
manuscript No.
(will be inserted by the editor)

A stochastic Lagrangian-based method for nonconvex optimization with
nonlinear constraints

Dimitri Papadimitriou · B`̆ang Công Vũ
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Abstract The Augmented Lagrangian Method (ALM) is one of the most common approaches for
solving linear and nonlinear constrained problems. However, for non-convex objectives, handling non-
linear inequality constraints remains challenging. In this paper, we propose a stochastic ALM with
Backtracking Line Search that performs on a subset (mini-batch) of randomly selected points for the
solving of nonconvex problems. The considered class of problems include both nonlinear equality and
inequality constraints. Together with the formal proof of the convergence properties (in expectation) of
the proposed algorithm and its computational complexity, the performance of the proposed algorithm
are then compared against inexact state-of-the-art ALM methods.
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1 Introduction

Minimization problems involving both equality and inequality nonlinear constraints are of significant
interest as shown by an abundant literature, e.g. [43] [30] [12] [40] to cite a few. The generic problem
in nonlinear optimization is to minimize a smooth (possibly nonconvex) function h : RK → R subject
to nonlinear equality constraints and nonlinear inequality constraints. More formally,

minimize h(x) (1.1)

subject to c1(x) = b1, c2(x) ≤ b2, x ∈ C,

where c1 and c2 are smooth vector functions from RK to Rm, (b1, b2) ∈ Rm × Rm and C is a closed
convex subset of RK . This typical problem finds applicability in mathematical optimization, in semidef-
inite programming, and nonlinear split feasibility problems. This problem covers a wide class of ap-
plications in the domain of signal processing, including image recovery problems [5] [40], in machine
learning through various constrained problems in statistical learning and in operational research with,
for example, network design problems. In this context, the augmented Lagrangian-based methods
(ALM) can be considered as a major breakthrough in constrained optimization, providing the basis
for fundamental algorithms that have been extensively studied for various classes of problems.
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The main objective of this paper in this respect is to design the additional mechanisms and tools
required to achieve a wider applicability of augmented Lagrangian-based methods (ALM) [19] [33] in
the nonlinear setting described by the above model. Introduced by Powell and Hestenes in 1969 [38]
[29], ALM alternates updates of the primal variable by minimizing the Augmented Lagrangian function
and the Lagrangian multiplier by dual gradient ascent. Although the latter leads to the loss of the
decomposability property, the resulting method shows improved convergence properties. Since then,
this method has been subject to a vast amount of studies for the solving of both convex and nonconvex
problems involving linear and nonlinear constraints. Indeed, in many of the applications described
above, the optimization model turns out to include nonlinearities that the nonlinear composite problem
(1) essentially captures. However, constraints are often assumed to be convex meaning that the feasible
set is convex; in turn, this assumption implies that equality constraint functions must be affine and
inequality constraint functions must be convex. With the proposed method, the minimization of
the (possibly) nonconvex objective function h can be subject to nonlinear equality and inequality
constraints without imposing convexity of its functions (or operators). Moreover, our method relies
on line search that performs on a subset of randomly selected points only; hence, the stochastic ALM
algorithm does not require the evaluation of all gradients (of objective function and constraints) at each
iteration. This property enables, as long as the selected mini-batch verifies a well-defined minimum
size criterion, the solving of larger scale nonconvex problems without compromising on convergence
properties and computational complexity compared to its deterministic variant.

Following these formal developments, various numerical solving frameworks and methods based on
ALM have been developed since the early 90’s (and even before). As part of them, the ALGENCAN
algorithmic scheme [1] [2] aims to provide a general method to solve smooth (non)convex optimization
problems subject to non-linear equality and inequality constraints. That is, in ALGENCAN, the Aug-
mented Lagrangian is defined not only with respect to equality constraints, but also with respect to
inequalities (without slack variables). Recall from this perspective that no ALM algorithm can solve
such problem without assuming either the solving of nonconvex subproblems to their global minima or
updating penalty sequence to remain bounded on the problem at hand. Hence, it aims at preserving the
property of external penalty methods that global minimizers of the original problem can be obtained
if each outer iteration computes a global minimizer of the subproblem. The general algorithm belongs
to the Powell-Hestenes-Rockafellar (PHR) Augmented Lagrangian type. PHR-based Augmented La-
grangian methods are based on the iterative (approximate) minimization of the Lagrangian followed
by the updating of the penalty parameter and the KKT multipliers approximations. It is a safeguarded
Augmented Lagrangian method in the sense that approximations of the Lagrange multipliers are es-
timated at every iteration. The primal subproblems are solved using GENCAN [11]. GENCAN (that
is included in ALGENCAN) is a Fortran code for minimizing a smooth function with a potentially
large number of variables and box constraints. The framework does not use matrix manipulations at
all and, to enable solving large problems with moderate computer time.

More recently, several efforts have been dedicated to tackle composite nonconvex problems of
the form h(x) = f(x) + g(x), where f is continuously differentiable but possibly nonconvex and g
is closed convex but possibly nonsmooth, subject to (possibly nonlinear) equality constraints vector
function with continuously differentiable components c(x) = 0 [39] and (possibly nonlinear) inequal-
ity constraints d(x) ≤ 0 [43]. For the latter, the authors propose their equivalent reformulation as
equality constraints d(x) + s = 0 by enforcing the non-negativity of the slack variable s. Moreover,
ALM generally uses a sequence of penalty parameters {ρk}, which is nondecreasing and possibly
unbounded. However, when the penalty parameter ρk becomes too large, the ALM subproblem can
become ill-conditioned. Therefore, instead using bounded ρk sequences is desirable, although for gen-
eral nonconvex (and nonsmooth) problems, this condition might not be sufficient for the convergence
of ALM [9, Section 2.1]. Further comparison against ALM methods is detailed in Section 6.

Alternatively, one could think of extending the applicability of the alternating direction method
of multipliers (ADMM) [20] so that it can also solve Problem (1.1). This extension could be realized
by adding non-negative slack variables s to the set of optimization variables. Now, it is fundamental
to observe here that Problem (1.1) includes both nonlinear equality and inequality constraints. The
usual trick of adding nonnegative slack variables s does not transform the nature of the constraints
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and the complexity of the problem but only if the nonlinear constraints c2(x) ≤ b2 are affine, that is
c2(x) = Lx. Hence, ADMM can straightforwardly deal with linear inequality constraints by adding
nonnegative slack variables. For nonlinear inequality constraints, the situation is completely different.
Adding such equality constraints would transform the nature of the problem and the solving of its
subproblems. Furthermore, transforming the constraints into indicator functions and adding them to
the objective function implies in turn to compute (in every iteration) a projection onto the more
complicated feasible set {x | c2(x) ≤ b2}. Few papers in the literature deal with this specific issue and
mostly in the convex setting [22]; therefore, we defer this study to a dedicated paper.

Contribution: The main contribution of this paper is twofold.

– First, we propose a stochastic Augmented Lagrangian Method (ALM) method relying on Back-
tracking Line Search that performs on a subset (mini-batch) of randomly selected points to solve
optimization problems involving the minimization of a smooth (possibly nonconvex) objective
function subject to both nonlinear equality and inequality constraints.

– The convergence properties (in expectation) of the proposed algorithm are then thoroughly demon-
strated under very general assumptions. The main features of the proposed algorithm compared
to [43] [39] are the following. Firstly, it is structured as a single-loop algorithm; more precisely,
and does not require calling a first-order method (such as proximal gradient descent) to compute
inner iterations. For example, [43] further involves the use of an intermediate interior Proximal
Point (iPP) method to solve approximately the primal subproblems of the ALM. Secondly, since
performing on a mini-batch whose size is ≪M , the proposed algorithm does not require the eval-
uation of all gradients (of the objective function and constraints) at each iteration. Thirdly, it uses
the backtracking line search technique to find both primal and dual stepsize.

Structure: The remainder of this paper is structured as follows. After introducing in Section 2 the
preliminary notations and definitions used throughout this paper, the proposed algorithm, namely, the
stochastic ALM with Backtracking Line Search is specified in Section 3.2. Its convergence properties
are thoroughly detailed in Sections 4.2 and 4.3, which determine the conditions for local convergence
(in expectation) of the sequences produced by the proposed Algorithm to a critical point of the
augmented Lagrangian function. Section 5 characterizes the iteration complexity of the proposed
Algorithm together with its formal proof. The comparison against inexact ALM methods [43] [39] is
documented in Section 6.

2 Preliminaries

The generic formulation of the problem dealt with in this paper can be stated as follows.

Problem 1 Let M and K be strictly positive integers, let (mq)
M
q=1 be a finite sequence of strictly

positive integers with
∑M

q=1mq = m <∞. Let (ωq)1≤q≤M be a sequence in [0, 1]
M

with
∑M

q=1 ωq = 1.

For every q ∈ {1, . . . ,M}, let hq : RK → ] −∞,+∞] and cq : RK → Rmq be smooth functions with
Lipschitz continuous gradients. Let b = (bq)1≤q≤M ∈ ⊕M

q=1Rmq , and Sq be a closed convex cone of

Rmq . Let C be a closed convex subset of RK . The problem is to

minimize h(u) =

M∑
q=1

ωqhq(u) (2.1)

subject to (∀q ∈ {1, . . . ,M}) cq(u)− bq ∈ Sq, u ∈ C. (2.2)

Notations. Denote by Γ0(RK) the class of all proper lower semicontinuous convex functions from RK

to ]−∞,+∞]. The proximity operator of f ∈ Γ0(RK) is

proxf : RK → RK : x 7→ argmin
y∈RK

f(y) +
1

2
∥x− y∥2.
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The conjugate function of f is denoted by f∗. When f is the indicator function of some closed convex
S ⊂ RK , which is denoted by ιS ,

ιS : x 7→

{
0 if x ∈ S
+∞ if x ̸∈ S,

the proximity operator of f reduces to the projection operator denoted by PS . The distance from
x ∈ RK to S is dS(x) = ∥x− PSx∥. Note that the conjugate function of ιS is the support function of
S and is denoted by σS . The normal cone operator of some closed convex set C is NC . When S is a
closed convex cone, the polar cone S⊖ of S is defined as S⊖ =

{
u | sup ⟨S | u⟩ ≤ 0

}
.

Let g : RK × Rm → ]−∞,+∞] be a differentiable function. We denote by ∇1g the gradient of
g with respect to the first variable when the second variable is fixed. The notation ∇2g is defined
similarly. Let c : RK → Rm be a differentiable (smooth) mapping, the Jacobian of c at u ∈ RK is
denoted by Jc(u) and its conjugate is denoted by Jc(u)

⊺. Let ν > 0, the class of all smooth mappings
c : RK → Rm with ν-Lipschitzian Jacobian is denoted by C1ν(RK ,Rm).
The development of this paper relies on the following definitions.

Definition 1 Let M be a strictly positive integer. Let (ωq)1≤q≤M be a sequence in [0, 1]
M

with∑M
q=1 ωq = 1. The weighted inner product on the Hilbert space V , maps each pairs of vectors (y, v) =∈

V × V to the scalar ⟨· || ·⟩ defined as

⟨· || ·⟩ : (y, v) 7→
M∑
q=1

ωq ⟨vq | yq⟩ (2.3)

with vector norm ∥| · |∥ : v 7→
√
⟨v || v⟩, (2.4)

where y = (yq)1≤q≤M and v = (vq)1≤q≤M .

