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Abstract. We study the Regularized A-optimal Design (RAOD) problem, which selects a subset of k experiments to minimize

the inverse of the Fisher information matrix, regularized with a scaled identity matrix. RAOD has broad applications in Bayesian

experimental design, sensor placement, and cold-start recommendation. We prove its NP-hardness via a reduction from the inde-

pendent set problem. By leveraging convex envelope techniques, we propose a new convex integer programming formulation for

RAOD, whose continuous relaxation dominates those of existing formulations. More importantly, we demonstrate that our continu-

ous relaxation achieves bounded optimality gaps for all k, whereas previous relaxations may suffer from unbounded gaps. This new

formulation enables the development of an exact cutting-plane algorithm with superior efficiency, especially in high-dimensional

and small-k scenarios. We also investigate scalable forward and backward greedy algorithms for solving RAOD, each with provable

performance guarantees for different k ranges. Finally, our numerical results on synthetic and real data demonstrate the efficacy

of the proposed exact and approximation algorithms. We further showcase the practical effectiveness of RAOD by applying it to a

real-world user cold-start recommendation problem.

Key words: Regularized A-optimality, Mixed-integer nonlinear optimization, Convex relaxations, Cutting-plane algorithm,
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1. Introduction

The A-optimal Design (AOD) problem arises in statistical design for situations where, due to

budget limitations, one can observe the outcomes for a small subset of experiments to optimize

the parameter estimates. Specifically, AOD aims to minimize the trace of the inverse of the Fisher

information matrix, resulting in minimizing the average variance of the parameter estimates. AOD

has found broad applications in fields such as engineering (Ilzarbe et al. 2008, Mason et al. 2003),

biology (Quinn and Keough 2002), and chemistry (Higgs et al. 1997, Leardi 2009), when dealing

with large-scale and costly experiments. Linear regression models are one of the most widely

used and studied models in this area (see, Jobson 2012, Nikolov et al. 2022, Winer et al. 1971).

This paper focuses on the Regularized AOD (RAOD) problem in the context of linear regression

models, which adds a scaled identity matrix to the Fisher information matrix, as shown below. This

addition typically helps prevent over-fitting (Tantipongpipat 2020), improves numerical stability

when the information matrix is rank-deficient (Dereziński and Warmuth 2017), and encodes prior

information (Bian et al. 2017).

zk := min
S⊆[n]

{
tr

((∑
i∈S

aia
⊤
i +λId

)−1)
: |S|= k

}
, (RAOD)
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where {ai}i∈[n] ∈ Rd represents a collection of n experiments parameterized by d-dimensional

vectors with d≤ n, k ≤ n denotes the number of chosen experiments, λ > 0 is a constant, Id is a

d× d identity matrix, and for a subset S ⊆ [n], let |S| denote its cardinality. Note that the selection

size k can be smaller or larger than the dimension d, depending on the specific problem setup.

The following outlines the two most relevant variants and an equivalent problem of RAOD,

which will be used throughout to show the scope and limitations of existing research, facilitate our

analysis, and highlight the general applicability of some of our results.

(i) AOD. As previously mentioned, λ is fixed at zero in AOD. It is noted that the condition k≥ d

must hold for AOD to ensure that the objective matrix is invertible;

(ii) Bayesian AOD. Since specific information is usually available prior to the experimental selec-

tion process, Bayesian AOD, which leverages prior knowledge, can play an important role

in improving design efficiency (see the excellent survey by Chaloner and Verdinelli 1995,

Rainforth et al. 2024). Mathematically, it generalizes the scaled identity matrix in RAOD to

an arbitrary positive definite matrix representing prior information. Bayesian AOD is also

referred to as the A-Fusion problem in Hendrych et al. (2023). When the prior is an isotropic

Gaussian, Bayesian AOD reduces to RAOD as a special case (see, e.g., Bian et al. 2017,

Chamon and Ribeiro 2017a); and

(iii) A-optimal Maximum Entropy Sampling Problem (AMESP). As introduced in Li and Xie

(2024), AMESP focuses on selecting the most informative principal submatrix from a given

covariance matrix by minimizing the trace of its inverse. We are the first to demonstrate that

RAOD and AMESP are equivalent, with an additive additional constant of (d− k)/λ, when

the covariance matrix in AMESP is positive definite.

Although RAOD is a special case of Bayesian AOD, it remains broadly applicable. One key

motivation comes from the user cold-start problem in recommendation systems. The problem arises

when a new user joins a recommendation platform and has not rated any item, making recommen-

dations challenging due to the lack of historical data (Lika et al. 2014).

Traditional methods, such as content-based filtering and collaborative filtering, exploit relation-

ships and similarities between users to make recommendations (Bobadilla et al. 2012, Volkovs

et al. 2017). Alternatively, experimental design approaches, including sequential strategies, tackle

the problem at its root by explicitly asking new users to rate selected items upon joining a recom-

mendation platform (see, e.g., Anava et al. 2015, Elahi et al. 2016, Gope and Jain 2017). These
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items are selected carefully to capture new users’ preferences. However, users are often reluc-

tant to rate many items due to cognitive costs. If users rate too few items, the Fisher information

matrix becomes rank-deficient, leading to ill-posed matrix inverse and determinant problems in

experimental design. To mitigate this, regularized experimental design has emerged as a practical

approach by adding a scaled identity matrix, as shown in prior research by Barz et al. (2015),

Anava et al. (2015), Rubens et al. (2009). In particular, Chamon and Ribeiro (2017a) applied the

RAOD approach and demonstrated its effectiveness in selecting movies for new users to rate.

1.1. Related Work

In this subsection, we review the relevant literature on RAOD and its variants, with a focus on their

exact algorithms, convex relaxations, and approximation algorithms.

Bayesian D-optimal Design (Bayesian DOD) & Bayesian AOD. In experimental designs, the D-

and A-optimality criteria are widely used for selecting experiments to achieve precise parameter

estimation. A-optimality minimizes the estimation variance directly, while D-optimality seeks to

reduce the volume of the confidence ellipsoid of the parameter estimates by maximizing the deter-

minant of the Fisher information matrix. Notably, given that the determinant is a multiplicative

operator, Bayesian DOD is equivalent to regularized DOD (Li et al. 2024); however, this equiva-

lence does not hold between Bayesian AOD and RAOD.

A-optimality is known to be computationally more expensive than D-optimality due to its need to

compute the inverse matrix (Ahipaşaoglu 2021). As a result, algorithms and software for Bayesian

DOD are more developed than Bayesian AOD (see Jones et al. 2021). Unfortunately, these tech-

niques cannot be directly applied to Bayesian AOD. Nevertheless, Bayesian AOD often outper-

forms Bayesian DOD, with improved variance and bias properties (see, e.g., Jones et al. 2021,

Stallrich et al. 2023). Our numerical study on cold-start recommendation further shows the supe-

rior performance of RAOD compared to regularized DOD. In addition, DOD, AOD, and Bayesian

DOD have been proven to be NP-hard, see Welch (1982), Nikolov et al. (2022), Li et al. (2024),

respectively. In contrast, the complexity of Bayesian AOD remains an open question, though

Hendrych et al. (2023) conjectured that it was NP-hard. The limited literature on Bayesian AOD

motivates us to develop efficient algorithms for its special case, RAOD. While this paper does not

address the general Bayesian AOD problem, we demonstrate its NP-hardness for the first time.

Exact Algorithms. Experimental design problems can be formulated as mixed-integer nonlinear

programs (MINLPs) by introducing binary variables to represent subset selection. In view of this,
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advancing exact solution methods for these MINLPs has been a longstanding research focus. Given

the complexity of the A-optimality function, RAOD and its variants naturally reduce to mixed-

integer semidefinite programs (MISDPs) (Duarte 2023). To solve these MISDPs, the branch-and-

bound (B&B) method has been extensively studied in the literature (see, e.g., Ahipaşaoglu 2021,

Hendrych et al. 2023, Liang and Yang 2024). These works leveraged the standard continuous

relaxation of RAOD to provide a lower bound, referred to as RAOD-RI throughout this paper,

which is also reviewed in detail below.

An alternative approach formulates RAOD and its variants as mixed-integer second-order cone

programs (MISOCPs). It is worth noting that unlike MISDP, modern optimization solvers such as

Gurobi and CPLEX are well-suited for solving MISOCP. Sagnol (2011) pioneered this direction

by applying Elfving’s Theorem to demonstrate the second-order representability of the continuous

relaxation of AOD, and it is actually a consequence of Gauss–Markov Theorem. Duarte and Wong

(2015) later extended the result to the Bayesian version. Building on these, a seminar work by

Sagnol and Harman (2015) developed exact MISOCP reformulations of AOD and Bayesian AOD.

Convex Relaxation. A natural way to get rid of the integer challenge is relaxing the binary variables

in the exact MISDP reformulation of RAOD to be continuous, which leads to the convex relaxation

RAOD-RI. Much of the literature on the relaxation has focused on developing efficient convex

optimization algorithms, see Ahipaşaoglu (2015), Liang and Yang (2024), and many references

therein. However, despite these computational advancements, we demonstrate that RAOD-RI may

perform poorly when k is within the range of [d − 1]. This limitation motivates us to develop

stronger relaxations, which are important for improving the efficiency of exact algorithms.

Approximation Algorithms. Avron and Boutsidis (2013) studied the classic AOD problem and pro-

posed volume-sampling-based algorithms that achieved an approximation ratio of (n−d+1)/(k−
d+1) for k ∈ [d,n]. The result was later extended to RAOD by Dereziński and Warmuth (2017) in

the same regime of k, who developed a faster O(nd2)-time sampling algorithm.

Another approach to developing sampling algorithms is based on convex relaxations. These

algorithms start from solving a convex relaxation and then, based on the continuous solution,

design randomized sampling strategies to obtain a discrete solution with approximation guarantees,

see Nikolov et al. 2022, Wang et al. 2017 for the classic AOD problem, Tantipongpipat (2020),

Li and Xie (2024) for RAOD, and Allen-Zhu et al. (2017), Derezinski et al. (2020) for Bayesian

AOD, respectively. However, these convex relaxation-based sampling algorithms of RAOD often
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scale poorly with the number of experiments n (see, e.g., the fourth and fifth rows of Table 2). It

is important to note that when applying the approximation algorithms developed for AMESP by

Li and Xie (2024) to RAOD, an additional constant (d− k)/λ must be added, as shown in Propo-

sition 1. Hence, their approximation ratios remain valid when k ≤ d after adding a nonnegative

constant, since for any c1 ≥ c2, it is easy to verify that c1+(d−k)/λ
c2+(d−k)/λ

≤ c1
c2

. However, these ratios do

not hold for k ∈ [d+1, n], where (d− k)/λ becomes negative.

Natural combinatorial algorithms, such as the greedy and local search algorithms, have been

widely used in experimental design (see, e.g., Krause et al. 2008, Madan et al. 2019). The forward

greedy algorithm has also been extended to Bayesian criteria in Bian et al. (2017), Chamon and

Ribeiro (2017b). However, A-optimality is not a supermodular function (Chamon and Ribeiro

2017a), which means that the typical approximation ratio for forward greedy (i.e., (1−1/e)) cannot

apply. Instead, these greedy methods often achieve data-dependent guarantees, where the worst-

case performance can vary significantly with the experimental setup. By data-independence, we

mean a theoretical guarantee that does not rely on the experiments {ai}i∈[n] or λ but may depend

on the parameters n,d, and k. We are unaware of any prior work on developing a backward greedy

search method in the literature of RAOD. This gap is addressed in our paper. Notably, Li and Xie

(2024) proposed a local search algorithm for AMESP with strong empirical performance, but its

theoretical guarantee is data-independent. The performance guarantees and complexities of the

approximation algorithms reviewed for RAOD are summarized in Table 2.

1.2. Summary of the Organization and Contributions

Below we list the major contributions and an outline of the remaining paper.

