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Abstract

This paper investigates the convergence properties of the hypergradient descent method (HDM), a 25-
year-old heuristic originally proposed for adaptive stepsize selection in stochastic first-order methods [11, 3].
We provide the first rigorous convergence analysis of HDM using the online learning framework of [I1] and
apply this analysis to develop new state-of-the-art adaptive gradient methods with empirical and theoretical
support. Notably, HDM automatically identifies the optimal stepsize for the local optimization landscape
and achieves local superlinear convergence. Our analysis explains the instability of HDM reported in the
literature and proposes efficient strategies to address it. We also develop two HDM variants with heavy-
ball and Nesterov momentum. Experiments on deterministic convex problems show HDM with heavy-ball
momentum (HDM-HB) exhibits robust performance and significantly outperforms other adaptive first-order
methods. Moreover, HDM-HB often matches the performance of L-BFGS, an efficient and practical quasi-
Newton method, using less memory and cheaper iterations.

1 Introduction
We consider the smooth convex optimization problem

minimize f(a),

where f:R™ — R is convex and L-smooth with f(z*) := min, f(z) > —oco. Theoretically, gradient descent
F T = gk — 0, Vf(2F)

with constant stepsize ay, = 1/L is guaranteed to converge. However, the choice of stepsize ay, strongly affects
the performance of gradient descent in practice [9], and various stepsize selection strategies have been proposed
to improve the practical convergence of gradient descent. Examples include line-search [2], Polyak stepsize [32],
stepsize scheduling [23, B9], hypergradient descent [T}, [35], [3] and the well-known adaptive stepsizes [29, 10, 20].
Our paper focuses on the hypergradient descent method (HDM), which was initially proposed in [I] as a heuristic
for stochastic optimization. It was later tested on modern machine learning problems and exhibited promising
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Figure 1: The behavior of different HDM variants on the toy quadratic optimization problem. Figure
two-phase convergence behavior of vanilla HDM. Figure effect of null step and our best variant HDM-Best.

performance [3]. In HDM, the stepsize «y, is adjusted by another gradient descent update:

~ (Vv k+1 ,V k
a1 = ap — i [f@* = aV @), _,, = ar — = e,
where the hypergradient stepsize 7 is often set to be 7 = M]W for n > 0 to be invariant of the scaling

of f. Gao et al. [II] generalized HDM to support learning a preconditioned gradient descent update with
preconditioner (matrix stepsize) P, € R™*™ through the iteration

f =2k — PV f(ab), (1)

_ ! 2T
Pry1 =1p [Py — Vf‘(lvf(z)lzﬁg ) ], (2)

where (2)) follows from Vp[f(z* — PVf(zk))HP:Pk = —Vf(@**1)Vf(2¥)T and Ip[] is orthogonal projection
on to a compact set of candidate preconditioners P. Note that P does not need to be positive definite [I1],
hence the projection is easy to compute in practice. We call the update — vanilla HDM throughout the

—diag(Vf(z"T")oV f(z*))

paper. In practice, P is often set to be diagonal and simplifies to Pry1 = Py — 1 o F @ ,

where o is entry-wise product.

Vanilla HDM is widely used in practice, but it can be unstable if the hypergradient stepsize 7y is not carefully
tuned [21] 4, 35]. Figure [la|shows f(2*) can spike as high as 10°C in the early iterations of vanilla HDM, which
would lead experienced users to abandon the algorithm. Surprisingly, our analysis reveals that this behavior of
HDM is not true divergence; instead, it can be understood as the warm-up phase of an online learning procedure,
and is followed by fast convergence (Figure . Moreover, we show in both theory and practice that the
explosion of f(z*) can be circumvented by taking a null step, which skips the update whenever the new iterate
fails to decrease the objective value, i.e., f(z¥ — P,V f(2*)) > f(2*). The null steps flatten the objective value
curve in the warm-up phase of HDM but cannot shorten the warm-up (Figure .

Our analysis exploits the online learning framework in [IT], in which the authors observe that the P-update
in vanilla HDM can be viewed as online gradient descent with respect to the online surrogate loss

. f@=PVf(z))-f(x)

ha(P) := S0t (3)
The function h,(P), called hypergradient feedback in this paper, is a function of preconditioner P and is
well-defined for all non-stationary x. To see that aligns with the online gradient descent update, notice

Vhgr(Py) = 7% so the update sets Pyr1 = Py — niVhye(Pg). Using insights from our



analysis, we develop a variant of HDM based on AdaGrad that improves convergence of HDM (Figure both
in theory and practice.

Algorithm 1: Hypergradient Descent Method (HDM)

input initial point !, P, € P

for k =1, 2,...do
Pl = arg min f(x)
ze{zk ak—P,V f(z*)}
Pry1 = Up[Pr — nxVhgr (Py)]

end

Vanilla HDM + null steps (Algorithm [1) was first considered by [11I] and guaranteed to converge globally.
However, their analysis is not sufficient to explain the practical behavior of HDM and provides no advice for
how to design a practically efficient HDM. In this paper, we dive deeper into the convergence behavior of
HDM (Algorithm 7 establishing sharper global convergence guarantees and conducting a local convergence
analysis. Our findings offer new insights into (vanilla) HDM and serve as a foundation to design more efficient
and practical variants of HDM. The contributions of this paper include:

e We provide the first rigorous convergence analysis for HDM, including both global and local convergence
guarantees (Section that show HDM can adapt to the local optimization landscape. Our analysis provides
several new insights into how HDM adapts to optimization landscapes (Section , why vanilla HDM is un-
stable in practice (Section, and the connection between HDM and quasi-Newton methods (Section.

e We develop and analyze two improved variants of HDM: HDM + heavy-ball momentum (HDM-HB in Section,
which has the same convergence rate as HDM but is faster than HDM in practice; and HDM + Nesterov momentum
(HDM-AGD in Section [4.2), which is faster in theory and intermediate between HDM and HDM-HB in practice.

e We develop a practically efficient variant HDM-Best, which updates z* by preconditioned gradient descent
with heavy-ball momentum and jointly updates P, and momentum parameter by AdaGrad. Our HDM-Best
outperforms adaptive first-order methods and performs on par with L-BFGS (with memory size 5 or 10)
using less memory (memory size 1) (Section [5).

1.1 Related Literature

Adaptive First-order Methods. Notable adaptive first-order methods include AdaGrad [10, 25], Adam |20,
40], and parameter-free stepsizes [29, [9]. Most of these techniques originate in the online learning community,
and they typically achieve both strong empirical convergence and online learning regret guarantees.

Hypergradient Descent. Hypergradient descent dates back to [I], which was first proposed as a heuristic
to accelerate stochastic gradient descent. Similar concepts were also explored in [37), [36], [16], 24], while those
works employed slightly different algorithmic updates. Later, [3] rediscovered the HDM and named it “hyper-
gradient descent”; [3] also extended HDM to other first-order methods with extensive experimental validation
of its practical efficacy. Recent studies [19] 4 [30] further empirically enhanced HDM for broader applicability,
reporting promising numerical results.

Despite these empirical successes, a rigorous theoretical understanding of HDM has emerged only recently.
[35] showed that HDM converges on convex quadratic functions and established several analytic properties.
Subsequently, [21] demonstrated that when using a diagonal preconditioner, hypergradient can be employed
to generate cutting planes in the preconditioner space, achieving an O(y/nx*log(1/¢)) complexity result on
smooth strongly convex functions. Here, x* is the condition number associated with the optimal diagonal
preconditioner. More recently, [I1] showed that HDM can be viewed as online gradient descent applied to some
surrogate loss function and that HDM has strong trajectory-based convergence guarantees.



1.2 Notations

We denote Euclidean norm by || - || and Euclidean inner product by (-,-). The upper and lower case letters
A, a respectively denote matrices and scalars. Denote the Frobenius norm by ||A||r = . azj- Define
[]+ = max{-,0}. We use Il¢[] to denote the orthogonal projection onto a closed convex set C and use
dist(x,C) := || — Il¢[z]|| to denote the distance between a point x and a closed convex set C. Denote the
optimal set of f(z) by X* = {z : f(x) = f(2*)}; and the a-sublevel set of f by L, := {z : f(x) < a}. For
consistency of notation, a stepsize P in this paper always refers to a matrix applied in the gradient update.
Define § := {P = al : « € R} and D := {P = diag(d) : d € R"}. The condition number of an L-smooth and

p-strongly convex function is k := L/pu.

2 Background: HDM and Online Learning

This section establishes the connection between HDM and online learning through the framework in [I1]. We
refer to the following assumptions in the paper.

Al: f(x)is L-smooth and convex.
A2: f(x) is p-strongly convex with p > 0.
A3: Closed convex set P satisfies 0 € P, L~!] € P and diam(P) < D < cc.

2.1 Descent Lemma and Hypergradient Feedback
Hypergradient feedback is motivated by descent lemma:

flo = Vi) = f2) < —5p IV f(2)].