Definition 2 [15] Let f ∈ Γ0(RK), g ∈ Γ0(Rm), c ∈ C1ν(RK ,Rm), and b ∈ Rm. A vector d ∈ RK

defines a descent direction of φ 7→ f(u)+ g(c(u)− b) at u, if the difference ∆0φ(u; d) verifies the strict
inequality

∆0φ(u; d) = f(u+ d) + g
(
c(u)− b+ Jc(u)d

)
− φ(x) < 0, (2.5)

where Jc(u) denotes the Jacobian of the function c at u. A method for which, at each iteration k, the
descent direction dk, at current point uk, verifies the strict inequality ∆0φ(uk; dk) < 0 is referred to
as a descent method.

Definition 3 Let g ∈ Γ0(Rm), let b ∈ Rm and C1ν(RK ,Rm) ∋ c : u 7→ c(u)− b. For every ρ ∈ ]0,+∞[,
and (u, λ) ∈ RK × Rm, the smooth approximation of g(c(·)− b) is defined by

gρ : (u, λ) 7→ sup
y∈Rm

(
⟨c(u)− b || y⟩ − g⋆(y)− 1

2ρ
∥|y − λ|∥2

)
, (2.6)

where ρ is referred to as the smoothing parameter and g⋆ denotes the Fenchel conjugate of the function
g that is defined by g⋆ : u 7→ supx∈Rm

(
⟨u || x⟩ − g(x)

)
.

The function gρ provides a smooth approximation of g, which is known as the smoothing technique.
Various numerical methods have been developed by means of this technique; see, for instance, [35,37,
6]. Several examples where gβ admits a closed-form expression can be found in [35,4].

We recall the following result concerning the differentiability of gρ.

Lemma 1 For every ρ > 0, let the function gρ be defined by (2.6). Then, gρ is a differentiable function
with respect to the variable u, and, for every (u, λ) ∈ RK × Rm,

∇1gρ(u, λ) = (Jc(u))
⊺ proxρ−1g⋆(ρ−1(c(u)− b) + λ), (2.7)

where (Jc(u))
⊺ is the (conjugate) transpose of the linear operator Jc(u).
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We extend this result to the case where the function g admits a separable structure. More precisely,
we have the following result.

Lemma 2 Let gq = ιSq
, where ιSq

denotes the indicator function of the closed convex subset Sq of

Rmq , and define the function g : (vq)1≤q≤M 7→
M∑
q=1

ωqgq(vq), where (ωq)1≤q≤M denotes a sequence in

[0, 1]
M

with

M∑
q=1

ωq = 1. Then, for every ρ > 0 and for every (u, λ) ∈ RK × Rm,

gρ(u, λ) =

M∑
q=1

ωqgρ,q(u, λq), (2.8)

where gq,ρ(u, λq) = sup
yq∈Rmq

(
⟨cq(u)− bq | λq⟩ − g⋆q (yq)−

1

2ρ
∥yq − λq∥2

)
, (2.9)

is a differentiable function whose gradient with respect to the first variable u is given by

∇1gρ(u, λ) = ρ

M∑
q=1

ωq(Jcq (u))
⊺

(
cq(u)− bq + ρ−1λq − PSq

(
cq(u)− bq + ρ−1λq

))
. (2.10)

Proof. Following Definition 3, the conjugate g⋆ of the function g can be expressed as

g⋆ : v 7→ sup
y∈Rm

(⟨v || y⟩ − g(y)) = sup
(yq)1≤q≤M∈Rm

M∑
q=1

(ωq ⟨vq | yq⟩ − ωqgq(yq))

=

M∑
q=1

ωqg
⋆
q (vq). (2.11)

Therefore, the smooth approximation of g with parameter ρ, gρ(u, λ), is defined by

gρ(u, λ) = sup
y∈Rm

(
⟨c(u)− b || y⟩ − g⋆(y)− 1

2ρ
∥|y − λ|∥2

)
(2.12)

=

M∑
q=1

ωq sup
yq∈Rmq

(
⟨cq(u)− bq | yq⟩ − gq⋆(yq)−

1

2ρ
∥yq − λq∥2

)
=

M∑
q=1

ωqgq,ρ(u, λq), (2.13)

which proves (2.8). Next, it follows from (2.8) and Lemma 1 that

∇1gρ(u, λ) =

M∑
q=1

ωq∇1gq,ρ(u, λq)

=

M∑
q=1

ωq(Jcq (u))
⊺ proxρg⋆

q
(ρ(cq(u)− bq) + λq)

= ρ

M∑
q=1

ωq(Jcq (u))
⊺

(
cq(u)− bq + ρ−1λq − PSq

(
cq(u)− bq + ρ−1λq

))
, (2.14)

where the last equality follows from the Moreau’s identity (proxf (x)+proxf⋆(x) = x) and the property
proxιSq

= PSq .
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Lemma 3 Let λq ∈ Rmq and ρ ∈ ]0,+∞[. Let (gq)1≤q≤M be defined as Lemma 2. Let

eq,ρ : u 7→ PSq
(cq(u)− bq + ρ−1λq). (2.15)

Then, for every (u, λ) ∈ RK × Rm,

gq,ρ(u, λq) = ⟨cq(u)− bq − eq,ρ(u) | λq⟩+
ρ

2
∥cq(u)− bq − eq,ρ(u)∥2 (2.16)

=
ρ

2
d2Sq

(cq(u)− bq + ρ−1λq)−
1

2ρ
∥λq∥2, (2.17)

where dSq : vq 7→ ∥vq − PSqvq∥ defines the distance function dSq .

Proof. Let us define λ†q := λq + ρ(cq(u)− bq − eq,ρ(u)). Then, the Moreau’s identity gives

λ†q = proxρσSq

(
λq + ρ(cq(u)− bq)

)
and σSq

(λ†q) =
〈
λ†q | eq,ρ(u)

〉
. (2.18)

Therefore, it follows from the definition of gq,ρ (see Definition 3) that

gq,ρ(u, λq) = sup
vq∈Rmq

(
⟨cq(u)− bq | vq⟩ − g⋆q (vq)−

1

2ρ
∥vq − λq∥2

)
=

〈
cq(u)− bq | λ†q

〉
− g⋆q (λ†q)−

1

2ρ
∥λ†q − λq∥2

=
〈
cq(u)− bq − eq,ρ(u) | λ†q

〉
− 1

2ρ
∥λ†q − λq∥2

= ⟨cq(u)− bq − eq,ρ(u) | λq⟩+
ρ

2
∥cq(u)− bq − eq,ρ(u)∥2, (2.19)

which proves (2.16). Next, we have

ρ
〈
cq(u)− bq − eq,ρ(u) | ρ−1λq

〉
=
ρ

2
∥cq(u)−bq−eq,ρ(u)+ρ−1λq∥2−

ρ

2
∥cq(u)−bq−eq,ρ(u)∥2−

ρ

2
∥ρ−1λq∥2,

which implies that

gq,ρ(u, λq) =
ρ

2
∥cq(u)− bq − eq,ρ(u) + ρ−1λq∥2 −

1

2ρ
∥λq∥2 (2.20)

=
ρ

2
d2Sq

(cq(u)− bq + ρ−1λq)−
1

2ρ
∥λq∥2, (2.21)

where the last equality follows from the definition of dSq . Hence, (2.17) is verified.
Let (u, λ) ∈ RK × Rm and ρ > 0. By using (2.13) and (2.21)

gρ(u, λ) =

M∑
q=1

ωqgq,ρ(u, λq),

where gq,ρ(u, λq) := ιSq,ρ(u, λq) =
ρ

2
d2Sq

(cq(u)− bq + ρ−1λq)−
1

2ρ
∥λq∥2,

we can define the smooth approximation of the augmented objective function Lρ by involving the
indicator functions ιSq,ρ(u, λq) as follows.

Lρ : (u, λ) 7→
M∑
q=1

(
ωqhq(u) +

ρωq

2
d2Sq

(cq(u)− bq + ρ−1λq)

)
− 1

2ρ
∥|λ|∥2. (2.22)

Moreover, assuming that the smoothing parameter ρk and multiplier λk are given at iteration k,
one can define the function φk by

φk : u 7→ Lρk
(u, λk) = h(u) + ψk ◦ c(u), (2.23)
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where ◦ denotes the function composition, and

ψk : (wq)1≤q≤M 7→
M∑
q=1

ρωq

2
d2Sq

(wq − bq + ρ−1λk,q)−
1

2ρ
∥|λk|∥2. (2.24)

The following Lemma generalizes the definition of the descent direction dk to nonconvex functions
φk. This result is obtained by defining the function φk as the composition of a convex and a nonconvex
function set as the argument of the former (convex) function.

Lemma 4 Assume c : RK → Rm × ]−∞,+∞] : u 7→ c(u) =(c(u), c0(u)) together with c : RK →
Rm : u 7→ c(u) and c0 = h. Define the function Ψk : RK × R → R : (u, ξ) 7→ ψk(u) + IdR(ξ), where
IdR : R ∋ ξ 7→ ξ.
If the function ψk : Rm → ]−∞,+∞] is convex; then, the function Ψk is convex. The composition
(Ψk ◦ c) verifies the identity

(Ψk ◦ c)(u) = ψk ◦ c(u) + IdR ◦c0(u) ≡ φk(u), (2.25)

where φk is defined by (2.23). Moreover, by defining, for every u ∈ dom(φ) and d ∈ RK ,

∆φk(u; d) = ψk(c(u) + Jc(u)d) + ⟨∇h(u) | d⟩ − ψk(c(u)), (2.26)

the following identity is verified

∆0(Ψk ◦ c)(u; d) ≡ ∆φk(u; d). (2.27)

Proof. The proof follows the same reasoning as the one used when h ≡ f + g, see [36]. For the sake of
completeness, we reproduce it here with this setting. The function Ψk(u, ξ) defined by ψk(u) + IdR(ξ)
is convex since the identity function on R is convex, by assumption, the function ψk(u) is convex, and
the sum of two convex functions is again convex. The expression (2.25) follows from the definition of
composition functions. Let us now prove (2.27). By definition of ∆0 in (2.5), we get

∆0(Ψk ◦ c)(u; d) = Ψk(c(u) + Jc(u)d)− Ψk(c(u))

By expanding the last equality using the definition of (Ψk ◦ c)(u; d) given by (2.25), we obtain

∆0(Ψk ◦ c)(u; d) = ψk(c(u) + Jc(u)d) + IdR(c0(u) + ⟨∇c0(u) | d⟩)− IdR ◦c0(u)− ψk ◦ c(u)
= ψk(c(u) + Jc(u)d) + IdR ◦ ⟨∇c0(u) | d⟩ − ψk ◦ c(u)

Then, since c0 : u 7→ h(u) and the scalar product ⟨∇c0(u) | d⟩ ∈ R, we deduce the expression

∆0(Ψk ◦ c)(u; d) = ψk(c(u) + Jc(u)d) + ⟨∇h(u) | d⟩ − ψk(c(u)) ≡ ∆φk(u; d), (2.28)

which completes of the proof.
Using Lemma 3, one can then prove that at each iteration k the descent direction computer at uk

verifies the strict inequality ∆φ(uk; dk) < 0; hence, it can be referred to as defining a descent method.
We recall the basic properties of the projection operator onto the nonempty closed convex subset

Sq denoted PSq , that will be used in Section 3.2.

Lemma 5 [4, Proposition 29.3, Theorem 3.16] Let q ∈ {1, . . . ,M}, let Sq be a non-empty closed

convex subset in Rmq and S =
∏M

q=1 Sq. Then, the following hold.

(i) For any v = (vq)
M
q=1 ∈ ⊕M

q=1Rmq , PSv = (PSq
vq)1≤q≤M .

