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Abstract In this work, we propose a modification of Ryu’s splitting algorithm for
minimizing the sum of three functions, where two of them are convex with Lipschitz
continuous gradients, and the third is an arbitrary proper closed function that is
not necessarily convex. The modification is essential to facilitate the convergence
analysis, particularly in establishing a sufficient descent property for an associated
envelope function. This envelope, tailored to the proposed method, is an extension
of the well-known Moreau envelope. Notably, the original Ryu splitting algorithm
is recovered as a limiting case of our proposal. The results show that the descent
property holds as long as the stepsizes remain sufficiently small. Leveraging this
result, we prove global subsequential convergence to critical points of the nonconvex
objective.

1 Introduction

Modern optimization applications often exhibit a structured form that is well-
suited to the application of decomposition techniques. Operator splitting methods
have emerged as powerful tools for efficiently solving complex optimization prob-
lems. Instances of operator splitting methods include the forward-backward splitting
method [17] and the Douglas-Rachford splitting method [13,15]. These algorithmic
schemes have been pivotal in the development of techniques for image reconstruc-
tion, signal processing, and machine learning [8–11, 14].
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The aforementioned methods were originally designed to solve maximal mono-
tone problems with a two-block structure. In the context of optimization problems,
it translates to the sum of two convex functions. Several generalizations to three-
block problems have been proposed in the literature, such as the Davis-Yin operator
splitting method [12], Ryu’s three-operator splitting method [19], and the Malitsky-
Tam operator splitting method [16] (which is also applicable to n-block problems).
All these methods, in the context of optimization, have provable convergence guar-
antees for convex optimization problems.

The literature is relatively scarce for methods that solve nonconvex optimiza-
tion problems for the sum of three functions. Notable contributions in this direction
include the Davis-Yin splitting to nonconvex problems analyzed in [7], the exten-
sion of Davis-Yin to four-operator splitting investigated in [1], and an extension
of Douglas-Rachford splitting examined in [2] (that also works for n-operators). In
this work, we propose a modification of Ryu’s splitting method to solve nonconvex
three-block optimization problems with a specific structure.

Consider the optimization problem

min
x∈Rd

ϕ(x) := f1(x)+ f2(x)+ f3(x), (1)

where fi : Rd → R∪ {+∞} for i = 1,2,3. Given z0
1,z

0
2 ∈ Rd , γ > 0 and λ > 0,

the (relaxed) Ryu’s three-operator splitting method [19] is given by the following
iteration: for k ≥ 1, 

xk
1 = proxγ f1(z

k
1)

xk
2 = proxγ f2(z

k
2 + xk

1)

xk
3 ∈ proxγ f3

(
xk

1− zk
1 + xk

2− zk
2
)(

zk+1
1

zk+1
2

)
=

(
zk

1
zk

2

)
+λ

(
xk

3− xk
1

xk
3− xk

2

)
,

(2)

where proxγ f denotes the proximal mapping of γ f defined in (4) below.
When the functions f1, f2 and f3 in problem (1) are convex, [19, Theorem 4]

states the convergence of the method to minimizers of problem (1). Our objective in
this work is to investigate whether the convergence guarantees can be extended to a
nonconvex setting.

In our convergence analysis, we adopt the “envelope technique”, a strategy that
has been employed in the analysis of several splitting algorithms for nonconvex
problems [1–3, 20, 21]. A key challenge, however, lies in the fact that the standard
form of Ryu’s splitting algorithm is not directly amenable to this type of analysis.
To address this, we consider the following relaxed variant of Ryu’s method: given
z0

1,z
0
2 ∈ Rd , α > 0, γ > 0 and λ > 0, we define the iterates for all k ≥ 1 as follows:
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xk
1 = proxγ f1(z

k
1)

xk
2 = prox γ

α
f2
(

zk
2

α
+ xk

1)

xk
3 ∈ proxγ f3

(
xk

1− zk
1 + xk

2− zk
2
)(

zk+1
1

zk+1
2

)
=

(
zk

1
zk

2

)
+λ

(
xk

3− xk
1

xk
3− xk

2

)
.

(3)

In particular, we modify the f2-proximal step in (2) to obtain (3). When α = 1, this
reduces to Ryu’s splitting algorithm.

Throughout this paper, we adopt the following blanket assumptions.

Assumption 1 (Blanket assumption) Suppose the following conditions are satis-
fied.

(a) For i = 1,2, the function fi : Rd → R is a convex Li-smooth function, that is,
∇ fi is globally Lipschitz continuous with modulus Li > 0.

(b) The function f3 : Rd → R∪{+∞} is proper and lower semicontinuous (lsc for
short).

(c) Problem (1) has a nonempty set of solutions.

Remark 1 (On the simplified nonconvex setting). The convexity in Assumption 1(a)
can be relaxed. However, we impose it in our setting to simplify the analysis. Similar
results can be obtained when f1 and f2 are merely L1- and L2-smooth, respectively,
by employing a strategy similar to that in [7, 21].

This paper is organized as follows. In Section 2, we introduce the notation and
some variational analysis results we use throughout this paper. In Section 3, we
define the merit function we use as the foundation of our analysis − the Ryu’s
three-operator splitting envelope − and establish key properties relevant to the con-
vergence analysis of the proposed method. Section 4 is dedicated to investigating the
convergence properties of the method (3). In particular, we show that the defined en-
velope satisfies a sufficient decrease condition, and then we exploit this property to
prove that all cluster points of the generated sequence are critical points of the ob-
jective function of problem (1). Finally, in Section 5 we comment on some ongoing
works and future research directions.