(i) Complexity analysis. In Section 2, we prove the NP-hardness of RAOD by establishing its

equivalence to AMESP and reducing the independent set decision problem to AMESP;

(ii) Optimality gaps of convex relaxations. Section 3 presents existing (mixed-)integer convex

formulations of RAOD and analyzes the optimality gaps of their convex relaxations, as sum-

marized in Table 1. Notably, we show that the conventional relaxation RAOD-RI can have

unbounded gaps for k ∈ [d − 1], while the relaxation AMESP-R of AMESP may perform

worse than the trivial zero lower bound for k ∈ [d+1, n]. Finally, in Subsection 3.3, we revisit

the formulation MISOCP from an optimization perspective and prove that its continuous

relaxation coincides with RAOD-RI;
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(iii) New formulations. Motivated by the weaknesses of existing formulations, we propose a

novel convex integer programming formulation for RAOD in Section 4, whose continuous

relaxation RAOD-RII is tighter than those presented in Section 3. More importantly, RAOD-

RII achieves bounded optimality gaps for all k ∈ [n], which addresses a key drawback of

RAOD-RI and AMESP-R. Building on our new formulation, we develop an exact cutting-

plane algorithm to solve RAOD to optimality;

(iv) Greedy algorithms. In Section 5, we first establish a data-independent approximation ratio

for the forward greedy algorithm when k ∈ [d− 1]. To complement this, we propose a back-

ward greedy algorithm for RAOD and derive its data-independent performance guarantee for

k ∈ [d,n]. These results, summarized in Table 2, present a comprehensive analysis of our

greedy algorithms across different ranges of k; and

(v) Numerical study. Finally, in Section 6, our numerical study on synthetic and real data

demonstrates the effectiveness of our exact algorithm and the scalability and high-quality

outputs of our approximation algorithms. In particular, when applied to the user cold-start

problem in movie recommendation systems, RAOD effectively identifies movie subsets that

lead to more reliable recommendations for new users in most instances, outperforming its

D-optimality counterpart.

Table 1 Summary of convex relaxations for RAOD

Convex relaxation Optimality gap (i.e., zk/relaxation value) Value of k

RAOD-RI

Can be arbitrarily large k ∈ [d− 1]

min{d,n− d+1} k= d

n−d+1
k−d+1

k ∈ [d+1, n]

AMESP-R

min
{

d−1
d−k

, n− k+1
}

k ∈ [d− 1]

min{d,n− d+1} k= d

Can be negative k ∈ [d+1, n]

RAOD-RII

min
{

d−1
d−k

, n− k+1
}

k ∈ [d− 1]

min{d,n− d+1} k= d

n−d+1
k−d+1

k ∈ [d+1, n]

Notations. We let Sn
+,Sn

++ denote the set of all the n × n symmetric positive semidefinite

and positive definite matrices, respectively. We let Rn, Rn
+, and Rn

++ denote the set of all the
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Table 2 Summary of approximation algorithms for RAOD

Approximation algorithm Time complexity Approximation ratio

Sampling (Dereziński and Warmuth 2017) O((n2+ d2)d) n−d+1
k−d+1

if k ∈ [d,n]

Fast sampling (Dereziński and Warmuth 2017) O((n+ d)d2) n−d+1
k−d+1

if k ∈ [d,n]

Forward greedy (Chamon and Ribeiro 2017b) O(knd2) −i

Sampling (Tantipongpipat 2020) O(n4dk2 log(dk)) −

Sampling (Li and Xie 2024) O(n4dk2 log(dk)) min{k,n− k+1} if k ∈ [d]

Local search (Li and Xie 2024) O(k(n− k)d5) −

Forward greedy Algorithm 2 O(knd2) d−1
d−k

if k ∈ [d− 1]

Backward greedy Algorithm 3 O((n− k)nd2) n−d+1
k−d+1

if k ∈ [d,n]

i “−”: The approximation ratio depends on data {ai}i∈[n] and the constant λ

n-dimensional vectors, nonnegative vectors, and positive vectors, respectively. We use bold lower-

case letters (e.g., x) and bold upper-case letters (e.g., X) to denote vectors and matrices, respec-

tively, and use corresponding non-bold letters (e.g., xi) to denote their components. Given two

positive integers s≤ n, we let [n] = {1,2, · · · , n}, and let [s,n] = {s, s+ 1, · · · , n}. We let In be

the n× n identity matrix. For a vector x ∈ Rn, let Diag(x) denote a diagonal matrix with diag-

onal entries being x and let ∥x∥2 denote its two norm. If x ∈ Rn
+ is nonnegative, we define

√
x

as the vector where each entry is the square root of the corresponding element in x. For a matrix

X ∈Rd×n, we let ∥X∥F denote its Frobenius norm, let Xi ∈Rd denote its i-th column vector for

each i∈ [n], and for a subset S ⊆ [n], let XS denote the submatrix consisting of the columns of X

indexed by S. For a symmetric matrix X ∈ Sn
+, let tr(X) denote its trace, and for a subset S ⊆ [n],

we let XS,S denote a principal submatrix of X indexed by S.

2. Complexity Analysis

We begin by showing the equivalence between RAOD and AMESP with an additional constant of

(d− k)/λ. Proposition 1 extends Li et al. (2024, Theorems 1 and 2), where they demonstrated the

equivalence between Bayesian DOD and MESP. Our Proposition 1 further connects experimental

design problems with maximum entropy-based optimization.

For brevity, we define the objective function of RAOD as

f(S) := tr

((∑
i∈S

aia
⊤
i +λId

)−1)
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for any subset S ⊆ [n] throughout.

PROPOSITION 1. RAOD can be converted into the following:

zk = min
S⊆[n]

{
tr
(
(CS,S)

−1)+ d− k

λ
: |S|= k

}
, (AMESP)

where C ∈ Sn
+ :=A⊤A+λIn, and A∈Rd×n is a matrix whose columns are vectors {ai}i∈[n].

Proof. See Appendix A.1. □

It is well known that the independent set decision problem is NP-hard (Cormen et al. 2022,

Chapter 34). Next, we prove that the independent set decision problem can be reduced to AMESP,

which, combined with Proposition 1, establishes the NP-hardness of RAOD.

DEFINITION 1 (INDEPENDENT SETS AND THE INDEPENDENT SET DECISION PROBLEM).

In an undirected graph G, an independent set S is a set of vertices such that no two vertices in S

are adjacent. Given an integer k, the independent set decision problem is to determine if the graph

G contains an independent set of size k.

Let us introduce a known inequality based on the comparison between the harmonic mean and

arithmetic mean, which is a key technical result used throughout the paper.

LEMMA 1 (Sedrakyan and Sedrakyan 2018). Suppose σ ∈Rn
++. Then, the following holds∑

i∈[n]

1

σi

≥ n2∑
i∈[n] σi

,

which becomes an equality if and only if all entries of σ are equal.

THEOREM 1 (NP-hardness). RAOD is NP-hard.

Proof. See Appendix A.2. □

Theorem 1 confirms the following conjecture from Hendrych et al. (2023) regarding Bayesian

AOD. Since RAOD is a special case of Bayesian AOD, the conjecture is clearly true.

CONJECTURE 1 (Hendrych et al. 2023). The Bayesian AOD problem is NP-hard.

3. Optimality Gaps of Convex Relaxations

This section presents two widely-used (mixed-)integer convex formulations of RAOD and derives

the optimality gaps for their continuous relaxations. Leveraging Proposition 1, we further analyze

the quality of a convex relaxation for AMESP.
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3.1. The Conventional Convex Integer Programming Formulation and its Convex

Relaxation

By introducing a binary characterization of the subset S ⊆ [n], where xi = 1 if i ∈ S and xi = 0

otherwise, we can readily obtain a convex integer nonlinear formulation of RAOD

zk = min
x∈{0,1}n

{
tr

((∑
i∈[n]

xiaia
⊤
i +λId

)−1)
:
∑
i∈[n]

xi = k

}
, (1)

and its continuous relaxation provides a practical lower bound (Tantipongpipat 2020):

zk ≥ νC
k := min

x∈[0,1]n

{
tr

((∑
i∈[n]

xiaia
⊤
i +λId

)−1)
:
∑
i∈[n]

xi = k

}
. (RAOD-RI)

It is evident that νC
k is always positive.

The problem (1) can be recast as a MISDP by nature. The conventional relaxation RAOD-RI has

been widely incorporated into the B&B algorithms for solving (1) to optimality (e.g., Hendrych

et al. 2023). For B&B algorithms, the quality of the relaxation bound used is crucial for pruning

the search space. We are thus motivated to explore the quality of RAOD-RI. Before that, let us

explore the properties of the objective function f(S) in RAOD. First, the function f(S) decreases

monotonically with respect to S, that is, f(S \ {i})≥ f(S) for any i∈ S. We also remark that

REMARK 1. The optimal value zk decreases as the selection size k increases. ⋄

Lemma 2 establishes an upper bound for the smallest value of f(S \ {i}) over i ∈ S. Our

derivation leverages eigen-decomposition techniques and the sampling probability of removing an

element from S, as introduced by Dereziński and Warmuth (2017). In Dereziński and Warmuth

(2017), this probability led to a regularized volume sampling algorithm with a theoretical guaran-

tee for RAOD only when k ∈ [d,n]. A key difference from Dereziński and Warmuth (2017, Lemma

5) is that Lemma 2 provides a general treatment that applies to any subset S, without restricting

its size at least d. Based on Lemma 2, we derive the optimality gap of RAOD-RI for k ∈ [d,n], as

shown in Theorem 2, and analyze the performance guarantees of our approximation algorithms in

Section 5.

LEMMA 2. For a nonempty subset S ⊆ [n] of size s≥ 1, we have that

min
i∈S

f(S \ {i})≤


(
1+ 1

sρ+d−s

)
f(S), if s∈ [d− 1];(

1+ 1
dρ+s−d

)
f(S), if s∈ [d,n].

,

where ρ∈ (0,1) := λ
λ+max{1,s/d}maxi∈[n] ∥ai∥22

.
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Proof. See Appendix A.3. □

THEOREM 2 (Optimality gap). The following hold for the lower bound νC
k in RAOD-RI:

(i) For any k ∈ [d,n], we have

1≤ zk
νC
k

≤ n− d+1

k− d+1
;

and

(ii) For k ∈ [d− 1], there is a case of RAOD-RI where zk/ν
C
k →∞ as λ→ 0.

Proof. See Appendix A.4. □

Theorem 2 shows that RAOD-RI provides a lower bound with a bounded data-independent

optimality gap for k ∈ [d,n]. It is evident that this gap decreases in k but increases in d and n. Note

that the gap can be further tightened at k = d, as shown in Corollary 3. However, for small values

of k ∈ [d− 1], RAOD-RI may lead to an infinite optimality gap.

3.2. A Convex Relaxation of AMESP

Based on the equivalence between RAOD and AMESP, this subsection presents a convex relax-

ation of AMESP proposed by Li and Xie (2024). We establish a novel optimality gap of AMESP-R

for k ∈ [d] using Lemma 1. However, when k ∈ [d+ 1, n], we demonstrate that AMESP-R may

yield a negative optimal value due to the negativity of the constant (d− k)/λ.

DEFINITION 2 (LI AND XIE 2024). For a matrix Y ∈ Sn
+ with eigenvalues β1 ≥ · · · ≥ βn ≥ 0,

we define a function Φ : Sn
+ →R as

Φ(Y ) := ϕ(β) =
∑
i∈[ι]

1

βi

+
(k− ι)2∑
i∈[ι+1,n] βi

,

where 0≤ ι≤ k− 1 is a unique integer such that βι >
1

k−ι

∑
i∈[ι+1,n] βi ≥ βι+1 with β0 =∞.

Note that Φ(Y ) is a spectral function that relies on only the eigenvalues of Y . Li and Xie (2024)

demonstrated its convexity and explicitly described its subgradient.

Recall that in Proposition 1, we define C =A⊤A+λIn. Given that C ∈ Sn
++ is positive definite,

we compute its Cholesky factorization C =H⊤H , where H ∈Rn×n and hi ∈Rn represents the

i-th column vector of H for all i∈ [n]. According to Li and Xie (2024, Theorem 9), the following

formulation based on the function Φ is a convex relaxation of AMESP.

zk ≥ νM
k := min

x∈[0,1]n

{
Φ

(∑
i∈[n]

xihih
⊤
i

)
+

d− k

λ
:
∑
i∈[n]

xi = k

}
. (AMESP-R)

It is important to note that AMESP-R is exact when x is binary.

Next, we present our main results about AMESP-R.
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THEOREM 3 (Optimality gap). The following hold for the lower bound νM
k in AMESP-R:

(i) For any k ∈ [d], we have

1≤ zk
νM
k

≤

min
{

d−1
d−k

, n− k+1
}

if k ∈ [d− 1];

min{d,n− d+1} if k= d.
;

and

(ii) If k≥ d+1, then there is a case of AMESP-R where νM
k < 0.

Proof. See Appendix A.5. □

When k ∈ [d− 1], Part (i) of Theorem 3 guarantees an optimality gap for AMESP-R equal to the

minimum of two bounds: the first bound (d− 1)/(d− k), is newly derived in this work, while the

second (n−k+1) is the prior result in Li and Xie (2024). When k≤ (n+1)/2, it is easy to check

that n− k+1≥ k≥ (d− 1)/(d− k), where the second inequality is from the proof of Theorem 3.

While not directly comparable, our bound (d− 1)/(d− k) offers a compelling advantage due to

its independence of n and its scaling with d. Specifically, it becomes smaller as the dimension

d increases, which is a somewhat counterintuitive yet interesting property. This suggests that for

k ∈ [d− 1], AMESP-R achieves improved theoretical guarantees in high-dimensional settings.

