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Abstract

This paper presents the Lagrangian duality theory for mixed-integer semidefinite programming
(MISDP). We derive the Lagrangian dual problem and prove that the resulting Lagrangian dual
bound dominates the bound obtained from the continuous relaxation of the MISDP problem. We
present a hierarchy of Lagrangian dual bounds by exploiting the theory of integer positive semidefinite
matrices and propose three algorithms for obtaining those bounds. Our algorithms are variants of
well-known algorithms for minimizing non-differentiable convex functions. The numerical results
on the max-k-cut problem show that the Lagrangian dual bounds are substantially stronger than
the semidefinite programming bound obtained by relaxing integrality, already for lower levels in the
hierarchy.

Keywords: mixed-integer semidefinite programming, discrete positive semidefinite matrices, max-
k-cut problem, Lagrangian duality theory

1 Introduction

Mixed-integer semidefinite programming (MISDP) may be seen as a generalization of mixed-integer linear
programming (MILP), where the vector of variables is replaced by a positive semidefinite matrix variable
in which some of the entries are integer and others real. In integer semidefinite programming (ISDP) all
entries of the positive semidefinite matrix variable are required to be integer.

The combination of positive semidefiniteness and integrality allows to formulate various optimization
problems as mixed-integer semidefinite programs (MISDPs). Since the 1990s, a few papers appeared
that present ISDP formulations for classical discrete optimization problems e.g., [10] 14} [46], and several
MISDP formulations of applied optimization problems, see e.g., [23] [64] [65]. In [43], the authors intro-
duce a generic approach for deriving MISDP formulations of binary quadratically constrained quadratic
programs and binary quadratic matrix programs. They also show that several optimization problems
allow for novel MISDP formulations, which provide new perspectives on solution approaches for those
problems.

The MISDPs can be used to compute exact solutions for the optimization problems using generic
MISDP solvers, e.g., branch-and-bound algorithms [20] 40] or branch-and-cut algorithms [44] 33]. An-
other solver that supports solving MISDPs while exploiting sparsity is GravitySDP [26]. Numerical tests
in those and related papers show that solving an MISDP formulation of an optimization problem might
be more beneficial than solving a mixed-integer programming (MIP) formulation of the same problem
via state-of-the-art MIP solvers.

A crucial feature of an efficient solver is being able to compute strong bounds fast. Most of the
current solving approaches for MISDPs solve SDP relaxations in each node of a branching tree. Since a
generic way of solving an SDP relaxation is an interior point method, computational effort in each node
of a branching tree may be (very) high. It is well-known that interior point-based SDP solvers exhibit
problems in terms of both time and memory for solving even medium-size semidefinite programs (SDPs).
Moreover, interior point methods have difficulties with handling additional cutting planes, including
nonnegativity constraints that significantly strengthen SDP bounds. There exist alternative approaches
for solving SDP relaxations based on Alternating Direction Augmented Lagrangian (ADAL) methods,
see e.g., [28] 62, [50]. Those algorithms are first-order methods that have low memory requirement, but
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might suffer a tailing-off effect when there is need for a high precision solution. However, ADAL methods
can handle a large number of cutting planes together with semidefiniteness efficiently [411 [42] [45]. The
bounds resulting from relaxing a MISDP to an SDP do not exploit integrality of the variables. The goal
of this work is to provide alternative bounding approaches that do exploit both positive semidefiniteness
and integrality.

In this paper we derive the Lagrangian duality theory for MISDP that enables us to derive a hiearchy
of Lagrangian dual bounds, and show how to compute those bounds using first-order methods. There
exist results on superadditive duality theory for mixed-integer conic optimization [34]. However, the
subadditive dual for conic mixed-integer programs does not yield straightforward solution procedures,
while the Lagrangian duality theory for MISDP does.

Main results and outline

We first introduce the Lagrangian duality theory for MISDP. We derive a Lagrangian relaxation of
the MISDP problem by dualizing the positive semidefinite (PSD) constraint and a part of the linear
constraints. The aim is to dualize constraints that are intractable in combination with the integrality
constraints. From the Lagrangian relaxation we derive the Lagrangian dual problem. We relate the
optimal value of the continuous relaxation of the MISDP problem, the Lagrangian dual bound, and the
optimal value of the MISDP problem within a sandwich theorem, showing that the Lagrangian dual
bound is always at least as strong as the bound obtained from the continuous SDP relaxation. We also
derive conditions under which equalities throughout the sequence of the sandwich theorem follow.

For the case of purely integer SDPs, we introduce a hierarchy of Lagrangian dual bounds by exploiting
the theory of integer PSD matrices. Namely, we propose partitioning a matrix variable into submatrices
of prescribed sizes and solving the Lagrangian dual problem by exploiting finite generating sets of integer
PSD matrices. The larger the size of the matrices in the partitions is, the stronger the Lagrangian dual
bounds become. The resulting bounds are related to the so-called exact subgraph approach considered
in [I 19]. In fact, exact subgraph bounds are Lagrangian dual bounds resulting from appropriate ISDP
models.

We propose three algorithms for computing the Lagrangian dual bounds. We consider a variant of
the deflected subgradient algorithm with the update scheme from [58] and Polyak’s stepsize [51]. We
also consider a version of the accelerated gradient method introduced by Nesterov [49], and a version of
the proximal bundle algorithm, see e.g., [32]. All three variants include projections onto the PSD cone to
preserve dual feasibility in each iteration of the algorithm, which distinguishes them from their classical
versions. The subgradient methods were not used, up to date, for computing SDP bounds. Variants of
the proximal bundle method have been used for obtaining SDP bounds of several optimization problems,
see e.g., [16, 19, B5]. The Lagrangian relaxations in these existing algorithms require solving an SDP
relaxation in each bundle iteration. Instead, we compute the Lagrangian relaxations over a discrete set.

We evaluate our algorithms on the max-k-cut problem for k € {2,3,4}. The Lagrangian dual bounds
turn out to be stronger than the SDP bounds obtained from the continuous relaxations of MISDPs,
already for lower levels in the hierarchy, however the bounds keep on improving for higher levels in the
hierarchy. This work provides an alternative approach for computing bounds of combinatorial optimiza-
tion problems via first order methods by exploiting both positive semidefiniteness and integrality.

This paper is structured as follows. Lagrangian duality theory for MISDPs is introduced in Section [2]
A hierarchy of Lagrangian dual bounds for ISDPs is derived in Section [3] In Section [4] we present
three approaches for solving the Lagrangian dual problem. In particular, in Section we present a
projected-deflected subgradient method, in Section a projected-accelerated subgradient method, and
in Section a projected bundle method. In Section [5|we present an ISDP formulation of the max-k-cut
problem, after which numerical results on this problem are provided in Section [6] Section [7] concludes
our work.

Notation

For n € Z,, we define the set [n] := {1,...,n}. We denote by 0,, € R™ the vector of all zeros, and by
1, € R™ the vector of all ones. The matrix of all-ones of size n x n is denoted by J,,. We omit the
subscripts of these matrices when there is no confusion about the size. The Euclidean norm of vector x
is denoted by ||z||. For any matrix X € R"*" and indicator set S C [n], we let X[S] denote the principal
submatrix induced by S.



We denote the set of all n x n real symmetric matrices by S8™. The cone of symmetric positive
semidefinite matrices is defined as S := {X €8" : X = 0}. Thus, X > 0 means that X is a positive
semidefinite matrix. The trace of a square matrix X = (Xj;) is given by tr(X) = . X;;. For any
X,Y € 8" the trace inner product is defined as (X,Y) = tr(XY) = szzl Xi;Yi;. The associated
norm is the Frobenius norm, denoted by || X||F := /tr(X T X).

The operator diag : R™"*"™ — R™ maps a square matrix to a vector consisting of its diagonal elements.
We denote by Diag : R” — R"*" its adjoint operator.

2 Lagrangian duality theory for MISDP

In this section we extend the Lagrangian duality theory from mixed-integer linear programming to the
case of mixed-integer semidefinite programming. The results presented in this section are similar to those
from the MILP literature, see e.g., [21]. In particular, we establish weak duality and a sandwich theorem
for the Lagrangian dual bounds, among other results.

Let C € 8™, b € R™ and let A : 8™ — R™ be a linear operator that is defined by A(X); := (A;, X)
with A; € 8™ for all i € [m]. We define A* : R™ — 8™ to be its adjoint. Moreover, we let J C [n] x [n]
be an index set of the integer variables in the program. For each (i, ) € J, the set B;; C Z denotes the
integer solution space of the variable indexed by (4, j). Finally, for all (,7) € J, let l;; € Z and u,; € Z
denote the lower and upper bound, respectively, with respect to the set B;;. We assume these lower and
upper bounds to be finite, implying that the sets B;; are finite. We consider a MISDP problem in the
following general form:

ZMISDP ‘— min <C,X>
st. AX)=b, X =0 (MISDP)
Xi; € Byj for all (i,5) € J.

Throughout this work, we presume that the problem (A ISDP) is feasible, while we briefly revisit the
issue of feasibility at the end of this section, see Remark |3| By relaxing the integrality constraints, we

obtain the continuous SDP relaxation of (MI1SDP):

zspp:= min {(C,X)
st AX)=b, X0 (SDP)
lij < Xij < Ujj for all (Z,j) ceJ.

The inequality zspp < zaprspp clearly holds. Throughout this section, we make the following assump-
tion, which is natural for many MISDPs originating from discrete optimization [43].

Assumption 1. The feasible set of (MISDP)| is bounded.

