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Abstract

This paper considers monotone transformations of the objective
space of multiobjective optimization problems which leave the set of
efficient points invariant. Under mild assumptions, for the standard
ordering cone we show that such transformations must be component-
wise transformations. The same class of transformations also leaves
the sets of weakly and of Geoffrion properly efficient points invariant.
In addition, our approach allows to specify trade-off bounds of properly
efficient points after the transformation. We apply our results to prove
some previously unknown properties of the compromise approach.
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1 Introduction

This paper studies effects of image space coordinate transformations for mul-
tiobjective optimization problems of the form

(MOP ) min f(x) s.t. x ∈ X
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with a nonempty set X ⊆ Rn of feasible points and a continuous vector-
valued objective function f : X → Rm. We do not impose any convexity
assumptions on the component functions of f or on the set X. The image
set of X under f will be denoted by Y := f(X).

In single-objective optimization (i.e., for m = 1) it is well known that for any
strictly increasing function φ : Y → R with Y ⊆ Y the sets of minimal points
of f and of φ ◦ f on X coincide. Since the mapping φ : Y → Z := φ(Y) is
bijective, it may be interpreted as a one-dimensional image space coordinate
transformation. Such monotone transformations may often be applied to
generate helpful problem properties like smoothness (e.g., f(x) = ∥x∥p and
φ(y) = yp) or convexity (e.g., f(x) = log(1 + x2) and φ(y) = exp(y)).
The present paper considers the generalization of this construction to the
multiobjective problem MOP .

In the literature, monotone transformations for multiobjective problems have
only been considered scarcely so far. In fact, we are mainly aware of the use of
component-wise transformations Φ(f(x)) = (φ1(f1(x)), . . . , φm(fm(x))

⊤ (see
Def. 3.3 for a more general definition) with strictly increasing and convex
functions φj, j ∈ [m] := {1, . . . ,m}. In [13] shifted p-th powers φj(yj) =
(yj − ȳj)

p with a certain vector ȳ ∈ Rm are used to convexify the upper
image set of MOP in a certain sense and under some additional assumptions.
One of these assumptions is that the nondominated set of MOP can be
represented as the graph of a smooth function. Under the same assumptions,
[8] derives lower bounds for the size of p in terms of eigenvalues of Hessians
of said smooth function. The paper [14] shows that the results from [13] also
hold for exponential transformations with φj(yj) = exp(wyj), j ∈ [m], and
w > 0. An application of such transformations to radiation therapy planning
is provided in [17].

The paper [23] unifies the analysis of component-wise transformations with
strictly increasing and convex functions φj. It puts special emphasis on the
invariance of the set of properly efficient points of MOP (cf. Def. 2.4) under
the transformation. This, however, does not include statements on how the
trade-off bounds of properly efficient points behave under the transformation.
The same comment applies to [22, Sec. 4], where also sufficient conditions for
the invariance of properly efficient points under monotone transformations
are given, but there without smoothness or convexity assumptions. Moreover,
no component-wise structure of the monotone transformations is assumed.

The only other paper which considers general (i.e. not necessarily component-
wise) monotone transformations seems to be [11]. It puts the emphasis on
sufficient conditions for the connectedness of the set of (properly) efficient
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points for objective functions f which, after a transformation, are (quasi-)
convex in a vector-valued sense. Since general ordering cones are consid-
ered instead of Rm

≧ , no statements about the connection between general
and component-wise monotone transformations or about trade-off bounds of
properly efficient points are provided in [11].

While the explicit knowledge of the bounding constant for the trade-offs of
properly efficient points (see Definition 2.4) is often not needed in theoret-
ical considerations, in [19] it is pointed out that practitioners may well be
interested in computing properly efficient points with pre-defined trade-off
bounds, since this allows them control over the trade-offs. Moreover, limits
of properly nondominated points are not properly nondominated when the
trade-off bounds along the sequence go to infinity. Also this can be avoided
by controlling trade-off bounds. Finally, in [5] the control over trade-off
bounds is necessary to truncate irrelevant parts of some algorithmic output.
In such applications the information on how trade-off bounds behave under
transformations is essential.

The present paper is organized as follows. After the statement of some pre-
liminaries in Section 2, Section 3 introduces monotone transformations for
nonconvex problems MOP which are as general as possible in the sense that
the original and the transformed problem possess the same sets of efficient
points. Under mild assumptions we show that such general transformations
are indeed necessarily component-wise with strictly increasing (but not nec-
essarily convex) functions φj, j ∈ [m].

Section 4 shows that also the sets of weakly efficient points and of properly
efficient points remain invariant under the same class of monotone transfor-
mations. For the first time in the literature, we also provide explicit formulas
for trade-off bounds of properly efficient points after transformation.

In Section 5 we apply our results to the compromise approach of multiobjec-
tive optimization and are thus able to prove some results which, to the best
of our knowledge, cannot be found in the literature so far. Section 6 closes
the article with some final remarks.

2 Preliminaries

In multiobjective optimization there exist three main concepts to generalize
the notion of a (global) minimal point from the single-objective case. For
their introduction we use the following notation for relations between vectors
(cf. [4]). It replaces the usual inequality sign ≤ by the sign ≦ and the re-
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defines the sign ≤.

