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the absence of strong and efficiently computable relaxations. In this work, we
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experimentally compare our method with state-of-the-art bilevel programming
solvers, demonstrating competitive performance. Specifically, on the BOBILib
benchmark set our approach provides new or improved bounds for six instances
and closes two open instances for the first time. We also show experimentally
that the decision diagram reformulation can be particularly effective when it
can leverage the combinatorial structure of the follower’s problem.
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1 Introduction

Bilevel optimization problems naturally arise when two players, a leader and a
follower, interact and aim to optimize their separate objective functions subject
to joint as well as separate constraints [9]. It is assumed that there is no private
information; the entire model is visible to both the leader and the follower.
However, the leader only controls its own decisions, and the follower will opti-
mize its decisions based on the leader’s decisions. When the follower has mul-
tiple optimal responses to the leader’s solution, the optimistic setting assumes
that the follower’s response benefits the leader, while the pessimistic setting
assumes that the follower’s response disfavors the leader. The goal is to find
a solution that optimizes the leader’s objective. Bilevel optimization problems
have many important practical applications, including transportation network
design [351[28], management science [2], supply chain management [16], and
finance [27]. Many such problems contain integer decisions; a well-known spe-
cial case are network interdiction problems for which the leader and follower
decisions are all binary [37]. Additional applications of bilevel programming
are discussed in [3L15L2615].

For continuous bilevel programs, single-level reformulations can be derived
using strong duality or the Karush-Kuhn-Tucker (KKT) conditions, leading
to nonlinear programs or mathematical programs with complementarity con-
straints [2IJ[4[45]. However, these techniques cannot be directly applied to the
integer case, making it more challenging to reformulate and solve. Current
state-of-the-art exact solvers extend mixed-integer programming techniques,
either by using known integer programming valid cuts [I8,1920,38] or by sam-
pling and enumerating solutions [33l[31[32]. For most of these approaches, a
key challenge is repeatedly evaluating the follower’s response, which typically
requires solving a separate integer program.

In this work, we introduce a new single-level linear reformulation for binary
bilevel programming problems using decision diagrams, which encode the fol-
lower’s solution space as a directed acyclic graph. This approach eliminates the
need to repeatedly solve the follower’s response. It comes at a price however,
as the exact reformulation may grow to an exponential size. To address this,
we introduce a polynomial-sized decision diagram relaxation that provides a
dual bound. Stronger bounds can be achieved with larger diagrams, allowing
for a trade-off between computational time and bound quality.

Contributions Our first contribution is a new single-level linear reformu-
lation for binary bilevel programming problems. It replaces the well-known
value function representation for the follower’s problem by a reformulation
that encodes all solutions to the follower’s problem in a decision diagram. The
reformulation consists of a network flow model defined over the decision di-
agram, with capacity constraints parameterized by the leader’s solution, and
new variables and constraints derived from linear programming duality to en-
sure the follower selects an optimal solution. Combined with the original leader
problem formulation, this results in an exact reformulation. When the decision
diagram size is small enough, the reformulation can be directly solved within
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reasonable time. Our second contribution is the development of dual bounds
based on polynomial-sized restricted decision diagrams. Standard decision di-
agram relaxations do not yield valid bounds for bilevel programs. However,
we show that valid dual bounds can be obtained by using restricted decision
diagrams that include only a subset of the follower’s decisions. In addition, we
can iteratively strengthen this formulation to obtain an exact solution method.
As our third contribution, we extend our approach to the pessimistic version
of the bilevel program, showing that the reformulation can be adapted to this
variant. We demonstrate experimentally that our relaxations can provide sub-
stantially stronger bounds than the standard high-point relaxation. Lastly,
our fourth contribution is an experimental comparison with state-of-the-art
mixed-integer bilevel programming solvers, where we achieve competitive re-
sults on BOBILib benchmark instances and outperform existing solvers on
instances where the follower’s problem has a combinatorial structure suitable
for decision diagrams.

Related Work We next discuss three closely related approaches that lever-
age decision diagrams for bilevel optimization. First, Lozano et al. [3I] con-
sider bilevel interdiction problems in which both the leader variables X and
the follower variables y are binary, and the follower problem constraints are of
the specific form X < 1 —y. The authors provide a single-level reformulation
of the bilevel problem using exact decision diagrams that exploit the special
structure of the follower’s constraints. Second, Bui et al. [I1] leverage decision
diagrams to model a pricing problem in which the leader maximizes a revenue
function by setting tolls on items, resulting in modified prices perceived by
a follower aiming to minimize a cost function. Here, a decision diagram en-
codes the static follower’s feasible decisions for fixed tolls, which is suitable for
cutting-plane methods, as the diagram is always kept unmodified. The authors
also propose using restricted decision diagrams to retrieve valid bounds on the
follower problem’s optimal value. Third, Lozano et al. [32] extend [31] to gen-
eral linear binary bilevel programs, and use decision diagrams to represent
leader’s decisions associated with the same follower’s problem optimal value.
As a result, this construction relies on iteratively solving mixed-integer pro-
grams, which can be computationally expensive. Similar to [11], the authors
propose valid bounds on the follower’s problem optimal value by leveraging
approximate diagrams. To the best of our knowledge, ours is the first single-
level reformulation for general linear binary bilevel programs available in the
literature. Our approach builds on top of the current literature by leverag-
ing parametric decision diagrams as a convexification device for general linear
binary bilevel programs. Additionally, our decision diagram compilation does
not rely on MIP solving, making its construction, in many occasions, more
efficient than the approach in [32]. As in [I], we also obtain valid relaxations
from restricted decision diagrams. Finally, our methodology naturally extends
to the pessimistic setting, which is more challenging and less often studied in
the literature.
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Organization The remainder of this work is organized as follows. Section
introduces the definitions and relevant notation. Section [3| presents our single-
level reformulation and explains how to use decision diagrams to model the
follower’s value function. Section [4] shows a procedure to generate valid dual
bounds through approximate decision diagrams. It also describes an iterative
compilation procedure that yields an exact method. Section [5| explains how
to contract decision diagram layers to achieve smaller reformulations. Section
[6] extends our reformulation to address the pessimistic version of the original
bilevel program. Sections[7]and 8| present numerical results and a comparison of
our reformulation with state-of-the-art solvers. Finally, we provide a conclusion
in Section [9l

2 Binary Bilevel Programming Definitions

In this section we first provide the definition of binary linear bilevel program-
ming problems. We then introduce the high-point relaxation and the value-
function reformulation.

2.1 Binary Linear Bilevel Programming Problem

We consider binary linear bilevel programming problems of the following form.
Let X € {0;1}™ and y € {0;1}"F be the leader’s and the follower’s decision
variables, respectively, where n. € N and ng € N are given constants. Let
m_ € N and mg € N respectively denote the number of constraints for
the leader and follower. We let ¢ € R™, ¢cg;d e R™, ae R™, be R™F,
AcR™ " CeR™ "™ BeR™ " and D e R™ "F. The canonical
binary linear bilevel programming problem is formulated as:

fOy) = min ¢lx+cly (1a)
sit: AX+By<a (1b)
x e {0; 1} ( (1c)
y € R(X) = argmin d’g: ge Y(X) ; (1d)
2

where are called coupling constraints, requires the leader’s variables
to be binary, and forces the follower to best respond with a solution y
solving the follower’s problem over its own domain given a vector X, defined
as
Y(x):={ye{0;1}"F : Dy <b—Cx}:

As is common in the literature, we define f(X;y) = +oo if (X;y) violates
constraints , or Y(X) = . Any feasible solution to problem is called
bilevel-feasible. Additionally, we denote as Y(-) the set of feasible solutions
(X;y) to the follower’s problem, i.e.,

Y() = {(x;y) € {0;1}™ x {0;1}"F : Cx + Dy < b}:
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Importantly, as the follower may have alternative optimal responses for a given
leader’s solution, the literature presents two ways of breaking ties: the opti-
mistic and the pessimistic setting. Under the optimistic setting, the follower’s
response benefits the leader, i.e., it minimizes ¢ X+ ¢y among alternative op-
timal follower solutions. Under the pessimistic setting, the follower’s response
disfavors the leader, i.e., it maximizes ¢ X + ¢y among alternative optimal
follower solutions. Throughout this work we will primarily consider the opti-
mistic setting; we discuss the extension to the pessimistic setting in Section [6]
Note that our representation requires all variables to be binary. However, it
can also model bounded integer variables through binary expansion. Namely,
we can first apply a linear transformation to make the bounds of each integer
variable nonnegative, with lower bound 0 and upper bound u € Z . Then

1

j and defining

is binarized by introducing |log(u)| + 1 new binary variables z
z= }'O%pqu 27},

2.2 High Point Relaxation

A natural relaxation of the set of feasible solutions to is the High Point
Relaxation (HPR), which is obtained by removing the optimality condition for
the follower response [36]. Formally, it is defined as

(1] *

o . LN e  AX+By<a; |
H:= (x;y)e{0;1} " x {0;1} 'Cx+Dy<bh

noting that min ¢?X +c2y: (X;y) e H( is a valid lower bound for prob-
lem . The HPR is embedded as the principal relaxation for state-of-the-art
mixed-integer bilevel programming solvers, often strengthened with additional
cuts [20,38]26].

2.3 Value Function Reformulation

The set containing all solutions feasible to problem is called the bilevel-
feasible set, which can be represented as

#H +

(X;y) e H: y € argmin dJ$(
$PYpx(q

This representation motivates the value function reformulation of model .
Given X satisfying (Ib)-(Ld), the value function : {0;1}"- > R is defined as

(X) := rnyin dly: ye Y(x)(: (2)
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min  x 2y $

Xy E 2y o 4 X ’ len X 2y
sit:x yo b &Y¥2 x 1 o
On xo 4 Ypg: , Y¥ 6 3x Slt.éuiii
xPZ booyo3 | s
P argmin tyu 'yq Pz?
y [¢] BPYpxq ¥ iy q y Pprq
a. BIP model b. Follower's domain c. High Point Relaxation

Fig. 1: Example integer bilevel programming model (a), the follower's feasible
set (b), and the associated HPR (c).

Then, the value function reformulation of (@ is

H J J
rmn X Gy (3a)
st: x;yqPH (3b)
dys g (3¢)

This description forms the basis of our work, as we will compute using a
decision diagram.

Example 1 As a running example, consider the integer bilevel programming
problem in Fig. 1a with the follower's feasible setYp qin Fig. 1b. Fig. 2 depicts
the set Yp q where green points denote parametric optimal responses by the
follower. Note that x 4 is a feasible leader's decision, but infeasible to
the overall model becauseYpdg H . Also, given x 3, the corresponding
follower's optimal response isy 3. However, px;yq p3;3q violates the
linking constraint x y & 5. Therefore, the leader cannot make decisior 3.
The set of bilevel-feasible solutions igp0; 2g pl;1g p2; 0gquand the optimal
solution to the overall model is x;yq p0;2qg achieving an optimal value of
4. On the other hand, the optimal solution to the HPR, depicted in Fig. 1(c),
is X;yq p2;3q with associated objective value 8.
The associated binary expansion introduces new variables; ; X2; y1;y2 P t0; 1u
satisfying x X1 2xp andy y1 2y, which yields the binary bilevel
program
min X1 22Xz 2y1 4y2
X1:X2:¥1:Y2
S.t: X1 2X2 Y1 2y,m 5
0o x; 2xp,©0 4
X1;X2 P t0; 1u

231 404 X1 2 ’
$1 2% ¥ 2 X1 2X

%1 2% %1 2% ¥ 6 33X 6Xxp, :
Oc g 2803 l
$1;% P 10; 1u

R

Py1;Y2q Pargmin
$1,%2

o\o----
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y

1 2 3 1 2 3
a. Ypq b. Intersection with leader's domain

Fig. 2: The follower's feasible setYp gfor the example model in Fig. 1. Green
points depict optimal follower's responses given speci cx values. The blue-
shaded polyhedron represents the leader's domain.