Since all integer variables are bounded by /;; and u;;, respectively, Assumption |I|implies that bounds
on the continuous variables are enforced by the constraints of (MISDP). Observe that the boundedness
assumption on (M ISDP)) also implies that a solution to the continuous SDP is attained. Namely, if the
feasible set of uld be unbounded, then there exists a ray R € 8™ with A(R) =0 and R > 0.
Since all bounds on variables in J are finite, R;; = 0 for all (z,j) € J. Therefore, R would also be a ray
of the feasible set of (MI1SDP)), contradicting Assumption

The Lagrangian dual of (MISDP) is obtained by dualizing the constraints that are intractable in
combination with the integrality constraints. In our setting, it is natural to dualize the constraint X > 0.
Moreover, we can distinguish between the equalities in A(X) = b that are tractable with the integrality
constraints and the equalities that are not. Consequently, we split A(X) = b into A;(X) = by and
Ao(X) = by where by € R™ and by € R™2 with m; + me = m. Here we assume that the equalities
A1 (X) = by are not tractable in combination with the integrality constraints. We define the Lagrangian
L() after dualizing the constraints X > 0 and A;(X) = b; as

L(X,5,)) :=(C,X)— (S, X)+ AT (A, (X) —by),

where S > 0 and A € R™! are the corresponding Lagrange multipliers. Moreover, we let P denote the
set of mixed-integer symmetric matrices induced by the remaining constraints, i.e.,

P:={XeS8": Ay(X) =0y, X;; € B;j forall (4,j) € T}. (1)



Without loss of generality, we may assume that P is bounded. Namely, if not, we can add to Ay (X) = by
the variable bounds on the continuous variables (which exist due to Assumption [I)). Let us define the
Lagrangian dual function g : §% x R™ — R as follows:

g(S,A) :==min {L(X,S,\) : X € P}. (LR(S,\))

Obviously, for all S € 8, A € R™ we have g(S,\) < L(X*,5,\) < {(C, X*) = zprspp, where X* is an

optimal solution to (MISDP]). We call the minimization problem (LR(S,\)) the Lagrangian relazation
of (M1SDP) with parameters (S, ). To obtain the best lower bound for zp;;spp, we take the supremum

of g(S, \) with respect to the dual variables S and A. This leads to the Lagrangian dual of (MI1SDP):

ZLp = Sup Q(S’A)

LD
st. S=0, Ae R™, (LD)

The following result follows by construction.

Proposition 1 (Weak duality). zr.p < zpmrspp

An optimal solution of the Lagrangian relaxation (LR(S, A)) may be an optimal solution to (M 1SDP)),
as stated in the following proposition.

Proposition 2. Let S = 0 and A € R™ be given. If X* € 8™ is an optimal solution for (LR(S,\))
that is feasible for (MISDP|) and satisfies the complementarity slackness condition SX* = 0, then X*
MISDP).

is optimal for (

In the sequel, we show that it is possible to obtain zyp as the solution of a continuous semidefinite
programming problem. We consider

min (C, X)
st. A(X)=b, X>0 (2)
X € conv (P).

Observe that P is defined as the set of mixed-integer points contained in a polyhedron. Since the feasible
set of is contained in the feasible set of and the latter one is compact, it follows that an
optimal solution to is attained. We show below that the optimization problem is equivalent to
the Lagrangian dual of based on a similar result for MILP by Geoffrion [21].

Theorem 1. Suppose Assumption holds and let Z denote the optimal objective value to , provided
that it exists. Then zrp = 2.

Proof. Since L(-, S, ) is linear on S™ for all fixed S € ST and A € R™!, we have
zpp = sup min {(C,X) — (S, X) + AT (A4 (X) —b1) : X € P}
s=ox X
= sup min {(C, X) — (S, X) + AT (A1(X) —b1) : X € conv(P)}. (3)
S=0,A X

Since L(X, -, -) is also linear on S x R™* for all fixed X € conv(P), and conv(P) is compact, Sion’s min-
imax theorem [61] implies that we may interchange the order of taking the minimum and the supremum,
yielding

zpp =min sup {(C,X) — (S, X)+ A" (A4(X)—b1) : X € conv(P)}
X 5-0,x

= Ir;%n{(C,X) ¢ X € conv(P), Ai(X) =b;, X = 0},
where the final equality follows from the fact that if A;(X) # by or X # 0, then the inner supremum is
unbounded. O

The combination of the results from Proposition [1| and Theorem [If leads to the following sandwich
relation.

Corollary 1 (Sandwich theorem). Suppose (MISDP) is feasible and Assumption |1| holds. Then,
zspp < ZLp < ZMISDP-



Remark 1. Instead of Assumption [l we can also establish the sandwich theorem of Corollary [I] by
assuming that the problem has a Slater feasible point and all data matrices are rational (while
allowing P to be unbounded). In that case, P is the intersection of a mixed-integer linear set and a
rational polyhedron, hence by Meyer’s theorem [47] conv(P) is a polyhedron. Let A3 : 8™ — R™3 and
bs € R™3 be the linear operator and vector such that conv(P) = {X € 8™ : A3(X) < bs}, respectively.
Then, still holds and can be rewritten to

zrp = sup —bj A+ min {(C — S+ Aj(\),X) : A3(X) < bs}.
S=0,\ Xesn

Observe that the inner minimization problem is linear, so we replace it by its dual. Let z > 0 denote
the dual variable corresponding to A3(X) < bs, then:

= sup —bj A+sup{-bjz: S=C+A\) +A52)}

S=0,7 2>0
= sup {-b{A-bjz: S=C+AN) +A5(2)}
5-0,2>0,

:n}}n{<C’,X> : X €conv(P), A1(X) =51, X = 0},

where the last equality follows from the latter problem having a Slater feasible point, see e.g., [52]. Also,
observe that the latter minimization problem is attained, due to its feasible set being non-empty and
compact. The sequence zspp < zrp < zmrspp immediately follows. As boundedness is a more natural
property in the MISDPs that are considered in later sections, we stick to Assumption [I]in the sequel. OJ

Remark 2. In the light of Remark [1} we cannot relax both Slater feasibility of and boundedness of
P in order to maintain the result of Corollary |1} For example, consider

z = min -1 -l it
MISDP = 1 0 ) \zy s

r1 X2
s.t. =0, z1=0, zo,x Z.
<x2 333) =~z 0, o , T2,T3 €

It is clear that zprrspp = zspp = 0. Let As(-) = 0 represent the constraint 7 = 0. Then the set P
is unbounded and conv(P) does not have a Slater feasible point. The Lagrangian dual function g(.5)

becomes
. —1- S1 —1- S92 0 Zo
S) = , .
9(5) zzrggréz < (—1 — S2 —83 > ($2 $3)>
Since the system S > 0, s3 = 0 and sy = —1 is infeasible, we have g(S) = —oo for all S = 0. Thus,
ZL,pD = —OQ. O

In the sequel, we briefly describe conditions under which equality throughout the sequence zgpp <
zrp < zyrspp holds. Let Fyrrspp, Fspp and Frp denote the feasible sets of (MISDP), (SDP) and
, respectively. Moreover, for any convex set K C 8", its normal cone at X € K is defined as

Nk(X):={Ze8": (Z,X)>(Z,Y) forall Y € K}.

Theorem 2. Let X3 ;9pp and XIp denote the set of optimizers to (MISDP) and , respectively.
Then, under Assumption

(Z) zLp = zmi1spp if and only if —C' € N]:LD(X*) for all X* € X?\/IISDP;
(i) zspp = zrp if and only if —C € Nxy, . (X*) for all X* € x5 .

Proof. (i) Let X* € x%1spp- Since X* € Frp, zmrspp = zrp if and only if X* is also an optimizer
to (). The latter holds if and only if X* is such that (C, X*) < (C,Y) for all Y € Frp, which is
equivalent to —C € Nz, , (X™).

(73) The proof of the second statement is very similar, replacing x%;;spp by X5p and Frp by
Fspp. O



It follows from Theorem that a sufficient condition for zr,p = zprrspp when (MISD P)) is bounded
is that

conv(PN{X €8" : A(X)=0b1, X = 0})=conv(P)N{X €S" : A (X)=0b;, X = 0},
whereas a sufficient condition for zgpp = zr,p when (M ISDP)) is bounded is
COIIV(P) = {X eS" . AQ(X) = bg, lij < Xij < Ujj for all (Z,j) € j} .

Remark 3. In all of the results in this section, we assumed that is feasible. However, when
exploiting the Lagrangian dual bounds in a branching framework, there is a need to recognize infeasible
subproblems. More precisely, we are interested in obtaining conditions for the Lagrangian dual problem
that certify infeasibility of subproblems of the form (MISDP).

The problem is infeasible if the intersection of the set P and {X : A;(X) =b;, X = 0} is
empty. This can happen due to multiple reasons. First, if P is an empty set, the Lagrangian dual function
g(S, ) is not defined for any dual point (S,\). This immediately certifies infeasibility of ,
resulting in fathoming the subproblem in a branching framework. If P is non-empty, g(S, \) exists and
is finite for all (S,\) where S = 0. Therefore, the Lagrangian dual problem is either feasible or
unbounded.

Let us first consider the case where (LD)) is unbounded. This implies there exists a direction (S*, \*) €
ST x R™ in which the Lagrangian dual function g keeps on improving. Exploiting the definition of g,
this happens if and only if there exists a point X* € P such that

§* = AT(A") € Neony(p)(X™) and (A7, Ay (X7) = by) — (S, X™) >0, (4)

where Noony(py(X*) denotes the normal cone of conv(P) at the point X*. To verify the validity of these
conditions, let (SY, A%) be a dual pair for which X* € argmin v p£(X, 5% A\%). The first condition in
then implies that by adding a positive multiple of (S*, \*) to (S°, AY), the point X* remains a minimizer
of the Lagrangian function at the new point. If the second condition is also satisfied, the value of the
Lagrangian function at X* strictly increases by adding a positive multiple of (S*, \*) to (S°, \Y). Hence,
(8*,\*) is a ray in the dual feasible set on which the dual function g linearly improves.

Finally, when is feasible, the Lagrangian dual bound zpp is finite, which is exploited in the
branching framework. In case the underlying subproblem is infeasible, the subproblem is
either fathomed since its bound is overruled by an incumbent solution or further branching leads to a
detection of infeasibility due to one of the cases described above.

