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Abstract

A polytope P C [0,1]™ is said to have the persistency property if for every
vector ¢ € R™ and every c-optimal point x € P, there exists a c-optimal
integer point y € PN {0, 1}" such that z; = y; for each i € {1,...,n} with
x; € {0,1}. In this paper, we consider a relaxation of the persistency prop-
erty called 1-persistency, over the clique relaxation of the stable set polytope
in graphs. In particular, we study the family Q of graphs whose clique re-
laxation of the stable set polytope has 1-persistency. We provide sufficient
conditions for a graph to belong to O, and identify several graph classes of
this family. We introduce the family of graphs called (k, U)-umbrella graphs,
and study which members of this family belong to Q. The property of being
O-persistent is a hereditary property for graphs, and then it becomes rele-
vant to study the minimal forbidden structures for not having this property,
defined as minimally not Q-persistent (mnQ) graphs. In this line, we identify
some mn@ (k, U)-umbrella graphs and also other forbidden minimal struc-
tures for Q-persistency outside this family (named as whale graphs). We
conclude the paper by suggesting an interesting future line of work about
the persistency-preservation property of valid inequalities and its potential
practical applications.
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1. Introduction

Given a polyhedron P C R™ and a vector ¢ € R", the point x € P is
c-optimal if cx > cx’ for every ' € P. A polytope P C [0,1]" is said to
have the persistency property if for every vector ¢ € R” and every c-optimal
point € P, there exists a c-optimal integer point y € P N {0,1}" such
that z; = y; for each i € {1,...,n} with z; € {0,1}. Nemhauser and
Trotter (Nemhauser & Trotter, 1975) proved that the edge relazation of the
stable set polytope (see Section 2 for further definitions) has this property
for any graph. This result may be useful in practice, as it allows us to reduce
the size of the problem by fixing some variables to provable optimal integer
values. In addition, these variable fixings may be incorporated into classical
cutting-planes or branch-and-cut algorithms, thus speeding up the solution
process (we give more details about this aspect in Section 6). Unfortunately,
the edge relaxation is known to be very weak and it is not likely to find
c-optimal solutions with many integer values. Additionally, this is the only
proper relaxation of the stable set polytope (under some mild conditions)
satisfying the persistency property (Rodriguez-Heck et al., 2022).

We study a relaxation of the persistency property, which we define as
1-persistency, where we focus on c-optimal vertices preserving the compo-
nents at value 1 (instead of considering both 1 and 0). Although this gives a
weaker property, we found families of 1-persistent graphs when considering
the well-known clique relazation of the stable set polytope (stronger than the
edge relaxation).

This contribution is organized as follows. Section 2 provides definitions
and some polyhedral useful concepts. Section 3 introduces the 1-persistency
property and provides some general results related to this property. In par-
ticular, it gives sufficient conditions for a graph to belong to the family of
graphs for which the clique relaxation of the stable set polytope has the
1-persistency property (we call these graphs to be Q-persistent). In addi-
tion, it identifies some minimal forbidden structures for a graph to be Q-
persistent. Section 4 provides a deep study of the 1-persistency property on
a particular class of graphs, denoted herein as umbrella graphs. Section 5
identifies a particular minimal forbidden structure for Q-persistent graphs,
which is strongly related to umbrella graphs. We close the paper in Section
6 with some conclusions and an interesting future line of work about the
persistency-preservation property of valid inequalities and its potential prac-



tical applications.

A preliminary version of this work appears as a short paper in the proceed-
ings of the International Symposium on Combinatorial Optimization 2024
(Delle Donne et al., 2024).

2. Definitions and preliminary results

Throughout this work, 0 stands for the vector of all 0’s and 1 the vector
of all ones, both of appropriate dimension. For simplicity, we use [n] as a
shortcut for the set {1,...,n}. Given x € R® and U C [n], (U) = >, %i-

Let G = (V, E) be a graph with node set V' and edge set E. Two nodes
u,v of G are adjacent, or neighbours, if wv € E. If G has n nodes pairwise
adjacent, then G is the complete graph K, and, in particular, a K3 is called
a triangle. The complementary graph of G, denoted as G, has the same
node set as G and two nodes are adjacent in G if and only if they are not
adjacent in G. The open neighbourhood of a node u in G is the set N(u) =
{v eV :uv e E} and the closed neighbourhood is N[u] = N(u)U{u}. More
generally, for U C V, N(U) = (Uyer N (u))—U and N[U] = Uyep N [v]. Given
U C V, the subgraph induced by U is the graph with node set U and edge set
{uv € E :u,v € U}. We denote it by G[U]. If G’ = G[U] for some U C V
then G’ is a node-induced subgraph of G and we denote it G' C G. Given a
node u € V, the graph obtained by deleting the node u is G|V —{u}], and we
denote it by G —u. If U C V then G — U = G|V — U]. The graph obtained
by destruction of a node uis G ©u= G — N|ul.

A clique in a graph G is a subset of nodes of GG inducing a complete graph.
A stable set is a subset of pairwise nonadjacent nodes in G. The stability
number of GG is the cardinality of a stable set of maximum cardinality and is
denoted by a(G). The set K(G) denotes the family of maximal cliques in G.

In this contribution we assume that the chordless cycle of 2k + 1 nodes,
Coky1 has node set {v;,7 € [2k+1]} and edges in {v;v;41 : @ € [2k+ 1]} (sum
of indices mod. 2k + 1). An odd hole in a graph G is an induced chordless
cycle of odd length at least 5. The complement of an odd hole is called odd
antihole. A perfect graph has neither an odd hole nor an odd antihole as a
node-induced subgraph. Although this is not the original definition, it holds
from the Perfect Graph Theorem (Chudnovski, 2006). A graph G is near-
bipartite if for all v € V(G), G — N(v) can be partitioned into two stable
sets.



Let Gh = (V4, E1) and Go = (Va, Es) be two graphs such that V3 NV, =
{v}. The 1-sum of Gy and G; at v, is the graph G1 &Gy = (V1 UV,, B3 U E,).

A paw P, is a graph with 4 nodes (including u) where P, —u is a triangle
and u has degree one. A bad paw for a graph G is an induced paw such that
G © u is imperfect. A graph with no bad paw is bad-paw-free.

Given a graph G = (V, E) and ¢ € RV, the (weighted) stable-set problem
asks for finding a stable set S that maximizes ¢(S) = > .gc,. Given a
set S C V, the characteristic vector of S is the vector x° € RY such that,
xJ =1ifi€ S, and x7 = 0 otherwise. If z € RV and U C V, 2y € RV is
the restriction of x to U, i.e., (zy); = x; for i € U. The stable set polytope
STAB(G) of a graph G is defined as the convex hull of the characteristic
vectors of all stable sets of G. Two well-known relaxations of the polytope
of stable sets are the edge relazation FRAC(G) and the clique relazation
QSTAB(G) respectively given by

FRAC(G) = {x € [0,1]V : 2, + 2, < 1, vw € E}, and

QSTAB(G) ={z € [0,1]": > 2 <1, Q € K(G)}.
1€Q

While it is clear that STAB(G) C QSTAB(G) C FRAC(G) for every graph
G, the equality STAB(G) = QSTAB(G) holds if and only if G is perfect
(Chvatal, 1975).

In Wagler (2002, 2004) the author considers another relaxation of the
STAB(G), called RSTAB(G), obtained after using a natural generalization of
clique constraints, namely, the rank constraints associated with node-induced
subgraphs. More precisely,

RSTAB(G) = {z € [0,1]" : ) =, <a(G[U]), U C V}

and a graph G is rank-perfect if STAB(G) = RSTAB(G) (Wagler, 2002).

A polyhedron P C R is lower-comprehensive if 0 < y < o with x € P
implies y € P. Note that the above-considered relaxations of the stable set
polytope are lower-comprehensive. Given a lower-comprehensive polytope P
and a point x € P, we say that x is dominant if + < y with  # y implies
y¢Pp.

To present this paper’s main results, we introduce two technical lemmas
which proof we include in the Appendix A, for completeness.

Lemma 1. Given a graph G = (V, E) and u € V,
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i) = (24, xv_{u3) with v, = 0 is a vertex of QSTAB(G) if and only if
Ty _quy 15 a vertex of QSTAB(G — u).

i) T = (Tus TN@), TV-N]) With x, = 1 and zyw)y = 0 is a verter of

QSTAB(G) if and only if xy_np s a vertex of QSTAB(G © u).

Lemma 2. Let G be the 1-sum of two graphs G1 = (Vi, Ey) and Gy = (Va, Es)
at v, where ViNVy ={v}. If & is a vertex of QSTAB(G) then Ty, is a vertex
of QSTAB(G;), fori=1 ori=2.

3. The 1-persistency property on the clique relaxation of the stable
set polytope

It is proven in Rodriguez-Heck et al. (2022) that the edge relaxation is the
only proper relaxation of the stable set polytope (under some mild conditions)
satisfying the persistency property, as it is stated implicitly in Nemhauser &
Trotter (1975). In addition, this relaxation is known to be very weak and
it is not likely to find c-optimal solutions with many integer values. Driven
by these facts, we study a relaxation of the persistency property, which we
define as 1-persistency, in which we focus on c-optimal points preserving only
the components at value 1.

