
SMOP: Stochastic trust region method for

multi-objective problems
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Abstract

The problem we consider is a multi-objective optimization prob-
lem, in which the goal is to find an optimal value of a vector function
representing various criteria. The aim of this work is to develop an
algorithm which utilizes the trust region framework with probabilistic
model functions, able to cope with noisy problems, using inaccurate
functions and gradients. The key novelty is approximation of each
function in the multiobjective problem with probabilistically fully lin-
ear model which yields the composite model defined by max operator
as a satisfactory approximation for the nonsmooth scalarized objec-
tive function. We prove the almost sure convergence of the proposed
algorithm to a Pareto critical point. Numerical results demonstrate ef-
fectiveness of the probabilistic trust region by comparing it to compet-
itive stochastic multi-objective solvers. The application in supervised
machine learning is showcased by training non discriminatory Logis-
tic Regression models on different size data groups. Additionally, we
use several test examples with irregularly shaped fronts to exhibit the
efficiency of the algorithm.
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1 Introduction

Multi-objective optimization problems arise in many real-world applications,
such as finance, scientific computing, social sciences, engineering, and be-
yond. These problems are characterized by the need to simultaneously op-
timize multiple, often conflicting objectives, which significantly complicates
the decision making process. Whether one is maximizing efficiency while
minimizing computational cost or minimizing risk while maximizing income,
identifying the optimal trade-offs is far from straightforward. The complex-
ity comes from the competing nature of the objectives, where improving
one criterion comes at the expense of other. The considered problem can
formally be stated as

min
x
f(x) = min

x∈Rn
(f1(x), ..., fq(x))

T (1)

where f : Rn → Rq. The main goal of multi-objective optimization is to
identify the set of Pareto optimal points. A locally Pareto optimal point is
a point such that there exists a neighborhood around it in which no other
point improves all objective function values simultaneously, see [21], [31]. If
the point can not be improved on the entire domain, the point is globally
Pareto optimal. When extending this concept to global solutions, the Pareto
front is defined as the set of nondominated objective values corresponding to
Pareto optimal points. The algorithms for solving problem (1) are designed
to find a broader set of Pareto critical points; points for which no common
descent direction exists that improves all objectives simultaneously. By find-
ing Pareto critical points, it is possible by localize the stationary form of the
Pareto front, see [18],[27]. The insight into the structure of the entire set of
solutions can be crucial in the decision making process, hence it is important
for the model to be able to approximate the front.

Trust region methods for solving this kind of problems work within the
standard trust region framework, building a model for each function fi,
generating a direction by solving a multi-model optimization problem and
performing the acceptance check as in the classical one dimensional case, see
[39]. Therein it is shown that the method converges to a Pareto critical point
under standard assumptions. The convergence towards a stationary point
is a common main result of papers dealing with multi-objective problems.
The complexity of the problem greatly increases if the functions involved
are costly. Computing efficiency and high cost of obtaining exact infor-
mation play an important role and motivation in opting for the stochastic
and derivative free approaches. When creating models within a trust re-
gion framework, it is possible to use inexact gradient information. Such
derivative free trust region approach can be seen in [36]. In the mentioned
paper, one criterion is assumed to be a black box function with a difficulty
to calculate derivative, while other functions and their derivatives can be
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easily computed. The convergence towards a Pareto critical point is proved.
Another version of a derivative free multi-objective trust region approach is
discussed in [5], where radial basis surrogate models are used.

It is also possible to approach this problem within a line search frame-
work. Armijo-like condition with the steepest descent and Newton direction
is discussed in [22]. In [22] authors also analyze the projected gradient
method for constrained cases. Stochastic multi-gradient multi-criteria ap-
proach can be found in [27]. The authors of [27] successfully extend the
classical stochastic gradient (SG, see [30]) method for single-objective op-
timization to a multi criteria method, and prove sublinear convergence for
convex and strongly convex functions.

Random models are also frequently used within the trust region frame-
work in the case of a single objective function, i.e., for the case q = 1. A
number of approaches are available in literature. Probabilistic trust region
method which uses approximate models can be seen in [1]. It is shown
there that with probability one the method converges towards a stationary
point, if the models are accurate enough with high probability. Trust region
method for scalar optimization problems utilizing both approximate func-
tions and gradients can be found in [14]. The analysis therein requires that
the model and function estimates are sufficiently accurate with fixed, suffi-
ciently high probability. These probabilities are predetermined and constant
throughout the optimization process and almost sure convergence towards
a stationary point is proved. Additionally, an adaptive subsampling tech-
nique for problems involving functions expressed as finite sums, which are
common in applications such as machine learning, is proposed therein. Un-
like the traditional subsampling techniques with monotonically increasing
size, that method adjusts the size based on the progress. The literature also
covers methods specifically designed for optimization of finite sums, which
exploit the form through the use of different subsampling strategies, and
other various techniques. Some papers in the literature on this topic are
[4],[7],[10]-[13],[26], [33],[34].

The method we propose here is based on probabilistically fully linear
models for each function fi separately, as introduced in [1] and used later on
in [14, 8]. The concept of full (probabilistic) linearity is extended to vector
function in a natural way as explained further on.

Having a fully linear model, one has to deal with the fact that at each
step of the trust region method we compute the ratio function using approx-
imations of the function values at subsequent steps. Therefore we can not
rely on the true model reduction and the decreasing monotonicity. Thus
some additional conditions are needed to control the errors. One possibility
is to assume that we work with sufficiently small εF accurate values as done
in [14]. We propose a different assumption here, see ahead Assumption 3,
motivated by the applications from machine learning problems. Roughly
speaking we are assuming that the approximate gradient gi is close enough
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to the true gradient of the approximate function f̃i, i = 1, . . . , q which is
common in the case of finite sums where one subsamples functional values
and takes the approximate gradient as the true gradient of the subsam-
pled function, see [33]. The assumption also holds if one approximates the
gradient by finite differences for example.

The quality of approximate models is controlled by a probability se-
quence αk which is approaching 1 sufficiently fast. This way one can take
advantage of relatively poor model at the beginning of iterative process,
hoping to save some computational costs and yet achieve good approximate
solution at the end using high quality models.

Pareto optimal points can be characterized as zeros of the so called
marginal functions, see [21]. This characterization reduces to the usual first
order optimality conditions (gradient equal to zero) in the case of q = 1.
The concept of marginal function is used in [39] to define the trust region
method. However, as we work with the approximate functions and gradients,
an approximate marginal function is used together with the corresponding
scalar representation, see [36].

1.1 Contributions

We propose a trust region algorithm for solving multiobjective optimiza-
tion problem. The problem is first transformed into composite optimization
problem with max operator yielding a nonsmooth objective function. We
proceed by considering random models per function fi, i = 1, . . . , q. The
standard property of these per function models is assumed - α- probabilistic
full linearity. Despite the fact that the scalarization function is nonsmooth
we prove that the aggregate random model has sufficiently good agreement
with the scalarized function under reasonable assumptions. The trust region
method is then defined exploiting the random structure in an asymmetric
way - the criteria for search direction is slightly weaker as it is based on
approximate stationarity measure of an approximate model. On the other
hand the acceptance criteria is slightly stronger than usual in trust region.
This asymmetry seems to work well, taking into account randomness in the
models and at the same time allowing us to prove theoretically strong result
of almost sure convergence. The problem we analyse in detail is the mul-
tiobjective problem with finite sums. Hence the random models are based
on subsampling of functions and gradients. Numerical results are presented,
for the case of per function random models of the first order. These exper-
iments demonstrate the advantages of the proposed approach, in partuclar
for the case of large dimensions and large data sets. Full Pareto front is
also considered. The proposed method is tested against the state-of-the-art
SMG method [27] and deterministic trust region for multiobjective problem
from [39].
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2 Preliminaries

The considered problem is unconstrained multiobjective minimization prob-
lem (1) where f : Rn → Rq and functions fj , j = 1, ..., q are smooth. As-
suming that the explicit evaluation of these functions and its gradients and
Hessians is unavailable or too costly, we will rely on approximating them
with f̃i(x), gi(x) and H

i(x), respectively.
For problem (1) one can define efficient and weakly efficient solution as

follows.

Definition 1. [31, Definition 3.1.2]. A point x∗ ∈ Rn is called an efficient
solution for (1) (or Pareto optimal) if there exists no point x ∈ Rn satisfying
fi(x) ≤ fi(x

∗) for all i ∈ {1, 2, ..., q} and f(x) ̸= f(x∗). A point x∗ ∈ Rn is
called a weakly efficient solution for (1) (or weakly Pareto optimal) if there
exists no point x ∈ Rn satisfying fi(x) < fi(x

∗) for all i ∈ {1, 2, ..., q}.

A point x∗ is Pareto critical if and only if there is no direction along
which all objective functions decrease simultaneously. In other words, for
every direction d ∈ Rn, there exists at least one component function fi such
that the directional derivative satisfies

⟨∇fi(x∗), d⟩ ≥ 0.

Pareto optimality implies Pareto criticality, however the converse is not
necessarily true.

A stationarity condition for (1) can be derived exploiting the marginal
function

ω(x) = − min
∥d∥≤1

(
max

i∈{1,...,q}
⟨∇fi(x), d⟩

)
. (2)

It plays a similar role to that of the norm of the gradient of the objective
function for single objective problems. In fact, if q = 1, one gets ω(x) =
∥∇f(x)∥.

Let us define

D(x) = argmin
∥d∥≤1

(
max

i∈{1,...,q}
⟨∇fi(x), d⟩

)
.

The following lemma will be used for further considerations.

Lemma 1. [21, Lemma 3]. The following statements hold:

a) w(x) ≥ 0, for every x ∈ Rn;

b) If x is Pareto critical for (1) then 0 ∈ D(x) and w(x) = 0;

c) If x is not Pareto critical of (1) then w(x) > 0 and any d ∈ D(x) is a
descent direction for (1);
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d) The mapping x→ w(x) is continuous.

One possible scalar representation of the multiobjective problem (1) is

min
x∈Rn

ϕ(x), ϕ(x) = max
i∈{1,...,q}

fi(x). (3)

This problem is not equivalent to problem (1), but every solution of this
scalar problem is a Pareto critical point. In order to see that, let us recall
that subdifferential of ϕ is given by ∂ϕ(x) = co{∇fi(x) : i ∈ If (x)}, where
If (x) := {i ∈ {1, ..., q} : fi(x) = ϕ(x)} and co denotes the convex hull of the
stated vectors. The corresponding stationarity condition is 0 ∈ ∂ϕ(x), where
0 represents vector of zeros of dimension n. Thus, a stationarity measure
can be defined as

ωϕ(x) = − min
∥d∥≤1

(
max

i∈If (x)
⟨∇fi(x), d⟩

)
Therefore, it follows that 0 ≤ ω(x) ≤ ωϕ(x) for every x ∈ Rn and thus
ωϕ(x̃) = 0 implies ω(x̃) = 0.

