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Inspired by the impact of the Goemans-Williamson algorithm on combinatorial optimization, we construct an
analogous relax-then-round strategy for low-rank optimization problems. First, for orthogonally constrained
quadratic optimization problems, we derive a semidefinite relaxation and a randomized rounding scheme that
obtains provably near-optimal solutions, building on the blueprint from Goemans and Williamson for the
Max-Cut problem. For a given n X m semi-orthogonal matrix, we derive a purely multiplicative approximation
ratio for our algorithm, and show that it is never worse than max(2/(7mm),1/(mw(log(2m)+1))). We also show
how to compute a tighter constant for a finite (n,m) by solving a univariate optimization problem. We then
extend our approach to generic low-rank optimization problems by developing new semidefinite relaxations
that are both tighter and more broadly applicable than those in prior works. Although our original proposal
introduces large semidefinite matrices as decision variables, we show that most of the blocks in these matrices
can be safely omitted without altering the optimal value, hence improving the scalability of our approach.
Using several examples (including matrix completion, basis pursuit, and reduced-rank regression), we show
how to reduce the size of our relaxation even further. Finally, we numerically illustrate the effectiveness and
scalability of our relaxation and sampling scheme on orthogonally constrained quadratic optimization and

matrix completion problems.
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1. Introduction

Many important optimization problems feature semi-orthogonal matrices, i.e., matrices U € R"*™
such that U U = I,,,. Orthogonality constraints force the columns of U to be orthogonal and unit
length, and are central to quadratic assignment (Gilman et al. 2022), quantum nonlocality (Briét
et al. 2011), control theory (Ben-Tal and Nemirovski 2002), and sparse PCA (Cory-Wright and
Pauphilet 2022) problems. The set of semi-orthogonal matrices is often called the Stiefel manifold
(Gilman et al. 2022, Burer and Park 2024). Orthogonality constraints are also related to the rank of
a matrix, which models a matrix’s complexity in imputation (Bell and Koren 2007), factor analysis

(Bertsimas et al. 2017), and multi-task regression (Negahban and Wainwright 2011) settings.
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For any semi-orthogonal matrix U € R™*™ : U "U = I,,,, the matrix Y :=UU " is an orthogonal
projection matrix of rank m, i.e., it satisfies Y? =Y. Moreover, for any symmetric orthogonal
matrix U € 8", the matrix Y = JU + 11, is a projection matrix. Building on the algebraic sim-
ilarities between binary variables and projection matrices (which solve the polynomial equations
22=z and Y? =Y), efficient approaches for mixed-integer optimization have been extended to
rank-constrained optimization problems, including outer approximation (Bertsimas et al. 2022),
perspective relaxations (Bertsimas et al. 2023c), and branch-and-bound (Bertsimas et al. 2023b).

In mixed-integer optimization, a major advance in the design of approximation algorithms oc-
curred with the relax-and-round algorithm of Goemans and Williamson (1995). For Max-Cut prob-
lems, Goemans and Williamson (1995) propose a randomized rounding algorithm that achieves
a constant factor approximation guarantee of 0.87856. The theoretical and computational suc-
cess of Goemans and Williamson (1995)’s algorithm has had implications far beyond Max-Cut.
Their algorithm provides a 2/m-approximation for general binary quadratic optimization (BQO)
problems (Nesterov 1998), and can be extended to linearly-constrained BQO problems (Bertsimas
and Ye 1998). More recently, Dong et al. (2015) developed a sampling scheme a la Goemans and
Williamson for a broad class of mixed-integer optimization problems with logical constraints. Con-
ceptually, the Goemans-Williamson algorithm propelled semidefinite optimization and correlated
rounding at the core of approximation algorithms for combinatorial optimization (see Wolkowicz
et al. 1998, Williamson and Shmoys 2011).

The objective of this paper is to extend the core ideas underpinning the Goemans-Williamson
algorithm to quadratic semi-orthogonal and rank-constrained optimization problems by leveraging

the connection between binary and low-rank optimization as explored in (Bertsimas et al. 2022).

1.1. Binary Quadratic Optimization and the Goemans-Williamson Algorithm

Binary quadratic optimization (BQO) is a canonical optimization problem with numerous appli-
cations throughout machine learning, statistics, and quantum computing (see Luo et al. 2010, for
a review). As we discuss in detail in Section EC.1.1, it also serves as an important building block
for logically constrained optimization problems with quadratic objectives. Formally, given a matrix

Q = 0, BQO selects a vector z in {—1,1}" that solves

max Zszizj: max (Q,zz"), (1)
4,3

ze{—1,1}n ze{—1,1}"
where (-,-) denotes the Frobenius inner product between matrices. Problem (1) is NP-hard and

often challenging to solve to certifiable optimality when n > 100 (Rehfeldt et al. 2023). Accordingly,
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a popular approach for obtaining near-optimal solutions is to sample from a distribution parame-
terized by the solution of (1)’s convex relaxation. Specifically, we introduce a rank-one matrix Z

to model the product zz". Then, (1) is equivalent to

max (Q,Z) s.t.diag(Z) =e, rank(Z) =1.

n
Z€5+

We obtain a valid semidefinite relaxation of (1) by relaxing the rank constraint, as in Shor (1987):

max (Q,Z) s.t. diag(Z) =e. (2)

Zesn
Probabilistically speaking, (2) is a device for constructing a pseudodistribution over z € {—1,1}",
which aims to match the first two moments of the distribution of optimal solutions to the original
binary quadratic problem (d’Aspremont and Boyd 2003, Barak et al. 2014). This suggests to
sample from a distribution parameterized by the relaxed solution and round to restore feasibility,

as proposed by Goemans and Williamson (1995) for Max-Cut and described in Algorithm 1.

Algorithm 1 The Goemans-Williamson rounding algorithm for Problem (1)

Require: Positive semidefinite matrix Q € S}
Compute Z* a solution of (2)
Sample y ~ N (0, Z*)
Construct z € {—1,1}": 2, :=sign(y;)

return 2z a solution to Problem (1)

The overall idea of Algorithm 1 is that the projection step (i.e., taking the coordinate-wise sign
of y) aims to match the second moment of the distribution of y, E[yy '] = Z*. Precisely, we have
E[22"] = 2Z* (see Nesterov 1998, Bertsimas and Ye 1998). This inequality implies a 2/m-factor
guarantee for BQO when @ > 0. By further assuming that @ is the Laplacian matrix of a graph,

1—cos@

Goemans and Williamson (1995) obtain a tighter constant of %minosggﬂ <L> =0.87856....

1.2. Problem Setting

In this work, we generalize Algorithm 1 to address orthogonally and rank-constrained problems.
We first consider a general family of orthogonally constrained quadratic problems that subsumes

binary quadratic optimization. Formally, we find m orthogonal vectors u; € R™ which solve
T AGd) Toy. — o
a u, A" u; st uw u; =9;;, Vi, j€Em], 3
uiéﬂg}, 31’,(6[7"] .Zl i J i Wy J i,j € [m] (3)
)=

where A9 € R™" and §; ; =1 if i = j and 0 otherwise is the Kronecker delta indicator variable,

A € 8" is a semidefinite matrix with block matrices A%, and we require n > m so that the
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problem is feasible. By introducing the semi-orthogonal matrix U € R"*™ whose columns are the

vectors u;, we can write our problem as

max (A, vec(U)vec(U)") st. U'U=1I,, (4)

Ue]RTLXm

where the vec(-) operator stacks the columns of U together into a single vector.

The similarities between Problems (4) and (1) are striking: For example, we can formulate any
BQO instance (1) as a special case of Problem (4) by defining w; = z;e; and AW =Q, ;e;e (see
Section EC.2 for a detailed reduction). From a worst-case complexity perspective, Problem (4) is
thus NP-hard by reduction from Max-Cut, as formally proven by Lai et al. (2025, Theorem 3.1).

However, while Problem (4) arises in a wide variety of problem settings, including clustering,
quantum non-locality, or generalized trust-region problems (see Burer and Park 2024, and references
therein), our prime motivation for studying Problem (4) in this paper is that it appears as a relevant

substructure for rank-constrained quadratic optimization problems of the form

min  A-rank(X) 4 (vec(X N)vec(X ") H) + (D, X) st. rank(X) <k, (5)

X gRnxm

in much the same way as BQO appears as a relevant substructure for logically constrained quadratic
optimization problems (see Section EC.1). Problem (5) with A >0, H € S?™, and D € R™*™
includes matrix completion (Candes and Recht 2009) and reduced rank regression (Negahban and
Wainwright 2011) as special cases.

In this paper, inspired by the Goemans-Williamson algorithm for BQO, we develop a relax-
then-round strategy with a multiplicative-factor performance guarantee for Problem (4). To our
knowledge, our algorithm is the first rounding mechanism with an approximation guarantee for
this problem. Then, we extend our semidefinite relaxations and rounding mechanism to rank-
constrained problems of the form (5). Regarding our semidefinite relaxations, unlike prior work
(e.g., Kim et al. 2022, Bertsimas et al. 2023c, Li and Xie 2024) they do not require the presence
of a spectral term in the objective of (5) (i.e., a term that only depends on the singular values of

X)) and are thus more broadly applicable, for instance to unregularized matrix completion.

1.3. Related Work

We now review the relevant literature on orthogonally constrained quadratic optimization.

Burer and Park (2024) develop a hierarchy of semidefinite relaxations for Problem (4). To evalu-
ate the tightness of their relaxations numerically, they apply several ‘feasible rounding procedures’
to generate feasible solutions, but do not provide any theoretical performance guarantee for these
heuristics. In contrast, we develop a randomized rounding procedure and show it achieves a mul-

tiplicative factor guarantee, which is independent of the ambient dimension n and only decreases
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as 1/logm. As a non-convex quadratic optimization problem, Problem (4) can be solved to prov-
able optimality via global solvers such as Gurobi or BARON, or custom branch-and-bound schemes
(Bertsimas et al. 2023b). However, the scalability of these global solvers is currently limited by the
size of computer chips.

Special Cases: A larger body of work considers a special case of Problem (4), where the matrix

A is block-diagonal, namely A7) =0 if i # j. In this case, Problem (4) reduces to

max u; Ay, st. U'U=1I,, (6)
UcRnXm ;
1€[m]

which is referred to as the sum of heterogeneous quadratic forms or the heterogeneous PCA prob-
lem. Indeed, when all the matrices A% are equal, we recover the Principal Component Analysis
(PCA) problem. Bolla et al. (1998, section 5) solve Problem (6) in polynomial time via linear
algebra techniques when the matrices A% are diagonal or commute with each other. For general
matrices, Gilman et al. (2022) further tailor the semidefinite relaxations of Burer and Park (2024).
Although tighter, they numerically show that their relaxations are not always tight. Indeed, for
some instances, they even obtain optimality gaps higher than 100%. We are not aware of any

approximation algorithms with guarantees for general (non-diagonal) instances of Problem (6).
Approximation Algorithms: To our knowledge, existing approximation algorithms do not apply

to Problem (4) exactly, but to optimization problems with different orthogonality structures. Briét

et al. (2010) propose an approximation algorithm for problems of the form

Ug%g%mign] A ulw; sbow) ug =1 Vi€ [m], (7)
which also subsumes BQO (for n = 1), but does not enforce orthogonality between the columns
of U. They devise a relax-and-round strategy analogous to Goemans-Williamson that achieves an
approximation ratio of 2/7 + ©(1/n). A second line of work (Nemirovski 2007, So 2009) proposes
O(1/log(n + m))-approximation algorithms for quadratic optimization problems over matrices U
that satisfy U "U < I,,,. In other words, to problems where the largest singular value of U, 0., (U),
is at most one. This constraint does not ensure that the columns of U are orthogonal, nor that they
are of norm 1. Nonetheless, Nemirovski (2007) shows that, in several cases such as the orthogonal
Procrustes or quadratic assignment problems, orthogonality constraints U U = I,,, can be relaxed

into U'U = I, without loss of optimality. Finally, Bandeira et al. (2016) study approximation

algorithms for problems of the form

G Uy, U = ;
oo Z (AU UTU,) st. U'U, =1, Vi € [k]. (8)
i,5€([k]
Unfortunately, Problem (8) is not equivalent to (4) and the proof techniques in the aforementioned

works do not extend to our case. There are two key differences in the objective function of (8).
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Compared to (4), Problem (8) involves the inner-products between columns of different semi-
orthogonal matrices U;, U for i #4'. On the other hand, the objective in (4) depends on outer-
products between columns of the same matrix U. In particular, we can restore feasibility for each
matrix U;, i =1,...,k in (8) separately, while the columns of U in (4) need to be considered
together. In particular, heterogeneous PCA is a special case of (4) but cannot be cast as a problem

of the form (8).

1.4. Contributions and Structure

Our main contribution is the development of a Goemans-Williamson sampling algorithm for the
class of semi-orthogonal problems (4) and its extension to rank-constrained optimization.

We begin by studying approximation algorithms for Problem (4) in Section 2. We derive a
semidefinite relaxation and propose a sampling procedure to generate high-quality feasible so-
lutions. We show that our algorithm achieves a purely multiplicative approximation guarantee
(Theorems 1-2) for Problem (4), with a constant that scales as O(1/logm). We also identify a
class of problem instances (Proposition 2) for which our algorithm cannot achieve a performance
guarantee better than O(1/logm). In comparison, we show that sampling feasible solutions uni-
formly at random achieves a 1/nm approximation ratio. Notably, our approximation ratio does
not depend on the ambient dimension n.

We then extend our approach to low-rank optimization problems in Section 3. To facilitate
this extension, we first derive new Shor relaxations for low-rank optimization problems. Unlike
prior works (Recht et al. 2010, Bertsimas et al. 2023c, Kim et al. 2022, Li and Xie 2024), our
relaxations do not require a spectral or permutation-invariant term in the objective or constraints.
Conscious that these relaxations involve a number of additional semidefinite variables that may be
prohibitively large in practice, we show how to eliminate many of these variables in the relaxation
without altering its optimal value (Theorem 3). Finally, we describe a sampling algorithm to
generate high-quality solutions from this relaxation. As low-rank optimization is strongly NP-hard
(Gillis and Glineur 2011), our theoretical polynomial-time approximation guarantees derived in
Section 2 cannot be generalized to this broader class of problem.

To illustrate our approach, we apply our Shor relaxation to three prominent low-rank optimiza-
tion problems in Section 4. In particular, we show how to exploit further problem structure and
eliminate more variables from our relaxations, making our new relaxation more scalable.

Finally, in Section 5, we numerically benchmark our convex relaxations and randomized rounding

schemes on quadratic semi-orthogonal and low-rank matrix completion problems.
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1.5. Notation

We let nonbold face characters such as b denote scalars, lowercase boldfaced characters such as
x denote vectors, uppercase boldfaced characters such as X denote matrices, and calligraphic
uppercase characters such as Z denote sets. We let [n] denote the set of running indices {1, ...,n}.
The cone of n x n symmetric (resp. positive semidefinite) matrices is denoted by S™ (resp. S).
Inner products are denoted (-,-), and are associated with the Euclidean norm ||| for vectors and
the Frobenius norm || X || for matrices. We also denote the spectral norm of a matrix X by || X||,.

For a matrix X € R"*™, we let x; denote its ith column and X, denote a vector containing
its ith row. We let vec(X) : R"*™ — R™™ denote the vectorization operator which maps matrices
to vectors by stacking columns. For a square matrix X, diag(X) compiles the diagonal entries of
X into a vector, while Diag(x) is a square matrix with diagonal equal to x. For a matrix W,
we may find it convenient to describe it as a block matrix composed of equally sized blocks and
denote the (7,7") block by W () The dimension of each block will be clear from the context,
given the size of the matrix W and the number of blocks. In particular, I,, ® 3 with 3% € R"*"
denotes an nm x nm block-diagonal matrix whose m diagonal blocks are equal to ¥ (see Gupta
and Nagar 2018, Chapter 1.2, for an introduction to the Kronecker product ®). With this notation,
vec(XX) = (I, ® X) vec(X).

