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Abstract. This paper discusses an improved quasi-Newton penalty decomposition algo-
rithm for the cardinality bound-constrained optimization problems whose simple bounds on
the variables are assumed to be finite. Until an approximate stationary point is found, this
algorithm approximates the solutions of a sequence of penalty subproblems by a two-block
decomposition scheme. This scheme finds an approximate solution of the first penalty sub-
problem in a closed form without simple bounds on variables and explicitly an approximate
solution of the second penalty subproblem in the presence of both bound and cardinality
constraints. Under a new assumption on the gradient of the objective function, which is
weaker than the Lipschitz continuity from the origin, convergence to a stationary point is
investigated for the new algorithm. To be efficient and robust in finite precision arithmetic,
an improved version of our algorithm uses several practical enhancements, such as an im-
proved line search using either a backtracking or an extrapolation framework (with one
objective function evaluation only at the accepted point) and four cheap diagonal approx-
imations of the Hessian matrix (based on the differences of previous points and gradients
or the distribution of the eigenvalues). Extensive numerical experiments on a set of 846
cardinality bound-constrained test problems are provided with dimensions ranging from 2
to 9000, showing that the new algorithm is competitive with several state-of-the-art algo-
rithms not only in finding high-accuracy approximate global minimum points but also in
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finding high-accuracy approximate basic feasible points.
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1 Introduction

In the vast majority of the optimization models that currently emerge in practical disciplines
such as data mining and machine learning, handling the high-dimensional data sets is the
main concern, often taking extensively high tolls on the solution processes. Thus, specific
measures should be taken to represent the data sets in compact forms, mainly by ignoring
their less influential features. As such, enforcing sparsity on the real-world models, often in
terms of some constraints formulated based on the ¢y norm, is an efficient and viable plan
to yield compressed forms of the data. It should be emphasized that sparsity can reduce
complexity, simultaneously enhancing the interpretability of the solutions, especially for
optimization problems in high dimensionality [15].

As an essential class of optimization models, bound-constrained problems frequently arise
in practical applications in which variables must stay within some prespecified bounds.
Often titled the simplest class of constrained optimization models, the variables naturally
and intrinsically swing in some bounded intervals in a wide range of real-world applications.
Hence, the practical unconstrained optimization models are technically meaningful and valid
when their variables navigate within some finite ranges. So, in practice, the unconstrained
optimization problems that emerge in real-world disciplines can be regarded as bound-
constrained models. This salient fact reasonably demonstrates the importance of bound-
constrained optimization problems.

1.1 Problem Definition

According to the norms of the literature, a thorough investigation into the problems that
integrate both the bound constraints and the sparsity is essential. Numerous applications
in signal recovery, image processing, and data compression highlight the importance of
developing practical algorithms to address the following problem:

min f(z), (P)

z€ChHns
with

Cons :=CyNCs with Cp:={zeR" |l <z <u} and C5:={x € R"||z]o < s}, (1)



where [,u € R" are the lower and the upper bounds of the variables, s € Z" is an integer
(Iess than n) showing the desired level of the sparsity of the solutions, and ||.||o signifies the
lo norm in the sense that ||z||o gives the number of nonzero components of the vector x.
Here, it is assumed that [ < 0 < u, ensuring the inclusion of the sparse points within the
feasible set. Moreover, C}, is called the box whose lower and upper bounds are assumed
to be finite, and C; is called the sparsity constraint. Additionally, we assume that
f i Cyns € R* — R is a twice continuously differentiable function with the gradient
g(z) == 0f(x)/0x = f'(z)T € R", but not necessarily convex; implying that a vast scope
of the applications falls within our model. When f is quadratic and no bound constraints

exist, the model is reduced to the classic compressive sensing problem [I5]; known to be
NP-hard.

Several numerical optimization algorithms based on the notion of stationarity have been
developed to solve , e.g., see [5l 12, 13]. Among such approaches, recently penalty
decomposition algorithms have been distinguished as efficient since they can transform
complex problems with complex constraints and possibly nonconvex cost functions into
something manageable in the framework of the bound-constrained penalty subproblems.
Moreover, the algorithms are not too sensitive to the initial points compared to the other
optimization algorithms. In particular, to tackle large-scale problems, penalty decomposi-
tion algorithms can be effectively combined with the limited memory quasi-Newton methods
(such as the ones proposed in [7), [I1]), making them capable of simultaneously benefiting
from the second-order information of the model and some inexact line searches (e.g., see
[, 17)).

1.2 Main Contributions of our Work

In this study, we devise an improved quasi-Newton penalty decomposition algorithm, called
PDA-QN, to solve the cardinality bound-constrained optimization problems whose simple
bounds on the variables are assumed to be finite. Similar to the penalty decomposition
algorithm (PDA), PDA-QN approximates the solutions of a sequence of the penalty subprob-
lems by a two-block decomposition scheme. In each iteration of its inner loop, PDA-QN finds
the solution of the first penalty subproblem, called (P,), in a closed-form, with respect to
the variable x but without considering the bound constraints. Then, by a low-cost strategy,
it explicitly solves the second penalty subproblem, called (P,), with respect to y, in the
presence of the bound constraints and the cardinality constraint. PDA-QN solves these two
subproblems until an approximate stationary point of the penalty function with respect to
x is achieved. Then, at the end of the inner loop, the outer loop is started in the sense of
increasing the penalty parameter and updating the Hessian matrix estimation, so that the
approximate stationary points with some higher levels of accuracy can be attained in the
next iterations. The procedure continues until one of such approximation points with the
highest possible accuracy is achieved.



1.2.1 Algorithmic Features of our Methodology

Our main algorithmic features are summarized as follows:

(1) A new reformulation for the two penalty subproblems in the inner loop: In this formu-
lation, (F,) does not have any bounds on z, while (P,) has both the bound constraints
and the cardinality constraint on y. The motivation of such a reformulation is that
alternatively searching the two constraint-type spaces is not always advantageous. In
practice, solving (P,) without any bounds on z is easier than its bounded version,
since we can straightly obtain the closed-form of the solution of (P,). Moreover, the
new model, (P,) which maintains both the bound constraints and the cardinality
constraint on y, can be solved explicitly by a low-cost strategy.

(17) Construction of an accelerated line search method to efficiently solve (P,): Our line
search is performed either by a backtracking or an extrapolation framework, starting
with the unit step size, which is classically advisable for the quasi-Newton algorithms,
especially near the optimal solution. If a reduction in the model function value is found
with the initial setting o = 1, then extrapolation is performed to leave the regions
containing a saddle point or a maximizer. Otherwise, the step size is reduced as long
as the line search condition is violated. In such a strategy, only one objective function
evaluation at the accepted point is required, while the model function values at the
other trial points are computed without any objective function evaluations. Hence,
our line search has a lower computational cost rather than any inexact line search that
computes the objective function value at each trial point of the line search procedure.

(1ii) Benefiting from four diagonal approximations of the Hessian as a good replacement
for the BFGS (Broyden—Fletcher—Goldfarb—Shanno) updating formula in the large-
scale cases: Three of such diagonal formulas are constructed based on the classic
limited memory BFGS formula by forming and updating two matrices whose columns
are the most recent step change and the most recent gradient change. The other
approximation is devised based on improving the distribution of the diagonal entries
(or equivalently, the eigenvalues) of the diagonal Hessian estimation, as a measure
to promote well-conditioning. Since, unlike the BFGS update, these four diagonal
Hessian approximations do not necessarily guarantee the curvature condition [3], some
proper safeguards are considered for the given Hessian approximations as well.

1.2.2 Strong Global Convergence Feature

It is well known that the classic convergence analyses of the optimization algorithms have
been mainly founded upon the Lipschitz continuity of the gradient, or its weaker version
called the “Lipschitz continuity from the origin”. Indeed, under the Lipschitz continuity
from the origin, the objective function value does not grow faster than linearly with respect
to the distance from the origin. Here, to prove the global convergence of our algorithm,
it is assumed a new assumption on the gradient of the objective function, which is weaker
than the Lipschitz continuity from the origin. In contrast to the analysis conducted by



Lu and Zhang [13], who have proved the global convergence for their algorithms under the
Lipschitz continuity, here it is proved that PDA-QN finds a point satisfying the Lu—Zhang
conditions under the mentioned weaker assumption.