Let B(x, δ) denote a closed ball centered at x with radius δ. In determin-
istic trust region methods, at iteration k, ϕ is usually approximated locally
(on a ball B(xk, δk), where δk represents trust region radius), by a quadratic
model

mtrue
k (d) = max

i∈{1,...,q}
{fi(xk) + ⟨∇fi(xk), d⟩}+

1

2
⟨d,H i

kd⟩},

where H i
k approximates the Hessian of function fi for i = 1, ..., q. A measure

of proximity for the models is defined as follows, .

Definition 2. [16, Definition 6.1] Function mk is (cf , cg) fully linear (FL)
model of function h on B(xk, δk) if for every d ∈ B(0, δk) the following two
inequalities hold

|h(xk + d)−mk(d)| ≤ cfδ
2
k (4)

∥∇h(xk + d)−∇mk(d)∥ ≤ cgδk. (5)

Given that we assume that the computation of exact functions and their
derivatives is not feasible, approximate functions are to be used in general.
Therefore we define the approximate quadratic model for ϕ̃ analogously, i.e.,

m̃k(d) = max
i∈{1,...,q}

m̃k,i(d), (6)

where

m̃k,i(d) = f̃i(xk) + ⟨gi(xk), d⟩+
1

2
⟨d,H i

kd⟩, i = 1, ..., q. (7)
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Notice that ∇m̃k,i(0) = gi(xk) and m̃k,i(0) = f̃i(xk) for each i = 1, ..., q.
Furthermore, following [36], we consider the approximate marginal function

ωm(x) = − min
∥d∥≤1

(
max

i∈{1,...,q}
⟨gi(x), d⟩

)
(8)

as a stationarity measure of the approximate multi-objective problem

min
x∈Rn

f̃(x) = min
x∈Rn

(f̃1(x), ..., f̃q(x))
T .

Analogously to (3) we denote by ωϕ̃ stationarity measure of the following
scalar problem

min
x∈Rn

ϕ̃(x), ϕ̃(x) = max
i∈{1,...,q}

f̃i(x)

and conclude that 0 ≤ ωm(x) ≤ ωϕ̃(x) for every x ∈ Rn. These approximate
versions are going to be used within the algorithm proposed in the next sec-
tion, while the convergence analysis will relay on the true marginal function
ω.

2.1 Stochastic framework

Our main motivation comes from observing machine learning problems
where the functions fi, i = 1, ..., q are in the form of finite sums. In that
case, the functions are usually approximated by random subsampling which
induces randomness in the optimization process, yielding random sequence
of iterates. We will use upper case letters to emphasize random quantities
where appropriate e.g., Xk for random iterates, and lowercase letters to
denote the corresponding realizations e.g., xk. To be more precise, let us
denote by (Ω,F , P ) the probability space where: Ω represents the set of
all possible outcomes, i.e., all possible sample paths of the algorithm to
be stated; F is a σ-algebra on Ω; and P is a probability function on a
measurable space (Ω,F).

We assume that the stochastic influence comes exclusively from random
choices of approximate functions and its derivatives. The stochastic coun-
terparts of f̃i, gi and H

i will be denoted by F̃i, Gi and χ
i, respectively. These

random objects constitute the model functions (7) which are also random
and thus denoted by M̃k,i, i = 1, .., q. The corresponding agregate model
function is denoted accordingly by M̃k. Since the iterates update will be
based on random models, we will also have Xk as random vectors. The
same is true for the trust region radius whose stochastic counterpart will
be denoted by ∆k. Although random sampling is an original generator
of stochastic influence within the considered framework, we set {Xk}k∈N
as a representative stochastic process as common in the literature. Then,
we denote by Fk the sub-σ-algebra of F generated by X1, ..., Xk. Thus,
{Fk}k∈N is the natural filtration of F with respect to {Xk}k∈N and there
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holds F1 ⊆ F2 ⊆ ... ⊆ F . We denote by E(·|Fk) the conditional expectation
at iteration k, and by E(·) unconditional expectation with respect to all
possible sample paths v ∈ Ω.

In convergence analysis we will use the concept of probabilistic fully
linear models [1]. Instead of fixing the probability parameter α, we introduce
a sequence of relevant probabilities α := {αk}k∈N and give the following
definition.
Definition 3. [1, Definition 3.2] A sequence of random models {M̃k,i}k∈N
is α -probabilistically (cf , cg) fully linear with respect to the corresponding
sequence of B(Xk,∆k) if the events

Ik,i = {M̃k,i is (cf , cg) fully linear model of fi on B(Xk,∆k)}

satisfy the condition P (Ik,i|Fk) ≥ αk for all k.

Since the multi-objective setup requires multiple models, we will intro-
duce the following definition of Jointly Independent Probabilistically Fully
Linear models.

Definition 4. (JIPFL condition) We say that a sequence of multiple ran-
dom models {M̃k,1, ..., M̃k,q}k∈N is jointly independent α -probabilistically
(cf , cg) fully linear with respect to the corresponding sequence of B(Xk,∆k)
if the sequence of random models {M̃k,i}k∈N is α -probabilistically (cf , cg)
fully linear with respect to the corresponding sequence of B(Xk,∆k) for each
i = 1, ..., q and the events Ik,1, ..., Ik,q are mutually independent conditionally
on Fk for all k ∈ N.

Notice that the JIPFL condition implies

P (Ik|Fk) := P (

q⋂
i=1

Ik,i|Fk) =

q∏
i=1

P (Ik,i|Fk) ≥ αq
k, for all k ∈ N. (9)

The above stated condition of independence is often fulfilled in the finite
sum setup since each function fi is usually approximated by independent
random sampling. The main point of the above definition is to allow us to
connect the per function individual probabilistically fully linear models with
the scalarization function ϕ, which is nonsmooth and hence full linearity of
the multiple random models with respect to ϕ can not even be defined.
However we will see later on that JIPFL condition allow us to prove that
the multiple random models are good enough for almost sure convergence.

3 Algorithm

We state the algorithm as follows. Although a vast majority of objects in
the algorithm is stochastic, we present them in small letters for readability.
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Algorithm 1.
(SMOP: Stochastic trust region method for Multi-Objective Problems)

Step 0. Input parameters: x0 ∈ Rn, Θ > 0, δmax > 0, δ0 ∈ (0, δmax),
γ1, η1 ∈ (0, 1), γ2 = 1/γ1.

Step 1. Form a model m̃k(d) by (7) and (6).

Step 2. Find a step dk ∈ B(0, δk) such that:

m̃k(0)− m̃k(dk) ≥
1

2
ωm(xk)min{δk,

ωm(xk)

βk
}, (10)

where βk := 1 + maxi∈{1,...,q} ∥H i
k∥.

Step 3. Compute

ρk =
ϕ̃(xk)− ϕ̃(xk + dk)

m̃k(0)− m̃k(dk)

(Successful iteration) If ρk ≥ η1 and ωm(xk) > Θδk, set xk+1 = xk+dk
and δk+1 = min{δmax, γ2δk}.
(Unsuccessful iteration) Else, set xk+1 = xk and δk+1 = γ1δk.

Step 4. Set k = k + 1 and go to Step 1.

In the initialization we choose a starting point together with several
hyperparameters. The parameters Θ and η are used to define successful
iterations. These parameters also influence the trust region radius update,
while the intensity of the update is controlled by parameter γ1. Moreover,
we set the initial value and the upper bound of the trust region radius to δ0
and δmax, respectively.

In Step 1 we form approximate random quadratic models for each func-
tion fi, i = 1, ..., q and the aggregate model by (7) and (6). Consider-
ing the stochastic framework, the inflow of randomness happens here since
the constituting approximate functions (f̃i) and the derivatives (gi, H

i
k) are

constructed/sampled within this step. Later on we will see that the JIPFL
condition ensures the almost sure convergence. JIPFL condition also guides
the sampling approach from two perspectives. First, the samples are to be
drawn independently across functions fi, i = 1, ..., q. Beside that, JIPFL
condition guides the sample size update since it influences the condition (9).

In Step 2 we search for a suitable direction which provides a sufficient
decrease of the approximate aggregate model function. A suitable decrease
is defined through δk, βk and the stationarity measure ωm (8). In Lemma
2 we prove that it is possible to find such direction and therefore Step 2 is
well defined.

In Step 3 we calculate an agreement between the approximate model
reduction and the reduction of approximate scalarization function. If the
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agreement is sufficiently large and the stationarity measure ωm(xk) is rela-
tively large with respect to δk, then we accept the proposed iterate update
and increase the trust region radius if possible. We will refer to these iter-
ations as successful iterations in the sequel. Otherwise, if the iteration is
not successful, we reject the update and decrease the trust region radius in
order to give better chances to the model to be a good representative of the
function ϕ̃ on smaller region in the next iteration.

One can notice that we alternate between the approximate multi-objective
problem and its scalarization since the models are targeting ϕ̃, while we use
the measure of stationarity ωm of an approximate multiobjective problem
instead of the stationarity measure of its scalarized version ωϕ̃. Since it
is known that ωϕ̃ ≥ ωm, this results in relaxed condition (10). The rea-
soning behind this includes the fact that we are dealing with approximate
(stochastic) versions in general. Imposing strict conditions while having
possibly poor approximations of the objective functions is usually far from
beneficial. On the other hand, this kind of relaxation usually needs to be
compensated. We compensate in Step 3 where ωm is used within the ac-
ceptance criteria instead of ωϕ̃. This seems to provide a good balance on
average.

The following lemma shows that the algorithm is well defined.

Lemma 2. For all k, there exists dk such that (10) holds.

Proof. We will prove that the condition (10) holds for the Cauchy direction,
dck = αkd

∗
k, where d

∗
k is a solution of the problem stated in (8), i.e.,

ωm(xk) = − min
∥d∥≤1

(
max

i∈{1,...,q}
⟨gi(xk), d⟩

)
= − max

i∈{1,...,q}
⟨gi(xk), d∗k⟩

and αk = argmin0≤α≤δk
{m̃k(αd

∗
k)}. Since ∥d∗k∥ ≤ 1, we have αkd

∗
k ∈

Bk(0, δk). Notice that

αk = argmin
0≤α≤δk

{m̃k(αd
∗
k)} = argmax

0≤α≤δk

{m̃k(0)− m̃k(αd
∗
k)}.

