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Abstract

For verifying the safety of neural networks (NNs), Fazlyab et al. (2019) introduced a
semidefinite programming (SDP) approach called DeepSDP. This formulation can be
viewed as the dual of the SDP relaxation for a problem formulated as a quadratically
constrained quadratic program (QCQP). While SDP relaxations of QCQPs generally
provide approximate solutions with some gaps, this work focuses on tight SDP relax-
ations that provide exact solutions to the QCQP for single-layer NNs. Specifically, we
analyze tightness conditions in three cases: (i) NNs with a single neuron, (ii) single-
layer NNs with an ellipsoidal input set, and (iii) single-layer NNs with a rectangular
input set. For NNs with a single neuron, we propose a condition that ensures the
SDP admits a rank-1 solution to DeepSDP by transforming the QCQP into an equiv-
alent two-stage problem leads to a solution collinear with a predetermined vector. For
single-layer NNs with an ellipsoidal input set, the collinearity of solutions is proved via
the Karush-Kuhn-Tucker condition in the two-stage problem. In case of single-layer
NNs with a rectangular input set, we demonstrate that the tightness of DeepSDP
can be reduced to the single-neuron NNs, case (i), if the weight matrix is a diagonal
matrix.
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1 Introduction

Neural networks (NNs) have gained significant attention over the past two decades due to
their theoretical foundations and practical applications in various fields, including image
processing [10], sound recognition [7], and natural language processing [14, 15]. Ensuring
the robustness and safety of NNs against adversarial perturbations to test inputs is a key
challenge in safe machine learning. To address this issue, we present a semidefinite pro-
gramming (SDP) verifier for a neural network by showing that the SDP relaxation provides
exact solutions under suitable assumptions.

Consider an L-layer feed-forward NN [15] described as a function f : Rn0 → RnL+1 of
form:

xk+1 := ϕ
(
W kxk + bk

)
, k = 0, . . . , L− 1,

f(x0) := WLxL + bL,

}
(1)

where x0 ∈ Rn0 is the input vector, xk ∈ Rnk (k = 1, . . . , L) corresponds to the neurons in
the kth layer. The matrix W k ∈ Rnk+1×nk and the vector bk ∈ Rnk+1 are referred to as the
weight matrix and bias vector at the kth layer, respectively. The function ϕ(x) is a vector-
valued function where each element is an activation function. In this paper, we are interested
in the rectified linear unit (ReLU) activation function, that is ϕ(x)i = max{αxi, βxi} with
α < β for every i ∈ N. The ReLU function can be emulated with three quadratic constraints:

(ϕ(x)i − αxi)(ϕ(x)i − βxi) = 0, ϕ(x)i ≥ αxi, ϕ(x)i ≥ βxi. (2)

As a result, the NN in (1) can be formulated as a quadratically-constrained quadratic
programs (QCQP) with an appropriate objective function.

It is well known that small input perturbations ε in NNs can lead to significant changes in
the output f(x0+ε) [23, 27], which makes NNs vulnerable to adversarial inputs that produce
incorrect results. This vulnerability undermines safety-critical applications including self-
driving cars. To model the vulnerability behavior of NN (1), optimization methods such as
QCQPs have been proposed with expressing the ReLU function as quadratic inequalities.
Specifically, mixed-integer linear programming programs have been incorporated into the
algorithms in [4, 8, 21, 28] and the duality of the convex relaxation has also been used in
[9, 25, 30].

The SDP relaxation has been extensively studied as a powerful tool for generating ap-
proximate solutions to QCQPs [13, 22]. To address the robustness of NNs, Zhang [31]
proposed a tight semidefinite program (SDP) relaxation by analyzing the collinearity of
solutions of the SDP relaxation and presenting a condition under which the optimal value
of the SDP relaxation is equivalent to that of the QCQP formulated for a single-layer NN.
Based on this result, the approach in [31] was able to generate adversarial inputs with high
accuracy.

Another approach that employs SDP relaxations to understand the vulnerability behav-
ior of NNs is DeepSDP, which was recently proposed by Fazlyab et al. [11, 12]. DeepSDP
has been developed in the context of safety verification [16, 17]. To evaluate the safety of
NNs, safety verification determines whether the output set f(X ) := {f(x0) | x0 ∈ X},
where X ⊂ Rn0 is a given input set, remains within a predefined safety specification set
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Sy ⊂ RnL+1 . Fazylab et al. [11, 12] employed the S-lemma to formulate DeepSDP as the
following SDP problem:

min
P,Q,S

g(P,Q, S)

s.t. Min(P ) +Mmid(Q) +Mout(S) ⪰ O,
P ∈ PX , Q ∈ Qϕ, S ∈ S,

(3)

where g is a convex function, PX , Qϕ, and S are matrix sets representing the domain space
of variables. The set PX describes the information of the input set X , Qϕ emulates the
ReLU activation function ϕ, and S specifies a safety specification set Sy ⊆ RnL+1 , where

RnL+1 denotes the nL+1-dimensional Euclidean space of column vectors y =
[
y1, . . . , ynL+1

]T
.

The three functions Min, Mmid and Mout lift up the three variable matrices P,Q, S to an
appropriate dimension, and X ⪰ O denotes that X is positive semidefinite. Fazlyab et
al. [11, 12] showed that if (P,Q, S) is a feasible solution (3), DeepSDP provides an safety
specification set Sy ⊂ RnL+1 that encompasses the output set f(X ) (see Theorem 3.1 in
Section 3.3 for details).

DeepSDP is less accurate than other safety verification methods as shown in [24], since
(3) is not always tight for the corresponding QCQP. In this paper, we investigate the
tightness of DeepSDP (3) as the SDP relaxation for the QCQP, using the collinearity.
It should be noted that the approach in Zhang [31] is inapplicable to DeepSDP (1), since
DeepSDP (1) includes the information of the input set X and the safety verification set
Sy. Our approach is to show the collinearity utilizing the second projection theorem [5,
Theorem 9.8] and the Karush-Kuhn-Tucker conditions.

The main contribution of this paper is to provide tightness conditions for DeepSDP (3) in
(i) single-neuron NNs, i.e., L = 1 and n0 = n1 = n2 = 1; (ii) single-layer NNs with ellipsoidal
inputs X and polytope safety specification set Sy; and (iii) single-layer NNs with rectangular
inputs X and polytope safety specification set Sy. Whether DeepSDP can provide a robust
or exact solution can be analytically determined by examining the conditions. For (ii) and
(iii), we consider the cases where X is an ellipsoid and a hyper-rectangle as the neighborhood
{x ∈ Rn0 | ∥x− x̂∥ ≤ ε} around the true input x̂ is commonly used for the input set X to
evaluate uncertainty, where ∥ · ∥ is the ℓ1-norm or ℓ2-norm, and ε ∈ R is a given value.
The problem in [31], while focusing on the tightness of the SDP relaxation in single-layer
NNs, was not related to safety verification. In this paper, we present tightness conditions
for the SDP relaxation applied to safety verification, particularly, in the estimation of the
minimum safe specification set.