Definition 1. A polyhedron P C [0,1]™ has the 1-persistency property if for
every ¢ € R™ and x € P c-optimal there exists an integer point y, which is
c-optimal in P N {0, 1}", such that y; = x; whenever z; = 1.

If a polyhedron P C [0, 1]" does not have 1-persistency we say that a pair
(¢, x) for which the property is not valid, breaks the 1-persistency of P. For
simplicity, we say that x breaks 1-persistency when there exists ¢ such that
(¢, x) breaks it. To analyze the 1-persistency of a polyhedron we only need
to look at those vertices having integer and non-integer components. More
precisely,

Definition 2. A point x € [0,1]" is a mixed-integer point if its components
can be partitioned into three non-empty sets In(x) = {i : z; = 0}, I;(z) =
{i: xi=1} and Iy(z) ={i: 0 <uz; <1}.

The next two results show that, in order to study the 1-persistency
property on a lower-comprehensive polytope, it is sufficient to analyze non-
negative costs ¢ and dominant mixed-integer vertices.



Lemma 3. Given a lower-comprehensive polytope P C [0,1]", if (c,z) € R™ x
P breaks 1-persistency of P then there exists ¢ > 0 such that (¢, x) also breaks
it.

Proof. Let (¢,x) € R® x P such that it breaks 1-persistency of P. Consider
I.={i: ¢ <0} C [n]. Since P is lower-comprehensive, z; = 0 for i € [..
For fixed ¢, define the function p. such that

0 ifiel,

z; otherwise,

for i € [n] and z € R™. Let ¢ = p.(c). If z € P, ¢z = épe(z) = epe(z) < cx =
cx. Then, x is c-optimal in P.

If (¢, z) does not break 1-persistency, there exists a ¢-optimal point y €
Pn{0,1}", with I;(z) C I1(y). Then, cz < ¢z < ¢y = ép.(y) = cp.(y), for
all z € PN {0,1}" and therefore p.(y) is c-optimal in P N {0, 1}".

Fori € I1(x), i ¢ I. and p.(y); = y; = x; = 1. Then, I,(z) C Li(p.(y)),
and (c,x) does not break 1-persistency, a contradiction. This shows that
(¢, x) breaks 1-persistency of P. O

Lemma 4. Given x' and x* mized-integer vertices of a lower-comprehensive
polytope P C [0,1]", if ' < 2 and x' breaks 1-persistency, then z* also
breaks it.

Proof. Let ¢ € R™ such that (¢, z') breaks 1-persistency. By Lemma 3 there
exists ¢ > 0 such that (¢, 2') also breaks it. Since x! is ¢-optimal and z! < 22,
2? is also c-optimal. Moreover, I1(z!) C I1(2?) implies that the pair (¢, 2?)

breaks 1-persistency of P. O]

In this contribution, we focus on the study of 1-persistency on the clique
relaxation of the stable set polytope. Therefore, we introduce the following
definition.

Definition 3. We say that a graph G is Q-persistent if QSTAB(G) has the
1-persistency property, and denote Q the family of all Q-persistent graphs.

There are some trivial members of Q as triangle-free and perfect graphs.
To see this, note that the clique relaxation of a triangle-free graph coincides
with the fractional stable set polytope and the one corresponding to a perfect
graph, with the stable set polytope. In any case, the polytope has the per-
sistency property, hence it also satisfies its relaxed version of 1-persistency.
However, not every graph is Q-persistent as it will become clear after the
forthcoming results.



3.1. Basic results on the family of Q-persistent graphs

When the clique relaxation of the stable set polytope of a graph does not
have mixed-integer vertices, the graph belongs to Q. This is the case for a
near-bipartite graph and, due to results in Koster & Wagler (2006), also for
the complementary graph of a rank-perfect graph. To prove this last result,
we need that node-induced subgraphs of rank-perfect graphs are also rank-
perfect. As far as we know its proof is not presented explicitly in Wagler
(2002, 2004) or any other source in the literature, and we include it here for
completeness.

Lemma 5. If G is a rank-perfect graph then G’ is rank-perfect for every
G'C@q.

Proof. Let G' = (V', E’) be a proper induced subgraph of G = (V, E') and z’
a vertex of RSTAB(G'). If z = (2/,0) € [0, 1]V then

o= ) ), <a(GUNV)) < a(GU))

velU velinv’

for any U C V. Since # > 0 we have x € RSTAB(G) = STAB(G).

It remains to observe that 2’ € STAB(G'). Since z € STAB(G), = can be
expressed as a convex combination of characteristic vectors of stable sets of
G. Notice that these vectors have their components corresponding to V' —V’
equal to zero. Therefore, 2’ is a convex combination of characteristic vectors
of stable sets of G', implying that 2’ € STAB(G").

Finally, since RSTAB(G’) is a relaxation of STAB(G'), we conclude that
G' is rank-perfect.

m

At this point, we can prove the previously announced result.

Lemma 6. If a graph is near-bipartite or its complementary graph is rank-
perfect then it is Q-persistent.

Proof. The idea of the proof relies on the fact that, in either case, there are
no mixed-integer vertices of QSTAB(G). Let G be a near-bipartite graph and
x a vertex of QSTAB(G). W.l.o.g. we can assume that there is v € I(z).
Since the graph G — N (v) is bipartite, the restriction xy_ y(,) is integer-valued
since it corresponds to a vertex of QSTAB(G — NJv]). Then z is an integer
vertex and G is Q-persistent since QSTAB(G) has no mixed-integer vertices.
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Let G be a graph such that G is rank-perfect. In Koster & Wagler (2006)
the authors prove that there is a one-to-one correspondence between the
vertices of QSTAB(G) and the inequalities that induce facets for the stable
set polytope of subgraphs of G.

By Lemma 5, every induced subgraph of G is rank-perfect and then the
vertices of QSTAB(G) are {ﬁ, 0}-valued for G’ subgraph of G. This shows
that QSTAB(G) does not have mixed-integer vertices, thus completing the
proof. O]

We have introduced some examples of O-persistent graphs. The following
result proves that Q-persistency is a hereditary property.

Theorem 1. If G is Q-persistent then G’ is Q-persistent, for every G' C G.

Proof. Let G € Q and G' C G with node sets V = {vy,...,v,} and w.lo.g.
V' = {v,...,0,} with m < n. Let ¢ € R™ and 2’ a -optimal mixed-
integer vertex of QSTAB(G'). If ¢ = (¢/,0) € R™ x R"™™ then x = (2/,0) €
QSTAB(G) and z is c-optimal in QSTAB(G). Since G € Q there exists
y € QSTAB(G)N{0,1}" c-optimal such that y; = z; whenever x; = 1. Then,
y = x° for S stable set in G. If S’ = SNV’ the point ¥ is ¢-optimal in
STAB(G') thus proving that G' € Q. O

In Nemhauser & Trotter (1975) the authors proved that FRAC(G) has
1-persistency for every graph G. To do so, they establish the following results
concerning optimal stable sets.

Theorem 2 (Nemhauser & Trotter (1975)).

i) If S CV is a stable set, then S is c-optimal if and only if there is no
stable set I CV — S such that c(SNN(I)) < e(I).

ii) If S is a c-optimal stable set of the induced subgraph G[N[S]], then
there exists a c-optimal stable set S" of G such that S C S’.

The following lemma potentially reduces the set of mixed-integer vertices
that might break the 1-persistency of QSTAB(G), for a given graph G.

Lemma 7. If x is a mized-integer point of QSTAB(G) such that z(Q) < 1
for every mazimal clique Q satisfying Q C Io(x)UIs(x) and QNN (I(x)) # 0,
then x does not break 1-persistency.



Proof. Let G = (V, E) be a graph and z a c-optimal mixed-integer point of
QSTAB(G) for a given ¢ € RY and suppose z(Q) < 1 for all Q € K(G)
such that @ C Io(x) U If(z) and @ N N(I;(x)) # 0. To prove that the z
does not break l-persistency, we will show that S = I (x) is a subset of a
c-optimal stable set of G. By Theorem 2 ii), it will suffice to prove that S is
c-optimal in G[N|[S]]. Assume it is not. Then, there exists I C N(S) such
that ¢(SN N(I)) < ¢(I). Define 2’ € RV as follows:

l—e ifveSNN(),
T, =X € ifvel,
Ty otherwise,

where € = min{l — z(Q) : Q € K(G), Q C Ip(z) U Is(x), QN N(I[i(z)) #
0} e (0,1].

It is clear that 2’ > 0. In order to show that 2’ € QSTAB(G), it remains
to prove that 2/(Q) < 1 for all @ € K(G). We divide our analysis into four
different cases:

IL.QNI=0and QN (SNN(I)) = 0.
Then, 2!, = z, for all v € Q and 2/(Q) = 2(Q) < 1.

2. QNI#Pand QN (SNN(I)) # 0.
Let v,u € V such that QNI = {v} and QN(SNN(I)) = {u}. The node
w is not adjacent to any node in R = V' — N[S], hence RNQ = (). Since
x, = 0 forallw € N(S5), we have 2/(Q) = 2} +2/,+2'(QN(N(S)—1)) =
1.