2 Preliminaries and notation

Throughout this paper, ⟨·, ·⟩ denotes an inner product in Rd , and ∥ · ∥ its induced
norm. We shall make use of the following technical result.

Lemma 1. For all a,b,c,d ∈ Rd , it holds

∥a−b∥2−∥a− c∥2 =−∥b− c∥2 +2⟨c−b,a−b⟩.
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A function ϕ : Rd → R ∪ {+∞} is called proper when its domain, the set
dom(ϕ)= {x∈Rd : ϕ(x)<+∞}, is nonempty. We say ϕ is lsc if at any x∈ dom(ϕ),
f (x) ≤ liminfy→x f (y), and it is convex if for all x,y ∈ dom(ϕ), and all β ∈ (0,1),
ϕ(βx+ (1− β )y) ≤ βϕ(x) + (1− β )ϕ(y). A function Φ : Rd → R is said to be
L-smooth if it is differentiable and its gradient is L-Lipschitz continuous, that is,
for all x,y ∈ Rd , ∥∇Φ(x)−∇Φ(y)∥ ≤ L∥x− y∥. In the next result, we recall some
propeties of L-smooth functions that will be important in our analysis (see, for in-
stance, [6, Theorem 5.8]).

Lemma 2. Suppose f : Rd → R is L-smooth. Then,

(∀x,y ∈ Rd) | f (x)− f (y)−⟨∇ f (y),x− y⟩| ≤ L
2
∥y− x∥2.

If, in addiiton, f is convex, then

⟨∇ f (x)−∇ f (y),x− y⟩ ≥ 1
2L
∥∇ f (x)−∇ f (y)∥2.

For a proper function ϕ : Rd→R∪{+∞}, and x ∈ dom(ϕ), we denote by ∂̂ϕ(x)
the Fréchet (or regular) subdifferential of ϕ at x, defined as

∂̂ϕ(x) =
{

v ∈ Rd : liminf
y→x

ϕ(y)−ϕ(x)−⟨v,y− x⟩
∥y− x∥

≥ 0
}
.

The limiting (or general) subdifferential of ϕ at x, denoted ∂ϕ(x), is defined as

∂ϕ(x) = limsup
y−→

ϕ
x

∂̂ϕ(x),

where y−→
ϕ

x denotes convergence in the attentive sense, that is, y→ x and ϕ(y)→

ϕ(x). When ϕ is smooth, then ∂̂ϕ(x) = ∂ϕ(x) = {∇ϕ(x)}. If ϕ is proper lsc convex,
then the Fréchet and limiting subdifferentials coincide with the subdifferential of
convex analysis, namely,

{v ∈ Rd : (∀y ∈ Rd) ϕ(y)≥ ϕ(x)+ ⟨v,y− x⟩}.

A set of points of particular interest is the zeros of the subdifferential operator.
We say x̄ ∈Rd is a critical point of ϕ if 0 ∈ ∂ϕ(x̄). If ϕ is convex, critical points are
exactly the global minimizers of ϕ .

Remark 2 (Critical points of the sum). Under Assumption 1 and for ϕ defined in (1),
in view of [18, Exercise 8.8(c)], x̄ is a critical point of ϕ if

0 ∈ ∇ f1(x̄)+∇ f2(x̄)+∂ f3(x̄).

Given a function ϕ : Rd →R∪{+∞}, a parameter γ > 0, and a point z ∈Rd , the
proximal operator of γϕ at x is defined as
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proxγϕ(z) := argmin
y∈Rd

ϕ(y)+
1
2γ
∥y− z∥2. (4)

The associated optimal value function is known as the Moreau envelope, defined as
follows:

ϕ
Moreau
γ (z) := min

y∈Rd
ϕ(y)+

1
2γ
∥y− z∥2.

We say ϕ is prox-bounded if, for some γ > 0, ϕ(·)+ 1
2γ
∥ · ∥2 is bounded from

below. The supremum γϕ > 0 of such parameters γ is called the threshold of prox-
boundedness. If ϕ is a proper lsc prox-bounded function with threshold γϕ > 0, then
for any γ ∈ (0,γϕ), proxγϕ is nonempty and compact-valued, and ϕMoreau

γϕ is finite-
valued [18, Theorem 1.25]. In particular, if ϕ is a proper lsc convex function, then
γϕ = +∞, and proxγϕ is a single-valued mapping [18, Theorem 12.12, Theorem
12.17].

Remark 3 (On the well-definedness of proximal operations). Under Assumption 1,
proxγ f1 and proxγ f2 are single-valued since f1 and f2 are proper lsc convex, while
proxγ f3 is well-defined for γ < 1

L1+L2
, as f3 is prox-bounded with threshold at least

1
L1+L2

from [20, Remark 3.1].

3 An envelope for Ryu’s splitting method

Our convergence analysis for (3) under Assumption 1 builds on the approach in
[1, 2, 20], which utilizes an envelope function, akin to the Moreau envelope, well-
suited to the corresponding iterative method. We begin our analysis by motivating
such merit function.