The descent lemma states that, under the constant stepsize P, = %I , the function value progress of a gradient

step is proportional to ||V f(z)||* with ratio —1/(2L). When an (effective) preconditioner Py is used, the
effective smoothness constant decreases, and thus the ratio h,(P) = W is expected to become

smaller than —1/(2L), yielding a faster convergence. Hence, the ratio h,(P) is a suitable feedback to measure
the quality of a preconditioner. HDM uses this feedback to learn a good preconditioner using online gradient
descent. The hypergradient feedback h,(P) has the following properties.

Lemma 2.1 (Extension of Proposition 6.1 in [II]). For any x & X™*.

° Under. hy(P) is convex and L-smooth and hz(%I) < —i Moreover, if holds and P C S, then
(P) = hy(« ) is u -strongly convez.

. Under- and [A3], hy(P) is (LD + 1)-Lipschitz. Moreover, if[A2] holds and P C D, then hy(P) = hy(d)
18 m emponentzal concave [T7)].

2.2  Online Learning Guarantees

Using the convexity and Lipschitz continuity of h,(P), standard analysis in online learning literature [28) [15]
guarantees sublinear regret for online gradient descent.

Lemma 2.2 (Sublinear regret [I1]). Under and online gradient descent

Pry1 = lp [Py — neVhye (Pr)] (4)
with stepsize Ny = (LD+1)\/7 generates { Py} such that
S iy bk (Pr) = min Y4y o (P) < pic = D(LD + 1)VE. (5)



If strong convexity is further assumed and Py € S, a different choice of hypergradient stepsize 7 in
improves the regret to log K.

Lemma 2.3 (Logarithmic regret). Instate to and suppose P C S. Then online gradient descent
with n, = 1/(kp) generates a sequence of { Py} such that Zle her (Pr) — minpep Zszl hx(P) = O(log K).
Remark 1. Given exponential-concavity of h, established in Lemmma[2.1] it is possible to apply online learning

algorithms such as online Newton method [14].

2.3 Hypergradient Reduction and HDM

One major contribution of [II] is an online-to-offline reduction that relates the minimization of cumulative
hypergradient feedback Zszl hyx (Py) to the function value gap. We provide a sharper version of this reduction.

Lemma 2.4 (Sharper version of Lemma 6.1 in [11]). Under the iterates generated by Algom'thm satisfy

@) = 1@ < min{ sy F@) — 1@

where A = max,cr ming«cx+ ||z — a*||. Further, under and

f@h)
P = J@) < (F) = F@) (1= 2prmax { e TR —hor (P2, 0}) "

According to Lemma the negative average feedback + Zszl —hgr (Py) determines the rate for sub-
linear /linear convergence of Algorithm [1f larger % Zszl —hgr (Py) implies faster convergence. Given the

objective % Z?Zl —hgr(Py), HDM applies online gradient descent to generate a sequence of preconditioners
{Py} that guarantee the following lower bound:

e Xk —her (Pi) 2 max & S0 —hae(P) + o(1), (6)

which follows from the sublinear regret px = o(K) in Lemma and Lemma implying 2% = o(1).

3 The Convergence Behavior of HDM

This section presents our main convergence results on HDM and consequent insights. All the analyses are based
on the online learning framework established in Section Unless specified, we assume the online gradient
descent in HDM (Algorithm (1)) uses the constant stepsize nx = n > 0 throughout this section.

3.1 HDM Adapts to the Local Landscape

Our first convergence result follows by combining Lemma and Lemma
Theorem 3.1 (Static adaptivity). Under and (A1|+ [A2) respectively, Algorithm satisfies

fBETh — (%) < mln{Krnax{g_PTK70}7f(xl) (™)} (A1)
F@STY) = @) < [f(@") = F@*)](1 — 2umax{y} — 85,0D%, (A1]+]A2)

where A is the same as defined in Lemma pK 1s defined in , and v} = —minpep % Zle hor (P).

Theorem ﬂ has two implications: 1) Since 7} > —+ Z,I::l hor(£1) > 5+ (by descent lemma) and
PK

2% = o(1), both upper bounds in Theorem converge to 0 when K goes to infinity, guaranteeing global
convergence of HDM. 2) More importantly, v} reflects the possibly improved convergence rate of HDM through the



adaptive P-update, which depends on the local optimization landscape. To see this, when K is large and £ is
negligible, the convergence of HDM is competitive with preconditioned gradient descent with any static pre-

conditioner. In particular, the optimal P, = Py := argminpep & Zle hr (P) achieves the rate KA; . Note
K

that v (or Pj) depends only on the past trajectory {z*},<k; and thus if the algorithm visits a local region
with a smaller smoothness constant than the global constant L, one can expect v > i Adaptivity leads to
faster convergence than standard gradient descent. In summary, HDM adapts to the local optimization landscape.

We borrow a standard dynamic regret argument in online convex optimization literature [I5] to provide an
even stronger notion of adaptivity of HDM:

Theorem 3.2 (Dynamic adaptivity). Under and + respectively, Algorithm satisfies
K+1 : A2 1 *\ 1.
f(z +)—f(x*)§m1n{m,f($)—f(m )} (A1)
F@®H) = f(z*) < (f(=') = fa*))(1 - 2umax{df — 5, 01)%, (A1]+]A2)
where A is the same as defined in Lemma[2.7),

0 =~ min %300 by (Py) + PLH{P)], (7)
{PLeP}

and PL{PY) = L2 S0 || Pega — Pillm.

Theorem and Theorem differ in the constants v} and d}, as the minimum in searches over
different optimal preconditioners for different h, .. Theorem hows that, even if the sequence {z*}
traverses different regions of the landscape, HDM automatically chooses Py to adapt to the local region, at the
price of an additional regret term PL({Pk}). Adaptivity of HDM undergirds its good empirical performance.

3.2 Online Regret and Instability

Though adaptive P-update underpins the strong performance of HDM, vanilla HDM is observed unstable in
practice. This section identifies the source of instabilty in vanilla HDM (Figure [1)) based on our analysis. We
also propose two simple yet effective strategies to address the instability.

Divergence Behavior due to Regret. Recall from Theorem that the optimality gap at %+ is

bounded by Wj—’%{ﬁ}' This rate can be better than that of gradient descent when K is large and

Vi > ﬁ, but the analysis provides no guarantee on earlier iterates {z* }re<ik. In particular, the convergence
rate makes sense only if 73 > Z%. That is, the progress ), h,»(P) accumulated by the online gradient descent
outweighs its regret px. In other words, online gradient descent takes time to learn a good preconditioner,
and the regret accumulated during this warm-up phase causes HDM to behave as if it is diverging until the
progress » , h,»(Py) outpaces the regret px. Since px grows sublinearly with the iteration count K, HDM will
eventually converge. However, the objective value will usually explode (and be terminated by the user) before
convergence begins. Consequently, the two-phase convergence behavior (Figure is rarely observed.

Addressing Instability. While our analysis guarantees HDM eventually converges, an algorithm that diverges
up to 103 before converging is not practical. We propose two simple but effective fixes based on our analysis:

e Null step. The z-update is skipped if the new iterate increases the objective value:

ol = arg min f(z). (8)

ze{zk,xk—P,V f(z*)}

The null step ensures a monotonic decrease as HDM learns a good preconditioner, although it requires an
additional function value oracle call at each iteration. Even on iterations when z* is not updated, the
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Figure 2: Addressing instability of HDM

preconditioner Py is updated using online gradient descent, so the algorithm is still making progress. In
Figure [2] the null steps flatten the objective value curve in the divergence phase.

e Advanced Learning Algorithms. Better online learning algorithms with lower regret shorten the divergence
phase. Figure [2| shows a significant speedup when the online gradient descent in Algorithm [1]is replaced
by AdaGrad. In our experiments, AdaGrad often improves the robustness of HDM since it does not require
pre-specifying algorithm parameters that depend on the total iteration count K and provides convergence
guarantees for the earlier iterates {a*}1<f (Appendix.

3.3 Local Superlinear Convergence

Figure [1| shows HDM converges faster than the (linearly convergent) first-order methods. In fact, HDM exhibits
local superlinear convergence on strongly convex objectives (Theorem below). Results in this subsection
assume a strongly convex objective (A2]) and Lipschitz Hessian (A4)):

A4: f(x) has H-Lipschitz Hessian.
Strongly Convex Quadratics. We develop intuition by considering a strongly convex quadratic. For
f(z) = L(z, Az), we have a* =  — [V2f(2*)] 7'V f(z) ['| In other words, P* = [V2f(z*)]~! is a univer-
sal minimizer of h,(P) that drives any non-optimal point z ¢ X* to the optimum z* in one step. When

[V2f(2*)]~! € P, Theorem guarantees the performance of HDM is competitive, so we should expect the
descent curve to decrease more and more sharply, giving superlinear convergence (Figure .

Local Superlinear Convergence. For general functions satisfying f(z) locally behaves like a quadratic
f@) = fa*) + 5z =, V2 f(a*) (@ — 2*)) + Oz — " |]%).
Therefore, local superlinear convergence is expected for HDM near z*. Theorem formalizes this intuition.