3 Hierarchy of Lagrangian dual bounds for ISDP

In this section, we extend on the general theory of Section [2| and introduce a hierarchy of Lagrangian
dual bounds for purely integer SDPs, i.e., problems of the form with J = [n] x [n].

Without loss of generality, we assume that B;; is of the same form B C Z for all (¢, j) € [n] x [n]. This
assumption is non-restrictive, as tighter bounds for certain entries in X can be enforced by the linear
constraints. Let [ and u denote the smallest and largest value of B, respectively. Hence, we consider
problems of the following form:

ZISDP ‘— min <C,X>

ISDP
st. AX)=b, X =0, X eB™" ( )

A main challenge in the construction of the Lagrangian dual problem is to decide on the splitting
between A;(X) = by and As(x) = be. One choice, which we consider here, is to dualize all of them,
ie., A;(X) = by captures all linear constraints. To prevent the resulting bound to be equivalent to the
continuous SDP relaxation, there is another property of the optimization problem that we can exploit.
In many problems that we consider, i.e., the ones resulting from discrete optimization problems, the
feasible matrix variables do not only have integer entries, they also have an upper bound on their rank.
This upper bound results from the combinatorial nature of the problem setting. To exploit it, we define
for a given integer 1 < r < n the set

SY(B,r) =8t NB”"N{X : rank(X) <r}



as the set of PSD matrices having entries in B with an upper bound on its rank. We also define
S} (B) := S}(B,n) as the set of integer PSD matrices without the rank-assumption. Since B is bounded,
the set ST (B, ) is finite for all r < n.

For several well-known integer sets B, simple descriptions of ST (B,r) or 87 (B) have been derived,
e.g., in the form of a finite generating set of integer rank-1 PSD matrices. Table [I] lists several of such
sets, including an explicit description of its elements and cardinality, see [B] [36] 43]. More results on the
structural properties of PSD matrices having integer entries are derived by De Loera et al. [37].

Set D" Description | D™
S ({0,1}) X = Y,z , where ; € {0,1}" and each x; and z; with B4
1 # j have non-overlapping support
SY({0,1},1) X =27, where x € {0,1}" 2"

ST({0,1},7) X =30, zx), where z; € {0,1}" and each x; and x; with Z:é {"}
1 # j have non-overlapping support

St ({0,£1}) X =Y, xz], where z; € {0,£1}" and each z; and z; with D,
1 # j have non-overlapping support

Sm({0,£1},1) X =aa', where z € {0, £1}" T4+, (B)2kt

St({0,+1},r) X =3, zz;, where z; € {0, £1}" and each z; and z; with Y}, Sp(n, k)
i # 7 have non-overlapping support

St({£1}) X =z, where z € {£1}" an—1

Table 1: Descriptions and cardinalities of the sets ST (B,r) and ST (B) for different B and r. In the
third column, B,, denotes the nth Bell number, {Z} denotes the Stirling number of the second kind, D,,
denotes the nth Dowling number and Sg(n, k) denotes the B-type Stirling number of the second kind.
See Appendix |§| for details on these numbers and their relation to integer PSD matrices.

In the sequel, we let D™ = S¥ (B, r), where the rank constraint is implied by the constraints A(X) = b
in combination with X € B™*™ and X > 0. In other words, D™ contains the feasible set of (ISDP)). In
this more specified setting, the problem (IS D PJ) reduces to the following problem:

min {(C, X) 5)

st. AX)=b, X >0, X € D"
Although the exact structure of D™ depends on the problem, it can for example be one of the sets
described in Table For instance, if B = {0,1} and there is no restriction on a rank, we have D" =
S1({0,1}). If we dualize A(X) = b and X > 0, what remains is P = {0,1}"*". Since conv(P) =
[0,1]™*™ Theorem [I| implies that z;p will be equal to zgpp. In what follows, we discuss a general
approach that can be applied to strengthen the resulting Lagrangian dual bound.

The set P can be further tightened by keeping (a part of) the constraint X > 0 in the set P. If we
require that all elements in P must be PSD, the set P becomes D™, which is intractable to optimize
over. However, for relatively small values of m, it is possible to optimize over D™, e.g., by a complete
enumeration. Therefore, instead of letting P be the entire set D™, we can impose a condition on certain
submatrices to be m x m matrices of the form D™. To that end, assume that KP = {K;,..., Ky}
denotes a packing on the set [n] where my := |K,| for K, € KP is such that m, < p for all K, € KP, for
some given positive integer p. We consider the following ISDP that is equivalent to :

min (C, X)

st. AX)=0b, X>0
X[K,] e D™ VK, €KP ©)
X e B™",

Indeed, the equivalence between and (@ follows from the fact that the rank-constraint in the definition
of D™ (if any), is implied by A(X) = b, X € B"*™ and X = 0. After dualizing X > 0 and A(X) = b,



we obtain the following feasible set of remaining constraints, which we denote by P(KP):
P(KP):={X €S"NB™" : X[K, € D™ for all K, € KP}. (7)

Let us now check whether this set P(KP) can be effectively applied as the feasible set of the Lagrangian
dual function ¢(S, \). Let X* € argmin{£(X,5,)) : X € P(KP)} for some (S, ). First, since the index
sets in KP are mutually disjoint, the submatrices {X[K,] : K, € KP} have a pairwise disjoint support
in X. Hence, the optimal submatrices X*[K;] can be obtained via a complete enumeration over D™
for all Ky € K independently. Moreover, any element X, where ¢ and j do not belong to the same set

in K7 is set to u if (C' — 8 + Af()\))i; < 0 and to [ otherwise. We conclude that the optimization over
P(KP) is tractable for small p.

It follows from Theorem [1| that the optimal Lagrangian dual value of @ with dualized constraints
A(X) =band X > 0 equals

25 i=min (C,X)
st. AX)=b, X >0
X[K, € P™ VK, € KP
| < X;; <wforall (4,5) € [n] x [n],

where P™ := conv(D™) denotes the convex hull of D™,

The value of p, i.e., the maximum size of the sets in KP, has an impact on the quality of . If
p increases, the proportion of entries that is required to be both integer and PSD in the subproblems
becomes larger, leading to improved bounds as provided in the theorem below. However, this comes at
the cost of computation time, as the size of D™¢ often grows exponentially, see Table [I} Formally, the
hierarchy of the Lagrangian dual approach with respect to the value of p can be captured in the following
theorem.

Theorem 3. Let KP* and KP2 with py < py denote two packings on the set [n], where for each two
distinct 1,j € [n] we have: if i and j are in the same subset in KP*, then i and j are also in the same
subset in KP2. Then,

zspp < 20 < 2% < zrspp,
where 23, denotes the Lagrangian dual bound obtained by optimizing over P(KP') in each subproblem.

Proof. For both packings P, the inequalities zspp < 27, < zrspp follow immediately from Corollary
Let X be feasible for with KP2. For each K, € KP*, we know that K, C Ky« for some Ky« € KP2,
Hence, X[K/] is a submatrix of X[K-], which is an element of P™¢. Since the m, x m, submatrices of
all elements in P™¢* are in P™¢, it follows that X [K,] € P™¢ for all K, € KP*. So, X is feasible for
with P, resulting in 27, < 202, O

Semidefinite relaxations including constraints of the form X[K/] € conv (D™*¢) with D™ = S ({0, 1})
or D" = S ({£1}) have been studied in [I, 19], in which these are referred to as exact subgraph con-
straints (ESCs). Those papers also consider overlapping submatrices, i.e., P is not required to be a
packing, and include the underlying graph structure of the considered problems. Clearly, we can also
introduce both ingredients. While overlapping constraints would result in a more difficult set P(K?)
in than the one we propose here, additional graph structure can make the Lagrangian dual
problem easier to solve.

4 Approaches for solving the Lagrangian dual problem

In this section we present several approaches to compute Lagrangian dual bounds for problems of the
form . Although the optimum to the Lagrangian dual is theoretically the same as
the solution to 7 an explicit description of conv(P) is in most cases unavailable. Therefore, the
here presented algorithms are designed to solve the optimization problem . Since the Lagrangian
dual bounds of the hierarchy presented in Section |3| also fit in the framework of , the presented
algorithms can also be used to compute problems of the form @ For an overview of algorithms for
solving Lagrangian relaxations of MILPs see e.g., [0].



The Lagrangian dual function g(S, \), see (LR(S, \))), is a piecewise linear concave function. Due to
its non-differentiability, its optimization relies on the use of subgradients. A subgradient of g(-,-) at a
point (S*,A*) € S} x R™! is a pair (I',y) € S™ x R™ such that

g(S,A) < g(S*, N*) +(T,8 = S*) +~4T(A—=A*)  forall (S,\) € ST x R™.
Let X* € argmin{L(X,S*,\*) : X € P}. Then,
9(8, ) < g(S*,A) + (=X*,8 = 8%) + (A (X*) = b1) T (A = \"). (9)

This shows that (I',y) = (—X™, A1(X™*) — b1) is a subgradient of g(-,-) at (S*, A*). All here presented
algorithms exploit subgradients to compute the Lagrangian dual bound (LD).

4.1 A projected-deflected subgradient algorithm

We present a projected-deflected subgradient algorithm for computing Lagrangian dual bounds. The
subgradient method was developed by Shor in the 1960s as an extension of the gradient method to non-
differentiable functions, see e.g., [59]. The subgradient method is a first-order method in which the slow
rate of convergence is compensated by the low complexity of each iteration. The results in [I7] show that
if extensive tuning is performed, the subgradient method can be competitive with more sophisticated
approaches, when the required tolerance is not too high.