We let X be the pseudoinverse of X, which is used in the Schur complement lemma (Boyd et al.
1994, Eqn. 2.41). Welet Y*:={Y € S7:Y? =Y ,tr(Y) < k} denote the set of orthogonal projection
matrices with rank at most k, whose convex hull is {P € S : P < I,,,tr(P) < k} (Overton and
Womersley 1992, Theorem 3). Analogously, we let ), denote the set of n x n orthogonal projection
matrices of any rank, with convex hull Conv(Y,) = {P € S} : P < I,}. In particular, we have
rank(Y') =tr(Y) for any projection matrix Y.

Finally, our sampling procedure invokes the multivariate Gaussian probability measure: we let
N(0,3) denote a centered multivariate normal distribution with covariance matrix X; see Grim-
mett and Stirzaker (2020) for an overview of the Gaussian distribution and Gupta and Nagar

(2018) for an overview of its matrix extensions.

2. A Goemans-Williamson Approach for Orthogonality Constraints

In this section, we propose a new Goemans-Williamson type approach for semi-orthogonal quadratic
optimization problems, mirroring the development of the Goemans-Williamson algorithm for BQO
in Section 1.1. First, in Section 2.1, we review a semidefinite relaxation for semi-orthogonal
quadratic optimization originally developed by Burer and Park (2024). Then, in Section 2.2, we
propose a randomized rounding scheme to generate high-quality solutions, which largely follows

the blueprint of the Goemans-Williamson strategy in BQO. We derive multiplicative performance
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guarantees for our rounding mechanism in Section 2.3. In particular, we show that our algorithm
achieves an O(1/logm)-factor approximation for Problem (4) and that our analysis of our al-
gorithm is tight. As a benchmark, we analyze the performance of uniform rounding (achieving
(1/(nm))-factor approximation) in Section 2.4, and conclude the section by discussing potential
variants of and improvements to our rounding mechanism in Section 2.5.

The rest of the paper extends the relax-then-round scheme developed in this section from low-

rank orthogonal to low-rank quadratic optimization.

2.1. A Shor Relaxation

We study quadratic optimization over orthogonality constraints as described in Problem (4). As
reviewed in Section 1.3, Burer and Park (2024, section 2.2) derive the following semidefinite relax-

ation for Problem (4):

nax - (A,W) st tr(W“’j'))zéj,jf Vij €lml, > WO I, ()
+ i€[m]

where the matrix W encodes for the outer-product of vec(U) with itself, and the trace constraints
on the blocks of W stem from the columns of U having unit norm and being pairwise orthogonal.

Similarly to semidefinite relaxation of (1), imposing the constraint! that W is rank-one in (9)
would result in an exact reformulation of (4). Accordingly, The relaxation (9) is tight whenever some
optimal solution is rank-one. However, the optimal solutions to (9) are often all high-rank. Actually,
it follows from manipulating the Barvinok-Pataki bound (Barvinok 2001, Pataki 1998) that there
exists? some optimal solution to Problem (9) with rank at most n + m. However, not all optimal
solutions obey this bound; thus, we do not use this observation in our analysis. An interesting
question is how to generate a high-quality feasible solution to (4), with provable performance
guarantee, by leveraging a solution of (9), which is the focus of the rest of the section.

Note that Problem (9) corresponds to the ‘DiagSum’ relaxation of Burer and Park (2024). Burer
and Park (2024, section 2.3) derive an even stronger relaxation, which they call a "Kronecker’
relaxation. Thus, the approximation guarantees we derive for Problem (9) directly apply if we solve
their Kronecker relaxation instead. However, we do not explicitly analyze the Kronecker relaxation
here because it is significantly less tractable (as reported in Burer and Park 2024, Table 1), and
it would not lead to a tighter order® of approximation guarantee than the O(1/logm) guarantee
derived here, although it could improve the semidefinite relaxation for some specific instances
(Burer and Park 2024).

2.2. A Sample-Then-Stochastically-Project Procedure

We propose a randomized rounding scheme to generate high-quality feasible solutions to (4) from
an optimal solution to (9). In the next section, we show that it attains an O(1/logm) multiplicative

approximation factor guarantee for Problem (4).
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First, we solve (9) and obtain a semidefinite matrix W*. Second, using W*, we sample an
n x m matrix G such that vec(G) follows a normal distribution with mean 0,,, and covariance
matrix W*. Third, from the matrix G, we generate a feasible solution to (4). Specifically, we
compute a singular value decomposition of G, G =UXV T and define Q := UDV " where D is
a diagonal matrix such that each diagonal entry is equal to £1, sampled independently such that
P(D;;=1)=(140;/0max)/2, where o; is the ith singular value of G and o, is the largest singular

value of G. We have Q" Q = I,,, because D? = I,, We summarize our procedure in Algorithm 2.

Algorithm 2 A Relax-then-Project Algorithm for Orthogonality Constrained Optimization

Require: Positive semidefinite matrix A € S7™
Compute W* a solution of (9)
Sample G according to vec(G) ~ N (0,,,, W*)
Compute the SVD of G, G=UXVT
Sample D;; ==£1 independently such that P(D;; =1) = (14 0;/0max)/2
Construct Q =UDV' T

return A semi-orthogonal matrix Q

We note that the normal distribution in our second step differs from the most widely used
‘matrix normal distribution’ (see, e.g., Gupta and Nagar 2018, Chapter 2) and, to the best of our
knowledge, has only been studied by Barratt (2018). In contrast with other definitions of matrix
Gaussian distributions, the entries of G in our sampling are neither independent nor identically
distributed. In our implementation of Algorithm 2, we can sample vec(G) ~ N (0,,,,, W*) even when
W™ is rank-deficient via the following construction—which will also be relevant for the theoretical
analysis in Section 2.3. Denoting r = rank(W™), we first construct a Cholesky decomposition of
W: W =5, vec(By) vec(B;,)" with By, € R"™™. Then, we sample vec(G) = > kerr) Vee(Br)zi
with 2z ~N(0,, I,). This procedure ensures that vec(G) € span(W*) almost surely, and that if the
semidefinite relaxation is tight then G is optimal almost surely. In particular, if » =1 then it is
immediate that our semidefinite relaxation is tight, and thus our rounding is exact in this case.

Second, we should comment on our procedure to obtain a feasible semi-orthogonal matrix @ from
G. Conditioned on G, we have E[D|G] = X /0yax, so that E [Q|G] = G/0ax. This observation will
be crucial in our theoretical analysis, enabling us to relate the second moment of the distribution

of @ to that of G, as formally stated below.

PropoSITION 1. Consider matrices G € R™™ and Q € R™*™ generated according to Algorithm 2.
The following holds:

E [vec(Q)vec(Q)'] = E [ (10)

vec(G)vec(G)T]
Omax (G)? '
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Proof of Proposition 1 Observe that, conditioned on G, we have
Cov(vee(Q)|G) =E [vec(Q)vec(Q) " |G] — E[vec(Q) |G]E [vec(Q) |G] " =0,
leading to

E [vee(Q)vec(Q)T |G] = %a:(G)Qvec(G)vec(G)T,

since E [vec(Q) |G| = G/0max(G). Taking expectation with respect to G yields (10). O

Similar to the original algorithm of Goemans and Williamson (1995), the intuition behind Al-
gorithm 2 is that the sampled matrix G achieves an average performance equal to the relaxation
value (E[{A,vec(G)vec(G) )] = (A,W*)) and is feasible on average (E[GTG] = I,,,). Therefore,
the objective value of the feasible solution @ should not be too different from that of G. We

theoretically analyze the performance of our algorithm in Section 2.3.

2.3. Theoretical Analysis: Multiplicative Performance Guarantees

We now theoretically analyze the performance of Algorithm 2 in the case where the objective
matrix A in (4) is positive semidefinite.

Solutions @ generated by Algorithm 2 achieve an average performance of E [vec(Q) " A vec(Q)] =
(A,E[vec(Q)vec(Q)"]). By Proposition 1 and the fact that A > 0, we have
(A, E[vec(Q)vec(Q)T]) > (A, E [vec(G) vec(G) T /o max (G)?]). Hence, to obtain a S-multiplicative
guarantee for our algorithm, it suffices to show that E [vec(G)vec(G)T /0max(G)?] = BW™*, which
is the main focus of this section.

Our first result is an analytical multiplicative performance guarantee, which asymptotically scales
as O(1/logm). It arises as a consequence of a Cauchy-Schwarz inequality and concentration bounds
on the largest singular value of G. Indeed, 0,,.,(G) satisfies the following technical lemma (proof

deferred to Section EC.3.1):

LEMMA 1. Consider a random matrix G € R™*™ sampled according to vec(G) ~ N (0, W), where

the matriz W is a feasible solution to (9). Then, the following inequality holds
E[0max(G)?] < min(m, 2log(2m) + 2). (11)
Furthermore, 0max(G) satisfies the tail bounds: for any t >0, P(0pm.x(G) >t) <2m e~t'/2,
From this technical lemma, we derive the following semidefinite relationship:

THEOREM 1. The matriz G € R"*™ generated by Algorithm 2 satisfies the inequality

. [fof)?eﬁa)} s (2 ) W 12)
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Theorem 1 leads to a purely multiplicative performance guarantee for Algorithm 2,
E[(A,vec(Q)vec(Q)")] > B (A, W), with § = max (ﬁ, m) Interestingly, the multi-
plicative constant is independent of the ambient dimension n, but only depends on the number of
vectors m. For small values of m, the 2/(7mm) term dominates and drives the value of g (e.g., it
equals 0.636 for m = 1). Asymptotically, however, our bound scales as 1/logm and exhibits a very

mild dependency on m. Actually, we can show that our analysis of Algorithm 2 is essentially tight

(proof of Proposition 2 deferred to Section EC.3.2)

PROPOSITION 2. There ewists a family of matrices W* € SI™ for Algorithm 2 for which, for any
B >0 such that E[vec(Q) vec(Q) "] = BW™, we must have 3=0 (1/logm).

Proof of Theorem 1 Consider an arbitrary unit vector v € R". From Cauchy-Schwarz, we have
that for any random variables A >0,B >0 a.s. that E[A/B] > E[V/A]?>/E[B]. Thus, applying this
inequality to A= (v'vec(G))? and B = 0. (G)? yields

E[|v"vec(GQ))|]?
E[(v"vec(G))? /o2, (G)] > [Il!i[amax((a))g]” '
For the numerator, v'vec(G) ~ N (0,v"W*v), so, by definition of the half-normal distribution
(e.g., Grimmett and Stirzaker 2020)

E[|v"vec(GQ)|] = \/Ev v Wro.

For the denominator, we refer to Lemma 1, where we show that E[o,.x(G)?] < min(m,2log(2m) +

2). Thus, we have the inequality

T 2/ 2 2 T A+
E[(v'vec(@))?/o: . (G)] > T min(m, 2log(2m) +2)'0 WHo.

Combining this inequality with (10), we obtain the desired result. O

Despite its strong asymptotic behavior, for a fixed value of m, the constant in Theorem 1 can
be weak (largely because of the use of the Cauchy-Schwarz inequality). To get a more accurate
estimate of the performance of Algorithm 2, we now derive tighter bounds that can be computed

numerically.

THEOREM 2. Let G € R"™™ be a Gaussian matrixz generated by Algorithm 2. Then, the matriz G

satisfies the inequality:

vec(G)vec(G) T
E > * 1
|: Urrlax(G)2 N anmlW ’ ( 3)
with
oo 1 _ _(”m_l)/z /
— mi ~3/2
Brm = min /0 <1+2tmnm_ 1> (1+2tmA) > “dt. (14)

In particular, the constant (3, ,, satisfies the following properties:
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Table 1 Values of the approximation factor from Theorems 1 and 2 for some values of n and m.
Bn.m (Theorem 2)
n=>5 n=10 n=15 n =00

0.636620 0.735264 0.706972 0.697920 0.680415
0.318310 0.353486 0.346734 0.344533 0.340208
0.212207 0.232640 0.229689 0.228720 0.226805
0.159155 0.173367 0.171721 0.171179 0.170104
0.127324 0.138164 0.137116 0.136770 0.136083
0.079662 — 0.068299 0.068213 0.068042
0.072323 — — 0.045437 0.045361

Theorem 1

3

QL O UL W N

—_

(a) For any integer m, B, is non-increasing in n. Moreover, it is non-increasing in m for any fized
n wherever B, ,, exists (n>m)

(b) For any integer m, we have By m — Boo.m aS 1 — 00 with

> f X
= mi ~imTN (14 2tmA)"¥2dt = min E :
500,7)1 mln] /O e ( + m ) )\Ierl{%)l:ll] XNX% m(l _)\) +m)\X

(¢) Form=1, j3, is optimal, since there exists a covariance matriz W* satisfying (13) at equality.
Compared with Theorem 1, the value of the constant in Theorem 2 is primarily computational. By
solving numerically the one-dimensional minimization problem in A, it provides tighter estimates of
the performance of our algorithm, especially for small values of m, as reported in Table 1. While the
guarantee from Theorem 1 is independent of n, the constant 3, ,, in Theorem 2 is monotonically
decreasing with n, obtaining stronger performance guarantees for finite values of n.

However, we should acknowledge that 8. ,, does not scale as ©(1/logm) for large values of m,
and thus is asymptotically weaker than Theorem 1 (actually, Remark EC.3 identifies a class of
matrices W* for which £, ,, <1/m). We can further strengthen Theorem 2 and view £, ,, as a
special case of an even tighter bound (Theorem EC.1), which recovers the asymptotic scaling of
Theorem 1. For the sake of exposition, we only present Theorem 2 in the main paper. We present
and prove the more general result (Theorem EC.1) in the Electronic Companion. Theorem 2 follows

immediately as a special case.

2.4. Benchmark: Uniform Sampling

To evaluate the performance of Algorithm 2, it is interesting to compare its performance to a naive
baseline where we draw @ uniformly from the set of semi-orthogonal matrices i.e., sample @ from
the Haar measure (Meckes 2019). Note that this is analogous to generating i.i.d. Bernoulli vectors

in binary quadratic optimization, which achieves a 1/2 approximation ratio in the Max-Cut case:

PROPOSITION 3. Let Q € R™™ be distributed uniformly over {U e R"*™ : U'U =1,,}. We have

E[(A,vec(Q)vec(Q)")] < max (A,vec(U)vec(U)T) < nmE[(A,vec(Q)vec(Q)T)].

UcRnxXm:UTU=I,,
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Proposition 3 implies that taking @ to be uniformly distributed gives a 1/(nm)-factor approxima-
tion algorithm for Problem (4). This is a significantly worse multiplicative term than Theorems 1
and 2 for Algorithm 2.

Proof of Proposition 3 By optimality, Q being feasible for (4),

(A, vec(Q)vec(Q) ") < max (A, vec(U)vec(U) "),

T UeRrxm.UyTU=I,,

which leads to the first inequality.

Furthermore,

max (A,vec(U)vec(U)") < max (A,uu’) = mAnax(A) <mtr(A).

UeRXm.UTU=I,, T ueRM™:||lu||2=m
To conclude, observe that since @ is distributed according to the Haar measure, we have E[q;q, ] =
11, and E[g;q; ] = 0 for i # j (cf. Meckes 2019). Therefore, we have E[vec(Q)vec(Q)"] = 2 I,,,, and
E[(A, vec(Q)vec(Q)T)] = L tr(A). O
REMARK 1. Proposition 3’s upper bound is tight for uniform rounding. Indeed, if A is an identity
matrix, then any uniformly sampled @ is optimal and the left inequality is tight. Moreover, if A is a
matrix such that Agf;j) =1 for ¢,j € [m] and Al(I]l; =0 for [; #1i or I # j otherwise, then tr(A)=m
and an optimal choice of U is U; = e;, giving both maxy cgnxm.yTy—r,, (A, vec(U)vec(U)T) = m?
and nmE[{A,vec(Q)vec(Q)")] = m?. This corresponds to a family of instances of increasing size

for which our bound on uniform rounding is tight.

In Section EC.5 of the online supplement, we augment the discussion in this section by deriving
a second benchmark algorithm inspired by deflation algorithms in the sparse principal compo-
nent analysis literature, and show that it attains a 1/m? guarantee, which improves on the 1/nm
guarantee of uniform rounding for n 3> m, but is worse than Algorithm 2. As deflation is more
complicated to design and analyze than uniform rounding but simpler than Algorithm 2, we have
demonstrated a clear trade-off between the difficulty of designing and analyzing an algorithm and

the quality of the worst-case guarantee.