Proposition 1. Suppose that Assumption 1 holds, and let α > 0 and (zk
1,z

k
2) ∈Rd×

Rd . Then, xk
3 defined in (3) solves the following minimization problem

min
y∈Rd

{
f3(y)+

2

∑
i=1

[
fi(xk

i )+ ⟨y− xk
i ,∇ fi(xk

i )⟩+
1

2γi
∥y− xk

i ∥2
]}

,

where γ1 := γ

α
and γ2 := γ

1−α
.1

Proof. From the x3-update in (3), we have

xk
3 ∈ argmin

y∈Rd

{
f3(y)+

1
2γ
∥y− (xk

1− zk
1 + xk

2− zk
2)∥2

}
. (5)

1 We adopt the convention that c
0 = ∞ and d

∞
= 0 for any c > 0 and d ∈ R. Hence, when α = 1,

γ2 = ∞ and the term
1

2γi
∥y− xk

i ∥2 vanishes when i = 2.
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Meanwhile, the first-order optimality conditions of the x1-update and the x2-update
yield, respectively,

zk
1 = γ∇ f1(xk

1)+ xk
1 (6)

zk
2 = γ∇ f2(xk

2)+αxk
2−αxk

1. (7)

Hence,

xk
1− zk

1 + xk
2− zk

2 = xk
1−
(

γ∇ f1(xk
1)+ xk

1

)
+ xk

2−
(

γ∇ f2(xk
2)+αxk

2−αxk
1

)
= αxk

1− γ∇ f1(xk
1)+(1−α)xk

2− γ∇ f2(xk
2)

= α

(
xk

1−
γ

α
∇ f1(xk

1)
)
+(1−α)

(
xk

2−
γ

1−α
∇ f2(xk

2)

)
,

which, combined with (5), yields

xk
3 ∈ argmin

y∈Rd

 f3(y)+
1
2γ

∥∥∥∥∥y−

(
2

∑
i=1

αi(xk
i − γi∇ fi(xk

i )

)∥∥∥∥∥
2
 (8)

for α1 = α and α2 = 1−α . Following the calculations in [2, Theorem 5.5], by
expanding the squared norm, dropping the constant term

∥∥∑
2
i=1 αi(xk

i − γi∇ fi(xk
i )
∥∥2,

and adding the constant term ∑
2
i=1 fi(xk

i ), we get the desired result. ⊓⊔

In view of Proposition 1, we define the Relaxed Ryu envelope (RRE), for all
(z1,z2) ∈ Rd×Rd , by

ϕ
Ryu
γ (z1,z2) := min

y∈Rd

{
f3(y)+

2

∑
i=1

[
fi(xi)+ ⟨y− xi,∇ fi(xi)⟩+

1
2γi
∥y− xi∥2

]}
. (9)

Meanwhile, the corresponding set-valued iteration operator associated with (3) is
given by

TRyu
γ : (z1,z2) 7→ (z1 +λ (x3− x1),z2 +λ (x3− x2)),

where 
x1 = proxγ f1(z1)

x2 = prox γ

α
f2
( z2

α
+ x1)

x3 ∈ proxγ f3

(
x1− z1 + x2− z2

)
.

(10)

In view of Remark 3, note that TRyu
γ is nonempty- and compact-valued for any

(z1,z2) ∈ Rd×Rd provided that γ < 1
L1+L2

.

Remark 4 (Relationship between the Moreau envelope and the RRE). Observe that
from (8), we have
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ϕ
Ryu
γ (z1,z2) = ϕ

Moreau
γ f3

(
2

∑
i=1

αi(xi− γi∇ fi(xi))

)

−

∥∥∥∥∥ 2

∑
i=1

αi(xi− γi∇ fi(xi))

∥∥∥∥∥
2

+
2

∑
i=1

fi(xi).

We now establish some properties of the envelope function. The following result
states that the RRE inherits continuity properties of the Moreau envelope (cf. [21,
Proposition 4.2] and [20, Proposition 3.2]).

Proposition 2 (Continuity of RRE). The RRE is a real-valued and locally Lipschitz
continuous function.

Proof. Since proxγ f1 and prox γ

α
f2

are nonexpansive [6, Theorem 6.42(b)], then the
maps z1 7→ x1 and (z1,z2) 7→ x2 defined in (10) are (globally) Lipschitz continuous.
Furthermore, from Assumption 1, ∇ fi is (globally) Lipschitz continuous, for i= 1,2.
Then, as the Moreau envelope is locally Lipschitz continuous [18, Example 10.32],
the conclusion follows from Remark 4. ⊓⊔

Next, we show some sandwich-type bounds relating the RRE and the original
objective function in problem (1) (cf. [21, Proposition 4.3] and [20, Proposition
3.3]).

Proposition 3. Suppose Assumption 1 holds, γ ∈ (0, 1
L1+L2

), and λ ,α > 0. Then,
given (z1,z2)∈Rd×Rd , consider (x1,x2,x3)∈Rd×Rd×Rd defined by (10). Then,

(i) For γ1 =
γ

α
and γ2 =

γ

1−α
,

ϕ
Ryu
γ (z1,z2)≤min

{
ϕ(x1)+

1
2

(
L2 +

1
γ2

)
∥x1− x2∥2,

ϕ(x2)+
1
2

(
L1 +

1
γ1

)
∥x1− x2∥2

}
.

