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Abstract

This paper studies convex stochastic control problems in the “decision-
hazard-decision” form where at each stage, the system state is controlled
both by predictable as well as adapted controls. Such an information
structure may result in a lower dimensional system state than what is
required in more traditional “decision-hazard” or “hazard-decision” for-
mulations. We allow for general randomness and characterize optimal so-
lutions and optimum values in terms of solutions to generalized Bellman
equations. Existence of solutions to the Bellman equations is established
under general conditions that do not require compactness. We also extend
the problem format beyond linear system equations without increasing the
dimensionality of the Bellman equations and we describe a version of the
Stochastic Dual Dynamic Programming algorithm applicable to the ex-
tended format.
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1 Introduction

Let (2, F, P) be a probability space with a filtration (F;)Z_, and consider the
optimal control problem

T-1
minimize E Z Li( Xy, Uy, Upr) + J(X7) | over (X,U,U)eN, (1)
t=0

subject to Xt = AtXt—l + BtUt—l + Btﬁt + Wt t= 1, .o 771 a.s.,
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where the state X; and the controls U; and U, take values in RY, R™ and RM,
respectively, A;, B, and B, are F;-measurable random matrices of appropriate
dimensions, W; are Fi-measurable random vectors and L; are extended real-
valued functions on RN x RM x RM x Q such that the expectation above is
well-defined. The set N denotes the space of adapted stochastic processes, i.e.
those where (Xt,Ut,Ut) is Fi-measurable for each t = 0,...,T. The linear
constrains in are called the system equations.

Problems of the form were introduced in [2] as a unification of more
common formulations of stochastic control problems where one of the control
variables U; or U, is absent; see also [7] and its references on more specific
instances of control problems with similar information structures. While U,
represents control decisions taken under the information available at time ¢ only,
the control Ut+1 may depend on information available at time ¢ 4 1 after e.g.
the values of the matrices A¢1+1 and B;41 in the system equations are observed.
Problems with controls Uy only are sometimes said to be in the “decision-hazard”
format while problems with U, only are said to be in “hazard-decision” format.
Accordingly, in [2] problems of the form are said to be in the “decision-
hazard-decision” format.

It is possible to reformulate problem in the hazard-decision format by
augmenting the system state by the here-and-now control variable Uy; see Re-
mark [4| below. This, however, increases the dimensionality of the dynamic
programming equations by the dimension of U;. Dynamic programming algo-
rithms are often sensitive to the dimension of the system state so the state
augmentation may be problematic from the computational point of view. The
original formulation in allows for dynamic programming equations in the
original state space. Indeed, [2, Theorem 13] expresses the optimum value of
as Jo(Xo) where the initial state Xy is fixed and the function Jy is given
recursively by the dynamic programming equations (aka Bellman equations)

J(Xy) = i({Jlf Ey glf {Le(X4, U, Upir) + Je1 (Ae1 Xe + Beyr U + BepaUpr + W)}
t t41
(2)

Here and in what follows, we use the short hand notation E; = E7* for the
Fi-conditional expectation of a random variable. As opposed to the T stage
problem in , the optimization problems in the definition of J;(X;) above are
two-stage stochastic optimization problems. Theorem 13 of [2] assumed that the
randomness is driven by a sequence of stagewise independent random variables
and the cost functions L; were assumed to be “lower semianalytic” in order to
establish sufficient measurability so that the expectations in ([2|) are well-defined.
When the underlying probability space is finite, all the measurability questions
disappear. In practice, however, one is often faced with continuously distributed
random variables.

This paper extends [2, Theorem 13] in the convex case by allowing for general
randomness and providing optimality conditions and sufficient conditions for
existence of solutions (J;)7_, to the Bellman equations as well as solutions



(X, U ,U ) to problem . Moreover, we will give conditions that reduce the
dimensionality of the cost-to-go functions J; with respect to the underlying
randomness. The last section describes an extension of the Stochastic Dual
Dynamic Programming for alluded to at the end of [2, Section 6].

