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Abstract

This paper studies the primal-dual convergence and iteration-complexity of prox-
imal bundle methods for solving nonsmooth problems with convex structures. More
specifically, we develop a family of primal-dual proximal bundle methods for solv-
ing convex nonsmooth composite optimization problems and establish the iteration-
complexity in terms of a primal-dual gap. We also propose a class of proximal bun-
dle methods for solving convex-concave nonsmooth composite saddle-point problems
and establish the iteration-complexity to find an approximate saddle-point. This pa-
per places special emphasis on the primal-dual perspective of the proximal bundle
method. In particular, we discover an interesting duality between the conditional gra-
dient method and the cutting-plane scheme used within the proximal bundle method.
Leveraging this duality, we further develop novel variants of both the conditional gra-
dient method and the cutting-plane scheme.
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1 Introduction

This paper considers two nonsmooth problems with convex structures: 1) the convex non-
smooth composite optimization (CNCO) problem

6. == min{@(x) := f(z) + h(z) : ¢ € R"}, (1)
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where f,h: R" — RU{+o00} are proper lower semi-continuous convex functions such that
domh C dom f; and 2) the convex-concave nonsmooth composite saddle-point problem
(SPP)

min max {o(z,y) := f(z,y) + ha(z) — ha(y)}, (2)

where f(z,y) is convex in x and concave in y, and h; : R" - RU {400} and hg : R™ —
RU{+0o0} are proper lower semi-continuous convex functions such that dom hq x dom hy C
dom f. The main goal of this paper is to study the primal-dual convergence and iteration-
complexity of proximal bundle (PB) methods for solving CNCO and SPP.

Classical PB methods, first proposed in [13,28] and further developed in [14,20], are
known to be efficient algorithms for solving CNCO problems. At the core of classical PB
methods is the introduction of a proximal regularization term to the standard cutting-plane
method (or Kelly’s method) and a sufficient descent test. Those methods update the prox
center (i.e., perform a serious step) if there is a sufficient descent in the function value;
otherwise, they keep the prox center and refine the cutting-plane model (i.e., perform a null
step). Various bundle management policies (i.e., update schemes on cutting-plane models)
have been discussed in [7,9,12,23,24,27]. The textbooks [24,25] provide a comprehen-
sive discussion of the convergence analysis of classical PB methods for CNCO problems.
Iteration-complexity bounds have been established in [1,6,7,12] for classical PB methods
for solving CNCO problems (1) with A = 0 or being the indicator function of a nonempty
closed convex set. Notably, the first complexity of classical PB methods is given by [12] as
O(¢73) to find a &-solution of (1) (i.e., a point Z € dom h satisfying ¢(Z) — ¢ < &).

Since the lower complexity bound of CNCO is Q(£72) (see for example Subsection 7.1
of [16]), it is clear that the bound O(~3) given by [12] is not optimal. Recent papers [16,17]
establish the optimal complexity bound O(£72) for a large range of prox stepsizes by
developing modern PB methods, where the sufficient descent test in classical PB methods
is replaced by a different serious/null decision condition motivated by the proximal point
method (PPM) (see Subsection 3.1 of [16] and Subsection 3.2 of [17]). Moreover, [17] studies
the cutting-plane (i.e., multi-cuts) model, the cut-aggregation (i.e., two-cuts) model, and
a newly proposed one-cut model under a generic bundle update scheme, and provides a
unified analysis for all models encompassed within this general update scheme.

This paper investigates the modern PB methods for solving CNCO problems from
the primal-dual perspective. More specifically, it shows that a cycle (consecutive null steps
between two serious steps) of the methods indeed finds an approximate primal-dual solution
to a proximal subproblem, and further establishes the iteration-complexity of the modern
PB methods in terms of a primal-dual gap of (1), which is a stronger convergence guarantee
than the &-solution considered in [16,17]. Furthermore, the paper reveals an interesting dual
relationship between the conditional gradient (CG) method and the cutting-plane scheme
for solving proximal subproblems within PB. Extending upon this duality, the paper also
develops novel variants of both CG and the cutting-plane scheme, drawing inspiration from
both perspectives of the dual relationship.



An independent study conducted concurrently by [8] examines the same duality under
a more specialized assumption that f is piece-wise linear and A is smooth. Building upon
the duality and using the convergence analysis of CG, [8] is able to improve the general
complexity bound O(6-2) to O(6~*/°) in this context. The duality relationship between the
subgradient method/mirror descent and CG is first studied in [3]. Related works [2,5,19,30]
investigate the duality between Kelly’s method/simplicial method and CG across various
settings, and also examine the primal and dual simplicial methods.

The second half of the paper is devoted to developing modern PB methods for solving
convex-concave nonsmooth composite SPP. While subgradient-type methods have been
extensively studied for solving such SPP, for example, [10, 18,21, 22,26,29], PB methods,
which generalize subgradient methods by better using the history of subgradients, have
received less attention in this context. Inspired by the PPM interpretation of modern PB
methods, this paper proposes a generic inexact proximal point framework (IPPF) to solve
SPP (2), comprising both a composite subgradient method and a PB method as special
instances. The paper finally establishes the iteration-complexity bounds for both methods
to find an approximate saddle-point of (2).

Organization of the paper. Subsection 1.1 presents basic definitions and notation
used throughout the paper. Section 2 describes the primal-dual proximal bundle (PDPB)
method and the assumptions on CNCO, and establishes the iteration-complexity of PDPB
in terms of a primal-dual gap. In addition, Subsection 2.1 presents the key subroutine,
namely a primal-dual cutting-plane (PDCP) scheme, used within PDPB for solving a
proximal subproblem and provides the primal-dual convergence analysis of PDCP. Sec-
tion 3 explores the duality between PDCP and CG by demonstrating that PDCP applied
to the proximal subproblem produces the same iterates as CG applied to the dual prob-
lem. Subsection 3.1 presents an alternative primal-dual convergence analysis of PDCP
using CG duality. Moreover, inspired by the duality, Subsections 3.2 and 3.3 develop
novel PDCP and CG variants, respectively. Section 4 extends PB to solving the convex-
concave nonsmooth composite SPP. More specifically, Subsection 4.1 introduces the IPPF
for SPP and Subsection 4.2 describes the PB method for SPP (PB-SPP) and establishes
its iteration-complexity to find an approximate saddle-point. Section 5 presents some
concluding remarks and possible extensions. Appendix A provides a few useful technical
results and deferred proofs. Appendices B and C are devoted to the complexity analyses
of subgradient methods for solving CNCO (1) and SPP (2), respectively.

1.1 Basic definitions and notation

Let R denote the set of real numbers. Let Ry, denote the set of positive real numbers.
Let R™ denote the standard n-dimensional Euclidean space equipped with inner product
and norm denoted by (-,-) and || - ||, respectively.

For given f : R"™ — (—o0,+0o0], let dom f := {z € R": f(x) < oo} denote the effective
domain of f. We say f is proper if dom f # (). A proper function f : R" — (—o0, +00] is



p-strongly convex for some p > 0 if for every z,y € dom f and ¢ € [0, 1]

()—MH

fltz+ 1 —ty) <tf(z)+(1—t)f(y 5l =yl

Let Conv (R™) denote the set of all proper lower-semicontinuous convex functions. For
€ > 0, the e-subdifferential of f at x € dom f is denoted by

O:f(x) == {s € R": f(y) = f(2) + (s,y —x) —¢&,Vy € R"}. 3)

We denote the subdifferential of f at x € dom f by 0f(z), which is the set dyf(x) by
definition. For a given subgradient f’(z) € df(z), we denote the linearization of convex
function f at by £¢(-;x), which is defined as

lr(2) = f(z) + (f'(2), —2). (4)

2 Primal-dual proximal bundle method for CNCO

In this section, we consider the CNCO problem (1). More specifically, we assume the
following conditions hold:

(A1) a subgradient oracle, i.e., a function f’ : domh — R"™ satisfying f'(x) € df(z) for
every x € dom h, is available;

(A2) || f'(z)|| < M for every x € dom h and some M > 0;
(A3) the set of optimal solutions X, of problem (1) is nonempty.
Define the linearization of f at x € domh, £y : domh — R as
lr(x) = f@) + (f'(2), — ).
Clearly, it follows from (A2) that for every z,y € dom h,
f(a) = Lp(asy) < 2M ||z — yl|. (5)
For a given initial point xy € dom h, we denote its distance to X, as

do = [lay — ol := axgmin { . — o]} (6)

TxEXx

The primal-dual subgradient method denoted by PDS(xg, \), where 2y € dom h is the
initial point and A > 0 is the prox stepsize, recursively computes

. 1
sk = f(zp_1) € Of (xp_1), k= argrﬂgm {ff(u; Tp—1) + h(u) + 5\\11, — mk1|]2} . (7
u€eR™

For given tolerance & > 0, letting A\ = &/(16M?), then the iteration-complexity for
PDS(zg, A) to generate a primal-dual pair such that the primal-dual gap of a constrained
version of (1) is bounded by & is O(M?2d3/2?) (see Theorem B.2).
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2.1 Primal-dual cutting-plane scheme

The PDPB method solves a sequence of proximal subproblems of the form

uER™

i {w(u) = o) + 5 lu - xk_1||2} , (®)

where ) is the prox stepsize and xj_; is the prox center in the k-th proximal subproblem
(or cycle). We omit the index k in ¢* when it is clear from the context. Each proximal
subproblem invokes the PDCP scheme to find an approximate solution. Hence, PDPB can
be viewed as a generalization of PDS, which only takes one proximal subgradient step (i.e.,
(7)) to solve every proximal subproblem (8). The goal of this subsection is to describe the
key subroutine PDCP for solving (8) and present its primal-dual convergence analysis.