This paper is organized as follows. In Section 2, we describe SDP relaxations of QCQPs
and the collinearlity-based tightness condition in Zhang [31]. Section 3 gives a concrete
formulation of DeepSDP and discusses its tightness as the SDP relaxation. Sections 4 and
5 include the main results of this paper. In Section 4, we provide a tightness condition for
DeepSDP (3) in case of a single-neuron NN. In Section 5, we derive tightness conditions
for DeepSDP (3) with respect to two different shapes of input sets. We finally conclude in
Section 6.
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2 Preliminaries

2.1 Notation

The symbol Rn
+ denotes the set of nonnegative vectors in Rn. Let 0 ∈ Rn and 1 ∈ Rn be

the zero vector and the vector of all ones. We also let ei ∈ Rn be the ith unit vector of an
appropriate length, i.e., (ei)i = 1 and (ei)k = 0 for all k ̸= i. We denote by Sn the set of
the n × n symmetric matrices. For any symmetric matrices A,B ∈ Sn, A • B denote the
Frobenius inner product of A and B defined as A •B := tr(AB) =

∑n
i=1

∑n
j=1AijBij. For a

subset S ⊂ Ω, 1S(·) denotes the indicator function of S, i.e., 1S(x) = 1 if x ∈ S; 1S(x) = 0
otherwise. A matrix diag(x) denotes a diagonal matrix whose diagonal elements are x.

Let N :=
∑L

k=1 nk be the total number of neurons in the entire network. If X ⊆ Rn0

is a given input set of NN (1), the output of f on X is Y := {f(x0) ∈ RnL+1 |x0 ∈ X}.
Moreover, for the input set X in (1), the sets X0, . . . ,XL are defined by X0 := X and
Xk+1 :=

{
ϕ(W kxk + bk)

∣∣xk ∈ Xk}.
2.2 Tight SDP relaxations of QCQPs and strong duality

We consider an inequality standard form QCQP:

min
x

xTQ0x+ 2(q0)Tx

s.t. xTQkx+ 2(qk)Tx ≤ bk, k = 1, . . . ,m,
x ∈ Rn.

(4)

As QCQPs are generally nonconvex, a well-known approach for obtaining a good approxi-
mate optimal value is to use SDP relaxations. The SDP relaxation of (4) can be expressed
as:

min
x,X

Q0 •X + 2(q0)Tx

s.t. Qk •X + 2(qk)Tx ≤ bk, k = 1, . . . ,m,[
1 xT

x X

]
⪰ O,

(5)

where X is a n × n symmetric matrix. The optimal value θ of (4) is generally bounded
by the optimal value ζ of (5) from below, i.e., θ ≥ ζ. If θ = ζ, we say that the SDP
relaxation (5) is tight (or equivalently, exact). It is well known that (5) is tight if and only
if (5) has a rank-1 solution. A great deal of studies has been conducted for the tight SDP
relaxation as the exact optimal value and/or solution of (4) can be computed in polynomial
time with the SDP relaxation [1, 2, 3, 6, 18, 20, 26, 29].

The dual problem of (5) is

max
ξ,ψ

−bTξ + ψ

s.t.

[
−ψ (q0)T

q0 Q0

]
+

m∑
k=1

ξk

[
0 (qk)T

qk Qk

]
⪰ O,

ξ ≥ 0.

(6)
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The optimal values of SDP (5) and its dual problem (6) generally do not coincide. The
following lemma is used in [3] for strong duality, and it is based on the sufficient conditions
in [19, Corollary 4.3].

Lemma 2.1. [3, Lemma 3.3] If the pair of (5) and (6) satisfies both conditions:

(i) both (5) and (6) have optimal solutions; and

(ii) the set of optimal solutions for (6) is bounded,

then strong duality holds between (5) and (6), i.e., they have optimal solutions and their
optimal values are finite and equal.

By Lemma 2.1, we see that if (5) is tight for (6) and strong duality holds between (6)
and (5), then (6) is also tight for (6). In Sections 4 and 5, we demonstrate that the dual
of DeepSDP (3) is tight under certain assumptions. Therefore, verifying strong duality
between DeepSDP (3) and its dual is crucial when estimating the safety specification set
with DeepSDP (3).

2.3 Existence of a rank-1 solution in rank-constrained SDP

This section describes a necessary and sufficient condition in Zhang [31] for ensuring that
a given rank-constrained SDP has a rank-1 matrix solution. This condition is related to
the tightness of the SDP relaxation, as shown in Lemma 2.3 below. Consider the SDP
relaxation (5) with an additional rank constraint rank(X) ≤ p of the following form:

min
x,X

Q0 •X + 2(q0)Tx

s.t. Qk •X + 2(qk)Tx ≤ bk, k = 1, . . . ,m,

G :=

[
1 xT

x X

]
⪰ O, rank(X) ≤ p.

(7)

The problem (7) reduces into the SDP relaxation (5) if p = n. Obviously, if (7) has a rank-1
solution for any p ≥ 1, then (5) also admits a rank-1 solution. Therefore, (5) is a tight
relaxation of (4).

The key idea in [31] for analyzing a rank-1 feasible solution of (7) is to express G in
terms of the Gram matrix. Fix an arbitrary vector e ∈ Rp such that ∥e∥ = 1. New variables
u1, . . . ,un ∈ Rp are introduced to substitute x and X with

G =

[
eTe xT

x X

]
=


eTe eTu1 eTun

eTu1 (u1)
T
u1 (u1)

T
un

eTun (un)T u1 · · · (un)T un

.
The rank-1 condition rank(G) = 1 holds if the vectors u1, . . . ,un and e are all collinear.

Definition 2.2. The vectors u1, . . . ,un and e are all collinear if
∣∣eTui

∣∣ = ∥ui∥ for all
i ∈ {1, . . . , n}.
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By substituting G in (7) with the above Gram-matrix representation, (7) can be refor-
mulated as a nonconvex optimization problem in variables u1, . . . ,un ∈ Rp:

min
u1,...,un

n∑
i=1

n∑
j=1

Q0
ij (u

i)
T
uj + 2

n∑
i=1

q0i e
Tui

s.t.
n∑
i=1

n∑
j=1

Qk
ij (u

i)
T
uj + 2

n∑
i=1

qki e
Tui ≤ bk, k = 1, . . . ,m,

u1, . . . ,un ∈ Rp.

(8)

The following lemma allows us to determine whether (7) is a tight relaxation for the original
problem.

Lemma 2.3. Fix e ∈ Rp with ∥e∥ = 1. Then, the following two conditions are equivalent.

(i) the problem (7) has a rank-1 matrix solution.

(ii) the problem (8) has an optimal solution (u1)∗, . . . , (un)∗ which are collinear with e.

When either of (i) and (ii) holds, (7) is a tight relaxation for (4). In addition, x∗ and

(x∗, X∗) are optimal solutions of (4) and (7), respectively, where x∗ :=
[
eT(u1)∗ · · · eT(un)∗

]T
and X∗ := x∗ (x∗)T.

Proof. The equivalence between (i) and (ii) follows from [31, Theorem A.2]. Since (7) has
a rank-1 solution, it is a tight relaxation for (4), as mentioned in Section 2.2.

The direction e ∈ Rp can be fixed for the discussion here, as described in Appendix A
of [31]. For instance, let us consider a case that, after solving (8) with e = ē, we wish to
have a rank-1 solution of (8) with e = ê. We can find an orthonormal matrix U ∈ Rp×p

such that ê = U ē by the Gram-Schmidt process. Let ū1, . . . , ūn be an optimal solution
of (8) with e = ē. Then, for all pair (i, j) ∈ {1, . . . , n}2, we have (ūi)

T
ūj = (U ūi)

T
U ūj

and ēTūj = (U ē)T U ūj = êTU ūj. By taking ûi := U ūi for all j ∈ {1, . . . , n}, an optimal
solution (û1, . . . , ûn) of (8) with e = ē is obtained. Therefore, we may assume that e = e1

in the proofs without loss of generality throughout the paper.