Much like [12] and [4], our approach is based on the theory of normal inte-
grands developed for optimization problems involving integral functionals; see
e.g. [I1], [, [14, Chapter 14] and the references there. Recall that a function
h : R"xQ — R is a normal integrand if the epigraphical mapping w + epi h(-,w)
is closed-valued and measurable; see [I4, Chapter 14]. Given a sub-o-algebra
G of F, the G-conditional expectation of h, when it exists, is a G-measurable
normal integrand EYh such that

(E9n)(z) = E[h(2)|G] a.s.

for every G-measurable R"-valued random variable z. Here, E[h(2)|G] denotes
the G-conditional expectation of the random variable h(z). If h is lower bounded
in the sense that there exists m € L! such that

h(z,w) > m(w) VzreR"

for almost every w, then E9h exists and is unique; see [§, Theorem 2.13]. When
G = F;, we will use the short hand notation E.h = E7*h.

We say that two sequences (J;)7_, and (V;)7_, of normal integrands solve
the Bellman equations for problem if

Jr = J,
Vi( X, Uy) = 5nf {Li(Xy, Uy, Ups1) + Jir1(Ap1 Xt + B Us + BiaUpr + Wit1)},
t+1
. ~ - 3
T(X) = int (BVh) (X2, U1) (3)

almost surely for every ¢ = 0,...,T and (X,U,U) € (RN+M+M)T+1 It the
conditional expectations E; can be expressed as “regular conditional expecta-
tions”, then the last equation in can be interpreted pointwise; see 8, Ex-
ample 2.102]. Substituting out the normal integrand V;, then shows that the
normal integrands J; in satisfy and, in particular, that the infimums
in are measurable functions. Indeed, the pointwise infimum of a normal
integrand is automatically measurable; see e.g. [8, Corollary 1.23].

The three theorems below will be proved in Section [4} The first one charac-
terizes the optimum value and optimal solutions of in terms of the solutions
of the Bellman equations . In continuous time control theory, such theorems
are sometimes called “verification theorems”.

Theorem 1 (Optimality principle). Let (J;, V;)I_, be a lower bounded convex
solution of (3)). Then the optimum value of coincides with that of
t—1
minimize E ZLS(XS7US7US+1)+Jt(Xt) over (Xt,Ut,Ut) e N,
s=0
subject to Xy = AsXs 1+ BsUs_1 + BUs+ W, s=1,...,t as



forallt=0,...,T and, moreover, an (X, (}, f]) € N solves if and only if it
satisfies the system equations and

X € argmin Jo(Xo) a.s.,
Xo
(j't Eargmin(Etf/t)(Xt, Uy) a.s.
U:
Ut+1 S argmin{Lt(Xt, []t, Ut+1) + Jt+1(At+1Xt + Bt+1ﬁt + Bt+1Ut+1 + Wt+1)} a.s.

Utr1
forallt=0,...,T.

The optimality condition in Theorem [1| characterizes the optimal solutions
of 7 for each time t and state w as solutions of a two-stage convex opti-
mization problems. This is a major simplification over where one opti-
mizes over adapted processes (X, U, U ) over T stages. The above, of course,
requires knowledge of the Bellman functions J; which are normal integrands
on RY x Q. One should note, however, that while, at each stage in , one
optimizes over (X, U, Ut), the Bellman functions J; only depend on the system
state X;. When the problem does not depend on U , Theorem [1| reduces to [8]
Theorem 2.91], where the optimality condition concerning Xy was omitted by
mistake.

The following gives sufficient conditions for the existence of solutions to the
Bellman equations . Given a normal integrand h : R™ x 0 — IR, the function
h* obtained from h by defining h*°(-,w), for each w € ), as the recession
function h(-,w) is a positively homogeneous convex normal integrand; see e.g. [8]
Example 14.54a] or [8, Theorem 1.39].

