customers cannot be indifferent, allow to compute feasible
solutions of the CFLP-CP in polynomial time.

Keywords: facility location, capacities, preferences, computational complexity

1 Introduction
Facility location problems (FLPs) play an essential role in operations research literature (Laporte et al., 2019,
Celik Turkoglu and Erol Genevois, 2020). In their basic version, facilities providing some sort of service for
customers need to be opened at potential sites and customers are assigned to these facilities. The aim is to
minimise the total cost consisting of opening costs for the facilities and costs for assigning the customers to
the facilities. We refer to this problem as the uncapacitated facility location problem (UFLP). Naturally, each
customer is assigned to the open facility with lowest assignment cost. The class of FLPs is widely applicable
to many real-world problems such as locating health care institutions (Ahmadi-Javid et al., 2017), charging
stations for electrical cars (Ahmad et al., 2022), and many more (Celik Turkoglu and Erol Genevois, 2020).

In UFLPs, there are no limitations on the service a facility can provide. However, such limitations are
essential for many real-world problems, for example, when looking at hospitals and the number of patients
that can be treated (Mestre et al., 2015). Often, customers incur a certain demand and facilities have a
certain capacity for serving customers’ demands. Such problems belong to the class of capacitated facility
location problems. In that setting, it is no longer guaranteed that each customer will be assigned to the
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open facility with lowest assignment cost. The problem is called single-source capacitated facility location
problem (CFLP) if each customer has to be assigned to exactly one open facility.

Both, the CFLP and the UFLP assume that each customer can be assigned to any facility and that
the customers follow these instructions. When locating health care emergency centers, however, it can be
assumed that customers will seek the service of their closest open facility in an emergency. In this case,
customers have individual preferences over the facilities and their assignment in the solution to the UFLP
or CFLP might be in conflict with their preferences. In reality, customers then deviate to one of their most
preferred open facilities. While this yields a feasible, although possibly worse, solution in the UFLP, it
might turn a feasible solution of the CFLP infeasible.

We refer to the problem in which each customer has to be served at exactly one of their most preferred
open facilities as the (single-source capacitated) facility location problem with customer preferences (CFLP-
CP/UFLP-CP). If preferences are defined by assignment costs, we call the problem (single-source capacitated)
facility location problem with closest assignments (CFLP-CA/UFLP-CA). Note, any solution for the UFLP-
CA coincides with a solution for the UFLP. In this work, we study the combinatorial structures of both
the CFLP-CP and the CFLP-CA. The main contribution of this paper is the observation that preference
constraints can, on the one hand, ease the complexity of assigning customers to facilities and, on the other
hand, increase the complexity of locating facilities. Our observation is supported by the following results:

1. Determining feasibility of the CFLP-CP can be done in polynomial time if either each customer has a
strict preference ordering of the facilities or each customer has uniform demand; cf. Section 4.

2. Computing an optimal solution for the CFLP-CP with strict preferences is strongly NP-hard even if
capacities are neglected and assignment costs are given by an underlying path graph; cf. Section 5.

3. Computing an optimal solution for the CFLP-CA with strict preferences is exactly weakly NP-hard if
assignment costs are given by an underlying star graph, and the CFLP-CA is solvable in polynomial
time if customer demands are uniform and assignment costs are given by an an underlying star graph;
cf. Section 6.

4. Determining feasibility of the CFLP-CP with uniform customer demands and lower bounds on the cus-
tomer demand to be served at each open facility is strongly NP-complete even though the corresponding
assignment problem can be solved in polynomial time; cf. Section 7.

Contributions 1. and 3. support our claim that preference constraints can ease the complexity of
assigning customers to facilities. Recall that determining feasibility for the CFLP is already strongly
NP-complete independently of any structures in the assignment costs. Contributions 2. and 4. show that
the introduction of customer preferences can increase the complexity of locating facilities in contrast to
the complexity of locating facilities in solutions for the UFLP and CFLP, respectively: The UFLP can be
solved to optimility in polynomial time if assignment costs correspond to the costs in an underlying tree
graph (Mirchandani and Francis, 1990), and a feasible solution of the CFLP with uniform demands can be
determined in polynomial time by opening all facilities and solving an instance of the matching problem.

The remainder of this paper is organized as follows. Section 2 provides an overview of related literature.
A formal problem definition is given in Section 3, in which we also summarize used notation. In Section 4, we
discuss the feasibility of the CFLP-CP with either strict preferences or uniform demands. This is followed
by a discussion on the computational complexity of determining an optimal solution for the CFLP-CP
with strict customer preferences and assignment costs given by an underlying path graph; cf. Section 5.
In Section 6, we study the CFLP-CA with assignment costs which are given by an underlying star graph.
We show that this problem is exactly weakly NP-hard if customer preferences are strict, and solvable in
polynomial time if customer demands are uniform. In Section 7, we consider the CFLP-CP with uniform
demands and additional lower bounds on the customer demand to be served at each open facility. If the set
of open facilities is already given, we show that determining a feasible assignment of the customers can be
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done in polynomial time. If the set of open facilities is unknown, we show that determining feasibility is
strongly NP-complete. Last but not least, we discuss our findings and future work in Section 8.

2 Related work
Facility location problems are thoroughly studied in the literature, see, e.g., Laporte et al. (2019), Ce-
lik Turkoglu and Erol Genevois (2020). The uncapacitated facility location problem (UFLP) poses as the
fundamental problem which occurs in all facility location problems as a subproblem. From the complexity-
theoretical point of view, it is easy to find a feasible solution for the UFLP but it is strongly NP-hard to
find an optimal solution (Mirchandani and Francis, 1990). If the customers and facility locations are defined
on an underlying graph with assignment costs equating distances in the graph, then an optimal solution can
be computed efficiently for the UFLP on tree graphs (Mirchandani and Francis, 1990). Conversely to the
UFLP, already finding a feasible solution for the single-source capacitated facility location problem (CFLP)
is strongly NP-complete; this can be seen via a reduction from 3-partition; cf. Garey and Johnson (1979) for
a definition of 3-partition. The relevance and complexity of FLPs has triggered a large number of scientific
articles related to different aspects, such as exact solution methods (see, e.g., Avella and Boccia (2009), Görtz
and Klose (2012), Fischetti et al. (2016)), the investigation of their polyhedral structure (see, e.g., Leung and
Magnanti (1989), Aardal et al. (1995), Avella and Boccia (2009), Avella et al. (2021)) and heuristic solution
methods (see, e.g., Mirchandani and Francis (1990), Korte and Vygen (2018)).

Most articles considering facility location problems with customer preferences focus on the uncapacitated
case. The work of Hanjoul and Peeters (1987) is considered to be the first occurrence of preference constraints
in the context of facility location problems. The authors propose an exact algorithm, which utilises a
branch-and-bound procedure, as well as two heuristics for solving the UFLP-CP. Several articles focus
on preprocessing strategies and valid inequalities, see, e.g., Cánovas et al. (2007), Vasilyev et al. (2010)
and Vasilyev et al. (2013). A semi-Lagrangian relaxation heuristic approach is proposed by Cabezas and
García (2022). To the best of our knowledge, a thorough analysis of the computational complexity of the
UFLP with customer preferences has not yet been conducted.

Rojeski and ReVelle (1970), Wagner and Falkson (1975) and Gerrard and Church (1996) focus on the
special case in which preferences are defined by distances, i.e., each customer prefers to be served at their
closest open facility. Rojeski and ReVelle (1970) additionally consider capacities, allow to split customer
demands and to expand capacities. Wagner and Falkson (1975) present models for the location of public
facilities which maximise social welfare and propose a set of closest assignment constraints. Gerrard and
Church (1996) review constraints for integer linear programming formulations to enforce closest assignments
and to identify applications for facility location problems with closest assignment constraints. Espejo et al.
(2012) theoretically compare all closest assignment constraints in the literature of discrete location theory
up until 2011 and contribute a new set of constraints.