3. QNI=0and QN (SNN(I)) # 0.
The proof follows the same reasoning as before.

4. QNI #Pand QN (SN N(I)) = 0.
In this case, Q@ C Io(z) U If(x). Let QNI = {v}.
Q — {v} is a clique such that @ — {v} C R, then 2/(Q) = 2/(Q — {v}) +
o, =x(Q —{v})+e<1.

Thus, ' € QSTAB(G). Moreover, from the definition of I,
ct' —cx =ec(I)+ (1 —e)c(SNN(I)) —c(SNN(I))
=e(c(l)—c(SNN(I))) > 0.
Hence, = is not c-optimal in QSTAB(G), a contradiction. Therefore, S is

c-optimal in G[N[S]], and then = does not break 1-persistency.
[



In the following theorem, we make use of the previous results to give a
sufficient condition for a graph to be Q-persistent.

Theorem 3. Every bad-paw-free graph is Q-persistent.

Proof. Let G = (V, E) be a graph and = a c-optimal mixed-integer vertex of
QSTAB(G) for a given ¢ € RY. Suppose that z(Q) = 1 for some maximal
clique @ such that @ C Io(x) U If(z) and @ N N([1(x)) # 0. Let u €
Q N N(I(x)) and v € I (x) such that uv € E(G). Since u € Iy(x), z(Q) =
1 and Q C Ip(x) U If(x), we know that @ is a clique with at least two
other nodes wy, w, besides u, with wy, wy € @ N I¢(z). Thus, the subgraph
G[{v, u, w;, ws}] induces a paw P, in G. Now, let’s show that P, is a bad
paw.
By Lemma 1, zy_ ) is a vertex of QSTAB(G ©v). Since wy, ws € I(x),
then xy_pp,) is not an integer vertex. Thus, G © v is imperfect. Therefore,
P, is a bad paw, thus a contradiction. By Lemma 7, it follows that G is
Q-persistent. O

3.2. Forbidden structures for the family of Q-persistent graphs

Theorem 1 proves that the O-persistency property is hereditary. This
means that a non Q-persistent graph must contain a minimal subgraph which
is in turn non Q-persistent. Therefore, we are interested in identifying these
minimal forbidden structures for graphs belonging to Q. In this subsection
we present two infinite families of such structures.

Definition 4. A graph G is minimally not Q-persistent (mnQ for short) if
G ¢ Q but G € Q for every G’ C G.

Inspired by Theorem 3, we define two classes of graphs containing a single
bad paw as a subgraph.

Definition 5. Given k > 2, i € [2k+1] and two nodes, u and v, H(k,u,v,1)
is the graph with node set {u,v, vy, ..., vorr1} where {v; : i € [2k+1]} induces
Coky1, N(u) = {v}, and N(v) = {u,v;,v;11}. Similarly, given k > 2, a
mazimum clique Q in Caorpq and two nodes, v and v, we call A(k,u,v,Q)
the graph with node set {u,v, vy, ..., vop11}, where {v; : i € [2k+ 1]} induces
Capr1, N(u) = {v} and N(v) = {u} UQ. When it is clear from the context,
we denote these graphs as Hj and Ay, respectively. See Figure 1.
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Figure 1: The graph on the left is H(4,u,v,8) and the one on the right is A(4, u, v, Q)
with @ = {vy, v3, vs,v8}.

Theorem 4. The graphs H(k,u,v,1) and A(k,u,v,Q) are mnQ.

Proof. For G = Hj, or G = Ay, denote by © = (24, Ty, Ty _{uv}) the points
in RY(@. First, consider ¢ = (0,1,2-1). If z € QSTAB(H;) then

cx = x, + 22(V —{u,v}) <142k

since there are exactly 2k cliques of size two using nodes in Uy and only
one of size three (i.e., {v,v;,v;41}). If 2 = (1,0, 3 - 1) then z € QSTAB(H,,)
and ¢Z = 2k + 1. Therefore, T is c-optimal in QSTAB(H,,).

We prove now that there is no c-optimal stable set containing u. Let S
be a maximal stable set in Hy © v. Then, |S;| = k and S; U {v} forms a
stable set in Hj. Therefore,

Given that Hy © u = Coy41, if Sy is a stable set containing u, |S; — {u}| < k
and then

This implies that ¢(S; U {v}) > ¢(S2) for any stable set Sy containing .

In this way, we have proved that Z is c-optimal in QSTAB(#Hy) and there
is no c-optimal stable set containing u. Then, Hy ¢ Q. The fact that every
proper node-induced subgraph belongs to Q holds since H; — {w} is bad-
paw-free for every w € V(Hy) (by Theorem 3). Hence, Hy is mnQ.

Let us now consider the graph A, = A(k, u,v, Q) where A, ©u = Copy 1.
Following a similar reasoning, it holds that the point 7 = (1,0,% 1) is
c-optimal in QSTAB(Ay) for ¢ = (1,2,2k - 1).
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Let v; € V(Cagy1) such that v;,v;01 ¢ Q. Then S; = {v,v;,v;41} is a
stable set with ¢(S;) = 4k + 2. If Sy is a stable set containing u, ¢(S3) =
c(Sy — {u}) + ¢, < 4k + 1. This implies that the pair (c,z) breaks the 1-
persistency of QSTAB(.A). Again, since Ay — {w} is bad-paw-free for every
w € V(Ayg), it holds that A is mnQ (by Theorem 3). O

4. Study of Q-persistency on (k,U)-umbrella graphs

To further study mn@ graphs based on Theorem 3, in this section we pur-
sue a characterization of graphs not in Q, having other connections between
the node v and the odd hole in the graph H(k,u,v,1).

We start this section by defining a family of graphs called (k, U)-umbrella
graphs and providing some fundamental properties of these with respect to
the 1-persistency property. Afterwards, in Section 4.1 we perform a deep
study on the characteristics of the vertices of QSTAB for (k, U)-umbrella
graphs, showing in particular that in some cases the associated polytope is
half-integral (Theorem 6). Using this result, we conclude Section 4 provid-
ing a partial characterization of the subset of (k,U)-umbrella graphs in Q
(Theorem 7).

Definition 6. Let Coyy 1 be a cycle with node set V(Coxi1) = {v1, ..., Vop1},
for k > 2. For a subset ) # U C V(Caxt1), the (k,U)-umbrella graph
G(k,u,v,U) is the graph obtained from Coxy1 by adding two new nodes u
and v, and edges uv and vw for all w € U. See Figure 2.

From now on, when considering the (k, U)-umbrella graph G(k,u,v,U)
and/or the graph Coy,q, we refer to the nodes v; with indices i following
arithmetic modulo 2k + 1 (e.g., vopro = v and vy = voxy1). Also, for the
sake of clarity in the text, we may omit the prefix (k, U) when it is clear from
the context, and simply call umbrella to these graphs.

Remark 1. The graph H(k,u, v, 1) is the umbrella graph G(k,w, v, {v;, viz1}).
Notice that for any mazimal clique Q in an umbrella graph G = G(k,u,v,U),
it is either |Q] =2 or |Q| = 3.
Definition 7. Let G = G(k,u,v,U) be an umbrella graph. For r € [2k], let
[Vi, Vitr] denote the set of nodes {v;}U{v;y; : j € [r]}, and let [v;] = [v;,v;] =
{vi}. Under this notation,

e an r-block of G is a set of nodes [v;, vi1.] C U, such that v; 1,0y, 11 ¢

U and we denote it by B(i,r). Similarly,

12



Vg Vg
Usg U1 () U1

U7 V2 U7 V2

Ve 3 Ve 3

Us V4 Us V4

Figure 2: The graph on the left is G(4,u,v,{v1,...,v9}) and the one on the right is
G(4,U,U, {U4aUSa ’Ug}).

e an r-valley of G is a set of nodes [v;, vy, with [v;, v, ] NU =0, such
that v;_1, ;1,11 € U and we denote it by V(i,r).

An r-block (resp. r-valley) is called trivial if r = 0, and it is odd or even
according to the parity of r.

According to this definition, an umbrella graph is characterized by its
valleys and blocks. For instance, on the right in Figure 2, we have an umbrella
graph having two even valleys, V(1,2) and V(5,2), one trivial block, B(4,0)
and one 1-block, B(8,1).

In what follows, we consider some special cliques in an umbrella graph.
Let Q?(G) denote the set of maximal cliques of the umbrella G = G(k, u,v,U)
of size two defined by only two nodes in Cyzyq. Similarly, Q3(G) stands for
the set of maximal cliques of size three in it (i.e., those having node v). Let Q;
denote the maximal clique in G containing both v; and v;, 1, for i € [2k+ 1],
ie., Q; = {vi,vip1} € Q*G) or Q; = {v,v;,v;11} € Q*(G). Based on this

notation, we have the following remark.
Remark 2. If G = G(k,u,v,U) then |Q*(G)| + |Q*(G)| = 2k + 1.

We present now a structural result on umbrella graphs having the maxi-
mum number of triangles.

Lemma 8. Let G = G(k,u,v,U) be an umbrella graph and s = a(G © v)
(consider s = 0 if |U| = 2k +1). Then, |Q*(G)| = 2(k — s) + 1 if and only
if G does not have odd valleys. Moreover, |Q*(G)| < 2(k — s) + 1 is always
satisfied regardless of the parity of the valleys of G.