2.5. Discussion: Algorithm Variants

We conclude this section by discussing alternative rounding strategies from our relaxation (9).
Algorithm 2 can be interpreted as a two-step generalization of the randomized rounding scheme
of Goemans and Williamson (1995), where we sample a large multivariate normal vector vec(G) ~
N(0,W*) and generate a feasible semi-orthogonal matrix @ from G. Interestingly, our algorithm
introduces an additional source of randomness in the generation of @ (hence, the qualification
‘two-step’), which is key for guaranteeing a relationship between the second moment of vec(Q) and

vec(G) as derived in Equation (10).
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Alternatively, we could have taken D = I,,, in Algorithm 2, i.e., define @ as the projection (with
respect to the Frobenius norm) of G onto the space of semi-orthogonal matrices. However, with
this deterministic construction, Equation (10) may not hold. Indeed, consider the counterexample

with n=4,m =2 and

0.025 —0.042979 0.076
o177 . 0.229513 [ 0.300
*\(1,1) _ *\(1,2) _ *\(2,2) _
(WP =Diag | §'ogg | - (W*)7 =Diag [ 051609 | (W)™ =Diag | 5759 [
0.535 ~0.388163 0.465

Averaging over 200 repetitions with 25000 Gaussian samples per repetition, we obtain a 95%
confidence interval on A, of the form ., (E [Vec(Q)Vec(Q)T — %]) = —0.0154 +
0.000025 < 0

Our rounding procedures sample D,; € {£1} at random, in particular, without taking into
account the downstream objective vec(Q)" A vec(Q). Instead, we could also optimize the diagonal
entries of D to explicitly maximize the objective, by solving a binary quadratic optimization
problem. Doing so would give a solution at least as good as the one obtained via a random sampling,
at the expense of solving a BQO problem with m variables, which might be practically feasible for

moderate values of m.

3. New Relaxations and Sampling for Low-Rank Optimization Problems

In this section, we generalize our Goemans-Williamson algorithm for semi-orthogonal quadratic op-
timization (Algorithm 2 in Section 2) to generic rank-constrained optimization. For readers familiar
with the mixed-integer literature, our overall approach mirrors the extension of the Goemans-
Williamson rounding for BQO to logically constrained optimization, as reviewed in Section EC.1.

We proceed in three steps: First, we derive new Shor relaxations for rank-constrained optimiza-
tion problems (§3.1). Unlike prior work (Recht et al. 2010, Bertsimas et al. 2023c, Kim et al. 2022,
Li and Xie 2024), our relaxations do not require the presence of a spectral or permutation-invariant
term in the objective or constraints. Interestingly, we show that many of the variables in our Shor
relaxations can be omitted without altering the objective value, leading to a more compact and
tractable formulation. Compared with Bertsimas et al. (2023c), we show that our new relaxations
are stronger and more broadly applicable. Second, we discuss how our common ideas in logically
constrained optimization, such as RLT, can be generalized to our context and further strengthen

our relaxation (§3.2). Finally, we describe a sampling algorithm for these problems in §3.3.

3.1. A New Shor Relaxation and Its Compact Formulation

We study a quadratic low-rank optimization problem with linear constraints, which encompasses

low-rank matrix completion (Candes and Recht 2009), and reduced rank regression (Negahban
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and Wainwright 2011) problems among others; see Bertsimas et al. (2022) for a review of low-rank

optimization. Formally, we study the problem:

min _min  (C,Y)+ (vec(X "vec(X")",H)+ (D, X) (15)

YeYk XeRnxm
st. (A, X)<bh;VieZ X=YX,

where H € S{™,C € S are positive semidefinite matrices, D € R"*™ is a rectangular matrix,
and Z denotes the index set of constraints. As demonstrated in Bertsimas et al. (2022), any rank-
constrained optimization problem of the form (5) can be formulated as an optimization over (X,Y)
of the form (15), where the additional decision variable Y is a projection matrix which encodes the
span of X and whose trace bounds rank(X). Here, we write vec(X ") rather than the mathemati-
cally equivalent vec(X) to simplify the notation in our relaxations. Since there exists a permutation
matrix K, ,, € R"*"™ such that vec(AT) = K, ,, vec(A) for any A € R"™*™ (K, ,, is also called
a commutation matrix, see Magnus and Neudecker 1979), both formulations are equivalent.

Problem (15) is quite a general formulation. It models matrix completion objectives like
YpealXij — Ai;)? (as we detail in Section 4.1) and optimal power flow terms like X ;X ;. As
a result of this generality, it is also challenging to solve.

We now develop a convex relaxation of (15). We remark that previous works on developing low-
rank relaxations like Bertsimas et al. (2023c), Kim et al. (2022) require a spectral or permutation
invariant term in the objective to develop a valid convex relaxation, hence do not apply to (15).
Thus, designing a computationally tractable convex relaxation for (15) is arguably an open problem.
Following the Shor relaxation blueprint, we introduce matrices W, ,, W, ,, W, , to model the

outer products vec(X ")vec(X )T, vec(X ")vec(Y) ", and vec(Y )vec(Y)T respectively.

PROPOSITION 4. The convex semidefinite optimization problem

_ in min (C,Y)+(W,,..,H)+ (D, X)
Yesl Y=L tr(Y)<k  XeR"™"™:(A;,X)<b;icT
2
Wy eSL Wi o €S W,y €RTXT

1 vee(X )T vec(Y)"
s.t. vee(XT) W, W., | =0, (16)
vec(Y) W/, wW,,

n

SW Y. YW X
=1

i=1
is a valid convex relazation of Problem (15).

REMARK 2. If an optimal solution to (16) is such that W, , is a rank-one matrix then W, , =
vec(X T)vec(X ") " and the optimal values of (16) and (15) coincide.

Proof of Proposition 4 Fix (X,Y) in (15) and set

(Wany Wey, W, ) = (vec(X Nvee(X ") T, vee(X "vee(Y) ", vec(Y )vec(Y) 7).
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It is sufficient to verify that (X,Y , W, ,, W, ., W, ) is feasible for (16)—it obviously attains the
same objective value. First, by construction, the semidefinite constraint is satisfied (at equality).

Moreover, we have
YY' =Y — ZW“ e

XY =XT — ZW(” =X".
i1€[n]

O
Unfortunately, (16) is not compact and involves n? x n? and nm X nm matrices. Therefore, a
natural research question is whether it is possible to eliminate any variables from (16) without

altering its optimal objective value. We answer this question affirmatively.

THEOREM 3. Problem (16) is equivalent to

min min (C.)Y)+(W,,,.H)+ (D, X)
YeSR:Y=I, tr(Y)<k  XeR™¥™.(A;,X)<b;, i€T
Wo,o€S7™
s.t. Wy, =vec(X Nvec(X "), (17)
Z . ]W(1 ,i) XT
i€ln = 0.
( x vy )=0

Proof of Theorem 8 We show that given a feasible solution to either problem, we can generate
an optimal solution to the other problem with an equal or lower objective value.
Suppose that (X,Y, W, ,, W,,,W,,) is feasible in (16). Then, by summing appropriate
semidefinite submatrices of the overall PSD matrix, we have that
< Zle[n] W(z i) Zle W(l z)> <o
D icin] ngzy@)r Zze[n] Wy(,zyz) B

Moreover, from (16) we have that > (1) = XT and > i) W(’ ) =Y. Thus, (X,Y,W,,)

i€[n] ,y

is feasible in (17) and attains the same objective value.

Next, suppose that (X,Y, W, ,) is feasible in (17). By the Schur complement lemma, we must
have Y = X (30, W(L))TX T, Since C = 0, we can set Y := X (>, W) X T without loss of
optimality—doing so cannot increase the objective value. To construct admissible matrices W, ,

and W,

.y, let us first define the auxiliary matrix

t
Z W XT ERan7
i€[n]

and observe that Y =U "X " = XU. Then, we define W, ,, W, , as the blocks of the matrix

1 vee(XT)T vec(Y)T
M:=|vec(X") W,, W.,
vec(Y) W W, .,

T,y
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defined as
1o o \' 1 veeX)TveeXT)T\ /1 0 0
M:=|01I, 0 veeXT) W,, = W, 0I,, O
00 I,oU) \vee(XT) W,, W., 00 I,oU

Since Y =U "X T, we have vec(Y)=vec(UTX ") = (I, ® U ")vec(X ") and thus our construction
is consistent with the existing value of Y. We now verify that (X,Y, W, ,, W, ,, W, ) is feasible for
(16). By construction, M > 0. Thus, (X,Y, W, ., W,

v.ys Wy, satisfies the semidefinite constraint

in (16). Next, by construction, W, , and W, , can be decomposed into n x n blocks satisfying:
) ) Tl
Wi =wiu, wih =U"Wiu.

Summing the on-diagonal blocks of these matrices then reveals that
T

Z W) = Z WU = Z WD Z Wi | XT=XT,
J€[n]

1€[n] 1€[n] 1€[n]

W= UTWHU=U"|Y WU |=UX"=Y.
i€[n] i€[n] i€[n]
Therefore, we conclude that (X,Y ,W, ., W, ,, W, ) is feasible in (16) and attains an equal or
lower objective value. Thus, both relaxations are equivalent. O
Problem (17) is much more compact than (16), as it does not require introducing the variables
w,, € Sﬁz or W, , € R"*" The proof of Theorem 3 provides a recipe for reconstructing an
optimal W, , given an optimal solution (Y, X, W, ,) to (17). Namely, compute the auxiliary matrix
U := (Zie[n] W;fg‘))TXT and set W, , = (I, ® U)"W, (I, ® U). With this observation, one
can implement the Goemans-Williamson sampling scheme for Y we propose in Section 3.3, even
without solving a relaxation that explicitly involves W, .
Finally, it is interesting to consider whether the relaxation developed here is at least as strong
as the matrix perspective relaxation developed by Bertsimas et al. (2023c). We now prove this is
indeed the case. Bertsimas et al. (2023c) only applies to partially separable objectives. Hence, we

first need to impose more structure on the objective of (15) to compare relaxations.

PROPOSITION 5. Assume that the term (H,vec(X ")vec(X ")) + (D, X) in Problem (15) can
be rewritten as the partially separable term %HXH%7 + h(X), where h is convex in X. Then, the

optimal value of Problem (16) is at least as large as the relaxation of Bertsimas et al. (2023¢c)

min min (C)Y)+ i1:1"(0) +h(X) (18)

Y €Conv(Yk) XERMX™ €S 27y

XY
Proof of Proposition 5 Given the equivalence between Problems (16)—(17) proven in Theo-

T

rem 3, it suffices to show that the constraints in (17) imply the constraints in (18). Letting 0 :=



Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization

18

i) W9 we observe that 6 is feasible for (18). In addition, given the additional assumption

xT,x

that the objective involves || X ||2 =tr(X " X)), the objective in the relaxation is

<Ha W:L’,x> =tr Z Wagjjcl) =tr (9) ’
1€[n]

which completes the proof. U
The proof of Proposition 5 reveals that our Shor relaxation (17) can be perceived as decomposing
the variable 6 in (18), and strengthening the relaxation by imposing additional constraints on the

elements of this decomposition.

3.2. Strategies for Strengthening the Shor Relaxation

Theorem 3 might give the unfair impression that Problem (16) is not a useful relaxation, because
it is equivalent to the much more compact optimization problem (17). However, explicit decision

variables W,

v.u» Way allow us to express additional valid inequalities to strengthen the relaxation:

e The matrix Y being symmetric, vec(Y') =vec(Y ") = K, ,, vec(Y'), which leads to the constraints
vee(Y)vee(Y)" =K, ,vec(Y)vee(Y)' 'K, — W, , =K, ,W, K,

n,n’ (19)
vec(X ") vec(Y)" =vec(X vec(Y) 'K, = W, , =W, K, .

e If we further require the matrix X to be symmetric (implying n =m), then we can impose the
additional linear equalities W, , = K,, , W, . K, ,, and W, , = K,, ,\W, .
e As in binary optimization, we can impose triangle inequalities on Y and W,,. Indeed, from the

fact that 0 <Y;,; <1, we have that any triplet (,j,¢) satisfies

(1-Y:)(1-Y,

J(1=Y)>0
= 1-Y,,-Y,, =Y, +Y,, Y, +Y.. Y, +Y; ;Y =Y. ,Y; ;Y 0 >0
= 1Y, =Y, =Y+ YV ; +YiiYee+Y;;Y00 >0,

which can be expressed as a linear constraint in (Y, W,,) after replacing each bilinear term with
the appropriate entry of W,,. We can derive additional triangle inequalities by starting from

the fact that Y;,(1 —-Y;;)(1—Y,,) >0 or Y;,;Y; ;(1 —Y,,) > 0. Triangle inequalities involving
Y; ; € [-1,1] rather than Y;; follow similarly.
Finally, similarly to BQO, one can tighten Problem (16) and Problem (17) by applying RLT. Any
constraint of the form Avec(X) < b leads to the valid inequalities AW, , AT +bb" > bvec(X )" A+

Avec(X)b', as reviewed by Bao et al. (2011).*
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3.3. Generalization of Goemans-Williamson Rounding to Low-Rank Optimization

Mirroring the extension of Goemans-Williamson to mixed-integer optimization problems with log-
ical constraints (see Section EC.1.2), we now extend Algorithm 2 to low-rank optimization. First,

we observe that under the constraint X =Y X, the term
(vec(X "vec(X )T, H) + (D, X)
in the objective function of (15) is, through the identity vec(X ") = (I, ® X ")vec(Y'), equal to

(vee(Y vec(Y)T, (I, ® X ") H (I, X)) + (Y, X D).

Thus, Problem (15) can be rewritten as the following optimization problem
min min  (C+X"D,Y )+ (vec(Y)vee(Y)",(I, e X ")H(I,® X))
XeRXm y ek (20)
where the lower-level optimization problem is quadratic in Y and very much reminiscent of the
orthogonally constrained problem studied in Section 2. This suggests that Algorithm 2 is a good

candidate for generating feasible solutions to (20). We formalize our algorithm for rank-constrained

optimization in Algorithm 3.

Algorithm 3 A Goemans-Williamson Rounding Method for Low-Rank Optimization

Generate (Y*, W ) a solution to the semidefinite relaxation (16)
Compute Y : vec(Y) ~ N (vec(Y*), W, — vec(Y*)vec(Y™*)T)
Construct Y € Y* which solves miny cyr [ Y — Y||» (by performing an eigendecomposition)
Compute X (Y), an optimal X given Y by solving
min  (C,Y)+ (vec(X "vec(X ") H)+ (D, X)
X cRnXm

st. (A, X)<b;VieI X=YX

return Y, X(Y) a feasible solution to (20)

We make the following remarks on our implementation of Algorithm 3

e [t is challenging to produce a constant factor approximation on the performance of Algorithm 3.
Indeed, Problem (15) models sparse regression as a special case, and it is strongly NP-hard
(Chen et al. 2019, Theorem 1) to find a O(n‘d)-approximation of sparse regression, where
n is the number of data samples, d is the number of features, and ¢; + ¢, < 1. Moreover, in

our numerical experiments, we uncover matrix completion instances where the optimal objective
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value is non-zero but our Shor relaxation returns an objective value of zero, which suggests that
Algorithm 3 does not provide a purely multiplicative constant factor approximation. Nonetheless,
as we observe in numerical experiments (Section 5), it sometimes returns solutions within an
optimality gap of 0-5% and thus is of interest.

e To obtain a solution to our Shor relaxation, (Y*, W ), we can either solve (16), or solve the
equivalent compact relaxation (17) and reconstruct Wy, as Wy := (I, @ U)W, (I, @ U)
where U := (Zie[n] Wéfﬁ)TXT.

e We take the second moment of our Gaussian distribution to be W, —vec(Y *)vec(Y*)" so that

A~ A

E[vec(Y )vec(Y )] =Wy .
e The sampled matrices Y are not necessarily symmetric in general. However, if W satisfies (19),
Y is symmetric almost surely. Consequently, it could be beneficial to sample using a moment
matrix that satisfies the permutation-invariance constraints (19). In numerical experiments, we
investigate the benefits of projecting W, onto the set of matrices satisfying (19) before sampling.
e In practice, we randomly round multiple times from the solution to the Shor relaxation and
return the best solution Y found, rather than only rounding once. This repetition improves the

quality of the returned solution significantly, and comes at a low increase in computational cost

because solving the Shor relaxation is more expensive than sampling Y and computing X (Y).