Its bilevel optimal solution is py1;y2;X1;X2q pO0;1;0;0q corresponding to
x 0;y 2, with objective function value -4. We will use this binary repre-
sentation of the example to illustrate our single level reformulation.

3 Exact Single Level Reformulation

We next describe how the value function can be computed using a decision
diagram, leading to an exact single-level reformulation of problem (1). Our
approach is based on three components: 1) a decision diagram to encode the
value function , 2) an associated network ow formulation that connects
the decision diagram to the original problem, and 3) optimality conditions to
enforce an optimal follower's response.

3.1 Decision Diagram De nitions

We follow the terminology from [8,31] to introduce decision diagrams. Given
a set of binary points X , t 0;1u", a binary decision diagram is a directed
acyclic graph D p N;A;l; qencoding every solution inX, where N is a
set of nodes,A € N N a set of arcs,| P R a vector of arc-costs, and

P t0; 1u”! a vector of arc-values representing \decisions". We de ne a \root
node" r PN and a \sink node" t PN . Node setN is partitioned into n 1
layers N1;:::;N, 1, whereN; t ruand N, ; t tu Assuming a xed
but arbitrary ordering of the binary points in X, we introduce a mapping
i : rns N rnssuch that layer * P msis uniquely associated with indexip g P ns
representing theip gth component of a vector in X. Every arc a p u;vqg PA
connects consecutive ascending layers.e., if u PN+, then v P N- ;. For
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notational convenience, we de neA- € A as the set of arcs leaving layer P ms

and “paqas the layer from which arca P A leaves. Arcs with value 0 are called

0-arcs and arcs with value 1 are called 1-arcs. For any node PN, pugand
puqdenote the subsets ofA containing all arcs leaving and entering nodeu,

respectively.

A diagram D encodesX through r-t paths in the following way. An arc-

and vice versa, wherep follows the ordering induced by the diagram. Moreover,
if X has an associated cost vectoc PR", then for every layer* P msand arc
aPA-, wesetl, aGpq This way, we obtain ¢’ p pmsla s i.€., the
length of the path encoding p is equal to the cost ofp. This implies that &
shortest r-t path in D corresponds to an optimal solution to mingpyx ¢ x .
To simplify notation, we will use ipaqto denote ip paqq Finally, a diagram D
is called exactif it encodes every solution inX, it is called relaxedif it encodes
a superset ofX, and it is called restricted if it encodes a subset ofX..

The bene t of using decision diagrams for representing solutions is thaequiv-
alent nodes, i.e., nodes with the same set of partial paths reaching the sink
node, can be merged. A decision diagram is calleceduced if no two nodes
in the same layer are equivalent. An e cient procedure to make a given de-
cision diagram reduced is presented in [10]. Given a xed variable ordering,
the procedure will nd the unique reduced diagram of minimum size. Aside
from its e ciency for representing circuits and Boolean functions [29, 1,10,43],
decision diagrams have proven bene cial in discrete optimization for design-
ing cut generation/separation algorithms [41,12], generating bounds [42,22, 6],
and modeling/solving combinatorial problems [14,24,25,39]; see [8,13,23] and
the references therein.

3.2 Decision Diagram for the Value Function

To compute g for any x P t0;1u"-, we de ne a decision diagramD
pN ; A;l; gwith the following structure:

{ Ithas ng n_ 1 layers split into two disjoint subsets: the follower layers
go from layer 1 to layerng 1 and encodey values, while theleader layers
go from layerng  2tolayerng  n_ 1 and encodex values. Similarly,
we call any arc leaving a node in a follower layer dollower arc, and any
arc leaving a node in a leader layer deader arc

{ The diagram encodes all vectors inYp q

{ The arc-length vector | is dened asly, dipq a for any follower arc a,
and I, O for any leader arca.

{ We additionally impose capacity constraints on the arcs, similar to [34].
Follower arcs have in nite capacity, while leader 1-arcs and 0-arcs in layer
" have capacityx;yqand 1 Xjy;q , respectively.
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Y1 0, 1

Y2 2 Vo 0 . 2

X1

X2

Fig. 3: Decision diagram encoding solutions inY p gfor the example in Fig. 1,
using the binary representation. Nodes with incoming black arcs are in follower
layers, while nodes with blue incoming arcs are in leader layers. Dashed arcs
represent 0-arcs and solid arcs represent 1-arcs. Black arcs are follower arcs
with arc-costs as labels, and blue arcs are leader arcs with arc-capacities as
labels.

Example 2 We continue Example 1 using the binary representation. Fig. 3
shows a decision diagram encoding all solutions for the follower's feasible set
Yp q For example, the left-most r-t path encodespys;y2;X1;X2q pO0;1;0;0q
corresponding tox  0;y 2 in the original integer formulation.

We let A° € A and Al € A be the set of leader 0-arcs and 1-arcs, respectively.
The next proposition computes the value function as a network ow model over
decision diagramD, given a leader solutionp.

Proposition 1  Consider p P t0; 1u"t such thatYmqg H . We have

rq m\,\in ’ laWa (461)
aPA $
&1 ifu r
st: W, ’ wa , 1 ifu t uPN (4b)
aP g aP  puq %0; ifu nt
WaB 1 Ripg aPA® (4c)
Wa O Ripg aPAl (4d)

wPRA!: (4e)
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Proof As D encodes points inYp qthrough unique paths, by construction,
there is a one-to-one correspondence between binary points ¥ip gqand paths
in the diagram, i.e., a binary ow vector \w corresponds to exactly one pair
®; pq PYmqand vice versa. The length of the path represented byp is

T olwe Ay (5)
aPA
where p is the follower portion of the binary vector encoded byp.
Since the diagram encodes all vectors irYp q then for a xed vector R, con-
straints (4c) and (4d) ensure that the follower's solutions represented by all
feasible paths exactly describe seYmgag As a result, for a shortest path rep-
resented byw we have

law, d'y min dy:y Pqu( [0 Jo1 (6)
aPA y
wherey is the follower's portion of the binary vector encoded byw .  \[

3.3 Single Level Reformulation
Because the optimal value of the linear program (4) corresponds to the value

function given a leader's decisionp P t0;1u'-, we can create a single-level
reformulation of (1) using linear programming duality. The dual of (4) is:

max gm; q (7a)
st: u v 8 ly m;vg aPAz A°YA? (7b)
u v w @y pusvq aPA° (7¢c)
v v ow Bl m;vqg aPA?l (7d)
t O (7e)
pri*’l. prII (7f)
P:: G (79)
where we de ne
ap<; g r ’ 1 Xipag a i Xipag a
aPA® aPA!

for x P tO;1u"-. Moreover, we set ; 0 because the corresponding ow-
balance constraint is linearly dependent on the remaining constraints. Let
P pDq denote the feasible solution set of model (7). We can now reformulate
problem (1) as

min ¢l x cy (8a)

Xy,

sit: px;yq PH (8b)
d’y = g q (8c)

PPpDq (8d)
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Proposition 2 Model (8) is an exact single-level reformulation of the binary
bilevel program (1).

Proof Due to strong duality, we have pxq maxtgpx; q: PPpDqufor any
x P t0; U™ such that Ypxq H . Therefore, (3) is equivalent to

H J J
r}(1;|yn CLX Gy
s't: x;yq PH
d’y & maxtgmx; q: PPpDqu

We now show that a vector px;yq P ©0; 1™ t 0;1u'" such that Ypxq H
satises d'y @ maxtgm; ¢: PPpDquif and only if there exists a vector

PP PpDqsatisfying d’ y o gx; Pg Indeed, if ' y @ maxtgx; q: PPpDqu
then by choosingPPargmaxtgpx; q: PPpDgu we obtain

o’y o maxtgp; q: PPpqu  gpx; Py

Note that such a vector P exists, sinceYmxg H and mxqj 8 . On the
other hand, if &’y & gpx; Pgfor some PP P pDq then we have

d’y o gp; Pg o maxtgp; q: PPpDqu
As a result, the above program can be reformulated as
min ¢l x cy
Xiy;
sit: px;yq PH

&’y o g g
PPDg

completing the proof. \[

Observe that constraint (8c) contains the bilinear terms Xipng a and Xjpq a-
The following result shows how the constraint can be linearized.

Proposition 3 Let p P t0;1u"" such thatYmpqg H , p P Ymq and consider
the system

dpa (9a)
a @ MRimq aPA%: (9b)
a8 M 1 Ping aPAl: (9c)

where M is a su ciently large constant. There exists a vector SP PpDq such
that d’p & gme; Sgif and only if there exists a vector” pr, . F'q PPpDQ
satisfying (9).



12 \asquez et al.

Proof To prove the \if" part, we build I starting from a vector SP PpDgsat-
isfying &’ p o gme; Sg We consider a reformulation of the network ow model
(4) by replacing the capacity constraints (4c) and (4d) with the constraints

Wao K KPpiag aPA?;
Wa 8 K Pipaq aPAl;

for any value K ¥ 1. This does not change the solution set of (4) because
the ow conservation constraints (4b) imply that w, & 1 for all a PA. The
complete reformulation is:

mq min 1w, (10a)
W aPA
&1 ifu r
st: T w, Tow, o, 1 ifu ot uPN (10b)
aP  pugq aP  pug %O; ifu rt
Wa 8 K KPipgq aPA° (10c)
Wa 8 K Bipaq aPA! (10d)
wPRIAL: (10e)

Let pvt g be a pair of primal-dual optimal solutions to (10), with 1!
1.

pL g We next assume thatK j 1. We havew} & 1 K for any
a P A. Furthermore, by complementary slacknesspw?; Igsatis es
K KPRipg Wi I 0 @PA? (11a)
KRipag Wa 2 O @PAl: (11b)

For any aPA°, if p, mq 0, the equation in (11a) associated witha becomes

K wigil O, implying % 0. Similarly, forany aPAY, if pimq 1, then

the equation in (11b) associated witha becomespK  wiq 1 0, implying
1 0. These two conditions correspond to

Bimqg O Ui 1 O @PA°; (12a)
Pmg 1 A ;7 O @PAY; (12b)

which can be modeled through (9b)-(9c) for a su ciently large constant M .