Next, we lower bound m̃k(0)− m̃k(αd
∗
k) by a quadratic function of α.

m̃k(0)− m̃k(αd
∗
k) = max

i∈{1,...,q}
f̃i(xk)− max

i∈{1,...,q}
{f̃i(xk) + ⟨gi(xk), αd∗k⟩ −

1

2
α2⟨d∗k, H i

kd
∗
k⟩}

≥ −α max
i∈{1,...,q}

⟨gi(xk), d∗k⟩ −
1

2
α2 max

i∈{1,...,q}
⟨d∗k, H i

kd
∗
k⟩

≥ αωm(xk)−
1

2
α2∥d∗k∥2βk ≥ αωm(xk)−

1

2
α2βk.

Thus, we conclude that

m̃k(0)− m̃k(d
c
k) = max

0≤α≤δk
{m̃k(0)− m̃k(αd

∗
k)} ≥ max

0≤α≤δk
{αωm(xk)−

1

2
α2βk}.

(11)
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Notice that the solution of the problem at the right-hand side of (11) is

given by α∗ = min{ωm(xk)
βk

, δk}. If ωm(xk)
βk

≤ δk, then we have

max
0≤α≤δk

{αωm(xk)−
1

2
α2βk} =

ωm(xk)
2

βk
− 1

2

ωm(xk)
2

β2k
βk =

ωm(xk)
2

2βk
.

Else, if ωm(xk)
βk

> δk, we obtain

max
0≤α≤δk

{αωm(xk)−
1

2
α2βk} = δkωm(xk)−

1

2
δ2kβk

≥ δkωm(xk)−
1

2
δkωm(xk)

=
1

2
δkωm(xk).

Thus, having in mind both cases and using (11) we obtain

m̃k(0)− m̃k(d
c
k) ≥

1

2
ωm(xk)min{ωm(xk)

βk
, δk},

which completes the proof.
■

4 Convergence analysis

This section provides convergence analysis of the proposed method. We start
the analysis by stating some basic assumptions. In Lemmas 3-5 we provide
some bounds that hold under assumption of full linearity. More precisely, we
show that if the realizations of random models m̃k,i = M̃k,i(v), i = 1, ..., q,
for some v ∈ Ω are fully linear models of fi, i = 1, ..., q, respectively, on
B(xk, δk), then the distance between the true function fi and approximate
function f̃i is controllable by δ2k on B(xk, δk) for every i = 1, ..., q. Then,
we show that the same is true for the distance between the function ϕ and
aggregate approximate model m̃k. Under the same settings, we also show
that the distance between the marginal function ω(xk) and its approxima-
tion ωm(xk) is controllable by δk. In Lemma 6 we also consider the same
setup, but we prove that one of the acceptance criteria (ρk ≥ η1) is satisfied
provided that the trust region radius is small enough.

The analysis is continued by introducing Lyapunov function Ψk that
combines ϕ(Xk) and ∆2

k. Under uniformly bounded iterates assumption
and JIPFL condition, we prove that the sequence {Ψk}k∈N converges al-
most surely and that the sequence {∆k}k∈N is square sumable almost surely,
provided that the sequence {αk}k∈N tends to 1 fast enough (Theorem 2).
Theorems 4-5 provide further properties and yield the main result stated
in Theorem 6 where we prove that {ω(Xk)}k∈N tends to zero almost surely.
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The remaining lemmas and theorems provide some important intermediate
results.

Assumption 1. Functions fi, i = 1, ..., q are twice continuously differen-
tiable and bounded from below.

Assumption 2. There exists a positive constant ch such that for all x ∈ Rn

and i = 1, ..., q there holds ∥∇2fi(x)∥ ≤ ch. Furthermore there exists a
positive constant cb such that βk ≤ cb for every k.

Assumption 3. Approximate functions F̃i, i = 1, ..., q are continuously-
differentiable with L-Lipschitz continuous gradients satisfying the following
inequality ∥∇F̃i(xk)−Gi(xk)∥ ≤ caδk with some ca > 0.

Assumption 2 is strong, but it is fulfilled in some important classes of ma-
chine learning problems such as logistic regression and linear least squares.
Assumption 3 is also satisfied in many applications. For instance, subsam-
pling strategies for finite sums usually yield ∇F̃i(xk) = Gi(xk). Alterna-
tively, one can apply finite differences to approximate the relevant gradients
with a controllable accuracy.

Lemma 3. Assume that A1-A3 hold. Suppose that v ∈ Ω is such that
m̃k,i = M̃k,i(v) is (cf , cg)-fully linear model of fi on B(xk, δk), where xk =
Xk(v) and δk = ∆k(v). Then there exists ce > 0 such that for all dk ∈
B(0, δk) there holds

|f̃i(xk + dk)− fi(xk + dk)| ≤ ceδ
2
k (12)

where f̃i = F̃i(v).

Proof. Let us take any dk ∈ B(0, δk), i.e., any dk satisfying ∥dk∥ ≤ δk. Then
there exist τ ik and vik on the line segment between xk and xk + dk such that

|f̃i(xk + dk)− fi(xk + dk)| = |f̃i(xk) +∇f̃i(τ ik)dk − fi(xk + dk)|

= |f̃i(xk) +∇T f̃i(τ
i
k)dk − fi(xk)−∇T fi(xk)dk −

1

2
dTk∇2fi(v

i
k)dk|

≤ |f̃i(xk)− fi(xk)|+ ∥∇f̃i(τ ik)−∇fi(xk)∥∥dk∥+
1

2
∥dk∥2∥∇2fi(v

i
k)∥

≤ cfδ
2
k + ∥∇f̃i(τ ik)−∇fi(xk)∥δk +

1

2
δ2kch.

Moreover, by using the second full linearity condition (5) and the fact that
gi(xk) = ∇m̃k,i(0), where gi = Gi(v), we can upper bound ∥∇f̃i(τ ik) −
∇fi(xk)∥ as follows.

∥∇f̃i(τ ik)−∇fi(xk)∥ = ∥∇f̃i(τ ik)−∇fi(xk) + gi(xk)− gi(xk) +∇f̃i(xk)−∇f̃i(xk)∥
≤ ∥∇f̃i(τ ik)−∇f̃i(xk)∥+ ∥∇fi(xk)− gi(xk)∥+ ∥∇f̃i(xk)− gi(xk)∥
≤ L∥τ ik − xk∥+ cgδk + caδk ≤ Lδk + cgδk + caδk = (L+ cg + ca)δk.

12



Thus we conclude that

|f̃i(xk + dk)− fi(xk + dk)| ≤ δ2kce,

where ce = cf + L+ cg + ca + ch/2, which completes the proof. ■

Lemma 4. Assume that A1 holds Suppose that v ∈ Ω is such that m̃k,i =
M̃k,i(v) is (cf , cg)-fully linear model of fi on B(xk, δk) for all i = 1, .., q,
where xk = Xk(v) and δk = ∆k(v). Then

|ω(xk)− ωm(xk)| ≤ δkcg (13)

Proof. By using the following notation hk(d) := maxi∈{1,...,q}⟨∇fi(xk), d⟩,
h̃k(d) := maxi∈{1,...,q}⟨gi(xk), d⟩ we get

|ω(xk)− ωm(xk)| =

∣∣∣∣ min
∥d∥≤1

hk(d)− min
∥d∥≤1

h̃k(d)

∣∣∣∣
≤ sup

∥d∥≤1

∣∣∣hk(d)− h̃k(d)
∣∣∣

≤ sup
∥d∥≤1

max
i∈{1,...,q}

|⟨∇fi(xk)− gi(xk), d⟩|

≤ max
i∈{1,...,q}

∥∇fi(xk)− gi(xk)∥ sup
∥d∥≤1

∥d∥

≤ cgδk,

where the second full linearity condition (5) is used for the the final inequal-
ity. ■

In the next lemma we prove that although ϕ is nonsmooth the mul-
tidimensional random model approximates ϕ and ϕ̃ with the order of δ2k.

Lemma 5. Assume that A1 -A3 hold. Suppose that v ∈ Ω is such that
m̃k,i = M̃k,i(v) is (cf , cg)-fully linear model of fi on B(xk, δk) for all i =
1, .., q, where xk = Xk(v) and δk = ∆k(v). Then the following inequalities
hold for all dk ∈ B(0, δk):

|ϕ(xk + dk)− m̃k(dk)| ≤ cfδ
2
k, (14)

|ϕ̃(xk + dk)− ϕ(xk + dk)| ≤ ceδ
2
k, (15)

|ϕ̃(xk + dk)− m̃k(dk)| ≤ cΦ̃δ
2
k, (16)

where cΦ̃ = max{cf , ce}.
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Proof. Inequality (14) is obtained by using the first inequality of fully linear
models (4) as follows

|ϕ(xk + dk)− m̃k(dk)| =

∣∣∣∣ max
i∈{1,...,q}

fi(xk + dk)− max
i∈{1,...,q}

m̃k,i(dk)

∣∣∣∣
≤ max

i∈{1,...,q}
|fi(xk + dk)− m̃k,i(dk)|

≤ max
i∈{1,...,q}

cfδ
2
k = cfδ

2
k.

We obtain (15) by using similar arguments and (12) instead of (4), while
(16) is obtained by using the fact that

|ϕ̃(xk + dk)− m̃k(dk)| ≤ |ϕ̃(xk + dk)− ϕ(xk + dk)|+ |ϕ(xk + dk)− m̃k(dk)|

and applying (14) and (15). ■

Lemma 6. Assume that A1 -A3 hold. Suppose that v ∈ Ω is such that
m̃k,i = M̃k,i(v) is (cf , cg)-fully linear model of fi on B(xk, δk) for all i =
1, .., q, where xk = Xk(v) and δk = ∆k(v). Suppose that dk satisfies (10).
Then ρk ≥ η1 provided that

δk ≤ min{ωm(xk)

cb
,
ωm(xk)(1− η1)

2cΦ̃
}. (17)

Proof. From (10) it follows

m̃k(0)− m̃k(dk) ≥
1

2
ωm(xk)min{ωm(xk)

βk
, δk}

≥ 1

2
ωm(xk)min{ωm(xk)

cb
, δk}

=
1

2
ωm(xk)δk

Furthermore, using ϕ̃(xk) = m̃k(0) and (16), we obtain

|ρk − 1| =

∣∣∣∣∣ ϕ̃(xk + dk)− ϕ̃(xk)− m̃k(dk) + m̃k(0)

m̃k(dk)− m̃k(0)

∣∣∣∣∣ =
≤

∣∣∣∣∣ ϕ̃(xk + dk)− m̃k(dk)

m̃k(dk)− m̃k(0)

∣∣∣∣∣ ≤ 2cΦ̃δ
2
k

ωm(xk)δk
=≤ 1− η1,

and thus we conclude that ρk ≥ η1. ■

To continue with the convergence analysis, let us define an auxiliary
Lyapunov function as usual in this type of analysis, [14]

Ψk := νϕ(Xk) + (1− ν)∆2
k, ν ∈ (0, 1).