At the j-th iteration (within a cycle of PDPB), given some prox stepsize A > 0 and
prox center g, PDCP computes a primal-dual pair (z;,s;) as follows

x; = argmin {Fj(u) + h(u) + i||u - x0||2} . sj € 0l(xy), 9)
ucR” 2\

where I'; is a proper, closed and convex function satisfying I'; < f for every j > 1. Starting

from I'y1(-) = £¢(-;20), and for every j > 1, I'j4; is obtained from the following generic

bundle management (GBM), which is motivated by BU given in Subsection 3.1 of [17]. It is

easy to verify that one-cut, two-cuts, and multiple-cuts schemes (i.e., (E1)-(E3)) described

in Subsection 3.1 of [17] all satisfy GBM.

Algorithm 1 Generic Bundle Management, GBM(A, 75, zo, z;, ;)

Initialize: (\,7;) € Ry4 x[0,1], (zo,zj) € R" xR", and I'; € Conv (R") satisfying I'; < f
e find a bundle model I'j; € Conv (R") satisfying I'; < f and

Uja() 2 ml5(0) + (1= 7)€ (5 25), (10)
where I'; € Conv (R") satisfies I'; < f and

= 1
Lj(zy) =Tj(x5), x5 = argmin {Fj(U) +h(u) + oy llu— -’L‘OHQ} - (11)

Output: I'j;;.

PDCP computes an auxiliary sequence {Z;} to determine termination. It sets Z; = 1,
and for j > 1, it chooses ;11 such that

OMEjp1) < 150MN(E5) + (1= 75)9MN(m541) (12)



where ¢* is as in (8). PDCP also computes

u€eR”

my = min {5+ + ool L =M@ w0

For given tolerance € > 0, PDCP terminates the current cycle when t; < e.
PDCP is formally stated below.

Algorithm 2 Primal-Dual Cutting-Plane, PDCP(z, A, ¢)
Initialize: given oy € domh, A >0, e > 0, set tg = 2¢, I'1(-) = £¢(-;20), and j = 1;
while tjfl > e do
1. compute (z},s;) by (9), choose Z; as in (12), and set ¢; as in (13);
2. select 7; € [0,1] and update I'j11 by GBM(A, 75, 20, x;,I';) and j < j + 1;
end while
Output: (ijl, jjfl, ijl)-

The auxiliary iterate ; vaguely given in (12) can be explicitly computed by either of
the following two formulas:

jj-ﬁ-l = ijj + (1 - Tj)xj-i-l, V_] > 1,

and
Z; € Argmin {Mu) :u e {x1,...,2;}}, Vj>1.

Clearly, {Z;} obtained from the second formula above satisfies (12) with any 7; € [0, 1].
The following result proves that ¢; is an upper bound on the primal-dual gap for (8)
and hence shows that (Z;, s;) an approximate primal-dual solution pair for (8).

Lemma 2.1. Define h*(-) := h(-) + || - —xo||>/(2)\). Then, we have for every j > 1,
O (Z5) + [ (s5) + (W) (=s5) < 1. (14)

Proof: It follows from (9) that s; € dT;(z;) and —s; € Oh*(z;). Using Theorem 4.20
of [4], we have

Ui(sj) = —Tixg) + (sj,25), (W) (=s5) = =hMw5) = (s, 25).
Combining the above identities and using the definition of m; in (13), we have
—mj =T} (s5) + (1Y) (—s;).
It clearly from I'; < f that 1"; > f*. This observation and the above inequality imply that
O (&) + [ (s5) + (W) (=s5) < &N&5) —my.
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Hence, (14) immediately follows from the definition of ¢; in (13). Finally, we note that
—f*(s) — (h")*(—s) is the Lagrange dual function of ¢*(z) in (8). Therefore, the left-hand
side of (14) is the primal-dual gap for (8). "

With regard to Lemma 2.1, it suffices to show the convergence of ¢; to develop the
primal-dual convergence analysis of PDCP. We begin this analysis by providing some basic
properties of GBM. The following lemma is adapted from Lemma 4.4 of [17], and hence
we omit the proof.

Lemma 2.2. For every j > 1, there exists fj € Conv (R™) such that for every u € R™,
= A 1 2
) + 1) 2 mj + 5 flu = o (15)

Following Lemma 2.2, we are able to present the convergence rate of ¢; under the
assumption that 7; = j/(j + 2) for every j > 1. The following proposition resembles
Lemma 4.6 in [17].

Proposition 2.3. Considering Algorithm 2 with 7; = j/(j + 2), then for every j > 1, we

have
2t1 16AM?

< — + =
PTG+ g+l

where t; is as in (13). Moreover, the number of iterations for PDCP to obtain t; < ¢ is at

most v )
t1 M
o— 1).
< e e T >
Proof: We first note that for every j > 1, 7; = A;/A;j11 where Aj11 = Aj +j + 1 and
Ap=0,ie.,A; =j(j+1)/2 for every j > 0. It follows from this observation, the definition
of m; in (13), and relation (10) that

; (16)

(13)
Ajpimin = Aja (T + ) (zj41)
w | .
> A [(Fj +h )(l‘j+1)] +(+1) [gf(xj-&-l;fj) +h (JUj-i-l)} :

Using Lemma 2.2(a) and (5), we have

(15) 1 .
Aj+1mj+1 > Aj [mj + ﬁ”ijrl — $j||2:| +(+1 [ff(a:j+1;xj) + hA(ZEjJrl)}
4,

= Ajm;+(j+1) [Ef(l“jﬂ; ;) + b @) + m”%‘ﬂ - xj”ﬂ
®) , N Aj 2
> Ajmj+ (5 +1) |97 (xj41) — 2M [|zj41 — 24| + m”%’ﬂ — |
2AM2(j +1)2

> Ajmj + (j + 1)o™N @) — e
J



where the last inequality is due to the Young’s inequality a® + b> > 2ab. It follows from
the fact that A; = j(j + 1)/2 that for every j > 1,

Ajramgir = Agmg + (4 1)¢M wj41) — 8AM2.

Summing the above inequality from j =1 to j — 1, and using the definition of ¢; in (13)
and the fact that £; = x1, we obtain

Ajmj > Aymy +2¢M () + -+ + ¢ () — BAMP(j — 1)

L ity + A (1) + 20 (wa) + - + 6 () — SAM(j — 1)

(12)
> — Aty + AN (F5) — 8AMP(5 - 1),

where the last inequality follows from (12) and the fact that A; = A;_1 + j. Rearranging
the terms and using the definition of ¢; in (13) again, we have

Ajt; < Arty + 8AM?(j — 1). (17)

Hence, (16) follows from the fact that A; = j(j + 1)/2. Finally, the complexity bound
immediately follows from (16). n

2.2 Primal-dual proximal bundle method

Recall the definitions of dy and x§ in (6). Since xj € B(xo, 6dp), which is the ball centered
at xo and with radius 4dp, it is easy to see that to solve (1), it suffices to solve

min {gb(x) = flz)+h(z):ze R”} =min{¢(z) : z € Q}, (18)

where h = h 4 I and I is the indicator function of Q = B(x, 6dp).
In what follows, we present the PDPB and establish the complexity for obtaining a
primal-dual solution pair of (18). The PDPB is formally stated below.

Algorithm 3 Primal-Dual Proximal Bundle, PDPB(z, A, €)
Initialize: given (zo, A, &) € domh x Ry x Ryy
for k=1,2,--- do
e call oracle (zy, Tk, s) = PDCP(xg_1,\, &) and compute

k k
Zi’i, Sk = Zsi. (19)
i=1 i=1

| =
> =

T =

end for




In the k-th iteration of PDPB, we are approximately solving the proximal subproblem

win {m) = () + g lu :c“u?} | (20)

u€R”™
Here we abuse the notation ¢* (also see (8)), while it should be clear from the context. Re-
call from Subsection 2.1 that (20) is approximately solved by invoking PDCP. The (global)
iteration indices in PDCP are regarded as the k-th cycle, denoted by Cx = {ik,...,jx},

where ji is the last iteration index of the k-th call to PDCP, jo = 0, and i = jr_1 + 1.
Hence, for the ji-th iteration of PDCP, we have

Tp = T4, Tp =724, Sk=35j, Lrp=ILj, mp=m,, (21)
and (9) becomes
: 1 2
xp, = argmin  Tp(u) +h(u) + o5 [lu —zpa " p ) sk € OLk(zk). (22)
ueRn 2)\

The following lemma provides basic properties of PDPB and is the starting point of
the the complexity analysis of PDPB.

Lemma 2.4. The following statements hold for every k > 1:
(a) Ty, < f and f* <T%;
(b) si € OTk(xk) and g € Oh(xy) where g = —sg + (Tk—1 — k) /A;
(c) oMir) <&+ my =&+ (Tr + h)(z) + loe — ze1]/(2)).

Proof: (a) It follows from the facts that I'; < f for every j > 1 and I'y, =T, that the first
inequality holds. The second one immediately follows from the first one and the definition
of the conjugate function.

(b) This statement follows from (22) and the definitions in (21).

(c) This statement follows from the termination criterion of the k-th cycle, that is,
tj, <&, and the definitions in (13) and (21). ]

The following proposition is a key component of our complexity analysis, as it estab-
lishes an important primal-dual gap for (1).

Proposition 2.5. For every k > 1, we have

. 2
Bew) + £7(51) + 1 (s S 2 S0,

where Ty, and 55 are as in (19).



Proof: It follows from Lemma 2.4(b) and Theorem 4.20 of [4] that for every k > 1,

Di(zr) + Ti(sk) = (@k, sk),  h(xg) + 1" (gr) = (2K, gi)-

Summing the above two equations yields

* * 1
(P + h) (k) + Te(sk) + 17 (g8) =  {@n, 21 — ). (24)
Using the above identity and Lemma 2.4(a) and (c), we have for every k > 1,

¢(Zx) + £ (sk) + h*(gk) < ¢(@k) + Ti(sk) + h*(gr)

<&+ (T + h)(zg) + *||~’Uk — @p1|1? + Ti(sk) + h*(gr)

24
Det o Uzl ).

Summing the above inequality from k = 1 to k, and using convexity and the definitions in
(19), we obtain

1

Bw) + £ (58) + h*(30) <+ 5 (ool = ) (25)
where g, = (Zle gi)/k. Define
() = syl = 2olP, () = m(w) — Io(a). (26)

Noting that Vi, (zx) = (xx —x0)/(Ak) = —gr — 5k, and hence it follows from Theorem 4.20
of [4] that

1

* — _ ]_
Ne(—Gk — 51) = E@C’“ — x0, Tk) — N(Tk) = E (llzwll® = llzoll?) -

The above observation and (25) together imply that

o(zk) + f*(5k) + h*(gr) + nj(—gr — Sk) < E. (27)

It follows from Theorem 4.17 of [4] that

(B )" (=5k) = (h"Dg) (=55) = min {27 (u) + 0k (=5 — w)} < h7(gr) + 1(=Fk — 5k)-

Noting from (26) that h=h+ Nk — Mk and applying Theorem 4.17 of [4] again, we obtain
W (=5k) = [(h+m) D(=i) ) (—5%) = min {(h+ )" (w) + (=) (=5k — u)}

< (h+m)" (=5%) + (—1%)*(0).