Moreover, as the dual feasible solution set of (10) coincides with (7b)-(7g), we

have 1PPpDg In particular, due to strong duality, !is an optimal solution
to (7). Hence, we obtain

d’pogmiSaegm 9 ! 1 Bipg a0 Pmga o
aPA?® aPAl
where the last equation is due to (12). Therefore, ! satis es (9a) and, thus,

(9). By setting ' L we obtain the desired vector, concluding the \if" portion
of the proof.
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To prove the \only if" part, we show that any vector ' pr, I, 'q PPpDqg
satisfying (9) also satis esd’ p = gm; 'q Indeed, we have

dea lr Fr i 1 pipaq ra ’ Xipaqra g, rq
aPA® aPAl
where the inequality is due to (9a), and the rst equation follows from an
algebraic argument based on (9b)-(9c): For any arca P A°, either mg O

and’, O,orpl Rjmqd O.Asaresult,pl Pipda O. Similarly for any
arc a PA'. Therefore, the expressions sppo 1 Bimq & and  ,pa: Pipag &

evaluate to zero. This concludes the proof. \[

As a result of Proposition 3, replacing (8c) with system (9) yields an alternative
reformulation of (1).

Corollary 1  Model

min ¢'x cdy

9%
s.t: p;yq PH
dlya
a8 M 1 Ximg aPA®
a @ MXipmq aPA?!
p:: qPPpDq
is an exact reformulation of (1). \[

Furthermore, we can use this alternative reformulation and the following propo-
sition to determine a valid value M .

Proposition 4 A valid value M f?r (9b)-(9c) is given by M : Y s,

where max d'y: p;yqPYpq and w is a ow vector associated to a
shortest path inD.

Proof Consider a feasible solutionge; p; Pqto model (8). We show that there

exists p ;; qsuch that go;p; qis also feasible to model (8), and
a8 M @PAY;
a8 M @PA%;

for M : P .

We iteratively build avector * p % % g Let w be the ow vector associ-
ated with the unique path in the diagram encoding pe; pg Start by de ning  *
such that

max ! Iuv( @ PN ztr;tu
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Observe that, for any nodeu PN, 1, we havel>w 1 o M. Moreover,
for any r-t path with a length strictly lower than 17\, there exists an arc
a PA®Y A® such that either ppa PA°A Rinq  1gor pr PA'™ pinq  Og
Otherwise, I’ w would not be the shortest length induced byp, Pwould not be
an optimal solution to model (7) and, thus, m; p; Pgwould not be feasible to
model (8). Now, for each such arca, update the value of % to M if the rst
condition is met, or the value of ! to M if the second one is met. Finally, for
eachr-t path with a length strictly lower than |7, identify the node v that
is closest tot for which there is an arcaP  piqwith 1 M or 1 M,
and update } to O for all nodesk in the v-t path.

By construction, !is a feasible solution to model (7) and, as } 1P, it is
also optimal for p. Thus, m; p; lgis feasible for model (8). We conclude that
M I’ w is a valid value for (9b)-(9c). \[

We remark that from the proof of Proposition 4, one can compute by solving
a longest path problem overD, and one can also de ne more re ned values for
M for sub-parts of the diagram, depending on the value of the shortest path
into the nodes in the last follower layer.

4 Dual Bounds from Restricted Decision Diagrams

Because an exact decision diagram to compute may grow exponentially large,
we next propose a more scalable approach that uses an approximate decision
diagram of polynomial size. Two types of approximate decision diagrams have
been proposed in the literature [7,8]. The rst are relaxed decision diagrams
that encode a superset of a given set of solutions. The relaxation is obtained
by merging nodes in the diagram that are not necessarily equivalent, inducing
possibly infeasibler-t paths. The second arerestricted decision diagrams that
encode a subset of feasible solutions. Restricted diagrams can be obtained by
discarding nodes (and the associated arcs) from the diagram. In both cases,
the approximate diagrams are typically obtained by merging/discarding nodes
until each layer contains at most a given maximum number of nodes, referred
to as the decision diagramwidth.

4.1 Obtaining a Dual Bound

For standard optimization problems, optimizing over a relaxed decision dia-
gram provides a dual bound, while a restricted decision diagram provides a pri-
mal bound. For bilevel optimization problems, however, relaxing the follower's
problem does not yield a valid lower bound because of the bilevel structure (in
the same way as relaxing the follower's integrality constraints does not pro-
duce a valid relaxation [36]). Instead, restricted decision diagrams will help us
achieve valid dual bounds. This is illustrated in the following example.
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. .
. .
Y1 0 1 0, 1

y2

X1

X2

a. Relaxed diagram b. Restricted diagram

Fig. 4: Examples of approximate decision diagrams when forcing the width of
the compiled diagram to be at most 3. a) A relaxed decision diagram for the
running example. b) a restricted decision diagram for the running example.

Example 3 We continue Example 2 using the binary representation. Figure 4
illustrates two approximate decision diagrams for the running example by
imposing the width of the compiled diagram to be at most 3. Figure 4a
shows a relaxed decision diagram in which nowy:;y>.q pO0;0q becomes a
possible follower reaction to the leader's decisiongxy;X>q P t®; Og pl; Oqu
This modi cation implies that an optimal solution to model (8) now becomes
Py1;Y2; X1;X2q  pO0;0;0; 1g with an optimal value of -2, which is not a valid
lower bound. Figure 4b depicts a restricted decision diagram in which now so-
lutions py1;y2; X1;X2q P td; 0; 1; Og pl; O; O; Lquare not encoded. As a result, a
new optimal solution to model (8) corresponds topy1;Y2;X1;X29 pO0;1;1;0q
with an optimal value of -5, which is a valid lower bound.

The purpose of the approximate decision diagram is to encode upper bounds
on the value function pxqfor a subset of possible leader solutiong. Indeed,
any restricted diagram that encodes a subset of -t paths ful lls this purpose:
For the leader solutions x that are encoded, the restriction will provide an
upper bound on pxg as not all follower responses tox may be encoded.
Furthermore, for leader solutions that are not encoded, we will not enforce an
upper bound on the corresponding value function.

Formally, let DR denote a restricted diagram induced bypN R: ARq where
NR, N and AR, A. Furthermore, let AR? and A®! be the leader 0-arcs and
1-arcs inAR, respectively. The following proposition states how to obtain dual
bounds for the optimal value of problem 1 by compiling smaller restricted deci-
sion diagrams, whereP pDRqis de ned exactly as P pDgbut over the restricted
decision diagramDR® instead of an exact decision diagranD.
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Proposition 5 The optimal value of
min ¢l x cly
Xy;
sit: x;yq PH
d’ye g% q
p:: qPP DR
where

1 Xipaq a
aPARe

op

(13a)

(13b)
(13c)

(13d)

Xipaq as

aPAR!

provides a valid lower bound on the optimal value of the binary bilevel pro-

gram (1).

Proof As DR contains a subset of ther-t paths in D, for any p P t0; 1u"" , we

have that Qqis bounded from above by

min lawa
W
aPAR
&1 if u
s.t: Wa wy, , 1; ifu
%, :
aP pug aP  pug 0, ifu

Wp o 1 Pipag
Wa @ Ripaq

R
WPR|A I:

Hence, by strong duality, we have ppq maxtgm; q:

P P pDRqy implying that

min ¢’ x ¢
Xy

Gy
s:t: x;yq PH
¢y a max gfpc q:

t uPNR
I’;t
aPAR?
aPAR!

PPpDqu & maxtgime; q:

)
PPDRq

corresponds to a relaxation of model (8) and, thus, of (3). Finally, as satisfying

constraint d’y o maxtgRpx; q:

P PpDRquis equivalent to the existence of

a vector P P PpDRq such that d’y = g?px; Py the above program can be

reformulated as
min ¢ x cdy
X\y;
sit: p;yq PH
d’y e g¥pc; g
PPRg
completing the proof.

\
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We remark that constraint (13c) can be linearized according to Propositions 3
and 4.

4.2 Algorithm for Compiling a Restricted Diagram

Algorithm 1 presents a generic procedure to create a restricted decision di-
agram with maximum width W. It starts by initializing the diagram with a
root and a sink node, and createsmmg  n_ 1 queues, each associated with
a layer. Then, it builds the diagram layer by layer, starting from the root
node. At each layer, it selects an unvisited nodeu and tries to create two
new nodes, expanding the associated encoded solutions with values 0 and
1. To create a new node, it rst veri es whether the partial evaluation p! of
Cx Dy up to node u does not lead to infeasibility of the constraints. This
is done by calling function notinfeasible(line 14), which determines for each
constraint whether a feasible completion exists, by evaluating the minimum
contribution of each of the remaining variables in the constraint (this is also
known as bounds propagation). If setting value does not detect any infea-
sible constraint, notinfeasiblereturns True and a new nodev is created. The
function addNodev; Q- 1q(line 19) rst determines whether v already exists
in the queue Q- ; associated with the next layer, in which casev is merged
with that node. Otherwise, v is added as a new node taQ- ;. Lastly, the
new arc pu;vq is built for the follower or leader case (lines 20-24). Finally,
on line 25, the algorithm checks whether the length of a queue surpasses the
maximum width W. If so, it reduces the queue by only keeping theN nodes
with the best follower objective function values, discarding the remaining ones
and their incoming arcs.

Proposition 6  Algorithm 1 compiles a restricted diagram of sizeOpmg
n.gVgin Opmme  ngggtime, where m is the number of constraints in the
follower's problem.

Proof By construction, the restricted diagram has sizeOpme n_dW g Re-
garding the time complexity, the evaluation of notinfeasiblein line 14 takes
Opng steps form constraints for each node in a layer. Because each node has
at most two outgoing arcs, the maximum number of nodes in any layer is @/,
for constant W. For ne n_ 1 layers this givesOpmmg  n_qgsteps in
total. All other steps in lines 7-24 take constant time. The sorting in line 26
takes OpW logW gtime as there are at most 2V nodes in each layer. Because
W is a constant, the overall time complexity follows. \[

We remark that in certain cases, our relaxation can readily prove optimality
for the original bilevel problem.

Proposition 7  Consider a solution pg; pq obtained by solving model(13). If
d'po g then m; pqis optimal for problem (1).

Proof By Proposition 5, ¢/ p ¢l pis a lower bound on the optimal value. If
d’pr  mqg then m; pqis a bilevel-feasible solution andc] p ¢l pis also an
upper bound on the optimal value. \[
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Algorithm 1:  Procedure to generate a restricted decision diagram.

1 Parameters: maximum width W

2 Input: binary bilevel programming instance |

3 initialize diagram D p N;AqD ptr;tu; Hg with root r and sink t

4 initialize queues Q1 Bt ru; Qny n, 1Pt L Q BH @ 2:::;ng  nL
5 for ©  1;:::;ng  ng do
6
7
8
9

while Q- H do

select nodeu B Q-r0s and remove it from Q-

set p! B partial evaluation of Cx Dy at node u

for 0;1do
10 if ~ @ ng then
1 | setpD p! Digq
12 else
13 | setpb p! Cipq
14 if notinfeasiblep’; pq True then
15 create node v
16 if © ng np then
17 \ setvb t /I Reached last layer
18 else
19 | addNodepv;Q- 1q
20 if ~ o ng then
21 \ create follower -arc pu;vqwith cost dipgq
22 else
23 create leader -arc pu;vqwith capacity

Xipg P 1 g 1 Xipg

24 add arc pu;vgqto A
25 if 1Q- 1]i W then
26 sort nodes in Q- ; by increasing follower objective function value
27 discard all but the rst W nodes from Q- 1
28 remove the associated arcs from A
29 add all nodes from Q- ; to N- 4

30 return D

4.3 An Exact lterative Method

We propose an iterative procedure to extend the computation of the dual
bound to an exact method for solving the binary bilevel programming prob-
lem (1), presented in Algorithm 2. We assume that an initial restricted decision
diagram DR has been compiled. The algorithm iteratively solves relaxation (13)
and checks whether the follower solution is optimal. If not, it adds the leader
solution with the optimal follower response to DR as a new path (line 8). To
add the new path, we start at the root node and traverse the diagram by
following the arc whose label represents the next value in the solution. If no
such arc exists, we need to add it, where we use theddNodeprocedure from
Algorithm 1 to determine the head of the new arc. This procedure adds a
new node if an equivalent node does not yet exist in the same layer. We then
update model (13) to incorporate the new variables and constraints associated
with the path, and repeat these steps until the optimum is found.
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Algorithm 2:  Iterative compilation procedure.