According to Theorems 2 and 3, the two convex relaxations, RAOD-RI and AMESP-R, differ

significantly in their theoretical guarantees. Overall, AMESP-R performs well for k ∈ [d], while

RAOD-RI is effective for larger values of k ∈ [d,n]. In addition, we would like to highlight that

AMESP-R has two major limitations.

(i) First, AMESP-R is formulated in a higher-dimensional matrix space of size n×n, as opposed

to the d × d space used in RAOD-RI. This increases the computational cost of solving

AMESP-R, making it less unfavorable for large-scale instances; and

(ii) For k ∈ [d+1, n], according to Part (ii) of Theorem 3, the lower bound from AMESP-R may

underperform even the trivial bound of zero. The numerical results in Subsection 6.1 further

confirm this, showing that AMESP-R often yields negative lower bounds and performs much

more poorly compared to RAOD-RI in this range of k.

3.3. A Mixed-integer Second-order Cone Programming Formulation

This subsection presents a MISOCP reformulation of RAOD, which was first introduced by Sag-

nol and Harman (2015) based on the Gauss–Markov Theorem from statistical estimation theory
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(Pukelsheim 2006). We provide a different proof of this formulation through an optimization lens

and further contribute by analyzing the optimality gap of its continuous relaxation.

Using the Woodbury matrix identity, we show that the objective function of RAOD-RI is SOCP

representable for any (not necessarily binary) vector x, as summarized below.

LEMMA 3. The identity below holds for any vector x∈ [0,1]n.

tr

[(∑
i∈[n]

xiaia
⊤
i +λId

)−1]
= min

X∈Rd×n

1

λ

∥∥XDiag
(√

x
)
A⊤− Id

∥∥2
F
+ ∥X∥2F .

Proof. See Appendix A.6. □

Using the identity in Lemma 3 to replace the objective function of (1), we arrive at an equivalent

MISCOP formulation.

PROPOSITION 2. RAOD is equivalent to a MISOCP problem:

zk = min
x∈{0,1}n,

X∈Rd×n,µ∈Rn

1

λ
∥XA⊤− Id∥2F +

∑
i∈[n]

µi : ∥Xi∥22 ≤ µixi,∀i∈ [n],
∑
i∈[n]

xi = k

 .

(MISOCP)

In addition, the continuous relaxation of MISOCP matches that of RAOD, that is,

νC
k = min

x∈[0,1]n,
X∈Rd×n,µ∈Rn

1

λ
∥XA⊤ − Id∥2F +

∑
i∈[n]

µi : ∥Xi∥22 ≤ µixi,∀i∈ [n],
∑
i∈[n]

xi = k

 . (2)

Proof. See Appendix A.7. □

As MISOCP attains the same continuous relaxation value as (1), we can directly apply the

optimality gaps of RAOD-RI from Theorem 2 to (2), which are summarized below. However,

analogous to RAOD-RI, (2) may provide a weak lower bound for k ∈ [d− 1].

COROLLARY 1. The following hold for the lower bound νC
k in (2):

(i) For any k ∈ [d,n], we have

1≤ zk
νC
k

≤ n− d+1

k− d+1
;

and

(ii) For k ∈ [d− 1], there is a case of RAOD-RI where zk/ν
C
k →∞ as λ→ 0.
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4. A Novel Convex Integer Formulation and its Convex Relaxation

The limitations of RAOD-RI and AMESP-R highlight the need for a stronger reformulation of

RAOD. Motivated by this, this section introduces a novel convex integer program for RAOD, and

we demonstrate that its continuous relaxation is stronger than RAOD-RI and AMESP-R. We also

develop a cutting-plane algorithm to solve RAOD based on this formulation.

4.1. A Novel Convex Integer Programming Formulation

We observe that for a binary vector x with a cardinality of k, the matrix
∑

i∈[n] xiaia
⊤
i in the

objective of (1) has a rank of at most min{k, d}, and becomes low-rank when k < d. This rank

deficiency results in an arbitrarily large gap of RAOD-RI for k < d, as detailed in the proof of Part

(ii) of Theorem 2. Inspired by this observation, we introduce a function based on the top min{k, d}
eigenvalues to reformulate the objective function of (1). We define k̃ := min{k, d} throughout for

brevity.

DEFINITION 3. For a matrix X ∈ Sd
+ with eigenvalues σ1 ≥ · · · ≥ σd ≥ 0, we define a function

Γ(X;λ) : Sd
+ →R as

Γ(X;λ) =
∑
i∈[k̃]

1

σi +λ
.

LEMMA 4. For a binary vector x∈ {0,1}n with
∑

i∈[n] xi = k, the identity below holds.

Γ

(∑
i∈[n]

xiaia
⊤
i ;λ

)
+

d− k̃

λ
= tr

((∑
i∈[n]

xiaia
⊤
i +λId

)−1)
.

Proof. See Appendix A.8. □

Although the function Γ equals the objective function of (1) based on Lemma 4, it is not convex,

as noted below. To address this, we derive its convex envelope, denoted by convΓ, which provides

the tightest convex underestimator of Γ (Rockafellar 1997). While Li and Xie (2024) derived the

convex envelope convΓ for the special case λ = 0 to obtain AMESP-R, our Proposition 3 below

extends this result to the setting with λ> 0.

REMARK 2. The function Γ(X;λ) : Sd
+ →R is nonconvex. ⋄

Proof. See Appendix A.9. □

Next, we present a technical result of Nikolov (2015, Lemma 14). We will use the integer η

throughout this section, with the vector σ being specified in context. We show that η remains

unchanged under certain modifications to σ. This invariance result plays a key role in deriving the

convex envelope convΓ and its subgradient.
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LEMMA 5 (The integer η, Nikolov (2015)). Let σ1 ≥ · · · ≥ σd ≥ 0 be nonnegative reals. Then,

there exists a unique integer η, 0 ≤ η ≤ k̃ − 1, such that ση >
1

k̃−η

∑
i∈[η+1,d] σi ≥ ση+1 with the

convention σ0 =∞.

LEMMA 6. Let s ∈ [d,n], and let σ1 ≥ · · · ≥ σd ≥ 0 be nonnegative reals. Define a new vector

σ+ ∈Rs
+ as

σ+
i = σi+λ,∀i∈ [k̃], σ+

i = σi,∀i∈ [k̃+1, d], σ+
i = 0,∀i∈ [d+1, s].

Then, the unique index 0≤ η≤ k̃− 1, defined based on σ in Lemma 5, remains valid for σ+, i.e.,

σ+
η >

1

k̃− η

∑
i∈[η+1,s]

σ+
i ≥ σ+

η+1.

Proof. See Appendix A.10. □

PROPOSITION 3. For a matrix X ∈ Sd
+ with eigenvalues σ1 ≥ · · · ≥ σd ≥ 0, the following hold:

(i) The convex envelope of the function Γ, denoted by convΓ, is defined as

convΓ(X;λ) =
∑
i∈[η]

1

σi +λ
+

(k̃− η)2∑
i∈[η+1,d] σi +(k̃− η)λ

,

where 0≤ η≤ k̃− 1 is a unique integer from Lemma 5.

(ii) Let X = QDiag(σ)Q⊤ denote the eigen-decomposition of X , and let r denote its rank.

Then, QDiag (ς)Q⊤ is a subgradient of convΓ(X;λ) at X , where

ςi =
1

σi+λ
,∀i∈ [η], ςi =

k̃− η∑
j∈[η+1,d] σj +(k̃− η)λ

,∀i∈ [η+1, r], ςi = ςη+1,∀i∈ [r+1, d].

Proof. See Appendix A.11. □

The functions convΓ and Φ from Definition 2 share a similar form but differ notably in their

domains and parameter settings.

(i) Unlike Φ, which is defined over n×n matrices and relies on the condition k≤ n, the function

convΓ builds on d× d matrices and the integer k̃≤ d;

(ii) In addition, convΓ includes a regularization parameter λ> 0, which Φ does not have; and

(iii) When using Φ to relax RAOD, the resulting relaxation AMESP-R incorporates a constant

term (d− k)/λ in its objective function. If d > k, that term becomes negative, which may

result in a negative lower bound, as demonstrated in Theorem 3. In contrast, the relaxation

RAOD-RII, which is based on convΓ, always incorporates a nonnegative constant (d− k̃)/λ.

Hence, convΓ can prevent the relaxation from yielding negative lower bounds. More impor-

tantly, we later demonstrate that RAOD-RII dominates AMESP-R.
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We establish below a connection between the function convΓ and the trace of the matrix inverse,

which lays the foundation for our subsequent results.

LEMMA 7. If the rank of X is bounded by k̃, then we have

convΓ(X;λ)+
d− k̃

λ
= tr((X +λId)

−1).

Proof. See Appendix A.12. □

Using Lemma 7, we are now ready to introduce a novel convex integer program for RAOD.

THEOREM 4. RAOD is equivalent to the following convex integer program:

zk := min
x∈{0,1}n

{
convΓ

(∑
i∈[n]

xiaia
⊤
i ;λ

)
+

d− k̃

λ
:
∑
i∈[n]

xi = k

}
. (3)

Proof. Let X =
∑

i∈[n] xiaia
⊤
i . For any binary vector x∈ {0,1}n with

∑
i∈[n] xi = k, the rank

of X must be bounded by k̃. According to Lemma 7, the objective functions of (1) and (3) must

be equal in this context. □

4.2. A Novel Convex Relaxation

By relaxing the binary variables x of (3), we therefore obtain a new lower bound of RAOD:

zk ≥ νN
k := min

x∈[0,1]n

{
convΓ

(∑
i∈[n]

xiaia
⊤
i ;λ

)
+

d− k̃

λ
:
∑
i∈[n]

xi = k

}
. (RAOD-RII)

By leveraging Part (ii) of Proposition 3, we can readily obtain the (sub)gradient of the objec-

tive function of RAOD-RII, which enables us to use first-order methods, such as the Frank-Wolfe

algorithm, to solve RAOD-RII efficiently.

REMARK 3. For any x ∈ [0,1]n with
∑

i∈[n] xi = k, define the matrix X(x) =
∑

i∈[n] xiaia
⊤
i .

Suppose W (x) ∈ Sn
+ is a subgradient of convΓ(X;λ) at X(x), as introduced in Proposition 3.

Then, the vector g(x)∈Rn
+, defined by

gi(x) := a⊤
i W (x)ai, ∀i∈ [n],

is a subgradient of convΓ(
∑

i∈[n] xiaia
⊤
i ;λ) with respect to x. ⋄

In the following, we compare the three convex relaxations of RAOD and analyze their relation-

ships by leveraging Lemmas 6 and 7 and a technical result from Li (2024, Lemma 1).
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THEOREM 5 (Comparison of convex relaxations). RAOD-RII outperforms both RAOD-RI and

AMESP-R. More precisely, the optimal values of these formulations satisfy

(i) νN
k = νC

k for any k ∈ [d,n];

(ii) νN
k ≥ νC

k for any k ∈ [d− 1]; and

(iii) νN
k ≥ νM

k for any k ∈ [n].

Proof. See Appendix A.13. □

Based on Theorem 5, we note that RAOD-RII offers several key advantages:

(i) It provides a stronger lower bound than RAOD-RI and AMESP-R, effectively combining

their strengths. Thus, we can directly combine Theorems 2 and 3 to guarantee theoretical

gaps of RAOD-RII for all k ∈ [n], as summarized in Corollary 2;

(ii) For k ∈ [d,n], Parts (i) and (iii) of Theorem 5 imply that RAOD-RI outperforms AMESP-R.

This allows us to apply Theorem 3 to refine the gap of RAOD-RI at k= d in Corollary 3; and

(iii) It mitigates the computational limitations of AMESP-R by operating in a d× d matrix space,

achieving similar efficiency as RAOD-RI.

COROLLARY 2 (Optimality gap). RAOD-RII admits the following optimality gap

1≤ zk
νN
k

≤min

{
d− 1

d− k
,n− k+1

}
, ∀k ∈ [d− 1], 1≤ zk

νN
k

≤min{d,n− d+1} , if k= d,

and 1≤ zk
νN
k

≤ n− d+1

k− d+1
, ∀k ∈ [d+1, n].

To better understand the performance of RAOD-RII, we illustrate its optimality gaps in Figure 1.

We see that the gap reaches its maximum when k approaches d from either side and tends to

decrease as d increases for small values of k.
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Figure 1 The optimality gaps of RAOD-RII in Corollary 2
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COROLLARY 3 (Optimality gap). When k= d, RAOD-RI admits the following optimality gap

1≤ zk
νC
k

≤min{d,n− d+1} .