When studying CFLPs with customer preferences, there are two main approaches to dealing with over-
loaded facilities. In the first approach, the overloaded facility may be opened and some customers will be
served at a facility they like less. In the second approach, each customer has to be served at their most
preferred open facility and facilities that are overloaded can never be opened. Note that whether a facility
will be overloaded depends on which other facilities are opened. Casas-Ramírez et al. (2018), Calvete et al.
(2020), Polino et al. (2023) study the first approach. Here, the authors consider variations of a bilevel setting
where the leader opens facilities with the aim to minimise the total sum of opening and assignment costs; the
follower assigns each customer, for which a ranking of all potential facilities is known, to the open facilities
with the objective to optimise the sum of achieved preference rankings of the customers. Calvete et al.
(2020) compare computational results of the first and second approach to deal with overloaded facilities.
The second approach is studied by Büsing et al. (2022, 2024). Büsing et al. (2024) propose preprocessing
methods and cover-based inequalities. If preferences are defined by assignment costs, and assignment costs
correspond to distances in an underlying path or cycle, Büsing et al. (2022) show that the CFLP-CA can
be solved in polynomial time. In contrast, the CFLP is strongly NP-hard independently of the structure of
assignment costs, as discussed at the beginning of this section.
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The polynomial time algorithms for special cases of the CFLP-CP in which overloaded facilities cannot
be opened suggest further potential arising from combining capacities and customer preferences. With this
work, we aim to contribute (a) to a better understanding of the combinatorial structures of the CFLP-CP
and (b) theoretical foundations which can be utilised in exact and heuristic solution approaches for the
CFLP-CP.

3 Problem definition and notation
In the single-source capacitated facility location problem with customer preferences (CFLP-CP), we are
given a set of customers I and a set of potential facilities J . Each customer i ∈ I has a demand di ∈ N0,
each potential facility j ∈ J has a capacity Qj ∈ N0 and opening cost fj ≥ 0. Assigning a customer i ∈ I
to a facility j ∈ J causes assignment costs cij ≥ 0. Each customer i ∈ I has ranked all potential facilities
according to their own preferences, inducing a complete, weak ordering ≤i on the potential facilities. We
write j <i k if customer i ∈ I strictly prefers potential facility j ∈ J over potential facility k ∈ J , and j =i k
indicates that i is indifferent between j and k. With this notation at hand, consider the following definition
of the CFLP-CP.

Definition 1. Let (I, J, (di)i∈I , (Qj)j∈J , (fj)j∈J , (cij)i∈I,j∈J , (≤i)i∈I) be given as described above. The
single-source capacitated facility location problem with customer preferences (CFLP-CP) consists in finding
a subset F ⊆ J of facilities that are open and an assignment Λ : I → F of customers to these facilities such
that

1. the capacity limit of each open facility is met, i.e.,
∑

i∈Λ−1(j) di ≤ Qj holds for each j ∈ F ,

2. each customer is assigned to a facility they prefer most among all open facilities, i.e., there is no i ∈ I
and j ∈ F such that j <i Λ(i),

3. the cost of opening facilities and assigning customers is minimised, i.e., minimise
∑

j∈F fj+
∑

i∈I ciΛ(i).

In the following, we denote the set of facilities a customer i ∈ I prefers most among all facilities in a
set J ′ ⊆ J with pi (J

′) = {j ∈ J ′|∄j′ ∈ J ′ : j′ <i j}.

Facility location problems are often introduced by some underlying graph structure. We then identify
facilities and customers with the nodes of the graph. Each node then obtains a demand for the corresponding
customer as well as a capacity and opening cost for the corresponding facility. Facilities and customers are
connected via edges in the graph, which may represent streets and have non-negative travel cost. The
assignment cost of a customer i to a facility j then corresponds to the cost of a shortest path between the
corresponding nodes i and j in the graph. We can use the underlying network structure to classify facility
location instances. In the remainder of this paper, we will use the formulations CFLP-CP with assignment
costs which are given by an underlying graph and CFLP-CP on a graph interchangeably. The same holds,
of course, for all other problems studied here and for more specific graph classes.

We aim in this paper to develop a better understanding of how capacities and preferences affect the
computational complexity in detail. That is, in which special cases do capacities and preferences cause the
problem to be NP-hard instead of polynomially solvable? And conversely, in which cases does the problem
become polynomially solvable instead of being NP-hard?

4 Feasibility
In this section, we discuss the complexity of finding a feasible solution for the CFLP-CP. Recall that simply
finding a feasible solution for the single-source capacitated facility location problem (CFLP) is strongly NP-
hard. This extends to the CFLP-CP, considering that the CFLP is a special case where all customers are
indifferent between all facilities. The complexity of finding a feasible solution for the CFLP arises from the

4



underlying partition problem, where customers represent with their demand the elements and each facility
is allowed to serve the same share of the total demand. The partition structure is trivialized if we consider
uniform customer demands, which makes finding a feasible solution for the CFLP polynomially solvable in
that case. We show that this also holds for the CFLP-CP with uniform demands. However, before we prove
this claim, we also show that strict preferences destroy the underlying partition structure. That is, strict
preferences allow to find feasible solutions in polynomial time - even for non-uniform demands.

We start by considering the special case of the CFLP-CP with strict preferences, i.e., either j <i k
or k <i j holds for all i ∈ I, j, k ∈ J .

Theorem 1. A feasible solution for an instance of the CFLP-CP where each customer has a strict preference
ordering of the potential facilities can be found in O(|I| · |J | · log(|J |)) steps. If we are given a list of facilities
sorted by preference for each customer, then we only need O(|J | · |I|) steps.

Proof. If not already given, we construct for every customer a sorted list of facilities, requiring a total
of O(|I| · |J | · log(|J |)) steps.

We start by considering a solution in which all facilities are open, i.e., F = J . Since each customer has a
strict preference ordering of the facilities, the assignment of customers is easy: assign each customer to their
most-preferred open facility. If this corresponds to a feasible solution, we are done.

Suppose this solution is infeasible. Then there exists an open facility j ∈ F which has to serve more
demand than its capacity offers. Since all facilities are open and each customer is assigned to their most-
preferred facility, we cannot open another facility to lower the demand assigned to j. Moreover, closing other
facilities will either keep j’s assigned demand constant or increase it. Hence, there is no feasible solution in
which facility j is open. We close facility j and reassign all customers that were assigned to j. If the solution
is still infeasible, then we repeat the previous step until either the set of open facilities is empty, i.e., there
is no feasible solution, or until we obtain a solution in which the capacity of each open facility is respected.

Note that reassigning a customer can be done in constant time, as we can assign them to the next facility
in the preference list. While doing so, we update the aggregated demand that is assigned to the new facility
and check whether this demand violates the capacity. Since there are at most |I| customers to be reassigned,
the process of reassignment and checking for violated capacities can be done in O(|I|) steps. In the worst
case, |J | facilities are closed until infeasibility is proven. This amounts to O(|J | · |I|) steps.

The procedure in the proof above yields a polynomial time algorithm for computing a feasible solution
for the CFLP-CP with strict customer preferences. Note that we close exactly those facilities that cannot
be open in any feasible solution. Hence, any feasible set of facilities is contained in the set of facilities
computed by the above procedure.

Next, we consider the CFLP-CP with uniform demands. We can assume without loss of generality that
all demands are equal to one. Otherwise, we apply scaling and rounding to demands and capacities. We can
determine feasibility of this problem in polynomial time too.