(ii) ϕ
Ryu
γ (z1,z2)≥ ϕ(x3)+

α−γL1
2γ
∥x3− x1∥2 + (1−α)−γL2

2γ
∥x3− x2∥2.

(iii) If α ∈ (0,1) and γ ≤min
{

α

L1
, 1−α

L2

}
, then ϕ

Ryu
γ (z1,z2)≥ ϕ(x3).

Proof. Take y = x1 in (9) and apply Lemma 2 to f = f2 to obtain

ϕ
Ryu
γ (z1,z2) ≤ f3(x1)+ f1(x1)+ f2(x2)+ ⟨∇ f2(x2),x1− x2⟩+ 1

2γ2
∥x1− x2∥2

≤ ϕ(x1)+
1
2

(
L2 +

1
γ2

)
∥x1− x2∥2.

Similarly, taking y = x2 in (9) and applying Lemma 2 to f = f1 yields

ϕ
Ryu
γ (z1,z2) ≤ ϕ(x2)+

1
2

(
L1 +

1
γ1

)
∥x2− x1∥2.
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From these, we immediately get (i). Moreover, since y = x3 minimizes the problem
in (9),

ϕ
Ryu
γ (z1,z2) = f3(x3)+

2

∑
i=1

[
fi(xi)+ ⟨∇ fi(xi),x3− xi⟩+

1
2γi
∥x3− xi∥2

]
≥ f3(x3)+

2

∑
i=1

[
fi(x3)−

Li

2
∥x3− xi∥2 +

1
2γi
∥x3− xi∥2

]
= ϕ(x3)+

α−γL1
2γ
∥x3− x1∥2 + (1−α)−γL2

2γ
∥x3− x2∥2,

where the inequality holds by Lemma 2 and the last equality holds by plugging in
γ1 =

γ

α
and γ2 =

γ

1−α
. This completes the proof of (ii). Finally, part (iii) immediately

follows from (ii). ⊓⊔

Note that the iteration in (3) is designed to find a fixed point of the relaxed Ryu
splitting operator TRyu

γ , that is, a point in the set

FixTRyu
γ

:=
{
(z1,z2) ∈ Rd×Rd : (z1,z2) ∈ TRyu

γ (z1,z2)
}
.

In the next proposition, we establish a connection between such fixed points and the
notion of criticality, as commonly used in optimization.

Proposition 4. Suppose Assumption 1 holds, and let γ ∈ (0, 1
L1+L2

) and α,λ > 0.
Then, (z̄1, z̄2) ∈ FixTRyu

γ if and only if x̄ := x̄1 = x̄2 = x̄3, where
x̄1 = proxγ f1(z̄1)

x̄2 = prox γ

α
f2
( z̄2

α
+ x̄1)

x̄3 ∈ proxγ f3

(
x̄1− z̄1 + x̄2− z̄2

)
.

(11)

Furthermore, such x̄ is a critical point of (1), and ϕ(x̄) = ϕ
Ryu
γ (z̄1, z̄2). In particular,

if α ∈ (0,1) and γ ≤min
{

α

L1
, 1−α

L2

}
, then

minϕ = minϕ
Ryu
γ .

Proof. It is straightforward from the definition of TRyu
γ that (z̄1, z̄2) ∈ FixTRyu

γ is
equivalent to having x̄ := x̄1 = x̄2 = x̄3 satisfying the conditions in (11). Hence, it
suffices to prove that such x̄ is, in this case, always a critical point of ϕ . Evaluating
the first-order optimality conditions of the x3-step, namely,

0 ∈ γ∂ f3(x3)+ x3− x1 + z1− x2 + z2 (12)

at (x1,x2,x3) = (x̄, x̄, x̄) and zi = z̄i, for i = 1,2, yields

0 ∈ γ∂ f3(x̄)+ z̄1− x̄+ z̄2.
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Adding this inclusion with (6) and (7) using the substitutions xk
1← x̄ and xk

2← x̄, we
obtain

0 ∈ γ
(
∇ f1(x̄)+∇ f2(x̄)+∂ f3(x̄)

)
,

that is, 0 ∈ ∂ϕ(x̄) by Remark 2.
Furthermore, given (z̄1, z̄2) ∈ FixTRyu

γ , Proposition 3(i)&(ii) imply that ϕ(x̄) =
ϕ
Ryu
γ (z̄1, z̄2). Finally, in view of Proposition 3(iii), for any (z1,z2) ∈ Rd ×Rd , and

x̄ ∈ argminϕ ,
ϕ
Ryu
γ (z̄1, z̄2) = ϕ(x̄)≤ ϕ(x3)≤ ϕ

Ryu
γ (z1,z2).

Hence, (z̄1, z̄2) ∈ argminϕ
Ryu
γ and minϕ = minϕ

Ryu
γ . ⊓⊔

At this point, we have built the necessary tools regarding the RRE for the analysis
of convergence of the proposed relaxed Ryu splitting method. In the next section,
we show subsequential convergence of the method under standard assumptions in
the literature.

4 Convergence of modified Ryu’s three-operator splitting
method via envelopes

To establish the (subsequential) convergence of the iterative method in (3), we fol-
low the approach introduced in [20] for the Douglas–Rachford splitting method.
Specifically, the core argument relies on a sufficient decrease property satisfied by
the RRE.