4. Examples of Low-Rank Relaxations

This section applies the Shor relaxation technique proposed in §3 to several important problems
from the low-rank literature. By exploiting problem structure, we demonstrate that it is often

possible to reduce our Shor relaxation to a relaxation that does not involve any n? x n? matrices.

4.1. Matrix Completion

Given a random sample {4, ;: (i,j) € 2 C [n] x [m]} of a matrix A € R™™, the goal of the low-
rank matrix completion problem is to reconstruct the matrix A, by assuming it is approximately
low-rank (Candeés and Recht 2009). This problem admits the formulation:
i i PA)—P(X)||%+ X tr(Y)st. X=YX, 21
fin min - [P(A) = PX)F +A-tx(Y) s (21)
where A > 0 is a penalty multiplier on the rank of X through the trace of Y, and
A, if (i,5) €Q
P(A)LJ — { 1,7 1 (1’7j) 6

0 otherwise
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is a linear map which masks the hidden entries of A. By expanding the quadratic ||P(A) —P(X)||%,

and invoking Theorem 3, we obtain the following relaxation of (21)

B e B SOV 2P0 A+ (PUALPLAY 01500

(22)

oW xT
st. W =vec(X Nvec(X )T, <ZIE[H‘]X o v ) =0,

where H' is a diagonal matrix which takes entries H} =1 if (7,7) € Q and H} = 0 otherwise.
Compared with the matrix perspective relaxation of Bertsimas et al. (2023c), our relaxation is
directly applicable to (21), while Bertsimas et al. (2023c) requires the presence of an additional
Frobenius regularization term +% | X ||7 in the objective. With this additional term, our approach
leads to relaxations of the form (22) after redefining H; < H; + %Im, which are at least as strong
as the relaxation of Bertsimas et al. (2023c) per Proposition 5.
We observe that the off-diagonal blocks of W do not appear in either the objective of (22) or

any constraints other than W = vec(X ")vec(X ). For this reason, we can omit them entirely:

PROPOSITION 6. Problem (22) attains the same optimal objective value as

yel e %;](S (H') = 2(P(X), P(A)) + (P(A), P(A)) + A~ tx(Y)

P T
st S'= X, X/, (ZiG)[gJS )}(, > = 0.

Proof of Proposition 6 It suffices to show that given any feasible solution to (23) we can con-

(23)

struct a feasible solution to (22) with the same objective value; the converse is immediate. Let
(X,Y,S%) be feasible in (23). Define the block matrix W by setting W) = §* and W) =
(X7);(XT)]. Then, it is not hard to see that W —vec(X ")vec(X ") " is a block matrix with zero
off-diagonal blocks and on-diagonal blocks S — X; X" = 0. Thus, W — vec(X ")vec(X )" is a
positive semidefinite matrix, and W = vec(X ")vec(X ") ". Moreover, (X,Y, W) is feasible in (22)

and attains the same objective value. O

REMARK 3. Suppose that two rows of A have an identical sparsity pattern with respect to the
known entries €, i.e., H? = H7. Then, we can replace the matrices S¢, 87 with their sum §%7 :=
Si+ 87 and rewrite (23) even more compactly, by omitting the matrices S, 87, substituting S%7 for
S'+ 87 in the objective/constraints, and requiring that §7 = X; X + X; X . This observation
also applies if k > 2 rows share the same sparsity pattern. Moreover, if two rows of A have a similar
sparsity pattern but with minor differences, we can obtain a computationally cheaper yet looser
relaxation by masking all entries that do not appear in both rows, i.e., setting H*, H’ = H* x H’

and proceeding as before.

In Section EC.6 we support our discussion on low-rank matrix completion by demonstrating that

analogous reductions hold for low-rank basis pursuit.
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4.2. Reduced Rank Regression

Given a response matrix B € R"*™ and a predictor matrix A € R"*?, an important problem in
high-dimensional statistics is to recover a low-complexity model which relates the matrices B and
A. A popular choice for doing so is to assume that B, A are related via B = AX + E, where
X € RP*™ is a coefficient matrix, E is a matrix of noise, and we require that the rank of X is

small so that the linear model is parsimonious Negahban and Wainwright (2011). This gives:

min |B—AX||7+ p-rank(X), (24)

X eRpXm

where p > 0 controls the complexity of the estimator. For this problem, our Shor relaxation (17)

is equivalent to the (improved) matrix perspective relaxation of Bertsimas et al. (2023c).
Indeed, by invoking Theorem 3, we obtain (24)’s Shor relaxation

min min <ATA, Z W(i’i)> +(B,B) —2(AX ,B)+pu-tr(Y)

YEConV(ym)Xe]RPXT",WESim ic[m]
7 m

_ (GORS ‘¢
st W vl Xwe(x)7, (g F w0

(25)

for which we show the following equivalence result:

PROPOSITION 7. Problem (25) attains the same objective value as
min min (ATA,0)+ (B,B)—2(AX,B)+p-tx(Y)

Y eConv(¥m) X cRPX™ 6€Sh

(26)
s.t. OT X i 07
X'Y

which corresponds to the improved relazation of Bertsimas et al. (2023¢c, Equation 7)
Proof of Proposition 7 We show that for any solution to (26) one can construct a solution to
(25) with the same objective value or vice versa. Indeed, for any feasible solution (Y, X, W) to

(25), (Y, X,0= Eie[m]
consider (X,Y,0) a feasible solution to (26). Then,

6 X7\ _(6X\ (0 o0
(X Im>_<X Y>+<0TI—Y>50’

because both matrices are PSD given that Y < I. Therefore, it follows from the Schur complement
lemma that = XX T =3",_  X;X,". Thus, there exists a decomposition 8 =3",_ S’ with S; =
X,; X" for each 4. In particular, by assigning X;X," to each S?, plus the remaining 8 — Y, X, X,
arbitrarily between the S§%’s. Finally, let us define the matrix W such that W9 = §% and W) =
X; X[ for i# j. Then, (X,Y,W) is feasible for (25) and attains the same objective value. The

W ) is feasible for (26) with the same objective value. Conversely, let us

i€[m

relaxation (26) is precisely the relaxation developed in Bertsimas et al. (2023c). O
Proposition 7’s proof technique uses the fact that X enters the objective quadratically via X X T,

rather than properties specific to reduced rank regression. This suggests other low-rank problems
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which are quadratic through X X" (or X " X)), e.g., low-rank factor analysis (Bertsimas et al. 2017),
sparse plus low-rank matrix decompositions (Bertsimas et al. 2023a) and quadratically constrained
programming (Wang and Kiling-Karzan 2022) admit similarly compact Shor relaxations.

We have shown in this section that for two quadratic low-rank problems, it is possible to eliminate
enough variables in the Shor relaxation that no matrices of size n? x n? remain. Further, we observe
that the same reduction holds for a third problem, namely low-rank basis pursuit, in Section EC.6 of
the Electronic Complement. Thus, we argue that our proof technique is very general, and can likely
be applied to other low-rank problems of practical interest (e.g., sensor location). This suggests
that while Shor relaxations involving n? x n? matrices may appear to be too large to be useful in

practice, they can often be reduced to forms that are useful.

5. Numerical Results

In this section, we benchmark our relax-then-round schemes on synthetic semi-orthogonal quadratic
and low-rank matrix completion problems. We also compare the performance of our schemes with
the matrix perspective relaxation proposed by Bertsimas et al. (2023c). We emphasize that we
introduce || - ||% regularization to perform this comparison, as the relaxation of Bertsimas et al.
(2023c) is not applicable to generic low-rank quadratic optimization.

All experiments are conducted on a MacBook Pro laptop with a 36 GB Apple M3 CPU, using
MOSEK version 10.1, Julia version 1.9, and JuMP:.jl version 1.13.0. All solver parameters are set to
their default values. We divide our discussion into two parts. First, in §5.1, we study the quality of
our relax-and-round scheme for semi-orthogonal quadratic problems. Second, in §5.2 we investigate
the quality of our relax-and-round scheme for low-rank matrix completion problems and compare

with prior literature.

5.1. Semi-Orthogonal Quadratic Optimization

We evaluate the performance of our Shor relaxation and Algorithm 2 for semi-orthogonal quadratic
optimization problems (4). For fixed (n,m), we generate a random semidefinite matrix A= BB €
S where the entries of B € R"»m*10 are standard independent random variables. We solve the
Shor relaxation (9) and sample N =100 feasible solutions from Algorithm 2. For comparison, we
also implement the following benchmarks:
1. We sample N solutions uniformly at random (Uniform, as analyzed in Section 2.4).
2. We sample N solutions using Algorithm 2 but generate Q by projecting the rectangular matrix
G onto the set of semi-orthogonal matrices directly (Algorithm 2 with projection).
3. We sample N solutions by applying a deflation heuristic (Deflation, described in Section EC.5).
4. We follow the heuristic in Burer and Park (2024), namely, we project the reshaped leading
eigenvector of W* (Burer and Park).
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Figure 1  Average performance ratio (A, vec(Q)vec(Q)")/(A, W*) over N = 100 generated solutions for different
feasibility heuristics. Note that the method of Burer and Park (2024) is deterministic (always returns

the same solution for a given instance). For each value of m, results are averaged over 5 instances.

We consider n =50 and m € {1,2,5,10, 15, 20, 25,30, 50}. We generate five instances for each (n,m).

Figure 1 compares the average performance ratio (A, EN [vec(Q)vec(Q)T )/(A, W*), for these
five algorithms. Confirming our theoretical analysis, we observe that the average performance ratio
degrades as m increases. We also observe that our Algorithm 2 strongly outperforms Deflation and
Uniform —theoretically, Uniform and Deflation achieve a 1/nm- and 1/m?2-performance guarantee
respectively (Proposition 3 and EC.4). A crucial step in the theoretical analysis of Algorithm 2 is
the fact that we generate a feasible matrix @ from a randomly generated matrix G, by randomly
switching the singular values of G to +1. Instead, we find that using a deterministic projection
(Alg. 2 with projection) leads to much stronger performance, comparable to that of the heuristic
in Burer and Park (2024). However, as observed in Section 2.5, our analysis cannot be easily
generalized to such deterministic projection schemes.

In practice, one might be interested in the performance of the best solution found, rather than
the average performance over N solutions. Figure 2 reports the best performance of each method,
and shows that the relative ordering of the methods remains unchanged, although the difference

in performance between methods shrinks.

5.2. Low-Rank Matrix Completion

In this section, we evaluate the performance of Algorithm 3 on synthetic low-rank matrix completion
instances. We use the data generation process of Candes and Recht (2009): We construct a matrix
of observations, Ay € R™*™, from a rank-r model: Ay = UV + € Z, where the entries of U €

R™" V e R™™ and Z € R**™ are drawn independently from a standard normal distribution, and
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Figure 2  Performance ratio (A,vec(Q)vec(Q)")/(A, W*) of the best out of N = 100 solutions for different
feasibility heuristics. Note that the method of Burer and Park (2024) only returns one solution. For

each value of m, results are averaged over 5 instances.

€ > 0 models the degree of noise. We fix e =0.1,m =n and r =2 for all experiments. We sample
a random subset 2 C [n] X [m], of predefined size (see also Candes and Recht 2009, section 1.1.2).
Each result reported in this section is averaged over 10 random seeds.

We first evaluate the quality of our new relaxations, compared with the matrix perspective
relaxation of Bertsimas et al. (2023c, MPRT). Unfortunately, MPRT does not apply to (21) as it
requires a Frobenius regularization term in the objective. Hence, instead of (21), we consider

X 217”X|!2F + % (i;Q(Aw‘ —X;;)? s.t. rank(X) <.
for some regularization parameter v > 0. As v — oo, we recover the solution of (21). We compare the
(lower) bounds obtained by three different approaches: MPRT, our full Shor relaxation (16) with
the permutation equalities (19), hereafter denoted “Shor-Perm”, and our compact Shor relaxation
(23) (“Shor-Red”). Figure 3 reports the lower bounds achieved by each approach —in relative
terms compared with an upper bound achieved by the alternating minimization method of Burer
and Monteiro (2003) initialized with a truncated SVD of P(A) (absolute values are reported in
Figures EC.1-EC.2)— as v increases, for different proportion of entries sampled p = |Q2|/mn (n =8
being fixed). Supporting Proposition 5, we observe that Shor-Perm and Shor-Red obtain smaller
optimality gaps than MPRT, for all values of 7, and that the benefit increases as the fraction of
sampled entries p increases. In particular, when p = 0.95, there is a regime of values of v (around
10?) where both Shor relaxations are tight (as evidenced by a gap of 0%), while MPRT is not.

In addition, as 7 increases, MPRT achieves an uninformative gap of 100% (by returning a trivial

lower bound of 0, see Figure EC.1), while our Shor relaxations provide non-trivial bounds (and



Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization

26
1.0 S 1.0 o — 0 —0 —o
= -
—e MPRT /I/ —e MPRT Phd
< -Shor-Perm o < -Shor-Perm o
s 0.8 |—® -Shor-Red /F s 0.8 |—® -Shor-Red /
S / S /
3 » 3 /
Z06f v 206l »
= = /
g / g /
30-4’ 30.47 /5/.5—-'5
Z 3 z ’ A
3 P 3 / -
@ 0.2 @€ 0.2f / Sl
/,., < e g/
& s 5
0.0% : : : ; o.ot——8 @—u= : ‘ ;
10t 107 10° 10* 10° 10° 10" 107 10° 10 10° 10°
¥ v
(a) p=0.5 (b) p=10.95
Figure 3 Relative gap obtained with different relaxations of the regularized matrix completion problem as we

vary . We fix n =8. Results are averaged over 10 replications.

gaps). From this experiment, it seems that imposing the permutation equalities (19) on W, in
our Shor relaxation (Shor-Perm vs. Shor-Red) does not lead to significantly tighter bounds, while
being computationally much more expensive (see Figure EC.3 for computational times).

Our second experiment investigates the performance of our rounding strategy for the Shor re-
laxations, on the same instances. The relaxation Shor-Perm provides a matrix W, , directly. From
a solution to the compact relaxation Shor-Red, we can reconstruct a matrix W, , using the recon-
struction strategy discussed in Section 3.3. Figure 4 reports the best upper bound found from 1,000
sampled solutions. Interestingly, we observe that while the lower bounds from both relaxations in
Figure 3 are rather similar, Shor-Perm provides a substantial improvement in the quality of the
upper bound obtained, especially for higher values of p. Intuitively, this can be explained by the
fact that the constraints (19) ensure that the sampled solution Y is symmetric almost surely, hence
is closer to being feasible. However, the matrix W, , recovered from Shor-Red does not satisfy
these constraints. To support this intuition, we consider a third approach where we project the
matrix W, , recovered from (19) onto the set {W € ST : W = K,,,,2WK, } before sampling
(“Shor-Red-Proj”). As displayed on the right panel of Figure 4, this additional projection step
improves the quality of the solutions sampled from Shor-Red further, without significant additional
computational cost, thus we use this projection technique for the rest of our numerics.

On the same instances, our third experiment compares Goemans-Williamson rounding with two
other methods for generating feasible solutions: taking a truncated SVD of the MPRT relaxation (as
advocated in Bertsimas et al. 2023c, “MPRT + Greedy”) and alternating minimization initialized
with a truncated SVD of P(A) (“AM”). Figure 5 depicts the upper bounds achieved by each
method. Among the rounding-based schemes, we observe that Goemans-Williamson rounding on

Shor-Perm performs significantly better than MPRT + Greedy when p = 0.5 and comparably
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Figure 5 Average quality of feasible methods as we vary -, for GW rounding on the full Shor relaxation (“GW-

Full”), on the reduced relaxation with projecting W, , (“GW-Red-Proj”), greedily rounding the matrix
perspective relaxation (“MPRT-GD”), and alternating minimization (“AM”).

when p =0.95. The alternating minimization method of Burer and Monteiro (2003) is generally

the best-performing method, except for instances with p = 0.5 and ~ > 10*. For these particularly

challenging instances, which have many local optima, our Goemans-Williamson rounding could

serve as an alternative or the initialization of the AM algorithm.

