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Abstract

We consider the problem of computing the optimal solution and objective of a
linear program under linearly changing linear constraints. The problem studied
is given by min ¢tz s.t Az + XDz < b where X belongs to a set of predefined
values A. Based on the information given by a precomputed basis, we present
three efficient LP warm-starting algorithms. Each algorithm is either based on
the eigenvalue decomposition, the Schur decomposition, or a tweaked eigenvalue
decomposition to evaluate the optimal solution and optimal objective of these
problems. The three algorithms have an overall complexity O(pm?2 + pmn)
where m (resp. m) is the number of constraints (resp. variables) of the original
problem and p the number of values in A after an initial preprocessing step. We
also provide theorems related to the optimality conditions to verify when a basis
is still optimal and a local bound on the objective.

Keywords: Linear Programming, Warmstart, Decomposition, Parametric
Programming

MSC Classification: 90C05 , 90C31 , 90C46

1 Introduction

Many real-life linear programs do not have a one-value fit for some of their coefficients.
Typically, several values for these coefficients may be valid depending on the setting
studied and hypotheses made. Sometimes, these programs evolve over time, which can



also lead to changes in the coefficients. Assessing the behavior of both the optimal
objective function and the optimal solution in relation to these changes is particularly
important. This issue has been addressed by the fields of sensitivity analysis and
parametric programming.

An efficient method for dealing with varying coefficients, particularly when they
are in the objective function or in the right-hand side, is warmstarting. Indeed, in
these cases, either primal or dual feasibility is preserved, which allows us to run a few
iterations of either the primal or dual simplex. However, when dealing with varying
constraint matrix coefficients, the basic matrix changes, which imposes another com-
putational burden. In this paper, we propose warm-starting algorithms to evaluate the
optimal objective function and optimal solution in an exact manner for LPs whose
constraint coefficients varies linearly.

We study problems of the type

P(A) = min 'z (1)
st Ar+ADx =b
x>0

where A controls the linear change in coefficients and belongs to a finite discrete set A
and D is the uncertainty matrix impacted by A. More precisely, we study how to use
the information given by a precomputed optimal basis at a given A to warmstart the
computation of nearby optimal solutions.

Given a basis B, let g be the basic variables and xn the non-basic variables:

rg(\) = (A +ADp)"'b rn(A) =0. (2)

where, for a given matrix M, Mp and My denote the basic and nonbasic partition.
The basis thus forms a potential solution to P (), at least if Ap+ADp is invertible. A
basis is said to be valid for a given A if the matrix is indeed invertible and zg(A) > 0,
and optimal if it provides an optimal solution. In this case, the optimal objective 0*(\)
is

0*(\) = op(\) i= 5 (Ap + ADp) " 'b = chap(N). (3)

The core of the paper revolves around finding methods to reduce the cost of solving
the system (Ap + ADp)xp(A) = b repetitively for various A, in order to compute
zp(A) and o*(N).

1.1 Related works

As mentioned above, most articles in the literature tackle the sensitivity analysis of the
objective function ¢ or the term on the right side b [1-5]. Only a few papers deal with
the problem of assessing the behavior of the optimum and the behavior of the optimal
solution for a varying constraint matrix. In Sherman and Morrison [6], they consider
the matrix A and its inverse A~! as known and provide an algorithm to compute
the inverse of A-1 where A, is the matrix A with a change of one entry. In another



article [7], the same authors provide a formula to recompute the inverse of a matrix
A upon which a rank-1 modification is applied. In our case, this would be equivalent
to considering D = u'v where u and v are two vectors. Woodbury [8] generalizes the
formula of Sherman and Morrison and considers any change D = CVU which in our
case would lead to A dependent matrices and ultimately would require recomputing
their inverse for every A € A. More recently, Miftari et al [9] provide methods to
compute upper and lower bounds on the objective function for our class of problems.

The algorithm most related to our contribution is presented in [10], where Zuid-
wijk provides an exact algorithm to calculate og(\) = ¢/(Ap + ADp)~'b. By using
realization theory [11], he derives the following formula:

m

o =3 (1 152~ 1) @

where o and §; are the eigenvalues of A]_ngB and AEI(DB + bcty), respectively.
To prove the correctness of this algorithm, the method needs to check three condi-
tions. For each of these conditions, it needs to compute the eigenvalue decomposition
n times leading to an overall preprocessing step in (n“*1) assuming matrix-matrix
multiplication is O(n%).