3 Tight SDPs for NNs

In this section, we first describe the safety specification set of DeepSDP (3). The connection
between the tightness of (3) and its accuracy is presented in Section 3.4. Throughout,
DeepSDP (3) with the standard ReLU activation function ϕ is discussed, i.e., ϕ(x)i =
max{0, xi} holds.

3.1 Safety specification sets

To verify the safety of an input set X , it is important to analyze the subset relationship
between a given set Sy and the image of X under f , given by

Y := f(X ) =
{
f(x0)

∣∣x0 ∈ X
}
.
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Let X be an input set that either contains uncertainty or represents an adversarial attack
that we wish to evaluate. We define a safety specification set Sy ⊂ RnL+1 such that, for
every x0 ∈ X , it represents the range over which the output value f(x0) can be correctly
interpreted. If Y ⊆ Sy, then for any x0 ∈ X , the value f(x0) is unaffected by uncertainty
or adversarial attacks. Thus, the inputs X for the NN is considered safe. To represent
candidate safety specification sets, DeepSDP (3) uses the matrix set S ⊆ S1+n0+nL+1 , where
S1+n0+nL+1 is the space of symmetric matrices of dimension 1 + n0 + nL+1.

3.2 Quadratic constraints in DeepSDP (3)

We describe the quadratic constraints that constitute DeepSDP (3). In Section 3.2.1, we
define the matrix set PX used in (3). Quadratic constraints to encode the ReLU func-
tions ϕ are discussed in Section 3.2.2. Section 3.2.3 formulates valid cuts which strengthen
constraints in DeepSDP (3). (See [12] for details.)

3.2.1 Quadratic representation of input sets

For the nonempty input set X ⊆ Rn0 of the NN, PX ⊂ Sn0+1 is defined as the set of all
symmetric indefinite matrices P ∈ Sn0+1 such that[

1
x0

]T
P

[
1
x0

]
≤ 0 for all x0 ∈ X . (9)

Obviously,

X ⊆
⋂

P∈PX

{
x0 ∈ Rn0

∣∣∣∣∣
[
1
x

]T
P

[
1
x

]
≤ 0

}
, (10)

and PX serves as an over-approximation to the input set X using an infinite number of
quadratic constraints. In [12], the set PX for common input set X was discussed. In
particular, for a hyper-rectangle X := {x ∈ Rn0 |x ≤ x ≤ x}, where x ∈ Rn0 and x ∈ Rn0

are the given lower and upper bounds, the over-approximation set PX can be described by

PX =

{[
2xT diag(γ)x −(x+ x)T diag(γ)
− diag(γ)(x+ x) 2 diag(γ)

] ∣∣∣∣γ ≥ 0

}
,

and (10) holds with equality.

3.2.2 Global constraints

Let φ : R → R be the standard ReLU function φ(x) = max{0, x}. We let ϕ(z) :=[
φ(z1) · · · φ(zN)

]T
of z ∈ RN since the NN (1) invokes N ReLU activation functions φ to

output f(x0). To simplify the subsequent discussion, we define wk := W kxk + bk ∈ Rnk+1

for every k = 0, . . . , L− 1 and w :=
[
(w0)T · · · (wL−1)T

]T ∈ RN .

As all activation functions in the NN (1) can be expressed in terms of ϕ(w), we now
discuss the constraints between w and ϕ(w). For all i = 1, . . . , N , the constraint φ(wi) =
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max{0, wi} for expressing the standard ReLU activation function can be equivalently trans-
formed into quadratic constraints

φ(wi) [φ(wi)− wi] = 0, φ(wi) ≥ wi, φ(wi) ≥ 0. (11)

Moreover, (11) can be equivalently rewritten in the matrix form: 1
w

ϕ(w)

T 0 0T 0T

0 O −eieT
i

0 −eieT
i 2eie

T
i

 1
w

ϕ(w)

 = 0, i = 1, . . . , N, (12a)

 1
w

ϕ(w)

T  0 eT
i −eT

i

ei O O
−ei O O

 1
w

ϕ(w)

 ≤ 0, i = 1, . . . , N, (12b)

 1
w

ϕ(w)

T  0 0T −eT
i

0 O O
−ei O O

 1
w

ϕ(w)

 ≤ 0, i = 1, . . . , N. (12c)

In [12], the constraints (12) were employed and referred to as global quadratic constraints.

We mention that Fazlyab et al. [12] also proposed weaker inequalities than (12), called
local quadratic constraints. The local quadratic constraints are not dealt with in this work,
since their descriptions require more assumptions on the input space X and the activation
function.

3.2.3 Valid cuts

Let w =
[
(w0)T · · · (wL−1)T

]T ∈ RN be a column vector. For the standard ReLU
activate function φ(x) = max{0, x}, the inequalities

[φ(wj)− φ(wi)] [φ(wj)− φ(wi)− (wj − wi)] ≤ 0 (13)

hold for all i, j (1 ≤ i < j ≤ N). These valid cuts that couple between neurons were called
as repeated nonlinearities in [12], since the same function φ repeatedly appears in the NN
for many neurons. The inequality (13) can be equivalently written as 1

w
ϕ(w)

T 0 0T 0T

0 O −(ei − ej)(ei − ej)
T

0 −(ei − ej)(ei − ej)
T 2(ei − ej)(ei − ej)

T

 1
w

ϕ(w)

 ≤ 0, (14)

for all i, j (1 ≤ i < j ≤ N).

The computation of f(x0) of the NN can be accelerated by computing φ in parallel.
While increasing the computational efficiency may be important, it is secondary to ensuring
the solution accuracy in this paper. Our primary focus is whether the constraints can serve
as valid cuts to improve the accuracy. In Sections 4 and 5, we prove that DeepSDP (3) is
tight under certain conditions without these valid cuts (14). This implies that the tightness
can be maintained even when valid cuts are added to (3).
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3.3 Formulation of DeepSDP

In this subsection, we present the formulation of DeepSDP (3). We now consider a QCQP
with the global quadratic constraints (see Section 3.2.2) and the repeated nonlinearities (see
Section 3.2.3):

min

 1
x0

WLxL + bL

T

H

 1
x0

WLxL + bL


s.t.

[
1
x0

]T
P

[
1
x0

]
≤ 0, ∀P ∈ PX ,

(12), (14), w := W

x
0

...
xL

+ b, ϕ(w) := E

x
0

...
xL

 ,
xk ∈ Rnk , k = 0, . . . , L,

(15)

where H ∈ S1+n0+nL+1 is a given coefficient matrix for finding an extreme point of the output
space RnL+1 and

W :=

 W 0 O
. . .

O WL−1

O
...
O

 , b :=

 b0

...
bL−1

 , E :=

E
1

...
EL

 .
Here, Ei ∈ Rni×(n0+···+nL) is a matrix such that Ei

[
x0; . . . ;xL

]
= xi, i.e., Ei extracts xi

from
[
x0; . . . ;xL

]
.

To simplify (15) by representing the variable vectors in the constraints as [1;x0; · · · ;xL],
we define three matrix functions:

Min(P ) =

[
1 0T

0 E0

]T
P

[
1 0T

0 E0

]
, Mmid(Q) =

1 0T

b W
0 E

T

Q

1 0T

b W
0 E

 ,
Mout(S) =

 1 0T

0 E0

bL WLEL

T

S

 1 0T

0 E0

bL WLEL

 .
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Then, the SDP relaxation of (15) is

min Mout(H) •G
s.t. Min(P ) •G ≤ 0, ∀P ∈ PX ,

Mmid

0 0T 0T

0 O −eieT
i

0 −eieT
i 2eie

T
i

 •G = 0, i = 1, . . . , N,

Mmid

 0 eT
i −eT

i

ei O O
−ei O O

 •G ≤ 0, Mmid

 0 0T −eT
i

0 O O
−ei O O

 •G ≤ 0, i = 1, . . . , N,

Mmid

0 0T 0T

0 O −(ei − ej)(ei − ej)
T

0 −(ei − ej)(ei − ej)
T 2(ei − ej)(ei − ej)

T

 •G ≤ 0, 1 ≤ i < j ≤ N,

G :=

[
1 xT

x X

]
⪰ O, x ∈ Rn0+N , X ∈ Sn0+N .