Our final experiment benchmarks the scalability of our reduced Shor relaxation and Goemans-

Williamson rounding as we vary n = m with the proportion of entries fixed at p = 0.5. We set

v =10*/n?. We report the average upper and lower bound (divided by n? so that quantities have

the same meaning as we vary n; left) and the average computational time (right) in Figure 6. We

also report the average objective value obtained by alternating minimization as a baseline. Note

that we do not consider the full Shor relaxation in this experiment, as it requires more RAM than

is available for these experiments when n =10. For any n € {4,...,42}, the Shor relaxation can be
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solved in seconds, while when n > 44, Mosek runs out of RAM. Moreover, the lower bound from

the Shor relaxation is tight for n > 18, although only alternating minimization matches the bound.
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Figure 6  Objective value (left panel) and runtime for Shor-Red-Proj (right panel) as we vary n =m with p=10.5
for our reduced Shor relaxation followed by Goemans-Williamson rounding. Results are averaged over

10 replications.

6. Conclusion

This paper proposes a new technique for relaxing and rounding quadratic optimization problems
over semi-orthogonal matrices, and generalizes it to a broader class of low-rank optimization prob-
lems. We obtain a new semidefinite relaxation by vectorizing the matrices and modeling the outer
product of this vectorization with itself. By exploiting problem structure to eliminate most of the
variables in our semidefinite relaxations, we show how to solve our relaxation efficiently. By in-
terpreting the new decision variables in these relaxations as the second moment of a multivariate
Gaussian distribution, we propose a sampling procedure, reminiscent of the Goemans-Williamson
algorithm for BQO, which, as demonstrated throughout our numerical experiments, obtains high-

quality solutions to low-rank problems in polynomial time.

Endnotes

1. Imposing the constraint rank() WD) <m, which is equivalent to a rank-one constraint

1€[m]

on W under trace and < I,, constraints, would also suffice.
2. Explicitly, this follows from Pataki (1998, theorem 2.2). After introducing a slack matrix S

for the semidefinite inequality 37, ., WD <. ie., writing S =1, — 5 W) we have

1€[m]

m(m-+1)/2+n(n+1)/2 scalar inequalities. Thus, there exists some optimal solution (W,.S) with
rank(W)(rank(W) + 1)/2 + rank(S)(rank(S) + 1)/2 < m(m + 1)/2 + n(n + 1)/2, which implies
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rank(W)(rank(W)+1)/2 <m(m+1)/2+n(n+1)/2. Since m(m+1)/2+n(n+1)/2 < (n+m)(n+
m+1)/2, this implies rank(W') <n +m.

3. First, as we showin Section EC.4.2, the Kronecker constraints of Burer and Park (2024) do not
rule out any feasible matrices W that are diagonal. We show in Theorem 2 that for m =1 there
exists a worst-case W* which is diagonal for each n. Thus, Kronecker constraints cannot improve
the worst-case approximation ratio when m = 1. Second, Kronecker constraints would also not rule
out the family of worst-case instances identified in Proposition 2, because they do not rule out
any matrices W where each block matrix W (/) is rank-one, as occurs for that family of instances
(see Section EC.4.2). Thus, Kronecker constraints cannot improve the order of our approximation
guarantee.

4. One may also be tempted to impose the inequalities AW, , AT + bb" = bvec(X)T A +
Avec(X)b'" but they are actually implied by W, , = vec(X ")vec(X )T and Avec(X) <b.

References
Bandeira AS, Kennedy C, Singer A (2016) Approximating the little Grothendieck problem over the orthogonal and
unitary groups. Mathematical Programming 160:433-475.

Bao X, Sahinidis NV, Tawarmalani M (2011) Semidefinite relaxations for quadratically constrained quadratic pro-

gramming: A review and comparisons. Mathematical Programming 129:129-157.

Barak B, Kelner JA, Steurer D (2014) Rounding sum-of-squares relaxations. Proceedings of the Forty-Sizth Annual
ACM Symposium on Theory of Computing, 31-40.

Barratt S (2018) A matrix Gaussian distribution. arXiv preprint arXiw:1804.11010 .

Barvinok A (2001) A remark on the rank of positive semidefinite matrices subject to affine constraints. Discrete &

Computational Geometry 25(1):23-31.

Bell RM, Koren Y (2007) Lessons from the Netflix prize challenge. ACM SIGKDD Ezxplorations Newsletter 9(2):75-79.

Ben-Tal A, Nemirovski A (2002) On tractable approximations of uncertain linear matrix inequalities affected by
interval uncertainty. STAM Journal on Optimization 12(3):811-833.

Bertsimas D, Copenhaver MS, Mazumder R (2017) Certifiably optimal low rank factor analysis. Journal of Machine
Learning Research 18(29):1-53.

Bertsimas D, Cory-Wright R, Johnson NA (2023a) Sparse plus low rank matrix decomposition: A discrete optimization
approach. Journal of Machine Learning Research 24(1):12478-12528.

Bertsimas D, Cory-Wright R, Lo S, Pauphilet J (2023b) Optimal low-rank matrix completion: Semidefinite relaxations
and eigenvector disjunctions. arXiv preprint arXiv:2305.12292 .

Bertsimas D, Cory-Wright R, Pauphilet J (2022) Mixed-projection conic optimization: A new paradigm for modeling
rank constraints. Operations Research 70(6):3321-3344.

Bertsimas D, Cory-Wright R, Pauphilet J (2023c) A new perspective on low-rank optimization. Mathematical Pro-
grammang 202:47-92.

Bertsimas D, Ye Y (1998) Semidefinite relaxations, multivariate normal distributions, and order statistics. Handbook

of Combinatorial Optimization, 1473-1491 (Springer).



Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization

30

Bolla M, Michaletzky G, Tusnddy G, Ziermann M (1998) Extrema of sums of heterogeneous quadratic forms. Linear
Algebra and its Applications 269(1-3):331-365.

Boyd S, El Ghaoui L, Feron E, Balakrishnan V (1994) Linear Matriz Inequalities in System and Control Theory
(SIAM).

Briét J, Buhrman H, Toner B (2011) A generalized Grothendieck inequality and nonlocal correlations that require
high entanglement. Communications in Mathematical Physics 305(3):827-843.

Briét J, de Oliveira Filho FM, Vallentin F (2010) The positive semidefinite Grothendieck problem with rank constraint.

International Colloquium on Automata, Languages, and Programming, 31-42 (Springer).

Burer S, Monteiro RD (2003) A nonlinear programming algorithm for solving semidefinite programs via low-rank

factorization. Mathematical Programming 95(2):329-357.

Burer S, Park K (2024) A strengthened SDP relaxation for quadratic optimization over the Stiefel manifold. Journal
of Optimization Theory and Applications 202(1):320-339.

Candes EJ, Recht B (2009) Exact matrix completion via convex optimization. Foundations of Computational Math-

ematics 9(6):717-772.

Chen Y, Ye Y, Wang M (2019) Approximation hardness for a class of sparse optimization problems. Journal of
Machine Learning Research 20(38):1-27.

Cory-Wright R, Pauphilet J (2022) Sparse PCA with multiple components. arXiv preprint arXiw:2209.14790 .

Dong H, Chen K, Linderoth J (2015) Regularization vs. relaxation: A conic optimization perspective of statistical
variable selection. arXiv preprint arXiw:1510.06083 .

d’Aspremont A, Boyd S (2003) Relaxations and randomized methods for nonconvex QCQPs. EE3920 Class Notes,
Stanford University 1:1-16.

Gillis N, Glineur F (2011) Low-rank matrix approximation with weights or missing data is NP-hard. SIAM Journal
on Matriz Analysis and Applications 32(4):1149-1165.

Gilman K, Burer S, Balzano L (2022) A semidefinite relaxation for sums of heterogeneous quadratics on the Stiefel
manifold. arXiv preprint arXiv:2205.13653 .

Goemans MX, Williamson DP (1995) Improved approximation algorithms for maximum cut and satisfiability prob-
lems using semidefinite programming. Journal of the ACM (JACM) 42(6):1115-1145.

Grimmett G, Stirzaker D (2020) Probability and Random Processes (Oxford University Press).

Gupta AK, Nagar DK (2018) Matriz Variate Distributions (Chapman and Hall/CRC).

Kim J, Tawarmalani M, Richard JPP (2022) Convexification of permutation-invariant sets and an application to
sparse principal component analysis. Mathematics of Operations Research T4(4):2547-2584.

Lai Z, Lim LH, Tang T (2025) Stiefel optimization is NP-hard. arXiv preprint arXiv:2507.02839 .

LiY, Xie W (2024) On the partial convexification of the low-rank spectral optimization: Rank bounds and algorithms.
International Conference on Integer Programming and Combinatorial Optimization, 265-279 (Springer).

Luo ZQ, Ma WK, So AMC, Ye Y, Zhang S (2010) Semidefinite relaxation of quadratic optimization problems. IEEE
Signal Processing Magazine 27(3):20-34.

Magnus JR, Neudecker H (1979) The commutation matrix: some properties and applications. The Annals of Statistics
7(2):381-394.

Meckes ES (2019) The Random Matriz Theory of the Classical Compact Groups, volume 218 (Cambridge University

Press).



Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization

31

Negahban S, Wainwright MJ (2011) Estimation of (near) low-rank matrices with noise and high-dimensional scaling.

Annals of Statistics 39:1069-1097.

Nemirovski A (2007) Sums of random symmetric matrices and quadratic optimization under orthogonality constraints.
Mathematical Programming 109(2-3):283-317.

Nesterov Y (1998) Semidefinite relaxation and nonconvex quadratic optimization. Optimization Methods and Software
9(1-3):141-160.

Overton ML, Womersley RS (1992) On the sum of the largest eigenvalues of a symmetric matrix. SIAM Journal on
Matriz Analysis and Applications 13(1):41-45.

Pataki G (1998) On the rank of extreme matrices in semidefinite programs and the multiplicity of optimal eigenvalues.

Mathematics of Operations Research 23(2):339-358.

Recht B, Fazel M, Parrilo PA (2010) Guaranteed minimum-rank solutions of linear matrix equations via nuclear norm

minimization. STAM Review 52(3):471-501.

Rehfeldt D, Koch T, Shinano Y (2023) Faster exact solution of sparse MaxCut and QUBO problems. Mathematical
Programming Computation 15(3):445-470.

Shor NZ (1987) Quadratic optimization problems. Soviet Journal of Computer and Systems Sciences 25:1-11.

So AMC (2009) Improved approximation bound for quadratic optimization problems with orthogonality constraints.
Proceedings of the twentieth Annual ACM-SIAM Symposium on Discrete Algorithms, 1201-1209 (SIAM).

Wang AL, Kiling-Karzan F (2022) On the tightness of SDP relaxations of QCQPs. Mathematical Programming
193(1):33-73.

Williamson DP, Shmoys DB (2011) The Design of Approzimation Algorithms (Cambridge University Press).

Wolkowicz H, Saigal R, Vandenberghe L (1998) Handbook of Semidefinite Programming: Theory, Algorithms, and

Applications, volume 27 (Springer Science & Business Media).



e-companion to Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization ecl

Supplementary Material

EC.1. Goemans-Williamson and Logically Constrained Optimization

To build intuition for readers familiar with the mixed-integer optimization literature, we review,
in this section, how the classical Goemans-Williamson algorithm for BQO has been generalized to
mixed-integer optimization problems. Precisely, we review a semidefinite relaxation and randomized
rounding scheme for logically constrained problems, which prepares the ground for the extension
of the semidefinite relaxation and randomized rounding scheme from Section 2 to rank-constrained
optimization in Section 3. Our algorithmics and some of our proof techniques in the main paper
follow analogously to the techniques derived in the mixed-integer optimization case. However, with
the exception of some of the proof techniques, the results in this section can be found in the

mixed-integer optimization literature.

EC.1.1. A Shor Relaxation and Its Compact Version

We consider a quadratic optimization problem that unfolds over two stages, as occurs in sparse
regression, portfolio selection, and network design problems; see Bertsimas et al. (2021) for a
review. In the first stage, a decision-maker activates binary variables subject to resource budget
constraints and activation costs. Subsequently, in the second stage, the decision-maker optimizes

over the continuous variables. Formally, we consider the problem

1
min min ¢’ z+ -2 Qr+d x st. Ax <b, x; = zz; Vi€ [n], (EC.1)
z€Zk x€R" 2

where ZF:={z€{0,1}":e"z <k}, Q = 0 is a positive semidefinite matrix, and ¢ € R". Note that
the bilinear constraints x; = z;x; for z; € {0,1} enforces the logical relationships ‘z; =0 if z; =0’.
Problem (EC.1) has a convex quadratic objective function. Therefore, a viable technique for
obtaining a strong convex relaxation is introducing semidefinite matrices to model products of
variables. This technique was first proposed by Shor (1987) in the context of non-convex quadratic
optimization and has since been studied by many other authors; see Han et al. (2022) for a review.

In particular, we introduce the block matrix W € 83" to represent the outer product of Z with

itself. Specifically, we partition W into four blocks: W, ., W, ., W, ., and W, which model

T,z

T T T

xx', zz', xz', and zx ', respectively. With these additional variables, we have the following

semidefinite relaxation for Problem (EC.1):

ProrosiTioN EC.1. The optimization problem

1
min min c'z+-(Q,W,,)+d'x
z€[0,1]7:eT2<k xeR":Az<b 2 ’
wesi (EC.2)

.
s.t. W (i) <z> , diag(W, ) =z, diag(W,.) ==z,
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is a valid convez relazation of Problem (EC.1).

Proof of Proposition EC.1 It suffices to show that any feasible solution to (EC.1) corresponds

to a feasible solution in (EC.2) with the same objective value. To see this, fix z,2 in (EC.1), and

W Woo Woo) [z x !
T\WLW.. ) \z)\z)
Furthermore, (W, ,);, = 27 = z; because z; is binary, and (W,_.);; = z;z; = x;. Hence, the solution

N

set

(z,z,W) is feasible in (EC.2) and attains the same objective value. O

REMARK EC.1. Problem (EC.2) is a relaxation of Problem (EC.1) by allowing z € [0,1]" and by
omitting the rank-1 constraint on W. Reimposing the rank-one constraint obtains an equivalent

reformulation of Problem (EC.1).

REMARK EC.2. We can strengthen Problem (EC.2) by applying the Reformulation-Linearization
Technique (RLT; e.g., Bao et al. 2011) to the linear constraints on x, Ax < b, leading to
AW, AT +bb" >bxr" A+ Axb'. All results follow identically with RLT constraints on (z, W, ).

While Problem (EC.2) is a valid convex relaxation, it may be expensive to solve, because it
involves large semidefinite matrices. Surprisingly, Han et al. (2022) demonstrated that Problem
(EC.2) is equivalent to the so-called “optimal perspective relaxation” originally proposed by Zheng
et al. (2014), Dong et al. (2015), which is much more compact. We now recall this compact re-
laxation and prove its equivalence. We acknowledge that this result has been proven previously
in Han et al. (2022, Theorem 6), in a non-constructive way. Here, we develop a new, constructive

proof for it, which we will be able to extend to rank-constrained optimization.

PRrROPOSITION EC.2. Problem (EC.2) is equivalent to

1
min min cTz+§<Q,X>+dec
z e ! 2< @x RnAwa
o) el sk weR A (EC.3)

st. Xr=zxx', 27 < X,,2,Yi € [n],
Proposition EC.2 leverages our assumption that ¢ > 0 in our statement of (EC.1)—(EC.2) to show
that we can solve the semidefinite relaxation (EC.2) by solving the much smaller semidefinite

optimization problem (EC.3), which only involves one semidefinite variable X € 87, and recon-

+
struct an optimal solution involving W € §2" to (EC.2). Our proof of Proposition EC.2 makes this
reconstruction step explicit.