4.3. The Cutting-Plane Algorithm

Solving RAOD to optimality is computationally expensive. To mitigate this challenge, this subsec-

tion presents an exact algorithm designed to enhance existing B&B methods, which typically use

the classic lower bound from RAOD-RI (see, e.g., Hendrych et al. 2023). Instead, our approach

leverages the formulation (3) with a stronger relaxation, RAOD-RII. Motivated by the convexity of

the function convΓ, we can recast (3) as a mixed-integer linear programming (MILP) formulation

(4). This reformulation is a well-established technique for mixed-integer nonlinear optimization

problems (Duran and Grossmann 1986, Quesada and Grossmann 1992).

zk = min
w∈R+,x∈{0,1}n

{
w :
∑
i∈[n]

xi = k,w≥ convΓ

(∑
i∈[n]

yiaia
⊤
i ;λ

)
+

d− k̃

λ

+ g(y)⊤ (x−y) , ∀y ∈ {0,1}n,
∑
i∈[n]

yi = k

}
,

(4)

where g(y)∈Rn denotes a (sub)gradient of convΓ(
∑

i∈[n] yiaia
⊤
i ;λ) at y, as defined in Remark 3.

However, the problem (4) incorporates an exponentially large number of linear inequalities,

which causes computational challenges. To address this, we design a customized cutting plane

algorithm for (4) that iteratively adds linear inequalities. The pseudo-code is provided in Algo-

rithm 1. This outer-approximation scheme, as introduced in the seminal work of Duran and Gross-

mann (1986), was proven to converge optimally for solving MINLPs.

At each iteration of Algorithm 1, a MILP problem over (w,x), called the master problem,

is solved. This subproblem of (4) is based on a subset of linear inequalities. As the number of

linear cuts increases, the solution values of wt form a non-decreasing sequence of lower bounds

for RAOD. Algorithm 1 terminates when the relative gap between this lower bound (i.e., wt) and

the best-known upper bound (i.e., UB) reaches a fixed tolerance ϵ. We choose ϵ = 10−4 in our

experiments. According to Bertsimas et al. (2020), Algorithm 1 can be efficiently implemented

in advanced MILP packages (e.g., CPLEX, Gurobi) with the use of lazy constraints and callback

functions. However, a time limit is necessary to impose on Algorithm 1, especially when solving

large-sized instances. Indeed, as often in mixed-integer optimization, the cutting plane algorithm

can quickly find a high-quality solution, but proving its optimality can take much longer. In our

experiments, we set a time limit of one hour for Algorithm 1.
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Algorithm 1 The cutting-plane algorithm for (4)
Input: Vectors {ai ∈Rd}i∈[n], a constant λ> 0, an integer k ∈ [n], and target optimality ϵ > 0

Initialize t= 1, xt ∈ {0,1}n with
∑

i∈[n] x
t
i = k and UB = convΓ

(∑
i∈[n] x

t
iaia

⊤
i ;λ
)
+ d−k̃

λ

repeat

Solve the following optimization problem, where (wt+1,xt+1) denotes an optimal solution

min
w∈R+,x∈{0,1}n∑

i∈[n] xi=k

{
w :w≥ convΓ

(∑
i∈[n]

xℓ
iaia

⊤
i ;λ

)
+

d− k̃

λ
+ g

(
xℓ
)⊤ (

x−xℓ
)
,∀ℓ∈ [t]

}

Update UB =min
{

UB, convΓ
(∑

i∈[n] x
t+1
i aia

⊤
i ;λ
)
+ d−k̃

λ

}
Update t= t+1

until (wt−UB)/UB ≤ ϵ

Output: xt and wt

We employ several strategies to accelerate the computation of Algorithm 1 in practice. First,

we enhance the algorithm using a high-quality warm start obtained from our approximation algo-

rithms in Section 5, instead of randomly initializing a feasible solution. Second, a variable-fixing

technique, proposed by Li (2024), is applied to identify some binary variables in (3) that take val-

ues of 1 or 0 at optimality. Fixing these variables can reduce the problem size of RAOD while

preserving the optimal solution. The effectiveness of this variable-fixing process depends on the

strength of the convex relaxations used. Notably, the use of RAOD-RII allows for the fixing of

more binary variables. Finally, we solve RAOD-RII before running Algorithm 1 to obtain an initial

lower bound. This helps reduce the root gap.

5. The Forward and Backward Greedy Algorithms

In this section, we investigate the scalable forward and backward greedy search strategies and

derive their approximation ratios tailored for two different ranges of k in RAOD, specifically for

k ∈ [d− 1] and k ∈ [d,n], respectively.

The forward greedy algorithm begins with an empty set and then iteratively selects the best new

data point to add to the set. This process continues until the set reaches a size of k. Using the

Sherman–Morrison formula, Chamon and Ribeiro (2017b) designed an efficient implementation

of forward greedy for solving RAOD, as detailed in Algorithm 2.

The backward greedy algorithm, in contrast to the forward greedy approach, starts with a solu-

tion of selecting all data points and then removes an element that results in the smallest objective
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Algorithm 2 The forward greedy algorithm for RAOD (Chamon and Ribeiro 2017a)
Input: Vectors {ai}i∈[n] ∈Rd, a constant λ> 0, and an integer k ∈ [n]

Initialize SF = ∅ and Λ= 1
λ
Id

for j ∈ [k] do

Compute i∗ = argmaxi∈[n]\SF

a⊤
i ΛΛai

1+a⊤
i Λai

Update SF = SF ∪{i∗} and Λ=Λ− Λai∗a
⊤
i∗Λ

1+a⊤
i∗Λai∗

end for

Output: SF

value at each iteration. The procedure repeats until only k data points are left, which is presented

in Algorithm 3. Specifically, at each iteration of Algorithm 3, we have that Λ= (
∑

j∈SB
aja

⊤
j +

λId)
−1, and the goal is to solve

min
i∈SB

f(SB \ {i}) = min
i∈SB

tr

(
Λ+

Λaia
⊤
i Λ

1−a⊤
i Λai

)
= f(SB)+min

i∈SB

a⊤
i ΛΛai

1−a⊤
i Λai

,

where the first equation results from the Sherman–Morrison formula. Similarly, we update the

matrix Λ by the Sherman–Morrison formula.

Algorithm 3 The backward greedy algorithm for RAOD
Input: Vectors {ai}i∈[n] ∈Rd, a constant λ> 0, and an integer k ∈ [n]

Initialize SB = [n] and Λ= (
∑

j∈SB
aja

⊤
j +λId)

−1

for j ∈ [n− k] do

Compute i∗ = argmini∈SB

a⊤
i ΛΛai

1−a⊤
i Λai

Update SB = SB \ {i∗} and Λ=Λ+
Λai∗a

⊤
i∗Λ

1−a⊤
i∗Λai∗

end for

Output: SB

Using Lemma 2, we guarantee the theoretical performance for Algorithms 2 and 3.

THEOREM 6 (Approximation ratios and complexities). For k ∈ [d− 1], Algorithm 2 enjoys a-
d−1
d−k

approximation ratio, that is,

f(SF )≤
d− 1

d− k
zk.

For k ∈ [d,n], Algorithm 3 enjoys a-n−d+1
k−d+1

approximation ratio, that is,

f(SB)≤
n− d− 1

k− d+1
zk.
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In addition, the running time complexities of Algorithms 2 and 3 are O(knd2) and O((n−k)nd2),

respectively.

Proof. See Appendix A.14. □

We remark on Theorem 6 that

(i) The forward greedy Algorithm 2 has been extensively studied in the Bayesian AOD literature

(see, Chamon and Ribeiro 2017a, Bian et al. 2017). Theorem 6 offers the first-known data-

independent approximation ratio for Algorithm 2 when applied to RAOD with k ∈ [d− 1];

(ii) We develop the novel backward greedy Algorithm 3 that delivers an approximation ratio

when k ∈ [d,n];

(iii) As a classical intuition, forward greedy is effective when selecting a small number of data

points, while backward greedy becomes more efficient as the selection size grows. Theorem 6

rigorously validates this intuition, as it offers theoretical guarantees for Algorithms 2 and 3

in the small- and large-k ranges, respectively, as illustrated in Figure 2; and

(iv) Finally, we consider Algorithm 4 to select the better solution between the outputs of Algo-

rithms 2 and 3, which yields a high-quality solution to RAOD for all values of k.

0 5 10 15 20 25 30
k

0.0

2.5

5.0

7.5

10.0

12.5

15.0

17.5

20.0

Ap
pr

ox
im

at
io

n 
ra

tio

Forward greedy
Backward greedy

(a) d= 10

0 5 10 15 20 25 30
k

2.5

5.0

7.5

10.0

12.5

15.0

17.5

Ap
pr

ox
im

at
io

n 
ra

tio

Forward greedy
Backward greedy

(b) d= 20

Figure 2 The approximation ratios of Algorithms 2 and 3 in Theorem 6 with n= 30

Algorithm 4 The combination of the forward and backward greedy algorithms for RAOD
Input: Vectors {ai}i∈[n] ∈Rd, a constant λ> 0, and an integer k ∈ [n]

Denote by SF the output of Algorithm 2

Denote by SB the output of Algorithm 3

Output: The better solution between SF and SB
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COROLLARY 4. Algorithm 4 has an approximation ratio of d−1
d−k

for k ∈ [d− 1], and n−d+1
k−d+1

for

k ∈ [d,n]. In addition, its time complexity is O(n2d2).

6. Numerical Results

This section evaluates the numerical performance of our formulations and algorithms developed for

solving RAOD. The computational results not only demonstrate the efficiency of our approaches

but also provide empirical support for our theoretical findings. All the experiments enforce a 1-

hour timeout, and are conducted in Python 3.6 with calls to Gurobi 9.5.2 on a PC with 10-core

CPU, 16-core GPU, and 16GB of memory. We begin by introducing the datasets, both synthetic

and real, used in our computational experiments.

Synthetic data. Given (n,d), we randomly generate a data matrix A∈Rd×n by a normal distri-

bution N (0,1), and let ai be the i-th column of A for each i∈ [n].

UCI data (Blake 1998). We further conduct experiments on five UCI datasets- autos, breast-

cancer, sml, gas, and song, with dimensions (n,d) of (159,24), (194,33), (200,22), (500,128),

and (1000,90), respectively. We begin by removing all-zero columns from the data matrix. For

datasets with a huge number of observations, we randomly sample a manageable subset of n data

points to ensure computational feasibility when testing exact methods. Finally, we apply min-max

normalization to each feature (i.e., each row) of the resulting matrix A ∈ Rd×n, so that it falls

within the range [0,1].

Movie rating data (Dooms et al. 2013). The movie rating dataset is used to demonstrate an

application of RAOD to the new user cold-start problem in recommendation systems. The dataset

consists of ratings provided by 71,707 users for a total of 38,018 movies. Ratings are shifted from

the range [0, 10] to [1, 11] by adding one to each rating to avoid zero vectors.

6.1. Evaluations of Convex Relaxations

This subsection evaluates the three convex relaxations: RAOD-RI, AMESP-R, and RAOD-RII, by

comparing their optimality gaps and computation times with varying-scale instances. We use the

Frank-Wolfe algorithm to solve them. The results are summarized in Figures 3 and 4. For each con-

vex relaxation, we compute “Gap (%)” by 100× (upper bound− relaxation bound)/upper bound,

where the upper bound of RAOD is obtained from Algorithm 4. Our results verify the effectiveness

of RAOD-RII and its dominance over RAOD-RI and AMESP-R.

We first test three synthetic datasets with n = 100 and different values of d,λ, where for each

dataset, we consider k ∈ {5,10, · · · ,95}. As Figure 3 below shows, RAOD-RII delivers the tightest
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lower bound. It is worth noting that the gap curves for RAOD-RII in Figures 3(a) to 3(c) closely

match the theoretical gaps shown in Figure 1, where the maximum occurs near k = d. Besides,

we would like to comment on the gaps of RAOD-RI and AMESP-R in two ranges of k based

on Figures 3(a) to 3(c). We see that for k < d, AMESP-R outperforms RAOD-RI. When k ≥

d+ 1, RAOD-RI and RAOD-RII are identical, and they dominate AMESP-R, as demonstrated in

Theorem 5. In fact, AMESP-R produces extremely large gaps for k ∈ [d+ 1, n], often exceeding

100%, which indicates that it returns a negative lower bound. This phenomenon aligns with our

result in Part (ii) of Theorem 3. As seen from the differences between Figures 3(a) and 3(b),

increasing d tends to improve AMESP-R and RAOD-RII but worsen RAOD-RI, especially for

small-k instances. Finally, we find that AMESP-R requires the largest computation time since it

builds on the n×n matrix space.