The projected-deflected subgradient algorithm starts with an initial set of dual multipliers (S°, A?)
€ 8¢ x R™ . Then, it iteratively obtains g(S*, A*) by minimizing £(X, 8% \) over X € P, see (1),
yielding an optimal solution X*. As indicated before, we assume this optimization to be tractable,
e.g., for the problem @ we exploit the structure of the sets provided in Section |3} The algorithm now
computes the subgradient (T'*,7%) := (= X* A;(X*) — b1). The dual multipliers are updated by a step
update in the direction (D?,d*) € 8™ x R™!, where this direction is based on the subgradient (T'¢,~).
This can be done in several ways, as we discuss below. Then, we set

S = Psn(8°+a'Df) and AT N 4, (10)

where o and 3¢ are appropriate stepsize parameters. The resulting dual matrix S* + of D’ is projected
onto the PSD cone in order to stay dual feasible.

Different strategies for the choice of the dual updates (D?,d’) and the stepsize parameters o and
B¢ are proposed in the literature for the case of integer linear programming. For an overview of such
strategies, see e.g., [I7] and references therein. In our preliminary study [I1], we considered several of
those strategies and altered them to the case of MISDP. In particular, the standard subgradient update
with Polyak’s stepsize [51], the deflected subgradient algorithm using the update scheme from Camerini
et al. [7], the deflected subgradient algorithm using the update scheme from Sherali and Ulular [58],
and the conditional subgradient algorithm with the Polyak update [51] were implemented. In these
preliminary tests the deflected subgradient algorithm with the update scheme from [58] turned out to
perform best on the subset of instances tested. Therefore, we further consider only that variant of the
subgradient algorithm.

The deflected subgradient algorithm [58] constructs the dual update vector as a linear combination
between the subgradient vector and the previous dual update vector, i.e.,

DY =T 4 tD ! and df =~ + phd 1, (11)

where ¢f, 5 > 0 are deflection parameters. This choice of the dual update intends to reduce a zigzagging
pattern between consecutive dual multipliers. Sherali and Ulular [58] propose to take

¢ Me
£ _
|| D*||

and @ = (12)

¥

in order to let the new dual update vector bisect the angle between the current subgradient I'* (resp. 7*)
and the previous dual update D! (resp. d*~1).
The stepsize parameters of and 3¢ can be chosen according to the Polyak update [51], that is

ps(U* — g(S4, %)
[[7¢[I?

£(TT* £ L
0. pi(U* —g(S% %)) 0.
a = T2 and [ :=

(13)



Here U* is an upper bound on the optimal Lagrangian dual value z;p, which can be obtained by a
heuristic on the primal problem, and 0 < u{, ué < 2 are stepsize parameters. The justification for this
step length is its theoretical convergence when U* is set equal to zrp, see [51].

A pseudo-code of the projected-deflected subgradient algorithm is given in Algorithm [I}

Algorithm 1 Projected-deflected subgradient algorithm for solving (L D)

Input: C, Ay, Az, b1,b2, and B;; for all (¢,5) € J.

1: Initialize dual pair (S9,\°) € St x R™1 and set £ =0, £ = —o0.

2: while stopping criteria are not met do

3: Compute g(S¢, \) and obtain X¢€ argmin{L(X, S, \f) : X € P}.

if 2 < g(S* \*) then
2 g(s% %)
end if

Compute subgradients T'* = —X*, ¢ = A;(X*) —b;.

Update stepsize parameters of, 3¢ using , and dual updates DY, d¢ using 7.
9:  Update S**+! «+ Psy (S¢ + DY), N+ XE + gLt

10: L+ L+1

11: end while

QOutput: 2

The subgradient algorithm stops when the difference between consecutive dual multipliers is small,
ie., |[SY — S Y|F < &1 and ||Af — A71|| < g for some predefined parameters 1,9 > 0. Moreover, we
implement a stagnation criterion: the algorithm stops if there has been no improvement in the value of
the objective function for the last Ngag iterations.

4.2 A projected-accelerated subgradient algorithm

We consider here a version of the accelerated gradient method introduced by Nesterov [49]. Namely, we
adopt the approach from [49] and adjust it for the case of MISDP. The resulting projected-accelerated
subgradient algorithm computes the Lagrangian dual bound .

The projected-accelerated subgradient algorithm starts with an initial set of dual multipliers (S°, \°) €
S x R™ and introduces auxiliary variables Y0 := 89 and 6° := A°. Then, the algorithm com-
putes g(Y?,6%) = minxep £(X,Y?,8°), yielding an optimal solution X° and corresponding subgradient
(T°,~4%). Next, the algorithm iteratively performs updates of dual multipliers by employing the following
two-step iteration

-1
gitl Psy (V! +a'Th), YL =gt 4 e (1 — g4
Ne+1

XL 604 Bh, o = X L; — Lo, e=o0,1,.
041

where af, 3 are stepsize parameters chosen with respect to the Polyak update [51], see also (13)), and
{ne}72, the sequence generated as follows 7o = 0 and ne1 = (1+ /1 +4n?)/2, £ =0,1,.... Iteratively,
the algorithm performs a step of gradient ascent to go from Y (resp. 6%) to ! (resp. XT1), followed
by a correction in the auxiliary variables, i.e., the so-called look-ahead step. Nesterov’s two-point step
iteration approach from [49] results in an accelerated gradient algorithm that achieves an improved
convergence rate with respect to a simple gradient algorithm. Matrix (Y* + «,I'¥) is projected onto
the PSD cone so that the dual variable stays dual feasible. A pseudo-code of projected-accelerated
subgradient algorithm is presented in Algorithm

We use the same stopping criteria for this algorithm as for Algorithm[I] where we monitor a stagnation
criterion with respect to Y instead of S¢.

4.3 A projected bundle algorithm

We present a projected bundle algorithm for solving the Lagrangian dual problem . The bundle
method was introduced in the 1970’s [32, [35] as a method for optimizing non-smooth functions. The
bundle method has already been exploited for computing SDP bounds, however, our algorithm differs
from SDP-based bundle algorithms from the literature. Namely, function evaluations in our algorithm
are over a polyhedral set, while in other bundle algorithms function evaluations are over a spectrahedron.
We consider here a version of the proximal bundle algorithm [31].
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Algorithm 2 Projected-accelerated subgradient algorithm for solving (LD))

Input: C, Ay, Az,b1,b2, and Byj; for all (i,5) € J

1: Initialize dual pair (S°,A%) € 8% x R™1.

2: Set YO =59, 60 =)9 59 =0and ¢£=0.

3: while stopping criteria are not met do
Obtain X*€argmin{L(X,Y*,6%) : X € P}.
Compute subgradients I'Y = —X*, 4¢ = A1 (X?) — by.
Update stepsize parameters of, 3¢ using .
Update S¢+1 « Psy (YE4afTl), XL 68 4 glyt,

Compute np41 = % (1 +4/14+ 477?).
-1 —1
9: Update Y+! — g6+1 %T(SZ+1 — 58, S N %(Awfl — X9
10: 0+—{0+1
11: end while
12: Compute 2 = g(S¢, \?).
Output: 2

The bundle algorithm starts with an initial set of dual multipliers (5%, \%) € 8% x R™! and obtains
X0 from g(S° A\%) = min {£(X, 5% X% : X € P}, see (LR(S,\)). Then, the algorithm computes a
subgradient of g(-,-) at (S°, A?), that is, (I'%,7%) = (—XY, 4;(X°) — b1). The bundle algorithm is
an iterative algorithm that maintains in each iteration the best current approximation (§ , X) to the
maximizer of g(-,-), (some of) previously computed points X? € P and the corresponding subgradients
(T%,~%) = (= X% A1 (X?) — by). The set that contains feasible points X* and corresponding subgradients
is called the bundle and denoted by B. We denote by Jp its index set.

One iteration of the algorithm is as follows. We assume to have the bundle B = {(X%, T% ~%) : i€ Jg}.
To compute the next trial point (Strial, Atrial), the bundle method combines the following two concepts.
The first concept is to approximate the function g(S, ) in the neighborhood of the previous iterates.
That is accomplished by the following subgradient model:

Gappr (S, A) == min {£(X, S, A) : X € conv ({X" : i€ Jg})},
which can be rewritten as follows

i ) i i T i
Gappr(S,2) = min > 0 ((C, X°) + (I, 8) + ATo") (14)

i€Jp

where A := {0 € R8sl 1Tg =1, 0 > 0}. The second concept is to stay in the vicinity of the center
point (§ , X) This can be achieved by using the proximal point approach that exploits the Moreau—Yosida
regularization of gappe(-,+). The combination of the two ideas results in the following concave problem
whose solution gives a new trial point:

¢ . -
max gappr(Sa)\)—§(||5—5||%+H)\—/\||2)
st. S=0, Ae R™,

(15)

Here t > 0 is known as the proximity parameter. Since the above problem is a concave quadratic
optimization problem, the complexity of each bundle iteration is more costly than a subgradient iteration.
Moreover, the above problem is a quadratic semidefinite programming problem. Nevertheless, we proceed
in the line of the bundle literature that commonly proposes to solve the dual problem of . That is,
we aim to solve the following optimization problem:

: : ) i i T _E Q2 a2
min Xgégg min 2 0i ({C, X + (I, ) +ATy") = SIS = Sl + 1A= AlI) + (5, Q)
cR™1 (3 B

. . . t . ~
—min max 37 0 ((C,X7) +(I8) +ATy) = (IS = SF + A - M)+ (5,Q). (16)
6%0 XeRm i€ T

Indeed, we may swap around the minimization w.r.t. o and the maximization w.r.t. (S, ), due to the
set A being compact and the objective function being strongly concave in (S, ) and linear in 0. From
the first-order optimality conditions for the inner maximization problem we have

S:§+1<Q+mei>, )\:X—l—%ZUﬂi.

i€Jp i€Jp
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We incorporate this into and obtain the following minimization problem:
1 1

¢ 2 ¢ ¢
) i 1 7 7
i o ;anf + % <; i X ,;UiX >
¢ 1 ¢ TA .
+ <Zo—ixi7c -5 tQ> + <Zmi> A+ <S7Q>~
i=1

=1

(17)

This problem is a convex quadratic optimization problem, and we solve it approximately by keeping one
set of the variables constant. In particular, keeping o fixed we solve for @) = Psy Yic g 0iX t— t§) ,

and keeping () constant results in a convex quadratic problem over the set A that can be efficiently
solved. Thus, we start with @ = 0 and solve for ¢, which we thereafter keep constant to solve for @, and
iterate this process several times to get (approximate) solutions to . In practice, one has to make
a few iterations to obtain a good approximate solution. However, the most expensive computation is
projection onto the PSD cone. Using the final estimates of Q and o, say @ and o, we compute the new
trial point as follows

Strial = Psr (5 + % <Q + Z 5¢F’>> and  Apial = A+ % Z 0. (18)
icJn i€Jp
To finish one iteration of the bundle algorithm, we still need to evaluate (LR(S, A))) at (Strial, Atrial), Which
results in the matrix X € P. If 6; = 0 for some i, the corresponding subgradients have no influence
in the optimization and therefore we remove them from the bundle 5 and from further computations.