(16)

DeepSDP (3) is formulated as the dual problem of (16). Let λ, ν, η, and µ be dual
variables for (12a), (12b), (12c), and (14), respectively. The terms associated with Mmid,
among the terms in the Lagrangian function of (16), can be written as follows:

Qϕ :=


 0 Q12 Q13

QT
12 Q22 Q23

QT
13 QT

23 Q33

 ∣∣∣∣∣∣λ,ν,η ∈ RN
+ , µij ≥ 0, 1 ≤ i < j ≤ N

 ⊂ S1+2N

where

Q12 := νT, Q13 := −νT − ηT, Q22 := O, Q23 := − (diag (λ) + T ) ,

Q33 := 2 (diag (λ) + T ) , T :=
N−1∑
i=1

N∑
j=i+1

µij(ei − ej)(ei − ej)
T.

 (17)

With X , Qϕ, and S defined in Section 3.1, DeepSDP (3) can be obtained. We can also use
the following theorem in [12] to determine the safety specification set Sy of a given NN.

Theorem 3.1. [12, Theorem 2] Let (P,Q, S) be a feasible solution of (3). Then, for any
x0 ∈ X , it holds that  1

x0

f(x0)

T

S

 1
x0

f(x0)

 ≥ 0. (18)

Theorem 3.1 implies that once we find an optimal solution (P ∗, Q∗, S∗) of (3), the output
set Y is a subset of the safety specification set

Sy :=

y ∈ RnL+1

∣∣∣∣∣∣∣
 1
x0

y

T

S∗

 1
x0

y

 ≥ 0 for all x0 ∈ X

 .
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Strong duality (Lemma 2.1)

Tight if Lemma 2.3 holds

Primal SDP relaxation (5)

QCQP (4)

Dual SDP relaxation (6)

(16)

QCQP (15) for
safety verification

DeepSDP (3)
Correspondance

Tightness
in

this paper

Figure 1: Correspondence between QCQPs and DeepSDP for the tightness. The solid
lines display the equivalent optimal value of the problems. The wavy lines illustrate the
corresponding relationship between the two problems.

3.4 DeepSDP (3) and tight SDP relaxations

The tight SDP relaxation, discussed in the previous subsection, plays a crucial role for the
accuracy of a solution to DeepSDP (3). If the objective function h of (15) is linear or
quadratic, the problem (15) can be regarded as a QCQP (4). In fact, all the constraints of
(15) are at most degree 2, and each can be represented as[

1
x

]T [
b̃ q̃T

q̃ Q̃

] [
1
x

]
≤ 0

with x :=
[
x0; · · · ;xL

]
∈ Rn0+N , appropriate coefficients b̃ ∈ R, q̃ ∈ Rn0+N , and Q̃ ∈

Sn0+N . As DeepSDP (3) is the dual problem of the SDP relaxation (16) of QCQP (15),
the relationship between (15) and (3) is analogous to the relationship between the standard
QCQP (4) and its dual SDP relaxation (6). Figure 1 shows the correspondence between
(15) and (3). In the subsequent discussion, we refer to (16) as the primal SDP relaxation of
(15), and distinguish it from the dual SDP relaxation, DeepSDP (3). When strong duality
holds between these relaxations (3) and (16), (3) is a tight relaxation of (15) if and only
if (16) is also a tight relaxation of it, as shown in Figure 1. We focus on the tightness of
DeepSDP (3) for (15).

Since the cardinality of PX can be infinite, selecting the appropriate constraints is crucial.
In subsequent discussion, the structure of PX can be simplified by restricting the input set
X to an ellipsoid or a rectangle. With a given center x̂ and a radius ε, a ellipsoidal
input set can be represented by {x ∈ Rn0 | ∥x− x̂∥2 ≤ ε}; and a rectangular input set by
{x ∈ Rn0 | ∥x− x̂∥1 ≤ ε}.

Other factors can also affect the accuracy of DeepSDP (3). For example, if S does not
contain the necessary matrices to represent the true safety specification set, the recovered
set will not be minimal. We do not address other factors, such as the selection of S, in this
paper.
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4 Tightness of DeepSDP (3) for a single-neuron ReLU

network

We first analyze the tightness of DeepSDP (3) with a single-neuron case of the following:

f(x) = φ
(
x+ b0

)
, x ∈ X ⊆ R,

which is equivalent to the NN (1) with L = 1, n0 = n1 = 1, W 0 = W 1 = 1 and b1 = 0.
The output y := f(x0) is x1 in (1). In this case, the smallest safety specification set is
clearly X ∩ R+ as only one ReLU activation function is applied in the NN. The following
assumptions hold throughout this section.

Assumption 4.1. The input set X is a closed interval, i.e., X = {x |x ≤ x ≤ x̄} for some
x and x̄.

Assumption 4.2. The candidate of the safety specification set Sy on the output space is a
polytope.

Under these assumptions, the safety set Sy can be represented by a closed interval
[d, d], which can be further rewritten as {y ∈ R | y − d ≥ 0}∩

{
y ∈ R

∣∣−y − (−d) ≥ 0
}
. For

c ∈ {−1,+1} and d ∈ R, to determine whether f(x) lies within {y ∈ R | cy − d ≥ 0} for all
x ∈ X , we check if the following equation holds: 1

x
f(x)

T −2d 0 c
0 0 0
c 0 0

 1
x

f(x)

 ≥ 0.

By Assumptions 4.1 and 4.2, the matrix sets PX , Qϕ, and S can be written as

PX =

{[
2xx̄γ − (x+ x̄) γ

− (x+ x̄) γ 2γ

] ∣∣∣∣ γ ≥ 0

}
,

Qϕ =


 2b0ν ν −ν − η − b0λ

ν 0 −λ
−ν − η − b0λ −λ 2λ

 ∣∣∣∣∣∣λ, ν, η ∈ R+

 ,

S =


−2d 0 c

0 0 0
c 0 0

 ∣∣∣∣∣∣ d ∈ R

 ,

with γ, λ, ν, η ∈ R+ and d ∈ R. Since there is only one neuron, no constraints exist for
the relationship between two neurons, and the repeated nonlinearities do not appear, i.e.,
T = 0 in (3). Consequently, DeepSDP (3) for a single-neuron NN can be described as

max 2d

s.t.

 2xx̄γ − (x+ x̄) γ 0
− (x+ x̄) γ 2γ 0

0 0 0

+

 2b0ν ν −ν − η − b0λ
ν 0 −λ

−ν − η − b0λ −λ 2λ


+

−2d 0 c
0 0 0
c 0 0

 ⪰ O, γ, λ, ν, η ∈ R+, d ∈ R.

(19)
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Here, we maximize d under a fixed c as DeepSDP (3) is to find the minimum interval (the
minimal safety specification set).

By demonstrating that (19) is a tight SDP relaxation in the subsequent discussion,
we can obtain an optimal solution d∗, which is also an optimal solution of the QCQP
formulation (15).