4.1 Sufficient decrease property for RRE

We first prove three technical lemmas that we will use in the main result of this
section. We use the following notation: for i = 1,2,

∆xk
i = xk+1

i − xk
i ,

∆gk
i = ∇ fi(xk+1

i )−∇ fi(xk
i ),

∆zk
i = zk+1

i − zk
i .

(13)

Lemma 3. Under Assumption 1, the sequences (xk
i )k for i = 1,2,3, and (zk

i )k for
i = 1,2 generated by (3) satisfy:

∥xk
3− xk

1∥2−∥xk
3− xk+1

1 ∥2 =

(
2
λ
−1
)
∥∆xk

1∥2 +
2γ

λ
⟨∆xk

1,∆gk
1⟩ (14)

and
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∥xk
3− xk

2∥2−∥xk
3− xk+1

2 ∥2 =

(
2α

λ
−1
)
∥∆xk

2∥2 +
2γ

λ
⟨∆xk

2,∆gk
2⟩−

2α

λ
⟨∆xk

2,∆xk
1⟩.

(15)

Proof. Using the notations (13), we have from (6) and (7) that

∆zk
1 = γ∆gk

1 +∆xk
1 (16)

∆zk
2 = γ∆gk

2 +α∆xk
2−α∆xk

1. (17)

On the other hand, Lemma 1 and the (z1,z2)-update in (3) yield

∥xk
3−xk

i ∥2−∥xk
3−xk+1

i ∥2 =−∥∆xk
i ∥2+2⟨∆xk

i ,x
k
3−xk

i ⟩=−∥∆xk
i ∥2+

2
λ
⟨∆xk

i ,∆zk
i ⟩.

Together with (16) and (17), we get (14) and (15), respectively. ⊓⊔

Lemma 4. Under Assumption 1, the sequences (xk
i )k for i = 1,2,3, and (zk

i )k for
i = 1,2 generated by (2) satisfy:

2

∑
i=1

fi(xk
i )− fi(xk+1

i )−⟨∇ fi(xk+1
i ),xk

3− xk+1
i ⟩+ ⟨∇ fi(xk

i ),x
k
3− xk

i ⟩

≥
2

∑
i=1

(
1

2Li
− γ

λ

)
∥∆gk

i ∥2− 1
λ
⟨∆gk

1,∆xk
1⟩

− α

λ
⟨∆gk

2,∆xk
2⟩+

α

λ
⟨∆gk

2,∆xk
1⟩.

Proof. For i = 1,2, we have from Lemma 2 and the (z1,z2)-update rule in (3) that

fi(xk
i )− fi(xk+1

i )−⟨∇ fi(xk+1
i ),xk

3− xk+1
i ⟩+ ⟨∇ fi(xk

i ),x
k
3− xk

i ⟩
= fi(xk

i )− fi(xk+1
i )−⟨∇ fi(xk+1

i ),xk
i − xk+1

i ⟩−⟨∆gk
i ,x

k
3− xk

i ⟩

≥ 1
2Li
∥∆gk

i ∥2−⟨∆gk
i ,x

k
3− xk

i ⟩

=
1

2Li
∥∆gk

i ∥2− 1
λ
⟨∆gk

i ,∆zk
i ⟩, (18)

Meanwhile, we have from (16) that

⟨∆gk
1,∆zk

1⟩= γ∥∆gk
1∥2 + ⟨∆gk

1,∆xk
1⟩. (19)

On the other hand, (17) yields

⟨∆gk
2,∆zk

2⟩= γ∥∆gk
2∥2 +α⟨∆gk

2,∆xk
2⟩−α⟨∆gk

2,∆xk
1⟩. (20)

Combining (18), (19) and (20) gives the desired inequality. ⊓⊔

Lemma 5. Let λ ∈ (0,2) and let α := 2λ−3+
√

9−4λ

2 . Then the following holds:
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(i) α ∈
(

λ

2 ,1
)

.

(ii) The interval
(

α

2α−λ
,

2−λ

1−α

)
is nonempty for any α ∈ (α,1).

(iii) For ε1,ε2 > 0 and α ∈ (α,1), define the constants

γ̄1 :=
λ

2L2
− α

2ε2
,

γ̄2 :=
α(2−λ − (1−α)ε1)

αε2 +2(1−α)L1
,

γ̄3 :=
(1−α)(ε1(2α−λ )−α)

2αL2ε1
,

(21)

and the intervals

I1 :=
(

α

2α−λ
,

2−λ

1−α

)
and I2 :=

(
αL2

λ
,+∞

)
. (22)

If ε j ∈ I j for j = 1,2, then γ̄i is strictly positive for i = 1,2,3.

Proof. These results follow from straightforward calculations. ⊓⊔

With these lemmas in place, we are now ready to present the first main result of this
paper. We establish the sufficient descent property of the RRE, provided that the
stepsize is chosen sufficiently small. In particular, we restrict the stepsize γ in the
interval

Γ := (0,min{γ̄0, γ̄1}]∩
(

0,min
{

γ̄2, γ̄3,
1

L1 +L2

})
, (23)

where γ̄0 := λ

2L1
, andγ̄i is given by (21) for i = 1,2,3, with ε j taken from I j given in

(22) for j = 1,2.