Theorem 3.3 (Local superlinear convergence). Suppose [V2f(z*)]™! € P and assume to[Adl  Then
Algorithm[1] has local superlinear convergence:

Pt = fa) < (F) = fat) (mind 5 S ot — a2+ 25, 13) " ®)

Theorem justifies our observation of superlinear convergence in Figure for strongly convex quadrat-
ics, the Hessian Lipschitz constant is zero (H = 0) and @D guarantees the superlinear convergence at
rate O((85)%). For general strongly convex objectives, global linear convergence (Theorem [3.1)) implies

limg o0 % Doney |2 — 2*||> = 0. So eventually, the first term in (9) vanishes, giving superlinear convergence.

Isince V f(x) equals to its first-order Taylor expansion at z* for quadratics: Vf(x) = Vf(x*) + V2 f(x*)(z — x*)



HDM Learns the Hessian at the Optimum. In fact, {P.} in HDM will converge to [V2f(z*)]~! under an
assumption similar to one studied in the quasi-Newton literature [6], 27]. Lemma quantifies the effect of
learning the preconditioner through the distance || P, — [V2f(2*)] 7| r.

Lemma 3.1. Under the same assumptions as Theorem [3.3, Algorithm[1] generates {Py} such that

1Pess = [V2F (@) 77

<P — [V2F ()] Y3 — “OE (P — (V2 £ ()] ) ek | + 20 — L)

-2 (10)

Relation consists of three terms: the distance || P, — [V2f(2*)]7![|%; a decrement in the distance (second
term); and an error term (last term) that Converges to zero as x* — 2*. The decrement is determined by the

magnitude of [|(Py — [V f(2*)] ™) b ||

[V2f(z*)]~" in the (unit) gradient direction %. To ensure fast convergence, it suffices for P,V f(z*)

, which measures the difference between the operators P, and

and [V2f(2*)]7'Vf(2*) to remain sufficiently close. If the set {%} spans the entire space over the
iterations, P, and [V2f(z*)]~! should align in all directions, leading to convergence of {Py}.

Theorem 3.4 (Convergence of the preconditioner). Instate the same assumptions as in Lemma and
let n, = n € (0, m] in online gradient descent . Suppose the gradient directions {%} are
uniformly independent E| Then limy— oo || Pe — [V2f(2*)] 7] = 0.

Remark 2. The convergence of parameters in HDM was observed experimentally by [3] for a scalar stepsize
(P C 8). Our result theoretically justifies this observation.

HDM and Quasi-Newton Methods. Our results identify a similarity between HDM and quasi-Newton meth-
ods. Both learn the inverse Hessian operator g — [V2f(2*)]~!g as the algorithm progresses, but through differ-
ent properties of the operator. The quasi-Newton methods use the secant equation x—y =~ [V2f(2*)] "1 (V f(x)—
Vf(y)) for =,y close to z* and enforce this equation, replacing the inverse Hessian by Py, to guide learning
[I'7, 18]. In contrast, HDM learns an optimal preconditioner for the function. Since the function is locally
quadratic, this optimal preconditioner is the inverse Hessian. HDM uses the hypergradient feedback h,(P) to
directly measure the quality of the preconditioner and can search for an optimal preconditioner in a given closed
convex set P, whereas quasi-Newton methods use the secant equation as an indirect proxy. Both approaches
require a safeguard to prevent divergence in the warm-up phase, which is achieved by line-search in quasi-
Newton and null step in HDM. In a word, both HDM and quasi-Newton leverage complementary perspectives on
g+ [V2f(z*)]7 g, so it is natural that they achieve similar convergence guarantees.

4 HDM with Momentum

This section develops two variants of HDM, with heavy-ball momentum [31] and with Nesterov momentum [26].

4.1 Heavy-ball Momentum
The heavy-ball method is a practical acceleration technique:
"t = 2% — PV f(2¥) + By (2" — 2571, (11)

The momentum parameter By, is typically chosen as a scalar By = S with S > 0. HDM can learn a matrix
momentum By € B C R"*" with convergence guarantees (Theorem |4.1) when B satisfies this assumption:

A5: Closed convex set B satisfies 31 € B, diam(B) < D.

2The formal definition of a uniformly independent sequence is given in Appendix which is adapted from quasi-Newton
literature [6}, 27]



HDM can jointly learn the pair (P, Bi) using the modified feedback function

hy . (P.B) = YGHPB) as) _ S (P at (PB) ol [f (@)t s ]

MO E V@ ZTo—a- T2 ) (12)

where 1t is the potential function for heavy-ball momentum defined by v(z,27) := f(z) + 4|z — z~ || [1];
2T (P,B) :=x— PVf(x)+ Bz —a7)

updates z; and w > 0 and 7 > 0 are constants. Algorithm[2]presents the resulting method, HDM-HB, which uses
HDM, heavy-ball momentum, and a null step to ensure decrease of the potential function . Figure|3alcompares
non-adaptive heavy-ball (P, = al, By = 8I) against HDM-HB with full-matrix/diagonal preconditioner and
scalar momentum. Theorem presents the convergence of HDM-HB.

Algorithm 2: HDM with heavy-ball momentum (HDM-HB)

input initial point 29 = 2, n,,n, > 0, P1, By
for k =1, 2,...do
k2 = ok — PV f(2F) + By (2F — 2¥71)
Pk+1 = H']D[Pk — npvphxk’xk—l(Pk, Bk)]
Bk-‘rl = HB[B/C - nbvmak,a}’“_l(PlﬂBk)}

(xFH1 k) = arg min Plat, x)
(zt,m)e{(zh,ah=1),(xk+1/2,2k)}
end
output zX*!

Theorem 4.1 (Convergence of HDM-HB). Under[AT] and[AB] Algorithm[Z satisfies

K+1 * fah)—fz)
f(aj )—f(.% ) < KV max{v}— 2K ,0}+1°

where v} = —minp p)epxs %25:1 By oi—1 (P, B) depends on the iteration trajectory {z*}r<x; px =
O(VK) is the regret with respect to feedback ; V := min {%, t}; A is defined in Lemma .

4.2 Nesterov Momentum

HDM can also improve accelerated gradient descent AGD:

y'=ab (1= ) b

" =yF — 1V () (13)

M=k ARy f(yh),

where is a pre-specified sequence. HDM can learn a preconditioner Py that replaces % to accelerate the gradient
step in AGD. We call the resulting algorithm HDM-AGD. Algorithm provides a realization of the HDM-AGD
based on a monotone variant of AGD [8]. The convergence of HDM-AGD is established in Theorem the
proof of which is deferred to Appendix

Theorem 4.2. Assume and . Suppose AGD starts from (x',2') and runs for K iterations to output &.
Then Algorithm@ starting from (z',2') = (2,2') and 0 € [}, LD) satisfies

FER) = ) < [y + 8 = ) ()] o + 0(55),

where wi; = —minpep £ Z,If:l hyx(P) depends on the iteration trajectory {x*},<x.



Algorithm 3: HDM with Nesterov momentum
input starting point ', 2,7 >0, 0 € [%,LD), Ap=0
for k =1, 2,... do

A1 = (A1 — Ar)?

k_ k A kL k
yh = 4 (1 ) ()

k

htl = arg min f(x)

ze{yF— £V f(y*),y*—PpV f(y*),z*}
Pry1 = p[Py — nVhy (Pr)]

L
v = max{Qmax{,hykl(pk)g/(zL)}7%}

M= L) g r(yh)

end
output zX*!
1 050 1 050
o ==Heavy-ball ==AGD
& ==HDM-HB-Diag =—HDM-AGD-Diag
S HDM-HB-Full HDM-AGD-Full
o
> 10° 10%
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Figure 3: The convergence behavior of HDM-HB and HDM-AGD on a toy quadratic problem. Figure HDM-HB.
Figure HDM with Nesterov momentum.

The parameter 6 serves as a smooth interpolation between HDM and HDM-AGD: when 6 = 1/2, Theorem
recovers the convergence rate of vanilla AGD; when 6 > 1/2 and w}, — LD, we expect HDM-AGD to yield faster
convergence. As suggested by Figure HDM-AGD achieves faster convergence than AGD.

Remark 3. To mitigate the effect of regret, Algorithm [3| needs a warm start from vanilla AGD. However,
experiments suggest that it is unnecessary in practice, and we leave an improved analysis to future work.

Remark 4. For strongly convex problems, we can combine Theorem with a standard restart argument
[8, 34] and achieve a similar trajectory-based linear convergence rate.

5 Experiments

This section conducts numerical experiments to validate the empirical performance of hypergradient descent.
We compare HDM-Best (see Section below) with different adaptive optimization algorithms.

5.1 Efficient and Practical Variant: HDM-Best

This section highlights the major components of our most competitive variant HDM-Best. The algorithm
and a more detailed explanation are available in Appendix [A] The implementation is available at https:
//github.com/udellgroup/hypergrad.
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Diagonal Preconditioner and Heavy-ball Momentum. HDM-Best updates = by (l1) with diagonal
preconditioner [33, I2] P C D and scalar momentum B = {8 : § € R}. This choice balances practical
efficiency and implementation complexity. Boundedness of P does not greatly impact the performance, while
the bound on B can significantly change algorithm behavior. Two empirically robust ranges for B are [0,0.9995]
and [—0.9995,0.9995].