1 Input: restricted decision diagram DR
2 while True do
3 solve model (13) to obtain solution pR; pg

4 solve the follower's problem for p and record an optimal follower's response y?!
5 if ddp o ylthen

6 \ terminate and return an optimal solution  pR; pq

7 else

8 \ add the path encoding py%; pgto DR

Proposition 8 Algorithm 2 returns an optimal solution to the binary bilevel
programming problem (1) in a nite number of iterations.

The proof follows immediately because, in the worst case, Algorithm 2 may
enumerate all possible leader solutions with all associated optimal follower
responses. It also shows that the restricted decision diagram can potentially
accelerate this process if it represents the \right" subset of leader and follower
solutions.

As an alternative to explicitly adding the leader path and follower solution
to the diagram in each iteration, we can alternatively, add a \no-good" cut
modeling pq Ui pd'y @ mggfor any p P t0; 1u"" . By doing so, we
avoid introducing more dual variables while providing the same bound on
for integer points.

5 Layer Contraction

Even after compiling a restricted decision diagram, the resulting relaxation (13)
can become hard to solve. We next propose two contraction procedures that
help diminish this burden, substantially reducing the number of variables and
constraints without losing any information about the bounds on . We assume
we have a (restricted) decision diagramD p N;A; ;| qreadily compiled.

Follower layers contraction Givenx P t0; 1™, dual variables in model (8)
implicitly enforce the selection of a shortestr-t path with positive capacity on
all its arcs and length equal to pxqin the case of an exact decision diagram
or an overestimation of xqin the case of a restricted diagram. As a result,
suboptimal r-t paths for a given x can be safely removed from the diagram.
Consider a nodeu PN, 1, i.e., r-u paths from D encode complete follower
solutions. Note that px;ygsolutions to model (8) correspond to shortestr-u
paths in D. Since the arc lengthsl are independent of the choice ok, without
loss of optimality, we can remove all but one of the shortest-u paths from D.
Alternatively, we can replace all r-u paths with an uncapacitated single arc
pr; ugfor which 1, is set as the shortestr-u path length in D. If we apply this
transformation to every nodeu PN ,. 1, all follower layers in D will collapse
into a single one. Figure 5a exempli es this contraction.
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Y1

Y2

X2

a. Follower layers contraction b. Leader layers contraction c. Both contractions

Fig. 5: Contractions applied to diagram in Figure 3b. Labels in the follower
layers display arc costs and in the leader layers display arc capacities. a) Con-
traction of the follower layers. b) Contraction of the leader layers. ¢) Contrac-
tion of the follower and leader layers. Nodes inside a red box correspond to
Nne 1.

Leader layers contraction Consider any nodeu P N,. 1 and let p" be
the vector corresponding to the evaluation of Dy according to Algorithm 1

(line 8). Observe that, given x P t0; 1u"-, there exists exactly oneu-t path

with positive capacity on all its arcs if and only if Cx & b p“. Moreover, if
such a path exists, then pqis upper bounded by the length of anyr-u path.

Therefore, without loss of optimality, we can replace allu-t paths with a single
arc pu; tqwith length 0 and capacity 1pCx @ b p“qg where 1p qdenotes the
indicator function.

Doing this for every nodeu P N,. 1 corresponds to contracting all leader
layers into a single one, as illustrated in Figure 5b. In this example, vectorg"

corresponding to nodes inside the box from left to right in the gure are given
by, 2, 2q ®;0;0q 2; 1, 1lgandps; 3; 3qg As aresult, the capacities
of the new arcs, as functions ok, are given by

X1 22X, 1 O X1 2Xp 0 4
hxg 1 x1 e 0 ;xq 1 Xi X8 2 ]
31 6xp,o 8 3X;1 6Xx,10 6
X1 X1 2 X1 22Xpo 2
sxq 1 X1 2Xp8 1, ; aaxq 1 X1 2w 1
3X; 6xp,o 7 3X; 6xp,©o 9

respectively. Moreover, for each nodes PN, 1, function 1pCx & b pYq
can be linearized through additional variables and big-M constraints. Finally,
observe that, since both contractions are applied to separate sets of layers, we
can execute both without loss of optimality, as illustrated in Figure 5c.
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As was mentioned in the previous section, in the case of using restricted di-
agrams, adding a new path encoding a vectopg; pg and the associated dual
variables and constraints to model (13) will enforcegx  pq i p d'y o d pg
However, if we add the path to the original diagram and then we contract the
leader layers, the enforced relationship will belpCx @ b Dpq i pd'y =
d” pqg which is stronger and can be modeled with the \no-good" cuts proposed
by [33].

6 Extension to the Pessimistic Setting

We now consider the binary linear version of the pessimistic bilevel program
de ned in [33,44]. Similar to the procedure exposed in Section 3, based on
a value function reformulation, we show how to extend model (8) to obtain
a relaxation for this setting. Recall that, in the pessimistic case, the follower
breaks ties among alternative optimal solutions by selecting the one that is
worse for the leader. Hence, if for some leader's decisign there exists a fol-
lower optimal responsep P Y g that makes pge; pq infeasible for the leader's
problem by violating the coupling constraints, then the follower should select
such a response as by de nitionf go; pg 8 . Furthermore, as in the op-
timistic setting we dene fpgo,pg 8 , for any x that renders Ypxq H .
Therefore, the considered pessimistic linear bilevel program is given by

min ¢/x cy (14a)
Xy
sit: Axe a Bp @ PRxq (14b)
x P t0; 1™ ( (14c)
y Pargmax ¢lg: $PRXQ : (14d)
¥

Observe that, as mentioned in [46], model (14) corresponds to a tri-level pro-
gram, shedding some light on why this setting is, in general, harder to re-
formulate and solve. Similar to model (1), the pessimistic version can be
reformulated using the value function as

rpiyn g x dy (15a)
st: Axa a Bp @ PRmxq (15b)
x P tO; 1™ (15c¢)

yPargmax clg: d'go xq g PYp<q( : (15d)
3
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In a similar fashion to [33,44], we start from a value function reformulation of
(15), given by

rp)i/n ¢gx cy (16a)
sit: x;yqPH (16b)
Ax o a Bp @ PRpxq (16c)
dyes g (16d)
GRY¥ pG mxaq (16e)

where p;zq maxtcly : ¢y & z; y P Ypxqu Constraint (16e) forces
feasible solutionspx; yqto maximize ¢} y over Rpxg Observe that by removing
the argmax operator, we are also removing constrainy P Y pxq which we now
enforce in (16b) by imposingpx; yq PH . This also guaranteesYpxq H , which
in turns ensures that Rpxq H for any feasible vectorx in (16).

We now extend our ideas from the optimistic setting to obtain relaxations
for the pessimistic setting based on decision diagrams. We start by relaxing
constraint (16¢), which results in the following relaxed model:

rp_i/n ¢gx cy (17a)
sit: xyqPH (17b)
dye mxq (17¢)
Gy¥ p mxqq (17d)

Consider a decision diagramD” p N7;AP: P;1Pq compiled asD, i.e., via
Algorithm 1, but using the extended constraint matrix ® r DY d¢’, and
where | is dened aslf  [c,,, for any follower arca and I} 0O for any

leader arca. Observe that, due to the addition of d to B, D" will probably be
larger than D. However, we can guarantee that, for any nodas PN EF 1 all
r-u paths encodey vectors with the same valued” y. Let z¥ be such value for

each nodeu PN} ;. We next show how to useD” to compute

Proposition 9  Consider p P t0; 1u" such thatYmg H and pPR. Then,

m;pqg max  [Pw, (18a)
" aPAP
gl ifu r
st: Wa . Wa , 1 ifu t uPNP (18b)
aP  pug aP  puq %O; ifu nt
Wat 1 Ripmq aPA"® (18c)
Wa O Bipg aPAP (18d)
wa o 1" 8 pq uPNy_ ;;aP pug (18e)

.
wprl. (18f)
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Proof Similar to the proof of Proposition 1. In this case, due to constraints
(18e), we also discard any path encoding a vectamg; y gwith a follower portion

y PYmqviolating d’ y @ p. Thus, given an optimal solution w to model (18),
we have

B IP

aW,

(
. Gy max ¢y: dyo p; yPYmq R; PG

aPAP
wherey is the follower portion of the binary vector encoded byw . \[

Following the same procedure as in Section 3, we use LP duality to compute
[x; pg by solving

min ¢"m; p; ¢ (19a)
st: y ¥ I, ;vg aPAPzpARPOY APlg  (19b)
uov ow ¥l p;vg aPAPOzAL (19c)
v w ¥ IR, p;vg aPAPtzAT (19d)
uoov o ow w ¥ p;vg aPAPOX AR (19e)
uoovow w ¥ I p;vg aPAPEX AR (19f)
PO P1
pr*7l prIMT (199)
P
PRlAnF 1| (19h)
Pii: g (19i)
where
gPD(;Z; q r ) 1 Xipaq a | Xipaq a
aPA PO aPAPL
) 1" = zq , a-
uPN P aP  pug

ng 1

Let PPpDPqdenote the feasible solution set of model (19). We next show that
constraint (17d) can be replaced with the system

#
dy¥ ¢°pdly; g .
pi;; qPPPDPq’
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Proposition 10  Model

min ¢'x dy (20a)
Xy

st: yqPH (20b)

d’y = gpt g (20c)

p:: qPP DF (20d)

dy¥ " pcdly; g (20e)

P. P. P. P ppP DP . (20f)

is an exact reformulation of the relaxed pessimistic binary bilevel progran(17).

Proof From the proof of Proposition 2, we know that, for any px;yq PH,
constraints (20c)-(20d) force P PpDPqto satisfy d’y & gmx; q = g
Therefore, by the de nition of , we haved’y pxqfor all px;yg PH. We
now follow the same logic to interpret constraint (20e).

We rst consider a feasible solution ; p; P Pqto model (20) and show that
[x; pq is feasible to model (17). For any real valuez PR, by Proposition 9 and
weak duality, we have

o pzP ¥ mza

Therefore, constraints (20e)-(20f) ensure that

cp¥ ¢ pdpP
" B mgP
¥ @ mqq

and thus m; pgsatis es (17d). We conclude that m; pqis feasible to model (17).
We now show that for any solution m; pq feasible to model (17), there exist
vectors and such that pg;p; ; qis feasible to model (20). Letw be the
ow vector associated with the unique path in the diagram encoding ; pg
By construction, we have that  is feasible to model (18) whenp ¥ d’ p and

I5wa Gy
aPAP
Furthermore, constraint (20e) and Proposition 9 ensure thaty is an optimal
solution to model (18) with arc capacities induced byg; d’ pq i.e.,
lfwa  mdp:
aPAP

Now, let *be an optimal solution to model (7) and *be an optimal solution
to model (19). By de nition, ! satis es (8d) and, by strong duality, satis es

mq om; g
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Furthermore, !satis es (20f) and, by strong duality, satis es
pd'p ¢ pdp *:
Sinced’p g we conclude that m; p; % ‘gis feasible to model (20). As

the objective functions for models (17) and (20) are the same, we conclude
that both models are equivalent. \[

We remark that constraint (20e) can be linearized in a similar fashion to con-
straint (20c¢), i.e., using Propositions 3 and 4. Furthermore, we can also obtain
a valid bound on the optimal value of model (20) by compiling a restriction

DPR of DP.