Most operations on matrices (matrix-matrix multiplication, inversion, system solve,
eigenvalue decomposition, QR algorithm, ...) are done in O(n*) [12]. In practical
applications, w is generally 3, but there exist galactic algorithms which can reduce w
to =~ 2.371.

1.2 Our contribution

We provide algorithms to compute the exact value of an optimal solution x(\) and
the optimum value 0*(\) of problem P(\) around an optimal basis B for a given a
set of values A\ € A. The algorithms are based on three different reformulations of
the term (Ap + ADp)~!. These reformulations limit the computational complexity
of finding zp(A\) and op(\) for new . More precisely, they avoid the need to invert
large matrices or solve large systems of unknown structure for every A € A. The three
algorithms have different trade-offs, but all share a global runtime to compute p = |A|
different points (z5(A), 0*(\)) of O(m* + pm?), with m the number of constraints
in P(\). In addition, we present how each of these algorithms ensures that B is valid
and optimal for each A € A.

In addition to being able to compute the optimal solution for multiple points, we
also provide a bound on the objective function in the neighborhood of a given A.

Together, these techniques allow us to compute a piecewise linear approximation

of the function 0*(A) VA € [A, A] under a given precision.

2 Decomposition of Ap

Let us assume that a first LP optimization of P(0) has been performed - we assume
that A\ = 0 is the nominal value. The underlying solver can thus provide an optimal



basis B at a negligible cost. It should be noted that the solver maintains a (typically
LU) decomposition of Ap, the basis matrix, which can be used to solve the related
linear systems in (at most, using the LU decomposition) O(n?). We then have

zp(0) = Ag'b, 0*(0) = c AR (5)

Let us temporarily assume that the basis B is still optimal for a given A\. We can
rewrite xp as

CCB(A) = (AB + /\DB)ilb (6)
= (Ap(I +AAR'Dp)) "' (7)
= (I +MZ'Dp) ' AGZ'b = (I + MR ' D) t25(0). (8)

As is, computing x5 (\) is difficult. It requires solving a system with the matrix (I +
M5! Dp) as left-handside, which is O(m®), for any new value of \, assuming an initial
problem P(A) with m constraints.

To ease the notation, in the following, we rewrite AE;lD B as the matrix Eg. In the
following subsections, we decompose the matrix Ep in order to compute z(\) in a
fast way.

2.1 Eigendecomposition

If the matrix Ep is diagonalizable, then one can use its eigendecomposition QE.Q ! =
Ep, with @ a full-rank matrix of the eigenvectors of Fp and ¥ a diagonal matrix
containing the associated eigenvalues. Computing the eigendecomposition can be done
in O(n¥) [12].

Theorem 1 Given B such that Egp = A]_ngB diagonalizable, let QXQ™ = Epg be its
eigendecomposition. Then, for any \ such that I + AE g is invertible,

zp(\) = QU +A2) Q" p(0). (9)

Proof By definition of diagonalizability, Ep can be eigendecomposed in Q¥Q~'. Starting
from equation (8), we obtain:

zp(\) = (I + \Ep) 'z p(0) (10)
= (I +2Q2Q ) 'z (0) = (QQ T +2QzQ ) 'zp(0) (11)

= QU +22)'Q 'zp(0). (12)

O

The system solving/inversion operation is only performed on a diagonal matrix,
which allows us to speed up the computation.



Theorem 2 Given B such that Eg is diagonalizable, and QEQ71 its eigendecomposition.
For a given X\, zg(\) can be computed in O(m?) and og(\) in O(m).

Proof Inverting a diagonal matrix of size m X m has a complexity of O(m). Once the inversion
is done, each multiplication can be performed beforehand, for instance Qfle (0), or on-the-
spot for a new A in O(m?) as they all imply matrix/vector multiplications.

Overall the complexity of computing zg(\) is O(m2) per A. To compute the objective
ox(\) = C%Q(I + )\E)le*lmB(O), we can reduce the complexity even more. Indeed, the
vectors ¢3Q and Q 1z (0) can be precomputed once (in O(m?)). The last step of the
algorithm becomes a vector/vector multiplication which is O(m), leading to a complexity of
O(m) every new value of \. d

2.2 Schur decomposition

In general, Ep may be non-diagonalizable and the eigendecomposition may not exist.
This case happens in practice.