In Figure 4, we test the relaxations of RAOD on three larger-sized real datasets (n =

159,200,1000) with λ = 1. The values of k are tested in increments of 5 for n = 159,200, and

larger increments of 50 for n= 1000. As before, RAOD-RII wins on all test instances. We observe

in Figures 4(a) to 4(c) that as k → d from below, RAOD-RII strictly outperforms RAOD-RI and

AMESP-R even if we combine them and take the minimum. It is still obvious that the gap pf

RAOD-RII tends to be larger when k approaches d from either side. Interestingly, as we observe

in Figures 4(a) and 4(b), RAOD-RI and AMESP-R are no longer directly comparable for values

of k < d. For the largest test case in Figure 4(f), where n = 1000, AMESP-R hits the time limit,

highlighting its scalability limitations.

6.2. Evaluations of Approximation Algorithms

In this subsection, we evaluate the performance of several approximation algorithms for solv-

ing RAOD on the same data instances. Specifically, we compare our Algorithms 2 and 3 with

the following methods: “LocalSearch,” referring to the local search algorithm proposed by Li

and Xie (2024) for AMESP; “RegVol,” the regularized volume sampling algorithm introduced by

Dereziński and Warmuth (2017); and its more efficient implementation “FastRegVol.” Local search

starts from a random solution, and sampling algorithms are run 20 times per instance, with the best

result reported. Notably, we omit comparisons with the randomized sampling algorithms from Li

and Xie (2024), Tantipongpipat (2020), as they were computationally intensive and failed to finish

within one hour on these instances.
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Figure 3 Convex relaxations of RAOD: Gaps and computation times on synthetic data
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Figure 4 Convex relaxations of RAOD: Gaps and computation times on real data

The approximation gaps and computation times for the evaluated algorithms are summarized

in Figures 5 and 6. We track the best lower bound νN
k found from the previous subsection, and

compute “Gap (%)” by 100 × (upper bound − νN
k )/upper bound, where the upper bound is the

objective value returned by each approximation method. We observe that combinatorial algorithms
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outperform the two sampling algorithms, with significant improvements when k > d and d is rel-

atively small compared to n. The comparison of Figures 5(d) and 5(e) shows that the runtime

of FastRegVol increases more rapidly as d increases, compared to the other algorithms. Across

all algorithms, the largest approximation gaps tend to occur near k = d. This may result from

using a lower bound νN
k rather than the true optimal value in computing the gap, as RAOD-RII

deviates most from the optimum around k = d (see Figures 3 and 4). In general, the three com-

binatorial algorithms are not directly comparable, but the local search algorithm outperforms our

greedy Algorithms 2 and 3 in more cases. However, for the largest instance with n= 1000 in Fig-

ures 6(c) and 6(f), it takes considerably longer but achieves nearly identical gaps to our algorithms.

In summary, our Algorithms 2 and 3 strike the best balance between scalability and solution quality

among all the algorithms. As seen in Figure 6(b), Algorithm 2 yields a smaller gap when k is small,

while Algorithm 3 becomes more effective when k ≥ d. This trend aligns with their theoretical

guarantees discussed following Theorem 6.
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Figure 5 Approximation algorithms of RAOD: Gaps and computation times on synthetic data

6.3. Performance of Exact Algorithms

We now compare the three (mixed-)integer convex formulations introduced in Sections 3 and 4

using both synthetic and real datasets. To solve our proposed formulation (3), we develop the
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Figure 6 Approximation Algorithms of RAOD: Gaps and computation times on real data

cutting-plane Algorithm 1, which we implement using Gurobi’s lazy constraints. The same cutting-

plane scheme can be readily extended to (1), since its objective function is also convex; we refer to

this variant as “Cutting plane via (1).” For fairness, both algorithms employ the same computational

enhancements and termination criterion, as detailed in Subsection 4.3. In addition, we use Gurobi

to solve the formulation MISOCP directly. Although AMESP-R offers an exact formulation when

x is binary, we do not include it in our comparison due to its high computational cost and the fact

that RAOD-RII theoretically dominates AMESP-R (see Theorem 5, Part (iii)).

We restrict our experiments to the case k < d. From a theoretical perspective, the objective

functions of (1) and (3) are equivalent when k≥ d, as indicated by Lemma 7, making the compar-

ison trivial. From a practical perspective, this choice is also well-motivated. In high-dimensional

application problems such as user cold-start recommendation systems, constraints such as limited

budgets or user cognitive costs naturally enforce small values of k (Chamon and Ribeiro 2017a).

For each instance with the fixed pair (n,d), we vary the parameters λ∈ {1,10} and k ∈ {5,10},

thus creating four testing cases. The numerical results are presented in Tables 3 and 4, where

“MIPGap(%)” represents the relative optimality gap in percentage at which Gurobi terminates.

A MIPGap of 0.00 indicates a certified optimal solution. Among the three exact algorithms, the

cutting-plane algorithm based on (1) attains the largest MIPGaps in most instances and only occa-

sionally reaches optimality when λ = 10, as seen in Table 4. MISOCP also struggles with large
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MIPGaps and timeouts. In particular, for instances with n ≥ 500, MISOCP may even exhaust

available memory, marked by “–” in Table 4. In contrast, our proposed Algorithm 1 achieves sig-

nificantly smaller MIPGaps and solves most cases to optimality within 1 hour, especially for k= 5.

These results show the superiority of Algorithm 1 in both computational efficiency and MIPGap

reduction for the tested instances, which can be primarily attributed to the strength of the continu-

ous relaxation of (3). For small k < d, its relaxation RAOD-RII is strictly tighter than RAOD-RI,

the continuous relaxation of (1) and MISOCP.

Next, we would like to comment on the effect of parameters d, k, and λ. What is interesting in

Table 3 is that, for fixed n,k,λ, the MIPGap for Algorithm 1 decreases as the experimental dimen-

sion d increases. For instance, Algorithm 1 solves the case with (n,d, k,λ) = (100,80,10,1) in just

7 seconds, whereas the lower-dimensional case (100,20,10,1) takes longer than 1 hour. A likely

explanation is that, according to Corollary 2 and the discussion following Theorem 3, RAOD-RII

admits an optimality gap of (d − 1)/(d − k) when k ≤ (n + 1)/2. Since this theoretical gap is

decreasing with d (for fixed k), RAOD-RII becomes tighter in higher dimensions, thus enhancing

the performance of Algorithm 1. This observation highlights the advantage of our Algorithm 1 in

complex, high-dimensional problems. As expected, instances with k = 10 are harder to solve than

those with k= 5. We also observe that “Cutting plane via (1)” and MISOCP benefit from higher λ

but still fail to close the gap in many instances. In contrast, the effect of λ on the performance of

Algorithm 1 is instance-dependent. Table 3 shows that the case with λ= 10 poses larger MIPGaps

for Algorithm 1 than the case with λ= 1, whereas in Table 4, the opposite holds.

Finally, we evaluate the approximation quality of Algorithm 4 by comparing its outputs with the

best lower bounds returned by Algorithm 1. As shown in the “Gap(%)” column of Tables 3 and 4,

this gap remains within 2.45% and is computed in under 11 seconds, which demonstrates both the

scalability and near-optimality of Algorithm 4. Moreover, in cases where this gap is smaller than

the MIPGap of Algorithm 1, it indicates that Algorithm 1 failed to find a better feasible solution

within the time limit than the one produced by Algorithm 4.

6.4. Application to User Cold-Start Recommendation

This subsection presents an application of RAOD to the user cold-start recommendation problem

introduced in Section 1. Recall that the system struggles with predicting preferences for new users

without prior ratings. A common solution is to select a small, representative set of items for new

users to rate. The criterion for selection usually relies on a statistical measure aimed at minimizing
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Table 3 Exact algorithms for RAOD on synthetic data

Dataset Params Cutting plane via (1) MISOCP Algorithm 1 via (3) Algorithm 4

(n, d) λ k MIPGap(%) Time MIPGap(%) Time MIPGap(%) Time Gap(%) Time

(100, 20)

1 5 77.92 3600 76.08 3600 0.00 589 0.02 1

1 10 82.54 3600 80.14 3600 0.82 3600 0.88 1

10 5 21.17 3600 18.15 3600 0.00 6 0.04 1

10 10 27.70 3600 22.63 3600 2.65 3600 2.45 1

(100, 50)

1 5 75.43 3600 73.18 3600 0.00 1 0.00 1

1 10 83.57 3600 81.80 3600 0.04 3600 0.03 1

10 5 25.80 3600 22.25 3600 0.00 1 0.00 1

10 10 36.68 3600 31.40 3600 0.25 3600 0.23 1

(100, 80)

1 5 69.19 3600 66.73 3600 0.00 1 0.00 1

1 10 78.01 3600 75.20 3600 0.00 7 0.00 1

10 5 25.78 3600 23.60 3600 0.00 1 0.00 1

10 10 36.04 3600 32.57 3600 0.07 3600 0.06 1

(150, 20)

1 5 79.95 3600 78.40 3600 0.00 8 0.00 1

1 10 84.63 3600 82.14 3600 0.47 3600 0.59 1

10 5 23.41 3600 21.88 3600 0.00 2 0.00 1

10 10 30.58 3600 24.48 3600 1.79 3600 1.65 1

(150, 50)

1 5 78.67 3600 76.91 3600 0.00 1 0.00 1

1 10 86.36 3600 85.03 3600 0.02 3600 0.02 1

10 5 28.07 3600 25.79 3600 0.00 1 0.00 1

10 10 39.70 3600 35.77 3600 0.11 3600 0.11 1

(150, 80)

1 5 75.18 3600 73.05 3600 0.00 1 0.00 1

1 10 83.70 3600 82.13 3600 0.00 1 0.00 1

10 5 28.69 3600 25.63 3600 0.00 1 0.00 1

10 10 40.13 3600 36.23 3600 0.04 3600 0.04 1

the model mean squared error, most notably A-optimality and D-optimality (see, e.g., Chamon

and Ribeiro 2017a, Rubens et al. 2009, Zhao and Wang 2015). These correspond to RAOD and

regularized DOD optimization problems. In the following, we compare the performance of RAOD,

regularized DOD, and a random selection baseline in addressing the cold-start problem. We apply

the widely-used forward greedy algorithm to solve both RAOD and regularized DOD for a fair

comparison (Krause et al. 2008).
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Table 4 Exact algorithms for RAOD on real data

Dataset Params Cutting plane via (1) MISOCP Algorithm 1 via (3) Algorithm 4

(n, d) λ k MIPGap(%) time MIPGap(%) time MIPGap(%) time Gap(%) time

(159, 24)

1 5 13.10 3600 8.49 3600 0.00 3548 0.02 1

1 10 16.14 3600 6.86 3600 1.64 3600 1.80 1

10 5 0.00 19 0.27 3600 0.00 4 0.04 1

10 10 0.12 3600 0.27 3600 0.06 3600 0.06 1

(194, 33)

1 5 6.65 3600 5.93 3600 0.00 119 0.12 1

1 10 9.64 3600 3.92 3600 1.15 3600 1.23 1

10 5 0.00 2 0.01 3600 0.00 1 0.00 1

10 10 0.00 28 0.11 3600 0.00 3 0.00 1

(200, 22)

1 5 16.08 3600 0.46 3600 0.00 416 0.08 1

1 10 19.70 3600 2.27 3600 2.43 3600 2.27 1

10 5 0.00 47 0.10 3600 0.00 1 0.14 1

10 10 0.24 3600 0.24 3600 0.08 3600 0.11 1

(500, 128)

1 5 2.90 3600 – – 0.00 48 0.02 3

1 10 1.91 3600 – – 0.00 441 0.01 3

10 5 0.00 30 – – 0.00 1 0.00 3

10 10 0.00 26 – – 0.00 1 0.00 3

(1000, 90)

1 5 9.15 3600 – – 0.00 192 0.00 11

1 10 20.05 3600 – – 0.10 3600 0.10 11

10 5 0.00 2181 – – 0.00 4 0.01 11

10 10 0.37 3600 – – 0.00 26 0.00 11

To understand a new user’s movie preferences, we leverage the intuition that their tastes are

related to how existing (training) users have rated the same movies (Deldjoo et al. 2019). For each

movie i∈ [n], the vector ai ∈Rd contains its ratings from d training users. As done in Chamon and

Ribeiro (2017a), we assume that the new user’s ratings can be expressed as a linear combination of

the past rating data, modeled as A⊤θ, where θ ∈Rd captures how similar the new user is to each

training user. Since θ is unknown, we select a subset Ŝ ⊆ [n] of k movies for the new user to rate,

aiming to provide maximal information for estimating θ. With the estimate θ̂, we predict the new

user’s ratings for the remaining (n− k) movies as a⊤
i θ̂ for all i ∈ [n] \ Ŝ. Finally, we evaluate the

quality of the selected subset Ŝ by computing the mean squared error (MSE) between predicted
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and actual ratings. A lower MSE indicates that the selected movies more effectively capture the

new user’s preferences.