Theorem 1 (RRE sufficient descent). Suppose that Assumption 1 holds. Let α ∈
(α,1) where α := 2λ−3+

√
9−4λ

2 , and λ ∈ (0,2). Let γ ∈ Γ , where Γ is given in (23).
For the sequences (zk

i )k for i = 1,2 generated by (3), there exists M = M(γ) > 0
such that for all k ≥ 1,

ϕ
Ryu
γ (zk

1,z
k
2)≥ ϕ

Ryu
γ (zk+1

1 ,zk+1
2 )+M(∥zk+1

1 − zk
1∥2 +∥zk+1

2 − zk
2∥2).

Proof. From the definition of the relaxed Ryu envelope, we have

ϕ
Ryu
γ (zk+1

1 ,zk+1
2 )

≤ f3(xk
3)+∑

2
i=1

(
fi(xk+1

i )+ ⟨∇ fi(xk+1
i ),xk

3− xk+1
i ⟩+ 1

2γi
∥xk

3− xk+1
i ∥2

)
.

Thus, together with Lemma 1, we have
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ϕ
Ryu
γ (zk

1,z
k
2)−ϕ

Ryu
γ (zk+1

1 ,zk+1
2 )

≥
2

∑
i=1

(
fi(xk

i )− fi(xk+1
i )+ ⟨∇ fi(xk

i ),x
k
3− xk

i ⟩−⟨∇ fi(xk+1
i ),xk

3− xk+1
i ⟩

)
+

2

∑
i=1

1
2γi

(
∥xk

3− xk
i ∥2−∥xk

3− xk+1
i ∥2

)
Using Lemmas 3 and 4, we obtain

ϕ
Ryu
γ (zk

1,z
k
2)−ϕ

Ryu
γ (zk+1

1 ,zk+1
2 )

≥
(

1
2L1
− γ

λ

)∥∥∆gk
1

∥∥2
+

(
1

2L2
− γ

λ

)∥∥∆gk
2

∥∥2

+

(
α

γλ
− α

2γ

)∥∥∆xk
1

∥∥2
+

(
α(1−α)

γλ
− 1−α

2γ

)∥∥∆xk
2

∥∥2

+
α−1

λ

〈
∆xk

1,∆gk
1
〉
+

1−2α

λ

〈
∆xk

2,∆gk
2
〉

− (1−α)α

γλ

〈
∆xk

2,∆xk
1
〉
+

α

λ

〈
∆xk

1,∆gk
2
〉
.

Since α < 1, then

α−1
λ

〈
∆xk

1,∆gk
1

〉
≥ (α−1)L1

λ

∥∥∥∆xk
1

∥∥∥2
,

1−2α

λ

〈
∆xk

2,∆gk
2

〉
=

1−α

λ

〈
∆xk

2,∆gk
2

〉
− α

λ

〈
∆xk

2,∆gk
2

〉
≥ 0− αL2

λ

∥∥∥∆xk
2

∥∥∥2
,

where the first inequality holds by L1-smoothness of f1, while the second inequal-
ity holds by the convexity of f2 and L2-smoothness of f2. Moreover, by Young’s
inequality, we have

− (1−α)α

γλ

〈
∆xk

2,∆xk
1

〉
≥− (1−α)α

γλ

(∥∥∆xk
2

∥∥2

2ε1
+

ε1
∥∥∆xk

1

∥∥2

2

)
,

α

λ

〈
∆xk

1,∆gk
2

〉
≥−α

λ

∥∥∥∆xk
1

∥∥∥∥∥∥∆gk
2

∥∥∥≥−α

λ

(∥∥∆gk
2

∥∥2

2ε2
+

ε2
∥∥∆xk

1

∥∥2

2

)
,

where ε1,ε2 > 0 are arbitrary. With these, we obtain

ϕ
Ryu
γ (zk

1,z
k
2)−ϕ

Ryu
γ (zk+1

1 ,zk+1
2 )

≥C0
∥∥∆gk

1

∥∥2
+C1

∥∥∆gk
2

∥∥2
+C2

∥∥∆xk
1

∥∥2
+C3

∥∥∆xk
2

∥∥2
,

(24)

where the constants Ci for i = 0,1,2,3 are given by



Modified Ryu splitting for nonconvex optimization 13

C0 =
1

2L1
− γ

λ

C1 =
1

2L2
− γ

λ
− α

2λε2

C2 =
α

γλ
− α

2γ
+

(α−1)L1

λ
− (1−α)αε1

2γλ
− αε2

2λ

C3 =
α(1−α)

γλ
− 1−α

2γ
− αL2

λ
− (1−α)α

2γλε1
.

Choosing ε j ∈ I j for j = 1,2, it is not difficult to compute that C0,C1 ≥ 0 since
γ ≤min{γ̄0, γ̄1}. In addition, C2,C3 > 0 since γ < min{γ̄2, γ̄3}. Hence, for the given
stepsize γ , we obtain from (24) that

ϕ
Ryu
γ (zk

1,z
k
2)−ϕ

Ryu
γ (zk+1

1 ,zk+1
2 )≥C2

∥∥∆xk
1

∥∥2
+C3

∥∥∆xk
2

∥∥2
. (25)

Meanwhile, from (16), (17) and Li-smoothness of fi for i = 1,2, it follows

∥∆zk
1∥2 ≤ (1+L1γ)2∥∆xk

1∥2

∥∆zk
2∥2 ≤ 2(α + γL2)

2∥∆xk
2∥2 +2α

2∥∆xk
1∥2.