A more generic approach is to apply the Schur decomposition Ep = QUQ™,
where @ is a unitary matrix, Q its conjugate transpose (QQ¥ = I) and U an upper
triangular matrix.

Theorem 3 Given B and Epg, let QUQH = Ep be its Schur decomposition. Then, for any
A such that I + AE g is invertible,

zp(\) = QU+ \U) ' Q" z5(0). (13)

Proof Similar to the one of Theorem 1. O

Computing the Schur decomposition can be done in O(n*) [12]. Once it has been
computed, the reduction of complexity amounts now to solve a triangular system for
each A.

Theorem 4 Given Ep, and QUQH its Schur decomposition. For a given X\, zg(\) can be
computed in O(m?) and og(\) in O(m?).

Proof As U is upper triangular, I + AU is also upper triangular. Back-substitution allows us
to solve triangular systems in O(m?). First computing the solution of the system (I +AU)v =
Q" 3(0) and computing z3(A) = Qu (O(m?) again) allow us to compute 25 () in O(m?),
while og(\) requires just one vector/vector multiplication. O



2.3 Tweaked eigendecomposition

If Ep is non-diagonalizable, an alternative to Schur decomposition is to tune the
matrix Ep to make it diagonalizable. Consider the following matrices:

F= (EBB 3) G =I41 +AF + A2 <a0/3 8) "

with o € R*™1, 3 € R chosen randomly. This choice of o and 3 increases the
probability that F'is diagonalizable. The set of non-diagonalizable matrices over C™*™
has a Lebesgue measure of 0. Hence, the probability of randomly selecting a purely
random matrix that is non-diagonalizable is 0. We conjecture this is still true for
matrices in the form of F', and have experimentally never found a counterexample. G
is built specifically to be able to remove a and [ once inverted.

Lemma 1 The submatriz composed of the first m rows and columns of G~ 1 is (Im+/\EB)71.

(Im 0)G™! (%") = (Im + AEg) ™! (15)

Proof Direct by using 2 x 2 block matrix inversion formulas and observing that the top-left
block of the inverse of G is (Im + AER) L. O

The choice of @ and  has thus no impact on the final solution, except for

considerations of numerical stability. We can now use the eigendecomposition of F":

Theorem 5 Given B, Eg, a and B such that F is diagonalizable, and QEQ71 its
eigendecomposition. Let R(A) = Iyy+1 + AX and u, v such that

U,UT _ Q_l (0505 8) Q (16)
Then,
_ MR Nw R (A 1 {Im
zp(A) = (Im 0) Q (R ) - 1+)\(2v)TR—1()\)(u )> Q™ ( 0 ) b. (17)

zp(A) and og () can be computed in O(m2) for a given X\ once the decomposition is computed.

Proof Let us restart from (14). By factoring out @ and Q™! and then removing them from
the main parentheses, we obtain

G = Ini1 +AQEQ 1 4+ 22 <a05 8) (18)
= QUm+1 S+ AQ7 (“f 8) Q" (19)



Notice that the matrix Q (aoﬁ 8) Q@ is a rank-one matrix. Let us select u and v such
that this matrix equals uv”. The inverse of G is thus
G = QUUmg1 + AT + A2y IQ 7L (20)

Let us write R(A) = 11 4+ AX, which is a diagonal matrix. Therefore, R(A) + A2uv” is the
sum of a diagonal matrix with a rank-one matrix. We can use the Sherman-Morrison formula
to compute its inverse, namely

CNRTTw ' RTT )Y

2 Tv-1_ p1
(R +Auwv” )" =R () T A TR (\u (21)
Wrapping up, we obtain
ep(\) = (Im 0) G~ ([0> b (22)
B 1 NRIINwI RN 1 (Im
- (Im O) Q <R (\) = 1+ )\QUTRfl()\)u Q ( 0 ) b. (23)

All these vectors and matrix multiplication can either be precomputed once or performed
on-the-spot in O(mQ)7 leading to an asymptotic complexity similar to the previous methods.
O

This method allows us to use eigendecomposition primitives existing in numerous
libraries even on defective matrices, rather than using the Schur decomposition which
is generally less widely available.

3 Basis optimality conditions

In the previous section, we assume that the optimal basis B of P(0) is optimal for
a given A. In this section, we lift this hypothesis by explicitly exploring the required
conditions for the basis to stay optimal. There are namely three distinct conditions
for optimality:

(existence) (Ap + ADpg) must be invertible/full-rank;
(feasibility) (Ap + ADpg)~tb > 0 (the solution is feasible in P(\));
(optimality) c'y—c(Ap+ADg) H(An+ADy) > 0 (reduced costs are non-negative).