4.1 Two-stage formulation

We derive a nonconvex optimization problem of the form (8) in this section.

The dual of the SDP (19) is:

min
x0,x1,X

0 0 c
0 0 0
c 0 0

 •G
s.t.

 2xx̄ − (x+ x̄) 0
− (x+ x̄) 2 0

0 0 0

 •G ≤ 0,

−2 0 0
0 0 0
0 0 0

 •G ≤ −2,2b0 1 −1
1 0 0
−1 0 0

 •G ≤ 0,

 0 0 −1
0 0 0
−1 0 0

 •G ≤ 0,

 0 0 −b0
0 0 −1
−b0 −1 2

 •G ≤ 0,

G :=

 1 x0 x1

x0

x1
X

 ∈ S3
+, x0, x1 ∈ R, X ∈ S2

+.

(20)

Note that (20) is a rank-constrained SDP (7) with p = 3, and corresponds to an SDP
relaxation of the following QCQP:

min
x0,x1

cx1

s.t. (x̄− x0) (x0 − x) ≥ 0, −2 ≤ −2,
x1 ≥ x0, x1 ≥ 0, x1 (x0 − x1) ≥ 0.

Since (5) is the primal SDP relaxation and (6) is the dual SDP relaxation, we now call (20)
a primal problem and DeepSDP (19) a dual problem.

Let e ∈ R3 such that ∥e∥ = 1. For u1,v1 ∈ R3, we let x0 = eTu1 and x1 = eTv1. We
substitute  1 x0 x1

x0

x1
X

 =

 eTe eTu1 eTv1

eTu1 (u1)
T
u1 (u1)

T
v1

eTv1 (v1)
T
u1 (v1)

T
v1

,
into (20) as shown in Section 2.3. Then, we obtain the following nonlinear optimization
problem:

min
u1,v1

ceTv1

s.t. eTv1 ≥ eT (u1 + b0e) , eTv1 ≥ 0, ∥v1∥22 ≤ (u1 + b0e)
T
v1,

∥u1 − x̂e∥22 ≤ ρ,

(21)
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where x̂ = (x+ x̄) /2, and ρ = x̂2 − 2xx̄. The problems (20) and (21) correspond to (7)
and (8), respectively. The tightness of (19) can be determined by testing whether all the
optimal solutions (21) are collinear with e.

Analyzing directly the collinearity of all optimal solutions is, however, challenging. To
address this difficulty, we decompose (21) into two-stage problems, and then combine their
optimal solutions. Using the approach in [31], the first-stage problem of the decomposed
problem can be described as

min
v1

ceTv1

s.t. eTv1 ≥ 0, Φ(v1) ≤ ρ,
(22)

and the second-stage problem

Φ(z) := min
u1

∥u1 − x̂e∥22
s.t. eTz ≥ eT (u1 + b0e) , ∥z∥22 ≤ (u1 + b0e)

T
z.

(23)

We note that the variables of the two-stage problem are different from those in [31]. Specif-
ically, the variable of the first-stage problem (22) is x1 (the output of NN), while that in
[31] is x0 (the input of NN).

4.2 Analyzing the tightness

Lemma 4.3. Suppose that e ∈ Rp satisfies ∥e∥ = 1, z ∈ Rp is a feasible point of (22),
x̂ ≥ 0, b0 = 0, and the feasible set of (23) is nonempty. Then, (u1)

∗ := z is a solution of
(23). In addition, Φ(z) = ∥z − x̂e∥2 follows.

Proof. Let F be the feasible set of (23). Without loss of generality, we may assume that
e = e1. Using this and b0 = 0, the first constraint in (23) is z1 ≥ u11, where z1 is the first
element of z. Thus, (23) can be equivalently rewritten as

min
u1

∥u1 − x̂e1∥22
s.t. z1 ≥ u11, ∥z∥22 ≤ (u1)

T
z.

(24)

It suffices to show that z is an optimal solution of (24). For the boundaries of two constraints

in (24), we define H1 := {z1} × Rp−1 and H2 :=
{
u1 ∈ Rp

∣∣∣ ∥z∥22 = (u1)
T
z
}

where z1 is

the first element of z. From the constraint ∥z∥22 = (u1)
T
z in H2, the hyperplane H2 is

perpendicular to z at z unless z = 0.

We have eTz ≥ 0 from the constraint eTv1 ≥ 0 in (22), which indicates z1 ≥ 0. On the
other hand, |z1| ≤ ∥z∥22 holds generally. Therefore, 0 ≤ z1 ≤ ∥z∥2 follows. The proof is
presented for three cases, depending on the value of z1.

First, suppose that z1 = ∥z∥2. This implies that there exists λ ∈ R+ such that z = λe1.

If λ = 0, then z = 0. While the second constraint ∥z∥22 ≤ (u1)
T
z vanishes when z = 0, the

first constraint z1 ≥ u11 requires u11 ≤ 0, thus u1 ∈ H−
1 := (−R+) × Rp−1. Here H−

1 is the
half space below H1. Since the vector e

1 is perpendicular to H−
1 at the origin O and x̂ ≥ 0,
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the point 0 is closest to x̂e1 in H−
1 . Thus, (u1)∗ = z = 0 under λ = 0. For λ > 0, from

the second constraint ∥z∥22 ≤ (u1)
T
z of (24), we obtain zT (λe1) ≤ (u1)

T
λe1, and this is

equivalent to z1 ≤ u11. Combining with the first constraint, we deduce that the feasible set
of (23) is {u1 ∈ Rp |u11 = z1} which is equal to H1. Since x̂e1 is perpendicular to H1 at z,
the point z is an optimal solution (u1)∗ of (24).

Second, suppose z1 = 0 with z ̸= 0. Then, the first constraint requires that u1 ∈ H−
1 ,

which is the half space below H1. From the second constraint and z1 = 0, F is a subset of

H+
2 :=

{
u1 ∈ Rp

∣∣∣∣∣u11 : free variable,

p∑
i=2

zi
(
u1i − zi

)
≥ 0

}
,

which is the half-space above H2. Then, for any point u1 ∈ F ⊆ H−
1 ∩H+

2 , we can compute
the objective function of (24) as

∥∥u1 − x̂e1
∥∥2
2
=
∣∣u11 − x̂∣∣2 + p∑

i=2

∣∣u1i ∣∣2 = ∣∣u11 − x̂∣∣2 + ∥∥u1
{2,...,p}

∥∥2
2
. (25)

Thus, the first element of u1 and the other elements can be separately determined to min-
imize (24). Since x̂ ≥ 0 and 0 = z1 ≥ u11, the term |u11 − x̂|

2
of (25) attains the smallest

value when u11 = 0. The last term
∥∥∥u1

{2,...,p}

∥∥∥2
2
is to find a point u1 nearest to the origin O

on H1∩H+
2 . Since H2 is perpendicular to z at z ∈ H1∩H+

2 , the nearest point to the origin
O is also z. Hence, z is an optimal solution (see Figure 2(a)).

Lastly, suppose that 0 < z1 < ∥z∥. Then, z22+ · · ·+z2n > 0 holds. We also have x̂e1 ̸∈ F ,
because if u1 = x̂e1 satisfies the first constraint z1 ≥ u11, then z1 ≥ x̂ and

∥z∥22 −
(
x̂e1
)T

z = z1 (z1 − x̂) + z22 + · · ·+ z2n > 0,

which implies that the second constraint ∥z∥22 ≤ (u1)
T
z does not hold. We now consider

the projection of x̂e1 onto F in (24). For any u1 ∈ F , we have(
u1 − z

)T (
x̂e1 − z

)
=
(
u1 − z

)T
x̂e1 −

(
u1 − z

)T
z

≤ x̂
(
u11 − z1

)
≤ 0.