1.2.3 New Computational Optimality Measure in Finite Precision Arithmetic

In addition to the algorithmic features mentioned above, a new necessary optimality con-
dition (see Proposition [3.1 below) is defined for the problem (P)), based on the reduced
gradient concept. Also, it is shown that PDA-QN finds a point satisfying the Lu—Zhang con-
ditions in theory. Accordingly, a computational optimality measure (see condition (10J),
below) is introduced to be used in the outer loop of PDA-QN as the stopping criteria. With
this new computational measure, one can find out which of the state-of-the-art penalty
decomposition algorithms has the best performance in finding approximate BF stationary
points.

1.2.4 Owur Computational Plans

We provide extensive numerical experiments on a set of 846 cardinality bound-constrained
test problems obtained from the unconstrained and bound-constrained CUTEst problems of
Gould et al. [§], with the dimensions ranging from 2 to 9000. The output results show that:

(7) Although our algorithm finds a generalized Lu-Zhang minimizer in theory, in practice
it finds approximate BF points in finite precision arithmetic in most cases with a
lower computational cost than the inexact penalty decomposition algorithm and the
three state-of-the-art algorithms (the iterative hard thresholding [5], the basic feasible
search [6], and the zero-CW search [6]).

(#7) Our new reformulation for the two penalty subproblems in the inner loop of our
algorithm is preferable to the existing form using the new four diagonal Hessian ap-
proximations. A recommendation is made based on the exactness and inexactness of
penalty decomposition, Hessian approximation type, and approximate global mini-
mum and BF points. In particular, we observe that the new algorithm is competitive
with the mentioned known methods in the sense of finding approximate global mini-
mum points and approximate BF points.

1.3 Paper Organization

Section 2| states a detailed discussion of relevant foundational concepts and general method-
ologies. Then, Section [3] introduces our new algorithm and describes its steps in details.
Convergence is investigated in Section [} where the proofs of the results can be found in
Appendix [§ Practical enhancements are introduces in Section [f] Numerical results are
provided in Section [6]



2 Preliminaries and Methodological Foundations

This section establishes the foundational concepts relevant to our analysis and methodology.
We begin by introducing various first-order optimality conditions for related optimization
problems, followed by an introduction to a generic penalty decomposition framework and
an inexact quasi-Newton approach. A detailed investigation of these methods highlights
specific limitations, which this paper aims to address.

2.1 Optimality Conditions for Problem (P)

Here, we state optimality conditions of the problem in the absence of the bound con-
straints Cy, (i.e., C,, = 0), called (Fs), the problem in the absence of the sparsity
constraint C (ie., Cs = 0), called (P,), and the problem (P)), respectively in Subsections
2. 1. 1H2. 1.5l

2.1.1 Optimality Conditions for Problem (F%)

Initially, Beck and Eldar [5] discussed necessary optimality conditions for (Fs), based on the
notions of stationarity and coordinate-wise optimality, including the basic feasible (BF') vec-
tor, the Lipschitz stationary (L-stationarity) point, and the component-wise (CW) minima.
Accordingly, they introduced three numerical algorithms to find an approximate minimum
point for (Ps). Next, we review these notions which are necessary in our analysis.

Definition 2.1 The support set of a vector x € R" is defined by

Li(x):={i € [n] | z; # 0},

where [n] = {1,2,...,n}, and its complement, called the off-support set of a vector
x € R"™, is defined by
Iy(z) :={i € [n] | z; = 0},

Definition 2.2 A vector x € R"™ has a full support if ||z||p = s, and an incomplete
support if ||z|lo < s.

Definition 2.3 A set £ C [n] is called a super support of a vectory € Cyns if I1(y) C L
and |L| = s. Note that if y has full support, the only supper support set is the support set

itself. Otherwise, the number of possible super supports is (Z B ||||§||||0>
= 11Yllo

Definition 2.4 The vector x is called a BF vector of (Ps) iff

if lzllo < s, then g(z) =0,
if |z|lo =s, then g;(x) =0 for alli € I(x).



Definition 2.5 The vector x is called an L-stationary point of (Ps) iff

1
r=m <x — Lg(a:)) :
where L > 0 denotes the Lipschitz constant of g, and 7(.) is an orthogonal projection onto

Cs.
Definition 2.6 The vector x is called a CW minima of (P;) iff

if |zllo <'s, then f(x) = lggﬂgf(l‘ + te;) fori € [n],

if |xllo = s, then f(x) < rtréi]élf (x — xie; +te;) for j € [n] and i € I)(z),
where e;,e; € R™ are the ith and the jth coordinate directions, respectively.

Without the assumption of Lipschitz continuity of the gradient, Beck and Eldar [5] showed
that

« an optimal solution of (F) is a CW minimum of (Fs) [B, Theorem 2.3];
o a CW minimum of (Fs) is a BF vector of (P) [5, Lemma 2.5].

Furthermore, under the assumption of Lipschitz continuity of the gradient, they proved
that

« an optimal solution of (F;) is a CW minimum of (Fs) [B, Theorem 2.3];
o a CW minimum of (F;) is an Lo-stationary point of (Ps) [5, Theorem 2.4];

o an Ly-stationary point of (Ps) is a BF vector of (P;) [3, Corrolary 2.1].
Here, Ly := mjx L;; < Lis called the local Lipschitz constant whose elements L;; satisfy
]

lgij(x) — gij(x +d)|| < Lij||d||, for any x € R" and d € R",

where g; ;j(x) denotes a 2-vector whose elements are the ith and the jth components of g(z),
i,7=1,2,...,n. Lu and Zhang [13] defined another optimality condition for (Ps) as well,
given in the framework of the following definition.

Definition 2.7 The vector x is called a Lu—Zhang minima of (P.) iff

(2)

gi(x) =0, forallie L C[n] with |L|=s,
x; =0, for allv € L¢,

where

L£¢:=[n]\ L. (3)

They also showed that an optimal solution of (F) is a Lu-Zhang minima of (Fs). It can be
observed that a BF vector of (F) is a Lu-Zhang minima, but the converse is not necessarily
true; cf. [12, Example 2.1].



2.1.2 Optimality Conditions for Problem (F,)

Here, before introducing the necessary and the sufficient optimality conditions for the prob-
lem (P,), we define Robinson’s constraint qualification (RCQ) condition (cf. [I8])
and the reduced gradient (cf. [16]). To simplify our presentation, we define

Al = {Z |Ilzll}, Au = {’l \xlzuz}, and A := {’l ‘ l; <§CZ<U2}
Then, we recall the following definitions from [16].

Definition 2.8 For any feasible point x, the index i, the component x;, or the bounds l; or
u; are called active iff i € A; ori € A,, and inactive iff i € A.

Definition 2.9 A point x whose components are all active is called the corner of the box
Cy.

For an inactive index i € A, a slight change of x; when maintaining the feasibility may
decrease the cost function f, by a movement depending on the sign of g;(x). While, for an
active index i, since the movement in only one direction is possible, a decrease in f can be
guaranteed only if g;(z) < 0 for i € A; or g;(x) > 0 for i € A,.

Definition 2.10 The active index i or the corresponding variable x; are called strongly
active if g;(z) > 0 fori € A; and g;(x) <0 for i € A,, and degenerate otherwise.

Based on the recent definition, a better feasible point cannot be found by a slight change
of a single strongly active variable. By the way, the two important concepts for necessary
optimality conditions of the bound-constrained optimization models are the RCQ condition
and the reduced gradient. As known, the RC(Q condition ensures the existence of a feasible
perturbation search direction, while the reduced gradient projects the gradient onto the set
of the feasible directions defined by the active constraints (see [16), [18]).

Definition 2.11 The Robinson Constraint Qualification (RCQ) holds for the problem (B,)
iff for a feasible point x € R™ there exists a feasible direction d € R™\ {0} satisfying

dz’>0, Zfl’zzlz,
di<0, fozzuz

~

Definition 2.12 The reduced gradient vector ¥V f(x) is defined in the component-wise struc-
ture, fori=1,2,...,n, by

min(g;(x),0), ifi € A,

~ max(g;(x),0), ifi € A,,
\V4 i =
/(@) gi(x), ifie A,
0, otherwise.

We state the first-order necessary and sufficient optimality conditions for (F,) by the two
following definitions.



Definition 2.13 First-order necessary condition: At any local minimizer x* of (B,),

o~

the reduced gradient vanishes, i.e., V f(x*) = 0.

Definition 2.14 First-order sufficient condition: Any corner of Cy such that all its
variables are strongly active is a local minimizer of (B,).