3.1 Existence

The existence of a solution at the basis B can be checked using the eigenvalues of Ep,
as demonstrated in the following theorem.

Theorem 6 Let v; be the eigenvalues of Eg = AélDB. The matriz Ag + A\Dp is invertible
if and only if X\ # =L Vi.

2z

Proof The sum Ap + ADp is invertible if and only if I + )\AEIDB is invertible. The term

I+ )\A]_;DB is itself invertible if and only if its eigenvalues p; are non-zero. We have that
wi = 1+ Avy; Vi. The conditions follow. O



As a consequence, we only need to compute the eigenvalues of A;DB in O(m%)
once.

3.2 Validity

Given that Ap + ADp is invertible, we can compute a tentative solution z(\) =

<:cBO(/\)>. The validity condition z(\) > 0 = (Ap + ADp)~'b > 0 can straight-

forwardly be computed as shown in the Section 2, in O(m?) for all decomposition
methods, once the preprocessing is done.

If z()\) is indeed > 0, then cfxz(\) provides an upper bound for 0*()), even if the
basis B is not optimal for A.

3.3 Optimality
The reduced costs of the problem P()\) using basis B are

r(A) ZC%—C%(AB—F)\DB)*l(AN+/\DN). (24)

For the basis to be optimal, »(\) must be non-negative.

Theorem 7 r()\) can be computed in (’)(m2 + mn) for new values of X once an eigendecom-
position or Schur decomposition has been computed.

Proof We can use the above-mentioned decomposition methods to verify this condition. We
apply here the reasoning using the Schur decomposition, but the ideas are similar for the
other decomposition methods.

r(\) = ¢y — ch(Ap + ADp) ' (Ax 4+ ADy) (
= cN cB(A5' (I + A5 Dp) ™ (An +ADw) (26)
— ch(AHQQT +2QUQ™)) TN (AN + ADN) (
:cﬁ—cE(Ang(HAU)QH)*l(AN+ADN) (
= — cpQU + \U) ' QT AL (Ax + ADy) (29

This vector is computable in (Q(m2 + mn) per value of A for all the presented decomposition
methods, as the computations are mainly matrix/vector multiplications (computing from left
to right). O

3.4 Summary

Given a basis B and A, the set of A for which to compute the optimal objective or
solution, the aforementioned decomposition methods can therefore be broken down
into the following steps:

1. The preprocessing step, where eigenvalues/eigendecompositions/Schur decompo-
sition/... are computed, once;



Method

Preprocessing
Existence
Validity
~ | Optimality
Objective
Solution
Total

Naive solve / / / ~nY ~nv ~ pn®
Basis system solving mY m m* m?4+mn m* m* pm¥ + pmn
Zuidwijk[10] metl  m  m?2 m2+mn m  N/A m@tl 4 pm? 4+ pmn
Eigendecomposition m* m m? m?4+mn m m? m* +pm? 4+ pmn
Schur mY m m? m24+mn m?2 m?2 m* 4+ pm? + pmn
Eigendecomposition (af3) m* m m2 m?24+mn m?2 m? m* 4+ pm? + pmn

Table 1 Complexity of various methods to compute o*(\) and g () for all A € A, |A| = p, in big-Oh
(O()) asymptotic complexity. In the table, n is the number of variables in the original problem and m
the number of constraints, with m < n in general. O(n%) is the complexity of multiplying two n x n
matrices.

2. then, for each A € A (JA| =p):
(a) check for the existence of the solution at A;
(b) check for the feasibility of the solution at A;
(c) check for the optimality (if needed) of the solution at A (if not optimal, an
existing and valid solution still provides an upper bound)
(d) compute the objective at A;
(e) compute the solution at A.

Table 1 summarizes the asymptotic complexity of all the decomposition meth-
ods presented in this paper, and compares it to two methods: the naive method of
recomputing the problem in full for each A and the method presented in Zuidwijk [10].

4 Local bound on the objective

In the previous sections, we presented a fast way of computing the optimal objective
value for all A € A for a given optimal basis B. A typical representation of such an
output would be a piecewise-linear plot, where the function 0*(\) would be represented
by a piecewise-linear approximation based on the computed o*();) for A; € A. This
makes an implicit assumption that o*(A) behaves in a reasonably regular manner
between two sampled points. However, in general, o*(\) has no such property.