10



Summing the above two inequalities, we have
R (=51) < h*(gk) + m(=gk — 58) + (=) (0),
which together with (27) implies that
B(Z) + I (58) + ™ (=5k) < &+ (=) (0).
It follows from (26) that

s lu — o> maxyeq ||u — ol _ 18d
— — — RN I frd =
(=7)"(0) um€%§{<0,U> < o e I VA

where the last identity follows from the fact that @ = B(x¢, 6dy). Therefore, (23) holds in
view of the above two relations. [

The next lemma is a technical result showing that xx € @ and Z € @ under mild
conditions, where @ = B(zo, 6dp).

Lemma 2.6. Given (z9,&) € R" xRy, if A < 2d%/¢ and k < 2d3/(\é), then the sequences
{z1} and {Zy} generated by PDPB(xo, A, €) salisfy

T €Q, T €Q. (28)

Proof: Noticing that the objective function in (22) is A~ !-strongly convex, it thus follows
from Theorem 5.25(b) of [4] that for every u € dom h,

1 1
my + *HU — ag|® < Ti(u) + h(u) + ﬁ”u — e < B(u) + ﬁ”u — x|, (29)

where the second inequality follows from the first one in Lemma 2.4(a). Taking v = z{ in
(29), we have

1
my, + *lek — 21”6+ gyllmror — gl

This inequality and Lemma 2.4(c) then imply that
1 |2 ~ 2
oIk — 2ol = o(Zk) — du + ka — x|
< ¢(T) —mi + *lek -3l <E+ oy Ika 1= gl
Summing the above inequality from k£ =1 to k, we have
lzy, — 251> < llwo — «§||* + 2kAe.

Using the fact that v/a + b < v/a + v/b for a,b > 0 and the assumption that k < 2d3/()\é),
we further obtain
|z — zg|| < do + V2kAE < 3dp. (30)

11



Taking u = fi‘k in (29) and using Lemma 24(C), we have
! H~ ||2 < (~ ) ! ||~ ||2 <€
T xr o(xr) + X Tl— m .
I\ k kIl = k 2\ k k-1 k>

Under the assumption that A < 2d3/, using (30), the above inequality, and the triangle
inequality, we have

(30)
|2k — ol < llzk — 25/l + |25 — oll < 4do,

||§:k — 330” < ka — l‘o” + ||ff?]€ — .’L‘kH < 4dy + vV2A& < 6dp.

Hence, (28) follows immediately. "
Now we are ready to present the number of oracle calls to PDCP in PDPB (i.e., Algo-
rithm 3).

Proposition 2.7. Given (19,&) € R" x Ry, if X < 2d3/&, then the number of iterations
for PDPB(xg, A\, &) to generate (T, 5k) satisfying

O(Zk) + [*(56) + h*(—5) < 10 (31)
is at most 2d3/(\€).

Proof: Since () is a convex set, it follows from the definition of Zj in (19) and Lemma 2.6

A

that Z € Q for every k < 2d3/(\2). This observation and the fact that h = h + I imply
that h(Zy) = h(Zy). Hence, using Proposition 2.5, we have for every k < 2d3/(\é),

N R 2
Baw) + £1(50) + 1 (s S 2 S0,

Therefore, the conclusion of the proposition follows immediately. [
The following lemma is a technical result providing a universal bound on the first gap
t;,, for each cycle Cy.

Lemma 2.8. For k < 2d3/(\é), we have
ti, <t:=4M3dy+ A\M), (32)
where iy, is the first iteration index in the cycle Cy,.

Proof: Using (5), definitions of m; and ¢; in (13), and the facts that ;, = z;, and
I, = £¢(-;25-1), we have

(13) .
i, = d))\ (xlk) — My, = d))\(xlk) — My,

(13) &)

= fzi,) = Ly(@iy;06-1) < 2M |23, — 21| - (33)

12



In view of (9) and the fact that I';, = £¢(-;2x—1), we know the first iteration of PDCP
is the same as PDS(xzg, \) (see (7)). Hence, following an argument similar to the proof of
Lemma B.1, we can prove for every u € dom h,

(101) 5 1 9 1 9
Oi) — p(usn 1) = hu) = A+l — gy = o = P
It follows from the above inequality with u = x{j and the convexity of f that

0< (b(xlk) — ¢« < ¢(x’bk) - Ef(x'é;l'k,l) - h((]?é)

1 1
2 * 2 * 2
< M2 4+ o — a P = 5 o — a2

Rearranging the terms and using the inequality va + b < v/a + v/b for any a,b > 0, we
have
g — i || < llag — wr—all + 2AM.

This inequality and the triangle inequality then imply that
i, — xp—1ll < iy, =zl + g — 2p—1 ]| < 2|1 — x| + 2AM.

Recall from the proof of Lemma 2.6 that (30) gives ||zx — z§|| < 3dy for k < 2d%/()\é).
Hence, we have
i, — zp—1]| < 2(3do + AM).

Therefore, (32) follows from (33) and the above inequality. "
Finally, we are ready to establish the total iteration-complexity of PDPB.

Theorem 2.1. Given (z9,&) € R™ x Ry, assuming that X\ satisfies

VEdy 2d2
<AL —
T SAS 2, (34)
then the total iteration-complexity of PDPB(xg, A, €) to find (Zy, 5k) satisfying (31) is
M32d3
o ( - 0 4 1) . (35)
Proof: In view of Proposition 2.7, PDPB takes
dg
—+1
o) -

cycles to find (Z, 5) satisfying (31). It follows from Proposition 2.3 and Lemma 2.8 that
for every cycle in PDPB before termination, the number of iterations in the cycle is

VMdy + AXM2  \M? VMdy AM?
(’)( ot + +1>:O< 2+ 2 +1>,
VE VE g
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which together with the assumption that \/edo/M 3/2 < X\ becomes

AM?
o(*%+1). (37)
5
Combining (36) and (37), and using (34), we conclude that (35) holds. "

3 Duality between PDCP and CG

The dual problem of the proximal subproblem (8) can be written as

min {6(2) = (W)*(=2) + f*(2) } (38)

where —4) is the dual function of ¢* and h* is as in Lemma 2.1. Since h* is A~ !-strongly

convex, (h*)* is A-smooth and one possible algorithm to solve (38) is the CG method.
We describe CG for solving (38) below.

Algorithm 4 Conditional Gradient for (38), CG(z1)
Initialize: given z; € dom f*
for j=1,2,--- do

5 = argmin {(~V(1")"(=2)),2) + [*(2) } (39)
z€ER"™
Zj41 = Tj%; + (1 - Tj)zj- (40)

end for

Motivated by the duality between the mirror descent/subgradient method and CG
studied in [3], we prove the nice connection between CG (i.e., Algorithm 4) and PDCP
(i.e., Algorithm 2) via duality. More specifically, we consider a specific implementation of
GBM within PDCP, that is I'; is updated as

Ljv1() = 7T5() + (1= 15)L5 (5 ). (41)

Since I'1(-) = £¢(-;x0), I'; is always affine and s; = VI'; in view of (9).

The following result reveals the duality between PDCP with update scheme (41) and
CG. Since the tolerance € is not important in the discussion below, we will ignore it as
input to PDCP. Assuming A in both PDCP and CG are the same, we only focus on the
initial points of the two methods. Hence, we denote them by PDCP(xp) and CG(z1).

Theorem 3.1. Giwen g € R", z1 = f'(x0), and the sequence {7;}, then PDCP(x)
with update scheme (41) for solving (8) and CG(z1) for solving (38) have the following
correspondence for every j > 1,

sj=z, x;=V()(~z), fl(x;)=5. (42)
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Proof: We first show that the first relation in (42) implies the other two in (42). Using
the definition of x; in (9), the fact that s; = VI';, and the first relation in (42), we have
xj from PDCP is equivalent to

xj © argmin {(s;, z) + h*(x)} = argmax {(—zj,z) — h*(2)},
zeR? zeR”
which implies that the second relation in (42) holds. The last one in (42) similarly follows
from the second relation and (39).

We next prove the first relation in (42) by induction. For the case j = 1, it is easy to
see from I';(-) = £4(-; o) that

S1 = VF1 = f/(l’o) = Z1.

Assume that the first relation in (42) holds for some j > 1. By the argument above,
we know that the second and third relations in (42) also hold for j. Using the fact that
s; = VI';, the definition of I'j1; in (41), and the last two relations in (42), we obtain

(41)

sjr1 = VD1 = 7;VE; + (1 —75) f'(z;)

42 _ (42 _ (40

D s+ 1 -1z 2 g+ -1z 2 g,

where the last identity is due to (40). Hence, the first relation in (42) also holds for the
case j + 1. We thus complete the proof. [

3.1 Alternative primal-dual convergence analysis of PDCP

Theorem 3.1 demonstrates that PDCP and CG represent primal and dual perspectives
for solving the equivalent problems (8) and (38), respectively. Recall that Proposition 2.3
establishes the primal-dual convergence rate of PDCP for solving (8), and hence it is worth
studying the primal-dual convergence of CG for solving (38) as well. Thanks to the duality
connection illustrated by Theorem 3.1, the convergence analysis of CG also serves as an
alternative approach to study PDCP from the dual perspective.