13



Proof. (=) If |U| =2k+1,let s =0. If not, let Vi, ...,V be the valleys of G
and consider S a stable set of G&v with |S| = s. Since |Q*(G)| = 2(k—s)+1,
we have

2s =2k +1 - |Q°(G)] = |Q*(G)]- (1)
This is, 2s is equal to the number of edges in the paths induced by all valleys

along with the associated neighboring nodes of each valley (i.e, if V; = V(i, 1),
the associated path is [v;_1, v;4r11]). Then,

t

2s =Y (Vi +1)
j=1
Let s; =[S NV;|. Thus, we have 2s; < |V;| + 1, and summing over all j, we
get

t ¢
25 = ZQsj < Z(|VJ| +1) =2s.
j=1 j=1

Therefore, |V;| + 1 is even for all j, and so is each of these valleys.

(<) Clearly, if G has no valleys, |U| = 2k + 1 hence the results holds
for s = 0. Otherwise, let V,...,V; be the valleys of G and assume that all
of them are even valleys. Then, for each j = 1,...¢, there exists a unique
maximum stable set S; of G[V;] with s; = [S;| = 3(]V;| 4+ 1) and it is clear
that s = Z;:l s;. Therefore,

t

2$:ZQSj=Z(]Vj|+1):2k+1—|Q3(G)]. (2)

Jj=1

The last equality holds by the same arguments used in the paragraph
following (1).

Finally, the fact that |Q3(GQ)| < 2(k — s) + 1 is always satisfied regardless
the parity of the valleys of G, follows from the same reasoning used in (2)
and the fact that s; = |S;| < 3(|V;| + 1) always hold for any valley. O

In what follows, for an umbrella graph G = G(k, u,v,U), we denote the
points in QSTAB(G) by & = (T, T, Tv_{uw})-

Lemma 9. Given an umbrella graph G = G(k,u,v,U), the mized-integer
verter of QSTAB(G) z = (1,0, % -1) breaks 1-persistency if and only if G has
no odd valley.

14



Proof. The fact that = is a mixed-integer vertex of QSTAB(G) follows from
Lemma 1 and the fact that % -1 is a vertex of QSTAB(Cayy1).

(<) Consider ¢ = (0,2(k—s)+1,2-1) with s = a(Gow) if |U| < 2k+1
and s = 0 otherwise. From the fact that G has no odd valleys, Lemma 8
implies that |Q*(G)| = 2(k — s) + 1. Hence, if z € QSTAB(G), then

2k+1
cx =2k —s)+ 1)z, + 22%2- = Z 2(Q) + Z 2(Q)
i=1 QeR3 (@) QeR*(G)

< |Q¥G)| +1Q*(G)| = 2k + 1,

thus implying that z is c—optimal in QSTAB(G), as ¢z = 2k + 1. Recall
that x,, appears twice in the sum >, 03(q) (@) + 2 gegr () £ (Q)-

We next prove that no c-optimal stable set contains u. Let S; be a
maximal stable set in G & v if |U] < 2k 4+ 1 and S; = () otherwise. Then,
S1U{v} forms a stable set in G' and

C(Sl U{’U}) = 2|Sl| +2(l€— S) +1= 2k5+ 1.

Given that G © u = Cyiyy, if Sy is a stable set containing u, |Sy — {u}| < k
and then
c(S2) = 2[5, — {u}| < 2k.

Thus, ¢(S; U {v}) > ¢(S2) for any stable set Sy containing u. Therefore, the
pair (¢, T) breaks the 1-persistency of QSTAB(G).

(=) We will show that & does not break the 1-persistency of QSTAB(G)
if G has an odd valley. Hence, we need to show that for all ¢ € RV() such
that z is c-optimal in QSTAB(G) there exists a c-optimal stable set contain-
ing [,(Z) = {u}. Recall that by Lemma 3, it suffices to show this for ¢ > 0.

Suppose S C V is a c-optimal stable set such that u ¢ S. Assume
v € S, since otherwise S U {u} would also be a c-optimal stable set. Let
S" =S —{v}. Then, S’ C V(G ©v), hence |S’| < s. Notice that if v; € S’
then Q;, Q;_1 € Q*(G) because v; is not adjacent to v. For W C V' denote
Ky the set of cliques @ with @ N W # (). In particular, Ky,,; = {Qi-1, Q:}
and, if v; is not adjacent to vj, Ky, ;NKqy,; = (). Then, Kg = K¢ UKy, with
|Kg/| = 2[5 and Ky = Q*(G)U{{u,v}}. Since G has an odd valley, Lemma
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8 implies |Q*(G)| < 2(k — s). Then, |Q*(G)| + |Ks/| < 2(k — s) + 2s = 2k,
which implies that there exist {v;, vi1} € Q*(G) — Kg, i.e., vy, vi41 € S.

Let S be the only stable set of G & u with ]S\ = k such that vy, v;41 ¢ S,
We claim that ¢(S) = ¢(S) + ¢,, hence proving that there exists a c-optimal
stable set including u (namely S U {u}), thus completing the proof.

To prove our claim, we note that, since ¢z = max{cz : x € QSTAB(G)},
then by complementary slackness, there exists (an associated dual solution)
7 € RE(9) gsatisfying

Yoy = 0, for {v,v;} € K(GQ),
gQiﬂ + gQi = Cy for i € [[2]€ + 1]],
g{u,v} = Cy,

Yo Yo+ Yuer = Co
QeQ3(q)
Jo> 0,  for Qe K(G).

Therefore, if W C [v1, vor41] 18 a stable set, then

(W)= o= o +Ta)= Y. o (3)

v, EW v;EW QGKW

Finally, since K¢ D {Q; : i € [2k + 1], # t} 2 Kg U Q*(G), we have

o(8) =c(S)+e < D ot > Totuwy < D Tt = c(S)+cu,
QeK g QEQ3(G) QeKyg

where we have used (3) with W = S’ and W = S. Since S is c-optimal, the
above is satisfied by equality, thus proving our claim. O]

Theorem 5. If G = G(k,u,v,U) is an umbrella graph with no odd valleys
then G is mnQ.

Proof. By Lemma 9, the mixed-integer vertex of QSTAB(G), =
breaks 1-persistency. Thus, G is not Q)-persistent.

On the other hand, since G has no odd valleys, the only minimally im-
perfect graph in G is G © u = Cyyq1. Then, G — w € Q is bad-paw-free for
all w € V thus showing that G is mnO. ]

(1,0,5-1)

N[ =
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4.1. On vertices of QSTAB(G) for a (k,U)-umbrella graph G

In the context of the study of 1-persistency, the vertices of a polytope play
a crucial role. Driven by this fact, in this section we analyze the vertices of
the clique relaxation of the stable set polytope of umbrella graphs. We say
that a point is half-integral if it is {0, 3, 1}-valued and a polyhedron is half-
integral when all its vertices are half-integral.

Given a fractional vertex of QSTAB(G), we refer to the graph induced by
its non-integral components as its fractional support graph. In the following
lemma, we show that in an umbrella graph G = G(k, u,v,U), the fractional
support graph of a vertex of QSTAB(G) can be decomposed as the 1-sum at
the central node v of graphs induced by v and a maximal subset of consecutive

nodes in the cycle Coxy 1.

Lemma 10. Let G = G(k,u,v,U) be an umbrella graph, x € RV q vertex
of QSTAB(G) such that 0 < z, < 1 and x,, = 0 for some i € [2k+1]. Then
G[If(z)] is a connected graph. In addition, G[I;(z)—{u}] can be expressed as
a 1-sum at v of p > 1 subgraphs Gy, t € [p], where V(G;) = {v} U v, vi,+r,]
with ry € [2k — 1] with Ty, =0 forj=1i;,—1and j =i, +r,+1. See Figure
3 for an example.

Proof. We first show that if x € RV() a vertex of QSTAB(G) such that
0 < z, < 1, then the fractional support graph G[I;(z)] is connected. By con-
tradiction, assume two connected components Gy and Gy of G[If(x)] exist.
Without loss of generality, consider v € V(G1). Since zy(g,) results a non
integral vertex of QSTAB(G;), G, is an imperfect graph, for j € {1,2}. How-
ever, the only minimally imperfect graphs in G are odd holes containing node
v or Co11. In any case, G; or GG, is perfect thus leading to a contradiction
of the fact that perfect graphs have integral clique relaxations.

The structure of the components G, follows directly from the definition
of umbrella graphs and the fact that z,, = 0 for some i € [2k + 1]. O

The following lemma focuses on the structure of vertices of QSTAB(G)
having the variable associated with the central node v at value % Its proof
relies on technical results included in Appendix B.

Lemma 11. Let G = G(k,u,v,U) be an umbrella graph and x a vertex of

QSTAB(G) such that x, = 5. Then x is half-integral.