Proof of Proposition EC.2 We show that any feasible solution to Problem (EC.2) generates a
feasible solution to (EC.3) with an equal or lower objective and vice versa.

First, we consider a feasible solution to (EC.2), (2,2, W), and show that the solution (z,x, X) =

(z,2,W, ) is a feasible solution to (EC.3), with the same objective value. To establish feasibility,
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we only need to verify that J:f < Xz, since the remaining constraints in (EC.3) are present
in (EC.2). From the non-negativity of the 2 x 2 minors of the semidefinite matrix W, we have
(Wa2)ii( W )i > (W,.)7,. Substituting the identities (W, .);; = 2; and (W, .);; = 2; yields the
result.

Next, consider a feasible solution (x,z,X) to (EC.3). Observe that the constraint z? < X ;z;
imposes x; =0 if X;, =0. Since ¢ > 0, it follows that, if the constraint z;X;; > 27 is not binding
for some index i, we can decrease z; without impacting feasibility or worsening the objective value.
Accordingly, we can assume z; =27 /X, ; without loss of generality (with the convention 0/0 =0 so

that z; =0 if X;;, =0). We now define a matrix W such that (z,x, W) is feasible for (EC.2) and

achieves the same objective value. Observe that the matrix M

1 27 2T 1 0 Ny '

z X W,.| =0 1, (w X) 0o I,

2z W,/ W, 0 Diag(u) 0 Diag(u)
M

z;

Xii

with u; = if X;,; >0 and 0 otherwise, is positive semidefinite as a positive semidefinite matrix,

left and right multiplied by a matrix and the same matrix transposed. Hence, we consider the

matrices W, ,, W, . as defined above. Moreover, we note that the vector z defined as a block of
22

Xiyi

the matrix M is equal to our original z. Indeed, (Diag(u)x); = (xou); = = z;.
To complete the proof, we verify that M gives a feasible solution to (EC.2). First, by the Schur

complement lemma, we have

.
| oo (X W, Y ("
M = 0 if and only if W = <W,T sz> = <z> <z> '

Second, by the definition of W, ,, we have

2
T X
(WZ,Z)Z’L = Xlﬂuzg = Xii 1 ) > 0 _
0 if X;,=0

because z?/X;; = z;. Finally, by the definition of W, ., we have

(Wrz)ii:Xiiui: v 1 i =x;.
’ ’ 0 if X, =0
Therefore, (z,x, W) is feasible in (EC.3) and attains an equal objective value. O

We close this section by pointing out that Proposition EC.2 does not imply that Problem (EC.2)
cannot be useful in practice. Indeed, the variables W, , and W, ., enable to express constraints
that further tighten the relaxation. For example, one can tighten Problem (EC.2)’s relaxation
by imposing the so-called triangle inequalities on (z,W..), as derived by Padberg (1989). As
we demonstrate via a simple sparse linear regression example in Section EC.1.3, the equivalence

demonstrated in Proposition EC.2 does not hold in the presence of these triangle inequalities.
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EC.1.2. Goemans-Williamson Rounding for Logically Constrained Optimization

The equivalence result in Proposition EC.2 reveals that it is possible to reconstruct an optimal
W, . given an optimal solution to the semidefinite relaxation (EC.3) that involves z,x, X =W, ,
only. This raises the following research question: how to use the reconstructed solution W, . as part
of a rounding scheme for constructing a high-quality solution to (EC.1). To answer this question,
Dong et al. (2015) observe, in the context of sparse regression, that the variable & being fixed,
the objective function in Problem (EC.1) is quadratic in z, given that x; = z;x;. This observation
suggests that the rounding mechanism of Goemans and Williamson (1995) is a good candidate
for generating high-quality feasible solutions z to (EC.1). In particular, rounding for a binary z
using a Goemans-Williamson scheme, then solving for & with z being fixed to z. Accordingly,
we now describe a Goemans-Williamson rounding to logically constrained quadratic optimization

problems, in Algorithm EC.1 (see also Dong et al. (2015)).

Algorithm EC.1 Goemans-Williamson Rounding for Logically Constrained Optimization

Compute solution z*, W _ either by solving (EC.2), or solving(EC.3) and reconstructing W .
Sample z ~ M(z*, W, —z*2*T)
Construct z € {0,1}": z; = Round(%;).

Compute (Z), an optimal @ given z by solving

1
min §wTQw +d'xst. Az <b, 2;,=0if 2Z,=0,Vi € [n]

xcR?

return z, &(2)

We remark that 2 is sampled according to a normal distribution with covariance matrix W _ —
z*z*" in Algorithm EC.1 to ensure that E[22T] = W _, and thus the random solution 2 is feasible
and has an objective value equal to the optimal value of the semidefinite relaxation in expectation.

Unfortunately, it is challenging to produce a constant-factor approximation guarantee for Al-
gorithm EC.1, as discussed for the case of sparse linear regression by Dong et al. (2015). This
is perhaps unsurprising, indeed, solving logically constrained quadratic optimization problems is
strongly NP-hard (Chen et al. 2019). Nonetheless, the Goemans-Williamson algorithm is useful in
practice even in settings where we cannot obtain constant-factor theoretical guarantees.

In the main paper, we extend the Goemans-Williamson approach to logically constrained
quadratic optimization, mirroring the extension to further generalize our Shor relaxation and

Goemans-Williamson sampling scheme for semi-orthogonal quadratic optimization to low-rank

quadratic optimization problems.
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EC.1.3. Non-Equivalence of Shor and Optimal Perspective Relaxations

Consider a sparse linear regression problem setting of the form

min || X3 -yl st. 18]l <k,

BERP
and its two semidefinite relaxations: (a) Problem (EC.2) reinforced with the triangle inequalities
zitzi+a<Z i+ Zipy+Zjp+1 Vi, j, k € [n],

Zii+ 2w <zi+Zjy Vi, j, k € [n],
and (b) the more compact semidefinite relaxation (EC.3), which as proven in Proposition EC.2 is

equivalent to Problem (EC.2) (without the triangle inequalities).
Let the problem data be p=6,n=8,k =3 and

1.04 097 035 0.34 0.04 0.62 0.43

1.13 1.08 0.66 0.78 0.85 0.45 0.84

1.50 254 1.73 0.11 —1.06 —0.41 1.15

X — 0.65 —1.42 —1.52 —1.03 —0.11 0.81 | —2.22
~ 049 —1.17 -158 060 070 153 [ YT |-1.44
0.51 —1.34 —1.53 0.07 —0.10 0.17 —1.94

0.81 2.63 —-0.90 1.73 136 1.73 —3.18

0.76 0.71 0.08 —0.20 —0.57 —0.13 —2.44

Then, using Mosek version 10.2 to solve all relaxations and Gurobi version 10.0.2 to solve the
mixed-integer problem:

e Relaxation (a) has an optimal objective value of 1.45886.

e Relaxation (b) has an optimal objective value of 1.4118.

e The original MINLO has an optimal objective value of 1.5336.

Thus, the Shor relaxation with triangle inequalities and the more compact semidefinite relaxation

are not equivalent.

EC.2. Connection with Binary Quadratic Optimization and the Original
Goemans-Williamson Algorithm

We now connect our quadratic semi-orthogonal optimization problem (4), its semidefinite relaxation
(9), and our rounding algorithm (Algorithm 2) to the canonical binary quadratic optimization
problem.

Consider a binary quadratic optimization problem (1). For each i =1,...,n, define u; = z;e;. By
construction, we have u, u; =0 if i # j and u, w; = 2? = 1. With this notation,

2'Qz= Z Qi 2% = Z u/ e;Q; el u; = Zu:A(i’j)uj,
4,J i, ]

with A®9) = Qi,je,;ejT. In particular, we have that Q@ = 0 <= A > 0. Hence, in the variable

U =u;- - u,] € R"" we have a quadratic semi-orthogonal problem of the form (4). We have the
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additional constraints that each vector w; is colinear to e;, i.e., constraints of the form U;; =0 for
J#i

We introduce the variable W = vec(U)vec(U)" and write the semidefinite relaxation (9). The
constraints on the support of U further impose that each block of W is of the form W) =
Z; je:e] . The objective of (9) can thus be written as

<A7 W> = Z<A(i7j)’ W(i’j)> = Z Qi,jZi,jv
1,5 4,J

and the constraints on the matrix W are equivalent to:

W >=0: Z >0,
tI‘(W(j’j/)) = 5_7',3‘/ : Zj,j = 1,
> WO, Diag(Zy1,..., Zny) =< I,.
i€[n]

So, we recover the semidefinite relaxation of BQO, (2), exactly.

Consider a solution to the semidefinite relaxation (9), W*, and Z* such that W*(i9) = Zi*}jeiejT.
By sampling vec(G) ~ N (0, W*), the sparsity pattern of W* implies that each column of G, g;,
is of the form g; = y;e;, with y ~ AN (0, Z*). In this case, the matrix G is diagonal and its SVD can
be written

|y1\ Sign(yl)
G=UXV':=1I, : :

|Yn] sign(yn)
We then generate @ = UDV T for some random diagonal matrix D. Each column of @, g;, can
be expressed as q; = D, ;sign(y;)e; and we can identify the feasible solution to the BQO problem
as Z; = D, ;sign(y;). If we had taken D = I,, in Algorithm 2, then we would get g, = sign(y;)e;,
i.e., z; =sign(y;), which is precisely the original Goemans-Williamson algorithm (Algorithm 1).

Instead, D, ; € {£1} is sampled at random with

B =1) = (142 ) =L (14 LY,
2 O max 2 max; |y, |

We can interpret our algorithm as a regularization of the Goemans-Williamson procedure. If |y;]|

is very large, then we would get D, ; =1 with high probability, and we would follow the Goemans-
Williamson rounding rule Z; = sign(y;) closely. On the other hand, if |y;| is close to 0, we disregard

the sign of y; and instead sample 2; = £1 with probability 0.5
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EC.3. Technical Appendix to Section 2
EC.3.1. Bounding the Largest Singular Values of the Stochastic Matrix G

In this section, we prove concentration results on 0y, (G) (Lemma 1).

As described in Section 2.2, in our implementation of Algorithm 2, we sample vec(G) ~
N (0, W) as vec(G) =3, .,y vec(By) 2, with 2 ~N(0,,I,) and W* =37, . vec(By) vec(By) "
a Cholesky decomposition of W* This construction interprets G as a matrix series, G =
Zkem Bz, as studied in the statistics literature (see, e.g., Tropp 2015).

To analyze the behavior of 0,,..(G), it is important to understand the spectral behavior of

Zk: B;Bk and Zk B]CBI;r

LEmMA EC.1. Let W be a feasible solution of (9) and consider a Cholesky decomposition of W,
W =2 iew vee(Bs) vec(By,)" with r =rank(W) and By, € R"™*™. Then, we have
ZB,jBk =1I,, and Z B.B, <1I,,.
k kelr]
Proof of Lemma EC.1 Noting that W) = 2 kelr] Bie;e] B, , we have

(Z BkTBk> = Z e B, Bye; =tr(W(9),
k T

%7 kE[ ]
and Y ByB] =Y Y Biee/B] => Wi
[m]

ke(r] ke[r]i€[m i€[m]
The fact that W satisfies the constraints in (9) concludes the proof. O

We can now prove Lemma 1.

Proof of Lemma 1 For the first inequality, we use the simple bound ¢,,..(G)? < ||G||%. Then,
we have E[|G|%] =tr(E[GTG]) =tr (3, By By) =m. Hence, E [0, (G)?] < m.

For the second bound, this is a consequence of tail bounds for Gaussian matrix series. While
typical results provide a logarithmic dependency in (n+ m) (see equation (4.1.7) in Tropp 2015),
we can obtain bounds that only depend on m by leveraging the fact that the matrix ., BB/,
although n x n, has trace m < n. Specifically, to apply theorem 1 of Gao et al. (2024), we first

define the following Hermitian Gaussian series

k
k

By construction, 0,.(G) = Amax(Y') and

S az- S.BiBl 0
. 0 Y,BIB,.
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From Lemma EC.1, we have >, A} < I, S0 Amax(D.. A7) < 1. Furthermore, tr(}, A7) =
2tr(>°, By By) = 2m. Then, according to the proof of theorem 1 in Gao et al. (2024), for any
t,0 >0, we have (equation 22),
/2 _ 1
P(0max(G) > 1) =P (Apax (Y) > 1) < (2m)ﬁ.
Taking 6 =t and using the fact that ;2 _11 = —11- 7= 1
P (0umax(G) > 1) < (2m)e" 2,

as claimed. Finally, to convert this tail bound into a bound on E[o,,.,(G)?] we use the characteri-

H

zation of the expected value for non-negative random variables:
E[0max(G)?] :/ P (0max(G)? > t) dt:/ P (amax(G) > \/7?) dt
0 0
:/ P (0(G) > V1) dt+/ P (0x(G) 2 Vi)
0

T

with 7 :=2log(2m) (such that 2me~7/2 =1). We bound the probability in the first integral by 1.

For the second integral, we have from our tail bound

/ P (amax(G) > \/i) dt < (2m) / e~ t2dt = (2m) [—ZG*WKO =2
All together, we get E[o,..(G)?] <7+ 2=2log(2m) + 2. O

EC.3.2. Proof of Proposition 2

In this section, we construct an example of a matrix W for which Algorithm 2 cannot achieve a
performance guarantee that scales better than 1/logm.
Consider m orthonormal vectors uy,...,u,, and apply Algorithm 2 with a covariance matrix W

defined as

WD = uiuj, and W) = au,;ujT,
for some « € (0,1). This matrix satisfies all the constraints of the semidefinite relaxation (9). The

columns of the matrix G generated by Algorithm 2 are of the form
g; = ziu;, with z~N (0, (1—a)l, + aeeT) .
The SVD of G is precisely
|21 sign(21)
G=U )
|2m| sign(zm)
Hence, 0,,.x = max; |2;|? and the columns of the matrix @ are of the form

1 + |Zi|/0max



e-companion to Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization ec9

In particular, ¢;q,; =w,u, a.s., and conditioned on z, we have

|2ill2;]
B [00] |2] = BRI E 02l ue] = 5 .
Let us denote b,,(a) := E{wm} If there exists a constant S > 0 such that
maXyg |2k

Elvec(Q) vec(Q)"] = SW, then, applying it to the vector vec(U), we get

14+ by, (a)(m—1)

(L+bn(a)(m—1))m >B(1+a(m—1))m, ie, 1+a(m—1)

bm(a)

=B

In other words, for large values of m, =0 < ) Let us assume for now that there exists a

constant C,, > 0 such that

C
b < -
7n(a) — logm7

(EC.4)

then it rules out the existence of a constant  that vanishes to 0 as m — +oo slower than 1/logm,
thus ensuring that our analysis of Algorithm 2 is tight (in terms of dependency on m).

Proof of Equation (EC.4) For any a >0,

maxy | zx|? maxy |2k & maxy |22 "k
E
3 a

where the inequality follows from the fact that |2;||25|/max;, |2;]|? < 1. We control each term sepa-
rately.

For the first term, let us write each random variable z; as z, = v/1 — oy, + Vvag with y ~N(0,1,,)
and g ~N(0,1) independent from y. Conditioned on g, we have z|g ~ N (y/ag,(1—«)I,,), i.e., the

zi’s are i.i.d. Hence, conditioning on g, we have for the tail probability:
P (mgx |2 |* < a\g) =P (|zf* <a,Vklg) = [ [P (|z] < Valg) =P (|2 < Va)™
k
with z ~ N (y/ag,1 —a). Denote p(g) :=P(|z| < a) =P (|]N(yag,1 — a)| < +/a). Observe that, for
any « and any a > 0, the function g+ p(g) is maximized at g =0. Hence, we have
P(|2| < v/a)™ =p(g)™ < p(0)™
Furthermore,
p(0) =P (IN(0,1—a)| < +va) =1-2P (N(0,1—a) < —V/a)
and, denoting t =a/v/1 — a, we have

1 —t/2 S I 1 o—t/2.