(ii) For any v = (vq)
M
q=1 ∈ ⊕M

q=1Rmq ,

p = PSv ⇐⇒ (∀w ∈ S) ⟨v − p || w − p⟩ ≤ 0. (2.29)
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Let (Ω,F,Prob) be a probability space and H = RK . A H-valued random variable is a measurable
function X : Ω → H, where H is endowed with the Borel σ-algebra. We denote by σ(X) the σ-
field generated by X. The expectation of a random variable X is denoted by E[X]. The conditional
expectation of X given a σ-field A ⊂ F is denoted by E[X|A]. A H-valued random process is a
sequence (xk)k∈N of H-valued random variables. The abbreviation a.s. stands for ’almost surely’.

Lemma 6 ([44, Theorem 1]) Let (Fk)k∈N be an increasing sequence of sub-σ-algebras of F, let (zk)k∈N,
(θk)k∈N, (ζk)k∈N and (tk)k∈N be sequences of [0,+∞[-valued random variables such that, for every k ∈
N, zk, θk, ζk and tk are Fk-measurable. Moreover, assume that

∑
k∈N tk < +∞,

∑
k∈N ζk < +∞ a.s.

and

(∀k ∈ N) E[zk+1|Fk] ≤ (1 + tk)zk + ζk − θk a.s..

Then (zk)k∈N converges a.s. to a [0,+∞[-valued random variable and (θk)k∈N is summable a.s..

Corollary 1 ([46, Corollary 2.6]) Let (Fk)k∈N be an increasing sequence of sub-σ-algebras of F, let
(xk)k∈N be a [0,+∞[-valued random sequence such that, for every k ∈ N, xk−1 is Fk-measurable and∑

k∈N
E[xk|Fk] < +∞ a.s.. (2.30)

Then,
∑
k∈N

xk < +∞ a.s..

3 Algorithm

In this section, we detail the specification of Algorithm 2 for solving Problem 1. The main design
principles of this single-loop algorithm can be summarized as follows:

(i) Formulate a generalization of the augmented Lagrangian function by smoothing the nonlinear
constraints cq(u) − bq ∈ Sq. This function is the sum of smoothed functions with respect to the
primal variable u and the dual variable λ.

(ii) Then, given a point u and the Lagrangian multiplier λ, we apply the projected mini-batch stochastic
gradient to update the primal variable as u+ = PC(u− tkdk), where tk is the primal stepsize and
dk is the mini-batch stochastic gradient; provided the size of the mini-batch satisfies a well-defined
minimum size criteria.

(iii) We use the backtracking technique to find the primal stepsizes tk and dual stepsizes σk. Then, the
update of the dual variable λ is performed as λ+ = λ+ σk∇2Lρ(u

+, λ).

Thus, this algorithm does not involve any subsolver or auxiliary solver to compute the values of
primal or dual variables; hence, it is referred to as a single-loop algorithm.

The main motivation for the design of a Lagrangian-based algorithm that rely on the mini-batch
stochastic gradient can be stated as follows. The stochastic gradient method was first introduced in
[45]. This method, as well as its extension, the stochastic proximal gradient method, have been widely
adopted nowadays as optimization method in machine learning (statistical learning, deep learning,
etc.), linear inverse problem, and game theory; see [3,13,14,34,28] for examples. A main feature
of the stochastic gradient is that it uses only one sample point per iteration compared to the full
gradient whose computational cost becomes prohibitive when the number of points of points is large.
Nevertheless, the stochastic gradient does not guarantee convergence of the iterations without either
ensuring the sequence of stepsizes decreases (leading to a decreasing stepsize method) or involving a
variance reduction technique. Relaxation consists of using a mini-batch approach, where only a subset
of samples is used per iteration. This idea leads to the mini-batch stochastic gradient; see [14] for a
detailed development. The major advantage of the mini-batch stochastic gradient is the reduction of
variance when the mini-batch size increases [14,32,18]. Further comparison against inexact augmented
Lagrangian methods such as [43] and [39] is provided in Section 6.
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In Section 4, we characterize the convergence properties of the sequences (uk, λk)k∈N generated by
the proposed algorithm. For this purpose, we suppose that the Jacobian Jc of the constraints c verifies
the following assumption.

Assumption 1 Let C a closed convex subset of RK . Assume

µ0 = sup
u∈C
∥Jc(u)⊺∥ < +∞ and (∀(u, ũ) ∈ C × C) ∥Jc(u)− Jc(ũ)∥ ≤ µc∥u− ũ∥, (3.1)

where µc is a positive constant.

We further assume that the variance of dk,ip in (3.16) denoted by Var(dk,ip) is bounded. More precisely,
we need the following.

Assumption 2 Let ip be a random variable. The probability Prob(ip = q) that the random variable
ip takes the value q verifies the property Prob(ip = q) = ωq with 0 ≤ ωq ≤ 1. Let dk,ip be defined by
Step 2 of Algorithm 2. Assume that for all k ∈ N,

Var(dk,ip) = Eip [∥dk,ip −∇Lρk
(uk, λk)∥2|Ek] ≤ σ2

k < +∞, (3.2)

where Ek is the σ−algebra generated by u0, u1, . . . , uk.

Consequently the (sample) variance of the estimator of the descent direction dk ∈ RK is also bounded.
More precisely,

Var(dk) ≤
1

m2k

mk∑
p=1

Var(dk,ip), (3.3)

where mk denotes the size of the sample. Given λk ∈ S⊖ and ξk = (ip)1≤p≤mk , define

fλk,ξk(·) =
1

mk

mk∑
p=1

(
hip(·) +

ρk
2
d2Sip

(cip(·)− bip + ρ−1
k λk,ip)−

1

2ρk
∥λk,ip∥2

)
. (3.4)

In the remainder of this paper, ℓξk refers to the Lipschitz constant of ∇fλk,ξk . The Lipschitz constant

of ∇Lρk
(·, λk) is denoted by ℓk. Recall also that the set S =

∏M
q=1 Sq.

3.1 Line Search Procedure

Let (θ, ν) ∈ ]0, 1[
2
and ε > 0. We denote by tk = LS(fλk,ξk , uk, λk, dk; θ, ν, ε) the line search procedure

detailed here below.

Lemma 7 The line search Algorithm 3.1 terminates after a finite number of steps, i.e., there exists
tk > 0 such that

fλk,ξk

(
ūk+1

)
< fλk,ξk(uk) + νtk∆fλk,ξk(uk;−dk) +O

( 1

(k + 1)1+ε

)
. (3.6)

Moreover,

νβk −
1

2
tk(1 + tkℓξk)

2 − tk
(
1 + tkℓk)

2 − 2(1 + ε)tk − ς1,k ≥
ε

2
, (3.7)

where ς1,k := (1 + ε)4σk

[
4µ2

0 + µ2
ct

2
k∥dk∥2

]
tk.
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Algorithm 1 : Step Size Selection tk = LS(fλk,ξk , uk, λk, dk; θ, ν, ε)

Require: Current iterate uk, descent direction dk, objective function fλk,ξk , ∆fλk,ξk(uk;−dk), pro-
jection operator PC

Require: Parameters θ ∈ ]0, 1[, ν ∈ ]0, 1[, ε > 0, βk > 0, ℓk ≥ 0, ℓξk ≥ 0

▷ Step 1: Backtracking line search
1: for (j = 0 ; j > −1 ; j++) do
2: tθ ← θj

3: ūk+1 ← PC(uk − tθdk)
4: if

fλk,ξk(ūk+1) < fλk,ξk(uk) + νtθ∆fλk,ξk(uk;−dk) +O
(

1

(k + 1)1+ε

)
(3.5)

then
5: break
6: end if
7: end for

▷ Step 2: Final step size
8: sk ← min {1/ℓk, 1/ℓξk , (νβk − ε)/(12 + 4(1 + ε))}
9: tk ← min{tθ, sk}

10: return tk

Proof. In view of [15, Lemma 5.1], for a fixed ν ∈ ]0, 1[, there exists a finite upper limit tk > 0 of
the primal stepsize interval such that for all primal stepsizes included in the open interval ]0, tk[, the
function fλk,ξk verifies the following inequality

(∀t ∈
]
0, tk

[
) fλk,ξk(uk − tdk) ≤ fλk,ξk(uk) + tν∆fλk,ξk(uk;−dk), (3.8)

Since limt↓0 PC(uk − tdk) = uk and fλk,ξk is continuous, we obtain

lim
t↓0
|fλk,ξk(PC(uk − tdk))− fλk,ξk(uk − tdk)| = 0. (3.9)

Therefore, there exists

tk ∈
]
0, tk

[
(3.10)

such that

fλk,ξk(PC(uk − tdk)) ≤ fλk,ξk(uk − tdk) +O
( 1

(k + 1)1+ε

)
, (3.11)

which implies that the condition (3.5) is well-defined. We next prove (3.7). In view of (3.19), we have

1

2
νβk − ς1,k ≥ 0. (3.12)

Using the conditions 1 + tkℓk ≤ 2 and 1 + tkℓξk ≤ 2, we obtain

1

2
νβk −

1

2
(1 + tkℓξk)

2 − tk(1 + tkℓk)
2 − 2(1 + ε)tk ≥

ε

2
. (3.13)

Summing the last inequalities, we obtain (3.7).
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3.2 Main Algorithm

Algorithm 2 ALM algorithm with backtracking

▷ Initialization

1: Set u0 ∈ C, u−1 ̸= u0, λ0 ∈ S⊖

2: Set σ−1 ≫ 1, ρ−1 ∈ ]0,∞[, 1≫ ε > 0, θ ∈ ]0, 1[, ν ∈ ]0, 1[, n ∈ N
3: Compute µ0 from (3.1)

▷ Main Loop

4: for k ← 0 : n do
▷ Step 1

5: Select ρk ∈ ]0,∞[ such that
βk := 1− ρk

2
∥Jc(uk)∥2 > ε

√
ρk∥|c(uk)− b− PS

(
c(uk)− b+ ρ−1

k λk
)
|∥ ≤ min1≤i≤k ∥ui − ui−1∥

ρk < ρk−1 + εσk−1

(3.14)

▷ Step 2
6: Select mini-batch size mk ∈ N.
7: Generate mk random variables ξk = (ip)1≤p≤mk with Prob(ip = q) = ωq

8: Compute vk,ip and dk,ip

vk,ip = λk,ip + ρk
(
cip(uk)− bip − PSip

(cip(uk)− bip + ρ−1
k λk,ip)

)
(3.15)

dk,ip = ∇hip(uk) + Jcip (uk)
⊺vk,ip (3.16)

9: Compute dk

dk =
1

mk

mk∑
p=1

dk,ip (3.17)

▷ Step 3
10: Find tk = LS(fλk,ξk , uk, λk, dk, θ, ν, ε)
11: Update

uk+1 = PC(uk − tkdk) (3.18)

▷ Step 4
12: Compute

σk = min

{
ρk,

1

8tk
νβk(1 + ε)−1

[
4µ2

0 + µ2
ct

2
k∥dk∥2

]−1
}

(3.19)

13: Update

λk+1 = λk + σk

(
c(uk+1)− b− PS

(
c(uk+1)− b+ ρ−1

k λk
))

(3.20)

14: end for

4 Convergence Properties

Before presenting our main convergence results, we summarize the general strategy followed. The
main principle is to derive the descent property of the Lagrange function values

(
Lρk

(uk, λk)
)
k∈N

with respect to (tk∥dk∥2)k∈N. To reach this goal, we consider the following steps:
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(i) We first need to show that Step 1 and Step 3 are well defined. They are presented in Lemma 10 as
well as in Lemma 7. In particular, we obtain the descent property of the stochastic function fξk,λk

as in (3.5).