2.1.3 Optimality Conditions for Problem (P))

Here, based on the above preliminaries, we state the optimality conditions for the main
model (P)). In this context, from [I3, Theorem 2.1], at first we introduce the first-order
necessary condition for (P) using the RCQ condition.

Definition 2.15 At any local minimizer x* € Cyns of (P)), there exists an index set L C [n]
with |L| = s and z}. = 0. If the RCQ condition

—d —wv
d—7 | |dv,5€R" with v; >0Vie Az*), 7, <0Vie A,(z*) p =R xR" x R
dpe

(4)
holds, then x* satisfies the Lu—Zhang conditions for , and so, it is called a Lu—Zhang
stationary point of (P). That is, for 2* € Cyns, there are Lagrangian multipliers
(A, A2) € RY x R} and w € R”, as well as an index set L C [n] with |L| = s and
xpe = 0 such that

g@)=AM4+X+w=0, 0< A\ Laz"—1>0, 0< ) Lu—a">0, 27.=0, and we =0.

(5)

It should be noted that although a penalty decomposition algorithm can find at least a point
that satisfies the Lu—Zhang conditions in theory, in practice a computational optimality
measure in finite precision arithmetic based on the notion of the BF point and the reduced
gradient needs to be defined; e.g., for (see (L0]), below).

2.2 Penalty Decomposition Method and its Quasi-Newton Vari-
ation

Here, we first discuss a generic penalty decomposition method and subsequently, we intro-
duce its quasi-Newton variation which is capable of employing the second-order information
as well.

2.2.1 Penalty Decomposition Method

In principle, the goal of the penalty decomposition algorithms is to relax cardinality con-
straints by defining a penalty that enforces sparsity and solves a sequence of simpler sub-
problems [13] 14]. To discuss the disadvantages of such an algorithm when being directly
used for solving , we introduce a generic penalty decomposition algorithm as follows.

9



First of all, considering (], the problem can be reformulated as follows:

pedPiD f(z) st. xz—y=0.

Using the quadratic penalty function g,(x,y) := f(x)+p|lz—y]|3 with the penalty parameter
p > 0, we can express the associated quadratic penalty problem as

Lednin_  ¢,(2,y), (6)
which is approximately solved by a two-block decomposition method in each iteration of
the algorithm. A detailed description of the basic penalty decomposition method is shown

by Algorithm , here called PDA. As seen, first, PDA takes a feasible initial point (xéo), y[()o)),
and then, computes the parameter T, used to ensure that the points generated by PDA
lay within a compact level set. Next, in each iteration, the inner loop of the algorithm
alternatively solves two penalty subproblems with respect to the variables x and y, until
an approximate stationary point of the penalty function with respect to x is achieved. At
the end of the inner loop, the penalty parameter p is increased so that PDA can find an
approximate stationary point with some higher levels of accuracy in the next iterations.

Algorithm 1 Penalty Decomposition Algorithm (PDA) for solving

1: tuning parameters: r > 1, ¢ > 0, p© > 0, and a sequence {e;}jen such that €; = 0
when j — oc.

2: input: xéo) € C,, and y(()o) € Cs.
3: Compute f (x((]o)) and find T satisfying T > max { f (:Béo)) ,rrelicn D 0 (93, y(()o)) ,E}.
relp
4: for j=0,1,2,... do
5: Set £ = 0.
6: repeat '
7 :ngl = argmin ¢, (a:,yéj)).
zeCy,
G) _ : ()
8: ygil = arygergsm q,06) (xZH, y)
9: Set { + {4+ 1.

10: until (Hvxqpm (29 4) H - 8j)

11:  Set pUtt) = . pli), -

12:  Set (:U(j),y(j)) = (wéj), éj)).

13: if 31?2101; G40 (x,yﬁ)) > 1, then 3 = 4. else yi*) = y0: end if
14: end for

15: output: y¥)

To be more exact, at the jth iteration of PDA, mgj) is a stationary point of the penalty

function with respect to x iff the reduced gradient at (1’? ), yéj ) ) vanishes; i.e.,

vx(’]\p(j) (ﬁgj)> ?/gg])) - 07 (7)

10



where

win (Vg (29 5)) 0), i (), =1,
max ((qup(j) (:ng),yéj)))i , 0) , if (x@”)i = uy,
(qupm (acéj),yéj)))i, it l; < ( (]))i < Uy,

0, otherwise.

(Vx@\pm (ﬁ ) yé”))i =

Since in finite precision arithmetic condition ([7) cannot be exactly satisfied, in practice the
inner loop in PDA stops if

HVI(/]\p(j> (‘Té ’yz )H < €j; (8)
where €; = 0 when 7 — oco. Then, PDA explicitly finds the components of yéi)l by
o (e0) . iti e 1(afh),
Yiv1). =
' 0, ifigl (x@rl)

by solving the penalty problem with respect to y, where I(x) € argmax |L] is defined in
LC[n], |L|<s

for all i € £ and j € L (cf.

a way that (yz+1) # 0 for all © € £ and ’(y@rl) ‘ > ‘(y@rl)
[12]).

Lu and Zhang [13, Theorems 4.2 and 4.3] analyzed global convergence of the inner and the
outer loops of PDA. In particular, they showed that any accumulation point of the sequence
generated by PDA satisfies the first-order optimality conditions of the problem , and
also, a local minimizer of the problem is an accumulation point. As discussed in [10], the
reduced gradient is numerically more robust than the projected gradient, defined by

g'(x) = m(x - g(z)) -z,
where 7 projects x — g(z) onto Cy,. This happens because the cancellation term in the
calculation of ¢g'(z) in the double-precision arithmetic may lead to the acceptance of the
points that are far from a minimizer (cf.[I0, Example 2.2]). To avoid such a numerical

shortcoming, we used a new stopping test based on the reduced gradient vector (as given
in line 10 of PDA, below).

We now turn our attention toward two main disadvantages of PDA. At first, note that in finite
precision arithmetic, there is no guarantee that PDA has a finite termination feature, even
for a convex subproblem. Moreover, when f is nonconvex, since the feasible region of the
problem has a nonsmooth structure, finding a global minimizer of the model is complicated
because of the possible existence of multiple local minima.

2.2.2 Quasi-Newton Inexact Penalty Decomposition Method

By the fact that the computational advantages of the quasi-Newton methods in continuous
optimization [3] may be inherited for solving the model , it is reasonable to develop

11



a quasi-Newton penalty decomposition method. By such a plan, we can benefit from the
second-order derivatives of the model as well. Here, we introduce a quasi-Newton inexact
penalty decomposition method in the framework of Algorithm [2] called IPDA-QN. As seen,
IPDA-QN performs an inexact Armijo line search along a quasi-Newton direction to solve
the penalty problem with respect to z, rather than PDA which exactly solves the penalty
problem. Although IPDA-QN does not have the above-mentioned drawbacks of PDA, both
IPDA-QN and PDA solve two separate penalty subproblems with two various constraints. So,
on one hand, different methods for each type of constraint must be used, and, on the other
hand, searching alternatively in two different regions increases the computational cost.

Lapucci et al. [12, Algorithm 2] proposed an inexact penalty decomposition algorithm
to solve (Ps) in the absence of simple bounds on the variables. They also proved the
global convergence of their algorithm to a Lu-Zhang minima. Here, IPDA-QN is similar
to Algorithm 2 of [12], but with the three following main differences: (i) IPDA-QN uses a
different stopping test based on the reduced gradient vector instead of using the stopping

(), )

test Hvxqp(j> (xe Yy )HOO < ¢;; (it) the quasi-Newton direction is employed rather than

the steepest descent direction d¥) = —V,q,) (méj), yéj)); and (iii) each trial point xéj) in the
inner loop is projected to the box Cj,.