1
2\/%\/%“/\/%6 T Vom2vt ]

P(N(0,1-0a)<—va) =P(N(©0,1)<—Vi)
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see (Vershynin 2018, Proposition 2.1.2) for a proof of the first inequality. Taking a =2v/1—a/ (1 —
€)logm for some € € (0,1), i.e., t=2(1 —€)logm yields
1 1

PN(0.1-a)<—a)> =0 1—e)logm

m— (1),

and finally, we get

P (ml?x|zk\2 < a|g> <(1-2P(N(0,1—a) < —a))™

<exp(—2mP (N (0,1 —a) < —a))

1 1 .
= o (‘Mwm>‘

Taking the expectation over g, we obtain

P (mkax|zk\2 <a> =K [IP’ <m}z€1x]zk|2 < a\g)] <exp (

1 1
N V(1—e€) logmm6> '
For the second term, (z1,22) is a two-dimensional Gaussian vector with unit variance and corre-
lation a. We have E[|z12,|] = E[|21|22]] < v/E[z3]/E[23] = 1.
All together, we have

E[ 21|22

E[[z1]|ze]]
maxy, | zx|? a

] < P(m’?x |2* < a) +

1 1 1
<exp| — me | + .
p( 27 /(=) logm ) 2v1—a(l —¢)logm
For any value of ¢, we must have m® > 2,/ (1 — €) logm (loglog m) for sufficiently large m, in which

case we have

Y; 1 1
E i < + ,
[maxk\ykP} “logm = 2y/1—a(l—¢€)logm
which proves Equation (EC.4). O

EC.3.3. Proof of Theorem 2

In this section, we prove Theorem 2. Actually, we will obtain Theorem 2 as a special case of a more

general performance guarantee for Algorithm 2, which we now formally state and prove.

THEOREM EC.1. Let G € R™™ be a Gaussian matrix generated by Algorithm 2. Then, for any
T>0 and § €(0,1), G satisfies the inequality:

R T G

—2T log(6m/¢)

(1 . ﬁ)) w*, (EC.5)

with

T 11—\ —(nm—1)/2
B (T) = min}/ <1+2tm 1) (14 2tmA)~*/2dt.
0

A€(0,1 nm —
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We can numerically optimize for 7' >, ¢ € (0, 1) to compute the tightest constant and better evaluate
the performance of our algorithm. We recover Theorem 2 by setting T = oco. Qualitatively, we

recover the same ©(1/logm) asymptotic regime as Theorem 1 by taking T'=0:

vec(G)vec(G) " 1-06 .
E{ Omax (G)? ] - 210g(m)+210g(6/(5)W ’

which scales like 1/(2logm).

Proof of Theorem EC.1 For any T >0, we can write

1 T oo
= / e tomex(G) g 4 / e tomax( @7 gt (EC.6)
t

Tmax(G)? =0 t=T

By Tonelli’s theorem (e.g., Grimmett and Stirzaker 2020), and using non-negativity of each term

in the integral, this leads to

E [VeC(G)VeC(G)T} - /t : E[vec(G)vec(G) T e~ trm(@] gt 1 /t " Efvec(G)vee(G) e trm(@?| gy

Urrlax(G)2 =0 =T

J(T) Jo(T)

The rest of the proof follows by deriving lower bounds for each integral J;(7T") and Jo(T'), and
combining them. We obtain a bound that is valid for any 7" > 0, and thus can be optimized with
respect to T' to obtain the tightest possible lower bound.

Lower bound on J,(T): We use the operator bound o,,.,(G)? < ||G||% to obtain
T
Ji (T> = / E[V@C(G)vec(G)Te*tHGH%dt.
t=0

The inner expectation can be computed analytically: Denote r = rank(W*) < nm and consider
an eigenvalue decomposition of W*, W* = HAH'. We have the multivariate normal identity

vec(G) = HAY?z, with z ~ N(0,,I,) and thus
E[vec(G)vec(G) " exp(—t|G||%)] = HAV?E[zz" exp(—tz Az)|AV?H'.

Furthermore,

1 T
Elzz" exp(—tz"Az)] = (%Tl)rm/zzT etz Azem5E 2, \/det(Inlm i) (I +2tA) 71,
by completing the square. So, the first integral is lower bounded by
1
L., +2tA)

Indeed, if there existed a scalar > 0 such that B = SI,., then we could conclude that J, (T") = SW™*.

(I, +2tA)~'dt.

T
HAY?BAY?HT with B ;_/
o /det(

To find such B, observe that B is a diagonal matrix with diagonal entries

T r
/ IT (1 +2tA0)71% (14 2tA;) .
0

=1
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Hence, it is sufficient to find a lower bound on the diagonal entries of B. Given the constraints
on W*, the eigenvalues A must satisfy: A; >0 (from W* = 0), >/ A; =m (from tr(W*) =
S tr(WE9) = m). Hence, we can take

T T
= I 14 2A) "2 (14 2tA,)dt.
ﬁ AE[O,nL]TI:nXl:I%:l A;=m A ];[1( + v ) ( + 1)

For any t > 0, the function A — fOT T, (1+2tA:)"? (1 4 2tA,)~" is log-convex, hence is
convex (Boyd and Vandenberghe 2004, Section 3.5.1). By integration over ¢, the function A —
fOT T, (1+2tAs)""% (14 2tA,)~1dt is also convex. In addition, we observe that this function
is invariant by any permutation of the A;, ¢ > 1. So, by Jensen’s inequality, we can restrict our

m—A
attention to minimizers of the form A; =\, A; = 71,1' > 1 without loss of optimality, and

T m— \\ "D/
B= min / <1+2t> (14 2tX) /24t (EC.7)
0

A€[0,m)] r—1
Recall that for any scalar x, the sequence (1+x/k)~* is monotonically decreasing and converges
to e ”. As a result, for a fixed value of ¢ and A, the integrand is decreasing in r = rank(W™).

Looking at the worst case, we have

T m— \ —(nm—1)/2 ‘
B> Bnm(T):= min 142t 14260\ "32q¢
’ 1
0

A€0,m] nm —
T 11—\ —(nm—1)/2
= min / <1+2tm ) (14 2tm\)~/2dt,
A€0,1] Jo nm—1

where we relabel A <— A\/m to normalize the optimization problem.

Lower bound on Jy(T): For the second integral, we leverage tail bounds on o,..(G)?%; see

Lemma 1. For any 6 > 0, we have

~ 7t0’max(G)2 e_TUmax(G)2 6_T9 2
e dt = Omax(G)? 2 0 (1 =1(0max(G)* > 0)).
=T max

So for any unit vector wu,
—T6

u' </ IE[vec(G)vec(G)Te_t"ma"(G)Q}dt> u > eT
t=T

For the last term, we apply Cauchy-Schwarz to get

(u" Wru—E [(vee(G) ") (1(0mx(G)* > 0)]) ,

E [(vee(G) ") (1(0,0x (G)* > 0)] < VE[(vec(G)Tu)T] E [(1(010r (G)? > 0)]
< VB W) Vame

where the last inequality follows from 4th moment formula for multivariate Gaussian variables
(E[Z*] = 30%) applied to Z :=vec(G) "u ~ N(0,u" W*u); and the tail bound P(0,..(G)? > 0) <
2me~%? (Lemma 1). All together,

—-T0

Iy (T) = = (1= Vome /) w.




e-companion to Authors’ names blinded for peer review: Goemans-Williamson Rounding for Low-Rank Optimization ecl3

Taking 6 = 2log(6m/d) for § € (0,1), we get

672T10g(6m/6)

-
~ 2log(6m/d)
Combining the bounds for J;(T") and J5(T') concludes the proof. O

Jo(T) (1 - \/S) w*. (EC.8)

REMARK EC.3. We observe that the first part of the bound, J,(T), is obtained by looking at
the worst-case instance over all covariance matrices W*. In particular, Equation (EC.7) provides
a tighter value of S, ,,(T") that depends explicitly on the rank of W*, r, instead of the ambient

dimension n. For instance, if r =1, we get

T _ _
1—(142XT)"Y2 1—(142mT)/?
B = min / (142t\)"*2dt = min (1+ ) _ (1+2mT) .

A€o,m] Jg A€[0,m] A m

Alternatively, by the Barvinok-Pataki bound, we know there exists some optimal solution W*
with rank at most n 4+ m and we could use this bound to refine our constant. Furthermore, if W*
has additional structure (e.g., W* is block diagonal), we can derive additional constraints on the

eigenvalues A, hence tighter constants 3, ,,,(T).
We now provide some interesting qualitative features of the bound in Theorem EC.1.

ProprosiTioN EC.3. The constant

T 1— —(nm—1)/2
Bnm(T) = min / (1 +2tm ) (1+2tmA) /24t
0

A€[0,1] nm—1
in Theorem EC.1 satisfies the following properties:
(a) For any T >0 and any integer m, the constant B, ..(T) is non-increasing in n.
(b) For any T >0 and any integer n, the constant B, (1) is non-increasing in m wherever it exists
(mn>m) .

(¢) For any T >0, any m, we have

Bum(T) = Boom(T)= )\rél[(ifll] /O ' et (14 2¢mN) ~*/2dL.
(d) For any T >0 and any integer n,m (with n>m), we can also express B, .,(T) as

Tm(1-))
Bun(T) = it Bx ity [w o <1 e = YTW>] |

(e) For any T >0 and any integer m, we can also write o m(T) as

i Ee [ X :
xel0,1] T m(1—A) +mAX
(f) For m=1, taking T = oo in (EC.5) is optimal and the inequality
E [vec(G’)vec(G’)T
O-max((;')2

is tight (in the sense that there exists a covariance matriz W* satisfying it at equality).

1 _e—T(m(l—/\)+m)\X)):| )

] = B(00) W

Proof of Proposition EC.3 We prove each claim separately.
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Claim (a) For any A € [0,1] and ¢ € [0,T7], the integrand
1-A

nm —

—(nm—1)/2
<1+2tm 1) (14 2tmA) =3/

is decreasing in n. Integrating over ¢ and minimizing over A gives 5,,41.m(T) < Bpm(T).

Claim (b) For any A € [0,1] and t € [0,T], we claim that the integrand

11—\ —(nm—1)/2
<1+2tm > (1+2tm\)~3/?
nm—1
is decreasing in m. To see this, first observe that (14 2tmA)~%/2 is obviously decreasing in m. Next,
. —(nm—1)/2
consider the quantity ( 1+ 2t m1> . By letting u=nm—1, a=2t(1—\)/n >0 and
nm —

c=a/(1+a), we obtain the relationships

m _(u—l—l)/n_l( 1)’

nm—1 U n

and thus we get

o
~1+a
In particular, we have the equivalent polynomial (1 4 a)~*/2(1 + ¢/u)~"/2. This polynomial is

1-A 1
1+ 2tm :1+a(1+f):(1+a)<1+£>, c:
1 u u

0,1).
— £[0,1)

decreasing in u, since h(u) :=wulog(1l+ ¢/u) has derivative

C

h’(u)zlog(Hg) - 20

because log(1+x) > Tis for z > 0. Thus, the polynomial is also decreasing in m. Thus, the integrand

)

is decreasing in m, and integrating with respect to t gives the result.
Claim (¢) The series (1+x/k)~* converging to e~®, we have that, for any A € [0,1] and ¢ € [0, T7,
the integrand monotonically converges to e *™1=% (1 4 2tm\)~%/2, as n — co. By the dominated

convergence theorem, the functions

T 1— )\ —(nm—1)/2
fa(N) :_/ <1+2tm 1) (14 2tm\) >/ 2dt
0

nm —
are continuous and converge monotonically to f.(\) := fOTe_tm(l_’\)(l + 2tm\)~3/2dt. From
fa(A) > fo(N), we get Brm(T) > Boon(T). Taking A\* the minimizer of the continuous function
foo(A) over the compact set [0,1], we have f,(A\*) > Bnm(T) > Boon(T). In the limit, f,(\*) —
foo(N*) = Boo.m(T') by continuity, so, by sandwiching, S, ., (T) = Beo.m(T).

Claim (d) Take Z ~ N(0,1) and observe that for any scalar a > 0, E [e‘az2} = (14 2a)~1/2,
which implies (by differentiation w.r.t. a) E [ZQe*‘lzz} = (1+2a)~%/%. Introducing nm — 1 additional

independent, standard normal random variables Zi,..., Z,.,,_1, we have
—(nm-1)/2 nm—1 -
1—-A _tm(=)) ,
142¢ 14+ 2tm\) 32 = E nm—1 i | R [22 —tmAZ }
< totm 127 1) a+2my = L B[ .

[ St ]
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ANy X
— ]E Xe nm—1 ,

where X ~ x7and Y ~ x2 . Integrating over ¢ € [0, 7] and invoking Tonelli’s theorem to exchange

the order of the integral and the expectation, we get

T 1-\ —(nm—1)/2 T t(1—2)
/ (1 +2tm ) (1 + 2tm>\)_3/2dt -F |:/ Xe nm_1 Y—tm)\th:|
0 0

nm—1
X (1 B e_T:ZSl)\)Y—TmAX>
mA=Ny 4 omAX ’

nm—1

=E

as claimed.
Claim (e) Taking Z ~ N(0,1) and making the same observations as in the proof of Claim (c),

we get

emtm=N (1 4 th)\)—s/z _E [Zze—tm,\ZQQ—tmu—A)} :

T
/ eI (14-2tmA) " 2dt = E [22/
t t

=0 =0

T
Z2

e—tmeze—tm(l—A)dt:| —TF

1— e—Tm)\Zz—Tm(l—A)
mAZ?+m(1—\) ] ’
where the second equality permutes the order of the integral and the expectation, according to
Tonelli’s theorem. Defining X := Z? ~ x? leads to the expression of Claim (d).
Claim (f) Observe that for m =1, 0..(G)? = ||G||% and 3, ,,(00) is the tightest constant (over
all possible covariance matrices W*) such that

vec(G)vec(G)T
=

} - BW™.

EC.3.4. Computing the Approximation Constant for Finite n,m

We report the value of the constant 3,., = B, m(c0) from Theorem (2) in Table EC.1 and the
constant from Theorem EC.1 in Table EC.2 for some values of n,m.

To compute these constants numerically in Julia, we model all integrals using Gauss-Kronrod
quadrature in ¢ with a relative tolerance of 107® and an absolute tolerance of 107'°. We identify
an approximately optimal 7' using a grid of 1000 values distributed uniformly in log space over
[107°,10°], in addition to explicitly considering 0 and +oc. For each value of T, in our outer
maximization problem, we use golden section search with a tolerance of 10~® to maximize for 4.
Given a value of T" and §, we minimize with respect to A via an inner golden section search with a
tolerance of 1078. To improve stability when ¢ is large, we evaluate the two factors in the integrand
in the log domain and exponentiate at the end. The edge case nm =1 is handled separately via its
analytic limit.

As a sanity check, we tightened all our tolerances by two orders of magnitude and increased the

grid resolution for T' by an order of magnitude, and then recomputed our constants. We found that
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none of them changed to within the first six decimal places, which indicates that the aggregate
numerical error is below 1076,
We observe that for m <13 and all n considered, the optimal constant is attained by setting
T = 400. However, once m > 13, we obtain a strictly better constant by optimizing for T
Finally, we made the observation in Remark EC.3 that one can marginally improve the constants
by leveraging the Barvinok-Pataki bound to bound the rank of W*. For instance, when n =m = 2,
we find that it improves the approximation constant from 0.375 to 0.3877. However, for larger n, m,

the effects of this observation are negligible.
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EC.4. Counterexamples

EC.4.1. Non-Equivalence of Reduced Shor Relaxation and Shor Relaxation in Presence of

Permutation Equalities

Consider a low-rank matrix completion problem of the form
1 1
min Z||X||§,+ 3 37 (X — Aig)? st rank(X) <F,

XGR’VLX’HL “
(1,7)€Q
and three semidefinite relaxations: (a) the matrix perspective relaxation as introduced in the paper
Bertsimas et al. (2023), (b) the semidefinite relaxation (16) with the inequalities on W, , and W, ,,
(c) the semidefinite relaxation (17).
Let the problem data be v =100,k =2,n=7,m =5, and suppose we are trying to impute the

following matrix, where * denotes a missing entry:

-2 x =1 1 -1

x 4 —4 -5 -4
* =3 1 4 3
A= 3 5 -5 -5-1
7 8 —-10-8 1
3 1 =2 % 5
7 7 —13 -8 %

Then (using Mosek version 10.2 to solve all semidefinite relaxations):
e The matrix perspective relaxation as introduced in the paper Bertsimas et al. (2023) has an
optimal objective value of 3.9275.
e The semidefinite relaxation (16) has an optimal objective value of 5.1387.
e The more compact semidefinite relaxation (17) has an objective value of 4.314.
e The method of Burer and Monteiro (2003) finds a feasible solution with objective value 9.495.
Thus, we conclude that the permutation inequalities in (16) are not redundant, and the reduction
in Theorem 3 does not hold in the presence of these inequalities. Nonetheless, the reduction is

useful because it produces a non-trivial lower bound after solving a smaller semidefinite problem.