(ii) We further estimate ∆fλk,ξk(uk;−dk) ≤ −βk∥dk∥2 as proved in Lemma 9. Combining this result
to (3.5), we obtain the descent of fξk,λk

with respect to dk as written in (4.47).

(iii) Based on Eξk [Lρk,ξk(uk, λk,ξk)] = Lρk
(uk, λk), we use the results obtained in Lemma 8 where we

show that the Lagrange function satisfies a sufficient decrease condition and Lemma 11 to derive
the descent property of

(
Lρk

(uk, λk)
)
k∈N from (4.47) as in (4.63).

(iv) From (4.63), it is easy to find the convergence property of the proposed method as in Theorem 3.

4.1 Auxiliary Results

We first prove several auxiliary results, which will be used in the proof of the main Theorem part of
this section.

Lemma 8 Let k ∈ N. Then,

Lρk+1
(uk+1, λk+1) ≤ Lρk

(uk+1, λk) +
(σk + 0.5(ρk+1 − ρk))

σk
∥|λk+1 − λk|∥2. (4.1)

Proof. In view of Lemma 3, for ek+1 = PS(c(uk+1)− b+ ρ−1
k+1λk+1), we have

Lρk+1
(uk+1, λk+1) = h(uk+1) + ⟨c(uk+1)− b− ek+1 || λk+1⟩+

ρk+1

2
∥|c(uk+1)− b− ek+1|∥2. (4.2)

By defining pk+1 := PS(c(uk+1)− b+ ρ−1
k λk), we can express the third term in the right hand side of

(4.2) as

ρk+1

2
∥|c(uk+1)− b− ek+1|∥2 =

ρk+1

2
∥|c(uk+1)− b− pk+1|∥2 +

ρk+1

2
∥|ek+1 − pk+1|∥2

+ ρk+1⟨c(uk+1)− b− pk+1 || pk+1 − ek+1⟩. (4.3)

The second term in the right hand side of (4.2) can be written as

⟨c(uk+1)− b− ek+1 || λk+1⟩ = ⟨c(uk+1)− b− pk+1 || λk⟩+ ⟨c(uk+1)− b− ek+1 || λk+1⟩
− ⟨c(uk+1)− b− pk+1 || λk⟩ . (4.4)

Using the definition of pk+1, the update rule of the dual variables can be written as

λk+1 = λk + σk(c(uk+1 − b− pk+1)). (4.5)

Thus, it follows that

⟨c(uk+1)− b− ek+1 || λk+1⟩ = ⟨c(uk+1)− b− pk+1 || λk⟩+ ⟨c(uk+1)− b− ek+1 || λk+1⟩
− ⟨c(uk+1)− b− pk+1 || λk+1⟩+ σk∥|c(uk+1)− b− pk+1|∥2

= ⟨c(uk+1)− b− pk+1 || λk⟩+ ⟨pk+1 − ek+1 || λk+1⟩
+ σk∥|c(uk+1)− b− pk+1|∥2. (4.6)

Therefore, (4.2) becomes

Lρk+1
(uk+1, λk+1) = Lρk

(uk+1, λk) + (σk +
ρk+1 − ρk

2
)∥|c(uk+1)− b− pk+1|∥2 + ok, (4.7)
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where we set

ok := ⟨pk+1 − ek+1 || λk+1⟩+ ρk+1⟨c(uk+1)− b− pk+1 || pk+1 − ek+1⟩+
ρk+1

2
∥|ek+1 − pk+1|∥2

= ⟨pk+1 − ek+1 || λk+1⟩+ ρk+1 ⟨c(uk+1)− b− ek+1 || pk+1 − ek+1⟩ −
ρk+1

2
∥|pk+1 − ek+1|∥2

≤ ρk+1

( 〈
pk+1 − ek+1 || ρ−1

k+1λk+1

〉
+ ⟨c(uk+1)− b− ek+1 || pk+1 − ek+1⟩

)
= ρk+1

( 〈
pk+1 − ek+1 || ρ−1

k+1λk+1 + c(uk+1)− b− ek+1

〉 )
≤ 0, (4.8)

where the last inequality follows from Lemma 5. Therefore, using the expression (4.5), the conclusion
follows from (4.7).

Lemma 9 Let k ∈ N and let βk, dk and fλk,ξk be defined, respectively, by Step 1, Step 2 and Step 3
of Algorithm 2. Then,

∆fλk,ξk(uk;−dk) ≤ −βk∥dk∥2. (4.9)

Proof. At each iteration k ∈ N, define

cξk = (cip)1≤p≤mk

vξk = (vk,ip)1≤p≤mk

bξk = (bip)1≤p≤mk

λk,ξk = (λk,ip)1≤p≤mk

Sξk = (Sip)1≤p≤mk

hξk(·) =
1

mk

mk∑
p=1

hip(·)

ψξk(·) =
1

mk

mk∑
p=1

(
ρk
2
d2Sip

((·)− bip + ρ−1
k λk,ip)−

1

2ρk
∥λk,ip∥2

)
Lρk,ξk(·, λk) = hξk(·) + (ψξk ◦ cξk)(·).

Then, we obtain

fλk,ξk(·) = Lρk,ξk(·, λk). (4.10)

The direction dk ∈ RK defined by (3.17) satisfies following (2.26),

∆fλk,ξk(uk; dk) = ψξk(cξk(uk) + Jcξk (uk)dk) + ⟨∇hξk(uk) | dk⟩ − ψξk(cξk(uk)). (4.11)

For the sake of clarity and conciseness, let us define the following
eξk := PSξk

(cξk(uk)− bξk + ρ−1
k λξk),

zξk := PSξk
(cξk(uk) + Jcξk (uk)dk − bξk + ρ−1

k λk),

sξk := Jcξk (uk)dk − zξk + eξk .

(4.12)

We also use the following scalar product

⟨⟨· | ·⟩⟩ : (wξk , vξk) 7→
mk∑
p=1

〈
wip | vip

〉
with vector norm ∥∥ · ∥∥ : vξk 7→

√
⟨⟨vξk | vξk⟩⟩.
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Using these notations, by Lemma 3, we have

mkψξk(cξk(uk) + Jcξk (uk)dk)

= ⟨⟨cξk(uk) + Jcξk (uk)dk − bξk − zξk | λξk⟩⟩+
ρk
2
∥∥cξk(uk) + Jcξk (uk)dk − bξk − zξk∥∥

2

= ⟨⟨c
ξk
(uk)− bξk − eξk + sξk | λξk⟩⟩+

ρk
2
∥∥cξk(uk)− bξk − eξk + sξk∥∥2

= ⟨⟨cξk(uk)− bξk − eξk | λξk⟩⟩+ ⟨⟨sξk | λξk⟩⟩+
ρk
2
∥∥cξk(uk)− bξk − eξk∥∥2

+ ρk⟨⟨cξk(uk)− bξk − eξξk | sξk⟩⟩+
ρk
2
∥∥sξk∥∥2, (4.13)

which implies, using the definition of eξk , that

mk
(
ψξk(cξk(uk) + Jcξk (uk)dk)− ψξk

(cξk(uk))
)

= ⟨⟨sξk | λξk⟩⟩+ ρk⟨⟨cξk(uk)− bξk − eξk | sξk⟩⟩+
ρk
2
∥∥sξk∥∥2

= ⟨⟨λξk + ρk
(
cξk(uk)− bξk − eξk

)
| sξk⟩⟩+

ρk
2
∥∥sξk∥∥2

= ⟨⟨vξk | sξk⟩⟩+
ρk
2
∥∥sξk∥∥2. (4.14)

Note that

∥∥sξk∥∥2 = ∥∥Jcξk (uk)dk∥∥
2 + 2⟨⟨Jcξk (uk)dk | eξk − zξk⟩⟩+ ∥∥eξk − zξk∥∥

2. (4.15)

Therefore,

mk
(
ψξk(cξk(uk) + Jcξk (uk)dk)− ψξk(cξk (uk))

)
≤ ⟨⟨vξk | sξk⟩⟩+

ρk
2
∥∥Jcξk (uk)dk∥∥

2 + ρk⟨⟨Jcξk (uk)dk | eξk − zξk⟩⟩+
ρk
2
∥∥eξk − zξk∥∥2

= ⟨⟨Jcξk (uk)
⊺vξk | dk⟩⟩+

ρk
2
∥∥J

ξk
(uk)dk∥∥2 + ⟨⟨vξk + ρkJξk

(uk)dk | eξk − zξk⟩⟩+
ρk
2
∥∥eξk − zξk∥∥2.

(4.16)

The weighted inner product ⟨⟨vξk + ρkJcξk (uk)dk | eξk − zξk⟩⟩ satisfies

⟨⟨vξk + ρkJcξk (uk)dk | eξk − zξk⟩⟩

= ρk⟨⟨cξk(uk)− bξk + Jcξk (uk)dk + ρ−1
k λξk − eξk | eξk − zξk⟩⟩

= ρk⟨⟨cξk(uk)− bξk + Jcξk (uk)dk + ρ−1
k λξk − zξk | eξk − zξk⟩⟩ − ρk∥∥zξk − eξk∥∥2

≤ −ρk∥∥zξk − eξk∥∥2, (4.17)

where the last inequality follows from Lemma 5. In turn,

ψξk(cξk(uk) + Jcξk (uk)dk)− ψξk(cξk(uk)) ≤
1

mk

(
⟨⟨Jcξk (uk)

⊺vξk | dk⟩⟩+
ρk
2
∥|Jcξk (uk)dk|∥

2
)
. (4.18)

Adding ⟨⟨∇hξk(uk) | dk⟩⟩ to both sides of (4.18) and using the definition of the descent direction dk,
we obtain

∆fλk,ξk(uk; dk) ≤ ⟨⟨∇hξk(uk) +
1

mk
Jcξk (uk)

⊺vξk | dk⟩⟩+
ρk
2mk
∥|Jcξk (uk)dk|∥

2 (4.19)
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Observe that the stochastic direction dk is the gradient of fλk,ξk at the current point uk, i.e., dk =
∇fλk,ξk(uk). Hence,

∆fλk,ξk(uk;−dk) ≤ −∥dk∥2 +
ρk
2mk
∥|Jcξk (uk)dk|∥

2

≤ −
(
1− ρk

2mk
∥Jcξk (uk)∥

2

)
∥dk∥2

≤ −βk∥dk∥2

< 0, (4.20)

where the second inequality follows from (3.14).

Lemma 10 The sequence (λk)k∈N belongs to the polar cone S⊖ when λ0 ∈ S⊖ and Step 1 of Algorithm
2 is well defined.

Proof. Suppose that λk ∈ S⊖. Let u ∈ C and ρ > 0 and set a = c(u) − b. Then, it follows from [4,
Theorem 6.30(i)] and [4, Proposition 29(ii)] that

ρ

(
a− PS

(
a+ ρ−1λk

))
= ρ

(
PS⊖

(
a+ ρ−1λk

)
− ρ−1λk

)
= ρPS⊖

(
(ρa+ λk)/ρ

)
− λk

= ρPS⊖/ρ

(
(ρa+ λk)/ρ

)
− λk

= PS⊖
(
ρa+ λk

)
− λk. (4.21)

The latter equality implies that, for u = uk, the following identity is verified

λk = PS⊖
(
ρ(c(uk)− b) + λk

)
− ρ

(
c(uk)− b− PS(c(uk)− b+ ρ−1λk)

)
. (4.22)

Therefore,

ρ∥|c(uk)− b− PS(c(uk)− b+ ρ−1λk)|∥ = ∥|λk − PS⊖
(
ρ(c(uk)− b) + λk

)
|∥ ≤ ρ∥|c(uk)− b|∥. (4.23)

Hence, by choosing

ρk = ρ ≤ min

{(
min

1≤i≤k
∥ui − ui−1∥

)2

∥|c(uk)− b|∥−2, ρk−1 + εσk−1, 2(1− ε)∥Jc(uk)∥−2

}
, (4.24)

we get 
1− ρk

2
∥Jc(uk)∥2 > ε

√
ρk∥|c(uk)− b− PS

(
c(uk)− b+ ρ−1

k λk
)
|∥ ≤ min

1≤i≤k
∥ui − ui−1∥

ρk < ρk−1 + εσk−1.