To facilitate testing, we truncate the movie rating data from Dooms et al. (2013) by randomly

selecting a subset of ratings. Specifically, for a fixed number of movies, training users, and new

users, we repeat the truncation process 15 times with different random seeds. Tables 5 and 6 com-

pare the average MSE across all 20 and 50 new users using the three selection methods. To be spe-

cific, the average MSE is computed by averaging per-seed MSEs of all new users and then averag-

ing these values across 15 random seeds. We refer to the MSE values based on our RAOD method,

regularized DOD, and random selection as “A-MSE”, “D-MSE”, and “R-MSE”, respectively. For

each dataset, we vary the regularization parameter λ∈ {0.5,1,1.5}. The random selection method

is clearly unaffected by the choice of λ. Across all experimental settings, RAOD consistently yields

the lowest or comparable MSE. In contrast, while the D-optimality-based method occasionally

outperforms RAOD in Table 5, it tends to generate extremely high MSE in larger-scale settings

with 50 new users, as shown in Table 6 where n = 700. The random selection method performs

the worst overall, particularly in Table 6. These results highlight the robustness and effectiveness

of the RAOD-based selection for cold-start recommendations, particularly as the number of new

users grows.

7. Conclusion

We study the regularized A-optimal design (RAOD) problem and prove its NP-hardness for the first

time. A key insight from our results is that the performance of both formulations and algorithms

for RAOD hinges on whether the selection size k exceeds the data dimension d. Specifically, we

demonstrate that the two existing relaxations perform well in only one of the two ranges (k≤ d−1

or k ≥ d), but poorly in the other. To address this, we propose a novel convex integer formulation

that yields a stronger relaxation with provable performance guarantees for all k. This formula-

tion significantly accelerates the exact cutting-plane algorithm in small-k and high-dimensional

settings. We further investigate the complementary forward and backward greedy algorithms, tai-

lored respectively to the ranges k ≤ d− 1 and k ≥ d. Our numerical experiments demonstrate the

effectiveness and efficiency of the proposed algorithms. Our work can be seen as a non-sequential

experimental design scheme, where the data points are selected at once. A possible future direction

is to explore adaptive strategies that select points sequentially based on prior selections.
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Table 5 The average MSE of 20 new users

(n,d, k) λ A-MSE D-MSE R-MSE

(500, 100, 20)

0.5 0.0346 0.2430 0.0460

1 0.0346 0.2430 0.0460

1.5 0.0346 0.2435 0.0460

(600, 100, 20)

0.5 0.0368 0.0517 0.0463

1 0.0368 0.1864 0.0463

1.5 0.0386 0.1950 0.0463

(700, 100, 20)

0.5 0.0364 0.0360 0.0450

1 0.0361 0.0357 0.0450

1.5 0.0353 0.0351 0.0450

(800, 100, 20)

0.5 0.0366 0.0382 0.0466

1 0.0367 0.0383 0.0466

1.5 0.0378 0.0454 0.0466

(900, 100, 20)

0.5 0.0383 0.0385 0.0483

1 0.0390 0.0384 0.0483

1.5 0.0391 0.0382 0.0483

Table 6 The average MSE of 50 new users

(n,d, k) λ A-MSE D-MSE R-MSE

(500, 150, 50)

0.5 0.0323 0.0355 1.65e+26

1 0.0343 0.0355 1.65e+26

1.5 0.0343 0.0381 1.65e+26

(600, 150, 50)

0.5 0.0388 0.0578 2.35e+26

1 0.0398 0.0737 2.35e+26

1.5 0.0392 0.0752 2.35e+26

(700, 150, 50)

0.5 0.0354 1.72e+21 2.00e+26

1 0.0354 1.72e+21 2.00e+26

1.5 0.0356 1.72e+21 2.00e+26

(800, 150, 50)

0.5 0.0366 0.0993 3.54e+26

1 0.0367 0.1179 3.54e+26

1.5 0.0367 0.1182 3.54e+26

(900, 150, 50)

0.5 0.0361 0.0355 1.23e+26

1 0.0361 0.0425 1.23e+26

1.5 0.0361 0.0480 1.23e+26
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Appendix A: Additional proof

A.1. Proof of Proposition 1

Proof. We prove the result by showing that the objective functions of RAOD and AMESP are equiva-

lent. For any solution S of RAOD, let σ1 ≥ · · · ≥ σd ≥ 0 and β1 ≥ · · · ≥ βk ≥ 0 denote the eigenvalues of

ASA
⊤
S ∈ Sd

+ and A⊤
SAS ∈ Sk

+, respectively. Then, our analysis is split into two parts depending on whether

k≤ d holds or not.

(i) k ∈ [d]. Because ASA
⊤
S ∈ Sd

+ and A⊤
SAS ∈ Sk

+ admit the same nonzero eigenvalues, their eigenvalues

satisfy σi = βi for any i∈ [k] and σi = 0 for all i∈ [k+1, d]. Given this, we have that

f(S) = tr
((

ASA
⊤
S +λId

)−1
)
=
∑
i∈[d]

1

σi +λ
=
∑
i∈[k]

1

βi +λ
+

d− k

λ

= tr
((

A⊤
SAS +λIk

)−1
)
+

d− k

λ
= tr

(
(CS,S)

−1
)
+

d− k

λ
,

where the first and the last equations follow from the definitions of A and C, respectively.

(ii) k ∈ [d+ 1, n]. Analogously, according to the relation of the eigenvalues between ASA
⊤
S ∈ Sd

+ and

A⊤
SAS ∈ Sk

+, we get σi = βi for any i∈ [d] and βi = 0 for all i∈ [d+1, k]. Then, we have that

f(S) = tr
((

ASA
⊤
S +λId

)−1
)
=
∑
i∈[d]

1

σi +λ
=
∑
i∈[k]

1

βi +λ
− k− d

λ

= tr
((

A⊤
SAS +λIk

)−1
)
+

d− k

λ
= tr

(
(CS,S)

−1
)
+

d− k

λ
.

We thus complete the proof. □

A.2. Proof of Theorem 1

Proof. In order to prove the result, we reduce the NP-hard independent set decision problem to AMESP.

Given a simple undirected graph G([n],E), we define a symmetric matrix C as

Cij =


n if i= j;

1 if (i, j)∈E;

0 Otherwise.

For all i∈ [n], it is easy to verify that Cii = n> n−1≥
∑

j ̸=i |Cij|, implying that C is a strictly diagonally

dominant matrix. Hence, the matrix C is positive definite, and so is any principal submatrix of C. Besides,

we can express C =AA⊤+λIn in the form of the objective matrix in AMESP, where λ equals the smallest

eigenvalue of C, and A denotes the Cholesky factor of C − λIn. Therefore, the resulting pair (A, λ) can

be used as an input instance of RAOD such that RAOD is equivalent to AMESP.

For any subset S ⊆ [n], the subgragh GS comprises the vertices S and edges in the set E ∩ (S×S), and

then, the subgragh GS can be represented by the principal submatrix CS,S .

Next, for a subset S of size k, we compute the trace of the inverse of CS,S in two cases.
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(i) If S is a sized-k independent set for the graph G, according to the property of independent sets, the

resulting subgraph GS has no edges, that is, (i, j) /∈ E for any two vertices i, j in S. Therefore, the

corresponding submatrix CS,S to GS must be diagonal, and we can easily compute tr((CS,S)
−1) =∑

i∈S 1/Cii = k/n.

(ii) If S is not a sized-k independent set, then, unlike Part (i), there is at least one nonzero off-diagonal

entry in CS,S . Suppose that the vector σ ∈Rk
++ contains the eigenvalues of CS,S . It follows that

∥CS,S∥2F =
∑
i∈[k]

σ2
i =

∑
i∈S

∑
j∈S

C2
ij ≥ kn2 +2.

In addition, we have that
∑

i∈[k] σi = tr(CS,S) = kn. As a result, not all entries of σ can be equal.

Otherwise, we would find that
∑

i∈[k] σ
2
i = kn2, a contradiction with the inequality above.

According to Lemma 1, we get

k

tr((CS,S)−1)
=

k∑
i∈[k]

1
σi

<

∑
i∈[k] σi

k
= n =⇒ tr((CS,S)

−1)>
k

n
,

where the first inequality is strict because the entries of σ are not all equal.

By combining the results in Parts (i) and (ii), we conclude that if AMESP yields an optimal value of

k/n + (d − k)/λ, then there exists an independent set of size k in the graph G. On the other hand, if

the optimal value is larger than k/n+ (d− k)/λ, the independent set decision problem is false. We thus

complete the proof. □

A.3. Proof of Lemma 2

Proof. For each i ∈ S, let us consider the following probability to sample i out of S, proposed by

Dereziński and Warmuth (2017):

P(i|S) =
1−a⊤

i

(
ASA

⊤
S +λId

)−1
ai

s− tr
(
A⊤

S (ASA⊤
S +λId)

−1
AS

) .
It is easy to verify that

∑
i∈S P(i|S) = 1. Then, the expected function value of removing an element from S

is equal to

E [f(S \ {i})] =
∑
i∈S

P(i|S)f(S \ {i}) =
∑
i∈S

P(i|S) tr
((

ASA
⊤
S −aia

⊤
i +λId

)−1
)

=
∑
i∈S

P(i|S)

(
f(S)+

a⊤
i

(
ASA

⊤
S +λId

)−2
ai

1−a⊤
i (ASA⊤

S +λId)
−1

ai

)

= f(S)+
tr
(
A⊤

S

(
ASA

⊤
S +λId

)−2
AS

)
s− tr

(
A⊤

S (ASA⊤
S +λId)

−1
AS

)
= f(S)

1+
tr
((

ASA
⊤
S +λId

)−2
ASA

⊤
S

)
tr
(
(ASA⊤

S +λId)
−1
)(

s− tr
(
(ASA⊤

S +λId)
−1

ASA⊤
S

))
 ,

(5)
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where the second equation is based on the Sherman–Morrison formula, the third equation is from the expres-

sion of P(i|S), and the last one results from the cyclic property of trace operator.

Observe that the matrix ASA
⊤
S ∈ Sd

+ has a rank of at most min{s, d}; hence, it has at least d−min{s, d}

zero eigenvalues. Let ASA
⊤
S =QΛQ⊤ be the eigen-decomposition of ASA

⊤
S , where Λ∈ Sd

+ is a diagonal

matrix comprising min{s, d} nonnegative eigenvalues σ1, · · · , σmin{s,d} and zero eigenvalues σmin{s,d}+1 =

· · ·= σd = 0 of ASA
⊤
S . Given the eigen-decomposition of ASA

⊤
S , we can show that

M1 := tr
((

ASA
⊤
S +λId

)−2
ASA

⊤
S

)
= tr

(
(Λ+λId)

−2
Λ
)
=

∑
i∈[min{s,d}]

σi

(λ+σi)2
,

M2 := tr
((

ASA
⊤
S +λId

)−1
)
= tr

(
(Λ+λId)

−1
)
=

∑
i∈[min{s,d}]

1

λ+σi

+(d−min{s, d}) 1
λ
, and

M3 := tr
((

ASA
⊤
S +λId

)−1
ASA

⊤
S

)
= tr

(
(Λ+λId)

−1
Λ
)
=

∑
i∈[min{s,d}]

σi

λ+σi

.

(6)

Replacing the expressions on the right-hand side of (5) with M1,M2,M3 leads to

min
i∈S

f(S \ {i})≤E [f(S \ {i})] = f(S)

(
1+

M1

M2 (s−M3)

)
. (7)

To prove the result, we will bound the value of M1
M2(s−M3)

from above in two cases.

Case I: s≤ d− 1. To begin, let us establish a lower bound:

∑
i∈[s]

λ

λ+σi

≥ s2λ∑
i∈[s](σi +λ)

=
s2λ∑

i∈S ∥ai∥22 + sλ
≥ s2λ

smaxi∈[n] ∥ai∥22 + sλ
= sρ, (8)

where the first inequality is from Lemma 1, and the second equality is from the fact that σs+1 = · · ·= σd = 0.

Next, based on (6) and (8), we have that

M1

M2 (s−M3)
=

∑
i∈[s]

σi
(λ+σi)

2(∑
i∈[s]

1
λ+σi

+(d− s) 1
λ

)(
λ
∑

i∈[s]
1

λ+σi

) ≤ 1∑
i∈[s]

λ
λ+σi

+ d− s
≤ 1

sρ+ d− s
, (9)

where the first equation is obtained from plugging the expressions of M1,M2, and M3 in (6), the second

inequality is because σi
(λ+σi)

2 ≤ 1
λ+σi

for each i∈ [s], and the last one is from (8).