The bundle algorithm now needs to decide whether or not (Strial, Atrial) becomes the next center
point (§ , X) The algorithm first checks whether the improvement of the objective function in the trial
point is at least a p € (0,1) fraction of the improvement that the subgradient model provides. If it
does, (Sirial, Atria1) becomes the next center point, and the bundle B is updated with Xi. and the
corresponding subgradient. In the literature this is called a serious step. Otherwise, the algorithm keeps
the last center point, but nevertheless updates B with Xy, and the corresponding subgradient, resulting
into a so-called null step.

For updating the proximity parameter ¢, we use an update similar to the one proposed by Kiwiel [31].
The projected bundle algorithm stops if the difference of the function value at the current center point
and the function value of the subgradient model at the trial point is smaller than some prescribed
tolerance. The algorithm also stops if it reaches the maximum number of iterations. A pseudo-code of
the projected bundle algorithm is given in Algorithm

Algorithm 3 Projected bundle algorithm for solving (L D))

Input: C, Ay, Az,b1,b2, and Byj; for all (i,5) € J
1: Initialize dual pair (S%,A\°) € St x R™1, t and p, and set £ = 0.
2: Compute X°€ argmin {£(X,S%, A% : X € P} and the subgradient (I'°,7°). Set the bundle to B = {(X°,T°,~9)}.
3: while stopping criteria are not met do
Solve to obtain @ and &.
Determine next trial point (Sgrial, Mrial) using .
Compute g(Strial; Atrial) and obtain Xiria € arg min {L£(X, Strial, Atria1) : X € P}
Obtain subgradients I'trial = — Xrials Yerial = A1 (Xtrial) —b1.

Decide whether (Strial, Atrial) becomes (§, /X) (serious step) or not (null step).
Update the bundle B and the parameter ¢, £ < £+ 1.

10: end while

Output: g(S, )

5 The max-k-cut problem

The max-k-cut problem is the problem of partitioning the vertex set of a graph into k subsets such
that the total weight of edges joining different sets is maximized. For the case that k = 2, the max-k-
cut problem is known as the max-cut problem. The max-k-cut problem is A'P-hard [3] and has many
applications such as VLSI design, frequency planning, statistical physics and sports scheduling [4], 48].
Let G = (V, E) be an undirected graph with n vertices and W = (w;;) a weight matrix such that
wi; = 0if {i,j} ¢ E. Let Z € {0,1}"** denote the characteristic matrix of a partitioning of V, where

12



Z;j = 1 if vertex 17 is in subset j and Z;; = 0 otherwise. Then, Y := ZZT is a binary n x n PSD matrix
of rank at most k that satisfies diag(Y') = 1,,. Following [43] Corollary 2], the rank constraint on the

binary matrix Y can be enforced by the linear matrix inequality (lk 1;) = 0, leading to the following
ISDP formulation where L := Diag(W1,,) — W denotes the weighted Laplacian matrix of G:

max

Ly
2
st. diag(Y) = 1, (1 ;) >0, Yes", Ye{01}mm

A more compact reformulation of the max-k-cut problem can be obtained by rewriting the linear matrix
inequality of to Y — +J = 0 using the Schur complement lemma. By defining the new variable
X = 2 (Y = 1J), the formulation is equivalent to the following discrete program:

—1
max %<L7X>
(20)

_1 nxn
st. diag(X)=1,, X>0, Xe {k’l} .

Here, X;; = —1/(k—1) if vertices ¢, j are in different subsets of the partition and X;; = 1 otherwise. One

can easily show that a matrix X that is feasible for is of rank at most £ — 1. The formulation

is well-known in the literature, see [18], where also a geometric meaning of the program is provided.
The following well-known SDP relaxation for the max-k-cut problem is obtained from by relaxing

Xy e {1} to <Xy <

max
O (21)

st. diag(X)=1,, X>0, X,;;> oD Vi, j € [n].
The constraints X;; < 1 for all ¢, j are omitted since they are redundant due to X > 0 and diag(X) = 1,.
For k = 2, also the constraint X > —J,, is redundant, and the resulting problem is equivalent to the
basic SDP relaxation for the max-cut problem, see e.g., [24].

The SDP relaxation can be further tightened by adding valid inequalities such as the triangle and
the clique inequalities, see e.g., [22]. The triangle inequalities ensure that if any two vertices ¢ and j are
in the same partition, and vertices j and h are in the same partition, then also vertices ¢« and h have to
be in the same partition. The resulting 3(3) triangle inequalities are of the form:

Xij+ Xjn — Xin <1, 4,5,h € V. (22)

The triangle inequalities are exploited in [16, 53] for computing strong bounds for the max-cut problem.
The clique inequalities ensure that for each subset of k + 1 vertices, at least two of the vertices belong
to the same partition. Those inequalities are of the form:

k
Z Xy 2—57 VS CV where |S|=k+1. (23)
i,jES, i<j

There are (kil) clique inequalities. While separation of triangle inequalities can be done efficiently, the
exact separation of clique inequalities is N'P-hard in general [8]. There exist other types of inequalities
that one may add to the SDP relaxation , e.g., general clique inequalities or wheel inequalities [12].

In the sequel we follow the idea of Section [3] to derive bounds for the max-k-cut problem. We first
consider the following discrete SDP that is equivalent to (20):

k—1
max —— (L, X)
2k
PR ) (24)
s.t. diag(X)=1,, X >0, Xe{kl,l} , X[K¢ eDm VK, € K?
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where

R _1 mMe XMy

DM = {XESTZH{“,I} : diag(X) = 1,,,, rank(X) <k —1,, (25)
and p is a given integer such that 3 < p < n. The set D™ is the image of the elements in SY({0,1}, k)
with diagonal elements equal to one under the mapping ¥ — %(Y - %J ). Therefore, we can fully

enumerate over its elements by exploiting Table

The collection KP? is a collection of subsets of [n], each of size at most p. Observe that the exact sub-
matrix constraint X [K/] for some set K, only concerns the off-diagonal elements of X[K/]. Consequently,
the submatrix constraints for two sets K7 and K> that intersect on a single index, i.e., |[K1 N K| = 1,
can be evaluated independently. Thus, we no longer require K to consist of mutually disjoint sets, it is
sufficient to require that the elements in I do not pairwise intersect in more than one index. We call a
collection of subsets satisfying this property an edge-packing of [n]. We construct the Lagrangian dual
by dualizing the constraints X > 0, which results in the Lagrangian dual bound, 27 .

6 Computational results for the max-k-cut problem

In this section we provide a computational study on the strength of the Lagrangian dual bounds obtained
from the discrete SDP formulation of the max-k-cut problem discussed in Section [5}

6.1 Design of the computational experiments

In this section we present the design of our computational experiments. More specifically, we present
the considered instances, the various bounding approaches that we take into account and several imple-
mentation details of the algorithms for computing Lagrangian dual bounds.

6.1.1 Description of instances
We test our approaches on several instance classes from the literatureﬂ These classes are as follows:

¢ Rudy instances: These instances are randomly generated using the machine-independent graph
generator rudy [56]. The instances ‘g05-n’ are unweighted graphs on n vertices, where each edge is
included with probability 1/2. The instance classes ‘pmld_n’ and ‘pmls_n’ contain graphs on n ver-
tices with edge densities 0.9 and 0.1, respectively, having edge weights chosen uniformly at random
from {0,4+1}. The graphs ‘pwd_n’ are defined on n vertices with edge density d € {0.1,0.5,0.9},
where the weights are integers from {0,...,10} chosen uniformly at random. Finally, the class
‘wd_n’ is defined similarly, except for the weights being chosen as integers from {—10,...,10}.
Each instance class consists of 10 randomly generated instances. For n € {60,80,100}, the result-
ing test set consists of 130 instances. The authors of [25, 27] consider similar instances for larger
graphs with n = 180, leading to an additional set of 90 instances.

e Spinglass instances: Toroidal 2D-grid graphs arise in physics when computing ground states for
Ising spinglasses, see e.g., [60]. Those instances are generated using the rudy graph generator [56].
In particular, spinglass2pm,,, , is a toroidal 2D-grid for a spinglass model with weights {-1,1}.
The grid has size n; x n,.. The percentage of edges with negative weights is 50%.

e Band instances: These instances are considered in [I5] 26]. Given the number of vertices n and
the value of k, we let the edge set of a band graph be defined as F := {{i,j}:j—i<k+1, 1<
i < j < n}. In these graphs, 50% of edge weights are set to —1 and the others are set to 1.