EC.4.2. Partial Redundancy of Kronecker Constraints of Burer and Park (2024)

In this section, we support our discussion in Endnote 3 by demonstrating that if W* is a matrix
which is either (a) diagonal or (b) of the form W) = u,u, W) = auu] for a €[0,1], then the
Kronecker constraints introduced by Burer and Park (2024) are redundant. This shows that the
order of our approximation guarantee for Algorithm EC.1 would not be improved from O(1/logm)
by imposing the Kronecker constraints of Burer and Park (2024), since it does not rule out the
family of worst-case matrices W* studied in Proposition 2.

To show our claim holds, we first remind the reader of the form of the Kronecker product

constraints proposed in Burer and Park (2024). Note that, as there is no linear term in the objective
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function of (4), the term U in (Burer and Park 2024, Section 2.3)’s constraint can be set to 0

without loss of generality. With this simplification, for each i € [m] and p € [n], define the matrices
K, = eie;ﬂ) —i-emﬂ,eiT e §mtn,
Then, for any matrix W € S'", (Burer and Park 2024)’s Kronecker constraint is equivalent to
MW) = Tz + Y > WO, K, @K, = 0. (EC.9)
1,7=1 p,q=1

We now compare (EC.9) against the constraints

m

W=o0, tr(WYV))=1Vjelm], Y WU < I, (EC.10)

j=1
via the following results:

LEmMA EC.2 (Partial redundancy of Kronecker constraints). Under (EC.10) the follow-

ing properties hold:
(i) If W e S is a diagonal matriz then M(W') = 0.

(i) Let W € ST be a matriz of the form
WD =y, W d) = auiujT (i # 7).
for a set of orthonormal vectors uy, ..., u,, € R™ and a € [0,1]. Then, M (W) = 0.

Proof of Lemma EC.2 We invoke an invariant subspace decomposition of R™*" @ R™*":

(i) Define W9 = Diag(a, ..., ®,). From (EC.10) we have
d =1 (Vi), 0<a,<1 (Vip), > ap<l (vp) (EC.11)
=1 i=1

In the Kronecker constraint (EC.9), K, acts non-trivially only on the two—dimensional subspace
S;p :=span{e;, €,4,}, Where it is the exchange matrix J := [9}]. Hence, on the S;, ® S, the
restriction of I + o, (K, ® K;p) equals Iy + a;,(J ® J) and has eigenvalues 1+ o, € [0,2].

The remaining coupling occurs on
T :=spanf{e;®e;: 1 <i<m} @& span{e,1p @ €mip:1<p<n}.

Summing over (i,p), the restriction of M (W) to T is
I, A
A" I,

By the Schur complement lemma, (EC.12) is positive semidefinite when the spectral norm of A

:| ) A= (aip)igm, p<n- (EC12)

does not exceed 1, i.e., || Al|, <1, which holds for any diagonal W that satisfies (EC.10). Moreover,
on the orthogonal complement of 7, M (W) = I,,,;.,)2 = 0. Therefore, M (W) = 0.
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n

(i) Define the auxiliary vectors w; := szl

(U;)p €mip € R™™ 50 that (w;, w;) = (u;, u;) = d;;,

and further define

Ki = Z(’U,Z)p Kip = ei'w; —i—'wlej
p=1
Then, each K; acts as J on the two—dimensional subspace S; := span{e;, w; }, and vanishes on S}*.

Moreover, the subspaces {S;}™, are pairwise orthogonal. Plugging W (9) into (EC.9) yields
MW) =1+ aS2S + (1-a)) K,®K, S:=) K, (EC.13)
=1 =1

Since S; L S for i # j, R™™™ @ R™™" decomposes orthogonally as

m

P (sies;) & s

ij=1
and M (W) is block—diagonal with respect to this splitting. On each block:
o Ifi+# j, then S® S restricts to K; ® K; = J®J, while )", K ® K, vanishes; thus M (W)

I, + a(J ® J), whose eigenvalues are 1+ a (each with multiplicity two) and hence nonnegative

for a €10,1].
e If i=j, then (EC.13) restricts to M(W)’s,-@si =1I,+(J ®J), whose spectrum is {2,2,0,0}.
e On S+, M(W)=1.
Therefore, M(W) =0 for all « € [0,1]. O

We caution that Lemma EC.2 does not imply that the Kronecker constraints of Burer and Park
(2024) are always redundant. In fact, the numerical results in Burer and Park (2024) demonstrate
that Kronecker constraints substantially tighten our semidefinite relaxations for some instances,
albeit at the price of compromising numerical tractability. This situation is quite similar to the
use of triangle inequalities for Max-Cut: triangle inequalities do not improve the worst-case ap-
proximation ratio for max-cut beyond the Goemans-Williamson ratio of 0.87856 (O’Donnell and
Wu 2008), but they often improve the quality of semidefinite relaxations in practice, sometimes

substantially (Rendl et al. 2010).

EC.5. A Stronger Benchmark via Linear Algebra Techniques

To further evaluate the performance of Algorithm 2, we propose a benchmark for constructing a
feasible solution to (4). The procedure is inspired by the deflation procedure for PCA and considers
eigenvectors of the on-diagonal blocks A. Because it ignores the off-diagonal blocks of A in the
design of U, we show that it leads to a 1/m?-approximation guarantee, which is better than
uniform sampling for m < n but weaker than Algorithm 2.

Algorithm (EC.2) constructs the columns of U: To compute u;, it projects the diagonal block
AU onto the subspace orthogonal to the columns already constructed, wi,...,u,;_;, and takes

its leading eigenvector. In practice, we can process the diagonal blocks in any order, with each
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ordering leading to a different candidate solution. In our implementation, we consider N random
permutations of {1,...,m} and generate N feasible solutions to allow for a fair comparison with

our sampling-based approach.

Algorithm EC.2 A Deflation-Inspired Benchmark for Orthogonality Constrained Optimization

Require: Positive semidefinite matrix A € 1™
Initialize U =0
fori=1,...,m do
Define B = (I,, —w;_u, ) (I, —uyu] JAC) (I, —uwu])--- (I, —u;_u] )
Compute v; € argmaxy ||z,—1 x' Bx
Define u; = z;v; with P(z;, =1)=1—-P(z, =—-1)=1/2.
end for

return Semi-orthogonal matrix U

We can show the following guarantee for this deflation procedure:

ProproOsITION EC.4. Let Q be generated according to Algorithm EC.2 with a random ordering of
the blocks. Then, we have

E [(A,vec(Q)vec(Q) )] < max [(A,vec(U)vec(U)")] <m’E [(A,vec(Q)vec(Q) )] .

- UGR"X"L:UTU:Im
REMARK EC.4. Observe that if A is a block diagonal matrix with identical on-diagonal blocks
AU =% and zero off diagonal blocks A("/) =0 for i # j, as in principal component analysis, then

the proposed algorithm corresponds to deflation in PCA and is thus exact.

Proof of Proposition EC.4 First, at iteration i, since g; is colinear to the leading eigenvector
of the matrix obtained by A% onto a space orthogonal to q,...,q;_1, we have that g/ g; =0 for
each i > j and thus @Q is feasible, leading the left inequality holds.

Second, since z;,z; are i.i.d. with mean 0, in expectation, we have that E [qiTA(i’j)qj] =0
for i # j, and thus the expected objective value attained by Q is E[(vec(Q)vec(Q)",A)] =
Yicm Elaf AYVq,] =37, v A¥Yv;. When treating the blocks in the order 1,...,m, we have
E[(vec(Q)vec(Q) ", A)] > v] ATVv; = A (ADD). By taking the average over random permuta-
tions of {1,...,m} as well, we get E[(vec(Q)vec(Q)", A)] > %Z Amax(AGD),

On the other hand,for any 2 x 2 block of A we have

AGD AGI)
<A<m> A6 ) =0

i€[m]
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so for any orthogonal matrix U,
u] AUy, + uJ»TA(j’i)ui <u] AUy, + uJTA(j’j)uj,

and Z u, AUDy; <m Z u] AUy, <m Z Amax (A5) <m?E[(vec(Q)vec(Q) T, A)].
1,j€[m] 1€[m] 1€[m]

0

1 .
REMARK EC.5. Our proof technique shows that E[(vec(Q)vec(Q)", A)] > p. > icim] Amax(AGD),

Thus, Algorithm (EC.2) yields a 1/m-factor approximation when A is a block diagonal matrix
and a 1/(2m)-factor approximation when A is block diagonally dominant. In general, however, the
block diagonal objective bounds the full objective within a factor of m, hence the overall 1/m?

guarantee. It is also worth noting that the semidefinite

ALY A2 AGm) ALD 0 ...0

ARD AR pem) 0 A2 g
=m

A(3,1) . A(S,m) - 0 .0

Al Am2) A lmm) 0 0 ...Amm

which we implicitly prove as part of our approximation guarantee, is actually a special case of the

pinching inequality from quantum information theory (see Mosonyi and Ogawa 2015, Lemma I1.2).

EC.6. Basis Pursuit Discussion

In this section, we support our discussion of compact relaxations for low-rank matrix completion
problems (Section 4.1) by demonstrating analogous results hold in the low-rank basis pursuit case.

Given a sample {4, ;,(i,7) € Q2 C [n] x [m]) of an ezactly low-rank matrix A € R"*™, the goal of
the low-rank basis pursuit problem is to recover the lowest rank matrix X that exactly matches

all observed entries of A (Candes and Recht 2009). This problem admits the formulation:

min min  tr(Y)st. PA)=P(X),X=YX, (EC.14)

Y €Vn X eRnXm
where P(A) denotes a linear map that masks the hidden entries of A, X such that P(A); ; = A, ; if

(,7) € 2 and 0 otherwise. Following Theorem 3 and applying RLT to the constraints A4, ; — X; ; =
0,Y(i,7) € Q2 leads to the following relaxation

min min tr(Y)
Y €Conv(Ypn) XeRnXm ,WGS:T"

st A Aps— Ap i X — A Xpo + (WERY 0 =0,Y(4,5), (k,£) €2 x Q
Az‘,j = Xi,j7v(iaj) €
(i,2) T
W = vec(X Tvee(X )T, (Zie[%w )}(, > =0,
(EC.15)

Similarly to the low-rank matrix completion case, the structure of the compact Shor relaxation

means that the off-diagonal blocks of W do not appear in either the objective nor any constraint
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involving Y. As we prove below, the off-diagonal blocks can, therefore, be eliminated from the

relaxation without impacting its optimal value:

ProprosITION EC.5. Problem (EC.15) attains the same objective value as

min min tr(Y)
Y eConv(Yn) XeRXm, Siesmieln]

st AijAie— A Xij— A X+ (S);0=0,Y(i,5),(i,£) €Qx Q
Aij=Xi;,V(i,7) €Q
i T
i x, x7. (2iemS X
S'= X X, ( x v /)=
(EC.16)

where X, . denotes a column vector containing the ith row of X.

Proof of Proposition EC.5 From a solution to (EC.15), defining S := W% yields a feasible
solution to (EC.16) with same objective value. In turn, let us consider a feasible solution to (EC.15),
(X,Y,8"). Define the block matrix W € 8™ by setting W) = 8§ and W = X; X, . Then,
it is not hard to see that W — vec(X ")vec(X )T is a block diagonal matrix with on-diagonal
blocks §* — X; X" = 0. Thus, W —vec(X ")vec(X ") = 0. Moreover,

, S); if i =k,
(W(%k))j’[ - {A(XZ;C);({H otherwise.
So the linear constraints indexed by (i, 7), (i,£) €  x Q are all satisfied. Thus, (X,Y, W) is feasible
in (EC.15) and attains the same objective value. O

The preprocessing techniques proposed here also apply directly to phase retrieval problems (cf.
Candes and Li 2014). Indeed, phase retrieval is essentially basis pursuit, except we replace the linear
constraint P(A — X)) =0 with other constraints (g;g,, X) =b; Vi € Z. However, the unstructured

nature of the linear constraints implies that eliminating as many variables may not be possible.

EC.7. Additional Numerical Results

This section complements Section 5.

EC.7.1. Additional Results for Semi-Orthogonal Quadratic Optimization

Table EC.3 reports the time required to solve our semidefinite relaxation (9) for different values of
m, using Mosek as the semidefinite optimization solver. Table EC.4 reports the time required by

each feasibility heuristic (excluding time to solve the relaxation when needed).
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Table EC.3

Table EC.4

m Average Time (s) Std Dev (s)

1
2
5
10
15
20
25
30
50

0.16
0.31
1.44
5.25
8.10
16.00
25.45
41.33
213.41

0.01
0.01
0.064
0.22
0.36
0.53
0.62
1.01
22.63

of m. Results are aggregated over 5 instances.

Computational time (average and standard deviation) for solving (9) for n =50 and various values

Computational time (average and standard deviation) for different feasibility heuristics for n = 50

and various values of m. For methods that require solving the relaxation (9) (Alg. 2, Alg. 2 with projection, Burer

and Park (2024)), time for solving the relaxation is not included but reported in Table EC.3. Results are aggregated

over 5 instances.

m Alg. 2 Alg. 2 with projection Burer and Park (2024) Deflation Uniform
2 0.0 (0.0) 0.0 (0.0) 0 (0.0) 0.02 (0.02) 0 (0.0)
5 0.02 (0.0) 0.02 (0.0) 001( .0) 0.11 (0.02) 002( 0)

10 0.07 (0.01) 0.07 (0.01) 0.06 (0.0) 0.39 (0.12) 0.07 (0.01)

15 0.15 (0.0) 0.15 (0.0) 0.14 (0.0) 0.62 (0.02) 0.15 (0.0)

20 0.29 (0.03) 0.29 (0.03) 0.29 (0.06) 0. 95 (0.02) 0.29 (0.03)

25 0.47 (0.04) 0.47 (0.04) 0.43 (0.0) 4 (0.01) 0.47 (0.04)

30 0.82 (0.28) 0.82 (0.28) 0.68 (0.01) 1. 99 (0.01) 0.82 (0.28)

50 3.36 (1.62) 3.36 (1.62) 2.35 (0.06) 5.39 (0.01) 3.35 (1.63)

EC.7.2. Additional Results for Low-Rank Matrix Completion

Figure 3 compares the quality of different relaxations for low-rank matrix completion by returning

the optimality gap achieved, defined as the relative difference between the lower bound (obtained

by each relaxation) and one upper bound (obtained by alternating minimization, AM). Figure

EC.1 and EC.2 report the lower and upper bounds separately.
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Figure EC.1

Absolute lower bounds as we vary 7 for (a) a matrix perspective relaxation (“MPRT”), (b) our
Shor relaxation with permutation equalities (“Shor-Perm”), (c¢) our compact Shor relaxation with

no permutation equalities (“GW-Red”), for p € {0.5,0.95} and n=38.
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Figure EC.2

Absolute upper bounds as we vary ~ for the alternating minimization method of Burer and Monteiro

(2003) initialized at a rank-r SVD of P(A) for p € {0.5,0.95} and n =8.

Figure EC.3 compares the same three relaxations in terms of computational time.
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Figure EC.3  Runtimes for (a) a matrix perspective relaxation (“MPRT”), (b) our Shor relaxation with permuta-
tion equalities (“Shor-Perm”), (c) our Shor relaxation with no permutation equalities (“GW-Red”),

for p € {0.5,0.95}, n =8, and increasing .
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