12



Algorithm 2 Quasi-Newton Inexact Penalty Decomposition Algorithm (IPDA-QN) for solv-

ing (P)

1:

*®

10:

11:
12:
13:
14:

15:
16:
17:
18:

19:

20:
21:
22:

tuning parameters: 7 > 1,0 < c < 1,¢> 0, p@ > 0, and a sequence {¢;};en such
that £; — 0 when j — oo.

input: A positive definite matrix H® € R™*" ¢ (0) € Gy, and y ) e C..
Compute f (:1:((]0)) and find T satisfying T > max {f (35(() )) ,E}.
for =0,1,2,... do
Set ¢ = 0.
repeat
Solve the linear system H/dV) = =V, (xé] ), yéj )) to find the search direction
4
Set AW := (dD)T'V,q,0) (a:g]),yé )> and o = 1.
repeat
Compute xgi)l = min {u max {l Ty )+ ad ])}} € (.
Evaluate LSok = (qp<j) (;péjhyé )) < ¢, (a:éj),yéj)) + acA(i))_
if ~LSok, then reduce the line search step size to a = %a; end if
until (LSok)
yéi)l = ary@ggjn 4, (552217 y)
Set ¢ < (+ 1.
until (vaf]\pm (xg ,y )H < EJ)
Set plith) =y . pli).
Set, (29, ) = (), 49).
if ¢+ (x(j) Yyl ) > 7T, then y{ ™ = y\”; else y{™ = y@; end if
Update H’™! by a quasi-Newton formula.
end for
output: y(j)

An Improved Quasi-Newton Penalty Decomposition
Method

In this section, we introduce algorithmic features of an improved penalty decomposition
method based on the quasi-Newton aspects. In other words, we discuss how the approximate
Hessian of the cost function can be employed in the penalty decomposition algorithm,
leading to higher levels of accuracy because of using the second-order information of the
model. To proceed, first, we need to state an optimality measure consistent with finite
precision arithmetic.

13



3.1 A New Practical Optimality Measure for Problem (P))

Here, we introduce a computational optimality measure based on the definition of BF point
and the reduced gradient for the model (P). It was shown in [13] that an optimal solution
of a general cardinality-constrained optimization problem is a Lu—Zhang minima of such
a problem. But, a BF vector of this problem cannot necessarily be a Lu-Zhang minima
(cf. [12, Example 2.1]). The same result is also valid for as a special case of the
general cardinality-constrained optimization problem. To show a good performance of our
best algorithm compared to state-of-the-art cardinality-constrained optimization methods,
in Section [6] in finding possible BF points in finite precision arithmetic, we define below a
computational measure based on the reduced gradient. Such a comparison is essential since
we only prove convergence for our algorithm to a Lu-Zhang minima.

Definition 3.1 The point x* € Cyns s called a generalized BF point of if it satisfies

{if |zllo < s, then Vf(z) =0, 9)

if |zllo = s, then Vfi(x) =0 for alli € I)(z).

In finite precision arithmetic, for a given threshold ¢ > 0, @D can be used in the form of
the computational measure

i f(z)| <
{lf l#llo <5, then [VF(@)] <, 0)

if ||z]lo = s, then |V fi(z)| <e for all i € I(x).

Proposition 3.1 The point 2* € Cy s satisfies the Lu—Zhang conditions iff

{V]?(:E*)Z =0, forallie L Cn] with |L|=s, (1)

x; =0, for all i € L¢ defined by .

Proof. :: Assume that x* € C} 5 satisfies the Lu—Zhang conditions with the
multipliers (A1, A2) € R} xR} and w € R", and also with an index set £ C [n] with |£]| = s
and z7. = 0. Since by the assumption we have x7. = 0, it is only necessary to show that

Vf(z*); =0, for all i € £ with |£]| = s. We distinguish three cases:

CAske 1: € 4, N L. In this case, xf = [; leads to A\ > 0, Ay = 0, and w; = 0. Therefore,
from condition , we obtain

gi(x") — M+ A +w; = gi(2") — Ay = 0,
resulting in g;(x*) = Ay > 0 for i € L.

CASE 2: i € A, N L. In this case, ] = u; leads to Ay =0, A2 > 0, and w; = 0. Thus, from
condition (5)), we obtain

gi(z") = M+ A+ w; = gi(x™) — A =0,
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so that g;(z*) = —A\; <0 for i € L.

CASE 3: 1 € AN L. In this case, [; < xf < u; leads to Ay = 0, Ay = 0, and w; = 0. So,
from condition (f]), for i € £, we obtain

gz(m*) — A+ A 4+w; =0.

Now, as a consequence of the above three cases and by considering the definition of V f ,
the result is obtained.

(11)=F): Since z* € Cyns satisfies (11), there exists an index set £ C [n] with |£] = s
and z7.. = 0. We define the normal cone for by

N@*)={veR"|v,>0Vie LNA, v, <0Vie LNA, v,=0Vie (LNA)ULY}.

From (11), —g(2*) € N(z*), and by [I8, Theorem 3.24], z* is a local minimizer of (P).
Moreover, from [I3, Theorem 2.1], a local minimizer of satisfies the Lu-Zhang conditions
, which yields the result. O

3.2 Main Algorithmic Aspects of the New Approach

As already mentioned, the model is generally NP-hard due to the existence of the
cardinality constraint, even when the cost function is quadratic. Consequently, our idea to
deal with the model centers on effectively managing this intractable constraint. Notably, our
analysis reveals that we do not have to decouple the bound constraints from the cardinality
constraint. More specifically, for a given (arbitrary) point, the problem of finding the closest
s-sparse point that satisfies the bound constraints has a closed-form solution.

Let us from recall that
Cors =C,NCs = {y eR"[I <y <, ylo < s}
Then, our algorithm is based on the following reformulation of (P):

min z) st. x—y=0
xGR",yEC%msf( ) y ’

which can be tackled via a sequence of penalty subproblems as follows:

. 2
meRn{nylgCWf(x)erI!fc yll3-

However, due to the (possible) nonconvexity of f, the above penalty subproblem is still
expensive to handle. This fact motivates us to suggest the following approximate penalty
subproblem:

: 1 1
min  &,.(2,y) = (= 2) ' VI(2) + 5 — 2) H(z = 2) + plle —yl,

z€R" ) yeCpns
(P (I,y;p))
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where H is an approximation of the Hessian V2f(z).

Now, it can be seen that

F(o) = f) a2 Vg (e Hz—2) > f(2) 48 (w,9) = f@)+plle—yl

We emphasize that in our analysis H is only a diagonal approximation of the Hessian of the
nonconvex function f at z. Such a sparse approximation highlights a particular advantage
of our approach since fully computing this often dense matrix is prohibitively expensive. By
the way, the approximate subproblem is still NP-hard; hence suggesting a block-
coordinate algorithm could be favorable. This is precisely the methodology of the inner loop
of Algorithm |3| (lines 6-10), illustrating the computational process of our method (PDA-QN).

Algorithm 3 A Quasi-Newton Penalty Decomposition Algorithm (PDA-QN) for Solving

1: tuning parameters: r > 1, ¢ > 0, p¥ > 0, and a sequence {&;};ey such that ¢; — 0
when j — oc.
2: input: A positive definite matrix H? € R, SL'(()O), and y(()o) € Cyns-

) (0) e (0) . 0\ -
3: Compute f (mo ) and find T satisfying T > max {f (xo ) , min P 0 (m,yo ) ,c} > 0.

4: for j =0,1,2,... do

5. Set £ =0.
6: repeat .

T I1E21 = aigegiin ‘I’(pu),z(rn) (1‘7 yéj))-
8: yéﬁ = argmin ‘b(pm 2(=1) (xéi)l,y)
y€Chns ’

9: Set { + ¢+ 1.

10: until <HV$@([)U)7IEU_1)) (mgj)’yé]))H S 6]>
11: Set p(]+1) =17r. p(]) ‘ ‘
12:  Set (x(j),y(j)) = (x?),yé])).

(+1)

14:  Update the Hessian approximation HY). [see Algorithms 4/ and
15: end for
16: output: y¥

In finite precision arithmetic, at the jth iteration of PDA-QN, xﬁ,j ) is an approximate station-

ary point of the penalty function with respect to x iff
Hvxq’(p<j>,x(jl)) (x((zﬂ),yéﬂ))H <ej. (12)

Indeed, here condition is reduced to since there are no simple bounds on () € R™.
In what follows, we describe how the two penalty subproblems in terms of z and y (defined
in lines 7 and 8 of PDA-QN) are solved. It is worth noting that both subproblems have
closed-form solutions and so, are solvable effectively, with low computational cost.
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3.2.1 Closed-form Solution of (F,.,) with respect to

At the jth iteration of PDA-QN, the subproblem (P, ,.,) can be written as

;2%}1 q)(po),x(j—l))(l'ay);

that is,
min (2 - xU*l))Tg (2079) + ; = m(H))T HUY (2 — 20-Y) + ;po‘) |« - yéj)Hz

TER™ 2’

(Fr)
Now, denoting positive definiteness of an arbitrary (symmetric) matrix A by A > 0, in our

method, we have pt) > 1 and HU=Y - 0, ensuring HU=Y + pU) ] = 0. So, the solution of
this strictly convex subproblem satisfies the following optimality condition:

g (070) = HOD20-) L HU Vg 4 00 (2 — y@) =0,
Thus, we obtain a unique closed-form solution as follows:

)y = (HOD + ,o(j>l)_1 (HO-D20-D 4 g0y — g (207)) . (13)

3.2.2 Closed-form Solution of (P, ) with respect to y

Here, by letting x = xéi)l, the subproblem (F,,.,) with respect to y can be written as

min
yecb Ns

2 ], (P,)

To simplify the solution process, for any vector € R", we denote the coordinate projection
of  with respect to the indices in S C [n] as [zg; 0], which means that the ith element of the
vector [xg;0] is equal to z; for i € S, and equal to 0 for ¢ € S¢:= [n] \ S. Furthermore, for
arbitrary vectors z,y € R", here x oy signifies the Hadamard (element-wise) multiplication

of x and y. The following result is now immediate, giving the closed-form solution of the
subproblem (P,).