Theorem 2 (Existence of solutions). Assume that the set

T-1
{(X,0,0) e N| > L¥(X4, Up, Upyr) + J*(X1) <0,
t=0
Xt = AtXt—l + Btﬁt—l + BtUt t= 1, ce ,T a.s.}

1s linear. Then has a solution (X, Tj', ﬁ) € N and the Bellman equations (3))
have a unique solution (Jy, V;)I_, of lower bounded convex normal integrands.

So far, we have not assumed anything about the underlying randomness
in . Consequently, the cost-to-go functions J; are merely F;-measurable
normal integrands. The independence assumption made in [2], on the other
hand, resulted in nonrandom functions cost-to-go functions. We can reduce
the dimensionality of the Bellman equations with respect to randomness more
generally as follows.

Given an R%valued random variable ¢, we say that another random variable
C depends on w only through £ if there is a measurable function C on RY such
that C(w) = C(£(w)) almost surely. By the Doob-Dynkin lemma, this happens



if and only if C is o(§)-measurable. Similarly, we say that a normal integrand
h: R" x  — R depends on w only through ¢ if there is a normal integrand
H :R" x RY — R such that h(z,w) = H(x,£(w)) for all z € R™ almost surely.
Here, we endow R¢ with the Borel o-algebra B(R?). By [8, Corollary 1.34] such
a representation exists if and only if h is a o(£)-measurable normal integrand.

Theorem 3 (Dimensionality with respect to scenarios). Let (J;, V;)I, be a
lower bounded solution of and assume that Ly_q, Ay, By and Wy depend on
w only through random wvariables (0;_1,0¢, 1), where 6 = (0)L_, is a Markov
process and n = (n;)L_, is a sequence of random variables such that each n; is
independent of 0 and of ns for s #t. Then J; depends on w only through 6,. In
particular, if Ly_1, Ay, By and Wy are independent of 0, then J; is deterministic.

Remark 4. Defining V; := E,V,, we can write in hazard-decision format
as

Vr(Xr,Ur) = K(Xr),
Vt(Xt, Ut) = inf {L(X, Ut, Ut+1) + Vg1 (A X + Bt+1Ut + Et+1Ut+1 + Wit Ut+1)},

Upy1,Ut41

V; = Etf/ta

where we used the assumption that L; is independent of Ut+1- This can be
interpreted as the Bellman equations for the hazard-decision problem with state
(X1, Uy), control (Uy,Uy) and system equations

{{QH} _ [At+1Xt +BiaUi + BiaUpsr + Wi
Ut+1 Uy

Such a reformulation of corresponds to the hazard-decision reformulation
suggested in [15] and [3] in the context of the Stochastic Dual Dynamic Pro-
gramming (SDDP) algorithm. One should note that the dimensionality of the
Bellman equations in the hazard-decision reformulation is N + M while in the
decision-hazard-decision formulation it is N. The dimension of the state may
have a significant effect on the performance of e.g. the SDDP algorithm.

2 Problems of Lagrange

It turns out that Theorems [I] [ and [3] from the introduction extend to more
general problem formats. This section studies an abstract stochastic optimiza-
tion model inspired by calculus of variations; see [13] or [8] and their references.
This format does not split the decision variables to states and controls as in
so the cost-to-go function at time ¢ will be a function of all the decision vari-
ables chosen at time ¢. The format covers many more specific formats studied
in stochastic programming and, in particular, in the context of the stochastic
dual dynamic programming algorithm; see e.g. [9].



Let K, : R* x R x Q — R be convex normal integrands and consider the
problem

T
minimize F ZKt(xtl,xt)] over x € N (4)
t=1
and the corresponding Bellman equations
Vi =0,
‘/t = Et‘;;fa (5)

Vici(zeo1) = inf {Ki(we_1,20) + Vilze)}
r,€R4

We assume throughout that K; are lower-bounded and proper.

Theorem 5 (Optimality principle). Let (V;)I, be a lower bounded conver
solution of . Then the optimum value of s given by

t

inf (@) = inf E|S (EK.)(ze1.2)+ Vi
inf @) = inf ;( ) (251, 25) + V()

for allt =0,...,T and, moreover, an T € N solves if and only if

Tt € argmidn{(Eth)(g’ct,l,xt) + Vi(x)}  a.s.
z:€R

forallt=0,...,T.