14



We are going to show that we can choose the algorithm parameters such
that the following inequality holds

E[Ψk+1 −Ψk|Fk] ≤ −σ∆2
k + (1− αq

k)σ̃, k = 0, 1, ...

for some σ, σ̃ > 0. Let us define the event of successful iteration k as

Sk = {Rk ≥ η1 and ωm(Xk) > Θ∆k},

where Rk denotes the stochastic counterpart of ρk. We also define the
complementary event (unsuccessful iteration k) by

S̄k = {Rk < η1 or ωm(Xk) ≤ Θ∆k}.

Notice that

E(Ψk+1 −Ψk|Fk, S̄k) = (1− ν)(γ21 − 1)∆2
k =: −c1∆2

k, (18)

for some c1 > 0. Thus, in the subsequent lemma we focus our attention on
estimating

E(Ψk+1−Ψk|Fk, Sk) = E(ν(ϕ(Xk+1)−ϕ(Xk))+ (1− ν)(γ22 − 1)∆2
k|Fk, Sk).

The proof of the following lemma resembles the analysis of [14]. However,
having the multi-objective problem requires nontrivial modifications due to
the fact that the random models are defined per function fi and that ϕ is
nonsmooth. Two additional assumptions are needed for the analysis. The
first one is JIPFL property defined in Section 3, while the second assumption
states that the iterative sequence is uniformly bounded. Although relatively
strong, the later assumption is often used in stochastic optimization, [11],
[16], [6],[9],[29].

Assumption 4. The sequence of multiple randommodels {M̃k,1, ..., M̃k,q}k∈N
satisfies JIPFL condition with respect to the corresponding sequence of
B(Xk,∆k) .

Assumption 5. The sequence {Xk}k∈N is uniformly bounded.

For the purpose of the convergence analysis, let us define the following
events

Jk,i = {|F̃i(Xk + dk)− fi(Xk + dk)| ≤ ce∆
2
k for all dk ∈ Bk(0,∆k)},

i = 1, ..., q and

Jk :=

q⋂
j=1

Jk,j .

15



Then, under assumptions A1-A3, according to Lemma 3 there holds
P (Jk|Ik,Fk) = 1. Moreover,

P (Ik, Jk|Fk) = P (Ik|Fk)P (Jk|Ik,Fk) ≥ αq
k1 = αq

k (19)

and we can also conclude that P (Ik, J̄k|Fk) = 0, P (Īk, Jk|Fk) ≤ 1− αq
k and

P (Īk, J̄k|Fk) ≤ 1 − αq
k, where Īk and J̄k denote the complementary events

of Ik and Jk, respectively. We also use Dk to denote stochastic counterpart
of the step size dk determined in Step 2 of the SMOP algorithm.

Lemma 7. Suppose that A1-A5 hold and there exists ᾱ > 0 such that
αk ≥ ᾱ for all k. Then there exist positive constants c6, c7 such that the
following holds for all k

E(Ψk+1 −Ψk|Fk, Sk) ≤ −c6∆2
k + c7(1− αq

k),

if

Θ ≥ max{cb, 5cf ,
4ce
η1

} and
ν

1− ν
≥ 4γ22 − 2

min{ce, cf}
(20)

Proof. Given Fk
⋂
Sk, the following events make mutually exclusive and

collectively exhaustive events at iteration k

U1
k := Ik, U2

k := Ik
⋂
Jk, U3

k := Ik
⋂
Jk.

We analyze these three cases separately and gather them together at the
end of the proof to obtain the result.

a)Let us consider E(Ψk+1−Ψk|Fk, Sk, U
1
k ) first. Since Ik implies Jk, and

Sk implies that ωm(Xk) ≥ Θ∆k, using (14), and Lemma 2 we obtain

E(ϕ(Xk+1)− ϕ(Xk)|Fk, Sk, U
1
k ) (21)

= E(ϕ(Xk+1)− M̃k(Dk) + M̃k(0)− ϕ(Xk) + M̃k(Dk)− M̃k(0)|Fk, Sk, U
1
k )

≤ E(2cf∆
2
k −

1

2
wm(Xk)min{∆k,

wm(Xk)

cb
}|Fk, Sk, U

1
k )

≤ E(2cf∆
2
k −

1

2
wm(Xk)∆k|Fk, Sk, U

1
k )

≤ E(2cf∆
2
k −

1

2
Θ∆2

k|Fk, Sk, U
1
k )

< E(−1

2
cf∆

2
k|Fk, Sk, U

1
k ) = −c1∆2

k,

for Θ ≥ max{cb, 5cf} and c1 =
1
2cf > 0. This further implies

E(Ψk+1 −Ψk|Fk, Sk, U
1
k )

= E(ν(ϕ(Xk+1)− ϕ(Xk)) + (1− ν)(γ22 − 1)∆2
k|Fk, Sk, U

1
k )

≤ [−νc1 + (1− ν)(γ22 − 1)]∆2
k,
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and thus by choosing ν as in (20) we obtain

ν

1− ν
≥ 2γ22 − 1

c1

and
E(Ψk+1 −Ψk|Fk, Sk, U

1
k ) ≤ −γ22∆2

k = −c2∆2
k, (22)

with c2 = γ22 > 0.
b)Now let us consider E(Ψk+1 − Ψk|Fk, Sk, U

2
k ). Using (15) and (10),

and the fact that Sk implies Rk ≥ η1 we get

E(ϕ(Xk+1)− ϕ(Xk)|Fk, Sk, U
2
k )

= E(ϕ(Xk+1)− ϕ̃(Xk+1) + ϕ̃(Xk)− ϕ(Xk) + ϕ̃(Xk+1)− ϕ̃(Xk)|Fk, Sk, U
2
k )

≤ 2E(ce∆
2
k + ϕ̃(Xk+1)− ϕ̃(Xk)|Fk, Sk, U

2
k ))

= E(2ce∆
2
k −Rk(M̃k(Dk)− M̃k(0))|Fk, Sk, U

2
k )

≤ E(2ce∆
2
k − η1(M̃k(Dk)− M̃k(0))|Fk, Sk, U

2
k )

≤ E(2ce∆
2
k −

η1ωm(Xk)

2
min{ωm(Xk)

cb
,∆k}|Fk, Sk, U

2
k )

≤ [2ce −
η1Θ

2
min{Θ

cb
, 1}]∆2

k = [2ce −
η1Θ

2
]∆2

k ≤ −1

2
ce∆

2
k = −c3∆2

k.

for Θ ≥ 5ce
η1

, and c3 =
1
2ce > 0. Again, from (20) we obtain

ν

1− ν
≥ 2γ22 − 1

c3

and we get that

E(Ψk+1 −Ψk|Fk, Sk, U
2
k ) ≤ [−νc3 + (1− ν)(γ22 − 1)]∆2

k ≤ −γ22∆2
k = −c4∆2

k.
(23)

for c4 = γ22 > 0
c)Finally, let us consider E(Ψk+1 − Ψk|Fk, Sk, U

3
k ). Again, Sk implies

ωm(Xk) ≥ Θ∆k, but an increase of Ψk can happen. However, using Taylor
expansion, A2, and the Cauchy Schwartz inequality, we obtain the following
bound regardless of the scenario U3

k .

ϕ(Xk+1)− ϕ(Xk) = max
i∈{1,...,q}

fi(Xk+1)− max
i∈{1,...,q}

fi(Xk)

≤ max
i∈{1,...,q}

|∇T fi(xk)dk +
1

2
DT

k ∇2fi(Tk)Dk|

≤ max
i∈{1,...,q}

(∥∇fi(Xk)∥∥Dk∥+
1

2
∆2

kch).

Since the iterates are assumed to be bounded, the continuity of the gradients
implies the existence of G > 0 such that maxi∈{1,...,q} ∥∇fi(Xk)∥ ≤ G. Since
∆k ≤ δmax there exists a constant c5 such that

ϕ(Xk+1)− ϕ(Xk) ≤ Gδmax +
1

2
δ2maxch =: c5
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and thus

E(Ψk+1 −Ψk|Fk, Sk, U
3
k ) ≤ c5 + (1− ν)(γ22 − 1)∆2

k. (24)

Now, we combine inequalities (22),(23) and (24) to estimate E(Ψk+1 −
Ψk|Fk, Sk). Using the total probability formula we obtain

E(Ψk+1 −Ψk|Fk, Sk)

=
3∑

i=1

P (U i
k|Fk, Sk)E(Ψk+1 −Ψk|Fk, Sk, U

i
k)

≤ P (U1
k |Fk, Sk)E(Ψk+1 −Ψk|Fk, Sk, U

1
k )

+ P (U3
k |Fk, Sk)E(Ψk+1 −Ψk|Fk, Sk, U

3
k ),

where the last inequality follows from the fact that E(Ψk+1−Ψk|Fk, Sk, U
2
k ) ≤

−c3∆2
k < 0. Moreover, notice that (22) implies E(Ψk+1 −Ψk|Fk, Sk, U

1
k ) ≤

−c2∆2
k < 0 and that the conditional expectation E(Ψk+1 − Ψk|Fk, Sk, U

3
k )

is upper bounded by the positive quantity given in (24). Thus, by (19) we
obtain

E(Ψk+1 −Ψk|Fk, Sk) ≤ −αq
kc2∆

2
k + (1− αq

k)(c5 + (1− ν)(γ22 − 1)∆2
k)

and the result follows with c6 = ᾱqc2 and c7 = c5 + (1− ν)(γ22 − 1)δmax due
to αk ≥ ᾱ and δk ≤ δ2max.

■

Now we show that the sequence of trust region radii is square sumable
under the following assumption.

Assumption 6. The sequence {αk}k satisfies
∑∞

k=0(1− αq
k) ≤ cα <∞.