Proposition 1. We can compute a feasible solution, or determine that no solution exists, for the CFLP-CP
with uniform demands in polynomial time.

Proof. We introduce an extended facility set J̃ = ∪j∈J{j1, . . . , jQj} to be the set containing a number
of copies of each facility according to its capacity, and we set the capacity of each such facility to one,
i.e., Qj = 1 for each j ∈ J̃ . Then, we modify the preferences of each customer so that they are indifferent
between facilities j1, . . . , jQj

for each j ∈ J . It is evident that the CFLP-CP with uniform demands and this
extended problem are equivalent.

Determining feasibility of this extended problem is equivalent to determining feasibility of the envy-free
house allocation problem. In the envy-free house allocation problem, m houses and n agents with preferences
over the houses are given, and the goal is to assign each agent to exactly one house so that every agent
likes their house at least as much as any other assigned house. If such an assignment is possible, feasibility
is shown. Otherwise, some houses must be removed from the set of potential houses in order to determine
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G = (V = {a, b, c, d},
E = {α, β, γ, δ})

k = 2

α β γ δ a b c d ξ
1 1 1 1 1 1 1 2 · 3 · 92

V ′
E V ′

V

fv =

{
|V ′|2 + 1 = 92 + 1 if v ∈ V ′

V ∪ V ′
E

0 if v = ξ

Open facilities
Customers

Figure 1: Polynomial transformation of a solution for a given minimum vertex cover instance into a solution
for an instance of the UFLP-SCP on paths.

feasibility. Again, the 1-on-1 correspondence between solutions for the extended problem and instances of
the envy-free house allocation problem is evident: The set of customers corresponds to the set of agents, the
set of open facilities corresponds to the set of houses, and there is an edge between an agent and a house if
the corresponding facility is one of the most preferred facilities of the corresponding customer. Gan et al.
(2019) show that computing a feasible solution for the envy-free house allocation problem, or determining
that no solution exists, can be done in polynomial time. This concludes the proof.

This section supports our observation that preference constraints do not increase the complexity of
assigning customers to facilities.

5 Optimality for strict preferences
In the previous section, we showed that feasibility for the CFLP-CP can be determined in polynomial time
if either preferences are strict or customer demands are uniform. These findings yield hope for special cases
of the CFLP-CP in which an optimal solution can be computed efficiently. However, in this section, we show
that computing an optimal solution for the CFLP-CP is already strongly NP-hard if the structure of the
instance corresponds to a path. We show this by proving the stronger result that the uncapacitated version,
i.e., the uncapacitated facility location problem with strict customer preferences (UFLP-SCP) is strongly
NP-hard on paths. Since this result is independent of the capacities, it further emphasises the computational
impact of customer preferences on decisions regarding facility locations.

Theorem 2. The uncapacitated facility location problem with strict customer preferences (UFLP-SCP) is
already strongly NP-hard if the instance is defined on a path graph.

Proof. We prove the theorem via a reduction from the strongly NP-hard minimum vertex cover prob-
lem (Garey and Johnson, 1979). In the minimum vertex cover problem, we are given a graph G = (V,E)
and a number k ∈ N. The goal is to determine a subset of the nodes S ⊆ V with size of at most k so that
at least one end node of each edge in graph G is element of set S.

We transform any vertex cover instance I = (G = (V,E), k) into an instance of the UFLP-SCP on a path
as follows; cf. Figure 1. Introduce one node v′i for each i ∈ {1, . . . , |V |} in the vertex cover instance, and
denote this set of nodes with V ′

V . Furthermore, introduce one node e′j for each j ∈ {1, . . . , |E|} in graph G,
and denote this set of nodes with V ′

E . Finally, introduce one dummy node ξ. Set V ′ = V ′
V ∪ V ′

E ∪ {ξ}
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denotes the nodes in the underlying graph of the transformed UFLP-SCP instance. Set the opening costs
of facility ξ to 0 and the opening costs of facilities in set V ′

V ∪ V ′
E to |V ′|2 + 1. Connect the nodes in V ′

such that they form a path in the order (e′1, . . . , e
′
|E|, v

′
1, . . . , v

′
|V |, ξ). Assign to each edge in the path costs

of 1, except for edge {v′|V |, ξ} to which we assign cost of k · 3 · |V ′|2. The edge costs are defined so that it is
favorable to assign customers in V ′

V ∪ V ′
E to facilities in V ′

V ∪ V ′
E as well as the customer at ξ to the facility

at ξ. Otherwise, customers need to cross the expensive edge {v′|V |, ξ}.
It remains to define the preferences of each customer. The customer at ξ prefers the facility at ξ most.

The order of their remaining preferences is arbitrary. Consider customers located in V ′
V . Each customer

in V ′
V prefers the facility at their own node, followed by facilities at nodes of the same type. That is,

customers in V ′
V prefer facilities in V ′

V . Apart from that, the order of preferences is arbitrary. Consider a
customer e′ ∈ V ′

E who corresponds to an edge e = {u,w} ∈ E in the vertex cover instance. Denote the
nodes corresponding to u,w with u′, w′ in the CFLP-CP instance. We define the most preferred facilities
of e′ to be those in {u′, w′}, followed by the facility at ξ. The preference order of the remaining facilities is
also arbitrary. Assuming that the facility at ξ is open, the preferences of e′ ensure that we have to pay high
assignment costs by crossing the expensive edge {v′|V |, ξ} if we do not open a facility corresponding to one
of the end nodes of edge e.

We will show that this yields a correspondence between open facilities in V ′
V and vertex covers in V .

In particular, we prove that there exists a vertex cover S ⊆ V of size |S| ≤ k if and only if there exists a
solution to the CFLP-CP instance with cost of at most (k + 1) · |V ′|2 + k.

Assume there exists a vertex cover S ⊆ V with |S| ≤ k. Let V ′
S ⊆ V ′

V be the nodes in the CFLP-CP
instance corresponding to those in the vertex cover. Then we construct a solution by opening all facilities
at nodes in V ′

S ∪ {ξ}. This yields opening costs of 0 for the facility at ξ and at most k · (|V ′|2 + 1) for those
in V ′

S . We can assign the customer at ξ to their own facility, which yields no assignment costs. Furthermore,
we assign all customers in V ′

V ∪ V ′
E to facilities in V ′

S , which yields assignment cost of at most (|V | + |E|)2
since |V |+ |E| customers need to be assigned and every assignment costs at most |V |+ |E|. The assignment
is feasible as customers in V ′

V ∪ {ξ} prefer facilities at nodes of their own type, and the most preferred
facilities of customers in V ′

E are located in V ′
S since S is a vertex cover. Overall, we obtain a feasible solution

of cost less than k · (|V ′|2 + 1) + (|V |+ |E|)2. Since (|V |+ |E|)2 ≤ (1 + |V |+ |E|)2 = |V ′|2 holds, we obtain
total costs of at most k · (|V ′|2 + 1) + |V ′|2 = (k + 1) · |V ′|2 + k. Hence, the constructed solution to the
CFLP-CP instance has cost of at most (k + 1) · |V ′|2 + k.

Now, assume we are given a solution to the CFLP-CP instance of cost at most (k + 1) · |V ′|2 + k. Then
the facility at ξ is open. Otherwise, the customer at ξ would need to cross edge {v′|V |, ξ} to their assigned
facility, which amounts to assignment costs of at least k · 3 · |V ′|2 ≥ (k + 2) · |V ′|2 > (k + 1) · |V ′|2 + k.

We can assume without loss of generality that customers in V ′
E are not assigned to the facility at ξ.