Recall from (13.4) of [4] that the Wolfe gap S : R” — R for problem (38) is defined by

S(w) = max { (V) (—w),w = 2) + f*(w) — £*(2) } (43)

In the following lemma, we show that S(z;) is a primal-dual gap for (38). This result is an
analog of Lemma 2.1, which also shows that ¢; is a primal-dual gap for (8).

Lemma 3.1. Suppose that the assumptions in Theorem 3.1 hold, then for every j > 1, we
have

S(z) = ¢Mx5) + 1(2)).- (44)
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Proof: Since the assumptions in Theorem 3.1 hold, it follows from Theorem 3.1 that (42)
holds for every j > 1. Using the second relation in (42) and the definition of S(w) in (43),
we have

S(z7) = max { (V) (=2), 55 = 2) + £(5) = ()
(42) L4 «

= f7(z5) = (2, ) + max {(z, 2) - f(2)}
= ["(z) + (xj, —2j) + f(z))
(42) Lk *
= [ (25) + (W) (=) + hMag) + f (),
where we use the second relation in (42) again in the last identity. Finally, (44) immediately
follows from the definitions of ¢* and ¢ in (8) and (38), respectively. "

Recalling from Lemma 2.1 and using the first relation in (42) and the definition of v
in (38), we know

t; > ¢ () + (%), (45)

i.e., t; an upper bound on a primal-dual gap for (38). On the other hand, Lemma 3.1
shows that S(z;) is a primal-dual gap for (38). We also note that the primal iterate used
in S(z;) is x;, while the one used in ¢; is Z;.

The following lemma gives a basic inequality used in the analysis of CG, which is
adapted from Lemma 13.7 of [4]. For completeness, we present Lemma 13.7 of [4] as
Lemma A.1 in Appendix A.

Lemma 3.2. For every j > 1 and 7; € [0, 1], the iterates z; and Z; generated by Algorithm /
satisfy

(1—715)%\,
%sz -z (46)

Proof: It is easy to see that (38) as an instance of (95) with
F:fl/}? f:(h)\)*a g:f*a Lf:)‘

Therefore, (46) immediately follows from (96) with

Y(zj+1) < P(25) — (1 —75)8(2) +

r=z;, t=1-1, p($)=5j7 a:+t(p(:c)—x)=zj+1.

Define

=47 Hy=1 (47)
I Tj—1Uj—1 + (1 — Tj_l)ajj_l, otherwise.

We are now ready to prove the primal-dual convergence of CG in terms of gap gb)‘(uj) +
¥(z;) in the following theorem, which resembles Proposition 2.3 for PDCP. An implicit
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assumption is that we are solving (38) as the dual to the proximal subproblem (8) within
PDPB. Consequently, the iteration count k in PDPB satisfies k < 2d3/()\é), in accordance
with the assumption in Lemma 2.8.

Theorem 3.2. Suppose that the assumptions in Theorem 3.1 hold, and 7; = j/(j + 2),
then for every j > 1,

8M(3do + AM)  8AM?

G+ gL (48)

oM (ug) + 9 (25) <
Proof: Using Lemma 3.1, the convexity of ¢*, and definition of u; in (47), we have for
every j > 1,
~(1=)S() F ~(1 = r)eMay) — (L= ()
< ) + 750 ) — (L ()

This inequality and Lemma 3.2 imply that

(46)
OMujar) + ¥(zi01) < T[N (ug) + 0 (25)] + 2(1 = 75)2AM3,

where we also use the facts that ||Z;|| < M and ||z;|| < M due to (A2) and z;, z; € dom f*.
Note that for every j > 1, 7; = A;/Aj11 where Aj11 = Aj +j+ 1 and Ay = 0, ie,
A; =j(j+1)/2 for every j > 0. It thus follows from the above inequality that

Aja [0 () + 9 (z41)] < A0 (ug) + 9 (27)] + 4AM?
Summing the above inequality from j = 1 to j and using the fact that A; = 1, we have
Aj[Mug) + 9 (z))] < 6Nuwr) +(21) + 4AMZ5.

In view of (47), it is easy to see that u; = x; = Z1, which together with Lemma 2.8 and
(45) yields that

R . 45)  (32)
¢ (ur) +(z1) = 0N(Z1) +¥(21) < t1 < AM(3do + AM).

Therefore, (48) immediately follows from the above two inequalities and the fact that
Aj=j(j+1)/2. =

The results in this subsection justify the implementation of proximal subproblem (8)
using CG from the dual point of view. In other words, PDPB can be also understood as
the inexact PPM with CG as a subroutine.
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3.2 GBM implementations inspired by CG

The discussion in this section so far is based on a particular implementation of GBM
within PDCP, i.e., the one-cut scheme (41) with 7; = j/(j + 2) for every j > 1. Note
that 7; = j/(j + 2) is also a standard choice in CG but not the only option. Inspired by
alternative choices of 7; used in CG (e.g., Section 13.2.3 of [4]), we also consider

a;j = max {0, 1- S('Z])2} (49)

and

pj € Argmin {¢(8z; + (1 - p)z;) : B € [0,1]} (50)
in this subsection and establish convergence rates of CG as in Theorem 3.2 but with a;
and ;. As a consequence of the duality result (i.e., Theorem 3.1), this means that the
one-cut scheme (41) can use also 7; different from j/(j + 2). It is worth noting that these
new choices of 7; and their corresponding convergence proofs are only made possible by
the duality connection discovered in this section.

The following theorem is a counterpart of Theorem 3.2 in the case of choosing 7; of
CG as in (49) or (50). An implicit assumption is that we are solving (38) as the dual to
the proximal subproblem (8) within PDPB. Consequently, the iteration count k& in PDPB
satisfies k < 2d%/()\é), in accordance with the assumption in Lemma 2.8.

Theorem 3.3. Consider Algorithm 4 with 7; as in (49) or (50), then for every j > 1,
(48) holds where w; is as in (47) with 7; = j/(j +2) and z; is as in (40) with 7; as in (49)
or (50) correspondingly.

Proof: First, it follows from Lemma 3.2 and the definition of z;4; in (40) that for any
7 € [0,1],

_ | 6) 1—7)2\,
Wrys + (- )5) < vlz) — (L)) + L s g (e
Claim: In either case of Algorithm 4 with 7; as in (49) or (50), we have for any 7; € [0, 1],
1—7:)2\,
Wlzge1) < U(s5) - (1 - m)Sap) + S A e (52)

In the case of a; in (49), it is easy to see from (40) that zj41 = a;2z; + (1 — «)Z;, which
together with (51) with 7; = «; implies that

1—a)2\,
Wlzgan) <0(z) — (- a)S(a) + S0 Az e (53)
Noting from (49) that
1 — a; = min 1,737 ,
! { Allzy = 2112
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which minimizes the right-hand side of (52) as a quadratic function of 1 — 7; over the
interval [0,1]. Hence, (53) immediately implies that (52) holds for any 7; € [0,1]. In the
case of 3; in (50), it is clear that for any 7; € [0, 1],

(40) _, (50) _
V(zj41) = Y(Bizi + (1= B)z;) < (rj25 + (1 —75)%;).

Hence, (52) immediately follows from this observation and (51). We have thus proved the
claim. Except for 241 in (52) is computed as in (40) with 7; replaced by «; or ;, the claim
is the same as Lemma 3.2. Finally, the conclusion of the theorem holds as a consequence
of Theorem 3.2. n

3.3 New variants of CG inspired by GBM implementations

Motivated by possible 7;’s used in CG, we develop in Subsection 3.2 new implementations
of GBM, i.e., the one-cut scheme (41) with o;; and 3; in (49) and (50), respectively. In this
subsection, we further exploit the duality between PDCP and CG from the other direction
by developing novel CG variants with inspiration from other GBM implementations used
in PDCP.

Apart from the one-cut scheme (41), Subsection 3.1 of [17] also provides two other
candidates for GBM, i.e., two-cuts and multiple-cuts schemes, which are standard cut-
aggregation and cutting-plane models, respectively.

To begin with, we first briefly review the two-cuts scheme. It starts from I'y(:) =
Lo(-) = €¢(+;20). For j > 1, given

() = max{T;_1(-), £s(-;2j-1)} (54)

where f‘j_l is an affine function, the two-cuts scheme recursively updates I'; ;1 as in (54),
i.e., Tj41(-) = max {T;(-),€s(-;x;) }, which always maintains two cuts. The auxiliary bun-

dle model I'; is updated as
Lj() = 0j-a0j-1() + (1 = 0105 (55 2-1), (55)

where 0;_1 is the Lagrange multiplier associated with the first constraint in the problem
below
min r4+ M) T (u) <7, Ce(u, i <r}. 56
omin e ) Ty ) < () < (56)
Proposition D.1 in [17] shows that the above two-cuts scheme satisfies GBM.

Recall the previous options of 7; in CG (see (40)), i.e., /(5 +2), (49), and (50), are all
determined once we know z; and z;. One natural way to generalize CG is to leave 7; and,
consequently, z; 1 undetermined, deferring their computation to the subsequent iteration.
Therefore, (39) and (40) are insufficient to determine 7; and z;1, and more conditions are
needed. For instance, motivated by the two-cuts scheme above, we additionally require

zj = V(N (=2), 01T 1(z) + (1= 61l (ag525-1) = Tj(ay), (57)
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where z; = 60;_12j_1+(1—60;_1)Z;—1 following from (40). Note that (56) is equivalent to (9)
with I'; as in (54), and hence the optimal solution to (56) is (z;,I'j(x;)). As a result, with
the understanding that z; = VI'; and z; = f/(z;), the first identity in (57) corresponds
to the optimality of (56), and the second one in (57) corresponds to the complementary
slackness of (56). Moreover, it follows from (58) that OT; is the convex hull of VI';_; and
f'(zj—1), and hence that

Zj = VFj = 0j71Vf‘j,1 + (1 — ijl)f,(ibjfl) S 8Fj(l‘j).