We also use the following result for further analysis.

Theorem 1. [32, Theorem 1] Let Uk, βk, ξk, ρk ≥ 0 be Fk measurable ran-
dom variables such that

E(Uk+1|Fk) ≤ (1 + βk)Uk + ξk − ρk

If
∑
βk <∞ and

∑
ξk <∞ then Uk → U a.s. and

∑
ρk <∞ a.s.

Theorem 2. Suppose that A1-A6 and (20) hold. Then the sequence
{Ψk}k∈N converges a.s. and there holds

∞∑
k=0

∆2
k <∞ a.s. (25)
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Proof. Assumption 6 implies that limk→∞ αk = 1, so without loss of gener-
ality we can assume that αk ≥ ᾱ > 0 for all k. Then, according to (18) and
Lemma 7 we obtain

E(Ψk+1 −Ψk|Fk)

= E(Ψk+1 −Ψk|Fk, Sk)P (Sk|Fk) + E(Ψk+1 −Ψk|Fk, S̄k)P (S̄k|Fk)

≤ (−c6∆2
k + c7(1− αq

k))P (Sk|Fk)− c1∆
2
kP (S̄k|Fk) ≤

≤ −min{c1, c6}(P (Sk|Fk) + P (S̄k|Fk))∆
2
k + c7(1− αq

k)

=: −c8∆2
k + c7(1− αq

k) (26)

Since Ψk is bounded from bellow by Ψ∗, by adding and subtracting Ψ∗ in the
conditional expectation above and using the fact that Ψk is Fk-measurable
we obtain

E(Ψk+1 −Ψ∗|Fk) ≤ Ψk −Ψ∗ − c8∆
2
k + c7(1− αq

k)

and the result follows from Theorem 1. ■

Now we show that under the stated conditions a.s. there exists an infinite
sequence of iterations with fully linear models. We employ the following
result.

Theorem 3. [20, Theorem 5.3.1]. [20] Let Gk be a sequence of integrable
random variables such that E(Gk|Vk−1) ≥ Gk−1, where Vk−1 is a σ-algebra
generated by G0, ..., Gk−1. Assume further that |Gk −Gk−1| ≤ M < ∞ for
every k. Consider the random events C = {limk→∞Gk exists and is finite}
and D = {lim supk→∞Gk = ∞}. Then P (C ∪D) = 1

Theorem 4. Suppose that the assumptions of Theorem 2 hold. Then a.s.
there exists an infinite K ⊆ N such that M̃k,i is (cf , cg) fully linear model of
fi on B(Xk,∆k) for all i = 1, ..., q and all k ∈ K.

Proof. Notice that assumption A6 implies the existence of k̄ such that αq
k >

0.5 for all k ≥ k̄. Let us define a random variable

Wk =
k∑

s=k̄

Vs, (27)

where Vk|Ik,Fk = 1 and Vk|Īk,Fk = −1 otherwise. Moreover,

E(Vk+1|Fk) = P (Ik|Fk)− P (Īk|Fk) = P (Ik|Fk)− (1− P (Ik|Fk))

= 2P (Ik|Fk)− 1 ≥ 2αq
k − 1 > 0.

This implies E(Wk+1|Fk) =Wk+E(Vk+1|Fk) > Wk. We also have |Wk+1−
Wk| = |Vk+1| = 1 and thus the conditions of Theorem 3 are satisfied with
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Gk = Wk and M = 1. Moreover, |Wk+1 −Wk| = 1 also indicates that the
sequence of Wk cannot be convergent and thus Theorem 3 implies that a.s.

lim sup
k→∞

Wk = ∞. (28)

The statement to be proved is that Ik happens infinitely many times a.s.
Assume that this is not true. Then, there exists k̃ such that for each k ≥
k̃ the event Īk happens so Vk = −1. As Wk = Wk̃ + (k − k̃)Vk we get
limk→∞Wk = −∞, which is in contradiction with (28).

■

Theorem 5. Suppose that the assumptions of Theorem 2 hold. Then a.s.

lim inf
k→∞

ω(Xk) = 0

Proof. Recall that Ω stands for the set of all possible sample paths of SMOP
algorithm. Suppose the contrary, that with positive probability none of the
subsequences of {ω(Xk(v))}k∈N converges to 0. In other words there exists
Ω̂ ⊂ Ω such that P (Ω̂) > 0 and {ω(Xk(v))}k∈N is bounded away from zero
for all v ∈ Ω̂.

Let us observe an arbitrary v ∈ Ω̂ and the corresponding realization
{ω(Xk(v))}k∈N. Under the current assumption we know that there exists
ϵ(v) > 0 and k1(v), such that ω(Xk(v)) ≥ ϵ(v) > 0 for all k ≥ k1(v).
Moreover, Theorem 4 implies that there exists Ω̃ ⊆ Ω such that P (Ω̃) = 1
and for every v ∈ Ω̃ there existsK(v) ⊆ N such that for all k ∈ K(v), M̃k,i(v)
are (cf , cg) fully linear model of fi on B(Xk(v),∆k(v)) for all i = 1, ..., q.

Now, let us observe Ω := Ω̃
⋂
Ω̂. Notice that P (Ω) > 0. Moreover, since

∆k tends to 0 a.s. according to Theorem 2, without loss of generality we
can assume that limk→∞∆k(v) = 0 for all v ∈ Ω.

Let us take an arbitrary v ∈ Ω. There exists k2(v) such that for k ≥
k2(v),

∆k(v) < b(v) := min{ϵ(v)
2cg

,
ϵ(v)

2Θ
,
ϵ(v)

2cb
,
ϵ(v)(1− η1)

4cΦ̃
} (29)

Let us denote by K̂(v) the set of all indices from K(v) such that k ≥
k3(v) = max{k1(v), k2(v)}. Thus, for all k ∈ K̂(v) we have fully linear
models, ω(Xk(v)) ≥ ϵ(v) and ∆k(v) is small enough. Furthermore, from
Lemma 4 and (29) we obtain,

|ω(Xk(v))− ωm(Xk(v))| ≤ cg∆k(v) ≤
ϵ(v)

2

and ωm(Xk(v)) ≥ ϵ(v)
2 ≥ ∆k(v)Θ. Moreover, for all k ∈ K̂(v), the condition
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(17) is satisfied

∆k(v) < min{ϵ(v)
2cg

,
ϵ(v)

2Θ
,
ϵ(v)

2cb
,
ϵ(v)(1− η1)

4cΦ̃
}

≤ min{ωm(Xk(v))

cb
,
ωm(Xk(v))(1− η1)

2cΦ̃
}.

Thus we conclude that Rk(v) ≥ η1 which together with ωm(Xk(v)) ≥
∆k(v)Θ implies that all iterations in K̂(v) are successful iterations. There-
fore for all k ∈ K̂(v) there holds ∆k+1(v) = ∆k(v)γ2 > ∆k(v). Let us
define

rk(v) := logγ2((b(v))
−1∆k(v))

where b(v) is defined in (29). Notice that for k ≥ k3(v),∆k(v) < b(v), hence

γ
rk(v)
2 < 1 and rk(v) < 0. Moreover,

rk+1(v) = logγ2((b(v))
−1∆k+1(v)) =

{
rk(v) + 1 if ∆k+1(v) = γ2∆k(v)

rk(v)− 1 if ∆k+1(v) =
∆k(v)
γ2

Therefore, we have rk+1(v) = rk(v) + 1 for all k ∈ K̂. Notice that the
increase of rk(v) can also happen for some k ≥ k3(v) even if k /∈ K̂(v). On
the other hand, the increase of Wk(v) defined in (27) is possible if and only
if the models M̃k,i(v), i = 1, ..., q, are fully linear. That means that for all

k ≥ k3(v), the increase Wk+1(v) = Wk(v) + 1 happens only if k ∈ K̂(v),
while in the remaining iterations k ≥ k3(v), k /∈ K̂(v) we have Wk+1(v) =
Wk(v)− 1. Thus for all k > k3(v) the increase of rk(v) happens in the same
or bigger number of iterations than the increase of Wk(v) and we conclude
that the following must hold

rk(v)− rk3(v) ≥Wk(v)−Wk3(v).

Since (28) holds almost surely, without loss of generality we conclude that
lim supk→∞Wk(v) = ∞ and thus lim supk→∞ rk(v) = ∞ which contradicts
the fact that rk(v) < 0 for all k ≥ k3(v). ■

Proposition 1. Suppose that the assumptions of Theorem 5 hold. If there
exists an infinite subsequence K ⊆ N such that ω(Xk) ≥ ε > 0 for all k ∈ K
then there holds

E(
∑
k∈K

∆k) <∞.

Moreover,
∑

k∈K ∆k <∞ a. s.

Proof. Let us observe iterations k ∈ K. We analyze the two possible sce-
narios regarding full linearity separately.

Let us consider E(Ψk+1 − Ψk|Ik,Fk) first. According to (25) we have
limk→∞∆k = 0 a.s. which, conditioning on Ik, together with Lemma
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4 implies the existence of ε̃ > 0 such that ωm(Xk) ≥ ε̃ for each k ∈ K
sufficiently large. The above further implies that ωm(Xk) ≥ Θ∆k > cb∆k

for each k ∈ K sufficiently large, and thus, due to Lemma 6, Rk ≥ η1 for
each k ∈ K sufficiently large. Without loss of generality, let us assume that
K contains only those sufficiently large k such that all the above holds.
Then, an arbitrary iteration k ∈ K under Ik is a successful iteration of
SMOP. In other words, Ik implies Sk. Thus, due to (21), for each k ∈ K
there holds

E(ϕ(Xk+1)− ϕ(Xk)|Ik,Fk)

≤ E(2cf∆
2
k −

1

2
wm(Xk)min{∆k,

wm(Xk)

cb
}|Ik,Fk)

≤ 2cf∆
2
k −

1

2
ε̃∆k = −∆k(

ε̃

2
− 2cf∆k).

Once again, assuming that k ∈ K are all sufficiently large, we obtain
E(ϕ(Xk+1) − ϕ(Xk)|Ik,Fk) ≤ −c9∆k, where c9 = ε̃

4 > 0, and thus we
conclude

E(ψk+1 − ψk|Ik,Fk) = E(ν(ϕ(Xk+1)− ϕ(Xk)) + (1− ν)(γ22 − 1)∆2
k|Ik,Fk)

≤ −c10∆k + c11∆
2
k,

where c10 = νc9 > 0, and c11 = (1− ν)(γ22 − 1) > 0.
Now, let us consider E(Ψk+1−Ψk|Īk,Fk). Considering (23) and (24) we

conclude that
E(ϕ(xk+1)− ϕ(xk)|Īk,Fk) ≤ c5

and thus

E(Ψk+1 −Ψk|Īk,Fk) ≤ c5 + (1− ν)(γ22 − 1)∆2
k = c5 + c11∆

2
k.