In this section, we compute an upper bound on the following:

ﬁ?ﬁ'o*(/\) — 0% (0)]. (30)

This bound assesses the maximum deviation of the objective function around a known
precomputed point up to a distance A. For this, we first need the following lemmas:

Lemma 2 Given an optimal basis B for P(0), and X\ such that I + AEp is non-singular.
Then,

zp(\) —2p(0) = —\I + AEp)~ ' Egzp(0) (31)



rp(\) = rp(0) = Aep(I + \Ep) "' (EpAp' Ay — A5' D), (32)
where rg(\) are the reduced costs of the solution of P(\) provided by B, zg()).

Proof For any X such that (I + X) is invertible:
T+X) ' —T=+X)"'—(I+X)'T+X)=-(I+X)"'X. (33)

Starting from (8):

2N —2p(0) = (I +AEp) '2p(0) —25(0) = ((I+AEp) ™" = 1) ap(0)

= —\I + AEg) 'Egxzp(0). (34)
Similarly,
rp(\) = r5(0) = ¢k — cp(I + AEp) " Ap (AN + ADy) — ek + cp AR Ay (35)
= —cE((I+XE) ' —NAZ ANy — A5 (I + AER) ' A5' Dy (36)
= AL+ \EB) 'EgAZ AN — A5 (I + \Eg) A5 Dy (37)
= AB(I+A\Ep) " HEpAZ'Ax — Ag'Dy) (38)
m
Lemma 3 Given M € R™™ such that |M||ec < 1 and a vector v € R"*1. Then,
— 1 —1 |U|oo
I—M) Yoo < — I-M <o 39
II( )"l < 7 M I ) ollee < 7 M (39)

where ||.||co s the matriz norm induced by the infinite vector norm |.|co.

Proof As ||[M||coc < 1 by hypothesis, we can use the Neumann series, which we bound using
sub-multiplicativity of the infinite matrix norm. We then use the geometric series Zfo q" =
1—iq if |¢q| < 1 to obtain the following result:

o0 o0 o0
—1 i i i 1
(T = M) Moo = Y M'lloc <Y 1M oo < D[ M|l < T~ (40)
i=0 =0 =0 = 1Moo

proving the first claim. The second claim comes directly from the consistency property of
induced norms. O

It is possible to obtain an analytical form for o*(\) —0*(0); it can be done by using
the result from Lemma 2 and apply the decomposition methods presented earlier.
However, this process leads (in the simplest case of the eigendecomposition) to a
rational function of A\, composed of degree m polynomials. As m is typically large,
it is difficult to find directly the maxima and minima of this rational function for
[A| < A. Instead, we propose to use the results of Lemma 3 and bound the norm of
the difference between o*(A) and 0*(0).

10



Theorem 8 Given a basis B which provides an optimal solution for P(0) and P(A). If
INEB|leo < 1, then

Al |eB o 1E52E(0)5

0" () — o' (O)] < P A (41)
Proof Using the definition of 0* and Lemma 2,
lo* (%) = 0" (O)llso = [y (@ (N) =25 (42)
- H—)\cfg([—i—)\EB)_IEB:UB(O)HOO (43)
By using the sub-multiplicative and consistency property of the infinite norm:
lo*(3) = 0" O)lloe < 1Al [els| |1 +AER) ™| 1EB2B0)]0 (44)
As ||[AEB]||cc < 1 by hypothesis, we can use Lemma 3, proving the initial statement. |

Theorem 8 thus provides an easy-to-compute bound around the modification on
the objective, if we can first ensure that the basis B provides an optimal solution for
P(A). The following theorems give sufficient conditions for this. Theorem 9 provides
a condition for z () to be feasible, and Theorem 10 a condition for it to be optimal.

Theorem 9 Given a scalar X and a basis B which provides an optimal solution for P(0), B
provides a feasible solution for P(\) if the following three conditions are satisfied:

[AEBllo <1 (45)
(I + AER) is not singular (46)

A EBB(0)ll .
X L (zp(0)); Vi 47

Proof As (I + AEp) is not singular, we can generate a candidate solution to P(\):
zp(\) = (I+XEg) 'A5' (48)

This solution is feasible only if it respects the other constraints, namely that the variables
are nonnegative: (zg(X)); > 0 Vi.