Proof. Apply [8 Theorem 2.106] to the normal integrands Kt(xt,Axt,w) =
Kt(xt—Axhxt,w). O

Theorem 6 (Existence of solutions). Assume that the set

T
{z e N'| ZKfo(xt,l,mt) <0a.s.}

t=0

is linear. Then has a solution T € N' and the Bellman equations have a
unique solution (V;)L_, of lower bounded convex normal integrands.

Proof. Applying [8, Theorem 2.108] to the normal integrands Kt(zt, Az, w) =
K;(xy — Az, xy,w) proves the second claim. Combining the last statements of
[8, Theorem 2.108] and [8, Theorem 2.106] proves the first claim. O

Theorem 7 (Dimensionality with respect to scenarios). Let (V;)L_, be a lower
bounded solution of the Bellman equations and assume that K; depends on
w only through random variables (0;_1,04,m;), where 0 = ()L, is a Markov
process and n = (n;)1_, is a sequence of random variables such that each n; is
independent of 0 and of ns for s #t. Then V; depends on w only through 6. In

particular, if Ky is independent of 0, then V; is deterministic.



Proof. The claim clearly holds for ¢ = T. Assume that it holds for ¢ + 1. The
normal integrand V,_1 then depends on w only through (6;_1,60¢,7:). Apply-
ing [8, Theorem 2.21] with G := F; and H := o(6;) says that E[V; | F;] =
E[V; | o(6;)]. In particular, V; is o(&;)-measurable so the claim follows from [8]

Corollary 1.34]. O

3 Dimensionality of the Bellman equations

An essential feature of the optimal control problem is that consecutive stages
are only linked through the state variable X;. Accordingly, the Bellman func-
tions J; in only depend on the state instead of all the decision variables of
stage t as in . This structure generalizes as follows.

Consider again problem and assume that the decision variables decom-
pose as z; = (Xy, Ut,Ut) and that each K; is independent of (ﬁt,l, Ut). With
a slight misuse of notation, we can then write problem as

T
minimize ZKt(Xt_l,th_l,Xt,Ut) over (X,U,U)eN (6)
t=1

and the corresponding Bellman equations as

Vi =0,
V;S = Etf/;ﬁa (7)
Vie1 (X1, U1, Upy) = . ing (K (Xe 1, Us_1, X4, Up) + Vi( Xy, Uy, Up) ).

By induction over t =T, ...,0, the functions V, and V, are independent of U,.
If (V;)1_, solve the above Bellman equations, and the functions

Jt(Xt) = lpf(Et‘z>(Xt, Ut)

U

are normal integrands, then they solve the reduced Bellman equations

Vi =0,
Ji(Xy) = i[?f(Etf/t)(Xt, Ut),

thl(thly Utfl) = inf {Ky(X;_1, U1, X, Ut) + Ji(X0)}

a2
or, equivalently,
Jr =0,
VX, Uy) = inf { K1 (X, Up, Xog1, Urr) + Jia (Xeg)
Xea1, Ui (8)

Jt(Xt) = lgf(Etf/t)(Xta Ut)



Theorem 8 (Optimality principle). Let (Jy, V;)T_, be a lower bounded convex
solution of . Then the optimum value of @ s given by

t
inf (6) = inf E Ko(Xo1,Us_1, X5, Us) + Jo (X,
(E) xS e ; (Xs-1,Us—1 )+ Ji(Xe)

for allt =0,...,T and, moreover, an (X, 15', (}) e N solves @ if and only if
Xy € argmin Jo(Xy) a.s.,
Xo
U, € argmin(E,V,)(X;, U;) a.s.,
Uy

(Xi41,Ui1) € argmin (Kii1(Xe, Up, X1, Urgr) + Je1 (Xes1)} acs.
Xty1,Upq1

forallt=0,...,T.
Theorem 9 (Existence of solutions). Assume that the set

T
{(X.0.0) eN | Y K®(X,—1,U-1,X,,0,) <0 as.}

t=0

1s linear. Then (@ has a solution (X, T}, l}) € N and the Bellman equations ()
have a unique solution (Vy, J;)I_, of lower bounded convex normal integrands.