AdaGrad for Online Learning. HDM-Best uses AdaGrad to shorten the warm-up phase for learning of
(P, Br) (see Section [3.2). AdaGrad usually yields faster convergence of HDM than online gradient descent at
the cost of additional memory of size n.

5.2 Dataset and Testing Problems

We test HDM-Best on deterministic convex problems. We adopt two convex optimization tasks in machine
learning: support vector machine [22] and logistic regression [13]. The testing datasets are obtained from
LIBSVM [3].

5.3 Experiment Setup
Algorithm Benchmark. We benchmark the following algorithms.

e GD. Vanilla gradient descent.

e GD-HB. Gradient descent with heavy-ball momentum. [3T]

e AGD-CVX. The smooth convex version of accelerated gradient descent (Nesterov momentum). [§]
e AGD-SCVX. The smooth strongly convex version of accelerated gradient descent. [S]

e Adam. Adaptive momentum estimation. [20]

e AdaGrad. Adaptive (sub)gradient method. [I0]

e BFGS. BFGS from scipy [27, [38].

e L-BFGS-Mk. L-BFGS with memory size k in scipy.

e Practical variant HDM-Best uses as memory 7 vectors of size n, comparable to memory for L-BFGS-M1.

Algorithm Configuration. See Appendix[A]for details.
e For HDM-Best, we search for the optimal 1, within {0.1/L,1/L,10/L,100/L} and n, € {1, 3, 5,10, 100}.
e Stepsize in GD, GD-HB, AGD-CVX, and AGD-SCVX are all set to 1/L.

e The momentum parameter in GD-HB is chosen within the set {0.1,0.5,0.9,0.99}.

The Adam stepsize is chosen within the set {1/L,1073,1072,107%,1,10}. 31 = 0.9, 82 = 0.999.

The AdaGrad stepsize is chosen within the set {1/L,1073,1072,1071,1,10}.

e BFGS, L-BFGS-Mk use default parameters in scipy.

11



Table 1: Number of solved problems for each algorithm.

Algorithm/Problem SVM (33) 1 Logistic Regression (33) 1
GD 5 2
GD-HB 9 7
AGD-CVX 8 3
AGD-SCVX 7 6
Adam 26 11
AdaGrad 9 8
L-BFGS-M1 13 11
L-BFGS-M3 20 14
L-BFGS-M5 26 16
L-BFGS-M10 31 18
BFGS 32 26
HDM-Best 32 21
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Figure 4: Support vector-machine problems. First row: function value gap. Second row: gradient norm.

Testing Configurations.
1) Mazimum oracle access. We allow a maximum of 1000 gradient oracles for each algorithm.

2) Initial point. All the algorithms are initialized from the same starting point generated from normal distri-
bution A(0, I,,) and normalized to have unit length.

3) Stopping criterion. Algorithms stop if ||V f|lc < 1074

For each algorithm, we record the number of successfully solved instances (||Vf|leoc < 107% within 1000
gradient oracles). Table [1| summarizes the detailed statistics. The number of instances solved by HDM-Best
is comparable to that of L-BFGS-M10.

Support Vector Machine. Figure[4]shows the function value gap and gradient norm plots on sample test
instances on support vector machine problems. The optimal value for each instance is obtained by running
BFGS until ||V f|leo < 107%. We see that the practical variant of HDM-Best achieves a significant speedup over
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Figure 5: Logistic regression problems. First row: function value gap. Second row: gradient norm.

other adaptive first-order methods. In particular, HDM-Best often matches L-BFGS-M5 and L-BFGS-M10, while
its memory usage is closer to L-BFGS-M1. Notably, Adam also achieves competitive performance in several

instances.

Logistic Regression. In logistic regression (Figure , HDM-Best still compares well with L-BFGS-M5 and
is significantly faster than other adaptive first-order methods.

Overall, HDM-Best demonstrates superior performance on deterministic convex problems and is comparable
with the mature L-BFGS family. We believe that further development of HDM will fully unleash its potential for
a broad range of optimization tasks.

6 Conclusion

This paper addresses the long-standing challenge of establishing convergence of the hypergradient descent
heuristic. We provide the first rigorous theoretical foundation for hypergradient descent and introduce a
novel online learning perspective that extends to other first-order methods with adaptive hyperparameter
updates. Our theoretical advances support effective and scalable enhancements that allow the (first-order)
HDM to achieve superlinear convergence with guarantees that resemble quasi-Newton methods. Building on
these results, we propose HDM-Best, an efficient variant of HDM that performs competitively with the widely
used L-BFGS method on convex problems. This empirical success positions HDM as a compelling alternative for
modern machine learning. Extending the theory of HDM to stochastic and nonconvex optimization is a crucial
next step to understanding its potential to speed up the training of large-scale models.
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Structure of the Appendix. The appendix is organized as follows. In Appendix [A] we introduce
a practical variant of hypergradient descent and explain its implementation details. Appendix [E] provides
additional experiment details on the tested problems. Appendix [B]to Appendix [D]provide proofs of the main
results in the paper.
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A HDM in Practice

This section introduces HDM-Best, our recommended practical hypergradient descent method. This variant is
adapted from HDM-HB, with simplifications to reduce the implementation complexity. The algorithm is given
in Algorithm

Algorithm 4: HDM-Best
input starting point z° = !, P = S7.ND, B = [0,0.9995], initial diagonal preconditioner P, € S N D,
initial scalar momentum parameter 3; = 0.95, AdaGrad stepsize 7n,, 7, > 0, AdaGrad diagonal matrix
U; = 0, AdaGrad momentum scalar v1 =0, 7 > 0
for k =1, 2,...do

aF 2 = gk — PV () + Br(ah — 2P

diag(V f(z"11/2)ov f(z® .
Vphygr g1 (P, Br) = Hlv“;((xk%g%ﬂgk_ﬂflﬁg # Element-wise product

Y F(ghT/2) gk gkl
Vghyk gr-1(Pr, Br) = \|V<f(fz’f)||2+g)|ﬁ;kjvk*l>\|2 # Inner product

Uit1 = Uk + Vphgr gr—1(Pr, Br) © Vphyk zro-1(Py, Br) # Diagonal matrix
Vg1 = Vg + Vghzk_’qu(Pk,ﬁk) . vghmk,zk—l(P]“Bk) # Scalar matrix
Ppi1 = HR:;QD[P;C - npU];_:l/ZVthk’zk—l(Pk,ﬂk)] # Diagonal matrix

Brt1 = I[,0.9905) [Br — ﬂbvk_ifvﬁhzk,zkfl(Pk,ﬁk:)}
k+1

x argmin  f(z).

ze{zk ak+1/2}

end

output z%*!

We make several remarks about Algorithm

e Choice of online learning algorithm. Unless f(x) is quadratic, adaptive online learning algorithms such as
AdaGrad often significantly outperform online gradient descent with constant stepsize. Note that AdaGrad
introduces additional memory of size n to store the diagonal online learning preconditioner U.

o Sensitivity of parameters. The two stepsize parameters in AdaGrad are the most important algorithm
parameters: 1,,1,. According to the experiments, 7, should be set proportional to 1/L, the smoothness
constant, while an aggressive choice of 1, € {1,10,100} often yields fast convergence. A local estimator of
the smoothness constant L can significantly enhance algorithm performance.

e Heavy-ball feedback and null step. In practice, it is observed that dropping the %||z* (P, B) — z||? in the nu-
merator of heavy-ball feedback often does not affect algorithm performance. Therefore, in Algorithm
the hypergradient with respect to ¢ |lz* (P, B) — z||? is ignored. On the other hand, the Z||z* (P, B) — z|*
term in the denominator smoothes the update of 5 and can strongly affect convergence. The parameter 7
should be taken to be proportional to L? according to the discussions in Appendix The null step is
taken with respect to the function value f(x) instead of the heavy-ball potential function.

e Memory usage. The memory usage of HDM-Best, measured in terms of number of vectors of length n is 7n: 1)
three vectors store primal iterates =, z, 2. 2) Two vectors store past and buffer gradients V f(z), Vf(z ™).
3) A vector stores the diagonal preconditioner Pj. 4) A vector stores the AdaGrad stepsize matrix U.

o Computational cost. The major additional computation cost arises from computing hypergradient Vh,
which involves one element-wise product and one inner product for vectors of size n. In addition, HDM-Best
needs to maintain a diagonal matrix for AdaGrad. The overall additional computational cost is several O(n)
operations.
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B Proof of Results in Section 2]

B.1 Auxiliary Results

Lemma B.1 (Sublinear dynamic regret [I5]). Given a family of convex and ~y-Lipschitz losses {hy}, online
gradient descent Pyi1 = p[Py — nVhi(Py)] with constant stepsize n > 0 generates a sequence of scaling
matrices { Py} such that

Sy h(Py) = hie(Py) < B2+ 392K + 2PLH{PY). (14)
where { Py}, Py € P are arbitrarily chosen competitors and PL({Py}) := Zszl | Py — Pyyr || is the path length

of the competitors. In particular, if P, = P, then PL({pk}) =0 and

2

Siei (P = () < B

‘b
+
SIS
\2[\3
=

(15)