The discussion above verifies that Theorem 3.1 also holds in the context of the two-cuts
scheme. In other words, in the spirit of Theorem 3.1, this new CG variant is the dual
method of PDCP with the two-cuts implementation of GBM.

We now turn to review the multi-cuts scheme and discuss its implication in generalizing
CG. For j > 1, given an index set I; C {0,---,j — 1}, the multi-cuts scheme sets

L(-) =max {€p(524) i€ I} (58)
The index set [; starts from I; = {0} and recursively updates as
Ij-‘rl = _j-‘rl U {J}v I_j+1 = {Z = Ij : 0; > 0}7

where 0;- is the Lagrange multiplier associated with the constraint ¢¢(u;x;) < 7 in the
problem below

(u,rgrel%}lx]l% {7“ + M u) s p(uyay) <, Vi€ Ij} . (59)
Here, I'j(-) = max {{;(-;x;) : i € I;}. Proposition D.2 in [17] shows that the above multi-
cuts scheme satisfies GBM.

The recursion (40) indicates that z; in CG is a convex combination of {z1, Z1,...,Zj—1}.
Hence, a more general candidate of z; is any point in the convex hull of {21, z1,...,Zj_1}.
Similar to the discussion of the new CG motivated by the two-cuts scheme, we also need to
introduce conditions to determine z; in this generalization. For instance, inspired by the
multi-cuts scheme above, we specifically compute

R =
zj = g 0%z
i€l

with the convention that zy = 21, where 9} is the corresponding Lagrange multiplier for (59).
Now, the positive multiplier 0;- (primal perspective) also serves as the convex combination
parameter (dual perspective). Note that (59) is equivalent to (9) with I'; as in (58), and
hence the optimal solution to (59) is (z;,I'j(x;)). Again, it is easy to verify that

z; € 00j(x)), x; =V (~z), f(z;)=%,
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and hence Theorem 3.1 holds in the context of the multi-cuts scheme. In other words,
following the spirit of Theorem 3.1, this generalization of CG serves as the dual method of
PDCP, implemented with the multi-cuts scheme.

Since the number of nonzero 0; could be small (compared to j), z; has a sparse rep-
resentation in terms of {Zp, Z1,...,%Z;—1}. Assuming {Z;} is a sequence of sparse vectors,
then z; is sparse, and indeed sparser than those generated by CG using (40) with 7; being
]/(] + 2), Qy, ﬂj, and Hj.

Leveraging the primal-dual connections between PDCP with two-cuts and multi-cuts
schemes and the novel CG variants, we present the following convergence result for the
latter. The proof is omitted, as it directly follows from Proposition 2.3 and Lemma 2.8,
which establish the convergence of PDCP under the two-cuts and multi-cuts schemes. An
implicit assumption is that we are solving (38) as the dual to the proximal subproblem
(8) within PDPB. Consequently, the iteration count k& in PDPB satisfies k < 2d3/(\é), in
accordance with the assumption in Lemma 2.8.

Theorem 3.4. Consider the two CG variants described in this subsection, then z; gener-
ated in each variant satisfies

8M (3do + AM)  16AM?2

Nz .

where T; is as in (12) with 7; = j/(j + 2).

4 Proximal bundle method for SPP

In this section, we consider the convex-concave nonsmooth composite SPP (2). More
specifically, we assume the following conditions hold:

a subgradient oracle : domhy x domhy — and and a supergradient oracle

B1 bgradi le fI : domh dom h R” and and di 1
fy : domhy x domhy — R™ are available, that is, we have f;(u,v) € 9, f(u,v) and
fo(u,v) € 0y f(u,v) for every (u,v) € domhy x dom hy;

(B2) both f; and f, are uniformly bounded by some positive scalar M over dom h; and
dom hy, i.e., for every pair (u,v) € domh; x dom ha,

[fe(w, ) < M, | fy(u,0)]| < M; (60)

(B3) dom h; x dom hy is bounded with finite diameter D > 0;
(B4) the proximal mappings of h; and hs are easy to compute;

(B5) the set of saddle points of problem (2) is nonempty.
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Given a pair (z,y) € dom h; x dom hg, for every (u,v) € dom hy x dom hgy, define
Cpiy(wiz) = f2,y) + (folz, ) u—2), L) (i) = fl@,9) + (fy(@,9),0—y).
It is easy to see from (B3) that for fixed (z,y) and every (u,v) € domh; x dom ha,
flu,y) =L gy(us ) <2M|lu —zl|, Ly (viy) = flz,v) <2Mlv =yl (61)

We say a pair (z.,y.) € domh; x dom hy is a saddle-point of (2) if for every (u,v) €
dom hq x dom hs,

We say a pair (z,y) € dom hy x dom hy is an e-saddle-point of (2) if
It is well-known that SPP (2) is equivalent to
i d = — 64
i {8(e.9) = o(x) — vl (64)
where
= == i . 65
() max ¢z,y), ¥(y) = min ¢(z,y) (65)

As a consequence, an equivalent definition of e-saddle-point is as follows: a pair (z,y) €
dom h; x dom hy satisfying

D(z,y) = p(x) —(y) <e. (66)

The equivalence between (63) and (66) is given in Lemma A.2. Another related but weaker
notion is a pair (x,y) € domh; x dom hg satisfying

—& < qﬁ(x,y) - ¢(x*;y*) <e. (67)

The implication from (63) to (67) is given in Lemma A.3.

The composite subgradient method for SPP (2) denoted by CS-SPP(xq,yo,A), where
(x0,y0) € domhy x dom hgy is the initial pair and A > 0 is the prox stepsize, recursively
computes

. 1
x) = argmin {Ef(.,yk_l)(u;a:k_l) + hi(u) + ﬁ”“ - a:k_lHQ} , (68)
uER™
. 1
Yk = argmin {—ff(xkl,-)(v; Ye—1) + h2(v) + oy llo — yk—lHQ} : (69)
veER™

For given tolerance & > 0, letting A\ = £/(32M?), then the iteration-complexity for
CS-SPP(wg, 40, A) to generate a &-saddle point of (2) is bounded by O(M?D?/&2) (see
Theorem C.1).
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4.1 Imnexact proximal point framework for SPP

The generic PPM for solving (64) iteratively solves the proximal subproblem
. 1
(onom) = avgmin {8(9) + 5 fo =P+ 5wl (00)
z€R" yeR™ k
which motivates the following proximal point formulation for solving (2)
. 1
(on, 1) = angminangana {6(2,0) + 5o — ol = 5l -walP ()
r€ER? yeR™ k

However, both (70) and (71) are only conceptual PPMs for SPP. In this subsection, we
introduce the generic IPPF for solving SPP (2) and show that CS-SPP described previously
is a concrete example of IPPF.

Algorithm 5 Inexact Proximal Point Framework for SPP (2)

Initialize: given initial pair (xo,yo) € dom h; x dom hy and scalar o € [0, 1]
for k=1,2,--- do
e choose Ay > 0, ¢ > 0, and d; > 0 and find (x,yx) € domh; x domhy and
(Zk, yr) € dom hy x dom hy such that

(a:kl)\k— $k’ yk—i\k— yk> € 0., [0, yn-1) — (@1, )] (Ex, Tk) (72)
and
ek = 2l + e = Gl” + 222 < 0+ 0 (I — 2nmal® + e — wia?) . (73)
end for

Lemma 4.1. For every k > 1, define pr : R™ — R and di : R™ — R as follows

pe() = f(yp—1) + 7)), di() = = f(@p—1,-) + ha("). (74)
Then, the inclusion (72) is equivalent to for every (u,v) € domh; x dom ha,
Pr(u) + di(v) = pr(Zr) — di(Gr)
1 _ 1 _
>~ (Th—1 — Ty u — Tg) + —(Yk—1 — Yk, — Uk) — Ek- (75)
)\k )\k

Proof: It follows from (72) and the definition of e-subdifferential (3) that for every pair
(u,v) € dom h; x dom ha,

o(u, yk—1) — ¢(Th—1,v) — [¢(T, Yk—1) — ¢(T—1, Ur)]

1 5 1 N
>—(Tp—1 — Tk, u — Tk) + —(Yk—1 — Yk, U — k) — k-
N Ak
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Observing from the definitions of py and dj in (74) that

pr(uw) + di(v) — pr(Zr) — die(Gr) = d(u, Yp—1) — ¢(Th—1,v) — [A(Tk, Yh—1) — A(Tr—1,Tr)],

which together with the above inequality implies that (75) holds. L]
We are now ready to present the result showing that CS-SPP is an instance of IPPF
with certain parameterizations. The proof is postponed to Subsection A.2.

Proposition 4.2. Given (zg,y9) € domhy x domhy, § > 0, and X\ = +/6/8M?, then
CS-SPP(x0,y0,\) is an instance of IPPF with o0 = 1, (Mg, 0x) = (A, 0) for every k > 1,
(Zr, Ur) = (@k, yi) where zy and yi, are as in (68) and (69), respectively, and e, = e} + €},
where

er = F@rYre—1) = Lo ye o) (@rs Tho1), (76)
el = —f(@r—1,ur) + Lo 1) Yk Yk—1)- (77)

4.2 Proximal bundle method for SPP

In this subsection, we describe another instance of IPPF, namely PB-SPP, for solving SPP
(2). The inclusion of PB-SPP as an instance of IPPF is presented in Proposition 4.2 below.
We start by stating PB-SPP.