Proposition 11  The optimal value of

min ¢ x cdy (21a)
Xy
s:it: px;yq PH (21b)
ye ¥ q (21c)
pi;; qPP DY (21d)
dy¥ g™ xdy; (21e)
P; P; P; P PPP DPR : (211:)
where
gPRp(;Z; q r | 1 Ximg a | Xipag a
aPA PRO aPA PR
T lptezg g
uPN P aP  puq

ng 1

provides a valid lower bound on the optimal value of mod€R0).

Proof Similar to the proof of Proposition 5. As DPR contains a subset of the
r-t paths in DP, for any p P t0; 1" and p PR, we have that pg; pgis bounded
from below by

max ~ [Pw,
w
aPA PR
gl ifu r
sit: Towy Tow, . 1 ifu ot uPNPR
aP  puq aP  puq %0; ifu nt
WaB 1 Pipg aPAPRO
Wa O Bipq aPAPRL
wa @ 1" = pq uPN{® ;;aP  puq

PR
wpr
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Hence, by strong duality, we have m;pq mintg°m; p; q: PPPpD qu ¥
mintg®Rme; p; q: P PPpD"Rqu This, together with Proposition 5, implies
that

H J J

rglyn G X CrYy
sit: p;yq PH | )
Pys max g’p; q: PPDPRG

! )

dy¥ min ¢"p;dly; g PPPpDPRg

corresponds to a relaxation of model (20). Finally, as satisfying constraints
y o max tg®px; q: PP Rquand ¢y ¥ min tg®Rp;d’y; q: P
P PpDPRquis equivalent to the existence of a vectopP Pq PPpDPRq PPpDPRq
such that d’y & gRpx; Pgand ¢ty ¥ g°Rpx; d” y; Pg the above program can be
reformulated as

min ¢'x dy
Xy

sit: px;yq PH
d’ye g¥p g
PP Rq
Gy¥ gfpcdly; g
PPPwPRq
completing the proof. \[

We conclude this section by remarking that several works from the literature
consider special cases of bilevel problems without linking constraints,e., A

B 0, orin which the follower variables do not a ect the leader's constraints,
i.e., B 0; for example, [30,17,46]. For these cases, model (17) provides an
exact reformulation of the pessimistic problem instead of a relaxation, which
by Proposition 10 implies that our DD-based model (20) also provides an
exact single-level reformulation of the pessimistic problem that can be readily
linearized as described above.

7 Case Study: Bilevel Independent Set with Knapsack Constraints

We will see in the experimental section that our generic approach can be
e ective for some problem classes. However, if we use the standard linear en-
coding of problem (1), the decision diagrams do not have the ability to exploit
problem-speci ¢ structures, which can often drastically improve their repre-
sentational power. For that reason, we next apply our generic method to a case
study that possesses a speci ¢ combinatorial structure allowing us to further
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streamline our method. Speci cally, we introduce the Bilevel Independent Set
Problem with Knapsack Constraints (BISP-KC).

In the BISP-KC, we are given a graph G p V;Eq with vertex set V and
edge setE. The leader solves a knapsack problem while the follower solves a
maximum-reward independent set problem with an additional knapsack-type
constraint depending on the leader's decisions. This problem is motivated by
social network applications, where a follower entity tries to maximize its in-
uence on the network by selecting compatible \in uencers", and a regulator
entity, acting as a leader, aims to maximize social welfare by altering or in-
terdicting the compatibility of the \in uencers"”, subject to a budget. In this
case, the follower's knapsack constraint generalizes the interdiction e ect of
the leader's decisions.

The mathematical formulation has the form of the generic model (1), where
both the leader and the follower have a binary variable associated with each
node inV, i.e., n_ ng | V|. The leader's problem knapsack constraint
has \weight" coe cients pw_ ; Wg g and \capacity" scalar b_, whereas for the
follower's problem knapsack constraint these argxy ;g gand b= .

min ¢/x ¢y (22a)
st: w)x wlyao b (22b)
x P tO; 1™ ( (22¢c)
y Pargmin d'g: $PYXq ; (22d)
¥
where " *

. e - BYE B gX
Yxq: yPtO;1u'F : yi v o1 @pjqPE

We assumec, ; X, ;0. PR"™, ce;wg ;¢ PR"F, and b ;b= PR. To maximize
the follower's objective function, we keep the argmin function for consistency
and encode the reward coe cientsd as negative numbers.

To compile the decision diagram, we could apply Algorithm 1 directly on the
linear representation of model (22). However, a more e cient representation
for the follower's portion uses the compilation proposed in [7], in which each
node of the decision diagram represents the set of verticeS that can still be
added to the independent set. In addition, we represent the remaining capacity
k of the follower's problem at that node. Given a nodeu with state p* p S;kq
in layer Q- representing decisiony;, 4, function notinfeasiblefor 1 returns
false ifipg RS or if o7 ,, ki be. For 0, it always returns true. The
compilation of the leader portion of the decision diagram follows the generic
implementation of the algorithm.

8 Experimental Results

We next present a computational evaluation of our approach. We rst consider
generic bilevel integer programming problems from the BOBILib benchmark
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instance set [40]. We then present results for the BISP-KC as an example for
which the decision diagram approach can leverage the problem structure. We
compare our exact iterative compilation method (Section 4.3) to the branch-
and-cut approaches from [20] and [38], which represent the state-of-the-art
for solving generic integer bilevel programming problems. We will refer to our
iterative method as IDDR and to the branch-and-cut-approaches as-LMSnd
MibS respectively. Both FLMSnd MibS are compiled using their latest version
(MibSs is 1.2.1 andFLMShas a unique version) and executed using their default
settings.

For the construction of the initial restricted diagrams, we use Algorithm 1
with a maximum width W of 25 for the bilevel MIPLIB instances, and 0, 500,
1000, and 2000 for the BISP-KC instances (these numbers were determined
to strike a reasonable balance between bound quality and solving time). We
note that IDDRwith W 0 corresponds to the no-good cut approach of [33],
i.e., no decision diagram is compiled. We employ the result from [20, Thm. 2]
to pre-process the follower'sy values and reduce the size of model (13). All
decision diagrams apply the layer contraction operations for the leader and
the follower as described in Section 5. This decision is based on initial ex-
periments for which performing layer contraction consistently yields smaller
reformulations as the instance size increases. This often results in much smaller
solving times, especially for larger decision diagrams. The iterative compila-
tion method (Section 4.3) uses the no-good encoding of the leader solution
and optimal follower solutions at each iteration.

Our algorithms are implemented in Python 3.10 and all computations are
executed on a 12{core Intel(R) Xeon(R) Gold 6248R CPU @ 3.00GHz run-
ning Linux Ubuntu. All optimization problems are solved using CPLEX 22 or
Gurobi 10 (when indicated) with a 1-hour time limit.

8.1 Generic Binary Bilevel Programming: BOBILib Benchmark

We rst study generic bilevel bilevel programming instances from the BO-
BILib benchmark set [40]. We consider 60 instances that only contain bi-
nary variables; for these, constraints are all present in the follower's problem
(i.e., mg 0), and d is set to cr. These instances were derived from MiI-
PLIB 3.0 instances, and consider a di erent percentage of follower variables
(ng pne nogfor P t10% 50% 90%w). Detailed information about the
instances can be found in Table A1 of Appendix A.

Because the results in [20] consider CPLEX 12 as the default MIP solver,
we rst update their code and execute FLMSusing CPLEX 22. Table B2 in
Appendix B presents the comparison of runningFLMSwith CPLEX 12 and
CPLEX 22 on the benchmark set. This update allowsFLMSo nd an improved
upper bound for eight instances, including instancep2756-0.5 for which no
known upper bound has been reported in BOBILib yet.

Figure 6 presents two-panel performance plots foMibS FLMSnd IDDR where
the left pane shows the cumulative percentage of solved instances, and the right
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Fig. 6: Two-panel performance plots for BOBILib instances.

pane the optimality gap of the unsolved ones in log scale. Instance-speci c re-
sults can be found in Table C3 in Appendix C. Overall, no method always
dominates the others on this benchmark. HoweverFLMSand IDDRboth solve
27 (45%) instances optimally, whileMibS solves 15 (25%) instances optimally.
We also observe thatiDDRIis able to nd upper bounds for 59 (98.3%) instances
of the testbed, whereasFLMSand MibS nd 52 (86.7%) and 37 (61.7%), re-
spectively, within the 1-hour time limit. In particular, when comparing FLMS
to IDDR we can note that it takes 2,195 seconds foFLMSo solve 27 instances,
whereas it only takes 449 seconds folDDR Nonetheless,FLMSnds smaller
optimality gaps for several instances, which may be explained by the fact that
intersection cuts help improve lower bounds by strengthening the continuous
relaxation.

In addition, we note that IDDR nds new or improved upper bounds for six
instances, and closes two of them for the rst time (see Table C3). We conclude
that IDDRprovides competitive results on this generic benchmark set, even if
the decision diagram compilation does not leverage speci ¢ problem structures.

8.2 Bilevel Independent Set Problem with Knapsack Constraints

We next consider the BISP-KP, which we introduced in Section 7. The purpose
of this experiment is to evaluate the performance of our method when the de-
cision diagram compilation can take advantage of problem-speci ¢ structures.
We consider randomly generated instances with varying problem parameters:
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Table 1: Computational evaluation on the BISP-KC. The decision diagram
approach IDDRwith varying maximum width W is compared to branch-and-
cut methods FLMY20] and MibS [38]. Method IDDR W  0) starts with an
empty diagram. For each instance class and method, we report the number of
instances solved, the average solving time (of the solved instances), and the
average optimality gap (of the unsolved instances). For IDDR we also report
the average number of iterations (lters). All methods apply a 1-hour time
limit.