Proof. By Theorem @, @ has a solution and the Bellman equations @ has
a solution (V;)I_, of lower bounded convex normal integrands. Applying [8|
Theorem 2.108] to the normal integrands

Kt(.'ﬂt, Al't, (JJ) = Kt(Xt — AXt, Ut — AUt, Xt, 0t, UJ)
we get that the measurable mappings
W= {(XtaUtaUt) € RN+ MM | K?(0,0,Xt,ﬁt,w) + VtOO(Xt,Utvw) <0}
are almost surely linear-valued. Setting X; = 0 and U, = 0 shows that the
mapping X
W —r {Ut S RM | V;OO(O7 Ut,W) < 0}

is linear-valued as well. By [8, Theorem 1.40], the function .J; is thus a convex
normal integrand. Lower boundedness of V; implies that of J;. O

The following is a direct consequence of

Theorem 10 (Dimensionality with respect to scenarios). Let (J;, Vi), be a
lower bounded solution of the Bellman equations and assume that K; depends
on w only through random variables (0;_1,0:,n;), where 0 = (0)1_, is a Markov
process and n = ()1, is a sequence of random variables such that each n; is
independent of 0 and of ns for s #t. Then J; depends on w only through 0;. In
particular, if K¢ is independent of 0, then J; is deterministic.



4 Proofs of Theorems 1, 2 and 3

The optimal control problem in the introduction of this paper is an instance of
@ with the normal integrands K; defined, for t =1,...7 — 1, by

Ky(Xi-1, U1, X4, Up,w) = L—1(Xe-1, U1, Uy, w)
if Xy = A(w) X1 + By(w)Uy_1 + By(w)U; + Wy(w) and
Ki(Xi—1,Up—1, X4, Up,w) = +00
otherwise, while
Kr(Xr—1,Ur-1, X7, Ur,w) = Lr_1(Xr-1,Ur_1,Ur,w) + K(Xr,w)
if Xp=Ar(w)Xr-1 + BT(w)UT,l + BT(w)UT + Wr(w) and
Kr(X7_1,Ur_1, X7, UT,w) =400

otherwise. In this case, the Bellman equations become

Jr=K,
Vi( X, Uy) = glf {Le(Xt,Up, Upi1) + Jep1 (A1 X 4 Biy1Us + BeaUsiq + Wign)}s
t+1

Jy(Xy) = igf(Et‘Zt)(Xh 0y),

which are the Bellman equations for the optimal control problem (]I . [The-
[orem 1], [Theorem 2| and [Theorem 9| thus follow directly from [Theorem 8 €o-|
[rem 9| and [Theorem 10} respectively.

5 Stochastic dual dynamic programming

Stochastic dual dynamic programming (SDDP) is an iterative algorithm for con-
structing approximate solutions to Bellman equations. SDDP was proposed in
[9] under the assumption that the randomness is driven by independent noises
(no Markov process 6) so that the Bellman functions are deterministic; see
Moreover, [9] did not split the decision variables into states and controls
so the cost-to-go function at time ¢t was a function of all the decision variables
chosen at time t. The SDDP algorithm was extended to linear problems with
non-independent noises in [B]; see also [10} 6] and their references.

This section gives a further extension of the SDDP algorithm that applies to
the general decision-hazard-decision format of Section[3|that allows for nonlinear
constraints and objectives, Markovian randomness and cost-to-go functions that
only depend on the linking variables X;.

Assume that K; are as in Section [3]so that the Bellman functions J; depend
on the decision variables only throught the system state X;. We will also as-
sume, as in that K; depends on w only through random variables



(04—1,0¢,m:), where 6 = (0)1_, is a Markov process and n = (1)1, is a sequence
of random variables such that each n; is independent of £ and of ns for s # t.