Otherwise, any such customer has to cross edge {v′|V |, ξ}, and the assignment cost of such a customer to ξ

already exceeds bound (k + 1) · |V ′|2 + k as shown in the previous observation. Then, for each customer
at e′ ∈ V ′

E corresponding to edge e = {u,w} ∈ E either a facility at u′ or w′ has to be open in V ′
V . In this case,

all customers at nodes in V ′
V are served at facilities at nodes in V ′

V . In conclusion, each customer in V ′
V ∪V ′

E

incurs assignment cost of at most |V ′|. Hence, the overall assignment cost incurred by all customers is at
most |V ′|2.

Recall that opening a facility in V ′
V incurs cost of |V ′|2+1, opening a facility at ξ incurs cost of 0. Then,

opening k facilities at nodes in V ′
V and a facility at ξ yields overall cost of at most k · (|V ′|2 + 1) + |V ′|2 =

(k + 1) · |V ′|2 + k. Opening one more facility at a node in V ′
V leads to overall opening cost of at least

(k + 1) · (|V ′|2 + 1) = (k + 1) · |V ′|2 + k + 1 > (k + 1) · |V ′|2 + k

and violates the bound on the overall cost. Hence, in a solution to the given CFLP-CP instance of cost
at most (k + 1) · |V ′|2 + k, at most k facilities at nodes in V ′

V are open. Denote this set of open facilities
with S′ ⊆ V ′

V .
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We construct a solution for the minimum vertex cover instance by defining the vertex cover as the set
of nodes corresponding to nodes in set S′. Denote this set with S ⊆ V . Since each customer located at
a node e′ ∈ V ′

E is served at a facility v′ ∈ S′, this implies that the corresponding edge e ∈ E is covered
by the corresponding node in v ∈ S. Since all customers at nodes in V ′

E are served by the facilities in S′

and |S′| ≤ k, the corresponding edges are covered by all nodes in S with |S| ≤ k. Hence, S is a vertex cover
of size |S| = |S′| ≤ k, which completes the proof.

It is easy to see that this result also extends to the CFLP-CP. In conclusion, solving both the UFLP-SCP
and the CFLP-CP with strict preferences is already strongly NP-hard on basic graph classes, regardless
of the actual demands and capacities. Theorem 2 supports our claim that preference constraints increase
the complexity of locating facilities: Recall that the traditional UFLP on trees can be solved in polynomial
time (Mirchandani and Francis, 1990). Furthermore, the result emphasizes the importance of an underlying
structure of the customer preferences.

6 Closest assignments as preferences
In the previous section, we used a rather artificially designed preference pattern to show strong NP-
completeness of the CFLP-CP. We now focus on more structured preference constraints. Büsing et al.
(2022) show that the single-source capacitated facility location problem with closest assignments (CFLP-
CA) is solvable in polynomial time on paths and cycles. On stars, however, it is already already strongly
NP-complete to compute a feasible solution. This is because customers may be indifferent between all fa-
cilities but the central one, leaving us with an NP-complete partitioning problem. In order to remove the
partition-structure from our problem, we now investigate the impact of either strict preferences or uniform
demands on the computational complexity of the CFLP-CA. In Section 6.1, we show that the formerly
strongly NP-complete problem on stars becomes weakly NP-complete when considering strict preferences.
In Section 6.2, we show that the problem on stars can even be solved in polynomial time when considering
uniform demands.

6.1 Strict preferences on stars
In the following, we prove that computing an optimal solution for the CFLP-CA with strict preferences on
stars is weakly NP-hard. We will refer to strict preferences as distinct assignment costs since preferences are
now defined by assignment costs.

Theorem 3. The CFLP-CA with distinct assignment costs which are given by an underlying star graph is
at least weakly NP-hard.

Proof. We prove our claim via a reduction from the weakly NP-hard knapsack problem (Garey and Johnson,
1979). Consider a knapsack instance consisting of a capacity B ∈ N and a set of items N , where each
item i ∈ N is assigned a profit pi ∈ N and a weight wi ∈ N. The goal is to find a subset S ⊆ N of items so
that the total weight

∑
i∈S wi is at most B and the total profit

∑
i∈S pi is maximal.

We transform a given knapsack instance into an instance of our problem as follows. Introduce node z
as the center node in the star graph. The demand, capacity, and opening costs of z are defined as dz = 1,
Qz = B + 1, and fz = 0. Introduce for each item in set N a leaf node on the star. Denote the set of leaves
with L = {1, 2, . . . , |N |}. Each node i ∈ L has both a demand and a capacity equal to the weight of the
corresponding item in the knapsack instance, i.e., di = Qi = wi. We set the assignment cost of node i ∈ L
to the center node to ciz = i. This choice ensures that each customer has distinct assignment cost to all
other nodes. We define the cost of opening a facility at i ∈ L so that we save cost of pi when assigning i
to z instead of opening a facility at i, i.e., fi = pi + ciz = pi + i. We prove that there exists a knapsack solu-
tion of value at least P if and only if there exists a facility location solution of cost at most

∑
i∈N (pi+i)−P .
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Suppose that there exists a feasible solution S ⊆ N for a given knapsack instance with P ≤
∑

i∈S pi. We
construct the corresponding facility location solution by opening a facility at z as well as all facilities at {i ∈
L|i /∈ S}. Due to the closest assignment constraints, we need to assign all customers to their own facility if it
is open. This assignment meets the capacity constraints on the leaves, as we have di = wi = Qi for all i ∈ L.
The customers in {i ∈ L|i ∈ S} need to be assigned to the facility at z. Since S is a feasible knapsack solution,
this assignment meets the capacity constraint of the facility at z as we have dz +

∑
i∈S di = 1 +

∑
i∈S wi ≤

1 + B = Qz. The total opening cost of our constructed solution is fz +
∑

i/∈S fi = 0 +
∑

i/∈S(pi + i). The
total assignment cost is

∑
i∈S ciz =

∑
i∈S i. Since inequality P ≤

∑
i∈S pi holds for the considered knapsack

solution, inequality ∑
i/∈S

(pi + i) +
∑
i∈S

i =
∑
i∈N

(pi + i)−
∑
i∈S

pi ≤
∑
i∈N

(pi + i)− P

holds for the overall cost of the constructed CFLP-CA-instance.
Conversely, consider a solution to the constructed CFLP-CA instance of cost at most

∑
i∈N (pi + i)−P ,

and denote the set of nodes on which facilities are opened with F ⊆ L ∪ {z}. First, note that z ∈ F holds
since no other facility is capable of serving z in addition to the customer at the respective node. Hence, the
customers in L \F are assigned to facility z, while all other customers are assigned to their own facility. We
define S = {i ∈ N |i ∈ L \ F} as the corresponding solution to the knapsack instance. Due to the capacity
constraint of facility z, we have

∑
i∈S wi =

∑
i∈L\F di ≤ Qz − 1 = B. Hence, S is a feasible knapsack

solution. The cost
∑

i∈L\F ciz +
∑

i∈F∩L fi ≤
∑

i∈N (pi + i)− P of our facility location solution implies

∑
i∈S

pi ≥
∑
i∈S

pi +

 ∑
i∈L\F

ciz +
∑

i∈F∩L

fi

−

(∑
i∈N

(pi + i)− P

)

=
∑

i∈L\F
(fi − ciz) +

∑
i∈L\F

ciz +
∑

i∈F∩L

fi −
∑
i∈L

fi + P = P,

which completes the proof

In the following, we present a pseudo-polynomial algorithm solving the CFLP-CA with distinct as-
signment costs on stars. Combined with the previous result, we derive that the CFLP-CA with distinct
assignment costs on stars is exactly weakly NP-hard.

Consider a star graph T = (V,E), and denote the center node with z. We start by describing the structure
of a solution for our problem. Afterwards, we give an algorithm for solving this problem.