V] D FLMS MibS IDDRW  0)

Time Gap Time Gap Time Gap
#Opt ©) (%) #Opt ©) (%) #Opt ©) (%) Iters
0.25 5/30 1,145 49.45 0/30 - 23.65 30/30 4 - 6.9
50 0.50 4/30 410 22.26 3/30 64 15.42 30/30 4 - 4.3
0.75 21/30 113 7.45 18/30 502 5.52 30/30 2 - 1.8
0.25 0/30 - 26.10 0/30 - 18.56 30/30 30 - 105
100 0.50 0/30 - 1843 0/30 - 12,77 30/30 19 - 4.6
0.75 5/30 2,078 9.29 1/30 1355 7.33 30/30 22 - 3.3
0.25 0/30 - - 0/30 - 20.04 1/30 3,275 13.21 9.9
200 0.50 0/30 - - 0/30 - 9.67 30/30 573 - 6.8
0.75 0/30 - 9.46 0/30 - 552 30/30 197 - 4.5
0.25 0/30 - - 0/30 - - 0/30 - - 1.0
300 0.50 0/30 - - 0/30 - 9.92 1/30 3,439 6.72 4.2
0.75 0/30 - 335 0/30 - 7.8 30/30 1,428 - 6.2

v p IDDR(W  500) IDDR(W  1000) IDDR(W  2000)

Time Gap Time Gap Time Gap
#Opt ) %) Iters #0pt ©) %) Iters #Opt ©) (%) Iters
0.25 30/30 3 - 23 30/30 3 - 18 30/30 4 - 1.6
50 0.50 30/30 2 - 10 30/30 2 - 10 30/30 2 - 1.0
0.75 30/30 2 - 10 30/30 2 - 10 30/30 2 - 1.0
0.25 30/30 46 - 70 30/30 43 - 57 30/30 41 - 4.2
100 0.50 30/30 13 - 12 30/30 13 - 11 30/30 13 - 1.0
0.75 30/30 13 - 10 30/30 13 - 10 30/30 13 - 1.0
0.25 6/30 2,712 848 8.0 7/30 2,613 933 75 6/30 2,068 7.53 6.5
200 0.50 30/30 378 - 24 30/30 299 - 18 30/30 280 - 15
0.75 30/30 106 - 10 30/30 105 - 10 30/30 105 - 1.0
0.25 0/30 - 1489 1.2 0/30 - 1384 15 0/30 - 13.03 15
300 0.50 6/30 2,758 3.90 3.8 6/30 2,532 385 3.2 14/30 2,464 3.14 2.4
0.75 30/30 479 - 11 30/30 457 - 10 30/30 467 - 1.0

{ Independent set problem: We randomly generate Erdes-Renyi graphs of
di erent sizes and varying edge density, similar to Bergman et al. [7], with
[V] P t50; 100, 200 300u and edge density (the probability of an edge ap-
pearing in the graph) p P t0:25; 0:5; 0:75u.

{ Knapsack constraints: The weight vectorsw, ;wg;q ;g are drawn from
Ur 10;10s while the right-hand sidesh ;b- are denedas g n_q
using a scaling parameter Pt 0:1;0;0:1u.

{ Obijective functions: The leader coe cients ¢, and ¢z are drawn from
Ur 50;50s and the follower coe cients d are drawn from Ur 50; 25s
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We use the three parametergV|, p, and to de ne an instance con guration.
This allows us to evaluate the performance of the methods when the graph
size|V| increases, when the edge densitp increases, and when the knapsack
capacity increases (via ). With the above ranges, this yields 36 con gura-
tions. For each con guration pM|[;p; gwe generate 10 instances, resulting in
a total of 360 instances. Furthermore, to assess our reformulation for the pes-
simistic setting, we also extend these instances into 360 new ones by setting the
follower's objective coe cient vector d 1. This encourages multiple ties
between alternative optima to the follower problem, exposing the practical
di erences between the two settings.

We compare the decision diagram approachDDR with varying maximum
widths (W 0; 500, 100Q 2000) to the branch-and-cut methods FLMSand
MibS All methods use CPLEX 22 as the default MIP solver. The results are
presented in Table 1. (A more detailed comparison using performance plots
can be found in Figure D1 in Appendix D, which additionally includes results
for IDDR with Gurobi 10.) For each method, we report the total number of
instances solved (#Opt), the average solving time in seconds of the solved
instances, and the average optimality gap (%) of the unsolved instances. For
IDDR we also include the average number of iterations (lters).

One can observe that the generic integer bilevel programming solvefsSLM&nd
MibSdo not scale beyondV| 50, whereadDDRcan optimally solve instances
up to |[V| 300, for larger density. In addition, we nd that instances with
denser graphs are easier for all methods. The impact of the scaling factor for
the knapsack constraints is less pronounced, so we do not show this separately
in the table. Overall, on this benchmark, FLMSolves 35 instancesMibS solves
22 instances, andiDDRsolves up to 290 instances (up to 306 instances when
using Gurobi 10). We also observe thatiDDRgenerally performs better when
the initial diagram is larger.

This demonstrates that the decision diagram-based reformulation substantially
bene ts from leveraging domain-speci ¢ structure, relative to the generic ap-
proaches. Larger initial diagrams generally strengthen the formulation, and
reduce solving time by lowering the number of exact value function compu-
tations. An interesting observation is that the baseline approachIDDRwith
W 0 performs remarkably well. It shows that even without an initial dia-
gram, IDDRcan still be e ective on this problem domain.

For the modi ed testbed, we solve models (13) for the optimistic setting and
(21) for the pessimistic setting, and compare their optimal value to the high-
point relaxation to assess the strength of our decision diagram-based relax-
ations for both settings. These experiments are performed over instances with
[V] P t50;100u, for which we can obtain an optimal solution using the ap-
proach proposed by [33]. We use Gurobi 10 as the default MIP solver for these
experiments, because it performed better than CPLEX 22. The method$-LMS
and MibS were not able to solve these instances. Figure 7 shows the integer
optimality gaps through boxplots, while more detailed plots are provided in
Figure E1 in Appendix E. Overall, a behavior consistent with that seen in the
original BISP-KP instances can be observed. First, we observe an important
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(@ p 0:25, optimistic setting (b) p 0:25, pessimistic setting
(c) p 0:50, optimistic setting (d) p 0:50, pessimistic setting
(e) p 0:75, optimistic setting (f) p 0:75, pessimistic setting

Fig. 7: Integer optimality gap for modi ed BISP-KC instances.

gap reduction of our relaxations in comparison to the HPR gap. Furthermore,
both relaxations yield smaller gaps as the graph density increases. Moreover,
using a diagram with a larger width W consistently reduces the dispersion
on gaps. Finally, when comparing both settings for a xed width W, it can
be observed that the reformulation for the optimistic setting achieves smaller
gaps than the reformulation for the pessimistic setting. This aligns with the
fact that solving the pessimistic setting is more challenging than solving the
optimistic setting.
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9 Conclusions

We introduced a new single-level reformulation for binary bilevel programs. It
is based on a compact representation of the follower's feasible solution set using
decision diagrams, over which we de ne a network ow model, parameterized
by the leader's solution. Our reformulation ensures bilevel optimality by en-
coding the optimality conditions over the paths of the network, and provides
an optimal solution when it is de ned over an exact decision diagram. Because
exact decision diagrams can grow exponentially large, we introduced a scalable
approach that uses restricted decision diagrams of polynomial size, and showed
that these provide dual bounds. To obtain an exact method, we proposed to
iteratively solve and strengthen the relaxation by adding a new path to the
decision diagram or, alternatively, by adding bilevel no-good cuts. We also
extended our DD-based relaxations for the pessimistic setting. In our experi-
mental evaluation, we rst compared our approach to state-of-the-art solvers
on the BOBILib benchmark with binary bilevel programming instances. We
showed that our method provides competitive results, optimally solving as
many instances as the best existing solver. In addition, we found new or im-
proved bounds for six instances and closed two open instances for the rst
time. We also introduced a new problem domain, the bilevel independent set
problem with knapsack constraint, to study the performance of our approach
when the decision diagram compilation can bene t from the combinatorial
structure of the follower's problem. Indeed, we showed that our method scaled
to much larger instances than the generic integer bilevel programming solvers
for the optimistic setting. Similarly, we showed that the problem structure
can be e ectively exploited to more e ciently address the pessimistic setting.
We conclude that our decision diagram reformulation can be a scalable and
e ective approach for solving binary bilevel programming problems.

Acknowledgements Dr. Lozano gratefully acknowledges the support of the Air Force
O ce of Scienti c Research  under grant FA9550-22-1-0236.

Conict of interest

The authors declare that they have no con ict of interest.

References

1. Akers: Binary decision diagrams. |IEEE Transactions on computers 100 (6), 509{516
(1978)

2. Bard, J.F.: Coordination of a multidivisional organization through two levels of man-
agement. Omega 11 (5), 457{468 (1983)

3. Bard, J.F.: Practical Bilevel Optimization, Nonconvex Optimization and Its Applica-
tions, vol. 30. Springer US, Boston, MA (1998)

4. Bard, J.F., Moore, J.T.: A branch and bound algorithm for the bilevel programming
problem. SIAM Journal on Scienti c and Statistical Computing 11(2), 281{292 (1990)



34

\Asquez et al.

[e¢]

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

Beck, Y., Ljube, I., Schmidt, M.: A survey on bilevel optimization under uncertainty.
European Journal of Operational Research 311 (2), 401{426 (2023)

. Bergman, D., Cire, A.A., van Hoeve, W.J.: Lagrangian bounds from decision diagrams.

Constraints 20, 346{361 (2015)

. Bergman, D., Cie, A.A.,, van Hoeve, W.J., Hooker, J.N.: Optimization Bounds from

Binary Decision Diagrams. INFORMS Journal on Computing 26(2), 253{268 (2014)

. Bergman, D., Cire, A.A., Van Hoeve, W.J., Hooker, J.: Decision Diagrams for Opti-

mization. Arti cial Intelligence: Foundations, Theory, and Algorithms. Springer Inter-
national Publishing (2016)

Bracken, J., McGill, J.T.: Mathematical Programs with Optimization Problems in the
Constraints. Operations Research 21(1), 37{44 (1973)

Bryant, R.E.: Graph-based algorithms for boolean function manipulation. IEEE Trans-
actions on Computers C-35, 677{691 (1986)

Bui, Q.M., Carvalho, M., Neto, J.: Solving combinatorial pricing problems using em-
bedded dynamic programming models. arXiv preprint arXiv:2403.12923 (2024)

Castro, M.P., Cire, A.A., Beck, J.C.: A combinatorial cut-and-lift procedure with an ap-
plication to 0{1 second-order conic programming. Mathematical Programming 196 (1),
115{171 (2022)

Castro, M.P., Cie, A.A., Beck, J.C.: Decision Diagrams for Discrete Optimization: A
Survey of Recent Advances. INFORMS Journal on Computing  34(4), 2271{2295 (2022)
Cire, A.A., Van Hoeve, W.J.: Multivalued decision diagrams for sequencing problems.
Operations Research 61(6), 1411{1428 (2013)

Colson, B., Marcotte, P., Savard, G.: An overview of bilevel optimization. Annals of
Operations Research 153 (1), 235{256 (2007)

Dempe, S., Kalashnikov, V., Rios-Mercado, R.Z.: Discrete bilevel programming: Appli-
cation to a natural gas cash-out problem. European Journal of Operational Research
166 (2), 469{488 (2005)

Dempe, S., Luo, G., Franke, S.: Pessimistic bilevel linear optimization. Journal of Nepal
Mathematical Society 1(1), 1{10 (2018)

DeNegre, S.T., Ralphs, T.K.: A Branch-and-cut Algorithm for Integer Bilevel Linear
Programs. In: J.W. Chinneck, B. Kristjansson, M.J. Saltzman (eds.) Operations research
and cyber-infrastructure, pp. 65{78. Springer (2009)

Fischetti, M., Ljubic, I., Monaci, M., Sinnl, M.: Intersection cuts for bilevel optimiza-
tion. In: Q. Louveaux, M. Skutella (eds.) Integer Programming and Combinatorial
Optimization (IPCO), Proceedings, Lecture Notes in Computer Science , vol. 9682, pp.
77{88. Springer (2016)