The first inequality follows from the second constraint ∥z∥22 ≤ (u1)
T
z, and the second

inequality follows from the first constraint z1 ≥ u11. Furthermore, z1 ≥ z1 and ∥z∥22 ≤ (z)T z
ensure z ∈ F . By the second projection theorem [5, Theorem 9.8], z is the projection of x̂e
onto F , therefore, z is the optimal solution on F (see Figure 2(b)).

We note that the result above can be extended to a more general case b0 ̸= 0 by shifting
the variables.

Proposition 4.4. Suppose that e ∈ Rp satisfies ∥e∥ = 1, z ∈ Rp is a feasible point of (22),
x̂ ≥ −b0, and the feasible set of (23) is nonempty. Then, (u1)

∗ := z − b0e is a solution of
(23). In addition, Φ(z) = ∥z − (b0 + x̂) e∥2 follows.
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H1

u1
3

H2

u1
2

u1
1

e1

← H1
∩H2

z

x̂e

O

(a)
(
e1
)T

z = 0 case. The feasible set F is the
set of points on the gray plane and to the right
of the white plane.

u1
2

u1
3

e1

u1
1

H1

H2

← H1 ∩H2

zx̂e

O

(b) 0 <
(
e1
)T

z < ∥z∥ case. The feasible set
F is the set of points below the gray plane and
above the white plane.

Figure 2: Projection of x̂e to z in the case p = 3. The gray and white planes denote H1

and H2, respectively. The bold line represents the intersection of them.

Proof. Let ũ1 := u1 + b0e and x̃ := x̂+ b0 ≥ 0. Then, (23) is rewritten as

min
ũ1

∥ũ1 − x̃e∥22
s.t. eTz ≥ eTũ1, ∥z∥22 ≤

(
ũ1
)T

z.

Since x̃ ≥ 0, the above problem has an optimal solution
(
ũ1
)∗

:= z by Lemma 4.3. By
definition of ũ1, the point z − b0e is a solution (u1)∗ of (23).

Using Proposition 4.4, the first-stage problem (22) can be written as

min
v1

ceTv1

s.t. eTv1 ≥ 0, ∥v1 − x̂e∥q ≤ ρ.
(26)

The objective function and the left-hand side of the first constraint are parallel in the
direction determined with eTv1. Thus, it is easy to solve (26), and there exists a solution
v1 which is collinear with e.

Theorem 4.5. Let e be an arbitrary unit vector with ∥e∥ = 1. Suppose x̂ ≥ −b0. There
exists an optimal solution ((u1)∗, (v1)∗) of (21) such that the vectors (u1)∗ and (v1)∗ are
collinear with e. Thus, DeepSDP (20) has a rank-1 solution, and it is a tight relaxation of
the corresponding QCQP (19).

Proof. Without loss of generality, we may assume that e = e1. Then, the objective function
and the first constraint depend only on the value of v11. The point [x̂ + ρ,0T]T attains the
maximum value of v11 on the feasible set when c > 0, while [x̂−ρ,0T]T attains the minimum
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value. It suffices to consider the points v1 on the line segment between [x̂ + ρ,0T]T and
[x̂− ρ,0T]T. Hence, v1 and e1 are collinear, i.e., v1 = v11e

1. By Proposition 4.4, u1 is also
collinear with e1. Applying Lemma 2.3, we conclude that (20) has a rank-1 solution.

5 Tight DeepSDP for a single-layer neural network

We discuss the tightness of DeepSDP (3) for a single-layer NN (L = 1). More precisely,

f(x0) = W 1ϕ
(
W 0x0 + b0

)
+ b1.

In this case, the matrix functions in DeepSDP (3) can be rewritten as

Min(P ) =

[
1 0T 0T

0 In0 O

]T
P

[
1 0T 0T

0 In0 O

]
∈ S1+n0+n1 ,

Mmid(Q) =

 1 0T 0T

b0 W 0 O
0 O In1

T

Q

 1 0T 0T

b0 W 0 O
0 O In1

 ∈ S1+n0+n1 ,

Mout(S) =

 1 0T 0T

0 In0 O
b1 O W 1

T

S

 1 0T 0T

0 In0 O
b1 O W 1

 ∈ S1+n0+n1 .

We introduce the following assumptions.

Assumption 5.1. The safety specification set Sy is a polytope.

Assumption 5.2. The last layer is the identity layer, i.e., W 1 = I and b1 = 0.

Assumption 5.2 may appear to impose a strong restriction on the DeepSDPs considered, and
potentially limit the generalization of the analysis. However, it does not change the class
of the DeepSDPs defined under Assumption 5.1. When Sy is obtained from the DeepSDP
with W1 = I, the safety specification set of the original DeepSDP is the projection of Sy by
the original W 1, i.e., {

W 1y + b1
∣∣ y ∈ Sy} ,

which is also a polytope. In addition, Assumption 5.2 induces Mout(S) = S.

The repeated nonlinearities (14), described in Section 3.2.3, are redundant constraints
in the corresponding QCQP (15). Thus, if the SDP relaxation of (15) without (14) is tight,
then that of (15) with (14) is also tight. We impose the following assumption in the proofs
to show the tightness of DeepSDP (3).

Assumption 5.3. DeepSDP (3) has no repeated nonlinearities.

In Section 5.1, we describe the matrix set S according to Assumption 4.2. Subsequently,
we discuss the tightness of DeepSDP (3) if X is an ellipsoid in Section 5.2 and a rectangle
in Section 5.3.
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5.1 Safety specification sets for polytopes

We discuss the safety specification set Sy for estimating a polytope. Since any polytope can
be represented by the intersection of a finite number of half spaces, we express Sy with

Sy =
M⋂
ℓ=1

{
y ∈ RnL+1

∣∣ (cℓ)Ty − dℓ ≥ 0
}
, (27)

where c1, . . . , cM ∈ RnL+1 and d1, . . . , dM ∈ R. The objective of DeepSDP (3) in this
section is to optimize d1, . . . , dM by fixing the half-space directions c1, . . . , cM , in order to
sufficiently minimize Sy. Since the ℓth half-space depends only on cℓ and dℓ, each half-space
consisting of (27) can be separately considered. An inequality of the form cTy − d ≥ 0
associated with the half space can be rewritten as 1

x0

y

T −2d 0T cT

0 O O
c O O

 1
x0

y

 ≥ 0. (28)

The polytope-shaped safety specification set can be obtained from all the coefficient matrices
of the above inequality:

S =


−2d 0T cT

0 O O
c O O

 ∣∣∣∣∣∣ d ∈ R

 . (29)

Using this S, the resulting DeepSDP is

max
P,λ,ν,η,µ,d

2d

s.t. R :=Min(P ) +

 0 νTW 0 −νT − ηT

(W 0)Tν O −(W 0)T diag(λ)
−ν − η − diag(λ)W 0 2 diag(λ)