(4.25)

Consequently, Step 1 is well defined when λk ∈ S⊖. We next prove λk+1 ∈ S⊖. Indeed, we have

λk = PS⊖
(
ρk(c(uk+1)− b) + λk

)
− ρk

(
c(uk+1)− b− PS(c(uk+1)− b+ ρ−1

k λk)
)
. (4.26)

Thus

λk+1 = (1− σk/ρk)λk + (σk/ρk)PS⊖(c(uk+1)− b+ ρ−1
k λk) ∈ S⊖, (4.27)

where the last inclusion follows from λk ∈ S⊖ and σk ≤ ρk. Therefore, the lemma is proved by
induction.
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Lemma 11 Let dk be defined by (3.17). Set

ς1,k := (1 + ε)4σk

[
4µ2

0 + µ2
ct

2
k∥dk∥2

]
tk. (4.28)

Then

Eξk

[1 + ε

σk
∥|λk+1 − λk|∥2|Ek

]
≤ Eξk

[
ς1,ktk∥dk∥2|Ek

]
+ 2(1 + ε)t2k−1∥dk−1∥2. (4.29)

Proof. Define
(∀k ∈ N) ek := PS(c(uk)− b+ ρ−1

k λk) and qk := c(uk)− b− ek. (4.30)

and
(∀k ∈ N) pk+1 := PS(c(uk+1)− b+ ρ−1

k λk) and q̄k+1 := c(uk+1)− b− pk+1. (4.31)

Then, by the update rules {
vk = λk + ρkqk

λk+1 = λk + σkq̄k+1,
(4.32)

we obtain the following inequality

∥|λk+1 − λk|∥2 = σ2
k∥q̄k+1∥2

≤ 2σ2
k

(
∥|qk|∥2 + ∥|qkq̄k+1|∥2

)
= 2σ2

k

(
∥|qk|∥2 + ∥|c(uk+1)− c(uk)− pk+1 + ek|∥2

)
≤ 2σ2

k∥|qk|∥2 + 4σ2
k∥|c(uk+1)− c(uk)|∥2 + 4σ2

k∥|pk+1 − ek|∥2. (4.33)

Using (4.31), the third term in the RHS of (4.33) becomes

∥|pk+1 − ek|∥2 = ∥|PS(c(uk+1)− b+ ρ−1
k λk)− PS(c(uk)− b+ ρ−1

k λk)|∥2

≤ ∥|c(uk+1)− c(uk)|∥2. (4.34)

Therefore, inequality (4.33) can be written as

∥|λk+1 − λk|∥2 ≤ 2σ2
k∥|qk|∥2 + 8σ2

k∥|c(uk+1)− c(uk)|∥2. (4.35)

By the Step 1 of Algorithm 2 and σk ≤ ρk, the first term in the RHS of (4.35) verifies the inequality

2σ2
k∥|qk|∥2 ≤ 2σk∥|uk − uk−1|∥2. (4.36)

Since the Jacobian Jc(uk) of c is µc−Lipschitz continuous on the subset C of Rm, the second term in
the RHS of (4.35) satisfies the inequality

∥|c(uk+1)− c(uk)|∥2 ≤
(
∥|Jc(uk)(uk+1 − uk)|∥+ (µc/2)∥uk+1 − uk∥2

)2

≤ 2∥|Jc(uk)(uk+1 − uk)|∥2 + (µ2
c/2)∥uk+1 − uk∥4

≤ 2∥Jc(uk)∥2∥(uk+1 − uk)∥2 + (µ2
c/2)∥uk+1 − uk∥4. (4.37)

By our assumption, supk∈N ∥Jc(uk)∥ ≤ µ0 is finite. It follows that

8σ2
k∥|c(uk+1)− c(uk)|∥2 ≤ 16µ2

0σ
2
k∥(uk+1 − uk)∥2 + 4µ2

cσ
2
k∥uk+1 − uk∥4. (4.38)

Summing the RHS of (4.36) and (4.38), we deduce from (4.35) that

∥|λk+1 − λk|∥2 ≤ 16µ2
0σ

2
k∥uk+1 − uk∥2 + 4µ2

cσ
2
k∥uk+1 − uk∥4 + 2σk∥uk − uk−1∥2. (4.39)

Since ∥uk+1 − uk∥ ≤ tk∥dk∥, we further bound (4.39) as

1 + ε

σk
∥|λk+1 − λk|∥2 ≤ (1 + ε)

[
16µ2

0σkt
2
k∥dk∥2 + 4µ2

cσkt
4
k∥dk∥4 + 2t2k−1∥dk−1∥2

]
. (4.40)

= (1 + ε)
[
16µ2

0σktk + 4µ2
cσkt

3
k∥dk∥2

]
tk∥dk∥2 + 2(1 + ε)t2k−1∥dk−1∥2

= ς1,ktk∥dk∥2 + 2(1 + ε)t2k−1∥dk−1∥2, (4.41)

which proves (4.29) by taking the expectation with respect to ξk on both sides of (4.41) and using
Eξk [t

2
k−1∥dk−1∥2] = t2k−1∥dk−1∥2.
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4.2 Main Theorem

Theorem 3 Let ((uk, λk))k∈N be the primal-dual sequence generated by Algorithm 2. Suppose that
Assumptions 1 & 2 are satisfied and (Lρk

(uk, λk))k∈N is bounded below. Further assume that, the size
mk of the mini-batch selected at each iteration k, verifies

mk ≥ O
(
σ2
ktk,max(k + 1)1+ε

)
(4.42)

together with (1 + t2kℓξk) ≤ tk,max < +∞ a.s., and (1 + t2kℓk) ≤ tk,max < +∞ a.s., where tk,max is
independent of ξk.

Then, the following hold.

(i) The sequence (Eξk

[
∥uk+1 − uk√

tk
∥2|Ek

]
)k∈N is summmable, i.e.,

∑
k∈N

Eξk

[
∥uk+1 − uk√

tk
∥2|Ek

]
< +∞. (4.43)

(ii) The sequence (Eξk

[
σk∥|c(uk+1)− b− PS(c(uk+1 − b+ ρ−1

k λk)|∥2|Ek
]
)k∈N is summable, i.e.,∑

k∈N
Eξk

[
σk∥|c(uk+1)− b− PS(c(uk+1 − b+ ρ−1

k λk)|∥2|Ek
]
< +∞. (4.44)

(iii) Define uek+1 = PC(uk − tk∇Lρk
(uk, λk)). Then, the sequence (E

[
∥
uek+1 − uk√

tk
∥2|Ek

]
)k∈N is sum-

mmable, i.e., ∑
k∈N

Eξk

[
∥
uek+1 − uk√

tk
∥2|Ek

]
< +∞, a.s. (4.45)

(iv) Choosing σk such that supk∈N σk ≤ σ∞ < +∞ where σ∞ is independent of ξk. Then, the sequence
(Eξk

[
σk∥|c(uek+1)− b− PS(c(u

e
k+1)− b+ ρ−1

k λk)|∥2|Ek
]
)k∈N is summable, i.e.,∑

k∈N
Eξk

[
σk∥|c(uek+1)− b− PS(c(u

e
k+1)− b+ ρ−1

k λk)|∥2|Ek
]
< +∞, a.s. (4.46)

Proof. In this proof, we denote by Eξk [X] = Eξk [X|Ek] the conditional expectation of X with respect
to Ek. Using Lemma 9 and Lemma 7, we obtain the following

fλk,ξk(uk+1) < Lρk,ξk(uk, λk,ξk)− tkβkν∥dk∥2 +O
( 1

(k + 1)1+ε

)
. (4.47)

Note that uek+1 = PC(uk − tk∇Lρk
(uk, λk)). Then, it follows from the nonexpansiveness of the pro-

jection operator PC that

∥uek+1 − uk+1∥2 = ∥PC(uk − tk∇Lρk
(uk, λk))− PC(uk − tkdk)∥2 ≤ t2k∥dk −∇Lρk

(uk, λk)∥2. (4.48)

Let ℓξk be the Lipschitz constant of ∇fλk,ξk . Then, it follows from the Descent Lemma [4, Lemma
2.64] that

fλk,ξk(u
e
k+1)− fλk,ξk(uk+1) ≤

〈
∇fλk,ξk(uk+1) | uek+1 − uk+1

〉
+
ℓξk
2
∥uek+1 − uk+1∥2

≤ ∥∇fλk,ξk(uk+1)∥∥uek+1 − uk+1∥+
ℓξk
2
∥uek+1 − uk+1∥2

≤
(
∥∇fλk,ξk(uk)∥+ ∥∇fλk,ξk(uk+1)−∇fλk,ξk(uk)∥

)
∥uek+1 − uk+1∥

+
ℓξk
2
∥uek+1 − uk+1∥2. (4.49)
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Since ∥∇fλk,ξk(uk+1)−∇fλk,ξk(uk)∥ ≤ ℓξk∥uk+1 − uk∥, the RHS of (4.49) verifies(
∥∇fλk,ξk(uk)∥+ ∥∇fλk,ξk(uk+1)−∇fλk,ξk(uk)∥

)
∥uek+1 − uk+1∥+

ℓξk
2
∥uek+1 − uk+1∥2

≤ (1 + tkℓξk)∥dk∥∥uek+1 − uk+1∥+
ℓξk
2
∥uek+1 − uk+1∥2

≤ tk(1 + tkℓξk)∥dk∥∥dk −∇Lρk
(uk, λk)∥+

ℓξk
2
t2k∥dk −∇Lρk

(uk, λk)∥2

≤ 1

2
t2k(1 + tkℓξk)

2∥dk∥2 +
1

2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2. (4.50)

Combining (4.50) with (4.47), we deduce

fλk,ξk(u
e
k+1) < Lρk,ξk(uk, λk,ξk)− tk

(
νβk −

1

2
tk(1 + tkℓξk)

2
)
∥dk∥2

+
1

2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2 +O
( 1

(k + 1)1+ε

)
. (4.51)

Let ℓk be the Lipschitz constant of ∇Lρk
(·, λk). Then, it follows from the Descent Lemma [4, Lemma

2.64] that

Lρk
(uk+1, λk)− Lρk

(uek+1, λk) ≤
〈
∇Lρk

(uek+1, λk) | uk+1 − uek+1

〉
+
ℓk
2
∥uek+1 − uk+1∥2 (4.52)

The RHS of (4.52) verifies

〈
∇Lρk

(uek+1, λk) | uk+1 − uek+1

〉
+
ℓk
2
∥uek+1 − uk+1∥2

≤ ∥∇Lρk
(uek+1, λk)∥∥uek+1 − uk+1∥+

ℓk
2
∥uek+1 − uk+1∥2

≤
(
∥∇Lρk

(uk, λk)∥+ ∥∇Lρk
(uk, λk)−∇Lρk

(uek+1, λk)∥
)
∥uek+1 − uk+1∥+

ℓk
2
∥uek+1 − uk+1∥2

≤
(
∥Eξk [dk]∥+ ℓk∥uk − uek+1∥

)
∥uek+1 − uk+1∥+

ℓk
2
∥uek+1 − uk+1∥2

Using (4.48), we obtain(
∥∇Lρk

(uk, λk)∥+ ℓk∥uk − uek+1∥
)
∥uek+1 − uk+1∥+

ℓk
2
∥uek+1 − uk+1∥2

≤ tk
(
∥∇Lρk

(uk, λk)∥+ tkℓk∥∇Lρk
(uk, λk)∥

)
∥dk −∇Lρk

(uk, λk)∥+
ℓk
2
t2k∥dk −∇Lρk

(uk, λk)∥2

≤ tk∥∇Lρk
(uk, λk)∥

(
1 + tkℓk

)
∥dk −∇Lρk

(uk, λk)∥+
ℓk
2
t2k∥dk −∇Lρk

(uk, λk)∥2

≤ 1

2
t2k
(
1 + tkℓk

)2∥∇Lρk
(uk, λk)∥2 +

1

2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2

≤ t2k
(
1 + tkℓk

)2∥dk∥2 + 3

2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2 (4.53)

Combining (4.51) and (4.53), we deduce

Lρk
(uk+1, λk)− Lρk

(uek+1, λk) + fλk,ξk(u
e
k+1)

≤ Lρk,ξk(uk, λk,ξk)− tk
[(
νβk −

1

2
tk(1 + tkℓξk)

2
)
∥dk∥2 − tk

(
1 + tkℓk

)2∥dk∥2]
+

1

2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2 +
3

2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2 +O
( 1

(k + 1)1+ε

)
.