Fischetti, M., Ljubc, 1., Monaci, M., Sinnl, M.: A New General-Purpose Algorithm for
Mixed-Integer Bilevel Linear Programs. Operations Research  65(6), 1615{1637 (2017)
Fortuny-Amat, J., McCarl, B.: A representation and economic interpretation of a two-
level programming problem. Journal of the Operational Research Society  32(9), 783{792
(1981)

van Hoeve, W.J.: Graph coloring with decision diagrams. Mathematical Programming
192 (1), 631{674 (2022)

van Hoeve, W.J.: An Introduction to Decision Diagrams for Optimization. In: IN-
FORMS TutORials in Operations Research, pp. 117{145. INFORMS (2024)

Hooker, J.N.: Job Sequencing Bounds from Decision Diagrams. In: J.C. Beck (ed.)
Principles and Practice of Constraint Programming (CP), Proceedings, Lecture Notes
in Computer Science , vol. 10416, pp. 565{578. Springer (2017)

Karahalios, A., van Hoeve, W.: Column Elimination for Capacitated Vehicle Routing
Problems. In: A.A. Cie (ed.) Integration of Constraint Programming, Atrti cial Intel-
ligence, and Operations Research (CPAIOR), Proceedings, Lecture Notes in Computer
Science, vol. 13884, pp. 35{51. Springer (2023)

Kleinert, T., Labke, M., Ljubc, I., Schmidt, M.: A Survey on Mixed-Integer Program-

ming Techniques in Bilevel Optimization. EURO Journal on Computational Optimiza-

tion 9, 100007 (2021)

Leal, M., Ponce, D., Puerto, J.: Portfolio problems with two levels decision-makers: Op-
timal portfolio selection with pricing decisions on transaction costs. European Journal

of Operational Research 284 (2), 712{727 (2020)



Decision Diagrams for Binary Bilevel Programming 35

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

LeBlanc, L.J., Boyce, D.E.: A bilevel programming algorithm for exact solution of
the network design problem with user-optimal ows. Transportation Research Part
B: Methodological 20(3), 259{265 (1986)

Lee, C.Y.: Representation of switching circuits by binary-decision programs. The Bell
System Technical Journal 38(4), 985{999 (1959)

Loridan, P., Morgan, J.: Weak via strong stackelberg problem: new results. Journal of
global Optimization 8, 263{287 (1996)

Lozano, L., Bergman, D., Cire, A.A.: Constrained Shortest-Path Reformulations for
Discrete Bilevel and Robust Optimization. arXiv preprint arXiv:2206.12962 (2022)
Lozano, L., Bergman, D., Cire, A.A.: Network relaxations for discrete bilevel optimiza-
tion under linear interactions. arXiv preprint arXiv:2407.18193 (2024)

Lozano, L., Smith, J.C.: A Value-Function-Based Exact Approach for the Bilevel Mixed-
Integer Programming Problem. Operations Research 65(3), 768{786 (2017)

Lozano, L., Smith, J.C.: A binary decision diagram based algorithm for solving a class
of binary two-stage stochastic programs. Mathematical Programming 191 (1), 381{404
(2022)

Marcotte, P.: Network design problem with congestion e ects: A case of bilevel pro-
gramming. Mathematical Programming  34(2), 142{162 (1986)

Moore, J.T.M., Bard, J.F.: The Mixed Integer Linear Bilevel Programming Problem.
Operations Research 38(5), 911{921 (1990)

Smith, J.C., Song, Y.: A survey of network interdiction models and algorithms. Euro-
pean Journal of Operational Research 283(3), 797{811 (2020)

Tahernejad, S., Ralphs, T.K., DeNegre, S.T.: A branch-and-cut algorithm for mixed
integer bilevel linear optimization problems and its implementation. Mathematical Pro-
gramming Computation 12(4), 529{568 (2020)

Tang, Z., van Hoeve, W.J.: Dual bounds from decision diagram-based route relaxations:
An application to truck-drone routing. Transportation Science 58(1), 257{278 (2024)
Therauf, J., Kleinert, T., Ljubg, I., Ralphs, T., Schmidt, M.: BOBILib: Bilevel Op-
timization (Benchmark) Instance Library. Optimization Online Eprint (2024). URL
https://optimization-online.org/?p=27063

Tjandraatmadija, C., van Hoeve, W.J.: Target Cuts from Relaxed Decision Diagrams.
INFORMS Journal on Computing  31(2), 285{301 (2019)

Tjandraatmadija, C., van Hoeve, W.J.: Incorporating bounds from decision diagrams
into integer programming. Mathematical Programming Computation 13(2), 225{256
(2021)

Wegener, |.: Branching programs and binary decision diagrams: theory and applications.
SIAM (2000)

Wiesemann, W., Tsoukalas, A., Kleniati, P.M., Rustem, B.: Pessimistic bilevel opti-
mization. SIAM Journal on Optimization 23(1), 353{380 (2013)

Zare, M.H., Borrero, J.S., Zeng, B., Prokopyev, O.A.: A note on linearized reformulations
for a class of bilevel linear integer problems. Annals of Operations Research 272, 99{117
(2019)

Zeng, B.: A practical scheme to compute the pessimistic bilevel optimization problem.
INFORMS Journal on Computing  32(4), 1128{1142 (2020)



36 \asquez et al.

Appendix
A BOBILIib Instances Information

Table Al presents the following information for the BOBILib instances [40]:
name, number of leader variables, number of follower variables, number of
follower constraints, and the instance status as reported in the o cial website
accessed on 01/16/2025. Bold lines indicate previously open instances closed
for the rst time by our approach.

Table Al: Information about BOBILib instances [40].

Instance np ng mg Status Instance np ng meg Status
stein27-0.1 25 2 118 Closed mod010-0.1 2,390 265 291 Open
stein27-0.5 14 13 118 Closed mod010-0.5 1,328 1,327 291 Open
stein27-0.9 3 24 118 Closed mod010-0.9 266 2,389 291 Closed
stein45-0.1 41 4 331 Closed air03-0.1 9,682 1,075 248 Open
stein45-0.5 23 22 331 Closed air03-0.5 5,379 5,378 248 Open
stein45-0.9 5 40 331 Closed air03-0.9 1,076 9,681 248 Open
enigma-0.1 90 10 42  Closed air04-0.1 8,014 890 1646 Open
enigma-0.5 50 50 42 Closed air04-0.5 4,452 4,452 1646 Open
enigma-0.9 10 20 42  Closed air04-0.9 891 8,013 1646 Open

Iseu-0.1 81 8 28 Closed air05-0.1 6,476 719 852 Closed

Iseu-0.5 45 44 28 Closed air05-0.5 3,598 3,597 852 Open

Iseu-0.9 9 80 28 Open air05-0.9 720 6,475 852 Open
p0033-0.1 30 3 16  Closed fast0507-0.1 56,709 6,300 507  Closed
p0033-0.5 17 16 16  Closed fast0507-0.5 31,505 31,504 507  Closed
p0033-0.9 4 29 16  Closed fast0507-0.9 6,301 56,708 507  Closed
p0201-0.1 181 20 133 Open cap6000-0.1 5,400 600 2299 Closed
p0201-0.5 101 100 133 Closed cap6000-0.5 3,000 3,000 2299 Open
p0201-0.9 21 180 133 Closed cap6000-0.9 600 5,400 2299 Open
p0282-0.1 254 28 241 Closed mitre-0.1 9,652 1,072 2437 Open
p0282-0.5 141 141 241 Closed mitre-0.5 5,362 5,362 2437 Open
p0282-0.9 29 253 241 Open mitre-0.9 1,073 9,651 2437 Open
p0548-0.1 494 54 176 Open nw04-0.1 78,734 8,748 72 Closed
p0548-0.5 274 274 176 Open nw04-0.5 43,741 43,741 72 Open
p0548-0.9 55 493 176 Open nw04-0.9 8,749 78,733 72 Open
p2756-0.1 2,481 275 755 Open seymour-0.1 1,235 137 4944 Open
p2756-0.5 1,378 1,378 755 Open seymour-0.5 686 686 4944 Closed
p2756-0.9 276 2,480 755 Open seymour-0.9 138 1,234 4944 Closed
1152lav-0.1 1,791 198 193  Closed harp2-0.1 2,694 299 185 Open
1152lav-0.5 995 994 193 Open harp2-0.5 1,497 1,496 185 Open

1152lav-0.9 199 1,790 193 Open harp2-0.9 300 2,693 185 Open
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B MIP Solver Comparison for the Algorithm in [20]

Table B2: MIP solver comparison on BOBILib instances for FLMS

Instance ) CPLEX 12 ) CPLEX 22
Time (s) UB Gap Time (s) UB Gap
stein27-0.1 0 18 0.00 0 18 0.00
stein27-0.5 0 19 0.00 0 19 0.00
stein27-0.9 0 24 0.00 0 24 0.00
stein45-0.1 6 30 0.00 7 30 0.00
stein45-0.5 0 32 0.00 0 32 0.00
stein45-0.9 0 40 0.00 0 40 0.00
enigma-0.1 0 0 0.00 1 0 0.00
enigma-0.5 9 0 0.00 8 0 0.00
enigma-0.9 582 0 0.00 593 0 0.00
Iseu-0.1 0 1120 0.00 0 1120 0.00
Iseu-0.5 3,600 2274 3.32 3,600 2313 7.63
Iseu-0.9 73 5838 0.00 95 5838 0.00
p0033-0.1 0 3089 0.00 0 3089 0.00
p0033-0.5 0 3095 0.00 0 3095 0.00
p0033-0.9 0 4679 0.00 0 4679 0.00
p0201-0.1 3,600 12670 2458 3,600 12465 20.90
p0201-0.5 1,588 13635 0.00 2,195 13635 0.00
p0201-0.9 4 15025 0.00 5 15025 0.00
p0282-0.1 7 260781 0.00 3 260781 0.00
p0282-0.5 3,600 272659 0.70 3,600 272659 0.93
p0282-0.9 3,600 615101 30.54 3,600 614837 28.85
p0548-0.1 3,600 11063 16.12 3,600 11086 16.85
p0548-0.5 3,600 - - 3,600 - -
p0548-0.9 3,600 49476 60.97 3,600 48942 60.25
p2756-0.1 3,600 14395 76.26 3,600 14550 77.07
p2756-0.5 3,600 23574 83.07 3,600 23547 83.05
p2756-0.9 3,600 33699 86.23 3,600 33362 86.12
1152lav-0.1 7 4722 0.00 7 4722 0.00
1152lav-0.5 3,600 4851 2.01 3,600 4817 1.27
1152lav-0.9 3,600 5171 7.86 3,600 5090 6.37
mod010-0.1 3 6554 0.00 5 6554 0.00
mod010-0.5 3,600 6689 1.87 3,600 6678 1.73
mod010-0.9 3,600 7604 13.71 3,600 7620 13.92
air03-0.1 3,600 386220 10.80 3,600 378890 8.96
air03-0.5 3,600 524198 33.30 3,600 513226 31.04
air03-0.9 3,600 819652 57.23 3,600 762132 53.18
air04-0.1 3,600 56400 0.20 3,600 56415 0.35
air04-0.5 3,600 61281 8.28 3,600 60725 7.45
air04-0.9 3,600 - - 3,600 - -
air05-0.1 848 26577 0.00 1,005 26577 0.00
air05-0.5 3,600 31693 16.61 3,600 32528 18.70
air05-0.9 3,600 42796 38.50 3,600 - -
fast0507-0.1 2 12484 0.00 1 12484 0.00
fast0507-0.5 1 61439 0.00 1 61439 0.00
fast0507-0.9 1 109916 0.00 1 109916 0.00
cap6000-0.1 433 -1967015 0.00 802 -1967015 0.00
cap6000-0.5 3,600 - - 3,600 - -
cap6000-0.9 3,600 - - 3,600 - -
mitre-0.1 3,600 - - 3,600 - -
mitre-0.5 3,600 - - 3,600 - -
mitre-0.9 3,600 - - 3,600 169470 31.95
nw04-0.1 904 17066 0.00 1,023 17066 0.00
nw04-0.5 3,600 26874 37.90 3,600 26396 37.08
nw04-0.9 3,600 52290 66.11 3,600 44026 59.80
seymour-0.1 3,600 476 1.50 3,600 476 1.33
seymour-0.5 1 807 0.00 1 807 0.00
seymour-0.9 0 1251 0.00 0 1251 0.00
harp2-0.1 3,600 -71920826 2.74 3,600 -72111431 2.45
harp2-0.5 3,600 - - 3,600 - -

harp2-0.9 3,600 162804  45544.93 3,600 -154337  47836.26
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C Detailed results for BOBILib instances