Defining

C4 = min{C2,C3}, C5 = max{2α
2 +
(
1+L1γ

)2
,2(α +L2γ)2},

we obtain from (25) that

ϕ
Ryu
γ (zk)−ϕ

Ryu
γ (zk+1) ≥ C4(∥∆xk

1∥2 +∥∆xk
2∥2)

≥ C4

C5
(∥∆zk

1∥2 +∥∆zk
2∥2).

The proof concludes by setting M =C4/C5. ⊓⊔

Theorem 1 suggests that our modification of Ryu’s three-operator splitting method
behaves like a descent method for the suitably defined RRE. Hence, one could ex-
pect this method to converge. In the next section, we formalize this idea.

4.2 Convergence properties of the modified Ryu’s algorithm

The convergence analysis of the method in (3) relies on a particular relationship
between the RRE and a Lagrangian associated with a reformulation of problem (1),
which we proceed to define. By duplicating variables, problem (1) can be reformu-
lated as follows

min
x1,x2,x3∈Rd

f1(x1)+ f2(x2)+ f3(x3) s.t. x1 = x3, x2 = x3.
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We define the following Lagrangian associated with this problem reformulation:

Lβ1,β2(x1,x2,x3,µ1,µ2) = f3(x3)+
2

∑
i=1

(
fi(xi)+ ⟨µi,xi− x3⟩+

βi

2
∥xi− x3∥2

)
,

where, for i = 1,2, µi ∈Rd is a Lagrangian multiplier associated with the constraint
xi = x3. The next result states the aformentioned relationship between the RRE and
the augmented Lagrangian.

Lemma 6. Suppose Assumption 1 holds. Let γ ∈ (0, 1
L1+L2

), and λ ,α > 0. Denoting

ξ
k =

(
xk

1,x
k
2,x

k
3,γ
−1(xk

1− zk
1),γ

−1(α(xk
2− xk

1)− zk
2)
)
,

then
(∀k ≥ 1) ϕ

Ryu
γ (zk

1,z
k
2) = L 1

γ1
, 1

γ2
(ξ k).

Proof. From (6)–(7), ∇ f1(xk
1) = γ−1(zk

1− xk
1) and ∇ f2(xk

2) = γ−1(zk
2−α(xk

2− xk
1)).

Substituting these identities into (9) yields the result.

We are now ready to state the second main result of this paper. We follow the
approach taken in [3, 20].

Theorem 2 (Subsequential convergence of nonconvex Ryu’s three-operator split-
ting). Suppose that Assumption 1 holds. Let α ∈ (α,1) where α := 2λ−3+

√
9−4λ

2 , and

λ ∈ (0,2). Let γ ∈ Γ such that γ ≤min
{

α

L1
, 1−α

L2

}
, where Γ is given in (23). Then,

for any sequence ((xk
1,x

k
2,x

k
3),(z

k
1,z

k
2))k generated by algorithm (3), then

(i) xk+1
i − xk

i → 0 for i = 1,2,3, and zk+1
i − zk

i → 0 and xk
3− xk

i → 0 for i = 1,2.

If, in addition, ((xk
1,x

k
2,x

k
3),(z

k
1,z

k
2))k is bounded, then

(ii) For any cluster point x∗ of (xk
3)k, ϕγ(zk) → ϕ(x∗), and f1(xk

1) + f2(xk
2) +

f3(xk
3)→ ϕ(x∗).

(iii) All cluster points of the sequences (xk
i )k, for i = 1,2,3, coincide and are critical

points of problem (1).

Proof. From the assumption, minϕ >−∞, then Proposition 4 implies (ϕRyu
γ (zk

1,z
k
2))k

is a bounded non-increasing sequence, thus convergent to some ϕ⋆
γ ∈ R. As a con-

sequence, for i = 1,2, Theorem 1 yields zk+1
i − zk

i → 0, and the zk
i -update rule in (3)

gives xk
3− xk

i → 0. Since f1 is convex, then proxγ f1 is nonexpansive. In particular,

∥xk+1
1 − xk

1∥ ≤ ∥zk+1
1 − zk

1∥

so that xk+1
1 − xk

1→ 0. Likewise, proxγ f2 is nonexpansive, yielding

∥xk+1
2 − xk

2∥ ≤
1
α
∥zk+1

2 − zk
2∥+∥xk+1

1 − xk
1∥,
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and thus xk+1
2 − xk

2→ 0. Moreover, as

xk+1
3 − xk

3 = xk+1
3 − xk+1

2 + xk+1
2 − xk

2 + xk
2− xk

3,

then xk+1
3 − xk

3 → 0 as well. This proves (i). Next, observe that xk
3 − xk

1 → 0 and
xk

3− xk
2 → 0 imply that the sequences (xk

1)k, (xk
2)k and (xk

3)k have the same cluster
points. Let x∗ be a cluster point of (xk

3)k and (z∗1,z
∗
2) be a cluster point of (zk

1,z
k
2)k,

and let x
k j
i → x∗ for i = 1,2,3, and z

k j
i → z∗i for i = 1,2. Note that from continuity

of the proximal operator, x∗ = proxγ f1(z
∗
1) and x∗ = prox γ

α
f2
(

z∗2
α
+ x∗). Then

ϕ(x∗) ≤ liminf
j

ϕ(x
k j
3 ) (ϕ is lsc)

≤ limsup
j

ϕ(x
k j
3 )

≤ limsup
j

ϕ
Ryu
γ (z

k j
1 ,z

k j
2 ) (Proposition 3(ii))

= ϕ
Ryu
γ (z∗1,z

∗
2) (Proposition 2)

≤ ϕ(x∗) (Proposition 3(i)).