Lemma 3.1 The solution of at the (¢ + 1)th iteration of the outer loop and the jth
iteration of the inner loop is

yéi)l = [max (min (xgr)l, u) ,l) ;O}J, (14)

where J contains the s largest components of

[\/2 (2f) ., o ur+ — u; } [\/2 (2) olr- — 12 -0] () 050, (15)

in the absolute value, in which

v el (), 5 ).
r- = {ieqh|(2¥) <b},
' = {z en]| i< (xéi)l)z < ul} (16)




4 Convergence Analysis

To establish that our algorithm (PDA-QN) obtains a feasible point satisfying the generalized
Lu—Zhang optimality conditions, here we need to summarize some mild assumptions on g

and {H(j)} where Ny := NU {0}, as follows.

Jj€No

Assumption 1 (To be imposed on the gradient)

e The gradient g(z) exists for every x € R";

o Letting ¢ := max {|| max(—I,u)||,1}, there exists v > 0 such that

[ el <3¢,
lot=)) < {vaH, i ol > 3¢

It can be observed that the Lipschitz from the origin condition, i.e. ||g(z) — ¢g(0)|| < 7| ||
for all x € R™, with the constant 4 > 0, implies Assumption [I Hence, Assumption
is weaker than the Lipschitz from the origin condition which is itself weaker than the
standard Lipschitz continuity condition, commonly used in the literature. As known, the
standard Lipschitz condition stipulates that there exists a positive constant L such that
llg(x)—g(Z)|| < L||x—7| for all z, z € R™. Therefore, our requirements for g are significantly
less restrictive rather than the conventional convergence assumptions imposed on the cost
function in the current literature. Meanwhile, uniform boundedness of the positive definite
Hessian updating formulas is another standard assumption in the convergence analysis of
the quasi-Newton methods, here also is taken care of in the following form.

Assumption 2 (To be imposed on the Hessian approximation)

o For any j € Ny, all the eigenvalues of H) belong to the interval [Apin, Amax] With
)\min > 0.

Now, we are in a position to state the convergence results of PDA-QN. Within the remaining
part of this section, we suppose that Assumptions [I] and [2| hold. Also, to organize our
analysis legibly, the proofs of our theoretical claims are given in Appendix [§|

Lemma 4.1 Consider the outer loop iterates of PDA-QN that generates the sequence {x(j)} o
J&8o

where 29 solves (Py)) with y = y9). Furthermore, assume that z® € R™ is an arbitrary
initial point, and y9) € Cy, for every j € N. Then, the sequence

{(xm — 200)" g (a0 + ; () — 20-DY HOD () — x(j—l))}

j€EN

1s bounded below.
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Corollary 4.1 The iterates of the inner loop of PDA-QN are bounded; that is, ’mEJ)H is

uniformly bounded for every £, j € Ny.

The above result ensures that any sequence generated by the inner loop of PDA-QN has
an accumulation point. Meanwhile, the next theorem confirms that every pair (ZL‘(j), y(j))

generated by the outer loop of PDA-QN is a saddle point of the penalty subproblem (P, .|

This fact is critical for establishing the convergence of the sequence {a:(j)} . to a local
J&No

minimizer of .

Theorem 4.1 Let {(xéj), yéj)> }ZeN be a sequence generated by the inner loop of PDA-QN for

solving (Pray.p)). Then,

(1) the sequence {CD(W) (acéj), éj))}EGN is convergent;

(79) an accumulation point (xfkj), y,gj)) of this sequence is a block-coordinate minimizer of

the problem (Py:p));

(7i1) PDA-QN finds a point (:vgr)l, yéi)l) in a finite number of the inner iterations.

Theorem 4.2 Let {(:E(j),y(j))}
Then,

ieno be a sequence generated by PDA-QN for solving .

(1) The sequence {(J:(j),y(j))}EN has a convergent subsequence whose accumulation
j€No

point (x*,y*) satisfies z* = y*;
(i1) there exists an index subset L C [n] with |L| = s such that x}. = 0;

(1i1) if the RCQ condition given in holds at x* (with the index subset L defined above),
then x* is a generalized Lu—Zhang point of .

5 Practical enhancements for PDA-QN

As a member of the family of the quasi-Newton methods, PDA-QN is capable of being
equipped by some line search procedures or taking advantage of various Hessian approxi-
mations. By such developments, we can make it possible to enhance accuracy or accelerate
convergence. As a matter of fact, in the high-dimensional models, we often have to scarify
the accuracy to some meaningful levels to increase the convergence speed. Motivated by
these, next, we come to describe a line search technique as well as several diagonal approx-
imations of the Hessian as possible initiatives to improve the computational performance
of PDA-QN.
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5.1 PDA-QN Equipped with an Improved Line Search

In this subsection, we describe our improved line search procedure, whose goal is to compute
$§£1 in (line 5 of) PDA-QN for a possible (more) reduction in the model function ®. This
line search is a backtracking technique if the line search condition for a = 1 does not hold;
otherwise, it turns into an extrapolation technique aiming to take a longer stride toward
the solution. Our improved line search only computes the model function values at the
trial points, except at the accepted point in which the main cost function value should be
computed. Hence, in each call to our new line search, one function evaluation is required,
which makes its computational cost lower than the classic line searches. Here, PDA-QN-LS

stands for PDA-QN equipped with the improved line search.

As known, starting from the current iterate, a line search generally deals with finding a
proper step size on a directionally differentiable curve of the feasible points defined along a
descent direction. Now, based on such a principal plan, by defining Z(«) as the mentioned

feasible curve parameterized by o > 0, our line search starts from the current point 20~
and searches for an appropriate (step size) value for a within the search path

(o) == (HU) 4+ ap(j)l)fl (H(jl)x(jl) + a(p(”y — g (zU1) )) , (17)
for which the tangent vector is given by
#(0) == (HUD) L (pD(y —2) — g (aU71)) . (18)

Since in PDA-QN we have #(0) = 20~1 and #(1) = 21| by respectively setting a = 0 and
a=1Iin , it is reasonable to first perform a simple backtracking line search along the
direction ' . .

d9) .= #(1) — 7(0) = 2, — 2=V, (19)

in the sense of setting « <— «/2 until the Armijo condition
‘I)(pm,m(j—l)) (), y) < q’@(j),m(j—l))(%y) + an/(O)Td(j) (20)

is fulfilled, in which 7 € (0,1) is the Armijo (tuning) parameter. In addition, whenever

our line search stops with a = 1, we do an extrapolation along the direction d) to quickly
leave the regions far from an optimum point. That is, in the extrapolation phase, as long
as the Armijo condition holds the step size is increased as « < 2a. So, here only the
model function ® () aG-D) (Z(),y) is successively computed, without any extra main cost

function evaluations.

5.2 Diagonal Estimations of the Hessian

In our quasi-Newton penalty decomposition method, it is of vital importance to effectively
update the Hessian approximation (in line 13 of PDA-QN). A careful readout of the literature
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reveals a great deal of interest in devising memoryless (limited memory) approximations of
the (inverse) Hessian of the cost function of the unconstrained optimization models, which
frequently appear in the practical fields. At the core of such studies, a meaningful plan can
be observed to more directly benefit from the second-order information based on the secant
equation (cf. [3]).

Here, for the model

916161]%}1 q’(p(ﬁ,x(jfl))(% Y), (21)

the secant equation can be written as
HOplU-D = qU-1, (22)

where HU) = VfC@(p(j),m(j_l)) (x(j),y>, with

077 = Va® (0 000y (0 ) = Va0 gy (2970 0) -

and
pUD = g _ U= = 1 qUD), (24)

in which the step size a;;_; often results from an approximate line search along the direction
dv= = —gb-Y V;cq)(po'fl),x(jfz)) (33(] 1)79) .