[ )

Proof. The result follows from a standard dynamic regret analysis from online convex optimization literature,
and we adapt the proof for our analysis. For any P € P, we deduce

|Pis1 — Pll3 = |Ip [Py — nVhe(Py)] — Pl%

<||Py — P —nVhy(Py)| % (16)
<||Py — P||% — 20(Vhi(Py), Py — P) + 0% | Vhe(Py)||3
< ||Px — P||F — 2n[hs(Pe) — hi(P)] + n*~2, (17)

where uses non-expansiveness of orthogonal projection; applies convexity and ~y-Lipschitz continuity
of hy. Now, let P = P, and we re-arrange to get

hie(Py) = hie(Pr) < 5= [11Pe = Bill3 — | Posr — Pl 7] + 297
= 3 l1PellF = 1Pesall3 + 2(Pe, Pryr — P)] + 397
D2

< 24 D|Pus - Pille + 197, (18)

where uses Cauchy’s inequality (Py, Pey1 — Pi) < || Pyl - | Pyt — Pell < D||Pey1 — Pil|. Telescoping,
K 5 2 K 5 5
St hie(Pr) = hi(Pr) < 50+ 39°K + 2 370 1P — Pl

and this completes the proof. O

Lemma B.2 (Logarithmic static regret [28]). Given a family of p-strongly convex and ~-Lipschitz losses {hy},
online gradient descent Py1 = p[Py — 0 Vhi(Py)] with stepsize ni, = 1/(uk) generates a sequence of scaling
matrices { Py} such that Zszl hi(Py) — hi(P) < 242 log K.

Proof. Using strong convexity, we have hy(P) > hy(Py) + (Vhg(Py), P — Py) + 5||P — P||7 and

|Pey1 — PlI% < | P — PlI% — 201 (Vhi(Py), P — P) + nipy?
< 1Py = P|% — 2nx[hi(Pr) — hio(P)] + mey® — il | P — Pell%
2
BB PR - 2 (B — he(P)] + s, (19)
where plugs in 7 = 1/(pk). Re-arranging the terms,
2
hi(Py) — hi(P) < §[(k — 1)|| P, — P||% — k|| Poy1 — PlIF] + 5

2kp

and telescoping gives Zszl hi(Pg) — hi(P) < Zszl % < %(logK + 1), which completes the proof. O
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B.2 Proof of Lemma [2.1]

Consider the first property. Convexity and smoothness follow directly from [II]. To verify strong convexity,

note that for h,(a) = fla— ‘ﬂgl}((;)))lpf(? )

W (a) = d {(Vf(r—an(m))yvf(m»} _< V() sz( ) Vi) >

" da IV £ ()2 Vi@l V7@l H

since V2f(x) = pul and x ¢ X*. This completes the proof of the first property.
Next, we consider the second property. Lipschitz continuity also follows from [IT]. To verify exp-concavity,

recall that a twice-differentiable function h is B-exp-concave if V2h(z) = fVh(z)Vh(z)" for some B > 0. By
definition of D,

V@)V PYi@) _ _ dias(V @)V PYf()
Vhe(P) = NVI@T? MIGIE

and V2h, (P) = des(V/(= )V f‘féf{;i'ém)dlag(vf ) Using V2f(x — PV f(z)) = pul, we deduce that

V2ha(P) = BVha(P)Vhe(P)T
_ diag(V/(@)V?f(@—PVJ (@) diag(VS(2)) _ gdiag(VI(2)) VI (e=PV(@)Vf(z=PV]()" diag(V}(x))

NIOIE MGk
R 2 Vi (a— PV () Vi(x—PVf(z)T ()
= diag (v ){V fla = PV () = B 570 VG }dlag(nvmm)
Vi) Vi PYi() Via-PYFE)T ] 1 Vi)
= diag (1%7) {”I B ~r@ I@l }dlag(nv.ﬂw)n)’ (20)

where uses p-strong convexity of f(x). Now, it suffices to verify that

Vf(x=PVf(x) Vf(@—PVf(x)"
V@) TVF@)I

PN

“r (21)

for all & ¢ *. Write VLGl — FHeL o ST ILEDIE) and let 2 := Vf(z — PV f(z)) - Vf(2),

we have, by L-smoothness, that ||z|| < L||PV f(z)|| < LD||V f(x)]| and

H Vf(@—PV (@) Vf(@@—PVf(z)"
N2 V@)l

.
Vf(z z Vf(x) z
H(\Vf(r T+ HVf(I)H)(HVf(r)H + IIVf(r)II) H

_ || V@ V@) | 2V@) T Vi)z'
= | reor + fvrer t erer T Wf(x H

<1l B g2 < (14 LDy
IOl Ol v = :

Hence, for § < rfpy the relation holds. We conclude that hy(P) = hy(d) is rfpz-exponential
concave.

B.3 Proof of Lemma [2.2]
We use Lipschitzness from Lemma 1jand . ) from Lemma |B.1|by taking v =1+ LD and n = 7(LD_51)\/?,

B.4 Proof of Lemma [2.3]
We use Lipschitzness and strong convexity from Lemma [2.T] and invoke Lemma [B.2] by taking v = 1+ LD.
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B.5 Proof of Lemma [2.4]

The proof resembles [I1] and uses a tighter analysis. Consider the optimality measure f(z%+!) — f(z*), and
we deduce that

\ 1
f@f) - f@) = ————
TR~ F @)

1

- =K 1 1 1
2 k=1 FEF 7@~ FEO—F@) T FE)-1@)
1

T K F@F)— @kt 1
L1 FEF—FNFER 7@ T FE-F@
1

T K max{—h (P00} V(") 1
k=1 T F @) 7] T FE—F@

Next, using f(x) — f(z*) < |Vf(@)] - ||z — =,

max{=h, i (P).OHIVF@)? o max{=h,i(P)OHVI@)P o max{=h,(Pe)0} o max{=h,(P).0}
[P =@ @) =] = [F@)=F@ P = T disth 7 S A2 '

Finally, we deduce that

F@SH) — fat) < ~ -
Ty max{=hoi (P) O+ Fin) 7w

A2
= max{3F1; —h,x(Pr),0}+

A2
fle)—f(z*)

. A? 1 *
< min { Kmax{% Zi(=1 —h ik (Pk),0}’ f(l' ) B f(:r )}

and this completes the proof.

B.6 Intermediate Iterate Convergence with Adaptive Online Algorithms

One disadvantage of constant stepsize online gradient descent is 1) it requires the total iteration number K.
2) No regret guarantee for the intermediate iterates. One simple fix is let 7, = O(1/Vk). Tt gives the same
sublinear regret guarantee up to a constant multiplicative factor [28], but the regret guarantee holds for any
k. Similar arguments hold for adaptive gradient methods [10, [25].

C Proof of Results in Section [3l

C.1 Proof of Theorem [3.1]
Plugging from Lemma into Lemma completes the proof.

C.2 Proof of Theorem [3.2

Invoking Lipschitzness from Lemma H and from Lemma withy=14+LD,n= m gives

S hak (Py) = b (B) < pic + ERELVE S 1Py — Prga || -

Plugging the relation into Lemma completes the proof.
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C.3 Proof of Theorem 3.3

For Theorem and Lemma [3.7] only, we will define the following modified feedback function by replacing

f(z¥) in the numerator by f(z*):
) = S 5

For a fixed z, hy (P) only differs from the original hypergradient feedback by a constant; it has the same
properties as the original feedback function, and the algorithm is exactly the same since only the gradient of
h, is considered in the algorithm update. Using the definition of h, (P), we deduce that

fEh— fr) HK fE—f(a)

fat)—f (= k=1 f(a*)—f(z*)
< Gh 2 B
= (£ 3K min{® k<Pkk))\|foz* 2 K (22)
s<—f§:k]mnuw2Lh;«fa>1}> (23)
< (m m{2L Zk 1 hak (Pr), 115

where plugs in the definition of hy; uses L-smoothness and that h, is nonnegative. Using Lemma
we get Zszl hor(Pr) < Zszl hyr (P) + px for any P € P. Next, we consider the quantity h,([VZf(x*)]71)
and deduce that

ho([V2f ()Y = LE=V2 @I V@) —f")

NIGIE
Lo (V2 f(a)] " V(@)= |2 fla—a|?
s- a2 NIGIE (24)
L e[V Y ) e
< 37 = (25)

where uses L-smoothness f(z) — f(z*) < ||z — 2*|? and uses ||V f(z)||?> > p?||z — 2*||?. Then,

o= V@)V f(2) —a* = —a* = [V2f(a")] 7'V f(2)
= [V2f @) [V (") (@ — 2*) = (Vf(2) = Vf(2"))]

since V f(z*) = 0. Plugging in Vf(z) — Vf(x fo V2f(z* +t(x — 2*))(x — 2*)dt, we deduce that

IV2f(a*)(z — a*) — (Vf(x) = V)| = [V2f (@) (@ —2*) — [ V2f(@* + b —2%))(@ —2*)d|
= || 1 [V2f(a*) = V2f(a* + t(x — *)))(x — 2*)dt]|
< [V tH|x — ¥ |2dt = Lz — 2*|?, (26)

where uses H-Lipschitz continuity of V2 f(x) and, consequently,

lz = [V2f ()] 7'V f(2) — 27|
= [V @) VA (@) (@ — 2) = (Vf(2) = V)] < g lle — 2" (27)

since V2f(x*) = ul due to strong convexity. Plugging the relation back, we get

7 lle—a*|*

H
he((V2F(2)] ™) < s Mo = Lo — 2|1 (28)

le—z]? 8
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Since [V2f(2*)]~! € P by assumption,

iy o (Pe) < S0y hor (V2 F (@] 1) + pic < 28 000 [l — 2712 + pie,
and we get

PR = fat) < [Fa) - £)] (min {2282 Sl — 2| + 2 1))

which completes the proof.