Case II: s≥ d. Analogous to (8) and (9), we can show that

∑
i∈[d]

λ

λ+σi

≥ d2λ∑
i∈[d](σi +λ)

=
d2λ∑

i∈S ∥ai∥22 + dλ
≥ d2λ

smaxi∈[n] ∥ai∥22 + dλ
= dρ,

and

M1

M2 (s−M3)
=

∑
i∈[d]

σi
(λ+σi)

2(∑
i∈[d]

1
λ+σi

)(
s− d+ d−

∑
i∈[d]

σi
λ+σi

) ≤ 1

s− d+
∑

i∈[d]
λ

λ+σi

≤ 1

s− d+ dρ
. (10)

By plugging the results of (9) and (10) into (7), we complete the proof. □
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A.4. Proof of Theorem 2

Proof. Part (i). Let S be an optimal solution of RAOD with the selection size s ∈ [d,n]. Then, |S|= s

and f(S) = zs. Based on Lemma 2, we have

zs−1 ≤min
i∈S

f(S \ {i})≤
(
1+

1

dρ+ s− d

)
f(S) =

dρ+ s− d+1

dρ+ s− d
zs, (11)

where the first inequality is because S \ {i} is a feasible solution to RAOD at s− 1.

It is clear that νC
k must be at least as large as the objective value of selecting all data points, that is,

νC
k ≥ zn. Then, sequentially applying (11) with s= k+1, · · · , n leads to

zk ≤
∏

s∈[k+1,n]

s− d+1+ dρ

s− d+ dρ
zn =

n− d+1+ dρ

k+1− d+ dρ
zn ≤

n− d+1+ dρ

k− d+1+ dρ
νC
k ≤ n− d+1

k− d+1
νC
k ,

where the last inequality follows immediately because of ρ> 0.

Part (ii). We construct a worst-case example of RAOD-RI to demonstrate how an unbounded optimality

gap occurs for k ∈ [d− 1].

EXAMPLE 1. Fix d= n. Let ai = ei for all i∈ [n], where ei represents the i-th column of Id. ⋄

In Example 1, for a given k ∈ [d− 1], any feasible solution is optimal for RAOD, since

tr

((∑
i∈S

aia
⊤
i +λId

)−1)
= tr

((∑
i∈S

eie
⊤
i +λId

)−1)
=

k

1+λ
+

d− k

λ
,

holds for any subset S ⊆ [n] with |S| = k. Hence, the optimal value of RAOD is zk = k/(1+λ) +

(d− k)/λ. On the other hand, the vector x̂ is feasible for RAOD-RI, where let x̂i = k/n for any i ∈ [n].

Plugging x̂ into RAOD-RI, we get

νC
k ≤ tr

((∑
i∈[n]

k

n
aia

⊤
i +λId

)−1)
= tr

(
k

n
Id +λId

)
=

dn

k+nλ
≤ dn

k
.

It follows that
zk
νC
k

≥
k

1+λ
+ d−k

λ

dn
k

≥
d−k
λ
dn
k

=
k(d− k)

dnλ
→∞, if λ→ 0.

We thus complete the proof. □

A.5. Proof of Theorem 3

Proof. The proof includes two parts.

(i) We first establish a-(d− 1)/(d− k) optimality gap for any k ∈ [d− 1]. The proof includes two steps-

deriving a lower bound of νM
k and an upper bound of zk.
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Step I. Let x̂ be an optimal solution to AMESP-R. Suppose that β1 ≥ · · · ≥ βn ≥ 0 denote the eigen-

values of
∑

i∈[n] x̂ihih
⊤
i . Then, we have that∑

i∈[n]

βi = tr

(∑
i∈[n]

x̂ihih
⊤
i

)
= tr

(
HDiag(x)H⊤)= tr

(
Diag(

√
x̂)H⊤HDiag(

√
x̂)
)

= tr
(
Diag(

√
x̂)(A⊤A+λIn)Diag(

√
x̂)
)
= tr

(∑
i∈[n]

x̂iaia
⊤
i

)
+λ tr (Diag(x̂))

=
∑
i∈[n]

x̂i∥ai∥22 + kλ,

(12)

where the third and the fifth equations are from the cyclic property of the trace operator, and the fourth

equation is from the definition of H⊤H .

Next, we show that

νM
k − d− k

λ
=Φ

(∑
i∈[n]

x̂ihih
⊤
i

)
=
∑
i∈[ι]

1

βi

+
k− ι

1
k−ι

∑
i∈[η+1,n] βi

≥ k2∑
i∈[n] βi

=
k2∑

i∈[n] x̂i∥ai∥22 + kλ

≥ k2

kmaxi∈[n] ∥ai∥22 + kλ
=

k

maxi∈[n] ∥ai∥22 +λ
,

where the second equation is from Definition 2 of Φ, the first inequality is from Lemma 1, the third

equation is because of (12), and the second inequality stems from the fact that
∑

i∈[n] x̂i = k.

Step II. As noted in Remark 1, zk ≤ z1 holds. We thus get

zk ≤ z1 =min
i∈[n]

tr

((
aia

⊤
i +λId

)−1)
=min

i∈[n]

1

∥ai∥22 +λ
+

d− 1

λ
=

1

maxi∈[n] ∥ai∥22 +λ
+

d− 1

λ
.

Combing Steps I and II, we obtain that

zk
νM
k

≤
1

maxi∈[n] ∥ai∥22+λ
+ d−1

λ

k
maxi∈[n] ∥ai∥22+λ

+ d−k
λ

=
λ+(d− 1)(maxi∈[n] ∥ai∥22 +λ)

kλ+(d− k)(maxi∈[n] ∥ai∥22 +λ)
≤ d− 1

d− k
,

where the last step is because for any c1 ≥ c2, it is easy to verify that c1+λ
c2+kλ

≤ c1
c2

.

Furthermore, according to Li and Xie (2024, Theorem 11), we have that

1≤
zk − d−k

λ

νM
k − d−k

λ

≤min{k,n− k+1}.

For any k ∈ [d], since d− k ≥ 0, it is evident that the inequality still holds after removing the term

−d−k
λ

. We thus obtain a min{k,n− k+1} optimality gap for AMESP-R when k ∈ [d].

Combining the optimality gaps for any k ∈ [d− 1], we obtain that

zk
νM
k

≤min

{
d− 1

d− k
, k,n− k+1

}
.

Notably, the ratio of k can be omitted because

k− d− 1

d− k
=

1

d− k
(kd− k2 − d+1) =

1

d− k
(k− 1)(d− k− 1)≥ 0.
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(ii) To prove the result, we construct an example where νM
k < 0, as shown below.

EXAMPLE 2. Suppose d= 1, k= 2, n= 3, λ= 1, a1 = 1, a2 =−1, and a3 = 2. ⋄

In Example 2, we observe that AA⊤ =
∑

i∈[n]aia
⊤
i = 6. Consequently, the matrix A⊤A ∈ Sn

+ has

eigenvalues: 6,0,0, and C =A⊤A+λIn has eigenvalues: 7,1,1.

We construct a feasible solution x̂ to AMESP-R that yields a negative objective value for the

particular instance in Example 2. Specifically, we set x̂i = k/n = 2/3 for any i ∈ [n]. Thus,∑
i∈[n] x̂ihih

⊤
i = 2/3HH⊤. For any matrix X , it is established that XX⊤ and X⊤X have the same

nonzero eigenvalues. According to this result, given H⊤H =C, it is easy to verify that 2/3HH⊤

has eigenvalues: 14/3,2/3,2/3. Clearly, 14/3 > 4/3 holds. From Definition 2, we get ι = 1 in this

case, and we thus have that

Φ

(∑
i∈[n]

x̂ihih
⊤
i

)
+

d− k

λ
=

3

14
+

3

4
− 1 =− 1

28
< 0.

At optimality of AMESP-R, we must have νM
k < 0 in Example 2.

Thus, we complete the proof. □

A.6. Proof of Lemma 3

Proof. First, define B =ADiag(
√
x) ∈Rd×n. The minimization problem in Lemma 3 can be written

as

min
X∈Rd×n

1

λ
tr
[
X
(
B⊤B+λIn

)
X⊤]− 2

λ
tr
(
XB⊤)+ d

λ
,

which is a strongly convex and unconstrained problem over X . Its first-order optimality condition gives an

optimal solution X∗. We get
2

λ
X∗ (B⊤B+λIn

)
=

2

λ
B,

which leads to X∗ =B
(
B⊤B+λIn

)−1
. Plugging X∗ into the minimization problem above, the optimal

value is equal to

− 1

λ
tr
[
B
(
B⊤B+λIn

)−1
B⊤
]
+

d

λ
= tr

[(
BB⊤ +λId

)−1
]
= tr

[(∑
i∈[n]

xiaia
⊤
i +λId

)−1]
,

where the first equation is due to the Woodbury matrix identity, i.e.,

(
BB⊤ +λId

)−1
=

1

λ
Id −

1

λ
B(B⊤B+λIn)

−1B⊤,

and the second equation is because of the definition of B. This completes the proof. □
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A.7. Proof of Proposition 2

Proof. According to the identity in Lemma 3, we can reformulate (1) as

zk = min
x∈{0,1}n,X∈Rd×n

{
1

λ

∥∥XDiag
(√

x
)
A⊤ − Id

∥∥2
F
+ ∥X∥2F :

∑
i∈[n]

xi = k

}
, (13)

Next, we show that (13) and MISOCP can be transformed into each other in an equivalent manner.

(i) Let (X∗,x∗,µ∗) be an optimal solution of MISOCP. Then, ∥X∗
i ∥22 = µ∗

ix
∗
i must hold for all i∈ [n].

Next, let us construct a matrix X̂ . For each i, j ∈ [n], if x∗
i = 0, let X̂ij = 0, and if x∗

i ̸= 0, let

X̂ij =X∗
ij/

√
xi. Then it is easy to check that

∥X̂i∥22 =
∥X∗

i ∥22
x∗
i

= µ∗
i ,∀i∈ [n], and

1

λ

∥∥∥X̂Diag
(√

x∗
)
A⊤ − Id

∥∥∥2
F
+ ∥X̂∥2F =

1

λ
∥X∗A⊤ − Id∥2F +

∑
i∈[n]

µ∗
i ,

which implies that (X̂,x∗) is a feasible solution to (13) with the same objective value as MISOCP.

(ii) Let (X̂, x̂) be an optimal solution of (13). If x̂i = 0 for any i ∈ [n], then X̂i = 0, because in this

context, X̂i only affects the Frobenius norm of X̂ in the objective function of (13). Then, we define

X∗ and µ∗ as X∗ = X̂Diag(
√
x̂) and µ∗

i = ∥X̂i∥22 for all i ∈ [n]. We get ∥X∗
i ∥22 = ∥X̂i∥22x̂i = µ∗

i x̂i

for each i ∈ [n], implying that (X∗, x̂,µ∗) is feasible for MISOCP. Analogous to Part (i), we can

demonstrate that (X∗, x̂,µ∗) gives the same objective value for MISOCP as (13).

Hence, MISOCP and (13) are equivalent. The analysis above is independent of the binary property of x,

and thus can be readily extended to show the equivalence of RAOD-RI and (2). □

A.8. Proof of Lemma 4

Proof. Let σ1 ≥ · · · ≥ σd ≥ 0 denote the eigenvalues of
∑

i∈[n] xiaia
⊤
i . Since the rank of∑

i∈[n] xiaia
⊤
i ∈ Sd

+ must be bounded by k̃, we have that σk̃+1 = · · ·= σd = 0. Accordingly, the objective

matrix (
∑

i∈[n] xiaia
⊤
i +λId) in (1) has eigenvalues σ1 +λ, · · ·σk̃ +λ,λ, · · · , λ. Then, we have that

tr

((∑
i∈[n]

xiaia
⊤
i +λId

)−1)
=
∑
i∈[k̃]

1

σi +λ
+

d− k̃

λ
=Γ

(∑
i∈[n]

xiaia
⊤
i ;λ

)
+

d− k̃

λ
.

We thus complete the proof. □

A.9. Proof of Remark 2

Proof. Suppose d= 2, k= 1, and λ= 1. Given X1 =

(
1 0
0 0

)
and X2 =

(
0 0
0 1

)
, we have that

Γ

(
1

2
X1 +

1

2
X2;λ

)
=

1
1
2
+1

=
2

3
>

1

2
Γ(X1;λ)+

1

2
Γ(X2;λ) =

1

2
,

where the first equation is because 1/2 is the largest eigenvalue of the matrix 1/2X1 + 1/2X2. The strict

inequality violates the function convexity. Thus, Γ is nonconvex. □
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A.10. Proof of Lemma 6

Proof. According to Lemma 5, the conditions that define η are ση > 1

k̃−η

∑
i∈[η+1,d] σi ≥ ση+1. By

adding λ > 0 to all terms, the inequalities still hold. It follows that σ+
η > 1

k̃−η

∑
i∈[η+1,d] σ

+
i ≥ σ+

η+1. Given

σ+
i = 0 for all i∈ [d+1, s], the result follows immediately from replacing d with s. □

A.11. Proof of Proposition 3

Proof. First, we define a new vector σ+ ∈ Rd
+ where σ+

i = σi + λ > 0 for any i ∈ [k̃] and σ+
i = σi for

any i∈ [k̃+1, d]. Given σ+
1 ≥ · · · ≥ σ+

d ≥ 0, we define a function γ(σ+) :Rd
+ →R+ as

γ(σ+) =
∑
i∈[k̃]

1

σ+
i

=
∑
i∈[k̃]

1

σi +λ
.