(4.54)
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Taking the conditional expectation with respect to ξk, using Lemma 8, we derive from (4.54) that

Eξk [Lρk+1
(uk+1, λk+1)] ≤ Lρk

(uk, λk)−Eξk

[
tk

(
νβk −

1

2
tk(1 + tkℓξk)

2 − tk
(
1 + tkℓk)

2
)
∥dk∥2

]
+Eξk

[1
2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2 +
3

2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2

+
1 + ε

σk
∥|λk+1 − λk|∥2

]
+O

( 1

(k + 1)1+ε

)
. (4.55)

Then, by Lemma 11,

Eξk [Lρk+1
(uk+1, λk+1)] ≤ Lρk

(uk, λk)−Eξk

[
tk

(
νβk −

1

2
tk(1 + tkℓξk)

2 − tk
(
1 + tkℓk)

2
)
∥dk∥2

]
+Eξk

[1
2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2
]
+Eξk

[3
2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2
]

+Eξk

[
ς1,ktk∥dk∥2

]
+ 2(1 + ε)t2k−1∥dk−1∥2 +O

( 1

(k + 1)1+ε

)
. (4.56)

Next, using Assumption 1, (1 + t2kℓk) ≤ tk,max and Assumption 2, we get for the third term of the
RHS of (4.56)

Eξk

[1
2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2
]
≤ 1

2
tk,maxEξk

[
∥dk −∇Lρk

(uk, λk)∥2
]

≤ 1

2

tk,maxσ
2
k

mk
(4.57)

and in the same manner, for the fourth term of the RHS of (4.56)

Eξk

[3
2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2
]
≤ 3

2
tk,maxEξk

[
∥dk −∇Lρk

(uk, λk)∥2
]

≤ 3

2

tk,maxσ
2
k

mk
. (4.58)

Adding (4.57) and (4.58), we obtain the following

Eξk

[1
2
(1 + t2kℓξk)∥dk −∇Lρk

(uk, λk)∥2
]
+Eξk

[3
2
(1 + t2kℓk)∥dk −∇Lρk

(uk, λk)∥2
]
≤ 2

tk,maxσ
2
k

mk
.

(4.59)

Consequently, in order to satisfy (4.42), the following inequality must be verified

2
tk,maxσ

2
k

mk
≤ O

( 1

(k + 1)1+ε

)
. (4.60)

Then, using the LHS of (4.59), we can simplify the RHS of (4.56) as

Eξk

[
Lρk+1

(uk+1, λk+1)
]
≤ Lρk

(uk, λk)−Eξk

[
tk
(
νβk −

1

2
tk(1 + tkℓξk)

2 − tk
(
1 + tkℓk)

2
)
∥dk∥2

]
+Eξk

[
ς1,ktk∥dk∥2

]
+ 2(1 + ε)t2k−1∥dk−1∥2 +O

( 1

(k + 1)1+ε

)
. (4.61)

Adding Eξk

[
2(1 + ε)t2k∥dk∥2

]
to both sides of (4.61), we get

Eξk

[
Lρk+1

(uk+1, λk+1) + 2(1 + ε)t2k∥dk∥2
]

≤ Lρk
(uk, λk)−Eξk

[
tk
(
νβk −

1

2
tk(1 + tkℓξk)

2 − tk
(
1 + tkℓk)

2
)
∥dk∥2

]
+Eξk

[
ς1,ktk∥dk∥2 + 2(1 + ε)t2k∥dk∥2

]
+ 2(1 + ε)t2k−1∥dk−1∥2 +O

( 1

(k + 1)1+ε

)
. (4.62)



20 D.Papadimitriou & B.C. Vu

We can further obtain from (4.62) that

Eξk

[
Lρk+1

(uk+1, λk+1) + 2(1 + ε)t2k∥dk∥2
]

≤ Lρk
(uk, λk) + 2(1 + ε)t2k−1∥dk−1∥2

−Eξk

[
tk
(
νβk −

1

2
tk(1 + tkℓξk)

2 − tk(1 + tkℓk)
2 − 2(1 + ε)tk − ς1,k

)
∥dk∥2

]
+O

( 1

(k + 1)1+ε

)
≤ Lρk

(uk, λk) + 2(1 + ε)t2k−1∥dk−1∥2 −
ε

2
Eξk

[
tk∥dk∥2

]
+O

( 1

(k + 1)1+ε

)
. (4.63)

Since the sequence (Lρk
(uk, λk))k∈N is bounded below, by adding − infk∈N Lρk

(uk, λk) to both sides
of (4.63), we derive from the Lemma 6 that∑

k∈N
Eξk [tk∥dk∥2] < +∞. (4.64)

As a consequence, by Corollary 1, we obtain∑
k∈N

tk∥dk∥2 < +∞ a.s. (4.65)

(i): This conclusion follows directly from (4.65) and ∥uk+1 − uk√
tk

∥ ≤
√
tk∥dk∥.

(ii): Note that under the conditions (3.7), ς1,k < 1 and tk−1 ≤ 1 a.s. Hence, we can derive from Lemma
11 that ∑

k∈N
Eξk

[1 + ε

σk
∥|λk+1 − λk|∥2

]
≤

∑
k∈N

Eξk [ς1,ktk∥dk∥2] +
∑
k∈N

2(1 + ε)t2k−1∥dk−1∥2

≤
∑
k∈N

Eξk

[
tk∥dk∥2 + 2(1 + ε)t2k−1∥dk−1∥2

]
< +∞, (4.66)

where the last inequality follows from (i) and (4.63). Therefore, the conclusion follows from (4.66) and
the update rule of λk+1.

(iii): We have

Eξk

[
∥
uek+1 − uk√

tk
∥2
]
≤ 2Eξk

[
∥
uek+1 − uk+1√

tk
∥2
]
+ 2Eξk

[
∥uk+1 − uk√

tk
∥2
]

≤ 2Eξk [tk∥dk −∇Lρk
(uk, λk)∥2] + 2Eξk

[
∥uk+1 − uk√

tk
∥2
]

(4.67)

Since tk ∈ ]0, 1[, the first term of the RHS of (4.67) verifies Eξk [tk∥dk −∇Lρk
(uk, λk)∥2] ≤ Eξk [∥dk −

∇Lρk
(uk, λk)∥2]; hence,

2Eξk [tk∥dk −∇Lρk
(uk, λk)∥2] + 2Eξk

[
∥uk+1 − uk√

tk
∥2
]

≤ 2Eξk

[
∥dk −∇Lρk

(uk, λk)∥2
]
+ 2Eξk

[
∥uk+1 − uk√

tk
∥2
]

≤ 2
σ2
k

mk
+ 2Eξk

[
∥uk+1 − uk√

tk
∥2
]

= 2Eξk

[
∥uk+1 − uk√

tk
∥2
]
+O

( 1

(k + 1)1+ε

)
, (4.68)
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which implies that the sequence
(
E
[
∥
uek+1 − uk√

tk
∥2
])

k∈N
is summable.

(iv): Let us set {
rek+1 = c(uek+1)− b− PS(c(u

e
k+1)− b+ ρ−1

k λk)

rk+1 = c(uk+1)− b− PS(c(uk+1)− b+ ρ−1
k λk).

Since the projection operator PS is nonexpansive,

σk∥|rk+1 − rek+1|∥2 ≤ 2σk∥|c(uek+1)− c(uk+1)|∥2

≤ 4σk∥|Jc(uek+1)(uk+1 − uek+1)|∥2 + σkµ
2
c∥uk+1 − uek+1∥4. (4.69)

Then, using Assumption 1 & 2, and tk ≤ 1, the RHS of (4.69) verifies

Eξk

[
4σk∥|Jc(uek+1)(uk+1 − uek+1)|∥2 + σkµ

2
c∥uk+1 − uek+1∥4

]
(4.70)

≤ Eξk

[
4σkµ

2
0∥uk+1 − uek+1∥2 + σkµ

2
c∥uk+1 − uek+1∥4

]
≤ Eξk

[
4σkµ

2
0t

2
k∥dk −∇Lρk

(uk, λk)∥2 + σkµ
2
ct

4
k∥dk −∇Lρk

(uk, λk)∥4
]

≤ Eξk

[
4µ2

0∥dk −∇Lρk
(uk, λk)∥2 + µ2

c∥dk −∇Lρk
(uk, λk)∥4

]
sup
k∈N

(σk)

≤
(
4µ2

0

σ2
k

mk
+ µ2

c(
σ2
k

mk
)2
)
sup
k∈N

(σk)

= O
( 1

(1 + k)1+ε

)
. (4.71)

Therefore, the sequence (Eξk

[
4σk∥|Jc(uek+1)(uk+1−uek+1)|∥2+σkµ2

c∥uk+1−uek+1∥4)k∈N is summable.
By (4.69), the sequence (σk∥|rk+1 − rek+1|∥2)k∈N is also summable. Hence, in view of (ii) and

∥|rek+1|∥2 ≤ 2∥|rk+1 − rek+1|∥2 + ∥|rk+1|∥2,

It follows that the sequence (∥|rek+1|∥2)k∈N is summable, and thus the result is proved.

Corollary 2 Under the same conditions stated in Theorem 3. The followings hold almost surely,

(i) The sequence (∥uk+1 − uk√
tk

∥)k∈N is square summable.

(ii) The sequence
(√
σk∥|c(uk+1)− b− PS(c2(uk+1)− b+ ρ−1

k λk)|∥
)
k∈N is square summable.

(iii) The sequence (∥
uek+1 − uk√

tk
∥)k∈N is square summable.

(iv) The sequence
(√
σk∥|c(uek+1)− b− PS(c2(u

e
k+1)− b+ ρ−1

k λk)|∥
)
k∈N is square summable.

Proof. The results follow from Theorem 3 as well as Corollary 1.

4.3 Convergence to KKT points

In this section, we determine the conditions for the local convergence of the sequences (uk, λk)k∈N
produced by the Algorithm 2 to a critical point of the augmented Lagrangian function Lρ defined by
(2.22).