C.4 Proof of Lemma [3.1]
For brevity let P* = [V2f(2*)]~!. We have, according to the update of online gradient descent, that,
|Prs1 — P37 = |Tp[Py — nVhi (Pr) — P*]||7
< [P = nVhar (Py) — P*||%
= Pk = P*[|% — 2n(Vhar (Pe), P — P*) + 1| Vhg (Po) |5

< 1P = P = 20fhon (Pe) = by (P)] 4 2L s () = inf ()] (20)
= |Ps — P13 — 2nlhe (Pr) — haw (PH)] + 2L oy (Pe) — hipe (P)] 4+ 2L () (30)
— |Ps = P*I3 = 20(1 = qL){ys (P) — by (PY)] + 2L (P), (31)

where (29) uses L-smoothness and inf pegnxn by (P) = 0 for all o & X*; is a simple re-arrangement.
Next we lower bound Ay (Py) — hyr (P*). Using strong convexity,

o — PV f(a*)) = f(a* — PV f(a"))

f(a*
fla® = PV f(a*) = f(a*) + f(z*) = f(a* = PV f("))
Sla® —a* = BVFE") P + f(2*) = f(a* - P*Vf(a")), (32)

>
where uses f(x) — f(z*) > &lz — z*|*. The first term can be bounded as follows:
" —a* = PV f(ah)]”
= |lz* = P*Vf(a") = 2" + (P* = Pp)V (")
lz* — P*V f(a®) — a*||* + 2(a* — P*Vf(a") — 2, (P* = P)V f (")) + [[(P* — Po)V f(z")||?
3P = POV F(a®)|? — [la* — P*V f(2*) — 2] 1%,

where we use the inequality 2(a,b) > —0||a]|> — 0~1||b||*> with § = 2. Plugging the relation back into and
dividing both sides by ||V f(z*)]|?,

Y

Bk (Py) — bk (P*) = L& =PV @) @) @) fa - P* V("))

IV f (zF)]12
2 4P~ Pofteey I - § et + Lo
= U]|(P* — P) oy |2 - g lm =R S Gt o (PY) (33)
> &|[(P* - P) @;g:’;;uﬁ—g’j%—ﬁmﬂ (34)
> 4)(P* — Po)po b |2 — ||k — o2 — hon (), (35)

where uses the definition of A ; applies the relation ||z — P*V f(z) — 2*|| < %Hz — z*||? from (27));
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again uses the fact |V f(z)||? > p?|lz — z*||?. Putting the relations back into and assuming 7 < 5-,

| Pet1 — P*||%
—Ln? \% k
<[P — P} — BOSEEL (P — Py

HEGSID) o — 7|2 4 2(n — L) hgs (P7) + 2L (P)

zF 2k(n—Ln? * 7 *
= 1Py — P*|[} — BOSE| (P — P) g Ry 12 + SRR ok — |2 4 2 (P)

—Ln* Y f(a* H?k(n—Ln* 2y
<P — PH3 — 20D | (- Py THEd 2 (413">||x’“—w*||2+2ngfua||w’f—x*\|2 (36)

—Ln? YV f(z®
= | P = P*[[} — L5 (P — P) R |2 + (20 — L) Bl — 22,

+

where uses the relation and this completes the proof.

C.5 Proof of Theorem [3.4]
The proof of Theorem relies on the following auxiliary results.
Lemma C.1. UnderE toM A4 h,(P) - infgepnxn ha(Q) < 55 (LD +1)2,

Proof. Note that h,(P) = [PV @) /(@) > fa)- fﬁﬁ for all P € P, we deduce that

Vi@ 2 Vi@
. JE—PYIE) 1) _ f@)=f()
ha(P) = Bf, he(Q) < TG — VT (37)
_ fa—PY @) ")
NEGIE
1 IV PY @)
Sz VIR (38)
1 UV @] +HIPL Y @)
< % NIGIE (39)
< 95 (LD + 1), (40)

where applies h,(P) > W, uses f(z) — f(z*) < 2M||Vf( z)||% uses L-smoothness and
uses ||P|| < D. O

Then we show that HDM converges even when 7 is a constant that does not depend on K.
Lemma C.2. Under to Algorithm with np = n € (0, m] satisfies
o limy_,o ||2% — 2*|| = 0.

o limg o Zszl |lz* — 2*||? < co.

Proof. Using the online gradient descent update, we have
[Pis1 = Pll3 <[Py — nVhar (Py) — Pl
= P = Pl|% — 20(V i (Pi), Pi — P) + 0* | Vi (Py) [
<[Py = Pl — 2nlhor (Pr) — han (P)] + 2L0% [hor (Py) — paf | hor(P)] (41)

= || Py, — P||% — 2nhgr (Pr) + 20her (P) + 200 [hyr (Py) — Peiﬂgfm B (P)],

where follows from convexity h,x(P) > hyr (Py) 4+ (Vhgr (Py), P — Py) and L-smoothness of h,(P). Next,
we invoke the upperbound on A,k (Py) — infgegnxn b,k (Q) from Lemma

2Ll (Pe) = inf | hos(P)] < 3(LD + 170 = w(LD + 1
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and deduce that

20l (Pr) < 20l (P) + [Py — Pl = || Pog1 — PlE + 2L0* [y (Pe) = inf  hyr(P)]

PeRnxn
< 20l (P) + | Pe = Pl3 = || Pisr — Pl +n*R(LD + 1),
Next, we divide both sides of the inequality by 27 and
_Pll% — _ P2 K 2
hok (Py) < e (P) + 1Pl Pt =Plle | oelLDEL”
Telescoping the relation and using diam(P) < D, we get
K K 2 k(LD+1)?
Dkt hor (Pi) < 3042y hon (P) + 5 + S
Taking P = (1/L)I and taking average, 1| hox(P) < — - K and
K LD+1 LD+1)?
%Zk:lhxk(Pk)S_i—’—%ﬂ{J’_M_ 4L+277K+% ﬁ
Withngm,wehavew—ﬁg()and

K D2*L(LD+1)%x
T ko hor (Pe) < —fp + DU EEE
Using the reduction Lemma we get, for any k > 1 (since 1 does not depend on the iteration number),
* * D2L(LD+1)%k
P = f(a*) < [f(2") = F@)](1 — 2umax{ L — ZEEZEE o}

and there exists some Kq such that for all k > Ko, that [f(z") — f(z*)](1 — )" < [f(z') — f(2*)] since

Jim 1 2pmax{y — WILADED™ gy — - L o<1 L
This proves the first relation limy_, ., [|2* — 2*|| = 0 since ||z —z*||? < %[f(x) — f(z*)] and the second relation
follows directly from
Sty llak =P = 30 et — 2?4+ o, Nl - 2|2 (42)
= Vil ll? =2+ 3, 2 (") = f@)](1 = 5) 78 < oo (43)

Now we are ready to prove Theorem and we start by stating the precise definition of a uniformly
independent sequence.

Definition C.1 (Uniformly linearly indepdendent sequence [6]). A sequence of unit-norm vectors {g*}, g* €
R™, ||g*|| = 1 is uniformly linearly independent if there exists a constant ¢ > 0, Ky > 0 and m > n such that
for each k > Ky, one can choose n distinct indices

k<ki < <k,<k+m
with omin([g%, ..., g"]) > c.