The huge growth of the dimension of the practical optimization models by the beginning
of the current century pushed scholars to change their classic way of thinking toward the
memoryless Hessian approximations. As a result, diagonal estimations of the Hessian have
been developed, in which an approximation of the secant equation is used [9], 2], .
As a reasonable matter of routine to keep looking at the diversity and inclusion in the
optimization tools, here we suggest modified diagonal approximations of the Hessian as
well.

5.2.1 PDA-QN-LS with Three Limited Memory Approximations of the Hessian

In this subsection, we propose three new limited memory formulas for approximating the
Hessian matrix. By forming and updating two matrices whose columns are the differences
between the prior points, and the differences between the prior gradients of the penalty
model function, we can construct our three low-cost diagonal approximations, which have
different behaviors for different practical problems.

In each iteration j of our algorithm, we need to compute the iterate difference p@¥) (computed

by (24)) of the previous points and the difference ¢\ (defined by (23))) of the previous
gradients. Then, until j is not greater than a prespecified positive integer m (as the size of

the memory), we save pt¥) as the jth column of the matrix S € R™*™ and ¢V) as the jth
column of the matrix YW € R™*™_ Meanwhile, when the memory assigned to S and Y
is full, we delete the oldest columns of S¥) and Y to provide enough space for saving the
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newly generated pair of the vectors. As a result, we have the complete form of the matrices
SU) and YU) as follows:

SO = (p0 p@ L pm), YO = (q g q<m>),

As known, these two matrices have been already used for the construction of the limited
memory quasi-Newton methods, e.g., see [I1, [7]. Now, defining Ay. as the kth row of an
arbitrary matrix A, here we diagonally approximate the Hessian matrix as

T = diag (A9, 9, 0)).
whose entries are computed by the following three formulas:

1,7l sw

155 e LM,
~(i SO
hl(fj) =41 ’EQ)H ) LM2, (25)
1Y oo |
15900e 1V lloo
max{llYk‘?’llw’ T At
for k = 1,2,...,n. Moreover, to support well-definiteness and uniformly boundedness of

the approximations, we restrict the (diagonal) entries of the matrix HO by
;L,(Cj) = max{ﬁ,(g),g}, forall k=1,2,...,n, (26)

for some enough small constant ¢ > 0. As a result, we have

~

HO — diag (K9, 7Y, ..

v
9

0), foralljeN, (27)

starting by HO® =1. The diagonal approximation H can be straightly employed in (line
13 of) PDA-QN, in the framework of the Algorithm [4| given below.

Algorithm 4 Determining the diagonal update for the Hessian by three schemes

tuning parameter: the constant ¢ > 0.

input: the iteration number j.

Set k=1.

repeat
if 7 =0, then set E,(Cj) = 1; else compute E,(Cj) by ; end if
if ?ngj) € {0,NaN, oo}, then set fL,(f) = 1; end if
Compute E;” by (26).
Set k <+ k+ 1.

until £ <n.

Determine by ([27).

: output: "

_ =
—= O
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5.2.2 PDA-QN-LS with a Diagonal Estimation of the Hessian Based on a Well-
conditioning Measure

In the literature of matrix computations, experts have rightly warned some troubles are
probable when doing calculations with an ill-conditioned matrix [19], a fact that has also
been highlighted through the experimental evidence. For symmetric positive definite ma-
trices, discussions around the conditioning are principally centered on the distribution of
the eigenvalues as the main concern. Based on the earlier efforts made in [2] [I], we can take
the orthogonal matrices into account as a class of matrices that possess the least possible
condition number [19].

The main feature of an orthogonal matrix (for which the condition number is equal to
one) is that the inverse and the transpose of the matrix are exactly the same. This is
the key issue of our approximation scheme. Meanwhile, we also need to explicitly employ
the second-order information of the model function in (21)), a goal that can be achieved
by applying the secant equation . Thus, tying these two main issues together, we can
shape our estimation scheme in the framework of the following model:

. 1 . . . 2 1 . N1
; M) = 2 ||lgW,u-1 _ -1 - G) — g2
o 0 (HY) = 5 HH P q H2 +oulHY = HY A, (28)
where DT C R™ " is the set of all diagonal matrices with positive diagonal entries and
i > 0 is a penalty parameter embedded to push the solution toward orthogonality, and as

a result, to enforce well-conditioning. Now, since around the optimal solution (for enough

large values of j) we have p,(f 71)ql(€j -~ 0, an approximate solution of the model can

be given by

HY) = diag (h{, Y., hY)), (29)
with
MW =B 0,1, forallk=12,...,n (30)
k. (j—1)2 [ B e R A
DPr +p

Although being positive, the values of {fz,(f )}n near to zero can be computationally trou-

blesome. To prevent such an unintended consequence, and also, to make the approximations
uniformly bounded, here we consider a protective measure as

() de oy 1
hl(g]) 2 in {max {hl(fj), Q} ) } , forallk=1,2...n, (31)
%
for some enough small constant ¢ > 0. Then, we define
Y = ding (1090, forall je N (32)

)

starting by "% = I, as a bounded positive definite diagonal estimation of the Hessian.

Hence, we can straightly employ the bounded Hessian approximation 7Y i (line 13 of)
PDA-QN, in the framework of the following algorithm.
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Algorithm 5 Determining the diagonal update for the Hessian by a well-conditioning
strategy

—_

: tuning parameters: the constants u, o > 0.

2: input: the iteration number j.

3: Set k=1.

4: repeat

5. if 7 =0, then set E,(cj) = 1; else compute Bg) by ; end if
6:  Compute E;” by (31).

7. Set k<« k+1.

8: until k <n.

9: Determine H"' by (32).

10: output: "

6 Numerical Experiments

In this section, we first compare each of the four exact variants of Algorithm [2] with the
corresponding inexact variant of Algorithm |3 to show the numerical performances of the
four different proposed diagonal approximate Hessian matrices in Subsection for finding
possible approximate BF points or approximate global minimizers of the problem .
Then, we find the best variant of Algorithm [3]in Subsection [6.4] to compare to three state-
of-the-art methods in Subsection [6.5]

6.1 Test problems used and values for tuning parameters

We used the 846 unconstrained and bound-constrained CUTEst test functions of Gould et
al. [8] to construct the 846 cardinality bound-constrained test problems with dimensions 2
to 9000. For all problems, we computed the parameter s (defined in (P])) as the integer of
v/n. The initial point

7= (—1)"

fori=1,...,n
2+

is chosen such that it satisfies the cardinality constraint. Then [; := 2Y—10, and u; := 2410
for i = 1,...,n are chosen, and 2 is projected into the box [I,u] to be the initial point for
all test problems. We denote by nf2g the number nf of function evaluations plus two times
the number ng of gradient evaluations.

Values for tuning parameters of Algorithms [2] and [3|are chosen as r = 2, ¢ = 1078, ¢ = 100,
PO = 0.1, prmax = 10%, €min = Em, €0 = 100, m = 10, u = 1, and o = 107''. The
two variable parameters are iteratively updated as e = max(emm,er_1/(1 + £)%%) and

p®) = min(rp®=, pay).
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6.2 Stopping tests

To compare all proposed algorithms, we use the two different stopping tests based on the
notion of stationarity:
(i) The first stopping test is our first computational cost measure defined by , that is:

if l*[lo < s, then ||V f(z)] <&,
if |%]o = s, then |Vf;(z*)] < e for all i € I(z*),

where x* is an approximate generalized BF stationary point found by a solver and ¢ is a
given threshold.

(ii) The second stopping test is the condition ¢; < €, where 0 < € < 1 is also called target
accuracy and the quotients

qs ‘= (fs - fopt)/(f() - fopt) forse S (33)

are measures to identify the convergence speed of the solver s to reach a minimum of
the smooth true function f. In real applications, these quotients are not available since
fopt == f(xopt), which is the function value at the best-known point, is unknown. Here f
is the best function value found by the solver s and fy is the function value at the starting
point (common for all solvers). In most cases, zop is a global minimizer or a better local
minimizer, found by running all compared solvers in this paper.

We consider a problem solved by the solver s if the proposed stopping tests hold and
neither the maximum number nf2gmax of function evaluations plus two times the number
of gradient evaluations nor the maximum allowed time secmax in seconds was reached,
and unsolved otherwise. In our results, secmax = 1200 sec, nf2gmax = 20000, and
e € {1071,1071°,1075,0.1} were chosen.