Now, combining both cases regarding Ik we conclude that for all k ∈ K
there holds

E(Ψk+1 −Ψk|Fk) = P (Ik|Fk)E(Ψk+1 −Ψk|Ik,Fk)

+ P (Īk|Fk)E(Ψk+1 −Ψk|Īk,Fk)

≤ P (Ik|Fk)(−c10∆k + c11∆
2
k)

+ P (Īk|Fk)(c5 + c11∆
2
k)

≤ −ᾱqc10∆k + c11∆
2
k + c5(1− αq

k)

=: −c12∆k + c11∆
2
k + c5(1− αq

k).

where c12 = ᾱqc10 > 0. Applying the unconditional expectation we conclude
that for all k ∈ K there holds

E(Ψk+1 −Ψk) ≤ −c12E(∆k) + c11E(∆2
k) + c5(1− αq

k).
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On the other hand, (26) holds in all the iterations k ∈ N and applying the
expectation we obtain

E(Ψk+1 −Ψk) ≤ −c8E(∆2
k) + c7(1− αq

k) ≤ c7(1− αq
k).

Let us denote {k}k∈K = {k(j)}j∈N. Then, for each j ∈ N there holds

E(Ψk(j+1)
−Ψk(j)) = E(Ψk(j)+1 −Ψk(j)) +

k(j+1)−1∑
i=k(j)+1

E(Ψi+1 −Ψi)

≤ −c12E(∆k(j)) + c11E(∆2
k(j)

) + c5(1− αq
k(j)

)

+ c7

k(j+1)−1∑
i=k(j)+1

(1− αq
i )

≤ −c12E(∆k(j)) + c11E(∆2
k(j)

)

+ c13

k(j+1)−1∑
i=k(j)

(1− αq
i ),

where c13 = max{c5, c7}. Therefore, for every m ∈ N there holds

E(Ψk(m)
−Ψk(0)) ≤ −c12E(

m−1∑
j=0

∆k(j)) + c11E(
∞∑
k=0

∆2
k) + c13cα.

Letting m tend to infinity and using (25) together with the assumption of
Ψ being bounded from below, we conclude that

E(
∑
k∈K

∆k) = E(
∞∑
j=0

∆k(j)) <∞.

Finally, assuming that
∑

k∈K ∆k = ∞ with some positive probability yields
the contradiction with the previous inequality and we conclude that∑

k∈K ∆k <∞ a.s, which completes the proof. ■

Theorem 6. Suppose that the assumptions of Theorem 5 hold. Then a.s.

lim
k→∞

ω(Xk) = 0.

Proof. Suppose the contrary, that with positive probability there exists a
subsequence ω(Xk) which does not converge to zero. More precisely, there
exists Ω̂ ⊂ Ω such that P (Ω̂) > 0 and for all v ∈ Ω̂ there exist ϵ(v) > 0 and
K(v) ⊆ N such that for all k ∈ K(v) there holds

ω(Xk(v)) ≥ 2ϵ(v).
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On the other hand, Theorem 5 implies that for almost every v ∈ Ω there
exists Kl(v) ⊂ N such that limk∈Kl(v) ω(Xk(v)) = 0. Therefore, without
loss of generality, we assume that ω(Xk(v)) < ϵ(v) for all k ∈ Kl(v) and
almost all v ∈ Ω. Now, let us consider an arbitrary v ∈ Ω̂. Since both
K(v) and Kl(v) are infinite, there exists Ks(v) ⊆ Kl(v) such that for each
k ∈ Ks(v) we have both

ω(Xk(v)) < ϵ(v) and ω(Xk+1(v)) ≥ ϵ(v).

In other words, we observe the subsequence Ks(v) of Kl(v) such that k ∈
Kl(v) and the subsequent iteration does not belong to Kl(v), i.e., k + 1 /∈
Kl(v). Furthermore, let us observe the pairs (kj,1(v), kj,2(v)), j = 1, 2, ...,
where kj,1(v) ∈ Ks(v) and kj,2(v) is the first k > kj,1 that belongs to K(v),
i.e.,

ω(Xkj,1(v)) < ϵ(v) and ω(Xkj,2(v)) ≥ 2ϵ(v), j = 1, 2, ...

This also implies that for each j ∈ N there holds

|ω(Xkj,1(v))− ω(Xkj,2(v))| ≥ ϵ(v). (30)

for all v ∈ Ω̂. Notice that, by the construction of the above subsequences,
kj,1(v) represents the last iteration prior to kj,2(v) such that ω(Xkj,1(v)) <
ϵ(v). Therefore, if kj,2(v) ̸= kj,1(v) + 1, for all the intermediate iterations
k ∈ {kj,1(v) + 1, ..., kj,2(v)− 1} and all j ∈ N there holds

ω(Xk(v)) ≥ ϵ(v).

Moreover, Proposition 1 implies that

∞∑
j=1

kj,2(v)−1∑
i=kj,1(v)+1

∆i(v) <∞ (31)

holds for almost every v ∈ Ω, and thus almost every v ∈ Ω̂. Notice that
kj,1(v) must be successful iteration of SMOP for all j ∈ N, since the marginal
function changes only when the step is accepted, and thus ∆kj,1+1(v) =
γ2∆kj,1(v) > ∆kj,1(v). Therefore, for all j ∈ N, we have

∥Xkj,1(v)−Xkj,2(v)∥ (32)

= ∥Xkj,1(v)−Xkj,1+1(v) +Xkj,1+1(v)− ...−Xkj,2(v)∥

≤
kj,2(v)−1∑
i=kj,1(v)

∥Xi(v)−Xi+1(v)∥ ≤
kj,2(v)−1∑
i=kj,1(v)

∆i(v) = ∆kj,1(v) +

kj,2(v)−1∑
i=kj,1(v)+1

∆i(v)

≤ ∆kj,1+1(v) +

kj,2(v)−1∑
i=kj,1(v)+1

∆i(v) ≤ 2

kj,2(v)−1∑
i=kj,1(v)+1

∆i(v).
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Thus, summing over j we conclude that
∑∞

j=1 ∥Xkj,1(v)−Xkj,2(v)∥ <∞ for

almost every v ∈ Ω̂ due to (31). This further implies that limj→∞ ∥xkj,1(v)−
xkj,2(v)∥ = 0 for almost every v ∈ Ω̂. However, this further implies that

for almost every v ∈ Ω̂ we have limj→∞ |ω(Xkj,1(v))− ω(Xkj,2(v))| = 0 due
to Lemma 1, d), which is a contradiction with (30). ■

5 Numerical results

5.1 Experiment overview

Several experiments are reported in this paper in order to demonstrate the
efficiency of the first order SMOP algorithm. The first set of experiments
focuses on the machine learning (ML) application, and the concept of model
fairness, as discussed in [27]. In our tests, the problem of minimizing the
logistic regression loss function is reformulated into a multi-objective opti-
mization problem by splitting the dataset based on sensitive features. Here,
the SMOP algorithm from Section 3 is compared with the deterministic trust
region [39] (DMOP), and the stochastic multi-gradient [27] (SMG). Addi-
tionally, a version SMOP-S which uses a subsampling technique which does
not satisfy the theoretical assumption is considered. This version proves
to be rather efficient as the theoretical bounds are rather demanding. The
Pareto front finding technique, which can be seen in [18], [27] is also em-
ployed. This allows the comparison of SMOP/SMOP-S with a deterministic
trust region DMOP [39], which is presented using different metrics.

The second set of experiments focuses on multi objective benchmark test
problems from [37] and [18]. Four different problems are considered, each
one having a differently shaped Pareto front. Comprehensive representation
of the Pareto front for convex, disconnected, mixed, and concave shapes
is provided. In this part, a thorough comparison has been made between
stochastic and deterministic trust region, and several different metrics have
been used to access the quality of the resulting Pareto front.

5.2 Experimental configuration

All considered experimental problems have two component functions that
are in the form of a finite sum. Thus, the approximation of function and
gradient values is achieved by exploiting its structure using an adaptive
subsampling strategy. We demonstrate the first order algorithm, hence we
assume that H i

k = 0 for all i = 1, ..., q. Randomly, a subset N k
i ⊆ Ni,

i = 1, 2 is sampled following a rule motivated by the result from [33, Lemma
4]. Namely, for each subgroup we get P (|fi(xk)−f̃i(xk)| ≤ δ2k) ≥ αk provided
that

|N k
i | ≥

Fi(xk)
2

δ4k

(
1 +

√
8 log(

1

1− αk
)

)2
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where Fi(xk) is the upper bound of |fi(xk)|.
Although this kind of bound is not easy to obtain in general, for logistic

regression problems it is possible to use e.g.

Fi(xk) = e∥xk∥max
j

∥aj∥+ log(2) +
λi
2
∥xk∥2.

In our tests, the upper-bound Fi is replaced by a constant, such that
|N 0

i | = Nmin
i = max{0.01|Ni|, 2}, hence for SMOP the sample size behaves

like

O

(
1

δ4k

(
1 +

√
8 log(

1

1− αk
)

)2
)
.

The probability parameters are defined as αk =
√
1− 0.99k, which satisfies

theoretical assumptions. We have set δmin = 10−4, δmax = 8, γ1 = 0.5, γ2 =
2 and δ0 = 1 in all experiments. This strategy showed large updates in
subsampling size, due to δ4k being present in the denominator, hence we
introduced SMOP-S, a version of SMOP which controls the increases and
decreases of the updates. The subsampling sizes of SMOP-S follow the
update rule:

|N k
i | = max{min{jkSi, |Ni|}, Nmin

i }, (33)

where δ4k = 0.5jk , i.e. at each iteration jk is calculated as jk = log2
1
δ4k

for

δk ≤ 1, and Si = |Ni|/16. For δk ≥ 1 the subsampling size is minimal,
Nmin

i = max{0.01|Ni|, 2}. This method connects the trust region radius to
the stochastic average approximation error, that is, the approximation error
follows the movement of δk.