We prove by contradiction. For brevity we denote gF := Hgfgi ;” and e, = ||Py — P*||%. Recall that

P* = [V2f(2*)]"!. First, using Lemma:C.2|, for any € > 0, there exists some index K such that for all £ > K;
we have ||z% —2*||? < e and that Y ;7 , [|* — 2*||? is bounded. Then we show that limy_eo || Vs (Py)||r =0
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using : after re-arrangement, for any K > 1,

K 3 K 3 *
2 k=t o (Br) < 277(12nnL D ket ok (P*) + WHPI - P*|%
27,(1 77L) ggu'i Zk 1 [l —z*||* + zn(ll_nL) |1P1 — P*|[3. (44)

2n(121777L) Wg Sopey 2k — a1 + mwﬂ — P*||%,

IN

where (@4)) applies ([28§). Since 3277, [|zF —2*||? is bounded and h,,(P) is nonnegative, we must have limy, o iz (Py) =
0. Further notice that [Vher (P)||% < 2Lhge(Py), it implies limy a0 ZkK VA (P)||% < oo, giving
limy o0 | Vhgr (Pr)||F = 0 and limg_,o, Pr = P also exists. Now suppose by contradiction that ||P — P*HF =
6§ > 0. Then there exists some K3 > 0 such that for all k > Ko, ||Py — P||r < e. For k > max{Ky, K1, K2} +1,
we invoke Lemma with 1 € (0, 7] to get

[Pry1 — P*[% < [|[Pe = P*[|% — an[|(Pe = P)g"[|> + ase
= | Py — P*||3 — aa||(Ps = P+ P — P)g"||> + ase
< Pe — PH||F — %P = P*)gF|1” + 3an || (P — P)g"||* + aze
<||B, — P*|[% — SHI(P *)ngQ +3a1e” + age (45)
= ||P, — P*||% — e tr(g (g )T, (P — P*)T(p — P*)) + 3016 + age, (46)

where a; = "("%L"Z)) >0, ap = 2(2n — Ln?)H?kp 3, and uses the fact that ||P, — P*||r < e.
Telescoping for the next m + 1 iterations, we deduce that

ehtm+1 = |Pogms1 — P
< ||Pe— PHIE — % X0 tr(g" I (g" ) T, (P — P*)T(P — PY)) + (3aue® + age)(m + 1)
= ex — G (370 9" (gM) T (P = PY)T(P = P*)) + (31 + age)(m + 1)
and using the independent sequence assumption, we can pick ki, ..., k, such that

Jmin([gkla e 7gk”]) Z C
and Z 0 GF I (gF )T = 30 gFi(gF) T = ¢®1. Hence
(370 g (gF )T, (P — P)T(P — P*)) > tx((P — P*)T(P = P*)) = &||P — P*|[} = ¢26”

and egpymy1 < ep — %20& + (3a1e% + age)(m + 1). Since ¢ is arbitrary, we can repeat the argument till
ek+m+1 < 0, which leads to contradiction unless § = 0. This completes the proof.

D Proof of Results in Section [4]

D.1 HDM + Heavy-ball Momentum (HDM-HB)
Algorithm [2| uses the following heavy-ball feedback function to guide the online learning for (P, By):

vt @) v(@a")  _ ahrglet ol |l rg lemaT I
heo- (P, B) = 195@ T3 le o 7 = VF@I+zla—a 12

where w >0, 7> 0, 2" =2 — PV f(2) + Bz —27), and ¢(z,2~) = f(z) + 4[|z — 2~ ||?. To show that online
learning can be applied to h, ,- (P, B) with regret guarantees, we need to verify the convexity and Lipschitz
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continuity of h, ,- (P, B) with respect to the norm defined by

1P, Bl =/ IPIE + 1 Bl%- (47)

Lemma D.1. Under and the heavy-ball feedback function h, ,— (P, B) is jointly convex in (P, B)
and c-Lipschitz with respect to the norm defined in ([&7)), where ¢ := v2(1+ 2)[1+2(1 + 2)D(L + w)].

Proof. Denote 27 (P, B) :== v — PV f(x) + B(x — 7). Recall that the feedback function is

_ Vet @)+ lla” (PB) —a|®]-[f (@) + ¥ lla—z " ||?]
ha,a- (P, B) = (O Fr :
Since 2 (P, B) is affine in (P, B) and f is convex, the term f(z*(P,8)) + ¢ ||t (P, 8) — z|? is jointly convex
as a function of (P, B). The other terms in the feedback function h, ,- (P, B) are constants, so h, ,- (P, B) is
also jointly convex in (P, B).

To prove the Lipschitz continuity of h, ,- (P, B), it suffices to show that the gradients of h, ,- (P, B) are
bounded. The gradients of h, ,- (P, B) with respect to P and B are

_ VGt (PB)+wPY (@) —wB(a—a )V ()"
Vphg o (P,B) = V@5 le—a- 2 )

_ Vi@ (PB) PV (@) twBa—a )] w-2)T
Vihg . (P, B) = V@52 '

Using the fact ||ab" ||r = ||a| - ||b]|, the gradients have norms

_ IV @t (P,B)—wPV f(z)+wB@—z)||[|Vf(=)]
IV phy o (P, B) | r = 7@+ 3Tz T , (48)

_ IS (PB) - wPY f(@) twB(e—a")llz—a"|
IV Bhy o (P, B)|r = VT 3l T2 : (49)

Using we have the Lipschitz continuity of V f(x) and thus

IV f(z*(P,B)) = wPV f(z) + wB(z — 7 )|
<|Vf(@*(P,B)) = V(@) + |(I —wP)Vf(@)| +w|Blllz -~ |
< LIPVf(z) = Bz —z7)| + (1 + | PIDIIVF(@)]| + w[|Bl[l — 2~
<LD(IVf(@)[ + llz = 27[)) + A+ wD)|Vf ()] + wD]z -z~
=14+ LD+ wD)|[|Vf(z)| + (w+ L)D|z —a"|. (50)

Now, we bound the norms in f by the case analysis.

Case 1. If Iz — 2™ ||> < ||V f(2)|?, then together with (50)), we have

w T w z—zx ||] max -1, T
maX{HvPhx@*(P,B)HF,|‘vth7z*(P, B)||p} < [A+LD+wD)||V f(z)]|+( +HL%?(”$)H2 1] {v2 THIV (@)l

< max{v2r—1,1}[(1 + LD + wD) + Y2240
— max{V27 1, 1}(1 + D(L +w)(1+ V2r-1)).
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Case 2. If Z|lz — 27 || > ||V f(2)|]?, then

[(A+LD+wD)||V f(z)||[+(w+L)D|lz—z~ ||] max{\/» 1H|z—z~ ||

Fllz—z=?

max{\/i 1} \[(lJr\l}PerD) + (erL)]
V2r—tmax{v2r=1,1}(1+ D(L +w)(1 + v27~1)).

max{ ||V phg o~ (P, B)||p, [[VBhs o~ (P, B)||p} <

IN

Combining the two cases, we have
max{||Vphy .- (P, B)||r,||[Vshs .- (P, B)||p} < max{2,1}(1 + D(L +w)(1 + v27~1))
<@+ 2)[1+2(1+ 2)D(L+w).
Then the gradient of h, ,- (P, B) under the norm defined in is bounded by the constant ¢ := v/2(1 +
2)[142(1+ 2)D(L +w)]. O

The next lemma bounds the potential at the last iterate 2%+! from Algorithm [2|in terms of the sum of
feedback functions Ak ,r-1(Py, By).

Lemma D.2. The sequence {z*} generated from Algorithm@ satisfies

K+1 *) L ow |l EH K2 fla)—f(=*)
fle )= fa®) + §||;E I” < 14+ max{—h_k k-1 (Px,Bx),0}V’ (51)
where V' := min {fif(x*) =} and A := max ming«cx« ||z — *||
ANZ ) dw . TEL (1 T*EX .

Proof. The null step guarantees

P 2R ap (o Rt .
Hé(f(ﬂik)HQJz%q\fl(k*Ik’”)\Q = mln{hxk7xk—1(Pk, Bk),O}

0

Using the initial condition z! = z°, we have

PR )~ fa) = .

1
Y@K 2K — f(2%)
1

K 1 1 1
21 Y@ R —f(z*) — Y@FaF D)= f(z") T 9= 7@

1

Y@k zh—h)—gp(akt! zk) 1
Ek 1L D@ )= @ )bar et D=F@)] T S~ I @)

1
> max{—h_x k-1 (Pr,Br), 0}V f(@®)]|2+F |lzF—ak—1]2] n 1 (52)
k=1 [W(@F Tl ah)—f ()] (ak ah 1) —f(x*)] flah)—f(z*)
. V@) +5 2" =12 V@) +5 2" =12
Then, by monotonicity, GEmrr —ferp@ra= =7 = [Bt.at=D—Fa P
Now we do case analysis to bound
IV (@ +F e a2 V@) P+ gt~ )2
[Y(ak,ah=1)—f(z*)]? [f(@®)+ % |k —ak =12 — f(2*)]2
Case 1. If £[ja* — 2%71|2 < f(2) — f(2*), then
IV f(@)|I?+F ||2"—=* 1|2 IV
) F s TP =T 2 A7 F ) > 1A%
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where A := max,cr ming«ex+ || — *|.

f(ah)
Case 2. If %ka — k=12 > f(2*) — f(2*), then %ka — k112 > g[f(xk) — f(z*)] and

IVFEOIP+ 5l a2 Fllat a2, 1 > T 1
(@45 aF—aF TP =f@) = w?laF—aF =TT — 20 oF—aF T = 4w fh)—f(=")

since 2% — 2F 12 < p(ak, et 1) — fa¥) < vata®) - fa*) = flad) - fla¥).

IVF @) P +5l|ar =212 : 1 1 _ \%
In both cases, we have [w(xkxk,ﬁ)_f(x*)]Q > mln{m, L}f(wl)*)} = FE—Fa) where the constant
5

V' is defined in the lemma. Finally, plugging in the definition of v, (52) gives

K+1y * Wi K+ K2 f(h)—f(z*)
f(z )= f@") + 5z [ 14360y max{—h_ i k-1 (Py,Br),0}V "

The next lemma shows that there exist hindsight P, B such that hy gz (P,B) < —0 < 0 for some 0.