Let us first recall the first-order KKT conditions for the constrained optimization problem at
hand. If NC(u

†) defines the normal cone of the set C at the point u†, a local minimum of Problem 1,
that satisfies the regularity conditions stated here below; then, there exists a vector λ ∈ Rm, where
m =

∑M
q=1mq, such that the following conditions hold:
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

Stationarity: −
(
∇h(u†) +

m∑
i=1

λiJci(u
†)
)
∈ NC(u

†),

Primal feasibility: c(u†)− b ∈ S,
Dual feasibility: λ ∈ S⊖1,

Complementary slackness:
〈
λ | c(u†)− b

〉
= 0.

(4.72)

Throughout this paper, the set K of KKT points is non-empty. The first-order KKT conditions hold
if some regularity conditions, called constraint qualification (CQ) conditions, are satisfied by feasible
points. The constraint qualification of c on Z ⊆ C, a non-empty closed convex subset of H, can be
stated as follows: there exists a strictly positive constant ζ ∈ ]0,+∞[ such that for all v ∈ Y =
c(Z)− b of Rm, the following inequality is verified for all u ∈ Z

ζ∥v∥ ≤ ∥Jc(u)⊺v∥. (4.73)

In nonlinear programming, see, e.g., [12] [39], the uniform regularity condition (4.73) is equivalent
to the well-known Mangasarian-Fromovitz Constraint Qualification (MFCQ) of c on Z. Let u† be a
local minimizer for Problem 1. The MFCQ conditions holding at u† guarantee the existence2 and the
boundedness -but not necessarily the uniqueness- of KKT multipliers (λ) at u†.

Throughout this paper, in addition to the lower boundedness of Lρk
(uk, λk) for all k ∈ N, the

following conditions and properties are assumed to be verified. Let (uk)k∈N ⊂ Z ⊆ C.

P1 Constraint c verifies the MFCQ conditions on Z with constant ζ ∈ ]0,+∞[ ;
P2 The sequence (ρk)k∈N is bounded from above.
P3 The primal sequence (uk)k∈N generated by Algorithm 2 is bounded.

The reasoning developed is to first demonstrate by means of Proposition 1 that the limit points
of the subsequences produced by Algorithm 2 verify the first-order KKT conditions (4.72). The next
step consists of proving that the set of limits points is non-empty (cf. Proposition 2). Knowing this
property, the last step then requires to prove that, under certain conditions, the sequences produced
by the algorithm converge to such limit point (cf. Corollary 3).

Proposition 1 Assume that the conditions stated for Theorem 3 hold. Suppose, according to property
P2, that (ρk)k∈N is bounded from above. Let ((unk

, λnk
))k∈N be a subsequence of ((uk, λk))k∈N such

that 
(unk

, λnk
)→ (u†, λ†),

(unk+1 − unk
)/tnk

→ 0,

c(unk+1)− b− PS(c(unk+1)− b+ ρ−1
nk
λnk

)→ 0.

(4.74)

Then, the limit point (u†, λ†) verifies the KKT conditions (4.72).

Proof. (i). Primal feasibility. Since tk (= θj , j ∈ N) ≤ 1,

∥unk+1 − unk
∥ ≤ ∥(unk+1 − unk

)/tnk
∥. (4.75)

Hence, uk+1 − uk → 0 implies that
unk+1 → u†. (4.76)

Since PS and c are continuous, it follows that

lim
k→∞

PS(c(unk+1)− b) = PS(c(u
†)− b). (4.77)

By assumption

dS(c(unk+1)− b) ≤ ∥|c(unk+1)− b− PS(c(unk+1)− b+ ρ−1
nk
λnk

)|∥ → 0;

1 where S⊖ refers to the polar cone of S, see infra for its definition.
2 The set of KKT multipliers (λ) at u† is nonempty.
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hence, it follows that

c(u†)− b = PS(c(u
†)− b) ∈ S. (4.78)

ii) Dual feasibility and Complementarity slackness: consider the negative of the dual cone of S3,
i.e., the polar cone S⊖ of S defined as S⊖ =

{
u | sup ⟨S | u⟩ ≤ 0

}
. Then, by [4, Theorem 6.30], we

have

(∀a ∈ Rm) a = PSa+ PS⊖a, (4.79)

In turn, by using [4, Proposition 29(ii)], we obtain for the constraints c(u) − b ∈ S, and ak+1 =
c(uk+1)− b that

ρk

(
ak+1 − PS

(
ak+1 + ρ−1

k λk
))

= ρk

(
PS⊖

(
ak+1 + ρ−1

k λk
)
− ρ−1

k λk

)
= ρkPS⊖

(
(ρkak+1 + λk)/ρk

)
− λk

= ρkPS⊖/ρk

(
(ρkak+1 + λk)/ρk

)
− λk

= PS⊖
(
ρkak+1 + λk

)
− λk. (4.80)

The latter equality implies that for all k, the following identity is verified

λk = PS⊖
(
ρk(c(uk+1)− b) + λk

)
− ρk

(
c(uk+1)− b− PS(c(uk+1)− b+ ρ−1

k λk)
)
. (4.81)

Following property P2, the sequence (ρk)k∈N is bounded; hence, we derive from (4.81) that

λ† = PS⊖
(
ρ†(c(u†)− b) + λ†

)
∈ S⊖, (4.82)

where ρ† is a cluster point of (ρnk
)k∈N. Moreover, since λ†/2 ∈ S⊖, by the Projection theorem [4,

Theorem 3.16], we get 〈
c(u†)− b || λ†

〉
= 0. (4.83)

iii) Stationarity: We also have

vnk
:= λnk

+ ρnk

(
c(unk

)− b− PS(c(unk
)− b+ ρ−1

nk
λnk

)
)
→ λ†

∇Lρk
(uk, λk) =

(
∇h(unk

) + Jc(unk
)⊺vnk

)
→ d† =

(
∇h(u†) + Jc(u

†)⊺λ†
)
. (4.84)

Next, we deduce from the definition of uek+1 that

(unk
− uenk+1)/tnk

+∇Lρk
(uk, λk) ∈ NC(u

e
nk+1). (4.85)

By Corollary 2(iii), (unk
− uenk+1)/tnk

→ 0 and uenk+1 → u†. Hence, it follows from (4.84) that

d† ∈ NC(u
†). (4.86)

The expressions (4.78), (4.82), (4.83) and (4.86) are exactly the first-order KKT conditions (4.72).
Consequently, the limit point (u†, λ†) ∈ K.

Note that when the set C is bounded, the primal sequence is bounded. In the general case, we
have the following result.

Proposition 2 Assume that the conditions stated for Theorem 3 hold, the sequence (uk)k∈N is bounded
(property P3), and the sequence (ρk)k∈N is bounded from above (property P2). We further suppose that
the subsequences (dnk

)k∈N is bounded. Then, the subsequence (unk
, λnk

)k∈N is bounded. Consequently,
the set of cluster points of (uk, λk)k∈N is non-empty.

3 The dual cone S⋆ is always convex irrespective of the original set
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Proof. It follows from our assumption that there exists a constant O(1) such that (∀k ∈ N) ∥dnk
∥ ≤

O(1). Hence,

(∀k ∈ N) ∥∇Lρnk
(unk

, λnk
)∥ = ∥Eξnk

[dnk
]∥ ≤ Eξnk

[∥dnk
∥] ≤ O(1). (4.87)

Note that

∇Lρk
(uk, λk) = ∇h(unk

) + Jc(unk
)⊺vnk

with vnk
= λnk

+ ρnk

(
c(unk

)− b− PS(c(unk
)− b+ ρ−1

nk
λnk

)
)
, (4.88)

which implies that
∥Jc(unk

)⊺vnk
∥ ≤ ∥∇Lρnk

(unk
, λnk

)∥+ ∥∇h(unk
)∥. (4.89)

Since the primal sequence (uk)k∈N is bounded and since the function h is differentiable with µh-
Lipschitz continuous gradient ∇h, it follows from (4.87) and (4.89) that

∥Jc(unk
)⊺vnk

∥ ≤ O(1). (4.90)

Now, using the Mangasarian-Fromowitz (MF) condition of c on Z (property P1), there exists a strictly
positive constant ζc such that

ζc∥|(vnk
)|∥ ≤ ∥Jc(unk

)⊺vnk
∥. (4.91)

Hence, (vnk
)k∈N defines a sequence bounded by

ζc∥|(vnk
)|∥ ≤ ∥Jc(unk

)⊺vnk
∥ ≤ O(1).

Since (ρk)k∈N is bounded and (uk)k∈N is bounded, By Step 1 of Algorithm 2, the sequence
(
ρnk

(
c(unk

)−

b− PS(c(unk
)− b+ ρ−1

nk
λnk

)
))

k∈N
is bounded. In turn, by the definition of vnk

defined by (4.88), the

sequence (λnk
)k∈N is also bounded. Consequently, the set of cluster points of (uk, λk)k∈N is non-empty.

Corollary 3 Assume the conditions stated for Theorem 3 hold. Suppose, the properties P1, P2, and
P3 are satisfied. If

∑
k∈N tk =∞, and ∥dk∥ = O(1), and kρk →∞. Then, there exists a subsequence

(unk
, λnk

)k∈N of (uk, λk)k∈N that converges to a limit point (u†, λ†) ∈ K.
Proof. Since

∑
k∈N tk = ∞, and by Theorem 3,

∑
k∈N tk∥dk∥2 < +∞, we get infk∈N ∥dk∥ = 0. Then

there exists a subsequence (dpk
)k∈N such that limk→∞ dpk

= 0. By Proposition 2, there exists a
subsequence (unk

, λnk
)k∈N of (upk

, λpk
)k∈N of such that (unk

, λnk
)→ (u†, λ†). We first have

∥unk+1 − unk

tnk

∥ ≤ ∥dnk
∥ → 0. (4.92)

Moreover, it follows Step 1 of Algorithm 2 that

ρk∥|c(uk)− b− PS

(
c(uk)− b+ ρ−1

k λk
)
|∥2 ≤ min

1≤i≤k
∥ui − ui−1∥2

≤ 1

k

k∑
i=1

∥ui − ui−1∥2

≤ 1

k

k∑
i=1

t2i ∥di∥2

≤ O(1/k), (4.93)

where the last estimation follows from Corollary 2. Since kρk →∞, we get

∥|c(uk)− b− PS

(
c(uk)− b+ ρ−1

k λk
)
|∥ → 0;

and thus,
∥|c(uk+1)− b− PS

(
c(uk+1)− b+ ρ−1

k λk
)
|∥ → 0. (4.94)

Hence, in view of Proposition 1, the limit point (u†, λ†) ∈ K.
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5 Iteration Complexity

In this Section, we characterize the iteration complexity of the proposed Algorithm in terms of the
difference ∆Lk(·, λk) and the feasibility. By iteration complexity, we refer here to the number of
iterations required to obtain an approximate ε-KKT point of Problem 1 by means of the proposed
algorithm (cf. Section 3.2).

Theorem 4 Let µcip
and µhip

be, respectively, the Lipschitz constant of Jcip and ∇hip . Set

µc,ξk =
1

2mk

mk∑
p=1

µcip
and µh,ξk =

1

2mk

mk∑
p=1

µhip
(5.1)

Suppose that C = H×G. Assume that the conditions stated in Theorem 3 are satisfied. Then, tk and
uk verify the following

tk ≥
2θ(1− ν)βξk

βξkµc,ξkρk + µh,ξk

and min
0≤i≤k

2θ(1− ν)βξi
βξiµc,ξiρi + µh,ξi

∥ui+1 − ui
ti

∥2 = O(1/(k + 1)), (5.2)

where the constant of O is a random variable which is independent of k, and

βξk := max
0≤t≤1,1≤p≤mk

(
dSip

(cip(uk − tdk)− bip + ρ−1
k λk,ip) + dSip

(cip(uk)− Jcip (uk)(tdk)− bip + ρ−1
k λk,ip)

)
.