Anatomy of a solution
Denote the set of nodes on which facilities are opened with F ⊆ V .

Unique closest facility to the center node and always-closed facilities. In any feasible solution,
there is a unique open facility which has lowest assignment costs to the center node. Suppose this closest
open facility to the center node is located at node ξ ∈ V , i.e., cξz < ciz for any open facility i ∈ F \{ξ}. Note
that z might be the closest open facility with czz = 0. Given ξ, we can restrict the potential open facilities
as follows.

Lemma 1. Let the closest open facility to the center node be located at node ξ ∈ V . Then, all facilities
located at nodes in set C(ξ) = {p ∈ V : cpz < cξz} ∪ {p ∈ V : dp > Qp} have to be closed. This results in a
demand to be served at ξ of at least D(ξ) = dξ +

∑
p∈C(ξ) dp.

Proof. Set C(ξ) contains all locations which are strictly closer to the center than ξ or are incapable of serving
the demand of the customer sharing the same node. Since ξ is the closest facility to the center, any facility
located at a p ∈ V with cpz < cξz is closed. Furthermore, since each customer prefers the facility at their
own node most, each open facility has to be able to serve the demand of the customer at their location.
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Always-open facilities. Next, we analyse the set of open facilities. Based on the location of ξ, we can
immediately derive locations on which facilities have to be opened in any optimal solution.

Lemma 2. Denote the location of the closest facility to the center with ξ. In any optimal solution, set F (ξ) =
{ξ} ∪ {i ∈ V \ C(ξ) : fi ≤ ciξ} describes the nodes on which facilities have to be opened.

Proof. Note that every facility in V \ C(ξ) can be opened. Since fi ≤ ciξ holds for any i ∈ F (ξ) \ {ξ}, the
objective value does not increase when opening a facility at i ∈ F (ξ) instead of assigning the customer at i
to ξ. Moreover, opening a facility at i frees up capacity at ξ for other customers, while i only serves their
own customer. Hence, opening all facilities in set F (ξ) is advantageous regarding capacity.

Undecided facilities. Lastly, we consider the set of facility locations for which it is yet undecided
whether a facility is opened. Denote this set with U(ξ) = V \ (C(ξ) ∪ F (ξ)).

In the following, we utilise our knowledge of the anatomy of a solution in order to construct an optimal
solution.

Solution approach
The previous observations show that opening a facility at node ξ ∈ V implies the assignment of all customers
in set C(ξ) ∪ F (ξ). The only decision to be made is regarding the assignment of customers located at
nodes in set U(ξ); that is, are they served at ξ or at a facility located on their own node? We save cost
of fi− ciξ when assigning customer i ∈ U(ξ) to facility ξ instead of opening a facility at i. Hence, an optimal
choice U ′(ξ) ⊆ U(ξ) of customers that are assigned to ξ is given by the following knapsack problem

k(ξ) := max
U ′⊆U(ξ)

{∑
i∈U ′

fi − ciξ

∣∣∣∣∣∑
i∈U ′

di ≤ Q′
ξ

}
, (1)

which can be solved via dynamic programming in O(|U(ξ)| ·Q′
ξ) (Korte and Vygen, 2018). The value of an

optimal solution for a given ξ is then
∑

i∈F (ξ)∪U(ξ) fi +
∑

i∈C(ξ) ciξ − k(ξ). To compute an optimal solution
for the original problem, we only need to compute F (ξ), C(ξ), U(ξ), and U ′(ξ) for all ξ ∈ V and choose the
one with the best objective value.

Proposition 2. The CFLP-CA with distinct assignment costs which are given by an underlying star graph
can be solved in pseudo-polynomial time O(

∑
ξ∈V |V | ·Qξ).

Proof. It is easy to see that computing sets C(ξ), F (ξ), U(ξ) takes O(|V |) steps. Together with the dynamic
program for computing U ′(ξ), we have O(|V | ·Qξ) steps for each possible ξ ∈ V .

By combining the lower and upper bound on the complexity from Theorem 3 and Proposition 2, we
obtain the following result.

Corollary 1. The CFLP-CA with distinct assignment costs which are given by an underlying star graph is
exactly weakly NP-hard.

To the best of our knowledge, an extension to general trees is not straight-forward – if there is one.
An important question to be answered by algorithms for trees is how to efficiently evaluate which of the
customers located in subtrees neighbouring nodes i ∈ U(ξ) are also served at ξ.

Finally, note that in case of uniform demands d ≡ 1, we have Qξ ≤ |V |, which yields the following result.

Corollary 2. The CFLP-CA with distinct assignment costs and uniform customer demands can be solved
in O(|V |3) steps if the underlying graph corresponds to a star.
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6.2 Uniform demands on stars
In the following, we show that the CFLP-CA with uniform customer demands on stars is solvable in poly-
nomial time, even if customers are indifferent between several facilities. That is, we extend Corollary 2.
We assume without loss of generality that all demands are equal to one. Otherwise, we apply scaling and
rounding to the demands and capacities.

Anatomy of a solution
Consider an CFLP-CA instance defined on a star T = (V,E), and denote the center node with z. Let R =
{r1, . . . , rk} be the set of distinct distances with r1 < r2 < · · · < rk with r1 = czz = 0 and rk = maxi∈V {ciz}.
Since preferences are defined by assignment costs, each customer has to be served at an open facility with
lowest assignment cost. Hence, a customer is either served at the facility at their node or at an open facility
with lowest assignment cost to the center node.

Suppose the facility with lowest assignment cost to the center node has assignment cost of r ∈ R to the
center. Like in the previous section, there are nodes on which facilities have to stay closed and others on
which we have to open facilities.

• Always-closed facilities. Facilities located at nodes p ∈ V have to stay closed if either the assignment
cost to the center node is strictly lower than r, i.e., cpz < r, or the demand of the customer located
on this node exceeds the capacity of this node’s facility, i.e., Qp < 1; cf. Lemma 1. Denote this set of
nodes with C(r) = {p ∈ V : cpz < r} ∪ {p ∈ V : Qp < 1}.

• Always-open facilities. Facilities located at nodes p ∈ V \ C(r) are open in a cost-minimising solution
if opening a facility at p is at most as expensive as assigning the customer at p to another open facility
with lowest assignment cost to the center node, i.e., fp ≤ cpz + r; cf. Lemma 2. Denote this set of
locations with F (r) = {p ∈ V \ C(r) : fp ≤ cpz + r}.

The set of undecided facilities differs from before. Conversely to the previous section, now the set of
undecided facilities is defined as the set of potential open facilities with assignment costs to the center node
equal to r, i.e., U(r) = {p ∈ V \ C(r) : cpz = r}. In order to understand this claim, let us first discuss
the assignment of remaining customers located at nodes W (r) = V \ (C(r) ∪ F (r) ∪ U(r)). Each customer
in W (r) is either served at a facility in U(r) or at the facility at their location. It is evident that for each
customer p ∈ W (r) the former decision is economically better than the latter one. Yet, due to potential
capacity restrictions of open facilities in U(r), such an assignment might not be possible. However, if we are
given a set of open facilities in U(r), then the assignment of customers in W (r) is immediately clear as the
next lemma shows.

Lemma 3. Let U ′(r) ⊆ U(r) be a set of open facilities in a solution for the CFLP-CA with uniform demands.
Due to the uniform demands, we can determine the optimal assignment of customers in W (r) in a polynomial
number of steps by assigning customers i ∈ W (r) with greatest values fi − (ciz + r) to the facilities in U ′(r).
That is, we solve argmaxW ′(r)⊆W (r){

∑
i∈W ′(r) fi − (ciz + r)||W ′(r)| =

∑
i∈U ′(r) Qi − |C(r) ∪ U ′(r)|}.