Proof. Let € RV(®) be a non integral vertex of QSTAB(G). After Lemma
12 (in Appendix B), it is enough to consider the case when z, = 0.
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Figure 3: The umbrella graph G = G(7,u,v,U) with U = {v4, v7,vs,v13,v14,v15} (le
and the subgraphs G[I¢(z1)] and G[If(x2)] (center and right respectively), where I'¢(z)
[va, v13) U{vis, v} and Iy(22) = [v2, v7] U {v14, v15, u, v}

ft)

Let z; denote the vector of all non integer components of z, i.e., Ty = T, (),
and let Gy be the fractional support graph of G associated with . By Lemma
1, x5 is a vertex of QSTAB(G). We need to prove that zy = % -1

Let us first assume that [v1, vog11] € If(z). Hence, since x5 > 0, then
xy must satisfy at equality |V (Gy)| = 2k + 2 inequalities corresponding to
maximal cliques of G (either cliques @); or of the type {v,v,;} € K(Gy)).
Let t = |{i € [2k + 1] : 24(Q;) < 1}| > 0, hence, the number of cliques Q;
satisfied at equality is 2k + 1 —¢. Then there must be at least ¢ + 1 cliques of
type {v, vj} € K(Gy) with z,, = 1. Assume, w.lo.g., that {v,v1} € K(Gy)
and z,, = 5.

If t = 0, we will show that Q*(G) = 0. Otherwise, let iy = min{i € [2k +1] :
Qi € Q*(G)}. Then, Q; € Q*(G) and z,, + x,,,, = 1, for all j € [ig — 1].
This implies z,, = 3 for all j € [ig]. Then z,, ., =0, as z,+z,, +2y, ., = 1.
Thus, viy4+1 ¢ If(z), a contradiction to the Supposed Therefore, if t = 0,
Ty, + 2y, ., = 1 holds for all j € [2k + 1], hence z; = 5 - 1.

If t > 0, there exists ¢ € [2k + 1], ¢ > 3, such that {v v} € K(Gy) and
T, = % Applying Lemma 14 twice, first over the interval of nodes [vy,v,]
and then over [v,, v1], gives zy = 1 - 1.

Now, assume that a node v; ¢ Iy(x) exists. Then, either z,, = 0 or
7,; = 1, the latter implying x,,,, = 0. In either case, let G’ be any of the
subgraphs G; of G¢ as in Lemma 10. That is, V(G') = {v} U [v;, v, for
some i € [2k + 1], with r < 2k, and z,,_, = 0. We next present
two claims and prove them after.

- xvi+r+l
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Claim 1. There is at least one node viy, € [v;, viy,| that satisfies

1
vigg €U and  xy,, = 5 (4)

Consider the first and the last node in [v;, v;4,] that satisfy (4). Let
Gmin = min{q € [r] U {0} : vy, satisfies (4)}
and
(max = max{q € [r] U {0} : vy, satisfies (4)}.
Claim 2. z,,, = % for all g such that 0 < ¢ < Gumin 07 Gmax < ¢ < 1.

Finally, Lemma 14 implies that =, = L for all gumin < ¢ < Gmax, thus

2
completing the proof.

We now prove Claim 1. Assume it does not hold and consider the sets
and
Ve ={viy; 1 j € [rJU{0}, 7 even}.
Definey = x;+€e(x"* —x") and z = z; —e(x"* —x"*), with € = min{e;, €5} >
0, where

ep = min{z,,, :0<j <r} and g = min{l — 2, : 0 <j <r}.

Then y,z € QSTAB(Gy), and as zy = %(y + 2), xy is not a vertex of
QSTAB(Gy), thus a contradiction.

To prove Claim 2, assume x,,,, # % for some 0 < ¢ < @i, and let

1
q/ = maX{q : ajiJrq 7é 57 q < qmin}-

1

Note that Lo, < 3,sinCE Ty, = % and x(Qt+y) < 1. Let

Vo=Avit; :0<j<¢, jodd} and V., = {vi4; : 0 < j < ¢, j even},

and

€ = min{e;, €3, €3} > 0, where €, = min{z,,,, : 0 < j < ¢}
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and |
€2 =min{l — =z, :0<j<q'} and e3 = 5~ Loy

Defining y and z as in Claim 1, we arrive again to a contradiction. Hence,
Ty, = % for all 0 < g < ¢uin-
The proof of x,,, = % for all gax < ¢ < r follows the same reasoning. [

The results on the structure of vertices of QSTAB(G) when G is an um-
brella graph, allow us to prove the following important fact.

Theorem 6. If G = G(k,u,v,U) is an umbrella graph without odd blocks
then QSTAB(G) is a half-integral polyhedron.

Proof. Let 7 € RY(©) be a non integral vertex of QSTAB(G). To prove that
Z is half-integral, after Lemma 12 in Appendix B it is enough to consider
the case when z, = 0.

By Lemma 1, Ty = Zj,(z) is a vertex of QSTAB(Gy), where Gy = G[I;(7)]
is the fractional support graph associated with z. If 7, € {0,1}, then Gy
contains no clique of size greater than two. This implies QSTAB(Gy) =
FRAC(Gy), which is known to be a half-integral polytope. Hence, 7 =
and 7 is half-integral. Assume then that 0 < z, < 1. By Lemma 1
suffices to show that z, = %

We divide our analysis into two cases.

Case 1. Let V(Gy) = {v} U{v; : i € [2k+ 1]}. Since z; is a vertex
and Zy > 0, it satisfies at equality 2k 4 2 linearly independent inequalities
corresponding to maximal cliques of G;. Note that the set of the clique
inequalities z(Q;) < 1,7 € [2k + 1] is Li. Then, consider

Dy ={Q; 11 € [2k + 1], 24(Qy) = 1}

10
3
1, it

with d; = |D;|. There is a set Dy of maximal cliques {v,v;} such that z
satisfies at equality and with those in D;, define a set of 2k + 2 linearly
independent inequalities. Let dy = |Dy| = 2k + 2 — d;.

To simplify the notation, we order the cliques in the set Dy according to
the nodes in the cycle Coy1. More precisely, let R; = {v,v;;} € Ds, j € [d2],
where ij < ij+1 for all] c Hdg — 1]]

If dy = 2k + 1, then dy = 1 and 7 satisfies the system

{ 2(Q;) =1, i€ [2k+1],
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Assume w.l.o.g. v;; = v;. Consider a linear combination of the equations
x(Q;) =1, i € [2k + 1], with coefficients 1 if 7 is odd and —1 if 7 is even.
Since GG has no odd blocks, x, appears in an even number of consecutive
equations, hence it cancels out in the sum. This gives, 2z,, = 1. Finally,
Z(Ry) = 1 implies Z, = 3.

Otherwise, name ¢ = 2k + 1 — d; > 0 the number of cliques Q; ¢ Dy, i.e.,
such that Z¢(Q;) < 1. Then, we have dy =t + 1 > 2. Since there are more
cliques in Dy than cliques not in D;, there exist at least two consecutive
cliques in Dy, which w.l.o.g. we may assume are R; and R,, such that every

clique between them belongs to D;. That is, Z; satisfies

l‘(Rl) = 1,
z(Q) =1, i€{i,ir+1,... 00— 1}, (5)

Claim 3. The number of cliques Q; such that i € J = {iy,i1+1,...,i5 — 1}
15 odd.

If | .J] is even, then a linear combination of the equations in (5), alternating
coefficients 1 and -1 in the given order of the equations, gives the equation
with all null coefficients (since the fact that G' has no odd blocks implies that
x, cancels out, as before). This contradicts the linear independence of the
system (5), a subset of the 1.i. inequalities associated with D; U Ds.

After the claim and using the same linear combination of the above men-
tioned equations, we obtain that 2z, = 1 for every solution of (5), as we
wanted to prove.

Case 2. Suppose that z,, = 0 for some i € [2k + 1]. Lemma 10 and
Lemma 2 imply that there is a subgraph G’; of Gy satisfying V(G’) = {v} U
[Vi, Vigr] for some i,% +r € [2k + 1], with z,, , = Z,,,,, = 0, and such
that ' = Zy(qy) is a vertex of QSTAB(G%). Hence, since 2’ > 0, ' satisfies
at equality r + 2 linearly independent inequalities corresponding to maximal
cliques of G’f. As in the previous case, let

Dy ={Qirj1:J €[], 2" (Qiyj—1) = 1}

and dy = |Dy].

There are dy = r + 2 — dy nodes, say viij;, Vitjy, - - - Viggy, With jg < g1
for all ¢ € [dy— 1], such that Ry = {v,viy,} € K(G'), ' satisfies at equality
the corresponding clique inequalities and these define a set of r + 2 linearly
independent inequalities with those in D;.
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Let t = r —d; > 0 the number of cliques @Q;4; such that 2/(Q;1;) < 1.
Since 2 < t + 2 = d», there exist two consecutive cliques in Dy, which we
may assume are R; and Rs, such that z’ satisfies

:L’(Rl) = 1,
'I(QH-]) =1 je{jla"'an_l}a <6>
Applying the same reasoning as in (5) to the system (6), we conclude
that z, = % As 7, = ), the proof is completed. H

4.2. On the Q-persistency of (k,U)-umbrella graphs with no odd blocks

Although the result given by Theorem 6 is important by itself due to
the information it provides on the structure of the clique relaxation of some
of the umbrella graphs, it also helps us to prove a significant result of this
section.

Theorem 7. If G = G(k,u,v,U) is an umbrella graph with no odd blocks
and with |U| < 2k + 1, then G is Q-persistent.

Proof. Let G = G(k,u,v,U) be an umbrella graph without odd blocks and
such that |U| < 2k+1, and let Z be a mixed integer vertex of QSTAB(G). We
will prove that & does not break 1-persistency. By Lemma 4, we may consider
that = is a dominant vertex, and Theorem 6 ensures 7 is half-integral.