+

0 0T 0T

0 O −(W 0)TT
0 −TW 0 2T

+

−2d 0T cT

0 O O
c O O

 ⪰ O,

T =
n∑
i=1

n∑
j=i+1

µij(ei − ej)(ei − ej)
T, µij ≥ 0,

P ∈ PX , λ,ν,η ∈ Rn
+, d ∈ R,

(30)

where the objective is to maximize 2d as we want to find the largest d such that cTx1 ≥ d
holds for all x1 ∈ X1. Notice that (30) is not an standard SDP due to the matrix variable
P . In Sections 5.2 and 5.3, we show that the precise formulation for PX provides an SDP
from (30).
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The dual problem of (30) is

min
x0,x1,

X00,X10,X11

2cTx1

s.t. Min(P ) •G ≤ 0, ∀P ∈ PX , 0 0T −b0i (ei)
T

0 O − (W 0)
T
eie

T
i

−b0iei −eieT
i W

0 2eie
T
i

 •G ≤ 0, i = 1, . . . , n1, 2b0i eT
i W

0 −eT
i

(W 0)
T
ei O O

−ei O O

 •G ≤ 0, i = 1, . . . , n1, 0 0T −eT
i

0 O O
−ei O O

 •G ≤ 0, i = 1, . . . , n1,

G :=

 1 (x0)
T

(x1)
T

x0 X00 (X10)
T

x1 X10 X11

 ∈ S(1+n0+n1)
+ ,

(31)

which corresponds to the primal SDP relaxation (16) in Section 3.4. The repeated nonlin-
earities (14) are removed here by Assumption 5.3, thus the constraints corresponding to the
dual variables µij and T in (30) do not appear in (31). For the fixed vector e ∈ Rp such
that ∥e∥ = 1, define u1, . . . ,un0 ∈ Rp and v1, . . . ,vn1 ∈ Rp to substitute x0 and x1 with

x0 =

 eTu1

...
eTun0

 ∈ Rn0 , x1 =

 eTv1

...
eTvn1

 ∈ Rn1 , X00 =

 (u1)
T
u1 (u1)

T
un0

(un0)T u1 · · · (un0)T un0

 ∈ Sn0 ,

X10 =

 (v1)
T
u1 (v1)

T
un0

(vn1)T u1 · · · (vn1)T un0

 ∈ Rn1×n0 , X11 =

 (v1)
T
v1 (v1)

T
vn1

(vn1)T v1 · · · (vn1)T vn1

 ∈ Sn1 .

Then, from (31), we have the following nonlinear formulation:

min
uj ,vi

2
∑n1

i=1 ci e
Tvi (32a)

s.t. eTvi ≥ 0, (32b)

eTvi ≥ eT
(∑n0

j=1Wiju
j + b0ie

)
, i = 1, . . . , n1, (32c)∥∥vi∥∥2

2
≤
(∑n0

j=1Wiju
j + b0ie

)T
vi, i = 1, . . . , n1, (32d)

Min(P ) •G ≤ 0, ∀P ∈ PX . (32e)

The matrix G still exists in (32e). The transformation of this constraint depends on the
definition of X , and thus it will be discussed in the subsequent subsections.
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5.2 Ellipsoidal input

Consider the case that the input set X is an ellipsoid with the center x̂ ∈ Rn0 and radius ρ:

X := {x | ∥x− x̂∥2 ≤ ρ} . (33)

For (33), the matrix set PX becomes

PX =

{
γ

[
x̂Tx̂− ρ2 −x̂T

−x̂ I

] ∣∣∣∣ γ ≥ 0, γ ∈ R
}
,

where γ is the dual variable of DeepSDP (3). By normalizing PX with γ = 1, we have

Min

([
x̂Tx̂− ρ2 −x̂T

−x̂ I

])
•G =

n0∑
j=1

{(
uj
)T

uj − 2x̂je
Tuj + x̂2je

Te
}
− ρ2

=

n0∑
j=1

∥∥uj − x̂je∥∥22 − ρ2 ≤ 0.

Thus, the problem (32) can be described precisely as

min
uj ,vi

(32a) s.t. (32b), (32c), (32d),

n0∑
j=1

∥uj − x̂je∥22 ≤ ρ2. (34)

Applying the same decomposition method in Section 4 results in the following two-stage
problem:

min
v1,...,vn1

(32a)

s.t. (32b), Ψellipsoid(v
1, . . . ,vn1) ≤ ρ2,

(35)

Ψellipsoid(v
1, . . . ,vn1) := min

u1,...,un0

n0∑
j=1

∥uj − x̂je∥
2

2

s.t. (32c), (32d).
(36)

The second-stage problem (36) is a convex optimization problem with a quadratic objective
function and linear inequality constraints.

The following lemma characterizes solutions to the second-stage problem, and shows
that all variables are a linear combination of e1, v1, . . . ,vn1 .

Lemma 5.4. Suppose that e = e1. For any optimal solution ((u1)∗, . . . , (un0)∗) of (36),
there exist m ∈ Rn0 and M ∈ Rn1×n0 such that

(uj)∗ = mje
1 +

n1∑
i=1

Mijv
i for each j ∈ {1, . . . , n0}.
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Proof. Since (36) is a convex optimization, any pair ((ũ1, . . . , ũn0), (ν̃, λ̃)) of the primal and
dual solutions satisfies the KKT conditions:

(32c), (32d), ν ∈ Rn1
+ , λ ∈ Rn1

+ , u1

...
un0

 =

 x̂1e
1

...
x̂n0e

1

− n1∑
i=1

νi
2

Wi1e
1

...
Wine

1

+

n1∑
i=1

λi
2

Wi1v
i

...
Winv

i


νi

[
(e1)

T
(∑n0

j=1Wiju
j + b0ie

1
)
−
(
e1
)T

vi
]
= 0, i = 1, . . . , n1,

λi

[∥∥vi∥∥2 − (∑n0

j=1Wiju
j + b0ie

1
)T

vi
]
= 0, i = 1, . . . , n1.

(37a)

(37b)

(37c)

(37d)

By (37b), the desired result follows by taking

mj = x̂j −
∑
i

νiWij

2
for j = 1, . . . , n0,

Mij =
λiWij

2
for j = 1, . . . , n0, i = 1, . . . , n1.

Using Lemma 5.4, the first-stage problem (35) can be rewritten as

min
vi

(32a) s.t. (32b),

n1∑
j=1

∥∥∥∥∥mje
1 +

n1∑
i=1

Mijv
i

∥∥∥∥∥
2

2

≤ ρ2. (38)

Lemma 5.5. Suppose that e = e1. The problem (38) has an optimal solution ((v1)∗, . . . , (vn1)∗)
such that (v1)∗, . . . , (vn1)∗ are collinear with e1.

Proof. Let (v̄1, . . . , v̄n1) be an optimal solution of (38). Assume on the contrary that at
least one optimal solution is not collinear with e1. For all i ∈ {1, . . . , n1}, we define v̂i :=[
v̄i1, 0, · · · , 0

]T ∈ Rn as the projection of v̄i onto the set {ke1 | k ∈ R}. Then, as (e1)
T
v̂i =

(e1)
T
v̄i for all i,

(
v̂1, . . . , v̂n1

)
satisfies the constraints (32b) with the same objective value,

i.e.,
n1∑
i=1

ci
(
e1
)T

v̂i =

n1∑
i=1

ci
(
e1
)T

v̄i.

For the last constraint of (38), from the equivalence of the first elements of vectors Mijv̂
i
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and Mijv̄
i for any pair (i, j), we have

n1∑
j=1

∥∥∥∥∥mje
1 +

n1∑
i=1

Mijv̂
i

∥∥∥∥∥
2

2

=

n1∑
j=1

(
mj +

n1∑
i=1

Mij v̄
i
1

)2

≤
n1∑
j=1

(mj +

n1∑
i=1

Mij v̄
i
1

)2

+

n1∑
k=2

(
n1∑
i=1

Mij v̄
i
k

)2


=

n1∑
j=1

∥∥∥∥∥mje
1 +

n1∑
i=1

Mijv̄
i

∥∥∥∥∥
2

2

≤ ρ2. (39)

Hence,
(
v̂1, . . . , v̂n1

)
is also an optimal solution of (38). Thus,

(
(v̂1)∗, . . . , (v̂n1)∗

)
is an

optimal solution with collinearity.