By each Bellman function .J; then depends on w only through 6;.
Furthermore, we will assume that £ := (0,n) is finitely supported so that the

conditional expectations below be expressed as the finite sums.

0. Initialization: Choose convex (polyhedral) lower-approximations Jt0 of the cost-to-go
functions J¢ and set k& = 0.

1. Forward pass: Sample a path £¥ of £ and define Xt’c fort=0,...,T by

X¢ € argmin J?,

Uf € argmin E [ _inf AR 1 (XF, Uty Xeg1, U1, €) + JF1 (Xeg1, 041) ) 94 ’
UieRM (Xt41,U0i41)€ERN XxRM
(XF 4, UF) € argmin {Kip 1 (XF,UF, Xog1, U1, €F) + TF (Xeg1,08,0) )

(Xt41,Ue41)ERN xRM

2. Backward pass: Let qufl :=0and, fort =T —1,...,0, compute

JETNXE0F) ;= inf E _inf AK 1 (XF, U, X1, Ungr, ©) + JE (Xag1, 0041) )
U, eRM (Xt41,Ut41)ERN xRM

ef} |

VIt e adf (X, 0F),

and let
JEFN(Xy, 0F) := max{JF(Xy, 0F), JFTU(XE 0F) + VL (X — XF)} vX, e RY.
Set k:=k + 1 and go to 1.

The SDDP algorithm above, breaks the original T-stage optimization prob-
lem into a series of two-stage convex stochastic optimization problems. If the
F-conditional distribution of &y is supported by M, scenarios, then the sec-
ond stage has My, copies of the variables (X¢41, Ut+1). The optimal solution
(XF.q, Ut’ll) in the forward pass is the optimal second stage solution correspond-
ing to the scenario ¢*. In the hazard-decision format where the “here-and-now”
variables Uy are absent, the second stage optimization can be done separately for
each scenario and in the forward pass, only the scenario k needs to be treated.

The subgradients V;kﬂ of jtkﬂ at X[ in the backward pass are provided by
standard optimization packages provided they can accommodate the functions
Kyy1. This of course depends on what the functions are in practice. Even in
the abstract setting above, one can always introduce a dummy variable X, and
add a constraint X, = XF and then, the Lagrange multipliers of this constraint
are subgradients of jtkﬂ at XF.

In the optimal control format of the introduction and Section [4] one can use
the system equations to substitute out the state variables X;;11 so the SDDP
algorithm above can be written as follows.

0. Initialization: Choose convex (polyhedral) lower-approximations J9 of the cost-to-go
functions J; and set kK = 0.

10



1. Forward pass: Sample a path & of ¢ and define th fort=0,...,T by

Xk ¢ argmin J?,

Uf €argmin B | inf  {Lo(XF, Us, Upt1) + Jeg1 (A1 X¢ + Bey1Ue + BeaUspn + Wig1)}
U, eRM Uiy1€RM

ef] |

Uiy € argmin {Le(XF,UF, Usp1) + Jow1(Aey1 Xe + Bep1 UF + Bey1Upr + Wig)}
Up41€RM

2. Backward pass: Let ijfl :=0and, fort =T —1,...,0, compute

jtk+1(Xf,9£€) = inf FE . inf {Lt(th, Ut,UH-l) + Jt+1(At+1Xf —+ Bt+1Ut + Bt+1f]t+1 + Wt+1)}
U eRM Uiy €RM
Vit e agtt(xt, 0f)
and let
TETN(Xe, 0F) 1= max{JF (X, 0F), JETH(XE, 0F) + VT (X — XF)} VX e RY.
Set k:=k+ 1 and go to 1.

Again, in the hazard-hecision format, the second stage optimizations in the
above two-stage problems can be done scenariowise. Moreover, in that case, the
gradient in the backward pass is given by averaging the gradients of the infi-
mum values with respect to Ut+1~ Note also that in the decision-hazard format
where the “wait-and-see” variables U, are absent, the optimization problems
in the above control format of the SDDP algorithm become static problems of
minimizing the expectations.
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