Note that z,, # 1 because T would not be a mixed integer vertex otherwise,
as G © v is a perfect graph.

Suppose T, = 0. Then z, = 1, as T is a dominant vertex. Furthermore,
as it is mixed integer and the only fractional vertex of QSTAB(G © u) =
QSTAB(Car41) is 3 - 1, we have z = (1,0,1 - 1). As G has no odd block and
\U| < 2k+1, |Q3(G)] is an even number and then it does not attain its upper
bound of 2(k — s) 4+ 1, where s = a(G & v). Lemmas 8 and 9 imply that =
does not break 1-persistency.

Therefore, we assume that z is a dominant mixed integer vertex such that
Z, = 3, which implies Z, = 1 and 0 # ,(z) C {v; : i € [2k + 1]}. Moreover,
we consider w.l.o.g. z,, = 1.

Let ¢ > 0 be such that ¢z = max{cz’ : 2’ € QSTAB(G)}. We will show
that for any stable set S C V(G), there exists a stable set S* such that
I(z) C S* and ¢(S) < ¢(S*).

Let S be a stable set. In order to define S*, consider the set of cliques
Q< ={Qu:i € [2k+ 1] 7(Q:) < 1}.
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If @< = (), then Z satisfies the system of equations z(Q;) = 1 for i €
[2k + 1]. Considering, as in the proof of Theorem 6, the linear combination
of these equations with coefficients 1 if 7 is odd and —1 if ¢ is even, and using
the fact that G' has no odd blocks, we obtain 2z,, = 1, a contradiction to
the assumption z,, = 1. Hence, Q< # 0.

Then @< induces a partition P of the set of nodes {v; : i € [2k+ 1]} into
subsets P of the form P = [v;, v;4,] for some i € [2k + 1] and [ € [2k], such
that

T(Qirq—1) =1 for q € 1],
j(Qi—l) <1 and Zf'(Ql‘+l> < 1.

Let P! denote the set of all P € P such that PN I;(z) # (). For P =
[vi, virg] € P!, Lemma 16 (see Appendix B) implies that [ is even number
and reveals a tight structure for the values 7,,, . Denote pold = fy,,. i q €
[1],q odd}. Then, for all ¢ € {0} U [I], Z,,,, > 0 if and only if v, € P
In particular, P N I,(z) C Po%.

We are now in conditions of defining S*. Its definition will vary according

to whether v € S or not.
Let us first assume that v ¢ S. In this case, let

S* = ( U (PmS)) U ( U P"dd> U({u}ns).

pPep—p! pepl
It is not hard to see that S* is a stable set and [;(z) C S*.
Claim 4.

() —e(8)= D | D clviar) = D clving)

Pepl te[[%]] viq€PNS

18 nonnegative.

Let us now prove the claim. Note that as T is c-optimal in QSTAB(G),
there exists a dual solution § € RX(®) satisfying complementary slackness.
To simplify the writing, we extend g by defining g,y = 0if {v,v;} & K(G).
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Hence, y satisfies

g{u,v} = Cy,

Z gQ + Z g{v,vi} + g{u,v} = Cy,
QeR3(G) i€[2k+1]

YQioy T YQ: + Ywuy = Cu
YQi—1 T 9q: + Yy = Cu;
g = 0,

Yo = 0,

g{v,vi} = 0

Therefore, for any P = [v;, vi1] € P1,

2, clvigg) £ 2

vi4q€PNS vi1q€PNS

A
IN=

g€l

—~
N
N
-~
w
=

Ly

Vitq g podd

P>

Vitq g podd

—
W~
N

CviJrq ’

YQ,, T E}] gQ¢+q71 + gQi+l +

if z,, > 0, for i € [2k + 1],
if z,, =0, for i € [2k + 1],
for Q € K(G).
if Q@ € K(G) and 2(Q) < 1
{v, v} & K(G).

(gQi+q—l + YQitq, T g{vvqu})

Z Yfv,isq}

vi+q€P

(gQiJrq—l + gQi+q + g{vvviJrq})

where for obtaining this chain of inequalities we have used the following facts:

(1) ¥ > 0 and, as S is a stable set, each term 7, appears at most once

in the sum in the first line;

(2) since #(Q;—1) < 1 and Z(Qi1) < 1, ¥o,_, = Yo, = 0;

(3) if viyq & P then Ypy,,,3 = 0, as @y, = 0 implies T, + Ty,,, < 1.

(4) if vipq € P then §g,,, , + Ui, + Ylowisal = Coipg 88 Ty, > 0.

Hence, ¢(S*) — ¢(S) > 0 and Claim 4 is proved.

Let us consider now the case where v € S. Define

S*:Il(yz)u{v}u< U (PmS)).

pPep—p!t
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Clearly, S* is a stable set containing I;(Z), and

() =)= 3| D )= 3 o)

PePl \vipq€PNI1(Z) vi+q€EPNS

Let P € P'. Recall that for W C V(G), Ky denotes the set of cliques
Q € K(G) such that Q N W # (. We claim that Kpng € Kpnp ) U
{Qi-1, Qita}-

Suppose vy, € PN S. Then vvy, ¢ E(G), which implies {v, v} ¢
K(G) and Qiiq-1,Qitq € Q*(G). If ¢ € [I] is odd, then Z,, > 0 and
Tyyy = Ty .41 = 0, by Lemma 16. Hence, 7,,,, = 1. If ¢ € [l — 1]
is even then, 7, = 0 hence 7, , = Ty, ,, = 1. In any either case,
QiJrq,l, Qi+q € Kpmjl(a-;). Slmllarly, lfq = 0, va_l =1 and lfq =1 ‘7_’,%4171 =1.
This proves that Kpns C Kpnp,z) U {Qi—1, Qi+}. Therefore,

Z C(Ui+Q) < Z (gQiJrqfl + gQiJrq,)
viJrquﬂS ’U—L'JrqEPﬁS
> Yo
C_?GKPms - -
YQi_1 + YQit + Z Yo
QeKpnr (z)

Z (ng#qfl + gQiJrq,)

Vitq ePNl (f)

Z C(Ui-i—q)'

Vi+q ePnl (i‘)

| VAN |

Finally, this implies ¢(S*) — ¢(S) > 0.

We have proved that no mixed integer vertex breaks the 1-persistency of
QSTAB(G), thus G is Q-persistent. ]

5. On some other forbidden minimal structures for Q-persistency
on (k,U)-umbrella graphs

In the previous section, we managed to prove that umbrella graph G =
G(k,u,v,U) with |U| < 2k 4+ 1 must include an odd block if it is not O-
persistent (Theorem 7). We also proved that if G has no odd valley, the graph
is mn@ (Theorem 5). Hence, we now focus on umbrella graphs including at
least one odd block and one odd valley. We will prove that, when these
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Figure 4: A whale graph W(j,7) (on the left) and the umbrella graph G(4,u,v,
{v1, v4,v7,vs,v9}) (on the right). The white nodes in the umbrella identify a whale W (2, 3)
as a node-induced subgraph of it.

structures are adjacent in the cycle Cy,11, the graph G is not Q)-persistent,
and they actually induce an mn@Q subgraph of G. They correspond to a
particular case of the family of whale graphs we now introduce.

Definition 8. Given j > 2 and r > 1, W(j,r) is a whale graph with
nodes {wop,wy, ..., wy,v1,..., 9541} if {vi @ € [25 + 1]} induces Coji1,
and N(wg) = {w1}, N(w;) = {w;_1,wir1,v1} fori € [r — 1] and N(w,) =
{wy_1,v1,v9}. The whale graph W (j,7) is called to be odd or even according
to the parity of r.

Figure 4 shows a whale and an umbrella graph. The white nodes in the
umbrella graph identify a whale as a node-induced subgraph.

Note in particular that W (j,1) = H(j, w, w1, 1), for every j > 2. In
general, whale graphs are node-induced subgraphs of umbrella graphs. Then,
Theorem 1 and Theorem 7 imply the following.

Corollary 1. For j > 2 and m > 1, the even whale graph W (j,2m) is
Q-persistent.

It only remains to analyze whales having an odd number of triangles.

Theorem 8. For every j > 2 and m > 1, the odd whale graph W (j,2m + 1)
1s mn@.

Proof. Let W = W (j,2m + 1) and consider ¢ defined as

0 if 1 = wy,
o — 1 if 1 = w1,
) 2m+ 2 if i =y,
2 ifi e V(W) — {wp, wy,v1}.
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Let  be such that

ifz':wo,
if i = wy,—q for ¢ € [m + 1],
if i = wy, for ¢ € [m] or i = v, for i € [2j + 1],

T; =

|
o= O =

Now, observe that for any z € QSTAB(W) the clique inequalities imply that
cx <2(j+m)+1. Also, since ¢z = 2(j +m)+ 1 we have that Z is c-optimal.
Let S’ be a stable set with wy € S” and let us define S; = S"N{v; : i €
[27 + 1]} and Sy = S’ N{ws, ..., woms1}. Note that |S;| < j and |Sz| < m.
Ifov, €5,
c(8") = ¢(S1) + ¢(S2) + cuwy < 2(5 +m).

On the other hand, if v; € 5,
c(S") = c(Sy —{v1}) + oy + Cupy <25 — 1)+ (2m +2) = 2(5 +m).