From Lemmas 5.4 and 5.5, associated with each of the two stages, we obtain the tightness
condition for the single-layer DeepSDP (3) with the ellipsoidal input set.

Theorem 5.6. Suppose that Assumptions 5.1 and 5.2 hold. The problem (31) has a rank-1
matrix solution. In addition, if both (31) and (3) have optimal solutions, and the feasible
set of (3) is bounded, then DeepSDP (3) is a tight relaxation for the original QCQP (15).

Proof. Without loss of generality, we may assume that e = e1. By Lemma 5.4, the second-
stage problem (36) has an optimal solution: (u1)

∗

...
(un0)∗

 =

 m1 (v
1, . . . ,vn1) e1 +

∑n1

i=1Mi1 (v
1, . . . ,vn1)vi

...
mn0 (v

1, . . . ,vn1) e1 +
∑n1

i=1Min0 (v
1, . . . ,vn1)vi


with some v1, . . . ,vn1 , where mj (v

1, . . . ,vn1) and Mij (v
1, . . . ,vn1) depend on the variable

v1, . . . ,vn1 . Then, (35) can be rewritten as the form

min
v1,...,vn1

(32a)

s.t. (32b),
n0∑
j=1

∥∥∥∥[mj (v
1, . . . ,vn1)− x̂j] e1 +

n1∑
i=1

Mij (v
1, . . . ,vn1)vi

∥∥∥∥2
2

≤ ρ2,

which is also represented by (38) with appropriatemj andMij. By Lemma 5.5, if ((v1)∗, . . . ,
(vn1)∗) is an optimal solution of the above problem, all n1 points (v1)∗, . . . , (vn1)∗ can be
collinear with e1. Since each (uj)

∗
depends on (v1)∗, . . . , (vn1)∗, by applying Lemma 5.4

again, (u1)
∗
, . . . , (un0)∗ are also collinear with e1 under the points (v1)∗, . . . , (vn1)∗. There-

fore, Lemma 2.3 guarantees the existence of a rank-1 matrix solution to (31). The second
result follows from strong duality in Lemma 2.1 and Figure 1.
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5.3 Rectangular input

We consider the case that the input set X is a rectangle, i.e.,

X := {x | |xj − x̂j| ≤ ρj for all j ∈ {1, . . . , n0}} , (40)

where x̂ ∈ Rn0 is the center of the rectangle, and ρj is the length of the rectangle along
with the jth dimension. For (40), the matrix set PX becomes

PX =

{
n0∑
j=1

γj

[
x̂2j − ρ2j −x̂j (ej)

T

−x̂jej ej (ej)
T

] ∣∣∣∣∣γ ≥ 0, γ ∈ Rn0

}
,

where γ ∈ Rn0 is the dual variable of DeepSDP (3). The corresponding constraints in the
primal SDP relaxation are

Min

([
x̂2j − ρ2j −x̂j (ej)

T

−x̂jej ej (ej)
T

])
•G ≤ 0, j = 1, . . . , n0.

We consider the same substitution of G as (31) with u1, . . . ,un0 and v1, . . . ,vn1 . For any
j ∈ {1, . . . , n0}, the left-hand side of the above inequality is

Min

([
x̂2j − ρ2j −x̂j (ej)

T

−x̂jej ej (ej)
T

])
•G =

(
uj
)T

uj − 2x̂je
Tuj + x̂2je

Te− ρ2j

=
∥∥uj − x̂je∥∥22 − ρ2j .

Thus, the problem (32) can be transformed into

min
uj ,vi

(32a) s.t. (32b), (32c), (32d),

∥uj − x̂je∥2 ≤ ρ2j , j = 1, . . . , n0. (41)

To derive a two-stage problem as in Section 4, we assume the following.

Assumption 5.7. W 0 is the identity matrix, i.e., n0 = n1 and W 0 = In0.

Then, (32c) and (32d) are reduced to

eTvj ≥ eT (uj + b0ie), j = 1, . . . , n0,∥∥vj∥∥2
2
≤
(
uj + b0je

)T
vj, j = 1, . . . , n0,

and the following two-stage problem can be obtained:

min
v1,...,vn

(32a)

s.t. (32b), Ψj
rect(v

j) ≤ ρ2j , j = 1, . . . , n0,
(42)

and
Ψj

rect(z) := min
uj

∥uj − x̂je∥2
s.t. eTz ≥ eT (uj + b0ie),

∥z∥22 ≤ (uj + b0ie)
T
z.

(43)
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When e = e1, the second-stage problem Ψj
rect(z) is equivalent to Φ(z) defined in (23). Thus,

Ψj
rect(z) = ∥z − x̂je1∥22 follows from Proposition 4.4, and the tightness of DeepSDP (3) can

be shown as follows.

Theorem 5.8. Let e be an arbitrary unit vector with ∥e∥ = 1. Suppose that Assump-
tions 5.1, 5.2, and 5.7 hold. Then, any solution

{
(u1)

∗
, . . . , (un)∗ , (v1)

∗
, . . . , (vn)∗

}
of

(41) are collinear with e. Thus, the problem (31) has a rank-1 matrix solution. In addition,
if both (31) and (3) have optimal solutions, and the feasible set of (3) is bounded, then
DeepSDP (3) is a tight relaxation for the original QCQP (15).

Proof. Without loss of generality, we may assume that e = e1. By Proposition 4.4, the
optimal solution of the second-stage problem (43) is uj = vj − b0ie, and the first-stage
problem (42) is

min
vi

2
∑n1

i=1 ci (e
1)

T
vi

s.t. (e1)
T
vi ≥ 0, i = 1, . . . , n,

∥vi − (b0i + x̂i) e
1∥22 ≤ ρ2i , i = 1, . . . , n.

Then, the same discussion in Theorem 4.5 can be applied to each vi, therefore, the first and
second results of this theorem follows by Lemmas 2.3 and 2.1, respectively.

6 Conclusion

We have presented sufficient conditions under which DeepSDPs for single-layer NNs are tight
in three cases. A common aspect of these cases is the identification of a polytope safety
specification set. For the first case, we have proved that the DeepSDP for a single-neuron
NN provides a tight optimal solution if the given vectors x̂ and b0 satisfies x̂ ≥ −b0. In the
second case for the DeepSDP with ellipsoidal inputs, we have proved that the DeepSDP
is always a tight relaxation without any assumptions. The Karush-Kuhn-Tucker (KKT)
conditions have been used to analyze the optimal solutions (uj)∗, (vi)∗ of the first- and
second-stage problems, as shown in Lemma 5.4. For the third case where the input set is a
rectangle, we have shown that the auxiliary two-stage problem can be reduced into the one
in the first case and the tightness can be determined by the condition for the single-neuron
NNs.

For future work, it would be interesting to investigate the extent to which the tightness
condition can be weakened by incorporating the local quadratic constraints proposed in
[12], which have not been included in this work. The DeepSDPs that satisfy the tightness
conditions of this work remain tight even with the inclusion of local constraints. As a result,
incorporating the local constraints may lead to tighter SDP relaxations even under milder
assumptions. Also, examining the tightness of SDP relaxations for QCQPs with the ReLU
function as a quadratic constraint, which was developed for different purposes, would be
an interesting direction. Our approach, which decomposes the problem into a two-stage
problem and use the KKT conditions, may be useful for solving the QCQPs.
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