6.3 Comparison of Four Diagonal Versions of Algorithms [2| and
B for Dimensions 2—9000

This section aims to show how much more robust or efficient the penalty decomposition algo-
rithm (Algorithm [3)) using the fourth diagonal approximate Hessian formulas in computing
the closed-form solution ((13]) could be than the inexact penalty decomposition algorithm
(Algorithm [2)) using these four diagonal approximate Hessian formulas in computing search
directions.

We here state all algorithms that are compared:

(i) IPDA-LM1-LS (Algorithm [2)) is compared with PDA-LM1-LS (Algorithm [3)), both of which
compute HY) by Algorithm 4]

(ii) IPDA-LM2-LS (Algorithm [2)) is compared with PDA-LM2-LS (Algorithm 3)), both of which
compute HY) by Algorithm [4]

(iii) IPDA-LM3-LS (Algorithm[2) is compared with PDA-LM3-LS (Algorithm 3]), both of which
compute HY) by Algorithm [4]
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(iv) IPDA-D-LS (Algorithm [2|) is compared with PDA-D-LS (Algorithm , both of which
compute HY by Algorithm [

6.3.1 Comparison of PDA-D-LS and IPDA-D-LS

Figure [I] shows a comparison between PDA-D-LS and IPDA-D-LS. From this figure, we con-
clude that

e PDA-D-LS finds a slightly higher number of better approximate BF minimum points for
test problems at high target accuracy with a lower number of function and gradient evalu-
ations than IPDA-D-LS;

e PDA-D-LS also finds a higher number of better approximate global minimum points for test
problems at high target accuracy with a lower number of function and gradient evaluations
than IPDA-D-LS.
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Figure 1: Performance profiles of PDA-D-LS and IPDA-D-LS in terms of nf2g to find an
approximate BF point (first row) and an approximate global minimum (second row).

6.3.2 Comparison of PDA-LM1-LS and IPDA-LM1-LS

Figure [2| shows a comparison between PDA-LM1-LS and IPDA-LM1-LS. From this figure, we
conclude that

e PDA-LM1-LS finds a slightly higher number of better approximate BF minimum points
for test problems at high target accuracy with a lower number of function and gradient
evaluations than IPDA-LM1-LS;

e TPDA-LM1-LS finds a higher number of better approximate global minimum points for test
problems at high target accuracy with a lower number of function and gradient evaluations
than PDA-LM1-LS.
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Figure 2: Performance profiles of PDA-LM1-LS and PDA-LM1-LS in terms of nf2g to find an
approximate BF point (first row) and an approximate global minimum (second row).

6.3.3 Comparison of PDA-LM2-LS and IPDA-LM2-LS

Figure |3| shows a comparison between PDA-LM2-LS and IPDA-LM2-LS. From this figure, we
conclude that

e PDA-LM2-LS finds a slightly higher number of better approximate BF minimum points
for test problems at high target accuracy with a lower number of function and gradient
evaluations than IPDA-LM2-LS;

e TPDA-LM2-LS finds a higher number of better approximate global minimum points for test
problems at high target accuracy with a lower number of function and gradient evaluations
than PDA-LM2-LS.

6.3.4 Comparison of PDA-LM3-LS and IPDA-LM3-LS

Figure [4] shows a comparison between PDA-LM3-LS and IPDA-LM3-LS. From this figure, we
conclude that

e PDA-LM3-LS finds a slightly higher number of better approximate BF minimum points
for test problems at high target accuracy with a lower number of function and gradient
evaluations than IPDA-LM3-LS;

e PDA-LM3-LS finds a higher number of better approximate global minimum points for test
problems at high target accuracy with a lower number of function and gradient evaluations
than IPDA-LM3-LS.
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Figure 3: Performance profiles of PDA-LM2-LS and PDA-LM2-LS in terms of nf2g to find an
approximate BF point (first row) and an approximate global minimum (second row).
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Figure 4: Performance profiles of PDA-LM3-LS and PDA-LM3-LS in terms of nf2g to find an
approximate BF point (first row) and an approximate global minimum (second row).

28



6.3.5 Recommendation for compared (in)exact penalty decomposition algo-
rithms

Table |1 contains a solver selection for finding high-accuracy approximate stationary points.
This table tabulates all results to indicate which variants of our new exact penalty de-
composition algorithm or the existing inexact penalty decomposition algorithm can find a
greater number of high-accuracy approximate BF or global minimum points.

All four versions of the exact penalty decomposition algorithm found a greater num-
ber of high-accuracy approximate BF points than their inexact versions. On the other
hand, PDA-D-LS and PDA-LM3-LS found a greater number of high-accuracy global minimum
points compared to IPDA-D-LS and IPDA-LM3-LS, while IPDA-LM1-LS and IPDA-LM2-LS
found a greater number of high-accuracy approximate global minimum points compared to
PDA-LM1-LS and PDA-LM2-LS. As a result, our exact penalty decomposition algorithm finds
a greater number of high-accuracy approximate BF points than its inexact version, while
these two algorithms are comparable in finding high-accuracy approximate global minimum
points.

solver high-accuracy
optimum point
BF GL
PDA-D-LS + +
IPDA-D-LS - -
PDA-LM1-LS + -
IPDA-LM1-LS | — +
PDA-LM2-LS + -
IPDA-LM2-LS | — +
PDA-LM3-LS + +
IPDA-LM3-LS | — —

Table 1: A solver selection based on high-accuracy approximate stationary points. Here, +
indicates the highest quality, and — indicates the lowest quality. Moreover, BF stands for
a basic feasible point, and GL stands for a global minimizer.
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6.4 Comparison of Four Diagonal Versions of Algorithm [3| for
Dimensions 2-9000

This subsection aims to show which version of our exact penalty decomposition algorithms
is the most robust and efficient.

Figure[]shows a comparison among PDA-D-LS, PDA-LM1-LS, PDA-LM2-LS, and PDA-LM3-LS.
From this figure, we conclude that

e PDA-D-LS finds a slightly higher number of better approximate BF minimum points for test
problems at high target accuracy with a lower number of function and gradient evaluations
than the others;

e PDA-D-LS finds a higher number of better approximate global minimum points for test
problems at high target accuracy with a lower number of function and gradient evaluations
than the others.
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Figure 5: Performance profiles of PDA-D-LS, PDA-LM1-LS, PDA-LM2-LS, and PDA-LM3-LS
in terms of nf2g to find an approximate BF point (first row) and an approximate global
minimum (second row).
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6.5 Comparison among all algorithms for Dimensions 2—9000

This subsection aims to indicate the numerical performance of PDA-D-LS (the most robust
and efficient version of Algorithm [3]in finding both approximate BF points and approximate
global minimum points) compared to the following state-of-the-art algorithms:
e IHT is the iterative hard thresholding proposed in [5].

e BFS is the basic feasible search proposed in [6, Algorithm 5]

e ZCWS is the zero-CW search method proposed in [6, Algorithm 6.

From Figure[6] we conclude that, in finding high accuracy approximate BF points, PDA-D-LS
is not only the most robust and efficient but also in finding approximate global minimum
points compared to IHT, BFS, and ZCWS.
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Figure 6: Performance profiles of PDA-D-LS, BFS, IHT, and ZCWS in terms of nf2g using the
first stopping test (first row) and the second stopping test (second row).
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7 Conclusion

In this paper, we propose an exact penalty decomposition algorithm for the cardinality
bound-constrained optimization problems whose simple bounds on the variables are as-
sumed to be finite. A two-block decomposition scheme is used to find low accuracy sta-
tionary points of a sequence of the penalty subproblems: the solution of the first penalty
subproblem is obtained in a closed form without simple bounds on variables, and the so-
lution of the second penalty subproblem is obtained in the presence of both bound and
cardinality constraints.

Four cheap diagonal formulas are introduced to approximate the Hessian matrix, three
of which are based on the differences of previous points and gradients (limited memory-
based) and one of which is based on the distribution of the eigenvalues. Numerical results
show that using these four formulas, our exact penalty decomposition algorithm is more
efficient and robust than the inexact penalty decomposition algorithm to find high-accuracy
approximate BF points, while these two algorithms are comparable in finding high-accuracy
approximate global minimum points.

In finite precision arithmetic, an improved line search is performed as either a backtracking
or an extrapolation framework. This line search only computes the model functions at trial
points, except at the accepted point whose objective function value is computed. Hence
this line search only requires one function evaluation in each iteration of our exact penalty
decomposition algorithm.