Algorithm 6 Proximal Bundle for SPP (2), PB-SPP(x¢, yo, €)

Initialize: given (xo,y0) € domh; x domhy and € > 0
for k=1,2,--- do
e call oracles (z, Tx) = PDCP(xg_1, Ak, £/4) and (yx, ) = PDCP(yk—1, Ak, £/4) and

compute
k k
S E, Ge=7 > b (78)
i=1 i=1

T =

el
> =

end for

Inspired by PPM (71) for solving SPP (2), the k-th iteration of PB-SPP aims at ap-
proximately solving the decoupled proximal subproblems, i.e.,

. 1
min { o) + (o) + gl 7} (79
. 1
min < —f(zr-1,9) + ha(y) + 5= llv — v [ ¢ - (80)
yeR™ 2Ak

Hence, the underlying f in the call to PDCP(xg_1, Ak, &) is f(+, yx—1) and the underlying f
in the call to PDCP(yx_1, Ak, €) is —f(zk—1, ). Correspondingly, similar to (22), by calling
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the subroutine PDCP, PB-SPP exactly solves

1
2} = argmin {Fﬁ(u) + hi(u) + —|u — :):k1H2} , (81)
ueR” 2)%
) 1
Yr = argmin {—FZ(U) + ho(v) + ——||v — yk—1H2} ) (82)
vER™M 2)\](;

where I'{(-) and —T'}(-) are the cutting-plane models constructed for f(-,yx—1) and — f(zp_1, ),
respectively, by GBM (see step 2 of Algorithm 2). Hence, by the construction in GBM
(i.e., Algorithm 1) and the convexity of f(-,yx—1) and —f(xg_1,-), we have

Fi() < f(')yk—l)a *FZ() < *f(xk—l, ) (83)

Since GBM is a generic scheme, the models T%(-) and —I'}(-) can be any one satisfying
GBM, e.g., one-cut, two-cuts, and multiple-cuts schemes (i.e., (E1)-(E3)) described in
Subsection 3.1 of [17]. As a result, PB-SPP is a template for many possible methods using
GBM as their bundle management.

For ease of the convergence analysis of PB-SPP, we define

1 1
A o) = . _ . — 2 A o) = . _ . — 2
() = pr(-) + 2)\k|| et di() i==di(c) + 2)\kll Yr—1l%, (84)

where py, and dj, are as in (74), m} and m} as the optimal values of (81) and (82), respec-
tively, and
th = pa(Ek) —mi, 1 = dy(i) —mj. (85)
Following from Proposition 2.3 and a simplification of Lemma 2.8 using (B3), we obtain
the convergence rates of ¢ and t]. We omit the proof since it is almost identical to that
of Proposition 2.3.

Proposition 4.3. Considering Algorithm 2 with 7; = j/(j + 2), then for every j, > 1, we

have
AM D 16N M> 4AM D 16\, M?

£ < + ;< + ,
k_lk(lk—l-l) Iy +1 k_lk(lk—l-l) I, +1
where Iy, denotes the length of the k-th cycle Cy (i.e., Iy = |Cx| = jx — ix + 1).

Given Proposition 4.3, PDCP is able to solve (79) and (80) to any desired accuracy.
For given tolerance &€ > 0, the calls to PDCP in Algorithm 6 guarantees
£ <

< —. (86)

=

Y

>

Starting from (86), we establish the iteration-complexity for PB-SPP to find a &-saddle-
point of SPP (2).
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Lemma 4.4. For every k > 1 and (u,v) € domhy x dom hg, we have

3 1 1 1

pu(n) = pu(w) < T gl = aia P = gl al? = gl - wal® o (80)
5 1 1

dy. (i) — d - — 2 el = —— ik — pea |2

) = di(v) < 7+ 5o =g = gyl = el = g -l (89

Proof: We only prove (87) to av01d duplication. Inequality (88) follows similarly. Noting
that the objective in (81) is A, Lstrongly convex and using the definition of my,, we have
for every u € R",

1
T3 (u) + ha(u) + oyl = opa|* > mi + o Hu—:vkll2

2
It follows from the definition of py in (74) and the first inequality in (83) that pg(-) >
(I'Z + h1)(-). Hence, we have for every v € R",

1 1
PR@) — pilw) < p(ER) = i+ gyl = i | = 5=

Therefore, inequality (87) immediately follows from the first inequality in (86). L]

Lemma 4.5. For every k > 1 and (u,v) € domhy x dom hg, we have
Bk ) = 0, 5) < 5 + gl —wlP = gl —wl N2, (59)
k> yUk) > 9 2)\ k—1 2)\k k k )

where w = (u,v) and zr, = (T, Yi)-

Proof: It follows from (B2) that for every u € dom hy,

60 o i ©)
fluyp—1) = f(u, k) < Mgk —ye—1ll,  f(@r k) — f@rsyp—1) < MGk — yr—1]l-

Noting from (74) that py(Zx) — pr(w) = f(Zk, ye—1) + h1(Zx) — f(u, yk—1) — ha(u), using
this relation and the above inequality in (87), we have for every u € dom hy,

f (@, Or) + ha(Zx) — f(u, l?k:) — hi(u)

(87) 5 1 9

1
+ gl =l = gl = ulP + 225~ | = g~z

Similarly, using (88), we can prove for every v € dom hg,

— f(Zk, Ur) + ha(Tr) + f(fk,v) — ha(v)

(8<8)g+ ! [ & H 1>+ 2M ||z | ! 19 [
-+ Yk—1 —V||" — s —v Tp— - — Yr—1||"-
=7 Mk Yk—1 Yk k k—1 )\k Yk — Yr—1
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Noting that 2Ma — a?/(2A\x) < 2A\,M? for a € R and summing the above two inequalities,

we obtain
H(T,v) — O(u, Yi) (if(ﬂf?k, v) + h1(Z) — ha(v) — f(u, Gk) — ha(u) + ho (k)

e 1 2 1 2 2
< s —w|? = =z — A M

where the identity is due to the definition of ¢(-,-) in (2)
Proposition 4.6. For every k > 1, setting A\, = A1 /Vk for some A\; > 0, then for every

g D?
-+ + : 90
2 vk 220Vk (50)

(u,v) € dom h; x dom ha, we have

where Ty, and gy, are as in (78).
Proof: Summing (89) from & = 1 to k£ and using (78) and the convexity of ¢(-,y) and
—¢(z, ), we have for every (u,v) € domh; x dom ha,

SR o
o) =050 < 5+ 5 30 gy (I vl i)+ go

It follows from the fact that A\, = A\/v/k and assumption (B3) that
k—1
20 — w]|? o 1L 1
+Z||Z'L U)H >\i+1 )\Z

1 b 1 1
§ : 2 2
— P . — — R < —
k |:2)\ (sz_l w” HZl U)H ):| - 2k ! )\1 i1
(92)

D? D?
< = .
~2kNe 20VE

=

Observing that S2F_ (1/v/i) < fok(l/\/f)dx = 2v/k, and hence

k k
1 1 AN M? 8\ M?
S ANMT =2 < .
ki ks Vi — Wk

8\ M? D?
+ + .
vk 220 VEk
| |

This observation, (91), and (92) imply that

H(Zr,v) — d(u, Gr) <

Do |

Maximizing the left-hand side over (u,v) € R™ x R™ and using (65) yield (90).
We are now ready to establish the iteration-complexity for PB-SPP to find a &-saddle-

point.
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Theorem 4.1. Given (xg,yo,€) € domhy x domhy X Ry, letting \y = D/(4M), then
the iteration-complexity for PB-SPP(xg,y0) to find a &-saddle-point (ZTk,yr) of (2) is
O((MD/2)*?).

Proof: It follows from Proposition 4.6 with A\; = D/(4M) that
g 4AMD
) — V(@) < = + ——.
p(2k) = d(Ur) < 5 NG

Hence, PB-SPP takes k = 64M?2D? /&2 iterations to find the &-saddle-point (Zy, k). Using
Proposition 4.3, we know to have (86) holds for every cycle C;, it is sufficient to have

V32M D N 128\;M?  /32MD | 32MD

Ve : VE e
As a consequence, the total number of iterations (of proximal mappings of h; and hg, and
of calls to subgradient oracles f; and f;) is

L =

J =25 =2 )

where we use the facts thatzle(l/\/g) < fok(l/\/f)dx = 2Vk and k = 64M?D?/&2. "

Note that the complexity in Theorem 4.1 holds for any model I} and —I'} generated
by GBM, such as one-cut, two-cuts, and multiple-cuts schemes described in Subsection 3.1
of [17]. However, there is a possiblity that the complexity for PB-SPP using two-cuts and
multiple-cuts schemes becomes better as O(M?D?/2). For simplicity, we only present the
analysis for the current bound O((M D/£)?®) and leave the finer bound O(M?2D? /&%) for
future investigation.

Finally, we conclude this subsection by presenting that PB-SPP is an instance of IPPF.
The proof is postponed to Subsection A.3.

z’“: , _ V32MD, . z’“: 82MD _ 256V2M%3 D2 . 512M2 D2

Proposition 4.7. Given (xg,yp) € domh; x dom hg, & > 0, then PB-SPP(xg,yo,&) is an
instance of IPPF with o0 =0, 0, = A\yg/2, and e, = € + EZ where

- " 1 -

Ei = pk(xk) — (Fk; -+ hl)(a:k) + )Tk<.73k_1 — Tk, Tk — :vk>, (93)
_ 1 _

ep = de(Gr) — (=T} + h2)(yk) + Tk@k—l — Yy Yk — Uk)- (94)

5 Concluding remarks

This paper studies the iteration-complexity of modern PB methods for solving CNCO (1)
and SPP (2). It proposes PDPB for solving (1) and provides the iteration-complexity
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of PDPB in terms of a primal-dual gap. The paper also introduces PB-SPP for solving
(2) and establishes the iteration-complexity to find a &-saddle-point. Another interesting
feature of the paper is that it investigates the duality between CG and PDCP for solving
the proximal subproblem (8). The paper further develops novel variants of both CG and
PDCP leveraging the duality.

We finally discuss some possible extensions of our methods and analyses. First, we have
studied modern PB methods for solving CNCO and SPP in this paper, and we could extend
the methods to solving more general nonsmooth problems with convex structures such
constrained optimization, equilibrium problems, and variational inequalities. Second, as
already noted in the paragraph below Theorem 4.1, it is possible to improve the complexity
bound O((M D/£)*?) of PB-SPP to O(M?2D?/£?), if we employ only two-cuts and multiple-
cuts schemes rather than the GBM. Third, it is interesting to study the duality between
PDCP and CG in the context of SPP, which is equivalent to developing a CG method to
implement (72) and (73) within IPPF. Fourth, similar to the universal methods proposed
in [11], we are also interested in developing universal variants of PB-SPP for SPP (2) under
strong convexity assumptions without knowing the problem-dependent parameters a priori.
Finally, following the stochastic PB method developed for stochastic CNCO in [15], it is
worthwhile to explore stochastic versions of PB-SPP for solving stochastic SPP, particularly
those involving decision-dependent distributions.
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Technical results and deferred proofs

This section collects technical results used throughout the paper and deferred proofs from
Section 4.