By Definition 3, the function Γ(X;λ) depends only on the eigenvalues of X and can be characterized by

γ, that is, Γ(X;λ) = γ(σ+). Then, Kim et al. (2022, Theorem 8) implies that

convΓ(X;λ) = convγ(σ+).

This shifts our attention to deriving the convex envelope of convγ.

According to Li and Xie (2024, Theorems 8 and 9), the convex envelope of γ is defined as

convγ(σ+) =
∑
i∈[ℓ]

1

σ+
i

+
(k̃− ℓ)2∑
i∈[ℓ+1,d] σ

+
i

,

where 0≤ ℓ≤ k̃− 1 denotes the unique integer satisfying σ+
ℓ > 1

k̃−ℓ

∑
i∈[ℓ+1,d] σ

+
i ≥ σ+

ℓ+1 with the conven-

tion σ+
0 =∞. Applying Lemma 6 with s= d, we get ℓ= η. Hence, we can rewrite convγ as

convγ(σ+) =
∑
i∈[η]

1

σ+
i

+
(k̃− η)2∑
i∈[η+1,d] σ

+
i

=
∑
i∈[η]

1

σi +λ
+

(k̃− η)2∑
i∈[η+1,d] σi +(k̃− η)λ

,

where the second equation is because of the definition of σ+.

Observe that convΓ(X;λ) is a spectral function, since it can be characterized by convγ(σ+), a function

defined on the eigenvalues of X . According to standard results on spectral functions (Drusvyatskiy and

Kempton 2015, Lewis 1995), any subgradient of convΓ(X) at X takes the form QDiag(ς)Q⊤, where ς

is a subgradient of underlying function (i.e., convγ(σ+)) on eigenvalues σ. The fact that ς ∈ ∂ convγ(σ+)

directly follows from Li and Xie (2024, Proposition 8). □

A.12. Proof of Lemma 7

Proof. Our proof is split into two parts depending on whether the rank of X attains k̃ or not. To begin,

we let σ1 ≥ · · · ≥ σd ≥ 0 denote the eigenvalues of X .
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(i) The rank of X is equal to k̃. Without the loss of generality, suppose that 0≤ η ≤ k̃− 1 is the largest

integer satisfying ση > ση+1 = · · ·= σk̃, where σ0 =∞. Then, given σk̃ > σk̃+1 = · · ·= σd = 0, it is

easy to verify that

ση >
1

k̃− η

∑
i∈[η+1,d]

σi =
1

k̃− η

∑
i∈[η+1,k̃]

σi = ση+1,

which implies that η satisfies the conditions in Lemma 5. Then, according to Proposition 3,

convΓ(X;λ) is equal to

convΓ(X;λ) =
∑
i∈[η]

1

σi +λ
+

(k̃− η)2∑
i∈[η+1,d] σi +(k̃− η)λ

=
∑
i∈[η]

1

σi +λ
+

k̃− η

ση+1 +λ
=
∑
i∈[k̃]

1

σi +λ

=
∑
i∈[d]

1

σi +λ
− d− k̃

λ
= tr((X +λId)

−1)− d− k̃

λ
,

where the second and third equations are because ση+1 = · · ·= σk̃ > 0 = σk̃+1 = · · ·= σd.

(ii) The rank of X is less than k̃. Let η denote its rank, and thus η≤ k̃−1. It is clear that ση > 0 = ση+1 =

· · ·= σd = 0. Given this, we can readily check that ση >
1

k̃−η

∑
i∈[η+1,d] σi = 0= ση+1, indicating that

the integer η exactly satisfies the conditions in Lemma 5. Then, following the analysis of Part (i), we

conclude that

convΓ(X;λ) =
∑
i∈[η]

1

σi +λ
+

(k̃− η)2∑
i∈[η+1,d] σi +(k̃− η)λ

=
∑
i∈[η]

1

σi +λ
+

k̃− η

λ
=
∑
i∈[k̃]

1

σi +λ

= tr((X +λId)
−1)− d− k̃

λ
.

We thus complete the proof. □

A.13. Proof of Theorem 5

We begin by introducing Schur-convex, which are critical to proving our results.

DEFINITION 4 (CONSTANTINE 1983). A function g :Rn →R is Schur-convex if for all ν,µ ∈Rn such

that µ majorizes ν, one has that g(µ)≥ g(ν).

Now we are ready to prove Theorem 5.

Proof. To begin, for a vector x̂ ∈ [0,1]n with
∑

i∈[n] x̂i = k, we let X =
∑

i∈[n] x̂iaia
⊤
i , and let σ1 ≥

· · · ≥ σd ≥ 0 denote the eigenvalues of X . Let 0≤ η≤ k̃− 1 denote the unique integer from Lemma 5, that

is, ση >
1

k̃−η

∑
i∈[η+1,d] σi ≥ ση+1. The following of the proof includes three parts.

(i) For any k ∈ [d,n], the rank of X must be bounded by k̃. Therefore, the identity convΓ(X;λ) +

(d− k̃)/λ= tr((X + λId)
−1) always holds based on Lemma 7, implying that the optimal values of

RAOD-RII and RAOD-RI are the same.

(ii) For any k ∈ [d− 1], we begin by establishing a technical result on Schur-convexity.
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CLAIM 1. The function ξ(y) =
∑

i∈[d]
1

yi+λ
:Rd

+ →R is Schur-convex.

Proof. It is recognized that every convex and symmetric function is Schur-convex (see Marshall

1979). We observe that the function ξ is convex and permutation-invariant with the entries of y. Hence,

it is Schur-convex. ⋄
Applying Part (i) of Proposition 3 with k̃= k, we can transform convΓ(X;λ) into the function ξ:

convΓ(X;λ) =
∑
i∈[η]

1

σi +λ
+

k− η
1

k−η

∑
i∈[η+1,d] σi +λ

=
∑
i∈[d]

1

σ̂i +λ
− d− k

λ
= ξ(σ̂)− d− k

λ
,

where σ̂ ∈Rd
+ is defined as

σ̂i = σi,∀i∈ [η], σ̂i =
1

k− η

∑
i∈[η+1,d]

σi,∀i∈ [η+1, k], σ̂i = 0,∀i∈ [k+1, d].

Given ση >
1

k−η

∑
i∈[η+1,d] σi ≥ ση+1, we can verify that∑

i∈[ℓ]

σ̂i =
∑
i∈[ℓ]

σi,∀ℓ∈ [η],
∑
i∈[ℓ]

σ̂i ≥
∑
i∈[η]

σ̂i +(ℓ− η)ση+1 ≥
∑
i∈[ℓ]

σi,∀ℓ∈ [η+1, k− 1],∑
i∈[ℓ]

σ̂i =
∑
i∈[d]

σi ≥
∑
i∈[ℓ]

σi,∀ℓ∈ [k, d− 1], and
∑
i∈[d]

σ̂i =
∑
i∈[d]

σi,

which means that σ̂ majorizes σ. By the Schur-convexity of ξ in Claim 1, we get

tr((X +λId)
−1) =

∑
i∈[d]

1

σi +λ
= ξ(σ)≤ ξ(σ̂) = convΓ(X;λ)+

d− k

λ
.

We thus conclude that the objective value of RAOD-RII is no less than that of RAOD-RI.

(iii) Finally, we prove the dominance of RAOD-RII over AMESP-R. Given the vector x̂, let β1 ≥ · · · ≥ βn

be the eigenvalues of
∑

i∈[n] x̂ihihi. By Definition 2, the objective function of AMESP-R can be

represented as

Φ

(∑
i∈[n]

x̂ihihi

)
+

d− k

λ
= ϕ(β)+

d− k

λ
.

We construct an alternative variant, β+ ∈Rn
+, of the vector σ ∈Rd

+ as shown below.

β+
i = σi +λ,∀i∈ [k], β+

i = σi,∀i∈ [k+1, d], β+
i = 0,∀i∈ [d+1, n].

In fact, β+ majorizes β, as demonstrated by Li (2024, Lemma 1). In addition, following Claim 1,

we can show that the function ϕ from Definition 2 is also Schur-convex, implying that

ϕ(β)≤ ϕ(β+) =
∑
i∈[ι]

1

β+
i

+
(k− ι)2∑
i∈[ι+1,n] β

+
i

,

where 0≤ ι≤ k− 1 is a unique integer such that β+
ι > 1

k−ι

∑
i∈[ι+1,n] β

+
i ≥ β+

ι+1 with β0 =∞. Next,

to prove the result, it suffices to show that the objective function of RAOD-RII (i.e., convΓ(X;λ) +

(d− k̃)/λ) is exactly equal to ϕ(β+)+ (d− k)/λ.
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(a) k ∈ [d]. As k̃ = k holds in this context, we can verify that the construction β+ follows from the

variant of σ in Lemma 6 with s= n, implying that η= ι. Then, it follows that

ϕ(β+) =
∑
i∈[η]

1

β+
i

+
(k− η)2∑
i∈[η+1,n] β

+
i

=
∑
i∈[η]

1

σi +λ
+

(k− η)2∑
i∈[η+1,d] σi +(k− η)λ

= convΓ(X;λ),

where the second equation is obtained by substituting the expression of β+ and omitting the zero-

sum term, i.e.,
∑

i∈[d+1,n] β
+
i = 0.

(b) k ∈ [d+1, n]. Let r ∈ [d] denote the rank of X . In this case, by the construction of β+, it is easy to

verify that β+
r > 1

k−r

∑
i∈[r+1,n] β

+
i = 1

k−r
(k− r)λ= β+

r+1. Since ι is the unique index satisfying

β+
ι > 1

k−ι

∑
i∈[ι+1,n] β

+
i ≥ β+

ι+1, ι = r must hold. Thus, the function value ϕ(β+) + (d − k)/λ

reduces to

ϕ(β+)+
d− k

λ
=
∑
i∈[r]

1

β+
i

+
(k− r)2

(k− r)λ
+

d− k

λ
=
∑
i∈[r]

1

σi +λ
+

d− r

λ
= tr((X +λId)

−1)

= convΓ(X;λ),

where the last equation is from the result of Part (i).

This concludes the proof. □

A.14. Proof of Theorem 6

Proof. We will prove the approximation ratios and time complexities of Algorithm 2 and Algorithm 3,

respectively.

(i) k ∈ [d− 1]. For any sized-s∈ [d− 1] subset S, according to Lemma 2, we have that

min
i∈S

f(S \ {i})≤ d− s+ sρ+1

d− s+ sρ
f(S)≤ d− s+1

d− s
f(S), (14)

where the second inequality is from ρ∈ (0,1). Suppose that S∗ is an optimal solution of RAOD. Here,

|S∗|= k≤ d− 1. By applying (14) with S = S∗ and s= k, we have that

min
i∈S∗

f(S∗ \ {i})≤ d− k+1

d− k
f(S∗) =

d− k+1

d− k
zk.

Let i∗ = argmini∈S∗ f(S∗ \ {i}). Then, we can apply (14) again with S = S∗ \ {i∗} and s= k− 1.

By doing this with s= k, k− 1, · · · ,2 in a sequential manner, we get

min
i∈S∗

f({i})≤
∏

s∈[2,k]

d− s+1

d− s
f(S∗) =

d− 1

d− k
zk.

Clearly, the first iteration of Algorithm 2 selects i∗ ∈ argmini∈[n] f({i}). Thus, the approximation

ratio is immediate because f(SF )≤mini∈S∗ f({i}) must hold.

In Algorithm 2, there are k iterations in total, and at each iteration, finding the next point i∗ and

updating Λ take O(nd2) and O(d2) operations, respectively. Hence, the overall time complexity of

Algorithm 2 is O(knd2).
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(ii) k ∈ [d]. For the output SB of Algorithm 3, using Lemma 2 with [n] and s= n,n− 1, · · · , k+ 1, we

have that

f(SB)≤
∏

s∈[k+1,n]

s− d+ dρ+1

s− d+ dρ
f([n]) =

n− d+1+ dρ

k− d+1+ dρ
zn ≤

n− d+1

k− d+1
zk,

where the last inequality is because ρ> 0 and zn ≤ zk.

Algorithm 3 begins with computing the sum of n rank-one matrices of size d× d and inverting this

matrix, which requires O(nd2 + d3) operations. Then, Algorithm 3 performs (n− k) iterations in its

for loop, where each iteration takes O(nd2) and O(d2) operations, similar to Algorithm 2. Hence, the

time complexity of Algorithm 3 is O((n− k)nd2). □
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