Proof. The open facilities in U ′(r) have to serve all customers in C(r)∪U(r). Denote with B =
∑

i∈U ′(r) Qi−∑
i∈C(r)∪U(r) di =

∑
i∈U ′(r) Qi − |C(r) ∪ U(r)| ≥ 0 the leftover capacity after this assignment. Since fp >

cpz + r holds for any p ∈ W (r), we can reduce the overall objective value most by assigning B customers
in W (r) with highest value fp − (cpz + r) to the facilities in U ′(r). The remaining customers in W (r) are
served at the facility at their location. It is evident that this procedure corresponds to solving a knapsack
problem in which each customer has a demand of one, and it can be solved in polynomial time.

Hence, the assignment of customers located at nodes in set W (r) depends on the choice of open facilities
located at nodes in set U(r). The assignment can be done efficiently if the set of open facilities in U(r)
is given. In the following, we utilise our knowledge of the anatomy of a solution in order to construct an
optimal solution.
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Solution approach
The previous observations show that the choice of open facilities located at nodes in U(r) determines the
optimal objective value for the CFLP-CA on stars with uniform demands where the closest facility to
the center has a distance of r to z. Denote with U ′(r) ⊆ U(r) the set of open facilities and with B =∑

i∈U ′(r) Qi − |C(r) ∪ U(r)| ∈ {0, . . . ,
∑

i∈U(r) Qi − |C(r) ∪ U(r)|} the leftover capacity after assigning all
customers in |C(r) ∪ U(r)| to the open facilities in U ′(r). For a given amount B of leftover capacity at
open facilities, an optimal choice U ′(r,B) ⊆ U(r) of facilities that are opened is given by the following
min-knapsack problem

k(r,B) := min
U ′⊆U(r)

∑
i∈U ′

(fi − 2 · r)

∣∣∣∣∣∣
∑
i∈U ′

Qi ≥ |C(r) ∪ U(r)|+B

 , (2)

which can be solved via dynamic programming in O(|U(r)| · (|C(r) ∪ U(r)| + B)) = O(|V |2). The value of
an optimal solution for given r,B is then

∑
i∈F (r)

fi +
∑

i∈C(r)∪U(r)

(ciz + r) + k(r,B) +

 ∑
i∈W (r)

fi − max
W ′(r)⊆W (r)

 ∑
i∈W ′(r)

fi − (ciz + r)

∣∣∣∣∣∣|W ′(r)| = B


 .

Note that the former half of the formula represents the cost of opening facilities in F (r) and U(r) so that B
customers from W (r) can be served at facilities in U(r). The second half of the formula, i.e., the part in
square brackets, represents the cost of assigning B customers in W (r) to open facilities in U(r) so that
the saved cost is maximised. To compute an optimal solution for the original problem, we only need to
compute F (r), C(r), U(r),W (r), and U ′(r,B) for all B = 0, . . . ,

∑
i∈U(r) Qi − |C(r) ∪ U(r)| and r ∈ R, and

choose the one with best objective value.

Proposition 3. The CFLP-CA with uniform customer demands on a star graph can be solved in O(|V |4)
steps.

Proof. It is easy to see that computing C(r), F (r), U(r) takes O(|V |) steps. Together with the dynamic
program for computing U ′(r,B), we have O(|V |2) steps for each possible B ∈ {1, . . . , |V |} and each r ∈ R.

Note that the consideration of indifferences within customer preferences increases the number of steps by
a factor |V |; cf. Corollary 2. We conclude that both distinct assignment costs and uniform demands ease the
computational complexity of the CFLP-CA on star graphs. While the CFLP-CA with distinct assignment
costs is exactly weakly NP-hard on stars, the restriction to uniform demands allows to solve the CFLP-CA
on stars in polynomial time.

7 CFLP-CP with revenue constraints
In this section, we consider a generalisation of the CFLP-CP. In order to model economically operating
facilities that require revenue, we introduce lower bounds ℓj ∈ N0 on the total demand to be served at open
facilities j ∈ J . These revenue constraints are in addition to capacity constraints. We refer to the considered
generalisation as the CFLP-CP with revenue constraints.

We first show that a feasible assignment within the CFLP-CP with revenue constraints can be computed
efficiently if each customer has uniform demand and the set of open facilities is known. Afterwards, we prove
that determining feasibility is strongly NP-complete if the decision on the open facilities is yet to be made.

Theorem 4. Given a set of open facilities, a feasible assignment of the customers to these facilities can be
computed in polynomial time for the CFLP-CP with revenue constraints and uniform demands.
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Proof. We can assume without loss of generality that all demands are equal to one. Otherwise, we apply
scaling and rounding to demands and capacities.

Let F be the set of open facilities. We reduce the problem of assigning customers I to facilities F to a
bipartite matching problem by introducing Qj copies for each open facility j ∈ F . We denote these copies
with F̃ =

⋃
j∈F {j1, . . . , jQj}. We construct a bipartite graph G = (I ∪ F̃ , E) with edges E = {{i, jk}|i ∈

I, j ∈ pi (F ) , k ≤ Qj}, i.e., i ∈ I is connected to the copies of j ∈ F if j is contained in the most preferred
facilities pi (F ) of i. It is evident that a feasible assignment of customers exists if and only if there is a
matching M ⊆ E that matches every customer i ∈ I and at least ℓj many copies of j for all j ∈ F . To
compute such a matching, we first compute a matching that meets the lower bounds on the number of served
customers and then augment it to a matching covering all customers.

Assume there exists a matching M ⊆ E with the desired properties. Then there exists a subset M ′ ⊆ M
that matches exactly ℓj many copies of j for all j ∈ F . We can assume without loss of generality that M ′

matches the first ℓj copies of j. Then M ′ is also a matching in the induced subgraph G′ = G
[
I ∪ F̃ ′

]
with

F̃ ′ =
⋃

j∈F {j1, . . . , jℓj}. Since |M ′| = |F̃ ′| holds, every maximum matching in G′ matches all nodes in F̃ ′.
We can compute a maximum matching in G′ in polynomial time (Korte and Vygen, 2018). Let M ′′ be such
a matching. If M ′′ already matches all customers in I, then M ′′ corresponds to a feasible solution of the
assignment problem. Otherwise, M ′′ is not a maximum matching in G due to |M ′′| < |I| = |M |. According
to Berge’s Theorem (Korte and Vygen, 2018), there exists an augmenting M ′′-path P in G, i.e., a path
alternating between edges in E \M ′′ and M ′′ that starts and ends in different exposed nodes. Finding an
augmenting path P can be done in polynomial time via breadth-first search when starting in exposed nodes
and traversing edges in an alternating fashion. Note that the symmetric difference M ′′△P is a matching of
size |M ′′|+1. Moreover, every node that is matched by M ′′ is also matched by M ′′△P . In particular, M ′′△P
still matches the first ℓj copies of j for every facility j ∈ F . We can iteratively augment M ′′ until it is a
maximum matching in G. Then we have |M ′′| = |M | = |I|, and thus every customer in I is matched, while
matching at least ℓj copies of j for every facility j ∈ F .

Contrary to the results in Section 4, which show that feasible solutions for the CFLP-CP with distinct
assignment costs or uniform demands can be computed in polynomial time, it is no longer possible to
compute feasible solutions for the CFLP-CP with revenue constraints in polynomial time, unless P = NP ,
as we show in the next Theorem. In the following, we prove that this already holds if preferences are defined
by assignment costs.

Theorem 5. Determining feasibility for the CFLP-CA with revenue constraints and uniform demands is
strongly NP-complete. This even holds if assignment costs meet the triangle inequality and exactly two
customers have to be served at any open facility.