6.1.2 Bounding approaches

In Section [5| we have shown that the max-k-cut problem can be formulated as the discrete SDP .
The Lagrangian dual problem obtained from this formulation can be solved by any of the alternative
approaches presented in Section[d] Note that these approaches were designed for minimization problems,
so we multiply the objective function of by —1 in order to view it as a minimization problem. In
our numerical tests, we consider the following bounding approaches for the max-k-cut problem:

1Data instances are publicly available at the BigMac library (https://bigmac.aau.at/bigmaclib.html) and the BigBin
library (https://www.bigbin.eu/.)
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e SDP-B: This approach refers to solving the basic SDP relaxation of the max-k-cut problem,
ie., 7 using the alternating direction method of multipliers (ADMM). We follow a similar
implementation as described in [45, Section 3.1] for the graph partition problem.

e LD: By LD we refer to the Lagrangian dual bound obtained from the discrete SDP after
dualizing X > 0. Observe that fits in the form (6), where B = {;=%,1} and D™ as given
in . To obtain an edge-packing KCP that is likely to provide strong bounds, we use the heuristic
that is described in Section [6.1.3] The resulting Lagrangian dual problem is now solved using the
three approaches described in Section

— LD-DSG: This approach refers to solving the Lagrangian dual problem using the projected-
deflected subgradient algorithm discussed in Section For the deflection parameter ¢f,
see (12)), (observe that ¢4 does not exist as we linearize only the PSD constraint), we use
the update scheme of Sherali and Ulular [58]. Moreover, we use Polyak’s stepsize update [51],
see (|13)), where U* is computed using the heuristic introduced in Section For the value of
u§ we use the approach of Held and Karp [39], implying that 49 = 1 and we halve its value each
time the obtained bound did not increase for Ny, = 40 subsequent iterations. As starting
point SV, we use the (approximate) dual solution that we obtain from the implementation of
the ADMM mentioned above. For the stopping criteria, we use Ngtae = 100 and &1 = 0.01
(observe that 2 does not exist). These values are based on preliminary experiments.

— LD-ASG: This approach refers to solving the Lagrangian dual problem using the projected-
accelerated subgradient algorithm discussed in Section [f.2] The parameters in this approach
are o, ny and pf (again, B¢ does not exist, since we do only dualize the PSD constraint).
The sequence {n,}7° is fully determined after taking no = 0. The parameter al is computed
via , where U* is chosen as described in Section With respect to the parameter pf,
we discriminate between two cases: We take pf = 0.025 for n < 100, whereas u{ = 0.012 if
n > 100. The reason to lower the value of uf for larger instances is to reduce the oscillating
behavior at the start of the algorithm that is heavier for larger instances. We use the same
starting point S° as has been used for LD-DSG. For the stopping criteria, we take ¢; = le—3
and Ngiag = 15, which are based on preliminary tests.

— LD-Bundle: This approach refers to solving the Lagrangian dual problem using the projected
bundle algorithm described in Section [£:3] As starting point for the proximity parameter ¢,
we use t = k|zgpp — U*|/||X*||F, where x > 0 is a constant, X* is an approximate solution
to the SDP relaxation 7 zspp its corresponding objective value and U* is the bound as
computed by the heuristic of Section We take k equal to 0.1 if n < 100 and x = 0.2
otherwise. The parameter p for deciding whether we take a serious or a null step is set to %
The problem is solved iteratively, that is, we iteratively solve with respect to either o
or @, while keeping the other variable fixed. We continue doing this until the norm of the
difference between consecutive values of ¢ is less than le—4, or after the maximum number
of 20 iterations are reached. The entire bundle algorithm terminates whenever the function
value of the current center point and the function value of the subgradient model at the trial
point is smaller than le—3 or if the maximum number of 600 iterations is reached.

6.1.3 Edge-packing heuristic

Recall that the Lagrangian dual bound depends on the edge-packing KP. To determine an edge-packing
that is likely to provide a strong Lagrangian dual bound, we apply the following heuristic. Let X* denote
an (approximate) solution to the SDP relaxation . For each triple of vertices i,j,h € V', we define

Uz%h = (XG4 X, = X, - )T+ (X - X+ X, - )T+ (X X, X, - )T
and for each S C V with |S| = k + 1, we define

+

k
C ._ *
i lmgm 2 X
1,J€S,1<]

where ()" = max(0, -). Indeed, vi%h and v§ provide measures of the violation of the triangle- and clique-
inequalities and , respectively. When a triple (4, 7, h) or a subset S violates these inequalities by
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a large amount, we have an incentive to include this triple/set within the edge-packing K?, as we expect
its inclusion to have a positive effect on the resulting bound. Now, we proceed as follows. We let E
denote the set of edges that are already included in the packing, where we initially set £ = (). We start
with a set K containing the three vertices i, j, h that have the largest positive value vﬁh. We greedily
add to K the vertex t that maximizes the total violation

A c
E Vi + E vg
i,jEK,i<] SC[n]:|S|=k+1,
t€S5,5\tCK

associated with vertex ¢ and the vertices already in K. We restrict ourselves to the vertices ¢ such that
{(t,k) : k € K} does not intersect with E, preventing an edge from being packed twice. We continue
adding vertices to K until |K| = p or no more vertex with positive violation can be found. Then, we
add K to the edge-packing K? and add to E all edges in the subgraph induced by K. We repeat this
process starting from three vertices whose induced subgraph is not yet covered by E, until P contains
a maximum number of subsets. This maximum is in our computations set equal to 5n.

6.1.4 Computation of near-optimal k-partitions

To apply Polyak’s stepsize update [51], see , one needs a lower bound U* on the optimal value of the
max-k-cut problem. Hence, we aim to find near-optimal feasible solutions to the max-k-cut problem. We
proceed as follows. Let X* denote an (approximate) solution to the SDP relaxation of the max-k-cut
problem. The approximation algorithm introduced by Frieze and Jerrum [I§], in the sequel denoted by
the FJ algorithm, applies a rounding strategy on X* to obtain a feasible max-k-cut. As the algorithm is
probabilistic, we perform 500 independent trials of the FJ algorithm and take its best solution.

Next, we try to improve this feasible solution using a variable depth search [30]. Let V5 = V and
compute for each vertex v € V the solution we obtain from moving v to its best alternative cluster
(i.e., the one that leads to the largest cut value). Let v; denote the vertex which movement leads to
the best improvement (even if the cost improvement is negative) and delete v; from V5. We repeat the
procedure until V; is empty, which leads to an ordered list of vertices {vy,...,v,}. Finally, we compute
the value of T' € [n] such that the simultaneous movement of the vertices {vy,...,vr} to their best
alternative cluster results in the best possible cut. The resulting feasible k-partition can be encoded
by a matrix Y € {;=%,1}"*" where Y;; = = if i and j are in different subsets of the partition, and
Y;; = 1 otherwise. Inspired by the heuristic of Rendl et al. [54], we replace X* by wX™* + (1 — w)Y,
where w € (0, 1), and repeat the entire process again using this new solution X*. We continue doing so
until no better solution can be found by either the FJ algorithm or the variable-depth search. Based on
preliminary tests, we take w = 0.8.

6.2 Computational results for the max-cut problem

In this section we present computational results for the max-cut problem.

Table [2| shows average bound values for the max-cut problem on several types of Rudy instances. The
column ‘n’ denotes the number of vertices, whereas the columns ‘SDP-B’ and ‘OPT’ denote the SDP
bound and the known optima (as presented in [27, [63]), respectively, averaged over all 10 instances
of that class. For each instance, we performed the approaches LD-DSG, LD-ASG and LD-Bundle to
compute the Lagrangian dual bound. Although the resulting bounds obtained by these approaches
slightly differ, the difference is always within 1% (relative to the minimum of the three). The columns
‘LD’ provide this minimal value. The values in the columns ‘Rel. gap closed’ are computed by the formula
100 - (SDP — LD)/(SDP — OPT) and denote the percentage of the gap between the SDP bound and the
optimum that is closed by the Lagrangian dual bound. In Table [2] we only present results for p = 3 and
p = 7, and results for p ranging between p = 3 and p = 23 are given in Figure The corresponding
computation times (in wall clock time) are presented in Table[3] Here we do make a distinction between
the approaches LD-ASG, LD-ASG and LD-Bundle.

Observe that Table [2] and [3] only include a subset of the instance types of the Rudy instances. The
reason for this is that for the large instances with n = 180, optima are known for only six out of nine
instance types [27]. To keep the presentation balanced, we only present results for six instance types of
the small instances as well.

It can be observed from Table [2| that the Lagrangian dual bound provides a significant improvement
over the bound . The relative gap closed by the Lagrangian dual for the instances with n < 100 is
in the range 41%-57%. For the larger instances with n = 180, this gap is in the range 28%-31%. This
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LD bound for p=7 LD bound for p =17

Instance Rel. gap Rel. gap

Class n SDP-B OPT LD closed (%) LD closed (%)
20580 80 950.4 929.1 940.2 47.7 939.5 51.4
pm1d_80 80 297.3 254.5 276.9 47.6 274.9 52.3
pmls_100 100 139.7 122.6 131.7 46.5 131.1 50.1
pw05.100 100 8364.7 8147.1 8273.8 41.8 8268.1 44.4
w01.100 100 790.7 699.9 742.3 53.3 739.1 56.9
w09.100 100 2544.8 2176.9 2381.8 44.3 2372.3 46.9
g05.180 180 4582.6 4494.6 4557.7 28.2 4557.8 28.2
pml1d_180 180 1042.3 870.5 990.2 30.3 989.0 31.0
pw05.180 180 25952.2 25347.3 25771.8 29.8 25765.7 30.8
pw09_180 180 43515.2 42964.7 43355.1 29.1 43 350.5 29.9
w05.180 180 4671.1 3913.1 4447.6 29.5 4441.5 30.3
w09.180 180 6173.5 5167.8 5888.6 28.3 5879.4 29.3

Table 2: Average bound values (SDP-B, LD and optimum) for the max-cut problem on Rudy instances.
Each reported value is the average over 10 randomly generated instances of that type.