Although in theory under a new assumption weaker than the Lipschitz continuity from
the origin it is shown that our algorithm converges to a Lu-Zhang stationary point, in
practice high-accuracy approximate BF points can be found in finite precision arithmetic,
competitive with the state-of-the-art methods such as IHT, BFS, and ZCWS.
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Appendix

Technical proofs are given below.

8.1 Proof of Lemma [3.1]

Proof.  For any y € Cy, we can write y = [yz; yz| such that yr = 0 for some index set
T C [n] with |Z] = n — s. Hence, for any such index set Z with |Z| = n — s, (P)) can be
written as the following indexed problem:

min(|lzz — yzls + loze = yzellz) st yr =0, (Pr)

which is equivalent to:

min ||vze —0]]3 st Iz <0 < uge.
geRIZC

To simplify our notation, we define

F+

=0"NZ° I, =T NI° T0:=T"NZI° xuy:= (rps upse), x1_:= (o, l).

It is easy to see that

(0.)r = lups:0, (0.)p- = [lp:0), and (0.)ro = [oro; 0.

So, for any index Z specified above, the optimal value ||zze — 6,]|3 + ||zz]||3 of the indexed
problem (P]) can be computed as

5+ llzronzl|3,

lops — upells + lorenzlls + loes = leo 15 + lee-nzlls + llore — 2rg
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whose first and second terms

lopy —upse 15+ llwrerzlly = llors 15 — 250y + Jlupe[l3 + oz

= Jlap+ |13 — 2xuy + [Jupy |3,
whose third and forth terms

lop; =l 2+ loe-nzlls = llop 2 — 2x1 + [lip; 12 + lop |12

= Jlop- 13 — 2x1_ + [l |3,
and whose two last terms

2
2

laro — zroll3 + llzronzll3 = llzroll3 — llzro

can be simplified. Consequently, the optimal value becomes

loze = 0.5 + llazll; = llor+]3 — 2xuy + Jlup: |15 +

2

lor— 5 — 2x1— + [|1p- >

2+ llzroll2 — [l

2
92-

= lll3 = 2xuy + [lupg |15 — 221 + [lip- 15 — [l

This implies that the minimal value of is achieved when

2xuy — [lupsll3 + 221 — [l [I3 + llerell;

is maximal. Note that the quantity above is the Euclidean norm of the following vector:

[\/2ij O Up+ — u%j; 0} + [\/erc— olp- — lﬁg;o} + [2ro; 0],

which is equal to:

([\/m;m S u@;o} + szp_ ol — 2 o] + [zro; 0])

Tc

Therefore, to choose the best Z¢, we need to select the s largest components in absolute
value of:

[\/Q:CF+ O Up+ — Ui} O} +

\/pr_ olp- —I2_; 0] + [zro; 0].

8.2 Proof of Lemma 4.1

Proof. Note that ||[y¥|| < ¢ = max{| max(—I,u)||,1} for every j € Ny. Since we are only
concerned with the case of large j when pU) — oo, therefore we can simply assume that
P9 > 3¢(3Amax + ) for all j € N, where ¢ and 7 are from Assumptions |I| and .
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Note that [[(HU™ +pW )7t < (Amin+pY) " and [|(H+pD 1) H|| < (Amin+99) ™ Aax-
Thus, if [|z0~V|| > 3¢?, in virtue of (13 ., we get
1< o+ 6 a9+ 712971 +

= (i + P9 ™ A + ) J 20D + ¢

< Amax + 7

o )\min + 3C(3)\max + ’Y)

< Arrla,X + P)/

o 3((3)\max + )

2
Hxﬂ Y+¢< 3CHSE“ il

|2V D] + ¢

2971 + ¢

Since (2/3¢)" — 0 as n — oo, we see that there exists j such that ||a:®|| < 3¢? for every

j > 7. Hence, this case eventually reduces to the following case. Next, if |20~V || < 3¢2,
from (13]), we get

- N o 3% Amax + 7Y
(]) < /\min + (]) 1 Amax (j 1) + + < max
o

Therefore, the sequence V) eventually falls and stays in the ball of radius 3¢? centered at

+ (¢ < 2¢ < 3¢

0. However, whenever )| < 3¢?, we have the lower bound

(x(j) — x(j—l))Tg(Ij—1> l(m(j) — m(j—l))TH(j—l)(x(j) — x(j—l))
A2 = 2 + (/22 = 2P|

_72/2)\min =C.

v I\/ +
G

8.3 Proof of Theorem [4.1]

Proof. (i) Since {yV} C Cpns and from Corollary , we conclude that the sequence

{(x), )} en is bounded, and hence has a convergent subsequence. Without loss of
generality, we assume that such a sequence is convergent whose accumulation point is

(x*,y*). By Lemma , for a fixed 7 € N, we have
(z) — U= Tg(a7~1) + ;(x(j) — 2U"DTHUD (20) — zU-1D) > &> —c.

Therefore, for each j € N, the definition of the penalty function ®,.), and line 13 of
Algorithm [3] lead to

Y > min @600 0@ y") > min @0 .00 (@, YY) = @0 .0y (@7, yP)

- z€eRn z€eR

— (29 = 2T (i) + ;(xu') _ 2GDYTHOD (30) — 501 4 p0)|20) — @2

v

e+ pW ||z — y9)|2
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which implies ||#() -4 |2 < (T — &)/p"). The latter inequality shows that ||z —y@)| — 0
when pl¥) — oo; proving that 2* = y*. Let ZU) C [n] be defined such that |Z)| = s and

(y(ﬂj))c) = 0 for each j € N and i € (ZW)¢. Given the bounded sequence {ZW};cy

of indices, it possesses a convergent subsequence. This implies the existence of an index
subset £ C [n] with |£] = s and a subsequence {(xU) yU)} from the aforementioned

convergent subsequence, such that ZUo) = £ for all sufficiently large j,’s. Consequently,
because z* = y* and y;. = 0, it follows that z7. = 0.

(ii) Recall that (zU¢,yU)) is a saddle point of (P, due to Theorem . Combin-
ing this with the KKT conditions of the problems (P, . and , there are the Lagrangian

multipliers (179, t%) e R" x R" and wl) € R", so that

V f(2Ue)) — BUeD g0 1 JUemD 5 0e) 4 plae) (g0e) — /Gy = 0,

g9 =0, wie=0, 0<tY) 1 (y@) —1)>0, and 0 <Y L (u—yU)) > 0.

(34)
By injecting the second equation of into its first one, we get the following:
Vf(x(jefl)) — HUe=1) 0e1) + HUe=1) 1. (Ge) + p(je)(_tgjé) + tgje) + w(je)) =0,
and by setting A9 1= plo¢li) \Ue) .= 5G04(e) 4,60 = U, | we have
Vf(x(jrl)) — HUeD 61 4 gl Ge) _ >\ng) + )\gje) + i) = 0. (35)

We next show that {(A; NPV wY))} is bounded under Robinson’s condition on z*. Sup-
pose not and consider the followmg normalized sequence:

()\(jz) )\(jz) je))
YRSV RO

()\(J@ )\(Jz Je)) —

Since this normalized sequence is bounded, it has a convergent subsequence, without
loss of generality itself, (A} Ge) 3Ge) ,wU)), whose limit is given by (A%, A, @w*) such that

(A5, A5, @)l = 1. After dividing both sides of (B5) by ||(A AV APD wG))||, and then
passmg the limit j, — oo, in virtue of the part (i) and boundedness of the three first terms
in under Assumptlons I 1jand I7 we get:

NN a0t =0, (36)
where S\j > 0, for 7 = 1,2 and w; = 0. In light of Robinson’s condition , there exists
(d,v,7) such that —d — v = —X*,d — 7 = —\5, and dge = —w*. Since dpe = —Wh. and
wp = 0, we see that d"w* = —|w*||3. By multiplying with d” and using the latter

equations, we get the following:
—(AT = )T + @ = X)) = a@* |15 =0,
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leading to [|(A%, A%, @%)]|2 = T (A1) +oT(A%). Since vT(AF) < 0and 77 (X\3) < 0, we must have
(A%, X%, @*)||2 = 0. This is a contradiction! Consequently, the sequence {(AW, A wlio}
is bounded and has a convergent subsequence. Let (A1, Ay, w) be the limit point of this
sequence, through passing the limit in (34]) and applying the results of the part (i), one can

see the KKT conditions are satisfied and, by Proposition , 2U0) satisfies . O
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