A.1 Technical results

We present Lemma 13.7 of [4] with slight modification, which is used in the proof of
Lemma 3.2.

Lemma A.1. Consider

min {F(z) = f(2) + g(x)}, (95)
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where f € Conv (R"), g € Conv (R"), and dom g C dom f. Moreover, f is Lg-smooth over
dom f. Define

S(z) = gel%g{Wf(x)’ z—p)+g@) —gp}, pl)= al;%ggn {p, VF(2) +9(p)}-

Then, for every x € domg and t € [0,1], if p(x) exists, we have

2
Pl + tpla) — 2)) < F(2) ~19() + L o) — (96)

Lemma A.2. Given e > 0, a pair (x,y) is an e-saddle-point of (2) (i.e., satisfying (63))
if and only if the pair satisfies (66).

Proof: It follows from (63) that for every (u,v) € dom hy x dom ha,

¢(U,y) —¢<$,U) > (b(:b',y) —(ﬁ(l’,:l/) —&=—¢. (97)
Hence, (97) holds with (u,v) = ((y),y(z)) where
x(y) = argmin(z,y), y(z) = argmax ¢(z,y),
Tz€R™ yeR™

that is
97

(97)
x yeR

This result, together with (64) and (65), implies that (66) holds. On the other hand,
assuming that (66) holds, then for every (u,v) € domh; x dom hg, it obviously follows
from (65) that
(65)
¢(z,v) = d(u,y) < (r) =¥(y) <e,

which is (63) in view of (97). "
Lemma A.3. Given € >0, a pair (x,y) is an e-saddle-point of (2) (i.e., satisfying (63))
implies (67).

Proof: Assuming that (x,y) is an e-saddle-point, it follows from Lemma A.2 that (66)
holds, and hence that for every (u,v) € domhy x dom hg,

(65)
P(z,v) — d(u,y) < o(x) —P(y) <e, (98)

where the first inequality is due to (65). Taking (u,v) = (z«,y) in (98) and using the first
inequality in (62), we have

(62) (98)
P(x,y) — (s, yx) < O(z,y) — P(24,y) < e

Taking (u,v) = (z,y«) in (98) and using the second inequality in (62), we have

(62) (98)
(e, yx) = O(@,y) < (2, 94) — P(2,y) < e
Therefore, (67) immediately follows from the above two inequalities. L]
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A.2 Proof of Proposition 4.2

Proof: We first show that CS-SPP satisfies (72). It follows from the CS-SPP iterate (68)

that
LTl—1 —

A

Using the inclusion above, we have for every u € dom h1,

X
k € 8[€f(‘7yk71)(-; .%'kfl) + hl](xk).

1
[éf('vyk—l)(.; Tr-1) + ha](u) > [Ef(~7yk_1)(';$k—1) + ha)(zk) + — (-1 — Tk, u — T).

A
Using the definition of py in (74) and the fact that f(-,yx—1) is convex, we further obtain
1
() 2 pr(zk) + 3 (2p-1 = 2, u — ) — £,y

where €7 is as in (76). Similarly, we have for every v € dom ho,

1
d(v) > di(yr) + X<?/k—1 — Yk, U — Yk) — €4,

where €} is as in (77). Summing the above two inequalities gives (75) with A\ = A,
er = ef + e} and (T, Jx) = (k, Yk), and hence (72) holds in view of Lemma 4.1.

We next show that CS-SPP satisfies (73). Indeed, it follows from the definition of €%
in (76) and the first inequality in (61) that

(76)

2xef — lloe — ze—1|? =" 2ALf @k Yne1) = Lp(oge ) (@r Th1)] — 2k — zp—1 [)?
(61)

< AAM ||z — || — [loe — zp—a|? < ANPMP

Similarly, we have 2Xe} — |lyr — yk—1||? < 4)\2M?2. Summing the two inequalities and using
the facts that A = \/6/8M? and e), = &f + £, we have

2xer — 1ok — 1l = e — ye—1[|* < 8N M? =4,
which is (73) with o =1, (Mg, 0%) = ()\,(5), and (i’k,gk) = (mk,yk) ]
A.3 Proof of Proposition 4.7

Proof: We first show that PB-SPP satisfies (72). It follows from (81) that

Tp—1 — Tf

h c 8(F£ + hl)(l‘k),
k

which implies that for every u € dom A,

(T% + ) () > (TF + h) () + jkml — o — ).
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Using the first inequality in (83) and the definition of py in (74), we have

1 .
pr(u) > (% + hi)(u) > pp(ZTr) + Tk<xk71 — Zp,u— T) — €y, Vu,

where €7 is as in (93). Similarly, we have for every v € dom ho,

1

dk(’l)) Z dk(gk) + )\7k<yk_1 — Yk, V — gk) - 5%7 V’U,

where €} is as in (94). Summing the above two inequalities gives (75) with e, = €} + ¥,
and hence (72) holds in view of Lemma 4.1.

We next show that PB-SPP satisfies (73). Indeed, it follows from the definitions of &7
and €} in (93) and (94), respectively, that

ok = @l + s — eIl + 20k = A (pR(ER) — i + d}G) — )

where p) and dj are as in (84) and m¢ and m{ as the optimal values of (81) and (82),
respectively. In view of (85) and (86), the above relation further implies that

- - ALE
ke — Zx)|® + [lye — Frl|> + 2Mek < ER

which is (73) with o = 0 and 6 = A\z&/2. "

B Primal-dual subgradient method for CNCO

This section is devoted to the complexity analysis of PDS. The main result is Theorem B.2
below.

Recall the definitions of dy and zfj in (6). Since z{; € B(xo,4dp), which is the ball
centered at zp and with radius 4dy, it is easy to see that to solve (1), it suffices to solve

min {gb(q:) = flz)+hz):ze R"} =min{¢(z) : z € Q}, (99)

where h = h+1Ig and Ig is the indicator function of Q = B(zo,4dy). Hence, it is convenient
to consider a slightly modified version of PDS(zq, A) with & replaced by h in (7), denoted
by MPDS(z, \), i.e.,

) - 1
sp=f(zp_1), Tk = argléun {Ef(u;:ck_l) + h(u) + o\ l|lu — xk_lHQ} . (100)
ueR™

It is worth noting that MPDS(xg,A) is a conceptual method since we do not know dj
and hence h. We show equivalence between PDS(z,A\) and MPDS(z¢, A), and only use
MPDS(xg, A) for analyzing the convegence.
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We first establish the complexity of the primal-dual convergence of MPDS(z¢, A) for
solving (99), and then we argue that MPDS(zg, \) and PDS(zg,\) generate the same
primal and dual sequences {zj} and {s;} before convergence (see Lemma B.3). Therefore,
we also give the complexity of PDS(zg, A) for solving (99).

The following lemma is the starting point of the primal-dual convergence analysis.

Lemma B.1. Given zy € R™, for every k > 1 and v € dom h, the sequence {x} generated
by MPDS(zo, \) satisfies

R R 1 1
d(xr) — Lp(uswp—1) — h(u) < 2AM? + ﬁ”“ — mk,lHQ — 5\@ — l’kHQ (101)

Proof: Noticing that the objective function in (100) is A~!-strongly convex, it then follows
from Theorem 5.25(b) of [4] that for every u € dom h,

1 2 1 2
. ey — > Ny —
Cp(u; 1) + h(u) + QAHU Tp—1|* > my + 2)\”“ il (102)

where my = €5 (xx; 2_1) + h(zy) + lzg — xx_1]]2/(2)). Using (5) with (z,y) = (25, Tx_1),
we have

(5)
d(wg) —my = flag) — (g wp—1) < 2M||2p — Tp1 || — =<2k — 21 || < 2AM?,

|

2\

where the last inequality is due to Young’s inequality a® + b? > 2ab. Hence, (101) follows

from combining the above inequality and (102). (]
The next result presents the primal-dual convergence rate of MPDS(xq, A).

Lemma B.2. For every k > 1, define

1 1
xk:kz;x 5 = z;s (103)

Then, we have for every k > 1, the primal-dual gap of (99) is bounded as follows,

>

2
G(TR) + f*(5k) + h* (—5k) < 2AM?% + ii]g. (104)

Proof: We first note that f¢(-;2x—1) < f and hence (¢;(-;xr—1))* > f*. Using this
inequality and the fact that V£ (u;x_1) = sj, for every u € R", we have

Cp(usmp—1) = —[Cp(szr—1)]" (sk) + (spyw) < —F"(sk) + (s, w)-

It thus follows from Lemma B.1 that for every u € dom il,
; * 7 (101) 2, 1 2 1 2
P(ar) + f7(sk) = (spyw) = hlu) < 2AM + ooflu — a1 [|” = oy llu — 2™
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Summing the above inequality from k = 1 to k and using convexity of qg and f*, we obtain
for every u € dom h,

BE) + F7(56) + (50, w) — h(u) < 2AM + Ll — o]

where Zj and §i are as in (103). Maximizing over u € dom A on both sides of the above
inequality, we have

max{|lu — zo||? : u € dom h}

$aw) + 1 (51) + " (—5) <2AM+ o

Therefore, (104) follows by using the fact that domh C Q = B(xo, 4dp). "
The following theorem provides the complexity of MPDS(xg, A) for solving (99).

Theorem B.1. Given (19,8) € R" x Ry, letting A\ = &/(16M?), then the number of
iterations for MPDS(z, A) to generate a primal-dual pair (Ty, k) as in (103) such that
o(zk) + £*(8k) + h*(—351) < & is at most 256 M2d3 /2.