By hypothesis, as B provides an optimal solution for z5(0), we have that z5(0) > 0.
Under this assumption, the following is a sufficient condition for the variables xzg(\) to be
nonnegative:

l(zp(A) —zp(0))i| < (z5(0))i = (zB(A))i 2 0 Vi. (49)
By using Lemma 2 and 3 (||AEB||co < 1 by hypothesis) on |(zg()\) —z5(0));|, we obtain
Vi:
[(xp(A) —2p(0))i] < max (zB(A) —zp(0));| = [z5(A) —2B(0)| (50)
<IN+ AEp) 'Epzp(0)] (51)
Al [Egzp(0)]s0
= T [ Ealle %)

11



From (52) and (49), we have the following implication:

A |[Egzp(0 .
PPpesOlo o (0,  (@p)i 20 i (53)
1= A EBlloo
This condition is respected by hypothesis, proving that all slack variables are nonnegative,
the solution is thus feasible. O

Theorem 10 Given a scalar A and a basis B which provides an optimal solution for P(0),
B provides an optimal solution for P(\) if the following four conditions are satisfied:

[AEBlloo <1 (54)
(I + AER) is not singular (55)
xg(N) is feasible (56)
Al [eBloe ||EpAR An — A5 Dy |
2 < (rg(0)); Vi (57)

L=\ EBlleo

Proof The proof is very similar to the previous and is thus omitted. It uses the result from
Lemma 2 about the reduced costs and follow the steps from the previous proofs. O

We can combine Theorem 8, 9 and 10 to obtain a way to upper bound the function
0*(\) around 0. Here we consider a specific result for A > 0 (so as to simplify the
absolute values) but the results are similar in the other cases.

Theorem 11 Given € (the mazimal error) and a basis B which provides an optimal solution
for P(0), let U be the set of eigenvalues of Eg and

€
leEloc I EB25(0)||sotell Enlloo

I z5(0)): ;
A = min [Eaza 0+ (a0 e Vi (58)

r5(0)): .

ISl IEB AR AN —AR D lloo+(r5(0))i | Es o Vi

(with the convention that § = +00).
Then, YA € [0, A] N[0, m[ (- N |vew):

e the basis B provides an optimal solution for P(\);
o o' (\) — 0" (0)] <.

Proof Direct from the two previous theorems. The bounds on A are respectively the ones from
equations (41), (47) and (57), rewritten under the assumption that A > 0. The conditions
on A ensures that the matrix I + AEp is non-singular and that the Neumann series property
can be used. (]

12



5 Conclusion

We considered the problem of having a linear program P(\) whose constraint coeffi-
cients varies linearly via a parameter A. For this type of problems, we propose new
methods that compute xp(A\) and 0*(\), respectively the optimal solution (linked to
a basis B) and optimal objective function of P(\).

The first part of the paper focuses on computing the solution for a discrete set of
points A € A, using a known optimal solution x5 (0) and its associated optimal basis
B. Three algorithms are presented, which revolve around the use of the optimal basis
B and of a reformulation of the term (I + AAz'Dg)~'.

The first algorithm reformulates A]_ngB using an eigendecomposition method.
Its main drawback comes from the fact that AngB may be defective: the eigen-
decomposition of A]_ngB does not always exist. The second algorithm uses a Schur
decomposition to reformulate AE;lD B, and does not need the matrix to be diagonaliz-
able. The third algorithm increases the dimensions of AE;lD B by concatenating a new
random column and a new random row. The new matrix has then a high probability
to be diagonalizable, and an eigendecomposition can be used, at the expense of com-
plexifying a bit the end result. For computing p points (|P| = p), all three algorithms
have a total complexity of O(m® + pm? + pmn), where n is the number of variables,
m the number of constraints, and O(m®) the complexity for a matrix-matrix multi-
plication of size m x m. These algorithms also provide proofs that the basis B remains
optimal (or not) for these new points.

The second part of the paper focuses on providing an estimation of 0*(\) for a
continuous set of A € A. In Section 4, we provide an upper bound on the deviation of
the objective function around a known precomputed solution up to a distance A. It
can be used to assess the maximal error in between the points of a discrete sampling,
as done in the first part of the paper.

These results can be combined in an iterative algorithm that produces a piecewise
linear approximation of o*(A) by sampling the space of A and iteratively refines the
approximation by computing more points where the bound is larger than a user-defined
error.
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