Therefore, ¢(S") < 2(j + m) for any stable set S" with wy € S".

If S ={wy1:q€ [m+1]}U{vegs1: q € [j]} then S is a stable set in
W such that wy ¢ S and ¢(S) = 2(j + m) + 1. Consequently, (¢, z) breaks
1-persistency and then W ¢ Q.

It remains to check that every proper induced subgraph of W belongs
to Q. The graphs W —wv; for ¢ € [2j + 1] and W — w, for ¢ € {0,1} are
bad-paw-free and then are Q-persistent from Theorem 3.

The graph W — w; for ¢ € {2,...,2m + 1} is an induced subgraph of
the even whale graph W (j,2m + 2). Then, by Corollary 1 and Theorem 1,
W — w; is Q-persistent. O]

This section complements the study provided in Section 4 of the persis-
tency property related to the umbrella graphs, strengthening this study with
the analysis of some of the most relevant substructures of these. The results
of both this section and Section 4 are summarized in the following remark.

Remark 3. Given a (k,U)-umbrella G, the following properties hold:

e If G has no odd valleys then G in mnQ (this holds in particular if
U|=2k+1);

e clse, if G has no odd blocks then G € Q;

e clse, if G has an odd block adjacent to an odd valley (i.e., it has an odd
whale), then G ¢ Q.
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6. Final remarks

In this work, we present a variant of the persistency property studied in
Rodriguez-Heck et al. (2022), which we call the 1-persistency. We analyze
this property on the clique relaxation of the stable set polytope, which is
stronger than the edge relaxation (studied in Nemhauser & Trotter (1975)
and Rodriguez-Heck et al. (2022)). We provide sufficient conditions for a
graph to belong to the family of Q-persistent graphs, i.e., the graphs for
which the clique relaxation is 1-persistent. We prove that this property is
hereditary and based on this, we present families of forbidden minimal struc-
tures for it. We focus on a graph family which we call (k, U)-umbrella graphs
and we perform a deep study on the structure of these graphs, providing a
partial characterization of these with respect to Q-persistent graphs (see Re-
mark 3 in Section 5). In view of these results, two lines of future research
arise. The first one is to complete the picture of umbrella graphs having an
odd valley and one odd block (nonadjacent) in the graph. The second one, is
to complete the study of graphs having a bad paw but with an odd antihole
as an induced subgraph, as in the family Ag. Our next step is to continue in
this line with the aim of fully characterizing mnQ graphs.

As we briefly mention in Section 1, studying persistency properties on
polytopes may be useful in practice, as it allows us to reduce the size of the
problem by fixing some variables to provable optimal integer values. These
variable fixings may be used whenever a fractional optimal solution for a
persistent relaxation of the problem contains integer values. It is worth noting
that these fixings may be further incorporated into classical branch-and-
bound algorithms, provided that the subproblems created by the branching
rules preserve the persistency property (e.g., for the continuous relaxation).
To this end, after finding an optimal fractional solution on a relaxation,
variable fixings may be safely applied even before performing the branching
step. Afterwards, the branch-and-bound algorithm may continue as usual,
thus repeating the variable fixing step before every branching.

An interesting novel line of work. Variable fixings due to persistency could
also be incorporated into a classical cutting-planes procedure: after finding an
optimal fractional solution on a relaxation, variable fixings may be applied
before the addition of valid inequalities (to cut-off the fractional solution)
and the re-optimizing step. However, to iterate this idea safely, we should
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ensure that every added inequality preserves the persistency property of the
obtained relaxation. Since different valid inequalities may lead to different
relaxations, this suggests an interesting line of work, namely, the study of
the persistency-preservation property of a valid inequality with respect to a
given relazation. If a cutting-planes algorithm only uses valid inequalities
that preserve the persistency property of the relaxation, then variable fixings
may be safely applied at every cutting round. We propose to refer to this
scheme as a cut-and-fix algorithm (or branch-and-cut-and-fiz if it is combined
with a branch-and-bound technique). In this work, we focus on the study
of the persistency property on known relaxations, not on individual valid
inequalities. However, we believe that our results may be used as a starting
point for this novel line of work in the polyhedral combinatorics field.
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Appendix A. Proof of Lemma 1 and Lemma 3

Proof of Lemma 1.

i) =) Let x = (0,2y_gu) be a vertex of QSTAB(G). If xy_g,) is not
a vertex of QSTAB(G — u), then there exist 4!, 9% € QSTAB(G — u), with
9t # 4%, and X € (0,1) such that

/\Q1 + (1 - /\)Q2 = TV —{u}-
Define y/ = (0,97) for j € {1,2}. It is clear that y’ satisfies all the nonnega-

tive inequalities and all the inequalities associated to maximal cliques of G,
hence ¢/ € QSTAB(G). Moreover,

Myt (1= Ny =,
which contradicts that x is a vertex of QSTAB(G). Hence, xy_(,) must be
a vertex of QSTAB(G — u).
<) Consider a point z = (0,2y_g,)) such that xy_g,; is a vertex of
QSTAB(G — u). If x is not a vertex of QSTAB(G), then z = Ay’ + (1 — \)y?
for some y',y* € QSTAB(G), y' # v*, and A € (0,1). Hence,

Ayy + (1= Ny, =0,

which implies that y! = 32 = 0 since y},y> > 0. Then, y‘l/f{u} #+ y%f{u},

as y' # y* Since y{/_{u} € QSTAB(G — u) for j € {1,2}, and zy_p, =
Ay‘l/_{u}—i—(l—)\)y‘?/_{u}, we have that zy_(,) is not a vertex of QSTAB(G —u),
a contradiction.

i1) The proof is analogous to the previous one, so we omit it. O]

Proof of Lemma 3. Let G be the 1-sum at v of two graphs, Gy = (Vi, Ey)
and Gy = (Vs, Ey), where V; NV, = {v}. Note that any maximal clique of G
is either a maximal clique of Gy or G, i.e., K(G) = K(G1) U K(G2). This
implies that € QSTAB(G) if and only if xy. € QSTAB(G;), for i € {1,2}.

Let z € QSTAB(G). Name n the maximum number of linearly inde-
pendent inequalities describing QSTAB(G) that Z satisfies at equality, and
n; the maximum number of 1i. inequalities describing QSTAB(G;) that zy,
satisfies at equality, for i € {1,2}. Hence, n < ny + ny. If ny < |V3| and
ng < |Va|, then

n<n +ne < |‘/1|+|‘/2| —1= ’V(G)|,

thus 7 is not a vertex of QSTAB(G).
Therefore, if 7 is a vertex of QSTAB(G) then, for i = 1 or i = 2, n; = |V}|
holds, implying Zy; is a vertex of QSTAB(G;). O
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Appendix B. Technical results on vertices of QSTAB(G) for (k,U)-
umbrella graphs

In this section we have included those lemmas that helped us to charac-
terize the structure of the vertices of the clique relaxation of the stable set
polytope for umbrella graphs.

Lemma 12. Let G = G(k,u,v,U) be an umbrella graph and x a vertex of
QSTAB(G) with z, > 0. Then, there exists a vertex y of QSTAB(G) with
Yu = 0, y, = x, and such that if y is half-integral then x is half-integral.

Proof. Note that, by the structure of the umbrella graphs and as z > 0,
T = (2, Tv(g—u)) € QSTAB(G) if and only if 2y ¢y € QSTAB(G — u) and
Ty + 1y <1

The proof relies on the following claims.

Claim 5. z, > 0 implies x, + x, = 1.

Consider the points y, 2 € QSTAB(G) with y = (0, zy(¢—u)) and z = (1 —
Ty, Ty(G—u))- We have that © = Ay+(1—X)z where A = (1 -z, —,) /(1 —x,)
and 0 < XA < 1, as z, > 0. Moreover, as x is a vertex of QSTAB(G), it must
be A = 1, hence x = z, so it satisfies z, = 1 — x,,.

Claim 6. zy(G_q) is a vertex of QSTAB(G — u).

Otherwise, assume that there exist g, 2 € QSTAB(G — u) and A € (0,1)
such that zyG_y) = Ay + (1 — X)2. Then, both (1 — g,,9) and (1 — Z,,2)
belong to QSTAB(G) and give = as a convex combination of them. This
contradicts that z is a vertex of QSTAB(G).

Therefore, xy(c_v) is a vertex of QSTAB(G — u), and Lemma 1 implies
y = (0,2v(c—u)) is a vertex of QSTAB(G). Note that y, = 0 and y, = .
Furthermore, if y is half-integral, given that x, + x, = 1, it follows that x is
half-integral. m

Lemma 13. Let G = G(k,u,v,U) be an umbrella graph and x € RV ¢
vertex of QSTAB(G). Ifx(Q;) < 1 and x(Q;+r) < 1 for somei,i+r € [2k+1]
such that [vit1, visr| C If(x), then there exists a trivial block [v;i;] for some
j € [r] such that x, + x,,,, = 1.

Proof. Otherwise, suppose that the vertex x satisfies z(Q;) < 1, 2(Q;4,) < 1
and, for all j € [r], 0 < z,,,, < 1and x,+x,,, <1if [v;,] is a trivial block.
Then, all the following terms are strictly greater than 0:
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e min{l — z(Q;),1 — x(Qir.)},
e min{z,_ ,1—x,_,} forall j € [r],
¢ 1 -, —um,,, forall j € [r] with [v;,] a trivial block.