Proof. The problem is in NP, as we can check in polynomial time whether a set of open facilities and an
assignment of customers to facilities implies a feasible solution. We prove strong NP-hardness via a reduction
from the strongly NP-complete problem (3, B2)-SAT (Berman et al., 2003).

We denote the clauses in our (3, B2)-SAT formula with C1, . . . , Ck and the Boolean variables
with x1, . . . , xn. We refer to these variables as positive literals and to their negations x̄i as negative lit-
erals. In contrast to the 3-SAT problem, (3, B2)-SAT instances have the additional property that each
literal occurs exactly two times in the formula.

We transform an instance X of (3, B2)-SAT into an instance T of the CFLP-CA with revenue constraints.
We will define T on an underlying undirected graph G = (V,E), where each node corresponds to both a
customer and a facility, i.e., I = J = V . Since assignment costs are given by the distance of a shortest path
between nodes, they immediately fulfill the triangle inequality. Figure 2 depicts an exemplary construction
from a (3, B2)-SAT instance to the corresponding graph G. The graph G consists of two layers, called
Layer 1 and Layer 2, which are constructed as follows.

Layer 1 consists of one subgraph, named Li
1, for each variable xi in X. Subgraph Li

1 contains a cy-
cle (bi, y

+
i , y

−
i , ei, hi, li) with edge weights (1, 2, 1, 2, 3, 2) as well as nodes ai, gi, which are connected to the

cycle via edges {ai, bi} and {ei, gi} with weight 3, each.
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Figure 2: Transformation of a (3, B2)-SAT instance (x1∨x2∨x3)∧(x1∨x2∨x̄3)∧(x̄1∨x̄1∨x3)∧(x̄2∨x̄2∨x̄3)
with solution x1 = x3 = 0 and x2 = 1 to a solution of the considered instance of the CFLP-CA with revenue
constraints.

Layer 2 consists of one subgraph, named Lj
2, for each clause Cj in X. Subgraph Lj

2 con-
tains a complete graph with four nodes s0j , s

1
j , s

2
j , s

3
j in which each edge has weight 2. There are

six further nodes mj , nj , oj , pj , qj , rj with edges {mj , pj}, {nj , qj}, {oj , rj} with weight 8, each, and
edges {pj , s1j}, {qj , s2j}, {rj , s3j} with weight 7, each.

Layers 1 and 2 are connected via nodes y+i , y
−
i and mj , nj , oj . Nodes y+i and y−i correspond to the

positive and negative literal of variable xi, respectively. Nodes mj , nj , oj correspond to the three literals in
clause Cj . Accordingly, we introduce an edge from y+i to mj , nj , or oj if xi is the first, second, or third
literal in clause Cj , respectively. Analogously, we connect y−i if x̄i is a literal in clause Cj . Each of these
edges has weight 7. Note, since X is an instance of (3, B2)-SAT, each literal occurs in exactly two clauses
and, therefore, each y+i and y−i is connected with exactly two subgraphs in Layer 2.

In summary, this yields a graph with |V | = 8n+10k nodes and |E| = 8n+15k edges. For the customers i ∈
I = V on these nodes, we define uniform demands di = 1. For the facilities j ∈ J = V , we define opening
costs fj = 0 as well as lower and upper bounds ℓj = Qj = 2. That is, every open facility serves exactly two
customers. In conclusion, the constructed instance is of polynomial size.

It remains to prove that there is a feasible solution for the (3, B2)-SAT instance X if and only if there
is a feasible solution for the constructed instance T of the CFLP-CA with revenue constraints. For this, we
use the following claims on the anatomy of solutions, which we will prove afterwards in Lemmas 4 and 5.

Claim 1 In every feasible solution, we either open a facility at node y+i or y−i for i = 1, 2, . . . , n. Moreover,
each customer is served within their respective subgraph Li

1 or Lj
2.
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Claim 2 In every feasible solution, at least one facility has to be opened among nodes pj , qj , rj
for j = 1, 2, . . . , k.

Consider a feasible solution of (3, B2)-SAT instance X. We transform this solution into a solution of T
as follows. In Layer 1, we open facilities at nodes ai, y

−
i , ei, hi if variable xi is set to TRUE. If variable xi is

set to FALSE, we instead open facilities at nodes gi, y
+
i , bi, li. Given this choice, observe that there exists a

unique closest facility for each node in Li
1. In the corresponding assignment, each facility serves exactly two

customers.
In Layer 2, we open facilities at nodes mj , nj , oj if the facility at their respective neighbouring node y+i

or y−i in Layer 1 is opened. This ensures that no customer in mj , nj , oj has an incentive to deviate to
a facility in Layer 1. If the neighbouring node y+i or y−i is not opened, then we open facilities at the
corresponding nodes pj , qj , rj . Since we are given a feasible truth assignment, there is at least one TRUE
literal in each clause. Hence, among nodes mj , nj , oj , at least one node is not neighbouring an open facility
in Layer 1. Therefore, we open a facility at at least one node from pj , qj , rj in each subgraph Lj

2. Without
loss of generality, suppose we open a facility at node pj . This allows us to open a facility at its neighbouring
node s1j without giving the customer at pj an incentive to go to facility s1j . Hence, we open facilities at
nodes s0j , s

1
j , who serve customers at s0j , . . . , s

3
j , while customers at mj , pj and nj , qj as well as oj , rj are

served at their respective facility. Observe that each customer is assigned to one of their most preferred
facility and that each facility serves exactly two customers. Hence, we constructed a feasible solution for T .

Conversely, consider a feasible solution to instance T . In our (3, B2)-SAT instance X, we set variable xi

to TRUE if facility y−i is opened and to FALSE if facility y+i is opened. This is feasible, since we either open
a facility at node y+j or y−j , as stated in Claim 1.

Suppose there exists a clause Cj in which all literals are FALSE. In this case, nodes mj , nj , oj are all
neighbouring an open facility in Layer 1. In order to prevent customers at these nodes from deviating to
Layer 1, we have to open facilities at mj , nj , oj . However, due to Claim 2, at least one facility has to be
opened among nodes pj , qj , rj ; then, their neighbouring facility at mj , nj , oj does not meet its lower bound
on its demand - a contradiction. Hence, there is at least one TRUE literal in each clause. Therefore the
constructed assignment is a solution to the (3, B2)-SAT instance X, which proves the theorem.

It remains to prove that Claims 1 and 2 in the previous proof are true. We start by proving Claim 1.

Lemma 4. Let instance T be as constructed in the proof of Theorem 5. In every feasible solution to T , we
either open a facility at node y+i or y−i for i = 1, 2, . . . , n. Moreover, each customer is served within their
respective subgraph Li

1 or Lj
2.

Proof. We first show that at least one facility is opened in each subgraph Li
1, L

j
2.

Suppose there is a feasible solution in which all facilities in subgraph Li
1 are closed. Also suppose that

there exists an open facility in a neighbouring subgraph Lj
2. Due to the large cost of jumping between layers,

all eight customers from Li
1 prefer a facility in one of the neighbouring subgraphs Lj

2. Since T is constructed
from a (3, B2)-SAT instance in which each literal occurs exactly twice, there are only four edges leaving Li

1.
At least one of these edges is used by at least 8/4 = 2 customers from Li

1. Without loss of generality, suppose
that at least two customers enter a neighbouring subgraph Lj

2 via node mj . Then, the facility at mj must
be closed since otherwise mj would serve at least three customers. Analogously, facilities at pj and s1j must
be closed. Therefore, we need at least five potential facilities with equal distance to s1j in Lj

2 which serve the
two customers from Li

1 as well as the customers at mj , pj , and sj2. Such facilities do not exist in Lj
2. Hence,

if no facility in Li
1 exists, then there cannot be a facility in any neighbouring subgraph Lj

2.
Suppose there is a feasible solution in which all facilities in subgraph Lj

2 are closed. Also suppose that
there exists an open facility in a neighbouring subgraph Li

1. Analogue to above, the ten customers from Lj
2

are served at a facility in a neighbouring subgraph Li
1. Since only three edges leave Lj

2, there exists a
neighbouring subgraph Li

1 in which at least ⌈10/3⌉ = 4 customers are served. However, there exist no four
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nodes with equal distance from the nodes y+i , y
−
i via which the customers from Lj

2 may enter. Hence, if no
facility in Lj

2 exists, then there cannot be a facility in any neighbouring subgraph Li
1.