The randomization is done by randomly and uniformly shuffling the in-
dices 1, ..., |Ni| without replacement at the start, and then slicing the first
Nk

i elements at each iteration.
In Step 2 of Algorithm 1, a descent direction needs to be calculated using

approximate function and gradient values. A common strategy in finding a
descent direction in multi-objective optimization is to solve the problem

min
β∈R,d∈Rn

β +
1

2
∥d∥2, s.t. ⟨∇fi(xk), d⟩ ≤ β, i = 1, ..., q.

If xk is Pareto critical, then the solution is dk = 0, βk = 0, and if it is not
Pareto critical, then ⟨∇fi(xk), dk⟩ ≤ β < 0 for all i, see [21, Lemma 1]. The
dual of this problem can be written as

min
c1,c2∈R

∥c1∇f1(xk) + c2∇f2(xk)∥2, s.t. c1, c2 ≥ 0, c1 + c2 = 1,

see [21, Subsection 7]. This form offers an easily computable solution for two
component functions, hence it is convenient for implementation. Since the

26



true gradients are unknown, by replacing these values with approximations,
the dual problem becomes

min
c1,c2∈R

∥c1g1(xk) + c2g2(xk)∥2, s.t. c1, c2 ≥ 0, c1 + c2 = 1. (34)

This dual problem produces a stochastic multi-gradient direction dk = −c∗1g1(xk)−
c∗2g2(xk), see [27]. In all of our experiments, scaling this stochastic multi-
gradient direction onto the trust region, i.e. using dk

∥dk∥δk as the direction,

showed good performance. The direction calculated by solving (34) satisfies
(10), since m̃k(dk) ≤ m̃k(d

c
k), where d

c
k is the Cauchy direction defined in

Lemma 2. Projecting it onto the trust-region may however only achieve a
fraction of the Cauchy decrease (10).

When testing whether the second condition in Step 3 holds, i.e. ωm(xk) ≥
Θδk, it is convenient to check instead if −maxi⟨gi(xk), dk

∥dk∥⟩ > Θδk. Since

ωm(xk) ≥ −maxi⟨gi(xk), dk
∥dk∥⟩ holds, if the right hand side of the inequality

is large enough, the desired condition is implied. This allows SMOP to skip
the calculation of ωm(xk) entirely.

The implementation of SMG was done using the configuration showed
in [27] and the code available on GitHub page [24] of the same authors. For
DMOP we used the same configuration as in SMOP.

5.3 Finding the Pareto front

Using a front finding technique, [18], [27], we approximate the Pareto front
for different problems. First, a set of random points L is taken as an ap-
proximation of the front. At each iteration, it is expanded by generating
perturbed points around the existing elements in the set. The predeter-
mined number of iterations of the chosen algorithm (SMOP, SMOP-S or
DMOP) is then applied to the existing points, in order to come closer to
the set of optimal points, after which the results are also added to the ap-
proximation set L. To refine the approximation, all dominated points are
removed from the set, leaving only the non dominated points to serve as the
Pareto approximation. The point x ∈ L is said to be dominated if there
exists y ∈ L, such that f(y) < f(x), i.e. fi(y) < fi(x) for i = 1, ..., q. The
procedure is formally described in the following way:
Algorithm 2.[18]
(Pareto front procedure)

Step 0. Generate the initial Pareto front L0. Select parameters np, nq, nr ∈
N.

Step 1. Set Lk+1 = Lk. For each point x in Lk+1, add nr points to
Lk+1 from the neighborhood of x.
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Step 2. For each point x in Lk+1, repeat np times: Apply nq iterations
of chosen method with x as a starting point. Add the final iteration
to Lk+1

Step 3. Remove all dominated points from Lk+1. Set k = k + 1 and
go to Step 1.

The only difference between the procedures is in Step 2, where we choose
either SMOP, SMOP-S or DMOP as the underlying algorithm. All three
procedures were implemented; however, since the SMOP-S version was supe-
rior to SMOP in terms of time while yielding similar quality fronts, only the
comparison between the procedure with SMOP-S and DMOP will be pre-
sented and further discussed. By selecting different configurations np, nq and
nr, it is possible to control the resulting front and get either a sparser front
with fewer details or a denser one. In our experiments, the following param-
eters were set the same for SMOP-S and DMOP: nq = 5, np = 1, nr = 10.
In order to reduce the number of points generated each iteration, a strategy
from [27] is employed. At Step 1, nr points is generated only for the pair
of points with largest holes in the Pareto front. This requires sorting values
of both component functions, and finding the original indices corresponding
to the largest differences of consecutive function values in the sorted list.

The starting Pareto size was always 30 points, while the exiting criteria
was set to be 1500 points, which was always the terminating factor. In both
procedures, the true values of the functions were available to determine
whether the points are dominated or not in Step 3, however in SMOP-S
procedure, when applying nq iterations in Step 2, the true function values
were not visible, i.e. the nq steps were calculated using the approximated
values. For all problems, we measured the full time needed to find the Pareto
front. Since the trust region radius was initialized as δ0 = 1 everywhere, after
5 iterations of each procedure, it is halved. This helped both SMOP-S and
DMOP reach higher quality fronts.

To measure the quality of the approximated front, we have opted for
three different metrics, as seen in [18], [27]. The Purity estimates the per-
centage of true nondominated points in the Pareto approximation. It does
so by comparing the observed front to the combined front of all available
Pareto approximations . If LS and LD are fronts generated by SMOP-S and
DMOP respectively, and LSD is the front we get by removing the nondom-
inated points from LS ∪ LD, then the Purity is given by:

PS :=
|LS ∩ LSD|

|LS |
, PD :=

|LD ∩ LSD|
|LD|

. (35)

The closer to 1 this ratio is the better for the procedure, since a higher
percentage of points is ’truly’ on the Pareto front. The Spread metrics are
used to determine how well the points are spread throughout the Pareto
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front approximation, as the name suggests. The Γ-spread metric measures
the maximum size of the hole in the Pareto front. To calculate it the function
values within the front approximations are sorted in a nondecreasing order
for both components, fi(x

0) ≤ ... ≤ fi(x
|L|). The measure is then calculated

as:
ΓS := max

i=1,2

(
max

j=1,...,|LS |
li,j
)
, ΓD := max

i=1,2

(
max

j=1,...,|LD|
li,j
)

(36)

where li,j = fi(x
j+1) − fi(x

j). The second ∆-spread metric measures how
well the points are distributed in the approximated front. It is computed
as:

∆S := max
i=1,2

(
li,0 + li,|LS | +

∑|LS |
j=1 |li,j − li|

li,0 + li,|LS | + (|LS | − 1)li
), (37)

∆D := max
i=1,2

(
li,0 + li,|LD| +

∑|LD|
j=1 |li,j − li|

li,0 + li,|LD| + (|LD| − 1)li
) (38)

where li is the mean of li,j for the respective procedure. For both Spread
metrics, the lower the value, the better the distribution of the Pareto front
is.

5.4 Machine learning (logistic regression)

When handling sensitive data in machine learning, there is a significant
risk of developing models that exhibit discriminatory behavior. Unfairness
emerges when the performance of a model, measured in terms of accuracy or
another metric, varies across subgroups of data. Such differences can have
real-world consequences, particularly in applications where the subgroups
represent actual individuals, such as in hiring systems, healthcare diagnos-
tics, or judicial decision-making. By splitting the data based on the sensitive
attributes and treating the performance on each subgroup as a separate ob-
jective, it is possible to train models that are more balanced. For more on
this topic, and different ways to measure fairness, see [3],[23], [41],[42],[43].

The problem we consider is minimization of a regularized logistic regres-
sion loss function, as in [27]:

min
x
f(x) :=

1

N

∑
j∈N

log(1 + e(−yj(x
T aj))) +

λ

2
∥x̂∥2, i = 1, 2. (39)

where x represents model coefficients we are trying to find, x̂ coefficient
vector without the intercept, aj the feature vector of j − th sample, yj its
respective label, N the training set size, and λ is the regularizer.

In order to create a multi-objective problem, we choose a feature, split
the data with respect to it, and create a function for each subgroup. For the
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sake of simplicity, for each dataset, two subgroups G1 and G2 were made.
The loss functions for such problem are:

fi(x) =
1

|Ni|
∑
j∈Ni

log(1 + e(−yj(x
T aj))) +

λi
2
∥x̂∥2, i = 1, 2.

where |Ni| is the size of the i− th and hence the problem becomes:

min
x

(f1(x), f2(x))
T (40)

In the experiment the regularization was set to λi = 10−3, for i = 1, 2, as
in [27]. We consider six datasets which vary in size, namely two larger:
covtype and mnist, and four smaller sets: svmguide, german, australian
and heart, see [15]. The baseline unfairness is demonstrated by solving the
scalar problem (39) and evaluating the logistic regression model on the en-
tire dataset, and on groups G1 and G2 separately. Minimization of (39)
was done in Python, using stochastic gradient descent, with maximum of
1000 iterations, and diminishing step size. The following Table 1 showcases
tested unfairness, and how different Pareto points can create fair models.
The ”Split” column indicates the critical column of the dataset, by which
the split was made. ”Full” column shows the accuracies of the scalar logis-
tic regression, trained on the full dataset, and evaluated on the training set.
The column ”G1/G2” represents the accuracies of of the same model evalu-
ated on groups G1 and G2 respectively. We also present the accuracies of the
multi-objective logistic regression models associated with three representa-
tive Pareto critical points produced by the SMOP-S. For each model, the
training accuracy is evaluated separately for each group, and the results are
reported in distinct rows. It can be seen that moving around the Pareto front
reduction or increase of disparities between groups is possible for the tested
datasets and hence desired group accuracies can be achieved. For larger
datasets, the front was more difficult to evaluate, hence for covtype dataset,
a minimal reduction of disparity is achieved. The split for australian, heart,
svmguide and german was done using the known split technique, as in [27],
however for mnist and covtype the split has been done by experimentally
finding a column which creates groups with accuracy disparity.