LD bound for p=7 LD bound for p =17

I“é'i:;‘sce n SDP-B LD-DSG LD-ASG LD-Bundle LD-DSG LD-ASG LD-Bundle
¢05.80 80 0.19 1.05 0.99 1.56 12.07 11.42 5.87
pmld.80 80 0.10 1.10 0.87 1.49 13.33 10.81 5.98
pmls_100 100 0.92 2.52 2.64 3.21 17.68 18.45 8.57
pw05.100 100 0.28 2.82 1.61 5.96 26.89 15.27 16.15
w01.100 100 0.36 3.21 2.55 5.61 26.81 22.42 14.28
w09.100 100 0.46 3.23 1.94 6.31 30.46 16.13 16.68
g05.180 180 2.74 10.65 10.16 14.16 68.83 55.45 28.51
pm1d_180 180 1.54 11.10 9.42 12.88 84.46 63.38 30.54
pw05_180 180 0.96 12.62 9.03 27.29 101.44 58.83 50.01
pw09_180 180 0.96 11.65 8.09 27.95 96.89 55.70 50.84
w05.180 180 0.92 12.50 9.16 23.90 99.04 59.71 49.86
w09.180 180 0.91 12.76 8.96 25.63 105.31 54.41 50.78

Table 3: Average computation times (wall clock time in seconds) of Lagrangian dual approaches for the
max-cut problem on Rudy instances. Each reported value is the average over 10 randomly generated
instances of that type.

drop aligns with our expectations, since if n increases, the number of subsets of [n] with size at most p
also increases. Hence, the relative number of subsets K, C [n] for which the constraint X [K/,] € Dme
is included in the discrete SDP becomes lower as n increases, leading to a weaker bound. When p
increases, we observe that the Lagrangian dual bound becomes stronger, which is indeed in line with
T heorem This comes at the cost of computation time, since the evaluation of the dual function g(S, \)
becomes more costly. Indeed, this evaluation involves a full enumeration over the elements in ﬁm‘f, whose
cardinality increases (drastically) with p. This effect is clearly visible in Table

When comparing the various approaches for computing the Lagrangian dual bound, we observe from
Table [3| that for small p LD-ASG is the fastest approach on almost all instance types, although LD-DSG
follows on a short distance. Apparently, the accelerated two-step approach by Nesterov [49] pays off,
which is reflected by a lower number of iterations required to converge compared to LD-DSG. For example,
for Rudy instances with n = 100, LB-DSG requires 1264 iterations on average to converge, while LD-
ASG requires only 884. The projected-bundle method LD-Bundle yields the largest computation times
for p = 7. We observe in our experiments that the number of iterations needed by the bundle method
is much lower than for the subgradient methods, but one iteration is in general more costly, leading to
a larger total computation time. In particular, the bundle method requires 401 iterations on average
to converge for Rudy instances with n = 100. At the same time, it seems that the bundle method is
more robust against (small) changes in the parameters, whereas such changes cause a large effect on the
performance of the subgradient methods. This is a well-known short-coming of first-order methods, see
e.g., [I7]. This robustness is also reflected by our experiments for larger values of p. As explained before,
p has a negative effect on the computation time of the Lagrangian dual bound. This effect is mainly
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due to an increase in the computation time per iteration due to a full enumeration. Since the bundle
method needs the least number of iterations, the approach LD-Bundle becomes the favored method when
p becomes large.

To further study the effect of p on the Lagrangian dual bound, we present in Figure [1| the (average)
relative gap closed and the (average) computation time per instance type for different values of p. For
n < 100, we test for 3 < p < 23. For p larger than 23, we observe that we can no longer perform the
computations within one hour. For the large Rudy instances with n = 180, we observe that this frontier
is reached earlier, hence we present results for 3 < p < 19. Different from Table [2| and [3|, we now take
into account all instance types for which optimal values are known. The Lagrangian dual bounds are
computed via the approach LD-DSG, but results obtained by the other two algorithms are similar.

Figure[l| demonstrates that the value of p has a positive impact on the quality of the bound, resulting
in a significant reduction in the gap between the obtained bounds and the optimal solution. We observe
that the marginal improvement over p is, however, diminishing. That is, an improvement in p from 3 to 5
has a large effect on the quality of the Lagrangian dual bounds, whereas this positive effect tails off when
p becomes larger. At the same time, the computation times remain relatively small for values of p up to
20 (resp. 15) for the small (resp. large) instance. For larger values of p, we observe that the computation
times rapidly grow due to the extremely large cardinality of the involved sets ﬁmf, see Appendix

Our bounds can be further improved by considering overlapping submatrices in , at the cost of
increased computational effort. However, one can also improve the basic SDP relaxation by adding
various valid inequalities. The authors of [54] strengthen the basic SDP relaxation for the max-cut
problem by adding the triangle inequalities and solve the resulting relaxation using a dynamic version
of the bundle method. Their bounds dominate ours.
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Figure 1: Average relative gap (between SDP and optimum) closed and average computation times
of the approach LD-DSG for different values of p. Results are presented for the max-cut problem on
small and large Rudy instances.
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6.3 Computational results for the max-3-cut problem

Although there are several studies on solving the max-k-cut problem for & > 2 [2| 12] [I3] B8], they do
not provide bounds at the root node. Here, we discuss our findings for the max-3-cut problem. For
this problem we first perform experiments on the same instances as for the max-cut problem, leading to
Table [4 and [5] and Figure[2l Although the set-up of the experiments and the explanation of the columns
in the tables is the same, there are two differences. First, due to the larger computation times of the
Lagrangian dual bounds for the max-3-cut problem, we test up to p < 15 (resp. p < 13) for the smaller
(resp. larger) instances. For that reason, we report results for p = 13 instead of p = 17 in Table 4| and
These larger computation times can be explained from the fact that the sets D™ have a (significantly)
larger cardinality when k increases, see Appendix [A] Moreover, since optimal solutions for the max-3-cut
problem and those instances are not available in the literature, we instead report the lower bounds as
obtained by the procedure explained in Section Consequently, the relative gap closed is computed
by the formula 100 - (SDP — LD)/(SDP — LB).

When considering Table[d and 5] we draw very similar conclusions as for the max-cut problem. Again,
the Lagrangian dual bounds provide a substantial improvement compared to the basic SDP bound ,
although the relative gaps closed are smaller than for the max-cut problem. This can be explained by
the fact that we compare to a lower bound instead of the optimum.

The projected-accelerated version of the subgradient algorithm seems to perform best for small values
of p, whereas the projected-bundle method becomes favorable for large values of p. The conclusions drawn
from Figure [2] are similar to those drawn from Figure [f}

We also conduct experiments on the Band instances [I5] 26] in Table @ For those instances, the
optimal values are given in [15]. Note that for the instances band50-3, band100-3 and band150_3, our
bounds for p = 13, when rounded down, provide optimal solutions to the problems.

LD bound for p=7 LD bound for p =13

Instance Rel. gap Rel. gap

Class n SDP-B LB LD closed (%) LD closed (%)
g05_80 80 1251.5 1215.0 1246.4 13.8 1245.8 15.4
pm1d_80 80 368.8 296.8 356.5 17.0 355.7 18.2
pmls_100 100 172.6 142.2 167.5 16.6 167.0 18.2
pw05.100 100 11007.3 10620.2 10962.5 11.6 10957.9 12.8
w01.100 100 954.8 807.9 922.2 22.2 918.9 24.4
w09.100 100 3171.1 2568.4 3076.4 15.7 3068.0 17.1
g05.180 180 6074.1 5906.5 6061.2 7.7 6060.6 8.1
pmld_180 180 1316.2 997.6 1287.5 9.0 1285.9 9.5
pw05.180 180 34320.1 33191.3 34230.3 8.0 34223.9 8.5
pw09.180 180 57789.1 56 744.6 57699.9 8.5 57694.8 9.0
w05.180 180 5923.4 4617.3 5789.4 10.3 5783.3 10.7
w09.180 180 7838.3 5988.2 7671.3 9.0 7660.4 9.6

Table 4: Average bound values (SDP-B, LD and LB) for the max-3-cut problem on Rudy instances.
Each reported value is the average over 10 randomly generated instances of that type.

6.4 Computational results for the max-4-cut problem

For the max-4-cut problem, we test our approaches on the Band instances [I5] 26]. Table [7| shows the
bound values, the optima as reported in [I5] and the relative gap closed by the Lagrangian dual bound
for various values of p. The column names are similar as in previous sections. Table [§|and Figure |3| show
the corresponding computation times of the Lagrangian dual approach, where we restrict ourselves to
the approach LD-ASG, as this turned out to be the most efficient procedure for small values of p, see
Sections [6.2] and [6.3

We observe that the Lagrangian dual bounds are significantly improving over the basic SDP bound
SDP-B, with a relative gap closed by the Lagrangian dual bound ranging between 19-38% for small
values of p (p = 3,5) to 65-74% for p = 13. Interestingly, these gaps seem not to depend much on the
value of n and are high also for larger instances. Also, the diminishing marginal effect over p that we
observed for the rudy instances, seems not to be present for these type of instances. We are unable to
compute the bounds for n = 15 due to memory limitations. Indeed, Figure [3| suggests that the relative
gap closed is improving at a fairly constant rate over p.
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LD bound for p=7 LD bound for p =13

Iné';g::e n SDP-B LD-DSG LD-ASG LD-Bundle LD-DSG LD-ASG LD-Bundle
¢05.80 80 0.07 1.50 0.85 1.44 41.73 22.46 17.26
pmld 80 80 0.05 1.81 0.80 1.81 48.40 22.85 17.55
pmls_100 100 0.34 2.74 2.26 3.17 55.62 43.95 27.23
pw05.100 100 0.23 4.10 1.56 5.09 96.14 33.50 38.28
w01.100 100 0.20 417 2.36 5.01 85.00 51.36 32.39
w09_100 100 0.41 4.86 1.95 5.19 110.85 34.80 39.82
g05.180 180 0.81 11.51 7.35 13.66 352.37 209.35 147.64
pm1d_180 180 0.57 13.82 7.79 14.63 414.38 210.28 159.96
pw05_180 180 0.94 14.58 7.78 17.21 500.36 204.30 162.29
pw09_180 180 0.84 15.75 7.36 17.58 526.15 197.02 168.00
w05.180 180 1.18 16.64 8.44 17.76 504.47 220.80 160.83
w09.180 180 1.48 17.98 8.77 19.77 567.58 215.09 180.73

Table 5: Average computation times of Lagrangian dual approaches for the max-3-cut problem on Rudy
instances. Each reported value is the average over 10 randomly generated instances of that type.