Hence, ϕ⋆
γ = limk ϕ

Ryu
γ (zk

1,z
k
2) = lim j ϕ(x

k j
3 ) = ϕ(x∗). Furthermore, from Lemma 6,

limk L 1
γ1
, 1

γ2
(ξ k) = ϕ(x∗). Since (xk

1)k, (xk
2)k, (zk

1)k and (zk
2)k are bounded, then part

(i) implies limk L 1
γ1
, 1

γ2
(ξ k) = limk f1(xk

1)+ f2(xk
2)+ f3(xk

3), from where (ii) follows.

Earlier in the proof we already showed the first part of item (iii). It remains to prove
that x∗ is a critical point. A simple computation shows that for any g3 ∈ ∂ f3(x3),

∇ f1(x1)+µ1 +
1
γ1
(x1− x3)

∇ f2(x2)+µ2 +
1
γ2
(x2− x3)

g3−
(

µ1 +µ2 +
1
γ1
(x3− x1)+

1
γ2
(x3− x2)

)


∈ ∂̂(x1,x2,x3)L 1
γ1
, 1

γ2
(x1,x2,x3,µ1,µ2).

Hence, taking xi = x
k j
i for i = 1,2,3,

µ
k j
1 = γ

−1(x
k j
1 − z

k j
1 ), and µ

k j
2 = γ

−1(α(x
k j
2 − x

k j
1 )− z

k j
2 ).

Then, in view of (6), (7), and (12), we get
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1
γ1
(x

k j
1 − x

k j
3 )

1
γ2
(x

k j
2 − x

k j
3 )

2α

γ
(x

k j
1 − x

k j
2 )+

2
γ
(x

k j
2 − x

k j
3 )

 ∈ ∂̂(x1,x2,x3)L 1
γ1
, 1

γ2
(x

k j
1 ,x

k j
2 ,x

k j
3 ,µ

k j
1 ,µ

k j
2 ).

Taking the limit as j→ ∞, since x
k j
i → x∗ for i = 1,2,3, and z

k j
i → z∗i for i = 1,2,

item (i) then implies0
0
0

 ∈ ∂(x1,x2,x3)L 1
γ1
, 1

γ2
(x∗,x∗,x∗,µ∗1 ,µ

∗
2 ),

where µ∗1 = γ−1(x∗− z∗1), and µ∗2 = −γ−1z∗2. In turn, this inclusion is equivalent to
the following conditions:

0 =∇ f1(x∗)+ γ
−1(x∗− z∗1)

0 =∇ f2(x∗)− γ
−1z∗2

0 ∈∂ f3(x∗)− γ
−1(x∗− z∗1− z∗2).

Addind these equations yields 0∈∇ f1(x∗)+∇ f2(x∗)+∂ f3(x∗) = ∂ϕ(x∗), conclud-
ing the proof.

Remark 5 (Boundedness of the generated sequences). Using a similar argument
to [21, Theorem 3.4(iii)], we can show that if ϕ has bounded level sets, then ϕ

Ryu
γ

also has bounded level sets. Since for appropriately chosen stepsize, (ϕRyu
γ (zk

1,z
k
2))k

is a non-decreasing sequence as shown in Theorem 1, then for all k ≥ 1, (zk
1,z

k
2) ∈

{(z1,z2) : ϕ
Ryu
γ (z1,z2) ≤ ϕ

Ryu
γ (z0

1,z
0
2)}, and thus (zk

1,z
k
2)k is bounded. Moreover,

boundedness of (xk
1,x

k
2)k follows from the continuity properties of proxγ f1 and

prox γ

α
f2

, and boundedness of (xk
3)k is a consequence of Theorem 2(i).

Remark 6 (Global convergence). In Theorem 2, we establish subsequential conver-
gence of the relaxed variant of Ryu’s three-operator splitting method in a specific
nonconvex setting. A natural question is whether the method converges globally.
This can be affirmatively addressed by adopting the now standard approach based
on the Kurdyka–Łojasiewicz (KL) inequality [5], or alternatively, by leveraging the
subdifferential-based error bound technique used in [3] within the unifying frame-
work proposed in [4]. Under the same set of assumptions, one can also obtain local
linear convergence rates.
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5 Conclusion

By defining a Moreau-type envelope tailored to the algorithmic scheme in (3), the
core of the analysis relies on the sufficient decrease property shown in Theorem 1.
Observe that our analysis does not cover the limiting case α = 1 (corresponding to
the original method proposed by Ryu in (2)), as it would make the stepsize interval
in (23) empty. Nevertheless, when α is sufficiently close to 1, we can still guarantee
global subsequential convergence for sufficiently small stepsizes. A full treatment
of the limiting case α = 1 requires a more refined analysis, which is the subject of
ongoing work by the authors.
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