In summary, if there exists a subgraph in which no facility is opened then we can propagate the
arguments above such that there exists no facility at any node that can be reached from the considered
subgraph. Hence, the customers cannot be served, contradicting the feasibility of the solution.

Since at least one facility is opened in each subgraph Li
1 for i = 1, 2, . . . , n, the distance from nodes y+i

and y−i to the nearest facility is less than 6 – the distance between Layer 1 and Layer 2. Hence, customers at
nodes y+i and y−i are served at facilities in their own subgraph Li

1. Since y+i or y−i lie on every path from Li
1

to every other subgraph, it immediately follows that no customer in Li
1 deviates to another subgraph.

Accordingly, we open at least 8/2 = 4 facilities in Li
1, since any open facility serves at most two customers.

We show next that we open exactly four facilities and that there are only two possible combinations within Li
1.

Suppose we open a facility at node ai. Then, we have to ensure that ai serves at least two customers. If
we open a facility at bi, li, or y+i then all customers except ai prefer these facilities over ai, and thus ai only
serves itself. Hence, the facility at bi, li, y+i must be closed. Note that due to the symmetry of Li

1, opening gi
implies that we cannot open facilities at ei, hi, y

−
i . Thus, if we open ai and gi simultaneously, then all other

facilities in Li
1 must be closed, contradicting that we open at least four facilities. Hence, we cannot open ai

and gi simultaneously. Thus, if facility ai is open, then we also open facilities y−i , ei, hi.
Suppose we open no facility at node ai. Then we must open a facility at node bi. Otherwise, cus-

tomers ai, bi would both be served at the same facility, thus breaking their capacity, since the distances
from bi to any other facility in Li

1 are distinct. We also need to open facilities at nodes li, y
+
i , since their

customers would otherwise prefer facility bi and break their capacity together with customer ai. Assume
that facility gi is closed. Due to symmetry between ai and gi, we then need to open facility ei. Due
to symmetry between bi and ei, this implies that facilities hi and y−i need to be open. However, if we
open bi, li, hi, ei, y

−
i , y

+
i , then facilities li, hi can only serve themselves. Hence, facility gi needs to be open

if ai is closed.
In summary, we either open facilities at ai, y

−
i , hi, ei or at gi, y

+
i , li, bi. In particular, we either open a

facility in node y+i or y−i , which shows the first part of the lemma.
We already showed that all customers in Layer 1 are served at their own subgraph. Conversely, if

a customer would deviate from their subgraph in Layer 2, then they would be served at a neighbouring
subgraph in Layer 1. However, this would break capacities of facilities in Layer 1, since they can serve
exactly the customers in their own subgraph. This shows the second part of the lemma.

Last but not least, we prove Claim 2 from the proof of Theorem 5.

Lemma 5. Let instance T be as constructed in the proof of Theorem 5. In any feasible solution, at least
one facility has to be opened among nodes pj , qj , rj for j = 1, 2, . . . , k.

Proof. Suppose that all facilities at nodes pj , qj , rj in Lj
2 are closed. Then the distance from mj , nj , oj to a

different facility in Lj
2 is at least 15. From Lemma 4, we know that we open a facility either at y+i or at y−i in

any subgraph in Layer 1. Hence, the distance from each customer at mj , nj , oj to their closest open facility
in Layer 1 is at most 9. In order to stop customers mj , nj , oj from deviating to Layer 1, we have to open
facilities at mj , nj , oj .

In order to meet the capacity and demand constraints of the facilities at mj , nj , and oj , they have to
serve customers at pj , qj , and rj , respectively. In order to serve the whole demand in Lj

2, we have to open
two facilities among nodes s0j , . . . , s

3
j in addition to the facilities at mj , nj , oj . Then, we have to open at

least one facility among nodes s1j , s
2
j , s

3
j . Opening a facility at one of these three locations encourages their

neighbouring customer at pj , qj , rj to deviate from their serving facility at mj , nj , oj to their neighbouring
facility at s1j , s2j , s3j . This leaves at least one facility in mj , nj , oj with serving only themselves – a contradiction
to the solution being feasible.

Theorem 5 also holds true for the CFLP-CA with revenue constraints and distinct assignment costs. To
see this, note that we never used indifferences in the preference of customers the proofs above. Furthermore,
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Theorem 5 confirms our observation that preference constraints increase the computational complexity of
the location problem. Recall that the complexity of determining feasibility of the CFLP (with revenue
constraints) arises from the strong NP-completeness of the corresponding assignment problem, and we can
determine feasibility of the CFLP (with revenue constraints) in polynomial time if customer demands are
uniform. In contrast, while the assignment problem of the CFLP-CA with revenue constraints and uniform
demands can be solved in polynomial time (Theorem 4), determining locations for the facilities and, thereby,
determining feasibility is strongly NP-complete.

8 Conclusion
In this paper, we investigate the computational complexity of the single-source capacitated facility location
problem with customer preferences (CFLP-CP). While the complexity of (single-source capacitated) facility
location problems (CFLP/UFLP) is already well studied, less research has been conducted on the CFLP-CP.
Our results indicate that customer preferences can ease the strong NP-completeness of assigning customers
to facilities. More specifically, we prove that determining feasibility of the CFLP-CP with strict preferences
can be done in polynomial time (Theorem 1), and computing a feasible solution for the CFLP-CP with
strict preferences defined by assignment costs is exactly weakly NP-hard (Theorem 3 and Proposition 2).
Both cases are strongly NP-complete in the CFLP. Furthermore, we show that the complexity of the assign-
ment problem with uniform customer demands, which is known to be polynomially solvable for the CFLP,
seems to retain its computational complexity under the consideration of preference constraints; cf. Proposi-
tions 1 and 3 and Theorem 4. Additionally, our results indicate that preference constraints can increase the
computational complexity of locating facilities. More specifically, we prove that solving the uncapacitated
facility location problem with strict customer preferences (UFLP-SCP) on paths is strongly NP-hard (Theo-
rem 2), conversely to solving the UFLP on paths. Furthermore, we prove that determining feasibility of the
CFLP-CP with revenue constrains, uniform demands, and preferences defined by assignment costs is strongly
NP-complete (Theorem 5) in contrast to determining feasibility of the CFLP with revenue constraints and
uniform demands.

Future work may focus on various directions. First, the polynomial algorithm that determines feasibility
of the CFLP-CP with strict preferences can be used in heuristics starting from feasible solutions. This
raises the question whether heuristics for the traditional UFLP or the UFLP-SCP can be adapted to our
problem. Second, the result that arbitrary preference constraints have a strong impact on the computational
complexity of the UFLP-SCP raises the question whether there are further preference patterns besides closest
assignments for which there are polynomially solvable or weakly NP-hard special cases. Third, the weak NP-
hardness on star graphs for the CFLP-CA with strict preferences as well as the polynomial time algorithm
for the CFLP-CA with uniform demands on star graphs raises the question whether it is possible to extend
these results to general trees. The consideration of special trees, such as spiders or caterpillars, might help
in investigating this question.
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