Let € be a positive number not greater than any of the terms above. Con-
sider the sets of nodes V, = {v;4; : j € [r],j odd} and V. = {v,y; : j €
[7],j even}, and define y = z+¢(x"> — x*) and z = z —€(x** — x"*). Hence,
y,z > 0 and both satisfy all clique inequalities, thus y,z € QSTAB(G).
But this is a contradiction to the fact that z is a vertex of QSTAB(G), as
T = %y + %z

O

Lemma 14. Let G = G(k,u,v,U) be an umbrella graph and x € RV ¢
vertex of QSTAB(G) with x, = % If v, =y, = % for some v;,v;y, € U
such that [v;,vi,] C If(x), then ., = 5 for all j € [r].

Proof. 1t will suffice to consider the case in which there are no trivial blocks
[Tu,.,], € [r — 1], such that z, + z,,; = 1. In other words, v;; satisfies

Vitj ¢ U or Loy j # %7
for all j € [r — 1]. The general case is followed by repeatedly applying this
one between two such trivial blocks.

Under this assumption, Lemma 13 and the hypothesis x, = % imply there
is at most one j € [r] such that 2(Q;+;_1) < 1. Let 5’ be such an index,
and then z(Q;1;-1) = 1 for all j € [r], j # j/. If j/ > 1, since z, = x,, = 3
and z,,,, > 0, it follows that Q; € Q*(G) and z,,,, = 3. Repeating the
argument, we obtain Q;4;_1 € Q*(G) and Lo, = % for all j € [j/ —1]. In
particular, z,  , = % This holds trivially if j/ = 1.

Given that z,,,, = 1, an analogous reasoning shows that Lo, , = 1. Then
Qirj—1 € Q*(G) and x(Q;4-1) = 1, thus a contradiction.

Therefore, x(Q;4;—1) = 1 for all j € [r]. Reasoning as above, this implies
Ty, = 3 for all j € [r].

O

Lemma 15. Let G = G(k,u,v,U) be an umbrella graph and x a vertezx of
QSTAB(G) such that v, = 3.

2

32



(a) If x,, = 1 and w,,,, = 0 (or vice versa) for some i,i+r € [2k + 1]
such that Q;y,—1 € Q*(G) for all q € [r], then there exists ¢ € [r — 1]
such that x(Qiy+y) < 1.

(b) If B(i,2m) is a nontrivial even block of G such that .TT(QH_[] 1) =1 for
all ¢ € [2m], then x,,,,, = ©,, and Ty, .., = To,,, = 5 — To,, for all
t € [m]. In particular, x,, = x,,,,, -

2

Proof. Recall that x is half integral by Lemma 11.

(a) Let t = min{q € [r] : zi4g = 0}. Then x4y = 3, Ty = 3 and
Qi+t—1 c Qz(G), hence x(Qi—i—t—l) < 1.
(b) It follows directly from equations z, + %y, , + Zu,., = 1, ¢ € [2m],

since x, = %

]

Lemma 16. Let G = G(k,u,v,U) be an umbrella graph with no odd blocks
and x a mized integer vertex of QSTAB(G) such that x, = 3. Let P =
[Vi, vi] be a path inducing set of nodes satisfying x(Qirq—1) = 1 for all
q €[], x(Qi—1) <1 and x(Qiyy) < 1. If PN Ii(z) # 0, then | is an even
number and x,,,, > 0 if and only if q is odd, for all ¢ € {0} U [I].

Proof. Let G, x and P be as in the hypothesis, with P N I;(z) # 0. By
Lemma 11, x is half-integral.

A major part of the proof consists of showing that z,, = z,,,, = 0. Note
that x,, # 1, since z,, < z(Q;—1) < 1. Similarly, (Q;4;) < 1 implies
Ty, # 1. Hence, z,,, z,,,, € {0,3}.

Assume z,, = 1 Denote 7y, and rpax the minimum and the maximum

2
of {r € [l = 1] : x4, = 1}, respectively. Note that 0 < rpim < Tmax < [

In order to attain a contradiction by using Lemma 15(a), let us show that
Qirg € Q*(G) for all ¢ € {0} U [rmim — 1]. Suppose otherwise that Qi €
Q*(Q) for some ¢’ € {0} U [rmin — 1]. As G has no odd blocks by hypothesis,
Qi+y belongs to a nontrivial even block, say B(i + ¢, 2m).

The assumption z,, = 3 implies z,, , = 0and Q;_1 € Q*(G), as x(Q;_1) <
1. Similarly, since x,,, —=1and (Qitr,,,—1) =1, thenz,, ., =0and
Qitrpin—1 € Q*(G), because vv,,,. ¢ E(G), as z, = 5. This implies that
B(i+q¢',2m) C [vi, Vigr -1

We may conclude that Ty, , = 0 using the following claim, which we
prove below.
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Claim 7. If B(i+q, 2m) is a nontrivial even block such that B(i+q,2m) C P,
then x,,, = 0.

Hence, as x,, = 3, ¢ > 1. Then, since Qi1y—1 € Q*(G) by the definition
of a block and z(Q;1y—-1) = 1, it follows Ty, , = 1, with qd — 1 < Twmin,
contrary to the definition of r,,;,. We conclude that Q;y, € Q*(G) for all
qc {O} U Hrmin — 1]]

Hence, as z,, = % and z,,,, =0, Lemma 15(a) leads to a contradic-
tion to the conditions of P. Therefore, x,, = 0.

To prove that ,,,, = 0, suppose that z,,,, = 5. With a similar argument
as before, and using Lemma 15(b), we may conclude that Q;;, € Q*(G) if
rmax < ¢ < | — 1, which gives again a contradiction to the conditions of P,
by Lemma 15(a).

It remains to prove that [ is an even number and z,,, > 0 if and only if
q is odd, for all ¢ € [l — 1]. This will follow from the next claim.

Claim 8. z,_, > 0 implies x,,, ,, >0, for all ¢ € [l - 2].

Notice that, since x,, = 0 and x(Q;) = 1, it follows that z,, , = 1 if
Q: € Q*G) and z,,,, = % if Q; € @*(G), so in any case, z,,,, > 0. Hence,
Claim 8 implies ,,,, > 0 for all odd ¢ € [[]. Therefore, [ is even, as z,,,, = 0.
Moreover, z,,, = 0 for all even ¢ € [I], since otherwise Claim 8 would imply
To,, > 0.

Hence, x,,,, > 0 if and only if ¢ is odd, for all ¢ € {0} U [I].

We now prove Claim 7. Let us first assume that there is a nontrivial even

block B(i + ¢,2m) C [0, Viyr,,—1) with ,,, = 3. Under this assumption,
Lemma 15(b) implies z,,, ,,, = % Let v;4; be the last node of the last
nontrivial even block contained in [v;, vity,,—1] with z,,,, = 1, L.e., ¢ is the

2
maximum of the set of indices

1
{q € [rmin — 1] : 3 B(i +q —2m',2m") C [v;, Vigrpu1]s Ty, = 5,m’ € N} .

Let us show that Q;, € Q*(G) for all ¢ such that ¢t < ¢ < ry, — 1.
If this were not the case, there exists an even block B(i + ¢/, 2m) included
in [Viye, Vitr,,. —1]. Moreover, the definition of ¢ implies Ty, = 0. Hence,
T gy =1, a8 Qitqg—1 € Q*(G) and z(Qi1y—1) = 1. But this is a contradic-
tion to the definition of r;,.
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Therefore, since z,,,, = 1 and =, tr 1 = 0, Lemma 15(a) implies that

2(Qiry) < 1 for some t < ¢ < 7y — 2, contradicting the conditions of P.

This proves that there is no nontrivial block B(i + ¢,2m) C [v;, Vipr,. 1]
with z,, = %
We may prove analogously that there cannot be a nontrivial even block

B(Z + q7 2m) g [vi+rrrlax+17 Ui"v‘l] Wlth w'UH»q = %

Finally, consider ry,7y € [I] such that z,,,, = z,, = 1and z,,; €
{0, %} if 11 < j < ry. If there were a block B(i 4+ ¢,2m) C [Vi1y 41, Vitry—1]
with z,, = %, by the same reasoning as before, Lemma 15(a) would imply
a contradiction to the definition of P.

Since z is half-integral and v;,4 cannot belong to a block if x,,, =1 as
z, = 3, we obtain that, if B(i + ¢,2m) is a nontrivial even block such that
B(i+q,2m) C P, then z,,,, = 0.

To proof Claim 8, consider ¢ € [l — 2] with z,,, € {%, 1} Ifz,,, =1
then z,,, ., =0, and then z,,, ., >0, as 2(Qirq41) = 1.
1

Suppose T,,, = 3. On one hand, if z,,, ., = 0 we get x,, ., > 0,

because 2(Qiyg+1) = 1. On the other hand, suppose ., ., = 3. This
implies Qi1q € Q*(G). If . ., = 0, then Qiygy1 € Q*(G), so there is
a nontrivial even block B(i + g + 1,2m) such that its first node satisfies
Topygrr = %, a contradiction to Claim 7. Therefore, z,,, ., = % > 0, and the

proof is completed. O
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