Lemma D.3. Let w = 3L and 7 = 16L%. Then for any x,x~ ¢ X*, we have hm,f(ﬁf, %I) < 78%. In
particular, if ﬁ] e P, %I € B, and {z*}E. N X* = @, then

. : 1 K 1
Vi = — (Pé?é??xs % Dbt Mk 11 (P, B) > g7

Proof. When P = ol and B = §I for some «, § > 0, the classical analysis for the heavy-ball momentum [7]
gives
2
fla®) + 52 2" — 2] < f2) + Sllz — 27| = $IVf(2)]*

Let a = ﬁ and 8 = %,We have

F@®) + 32" —al® < f(2) + 5llo — 27| = V@)
= f(@) + 5o — a7 |? = g IVf(@)|* = Ll — 27|
= f(2) + Flo -7 = V@) + 8Lz — 27 |1%]

and re-arranging the terms, we get

F)+ 2 ot 2~ [f @)+ 3 le—a " |1°] 1
IVf(@)[?+8L2|lz—=—|? - 8L

and this completes the proof. O

D.1.1 Proof of Theorem [4.1]

By Lemma the heavy-ball feedback is convex and Lipschitz, and thus the same proof of Lemma [2.2]
guarantees that online gradient descent

(Prt1; Bis1) = Upxl(Pr, Br) = nVhy g1 (Pr, B)]
(with n, = n, = n) gives the regret bound
% Shey —har zio1 (Pe, B) > vk — 85
for some sublinear regret px = O(v/K) and the constant i as defined in Lemma Using the inequality

LS max{—hgk gk 1 (Py, By), 0} > max { £ S35 —hx 1 (Py, By),0} > max{~j — 25,0},
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the desired result follows directly from in Lemma [D.2

D.2 HDM + Nesterov Momentum (HDM-AGD)
D.2.1 Auxiliary Results

Lemma D.4. Suppose a nonnegative sequence { Ay} satisfies Axr1 = (Apy1 — Ag)? and Ag = 0, then A1 —
A <k+1 foralk>1.

Proof. We prove by induction. The induction hypothesis is Ap41 — A < k.
Base case. For k=1, Ay — A, = @ < 2 and the relation holds.
Inductive step. Suppose Ax11 — Ax < k. Using Apyo = Agy1 + % (1 + /4Ak1 + 1), we deduce that

Apyo — Apy1 = 21+ V/4Ap1 + 1)

= 3(1+ VA(App — A2 + 1)

<A1 +2(Apg1 — Ap) +1) (53)
<1+ Ak — A
<k+2, (54)

where uses vVa+b < +a+ Vb and uses the induction hypothesis Ax11 — Ar < k+1. By the principle
of mathematical induction, this completes the proof. O

Lemma D.5 ([8]). Under the same conditions as Lemma A > ’“4—2 for all k > 1.

D.2.2 Proof of Theorem

Using the definition h,(P) = %W and the z-update in Algorithm

ol = arg min fa),
w€{yh— L Vf(y*)y* =PV f(y*),a*}

we have the following two inequalities:

P = 1) < min{ls ().~ HT )2 .
FF) < f(2%). (%)

In other words, with vy = max{fzmin{h k(Plk) —7EDT 2%}, we have
Y ;

W) = g IV FOIP = fa"H) (57)

and using 2Ft! = 2F + (A%;AMV f(y*), by algebraic rearrangement

G| — o (58)
= % e* — o+ BBl vt
= B ll2* = 2P = Ak — AV (), 25 = 2%) + g (A — A IVI @R (59)

Next, we apply convexity and have
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Taking a weighted summation between , and , we deduce that

0> (Aps1 — A)IFW®) + (VY k) a* —yF) = f@)] + Alf () + (V) 2" =) — f(ab)]
+ A [f () = 5 + s IV FP)IP)
= (Aks1 — AV W), 2% — yF) — (Apg1 — Ap) f(2*)

+ A (VFF) 2% — yF) — Apf(a®) + Apd f(@F ) + 22|V ()2 (62)
= Ap[f (@) = fa*)] — A[f(=¥) — f(a*)]
+ (Apsr — A(VFP), 2% — o) + AV YY), 2 — o) + 22|V ()2 (63)

= Apa[f(@*h) = f(@)] = Alf (%) — f(a)]
A1 (V) 2" — b)) + AV F(F), 2k — 2%) + 322 [V (9|12,

2
= Apa [f(@h) = f(@)] — Aplf(®) — f(a*)]
— (A1 — ANV F(yP), 2* x>+éz:1uw< "2, (64)

where . to (63) simply re-arrange the terms and (64) uses the identity y* = 2% + (1 — Ak )(z’c — zF):

A (VIR 2 = o) + AV Fh), 2% = 2%) = =(Akpn — A (VY 25 = o).
Putting the relations together, we arrive at
Ap[F(@) = @) < Aklf (@) = F@)] + (Akpr = A)(VFY), 28— 27) = B2 V£ (M)
and adding gives
Apa[f@" 1) = f@)] + % [|25 = a2
< AR[F(a*) = Fa*) + ]| — 2?4 A= Gen Ao g p(yh)| 2
= AR[f(@%) = F@*)] + % [12F — 22, (65)

where uses the relation Apy1 — (Agr1 — Ap)?2 =0

)
)

8

We are now ready to analyze the acceleration effect of online hypergradient. Recall that we can guarantee
K
7 2kt hyr (Pr) < — 7k + 55, (66)

where 7}, := —minpep ZkK 1 hyr (P) is expected to be larger than 1/(2L) to improve performance. Recall

that v} = “’LK ,w¥ > 0 and note that wy depends on the iteration trajectory. Moreover, we have, by convexity

of f(x),

fe—PY @) —f@) » f@)=(VIi@)PV@)-fz) _ _{(Vf(z)PVi) > _p
IvVi@l? IV F(@)I? IV f@)?

and v} < D implies wj < LD. Define Z := {k : hy(P;) < —%} for 6 € [, LD). Then, according to (66),

_wff( + pTK 2 % Zszl hy’“ (Pk) = %[Zkez hy’“ (Pk) + Zkef hy’“ (Pk)] 2 % Zkez h’y’“ (Pk) - %K;(‘Il'

Using hyx(Py) > —D, we get

Re-arranging the terms,




Using D > %, we get

0—wie PK. . .
7] > LK O-widKilox _ Wi-0K L
Y 9—LD LD—0 LD—6PK-
KTKL

We have, if k € Z, that using the fact that holds for vy = max{ -z k(Pl'k) —TEDT £} =

A [f @) = f@)] + 2" =272 < Alf(@®) — f@)] + gll" — a2
On the other hand, if k ¢ Z, vy < L and

Apna[f(@™) = f@®)] + |25 = 2P < Alf(@®) = fa®)] + G5 —ar)?
and f(zFt1) < f(2) implies

Apsa[f (@) = f(2")] < Apga[f(2*) = f(27)]
< Aelf (@) = F@®)] + (k+ D[f(2") = f(27)],

where uses the condition that Agy1 — Ax < k+ 1 from Lemma
Taking a weighted summation of and , combining ,

At [f@*) = F@)] + gl — 2|2
< Aplf (@) = £+ fll" = 21 + (1= o) (R + DIf (") = f(2")] - I{k € T}
< Aplf (@) = F@)] + fll" = 22 + (1= 55)(k+ DIf(*) = f(@*)] -k € I}

Telescoping the relation from 1 to K,

Aaf (@) = f@)] < Hllet = 2P + gz (1 = 55) (k + D[f (2*) = f(@")].

Using Ag 4 > - ® from Lemmaand that |Z| = K — |Z| < K — (wK ) + LLgfe,

F@) = f(@*) < i 12t = 2P + 555 (1= 5) Eez (b + DIf(@¥) = f(2*)]
azllet =) + Kz( — 35) Lez(k + DIf (@) — f(a*)]
grzllz’ =2 P+ £ (1= 5p)[f (=) = f(2")] - 1]

[
wr —0
|2t = 22+ 4l - H)[f(@h) — f@))(1 - L= 4 e

VARPVAN

IN

Suppose we run accelerated gradient descent from 2’ for K iterations and obtain x!.

Plugging in f(z') — f(z*) < 2% ||z’ — 2*||* we get, using 2! = 2/, that

F@H) = f(a*) < ghalle’ — 2|2 + ghalle’ — *|28(20 — 1)(1 — £i=%) + O(2%)
= gkzlle — 2|2 + & lle — 2216 — §) L0 %k + O(2%)
< gkl — 2P+ )l — 2216 - §) Pk 1 o 8x)
< [y + (8 = ()] o+ 0(5%).

This completes the proof.
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E Additional Experiments

E.1 Additional Experiments on Support Vector Machine Problems

See Figure [6] and Figure[7]
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Figure 6: More experiments on

support vector-machine problem

E.2 Additional Experiments on Logistic Regression Problems

See Figure [§] and Figure[9]
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Figure 8: More experiments on logistic regression problem
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Figure 9: More experiments on logistic regression problem
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