LD bound for p=3 LD bound for p =13
Rel. gap Rel. gap
In(sjiizgsce n m k SDP-B OPT LD closed ticngtlen?s') LD closed t?r?l:l?s.)
(%) (%)

band50-3 50 190 3 53.5 49 50.8 60.0 0.46 49.8 82.8 25.10
band100.3 100 390 3 107.6 99 101.8 67.4 1.16 99.7 91.9 48.52
band150-3 150 590 3 161.7 150  155.7 51.3 4.57 150.6 94.9 160.88
band200.3 200 790 3 215.8 199  206.1 57.7 8.72 200.8 89.3 324.15
band250.3 250 990 3 269.9 249  263.5 30.6 10.01 255.0 71.3 312.14

Table 6: Bounds (SDP-B, LD and optimum), relative gap closed by the Lagrangian dual bound and
computation times for LD-ASG for the max-3-cut problem on Band instances.

6.5 Computational results for the Spinglass instances

The final class of instances for which we present results are the Spinglass instances [60]. In [22] are listed
root node bounds for the Spinglass instances spinglass2pm,,, ,, where n; € {4,5,6,7,8,9}. Our level
p = 7 bound on those instances close the gap to the optimal solution within a few seconds. Specifically,
for the largest instance, it takes approximately 2.8 seconds.

In Table [0 we present bounds, optima and relative gap closed for p = 3 and p = 9 on a set of
the Spinglass instances. We compute Lagrangian dual bounds for the max-2-, max-3- and max-4-cut
problem. Optima for those problems and the Spinglass instances are taken from [I5]. Also, computation
times for the approach LD-ASG are shown.

We observe that our Lagrangian dual bounds perform very well on these special structured instances.
Already for p = 3, we observe that the relative gap closed is at least about 40%, and in some cases as
large as 58%. For p = 9, we observe a significant improvement, leading to a relative gap closed within the
range 64-80%. These bounds can be computed relatively fast, with computation times below a minute
for almost all considered instances.

7 Conclusion

In this work we consider the Lagrangian duality theory for MISDPs and show its potential to provide
strong bounds for problems that can be modeled as a MISDP.

Starting from a MISDP in standard form, we introduce the Lagrangian relaxation and the associ-
ated Lagrangian dual problem, see . Since this problem exploits both positive semidefiniteness and
integrality, we show that the resulting Lagrangian dual bound is always at least as strong as the con-
tinuous SDP relaxation, see Theorem [I] and Corollary [I] Also, we consider conditions under which the
Lagrangian dual bound attains its maximum and minimum value, see Theorem [2| For the case of integer
SDPs, we extend on the aforementioned theory, and introduce a hierarchy of Lagrangian dual bounds
by exploiting the structure of integer PSD matrices, see Table [I] The level-p bound is obtained as the
Lagrangian dual of an ISDP, see (@, having additional constraints on some of its p-by-p submatrices.
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Figure 2: Relative gap closed and computation times of the approach LD-DSG for different values of p.
Results are presented for the max-3-cut problem on small and large Rudy instances.

In Section [4] we present three algorithms for solving the Lagrangian dual problem, each of them
finding its roots in non-smooth optimization. To the best of our knowledge, the projected-deflected and
the projected-accelerated subgradient algorithms, see Algorithms [1| and [2| are the first implementations
of subgradient methods to obtain ISDP bounds. We also present a projected bundle algorithm in
Algorithm [3] which differs from bundle methods in the literature. Instead of solving an SDP in each
iteration, our algorithm enumerates over a discrete set, which can be done efficiently for small sizes of p.

The three proposed algorithms are exploited to obtain Lagrangian dual bounds for the max-k-cut
problem in Section[6} The Lagrangian dual bounds are stronger than their continuous SDP counterparts
on all considered instances and often by a significant amount. The bounds become stronger for larger
levels in the hierarchy, although the marginal improvement diminishes over p. The relative gap closed
by the Lagrangian dual bound (with p = 13) compared to the continuous SDP bound can be as large
as 70% for certain graph types. When comparing the three algorithms, we observe that the projected-
accelerated subgradient algorithm is favored for small values of p, whereas the projected bundle algorithm
becomes superior when p becomes large. This computational advantage of the bundle algorithm upon the
subgradient algorithms is evident from the number of iterations required to achieve the given accuracy.
Since the computation times of the three proposed algorithms is moderate, this opens perspectives for
exploiting Lagrangian dual bounds in a branching framework.
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Figure 3: Relative gap closed (in %) by Lagrangian dual approach LD-ASG for the max-4-cut problem
on Band instances for different values of p.
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A Set partitions and their cardinalities

In Section [3| we introduced the sets ST (B,r), where we claim that for small values of n we can fully
enumerate over these sets. This enumeration involves the combinatorial structure of so-called set parti-
tions, i.e., partitions of the set of integers from 1 to n. As a result, the cardinalities of S} (B,r) can be
expressed in terms of some well-known combinatorial quantities. These quantities are presented below.

Stirling number of the second kind A Stirling number of the second kind, see e.g., [9], counts the
number of possibilities to partition a set of n elements into & non-empty subsets. It is denoted by {Z}

In particular, {8} =1, {2} =0 for all £ > 0 and {’11} =1 for all n > 1. For higher values of n and k,
the recurrence relation {";gl} = k:{Z} + {kfl} can be applied.

Bell number The nth Bell number, denoted by B,, equals the number of partitions of a set of n
elements [9]. We have By = By = 1 and higher Bell numbers can be obtained by the recurrence
relation B, 41 = ZZ:O (Z) By.. Since the Bell number takes into account all possible partitions of a set
(irrespective of the number of subsets), the nth Bell number is the sum over all Stirling numbers of the
second kind with n fixed, i.e.,

B-type Stirling number of the second kind Let us consider partitions of the extended set of
integers {—n,...,n}. We call a partition = of {—n,...,n} a B-type (or signed) partition [57] if (1)
7w = —m, le., for any subset B € 7, it holds that —B = {—b : b € B} € w, and (2) m contains just one
subset By such that By = —Bj, which is called the O-subset. For example, the following partition of
{-5,...,5} is a B-type partition:

{{L _5}7 {Q}a {_47 _3’ 07 3’4}7 {_2}7 {_17 5}}7

that consists of 5 subsets. The B-type Stirling number of the second kind Sp(n, k) counts the number
of B-type partitions of {—n,...,n} that consist of exactly k& pairs of subsets (excluding the 0-subset).
Indeed, Sp(n, k) is the B-type equivalent of the Stirling number of the second kind {7 }.

Dowling number The nth Dowling number, denoted by D,, equals the total number of B-type
partitions of the set {—n,...,n}. Since the number of subset pairs in any B-type partition of {—n,...,n}
can range from 0 to n, we have

Dn =Y Sp(n,k).
k=0

Thus, the nth Dowling number has the same relationship with the B-type Stirling number of the second
kind as the nth Bell number has with the regular Stirling number of the second kind.

Relationship with S?(B,r) Here, we couple the above-mentioned quantities to the cardinality of
the sets S7(B,r). For B = {0,1} and 1 < r < n, the elements in S}({0,1},7) are of the form
X =Y xz], where z; € {0,1}" and each x; and z; have non-overlapping support. Each z; can
be thought of as the characteristic vector of a subset of {1,...,n}. If we add to this set an additional
element 0, an element X € ST ({0,1},7) can be seen as a partition of the set {0,...,n}, where the set
that contains the 0-element corresponds to all integers that are not in the support of one of the z;’s.
Hence, there exists a bijection between the elements in S7({0,1},r) and all partitions of a set of n + 1
elements that consists of at most r 4+ 1 subsets. We conclude

S({0,1},7) i{”zl}

k=0

In particular, when r = n, we have

n+1
srapl=lsto 0wl = Y {1} = B

k=0
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Let us consider B = {0,%1}. The elements in S7({0,%£1},r) are of the form X = > ;_, x;2], where
x; € {0,£1}" and each z; and z; have non-overlapping support. Each x; can be seen as the characteristic
vector of a subset of {—n,...,n}, where we include —u if (z;), = —1 and u if (z;),, = 1 (and we do not
include u or —u if (x;), = 0). Observe that the characteristic vector —x; leads to the same partition
of {-n,...,n}. A matrix X = >_;_, z;2] then corresponds to a partition of {—n,...,n}, where the
elements that are not in the support of any x; are in the same subset as 0. Therefore, each matrix X
corresponds to a B-type partition of {—n,...,n}. Thus, there exists a bijection between the elements in
ST ({0,£1},7) and all B-type partitions of the set {—n,...,n} consisting of at most r subset pairs. We
conclude

S5 ({0,£1},7)[ = Sp(n, k).
k=0
For r = n, we obtain
|81 ({0, £1})] = [S2({0,£1},n)[ = > Sp(n,k) = Dy
k=0

We finalize this section by presenting how the cardinalities of the above-mentioned sets evolve over n.
Table [10| contains the values of |ST (B, )| for different B,  and n, see also [29].

Set Cardinality
n=3 n=4 n=5 n=6 n=7 n=8 n=9
|S7({0,1},3)] 15 51 187 715 2795 11051 35550
|S7({0,1})] 15 52 203 877 4140 21147 115975
|S™ ({0, £1}, 3)| 24 115 622 3656 22724 146565 968922
|S% ({0, %1} 24 116 648 4083 28640 219920 1832224

Table 10: Number of matrices in S} (B,r) for different B, r and n.
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