Proof: It follows from Lemma B.2 with A = £/(16M?) and k = 16d3/(\&) that
7= * (= 7 x — € € —
O(T) + f7(8k) +h7(=5k) < S+ 5 <&

Therefore, the conclusion of the theorem immediately follows from plugging the choice of
A into k. [

The next lemma gives the boundedness of {x;} generated by PDS(zp,\) and shows
that {zx} € Q = B(wg,4dp). This result is important since it reveals the equivalence
between PDS and MPDS, which is useful in Theorem B.2 below.

Lemma B.3. For every k < 256 M2d3 /22, the sequence {xy} generated by PDS(zo, \) with
A\ =&/(16M?) satisfies 71, € Q.

Proof: Following an argument similar to the proof of Lemma B.1, we can prove for every
u € dom h,

1 1
Blan) — £y{u; zi1) = h(w) < 2AM? = —lu = anlP + Sl — wi

which together with the fact that £¢(-; ;) < f implies that

1 1
_ < 2 T, — 2 e, 2
Blar) = () < 2AM? — = P+ o — |

Taking u = x{ and using the fact that ¢(zx) > ¢« = ¢(xf), we obtain

lz — gll* < AN M2 + ||y — a5,
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Summing the above inequality, we show that for every k > 1, {z}} generated by PDS(zg, A)
satisfies
|n, — 2> < d3 +4N2M2k. (105)

Using the triangle inequality and the fact that va +b < \/a + Vb for a,b > 0, we have

(105)
|zp — zol| < llzk — zh| + ||lzo — zf]| < 2do + 2AMVE.
It thus follows from the assumptions on k£ and A that

i 16Mdy
8M ¢
and hence that x € Q = B(xg,4dp). n

Finally, using the complexity of MPDS(x, A) for solving (99) (i.e., Theorem B.1), we
are ready to establish that of PDS(xq, A).

ka — JZQH < 2dy + = 4d,

Theorem B.2. Given (70,€) € R" x Ryy, letting A = £/(16M?), then the mumber of
iterations for PDS(xzo, \) to generate (T, Sk) such that ¢(zy) + f*(5k) + h*(—5,) < € is at
most 256 M>2d3 /2.

Proof: In view of Lemma B.3, for A\ = £/(16M?) and k < 256M?2d3 /&%, the sequence
{zr} generated by PDS(zp, A) is the same as the one generated by MPDS(zg, ). Hence,
sequences {sy} generated by the two methods are also the same, that is, (100) is identical
to (7). Therefore, we conclude that the same primal-dual convergence guarantee holds for
PDS(xo, A) as the one for MPDS(xg, A) in Theorem B.1. "

C Composite subgradient method for SPP

This section is devoted to the complexity analysis of CS-SPP. The main result is Theo-
rem C.1 below.

Lemma C.1. For every k > 1 and (u,v) € R™ x R™, we have

1 1
Pr(Tr) = Ly ) (W TR—1) — h1(u) < 0f + ﬁ”ffk—l —u® - ﬁ”iﬂk —ul?, (106)
1 1
di(Y) + Lz o) (Vi Yk—1) — ha(v) < 87 + ﬁ”yk—l — vl - ﬁllyk — v, (107)
where

1 1
O = 2M|lzk — 21l = 5y llaw = wel®, 0 =2M|lyr — yrall - ol = ye-1]1?. (108)

37



Proof: We only prove (106) to avoid duplication. Inequality (107) follows similarly. Since
the objective in (68) is A~ !-strongly convex, we have for every u € R",

1 .1
Cr ) (W h-1) + ha(w) + Soflu = wp-1)|? > mi + oyl = k), (109)

where mj, denotes the optimal value of (68). Using the definition of pj, in (74), we have

1
Pr(zk) = mi = f(@r Yh-1) = Cp( ) (@R 20-1) = 5y llow = Th-1?.

It thus follows from the first inequality in (61) with (u, z,y) = (zk, Tk—1, Yr—1) the definition
of 67 in (108) that
pr(zx) —mi < 0,
which together with (109) implies that (106). "
For k > 1, denote

sk=(st,50), sk = feltr—1,06-1), sp=—fy(Th—1,9r-1)- (110)
We also denote w = (u,v) and z = (zg,yx) for all & > 0.
Lemma C.2. For every (u,v) € R" x R™ and k > 1, we have
pre(@r) + £ yp—1)"(sk) — ha(u) + di(yp) + [=f(@p-1, )" (s]) — ha(v) — (sk, w)
1 1

<6F 400+ —llzk—1 — w|* — =<2k — wl|*. 111

<O+ 8+ gl — P = ol — wl (1)
Proof: It follows from the second identity in (110) that for every u € R",

vgf(',ykfﬂ(u;xk_l) = Si’
which together with Theorem 4.20 of [4] implies that
Ef(vyk—l)(u;xk—l) + [éf('»ykfl)(‘;Sck—l)]*(si) = <u, 8@

Cleaﬂy’ gf(~,yk_1)(';$kfl) < f('aykfl) and hence [gf(~,yk_1)(';xk71)]* > f('aykfl)*' This
inequality and the above identity imply that

Cote )W zr—1) < —f(syr—1)"(s%) + (sk> ).
It thus follows from (106) that
pr(ar) + £ (o yn-1)"(sk) — (s, u) = ha(w) < O + o flze—1 = ul? — oyl = ul|®.
Similarly, we have for every v € R™,
. 1 1
diyr) + [=f(@r—1, )] (1) = (s, v) = ha(v) < 6+ S llyw— = vl|* = o — vl

Finally, summing the above two inequalities and using (110) and the facts that w = (u,v)
and zp = (g, yr), we conclude that (111) holds. "

38



Lemma C.3. For every (u,v) € R" x R™ and k > 1, we have
ha(ew) + fCoye)"(sk) = ha(w) + ha(ye) + [=f (@r—1, )] (s3) = ha(v) = (s, w)
SIAM? 4 - flzis — wl? — ok — (112)
Proof: Using (74) and (111), we have for every (u,v) € R" x R™,
ha(@e) + £ (5 y—1)"(s5) = ha(u) + ha(ye) + [ f (@r—1,)]"(s}) — ha(v) — (g, w)
<O+ 80+ oy laks —wl® = Sl —wl? + fenon )~ famo). (13)
It immediately follows from (60) that

F@e—1,yx) = f(@r, Yo—1) = f(@r—1,ux) — f(@r, i) + (@, y) — f(@r, yp—1)
<Mz — zp—1ll + Mlyr — yr—1-

Following from the definition of conjugate functions and (60) again, we have
FCoyr)"(si) = max{(z, sp) = f(z,yx) + (2, 9) = f(2,96-1)}
> mac{(z, s§) — £, 1)} — My — v
= fCue)"(sk) = Mllye = ye—ll-
Similarly, we also have
f@p-1,)"(=sp) < flan, ) (=sp) + Mllag — xp-a-
Plugging the above three inequalities into (113), we obtain for every (u,v) € R™ x R™,
hi(@r) + f(ope)" (sk) = ha(u) + ha(ye) + [ f (@e-1, )] (s) = ha(v) = (sk, w)
<OF + 8+ oy okt — wl® = 5l — wl + 20 — ]+ 2M g — v
Noting from the definitions in (108) that

O + 0} + 2M ||y, — w1l + 2M [y — yr—1]|

1 1
LMl -zl = gy llon -zl + Ay = gl = 3l - el
< 16AM?,
we finally conclude that (112) holds. L]

The following lemma collects technical results revealing relationships about the averages
defined in (114) below.
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Lemma C.4. Define

k k k
_ 1 _ 1 _ 1 _ 1
$k:EZ$i, ykzézyi, Sizgztﬁa SZZEZS?- (114)
i=1 i=1 ; ;
Then, the following statements hold for every k > 1:

(a)

(b)

(1) < ha(Zr) + [=f (@, )" (57) + h3(=5]),
—(Ur) < ha(Yk) + £, 96)*(5%) + hi(=3%).

Proof: a) We only prove the first inequality to avoid duplication. The second one follows

similarly. It follows from the definition of conjugate functions, (114), concavity of f(z,-),
and basic inequalities that

1< 1o
= ;f(-,yi)*(b’f) = 5 2 mgprle ) = Sl wi)}
1on, L 1
> e Do) D
(114)
> max {(z,5F) — f(2.5)} = F(, 50)"(5D)

b) For simplicity, we only prove the first inequality. The second one follows similarly.
It follows from the definition of ¢ in (65), basic inequalities, and the definition of conjugate
functions that

p(@) 'S max (@, y) = ha (@) + max {F(@r.9)  ha(o)}

< ha(2) + max {(y, 53) — (=f(@x, y))} + max{(y, —5;) — ha(y)}
ye ye

— B (@) + [~ @0, )] (5) + h3(—5).
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Proposition C.5. For every k > 1, we have
»  D?
D(Zk, Yk) = ©(@k) — Y (Ur) < 16AM” + NG (115)
where ®(-,-) in as in (64).

Proof: Summing (112) from k£ = 1 to k, and using Lemma C.4(a), convexity, and (114),
we have for every (u,v) € R” x R™,

ha(zx) + f(96)" (5%) — (Sk,w) — ha(w) + ha () + [—f(@k, )" (55) — (55, v) — ha(v)

1
<16AM? + —— |20 — w||%.
< + 2Ak\|20 w|

Maximizing both sides of the above inequality over (u,v) € dom hy x dom hy yields

ha(Z) + (o 06)*(58) + hi(—5%) + ho(Gk) + [— (@, )" (57) + h3(—5Y)

1
<16AM? + Nk max{||zo — w||? : w € dom hy x dom hs}.

Finally, (115) follows from Lemma C.4(b), (B3), and the definition of ®(-,-) in (64). "

Theorem C.1. Given (x9,%0,) € domhy x dom hg x Ry, letting A\ = £/32M?2, then the
number of iterations of CS-SPP(xq,yo, \) to find a £-saddle-point (Zx,r) of (2) is at most
128M2D?/22.

Proof: It follows from Proposition C.5 and the choice of A that

64 D2
_l_

3
O(Tp, k) < =

Hence, the conclusion of the theorem follows immediately. L]
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