Table C3 compares the methoddDDR FLMSand MibSon the BOBILib bench-
mark instances, all running CPLEX 22 as the default MIP solver. For each
instance, we indicate the best-known solution BKS, and we report for each
solution method the total solving time in seconds, upper bound (UB), and
optimality gap (%). The optimality gap is computed as pUB LBq |UB]| I,
where LB corresponds to the lower bound. The reported CPU times include
all preprocessing and decision diagram compilation runtimes. A dash (-) indi-
cates a missing value due to a time-out. Bold entries indicate new or improved
bounds. We note that IDDR nds new or improved upper bounds for six in-
stances, and closes two of these instancep201-0.1and p0282-0.9 for the
rst time. For IDDRthe table also reports the number of iterations (lters) of
Algorithm 2. Our method typically spends the majority of the time in solving
the master problem reformulation, using relatively few iterations (given the
time limit).
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Table C3: Results for the BOBILib instances. For each instance, we report
the best known solution (BKS, and the total solving time in seconds, up-
per bound (UB), and optimality gap (%) for the branch-and-cut methods
FLMJ20], MibS[38], and our methodIDDR For IDDRwe also report the num-
ber of iterations (lters). Bold entries indicate new/improved bounds, or newly
closed open instances (0% gap).

FLMS MibS IDDR
Instance BKS Time uB Gap Time uB Gap Time uB Gap ters
(s) (%) (s) (%) (s) (%)

stein27-0.1 18 0 18 0.00 1 18 0.00 1 18 0.00 1
stein27-0.5 19 0 19 0.00 0 19 0.00 0 19 0.00 1
stein27-0.9 24 0 24 0.00 0 24 0.00 1 24 0.00 1
stein45-0.1 30 7 30 0.00 16 30 0.00 11 30 0.00 1
stein45-0.5 32 0 32 0.00 0 32 0.00 11 32 0.00 1
stein45-0.9 40 0 40 0.00 2 40 0.00 14 40 0.00 1
enigma-0.1 0 1 0 0.00 1 0 0.00 0 0 0.00 1
enigma-0.5 0 8 0 0.00 1 0 0.00 1 0 0.00 1
enigma-0.9 0 593 0 0.00 1 0 0.00 3 0 0.00 1
Iseu-0.1 1,120 0 1,120 0.00 2 1,120 0.00 1 1,120 0.00 1
Iseu-0.5 2,263 3,600 2,313 7.63 3,600 2,263 12.15 3,600 2,400 46.71 127
Iseu-0.9 5,838 95 5,838 0.00 3,600 5,838 19.01 5 5,838 0.00 20
p0033-0.1 3,089 0 3,089 0.00 0 3,089 0.00 0 3,089 0.00 1
p0033-0.5 3,095 0 3,095 0.00 0 3,095 0.00 0 3,095 0.00 1
p0033-0.9 4,679 0 4,679 0.00 1 4,679 0.00 0 4,679 0.00 2
p0201-0.1 12,465 3,600 12,465 20.90 3,600 12,615 55.11 3 12,225 0.00 1
p0201-0.5 13,635 2,195 13,635 0.00 3,600 13,985 70.07 3,600 13,810 26.43 123
p0201-0.9 15,025 5 15,025 0.00 3,600 15,025 78.06 10 15,025 0.00 1
p0282-0.1 260,781 3 260,781 0.00 3,600 261,188 1.05 2 260,781 0.00 4
p0282-0.5 272,659 3,600 272,659 0.93 3,600 272,914 5.56 34 272,659 0.00 18
p0282-0.9 614,837 3,600 614,837 28.85 3,600 638,033 139.84 3 614,837 0.00 1
p0548-0.1 11,069 3,600 11,086 16.85 3,600 - - 3,600 10,968 1455 191
p0548-0.5 - 3,600 - - 3,600 - - 3,600 22,177 52.77 323
p0548-0.9 58,835 3,600 48,942 60.25 3,600 - - 3,600 48,942 64.33 272
p2756-0.1 13,912 3,600 14,550 77.07 3,600 - - 3,600 14,431 77.70 346
p2756-0.5 - 3,600 23,547 83.05 3,600 - - 3,600 26,663 85.64 497
p2756-0.9 33,847 3,600 33,362 86.12 3,600 - - 3,600 38,131 88.36 420
1152lav-0.1 4,722 7 4,722 0.00 5 4,722 0.00 33 4,722 0.00 1
1152lav-0.5 4,816 3,600 4,817 1.27 3,600 4,907 2.81 3,600 4,915 321 101
1152lav-0.9 5,066 3,600 5,090 6.37 3,600 5355 12.18 3,600 5,540 14.19 204
mod010-0.1 6,554 5 6,554 0.00 1 6,554 0.00 155 6,554 0.00 24
mod010-0.5 6,684 3,600 6,678 1.73 3,600 7,024 6.96 3,600 7,024 6.73 161
mod010-0.9 7,411 3,600 7,620 13.92 3,600 8,609 30.36 3,600 8,847 2591 197
air03-0.1 381,812 3,600 378,890 8.96 3,600 386,502 6.62 3,600 403,334 15.26 86
air03-0.5 504,230 3,600 513,226 31.04 3,600 621,620 70.82 3,600 671,964 48.99 124
air03-0.9 763,632 3,600 762,132 53.18 3,600 883,408 142.33 3,600 885,774 61.07 213
air04-0.1 56,399 3,600 56,415 0.35 3,600 - - 3,600 57,754 2.80 28
air04-0.5 59,721 3,600 60,725 7.45 3,600 - - 3,600 64,960 13.57 27
air04-0.9 - 3,600 - - 3,600 - - 3,600 91,270 38.48 5
air05-0.1 26,577 1,005 26,577 0.00 3,600 - - 3,600 29,286 9.85 40
air05-0.5 33,757 3,600 32,528 18.70 3,600 - - 3,600 50,752 47.97 28
air05-0.9 40,046 3,600 - - 3,600 - - 3,600 60,259 56.09 49
fast0507-0.1 12,484 1 12,484 0.00 3,600 - - 422 12,484 0.00 1
fast0507-0.5 61,439 1 61,439 0.00 3,600 - - 449 61,439 0.00 1
fast0507-0.9 109,916 1 109,916 0.00 3,600 - - 417 109,916 0.00 1
cap6000-0.1 -1,967,015 802 -1,967,015 0.00 3,600 -1,734,110 29.26 237  -1,967,015 0.00 1
cap6000-0.5 - 3,600 - - 3,600 -1,169,820 52.28 3,600-1,170,489 106.92 121
cap6000-0.9 - 3,600 - - 3,600 -100,780 95.89 3,600 -108,130 2,134.40 170
mitre-0.1 122,190 3,600 - - 3,600 122,310 6.21 3,600 122,205 5.72 203
mitre-0.5 147,030 3,600 - - 3,600 147,045 27.69 3,600 147,030 21.67 192
mitre-0.9 169,425 3,600 169,470 31.95 3,600 169,470 47.15 3,600 169,470 32.04 158
nw04-0.1 17,066 1,023 17,066 0.00 3,600 - - 3,600 17,796 4.45 37
nw04-0.5 24,828 3,600 26,396 37.08 3,600 49,288 199.10 3,600 39,734 57.04 64
nw04-0.9 50,540 3,600 44,026 59.80 3,600 - - 3,600 64,666 72.12 69
seymour-0.1 475 3,600 476 1.33 3,600 - - 3,600 - - 1
seymour-0.5 807 1 807 0.00 3,600 - - 229 807 0.00 1
seymour-0.9 1,251 0 1,251 0.00 3,600 - - 240 1,251 0.00 1
harp2-0.1 -72,444,149 3,600 -72,111,431 2.45 3,600 - - 3,600 -67,299,607 9.75 38
harp2-0.5 -48,776,284 3,600 - - 3,600 - - 3,600 -43,700,126 69.08 57
harp2-0.9 -1,323,015 3,600 -154,337 47,836.26 3,600 - - 3,600 3,013,774 2,538.80 22
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D Performance plots for BISP-KC

We present performance plots for the Bilevel Independent Set Problem with
Knapsack Constraints (BISP-KC) in Figures D1l.a-l. In each gure, the left
pane shows the percentage of solved instances for each method over time,
and the right pane shows shows the percentage of instances within a certain
optimality gap. The gures show results for instances with number of vertices
[V| P t50; 100,200 300u and edge densityp P t0:25;0:5;0:75u. Each gure
shows plots for our method (DDR using CPLEX 22 and Gurobi 10 (two
separate plots), as well as forFLMSand MibS (both using CPLEX 22). For
IDDR we separately plot results for maximum width W P t0; 500, 1000 200Qu.
One observation is that for a xed number of vertices, all methods tend to
perform better for graphs with higher edge density. This is particularly pro-
nounced for our method, which is in line with earlier studies on using decision
diagrams for solving independent set problems, e.g., [7]. The reason is that
higher-density graphs on average have fewer, and smaller, independent sets,
and therefore the corresponding decision diagram is typically smaller in size.
Furthermore, we can see that starting with an initial diagram (W ¥ 500) al-
most always improves the no-good cut approach of [33] (which corresponds
to setting W 0). Lastly, higher maximum widths W tend to benet our
approach, but not in all cases. Indeed, larger decision diagrams can result in
stronger bounds but they also induce higher computational overhead.

Lastly, the performance plots show that our method outperforms FLMSand
MibS on this problem domain. For example, for|V| 50 and densityp  0:25,
IDDRsolves all instances within 10s, wherea§LMSsolves 5/30 instances (see
also Table 1) andMibSsolves none. FojV| 300 and densityp  0:75, IDDRis
again able to solve all instances whil&LMSnd MibS do not solve any instance
within the 1-hour time limit.
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a. [V| 50,p

b. V] 50,p

0:25

0:50
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c. |V]|

d. V]

50, p

100, p

0:75

0:25
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