(5.3)

Suppose that there exists a positive constant β such that

βξktk ≤ β and 2θ(1− ν)βξk − tkµh,ξk ≥ ϵ1 (5.4)

Then, ρk is bounded below by ρmin := ϵ1/(βµ
e
c) with µ

e
c := Eξk [µc,ξk ]. Moreover,

∥|c(uk)− b− PS

(
c(uk)− b+ ρ−1

k λk
)
|∥ ≤ O(1/

√
k). (5.5)

Proof. Suppose that the line search step (3.5) does not yet terminate at a certain t = θj , θ ∈ ]0, 1].
Then, we have

νt∆fλk,ξk(uk;−dk) ≤ fλk,ξk(uk − tdk)− fλk,ξk(uk). (5.6)

Following the definition of the function fλk,ξk , the terms of the right-hand side in (5.6) can be written
respectively as

fλk,ξk(uk − tdk) = ψξk(cξk(uk − tdk)) + hξk(uk − tdk), (5.7)

fλk,ξk(uk) = ψξk(cξk(uk)) + hξk(uk). (5.8)

Thus, the right-hand side of (5.6) becomes

fλk,ξk(uk − tdk)− fλk,ξk(uk) = [ψξk(cξk(uk − tdk))− ψξk

(
cξk(uk))] + [hξk(uk − tdk)− hξk(uk)].

(5.9)

Using the definition of ∆fλk,ξk(uk;−tdk), the second term

−ψξk(cξk(uk)) = ∆fλk,ξk(uk;−tdk)− ψξk(cξk(uk)− Jcξk (uk)tdk) + ⟨∇hξk(uk) | tdk⟩ ;

thus, the right-hand side of (5.6) can be expressed as

fλk,ξk(uk − tdk)− fλk,ξk(uk) = ∆fλk,ξk(uk;−tdk) + ψξk(cξk(uk − tdk))− ψξk(cξk(uk)− Jcξk (uk)tdk)
+ hξk(uk − tdk)− hξk(uk) + ⟨∇hξk(uk) | tdk⟩ . (5.10)
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By Lemma 4, the function Ψξk : RK ×R→ R : (u, ξ) 7→ ψξk(u) + IdR(ξ) is convex. Hence, by defining
cξk : RK → Rm × ]−∞,+∞] : u 7→ cξk(u) =(cξk(u), c0(u)), it follows from [15, Lemma 3.1] that

∆fλk,ξk(uk; tdk) = ∆0(Ψξk ◦ cξk)(uk; tdk)
≤ t∆0(Ψξk ◦ cξk)(uk; dk) = t∆fλk,ξk(uk; dk). (5.11)

In turn, simple calculations show that

∆fλk,ξk(uk,−tdk) + ψξk(cξk(uk − tdk))− ψξk(cξk(uk)− Jcξk (uk)tdk)
≤ t∆fλk,ξk(uk;−dk) + ψξk(cξk(uk − tdk))− ψξk(cξk(uk)− Jcξk (uk)tdk). (5.12)

To determine the upper bound of the third term in the RHS of (5.12), we make use of the Assumption
1 and the µcip

- Lipschitz continuity property of Jcip to obtain

ψξk(cξk(uk − tdk))− ψξk(cξk(uk)− Jcξk (uk)tdk)

=
ρk
2mk

mk∑
p=1

(
d2Sip

(cip(uk − tdk)− bip + ρ−1
k λk,ip)− d2Sip

(cip(uk)− Jcip (uk)tdk − bip + ρ−1
k λk,ip)

)

≤ βξkρk
2mk

mk∑
p=1

(
dSip

(
cip(uk − tdk)− bip + ρ−1

k λip
)
− dSip

(
cip(uk)− Jcip (uk)tdk − bip + ρ−1

k λip
))

≤ βξkρk
2mk

mk∑
p=1

∥cip(uk − tdk)− cip(uk)− Jcip (uk)tdk∥

≤ βξkµc,ξkρk
2

∥tdk∥2. (5.13)

Moreover, since the gradient of hξk is µh,ξk -Lipschitz continuous, we also have

hξk(uk − tdk)− hξk(uk) + ⟨∇hξk(uk) | tdk⟩ ≤
µh,ξk

2
t2∥dk∥2. (5.14)

Therefore, we derive from (5.6), (5.12), (5.13) and (5.14) that

νt∆fλk,ξk(uk;−dk) ≤ t∆fλk,ξk(uk;−dk) +
1

2

(
βξkµc,ξkρk + µh,ξk

)
t2∥dk∥2, (5.15)

which implies that

t ≥ 2(1− ν)(
βξkµc,ξkρk + µh,ξk

)
∥dk∥2

|∆fλk,ξk(uk;−dk)|. (5.16)

In turn, the line search step (3.5) terminates at tk > 0 (since ν ∈ ]0, 1[) with

tk ≥
2θ(1− ν)(

βξkµc,ξkρk + µh,ξk

)
∥dk∥2

|∆fλk,ξk(uk;−dk)|. (5.17)

In view of Lemma 9,

|∆fλk,ξk(uk;−dk)| ≥ βk∥dk∥2. (5.18)

It follows by combining (5.18) with (5.17) that

tk ≥
2θ(1− ν)βk

βξkµc,ξkρk + µh,ξk

, (5.19)

which is the first assertion in (5.2). Hence, by involving Corollary 2, we deduce∑
k∈N

2θ(1− ν)βk∥dk∥2

βξkµc,ξkρk + µh,ξk

< +∞, (5.20)
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which implies the second assertion in (5.2). Moreover, from (5.3) and (5.19), we also obtain

βµc,ξkρk ≥ βξkµc,ξkρktk ≥ 2θ(1− ν)βξk − tkµh,ξk ≥ ϵ1. (5.21)

This inequality implies that the sequence (ρk)k∈N is bounded below by ρmin. Note also that∑
k∈N
∥uk+1 − uk∥2 ≤

∑
k∈N

tk∥dk∥2 < +∞. (5.22)

Hence, using the Step 1 of Algorithm 2, it follows that

√
ρmin

2∥|c(uk)− b− PS

(
c(uk)− b+ ρ−1

k λk
)
|∥2 ≤ min

1≤i≤k
∥uk − uk−1∥2 = O(1/k), (5.23)

which proves the last conclusion.

6 Comparison and Related Work

The augmented Lagrangian method (ALM) is one of the most common approaches for solving non-
linear constrained problems. However, as stated in the Introduction section, constraints are often
assumed to be convex implying that equality constraint functions must be affine and inequality con-
straint functions must be convex. With the proposed method, the minimization of the (possibly)
nonconvex objective function h can be subject to nonlinear equality and inequality constraints.

The handling of such problems has been the subject of significant efforts, including LANCELOT,
GENCAN, and ALGENCAN due to the ability of ALM to solve large-scale problems. The latter (and
most recent) algorithmic scheme iterates by approximately minimizing the so-called PHR-Augmented
Lagrangian function subject to bound constraints as well as updating both the penalty parameter and
the Lagrange multipliers. ALGENCAN includes a decision that takes into account improvements in
both the feasibility and complementary conditions. If both feasibility and complementary conditions
were improved, it is considered that the penalty parameter is sufficiently large; thus, it is not further
increased. Otherwise, it is multiplied by factor large than 1. ALGENCAN imposes that the KKT
multiplier estimates must be bounded by explicitly projecting the estimates on a compact box after
each update. The main reason invoked is to preserve the property of external penalty methods such
that global minimizers of the original problem are obtained if each outer iteration computes a global
minimizer of the subproblem. The boundedness of penalty parameters imposes in turn to assume
that the KKT multipliers are within the bounds imposed by the algorithm. For these purposes,
ALGENCAN uses safeguarded KKT multipliers such that limit points converge to KKT points under
the Constant Positive Linear Dependence (CPLD) constraint qualification –which is weaker than
MFCQ– and exhibit good properties in terms of penalty parameter boundedness. Although insufficient
to ensure convergence for general nonconvex problems, as shown, for instance, in [9, Section 2.1], the
properties of this algorithmic scheme have been shown to be competitive against alternatives such as
interior point methods.

Recently, several ALM-based methods have been proposed to deal with the minimization of noncon-
vex objective functions subject to nonconvex equality constraints [39] and even fewer with inequality
constraints [43]. In [43], authors aim to minimize over x ∈ Rn, the composite function f(x) + g(x)
subject to equality constraints c(x) = 0 and inequality constraints d(x) ≤ 0 with f continuously
differentiable but possibly nonconvex, g closed convex but possibly nonsmooth, and c, d being vector
functions from Rn → Rl. Further, in addition to uniform regularity conditions (to ensure near feasibil-
ity of a near-stationary point to the augmented Lagrangian function), their proposed method assumes
weak convexity of both the function f and each component of the vector function c; these assump-
tions significantly restrict its applicability. Constraints are then handled by introducing slack variables
s ≥ 0, leading the reformulation of the inequality constraints as d(x) + s = 0. Using the boundedness
of the multipliers {yk}, authors then show that their algorithm enables to reach an ϵ−KKT point
(x̄; s̄) with a corresponding multiplier (ȳ, z̄). It turns out that x̄ is an O(ϵ)−KKT point of the original
problem in terms of primal feasibility, dual feasibility, and the complementarity condition.
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The former [39] applies the accelerated proximal gradient method as proposed by [21] to find an
approximate primal solution to the ALM subproblems. The latter [43], referred to as Rate-Improved
(RI)-iALM uses an inexact proximal point (iPP) method to approximately solve each ALM subprob-
lem. The iPP procedure itself relies on the accelerated proximal gradient (APG) algorithm to solve
each iPP subproblem. This combination yields a triple loop algorithm: each iteration k of the main
ALM routine calls the iPP procedure to compute a xk+1 iterate that is itself the output obtained
after running t iterations of the APG algorithm. This triple loop structure contrasts with the single-
loop characterizing the proposed stochastic ALM algorithm. In [43], authors report that this change
of subroutine for the solving of nonconvex subproblems enables to obtain order-reduced complexity
by geometrically increasing the penalty parameter in ALM compared to [39] as well as more stable
and efficient numerical results under the same assumptions. The complexity result of iPP has the
best dependence on the smoothness and weak convexity constant (per iteration); however, for most
problems, their explicit formula remains unknown and the corresponding parameters tuned. Table 6
compares the proposed stochastic ALM algorithm with inexact ALM (iALM) [39] and Rate-Improved
ALM (RI-ALM) [43]. The complexity in the number of iterations (last column) is demonstrated in
Section 5.

Table 1 Comparison of ALM methods for nonconvex nonlineary constrained problems

Method Type Objective Constraints Type Regularity Complexity

Condition

iALM [31] Inexact Convex Convex Inequality Õ(ε−1)

iALM [39] Inexact Nonconvex Nonconvex Equality [39, Equation 18] Õ(ε−4)

RI-iALM [43] Inexact Nonconvex
Convex Equality [43, Assumption 3]

Õ(ε−3)
Nonconvex Inequality†

This paper
Inexact

Nonconvex
Convex Equality

Assumption 1
Õ(1/

√
k)

(Line Search) Nonconvex Inequality ∼ Õ(ε−2)
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