As mentioned previously, we first tested SMOP, against DMOP, SMG
and SMOP-S in finding critical points. The performance of algorithms is
evaluated by measuring the value of the true marginal function ω(xk) (2) in
terms of the number of function evaluations FEV and time in seconds. In
SMOP, at each iteration we evaluate the function approximation two times,
in point xk and xk + dk, hence for each function evaluation of f̃ , we account
|N k

1 |+ |N k
2 | evaluations. For SMG, at each iteration the number of function

evaluation depends on the line-search technique, and achieving the sufficient
descent. Both DMOP and SMG use full function values, hence for these
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N1/N2 Split Full G1/G2 P1 P2 P3

covtype
174048
406964

1 92.4%
84.6%
95.8%

83.5%
96.1%

83.8%
95.8%

84.8%
94.8%

mnist
13919
47

106 97.6%
98.0%
91.5%

97.5%
93.6%

97.4%
95.7%

97.1%
97.5%

svmguide3
1182
61

10 82.1%
83.5%
55.7%

83.2%
65.5%

80.1%
73.7%

74.3%
75.4%

german
630
370

24 78.3%
80.4%
74.5%

80.4%
76.2 %

79.2%
75.9%

78.8%
77.2%

australian
468
222

1 86.5%
84.8%
90.1%

85.1%
91.4%

86.5%
90.1%

86.9%
89.1%

heart
183
87

2 85.5%
81.9%
93.1%

79.7%
94.1%

82.5%
91.3%

83.1%
90.8%

Table 1: Dataset parameters and classification accuracies.

algorithms |N1|+ |N2| is added when the function is evaluated. The number
of function evaluation showed to be a dominant factor for large datasets and
the most time consuming operation for all algorithms, which can be seen in
figures for mnist and covtype. However, for smaller datasets, FEV wasn’t
the only significant operation. For example, the difference between SMOP
and DMOP, was also in the acceptance criteria in Step 3. of Algorithm 1,
which involves additional scalar products in the stochastic case.

In this manner, we demonstrate how SMOP and SMOP-S algorithms
achieve significant improvements in performance while utilizing only a frac-
tion of the available data for large datasets, and stay comparable with
DMOP in the case of smaller datasets. This highlights the stochastic al-
gorithm effectiveness in leveraging limited resources, making it particu-
larly valuable in scenarios where data collection is expensive. The param-
eters for SMOP and SMOP-S have been chosen the same for all problems:
η1 = 0.25,Θ = 0.25, and the starting point x0 = (0.1, 0.1, ..., 0.1), while the
rest of the parameters can be seen in Experiment configuration subsection.
The following Figures 1, 2 and 3 show the behavior of the four algorithms for
the datasets from Table 1. For large datasets, Figure 1 a) and b), the time
agrees with the FEV measure. Here, both SMOP and SMOP-S perform
efficiently in terms of FEV and time. For datasets seen in Figure 2 c) and
d), the advantage is visible mostly in terms of FEV. It can be seen that for
smallest datasets, Figure 3 e) and f), both versions of SMOP demonstrate
slight advantage in terms of FEV and time at start, but later slow down. The
time needed to reach near optimality for all algorithms for c)-f) is less than
0.005 seconds. The subsampling sizes of SMOP show considerable changes,
unlike SMOP-S, where the growth is more controlled.

Further, a Pareto front finding technique from the previous section was
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a)

b)

Figure 1: Performance comparison - ω(xk) in terms of FEV/time, subsample
sizes through iterations for datasets: a) covtype, b) mnist.
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c)

d)

Figure 2: Performance comparison - ω(xk) in terms of FEV/time, subsample
sizes through iterations for datasets: c) svmguide, d) german.
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e)

f)

Figure 3: Performance comparison - ω(xk) in terms of FEV/time, subsample
sizes through iterations for datasets: e) australian, f) heart.
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employed, and the comparison was made between the SMOP-S and DMOP
procedures. We provide a table with the results, showing Purity, Γ and ∆
spread, together with the sizes of the approximated fronts, and the time
needed in seconds for finding the front. In order to show fair values, all
presented results are the averages of 5 simulations, except for the covtype,
which was calculated once due to high dimensions. For covtype the starting
Pareto front was 3000 random points, instead of 30, and nr was changed
to 100. For mnist, we do not provide the Pareto front analysis, as it was
to large; however the Pareto critical points we get from running SMOP-S
multiple times provide us fair models, which can be seen in Table 1. From
Table 2, we can see that most of the time DMOP produces higher quality
approximations of the Pareto front, having larger Purity, and smaller Spread
metrics. However, SMOP-S approximated the front more efficiently in terms
of time, with DMOP requiring 2, 1.1, 1.4, 1.2, and 0.9 times the execution
time of SMOP-S across the respective datasets. For heart dataset, DMOP
was faster, however for the other problems SMOP-S had time advantage.
From tests, we have noticed that DMOP procedure makes fewer iterations
which add more points per iteration.

Algorithm Purity Γ ∆ |L| time (s) #iter

covtype
SMOP-S
DMOP

0.96
0.99

0.02
0.001

1.88
1.89

2709
1878

31491.12
62301.16

105
66

svmguide3
SMOP-S
DMOP

0.92
0.98

0.044
0.024

1.79
1.78

1728
1878

5.58
6.12

26
18

german
SMOP-S
DMOP

0.98
0.99

0.006
0.005

1.61
1.87

2088
1995

4.68
6.56

26
17

australian
SMOP-S
DMOP

0.91
0.97

0.005
0.004

1.67
1.81

1831
1788

5.24
6.15

27
23

heart
SMOP-S
DMOP

0.93
0.92

0.009
0.017

1.80
1.87

1947
2145

2.11
1.92

35
15

Table 2: Comparison metrics between resulting Pareto front approximations
from SMOP and DMOP on different datasets

Additionally, we show Pareto front approximations for both SMOP-S and
DMOP in Figure 4. The tests showed the SMOP-S iterations are faster in the
beginning, and slow down as the points go closer to the Pareto front, since
the trust region radius approaches 0 in later iterations. For homogeneous
problems, these fast iterations can be explained as generating points closer to
the front in early iterations, whereas for heterogeneous problems, these fast
approximations act as an additional randomization factor which perturbs
the points, and not necessarily improving the front.
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a)

b)

c)

d)

e)

Figure 4: Pareto front approximations using SMOP (left) and DMOP
(right): a) covtype b) svmguide c) german d) australian, e) heart,
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5.5 Test problems with added noise

The second set of experiments consists of unconstrained multi objective
problems gathered from [18] and [37]. The presented problems are low di-
mension and they differ in terms of the shape of the Pareto front. Namely,
four shapes are presented: convex, concave, mixed (neither convex nor con-
cave) and disconnected. The problem we are solving is the following:

min
x
f(x) = min

x
(f1(x), f2(x))

T (41)

In order to simulate stochasticity we choose to perturb points at each iter-
ation, as done in [27],[28], which turns the problem into

min
x
F (x) = min

x
(E[f1(x+ ω)], E[f2(x+ ω)])T (42)

where ω is a random uniform vector with mean zero. Using Stochastic
Average Approximation, (42) is transformed into the finite sum problem.

min
x
F (x) ≈ min

x
(
1

N

N∑
i=1

f1(x+ ωi),
1

N

N∑
i=1

f2(x+ ωi))
T (43)

where ωi are i.i.d. samples of the random variable ω. Similarly as in the
previous experiment, we test SMOP-S against DMOP Pareto front finding
procedure on the problem (43). The SMOP-S configuration follows the one
explained in previous sections. For each problem, we generate N = 500
i.i.d. uniformly sampled vectors with mean zero and length of the interval
equal to 0.1. The following Table 3 showcases the basic information for
each considered problem. Exponential functions and its derivatives in FF1
and T2 are considered harder to calculate [37], hence the evaluation of these
functions was a time consuming factor, similarly as in the logistic regression.

n Functions Shape

SP1 2
f1(x) = (x1 − 1)2 + (x1 − x2)

2

f2(x) = (x2 − 3)2 + (x1 − x2)
2 convex

SK1 1
f1(x) = x4 + 3x3 − 10x2 − 10x− 10

f2(x) = 0.5x4 − 2x3 − 10x2 + 10x− 5
disconnected

FF1 2
f1(x) = 1− e−(x1−1)2−(x2+1)2

f2(x) = 1− e−(x1+1)2−(x2−1)2
concave

T2 2
f1(x) = sin(x2)

f2(x) = 1− e
−(x1− 1√

2
)2−(x2− 1√

2
)2 mixed

Table 3: Problem description for (43)

As in the previous experiments, the results show that the DMOP gen-
erates fronts with better purity. Nonetheless, SMOP-S demonstrated the
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ability to find the front more quickly with high enough quality. The average
metrics of 5 simulations can be seen in Table (4).

Algorithm Purity Γ ∆ |Lk| time (s) #iter

SP1
SMOP-S
DMOP

0.95
0.96

0.17
0.16

1.86
1.84

2475
2377

38.4
81.1

6
5

SK1
SMOP-S
DMOP

0.99
1.00

24.68
29.25

1.86
1.76

2434
1682

184
253

4
4

FF1
SMOP-S
DMOP

0.94
0.95

0.9
0.07

1.82
1.80

2208
1958

42.4
97.0

6
5

T2
SMOP-S
DMOP

0.91
0.94

0.05
0.05

1.84
1.86

2953
3303

84.1
208.1

5
6

Table 4: Performance profile for problems from Table 3

The Purity of the fronts generated by SMOP-S is lower than DMOP,
which implicates that SMOP-S generated some points which were dominated
by the those generated by DMOP. The Spread confirms that the gaps in
SMOP-S fronts are larger in most problems. For problem SK1 the Γ spread
is large since the front is disconnected, and it takes the disconnected part
into the calculation. The average time needed to calculate the front showed
that SMOP-S procedure was 2.1, 1.3, 2.2, and 2.5 times faster than DMOP
respectively. The following Figure 5 illustrates the approximate Pareto front
for both procedures.

6 Conclusion

We have proposed a trust region method for multiobjective problems based
on probabilistically fully linear models for each function. The method is
designed to operate under the key assumptions that the approximation ac-
curacy of per function models is achieved with high enough probability. The
concept of Jointly Independent Fully Linear Probabilistic models is intro-
duced to deal with the fact that the objective scalarization function is nons-
mooth and hence the concept of full linearity can not be extended. However
we prove that probabilistically fully linear models per function yield a sat-
isfactory random model for a nonsmooth scalarization function ϕ. The the-
oretical contribution of this work is the proof of almost sure convergence to
a Pareto critical point. Possible applications go beyond the scope of multi-
objective optimization. We presented several numerical experiments that
showcase the algorithm’s efficient practical performance, especially for large
scale problems and large data sets. Additionally, we implemented a Pareto
finding routine, and made a thorough comparison between the stochastic
and deterministic approach. Future work could include the generalization
of fully quadratic models or techniques such as additional sampling.
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a)

b)

c)

d)

Figure 5: Pareto front approximations using SMOP (left) and DMOP (right)
on different problems from Table 3: a) SP1, b) SK1, c) FF1, d) T2.
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