Definition 2.1. For y1, y2 ∈ Rm with m ∈ N we define

(a) y1 ≦ y2 :⇔ y1j ≦ y2j , j ∈ [m],

(b) y1 ≤ y2 :⇔ y1 ≦ y2 and y1 ̸= y2,

(c) y1 < y2 :⇔ y1j < y2j , j ∈ [m].

In the case y1 ≤ y2 one says that y1 dominates y2, and for y1 < y2 that y1
strictly dominates y2. The inequalities y1 ≧ y2, y1 ≥ y2 and y1 > y2 are
defined analogously.

Note that for scalars the inequality y1 ≤ y2 is equivalent to y1 < y2, so that
for scalars we shall only use the relations y1 ≦ y2 and y1 < y2. The relation
y1 ≤ y2 is a relevant concept only for m ≧ 2.

With the cones

Rm
≧ := {y ∈ Rm| y ≧ 0},

Rm
≥ := {y ∈ Rm| y ≥ 0} = Rm

≧ \ {0} and

Rm
> := {y ∈ Rm| y > 0} = int Rm

≧

one may write a relation like y1 ≤ y2 equivalently as y2 − y1 ∈ Rm
≥ , etc. One

may also define ordering structures on Rm by replacing the standard ordering
cone (or Pareto cone) Rm

≧ by other convex cones, but in the present paper
we focus on the standard case of componentwise inequalities.

Definition 2.2.

(a) For Y ⊆ Rm a point ȳ ∈ Y is called weakly nondominated, if no y ∈ Y
with y < ȳ exists.

(b) For MOP a point x̄ ∈ X is called weakly efficient, if f(x̄) is a weakly
nondominated point of f(X).

(c) We denote the sets of weakly nondominated points of Y and of weakly
efficient points of MOP by Ywnd and Xwe, respectively.

Definition 2.3.

(a) For Y ⊆ Rm a point ȳ ∈ Y is called nondominated, if no y ∈ Y with
y ≤ ȳ exists.
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(b) For MOP a point x̄ ∈ X is called efficient, if f(x̄) is a nondominated
point of f(X).

(c) We denote the sets of nondominated points of Y and of efficient points
of MOP by Ynd and Xe, respectively.

Each nondominated point of a set Y is also weakly nondominated, but not
vice versa. The analogous statement is true for efficient and weakly efficient
points of MOP . The third solution concept is stronger than nondominated-
ness and efficiency, respectively. We use the notions of proper nondominat-
edness and proper efficiency in the sense of Geoffrion [7], since it is tailored
to the componentwise structure of the standard ordering cone Rm

≧ . Other
properness concepts are due to, for example, Benson [2], Borwein [3], and
Henig [10].

Definition 2.4.

(a) For Y ⊆ Rm the point ȳ ∈ Y is called properly nondominated, if some
real number K > 0 exists such that for all y ∈ Y and all i ∈ [m] with
yi < ȳi some j ∈ [m] with yj > ȳj and

ȳi − yi
yj − ȳj

≦ K

exists.

(b) For MOP the point x̄ is called properly efficient, if f(x̄) is a properly
nondominated point of f(X).

(c) We denote the sets of properly nondominated points of Y and of properly
efficient points of MOP by Ypnd and Xpe, respectively.

For motivations and illustrations of these solution concepts we refer to, e.g.
[4, 15]. In particular, proper nondominance can be interpreted as the bound-
edness of trade-offs by K. Therefore we will refer to K as a trade-off bound
of a properly efficient point.

Finally, for a nonempty set Y ⊆ Rm the vectors α and ω with extended
real-valued entries

αj = inf
y∈Y

yj, j ∈ [m], (2.1)

ωj = sup
y∈Y

yj, j ∈ [m], (2.2)
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are called ideal point and anti-ideal point of Y , respectively. Here we adopt
the usual conventions infy∈Y yj = −∞ if yj is not bounded from below on
Y , and supy∈Y yj = +∞ if yj is not bounded from above on Y . Thus,
both vectors α and ω exclusively have real-valued entries if and only if Y is
bounded. By the Weierstrass theorem, all appearing infima and suprema are
attained as minimal and maximal values, respectively, if Y is compact. We
refer to vectors α̂, ω̂ ∈ Rm with α̂ < α and ω < ω̂ as utopia and dystopia
points of Y , respectively.

3 Monotone transformations

The following definition of monotone transformations is motivated by the
concept of nondominated points. In Section 4 we will see that it also covers
weakly and properly nondominated points. In the terminology of [11] it is a
Rm

≥ -transformation.

Definition 3.1. For sets Y ,Z ⊆ Rm we call a mapping Φ : Y → Z a
monotone transformation if it is bijective and if for all y1, y2 ∈ Y it satisfies

y1 ≤ y2 ⇔ Φ(y1) ≤ Φ(y2).

If Φ is also a C1-diffeomorphism on open sets Y and Z, we call Φ a monotone
C1-transformation.

Clearly Φ : Y → Z is a monotone transformation if and only if Φ−1 : Z → Y
is a monotone transformation. Moreover, the monotone transformations are
exactly the transformations that preserve efficiency for all problems MOP
whose image set Y is a subset of the transformation’s domain, as established
in the following result.

Proposition 3.2. For sets Y ,Z ⊆ Rm let Φ : Y → Z be a bijective map.
Then Φ is a monotone transformation if and only if for all X ⊆ Rn and
f : X → Rm with f(X) ⊆ Y, the sets of efficient points of MOP and of

(MOPΦ) min Φ(f(x)) s.t. x ∈ X

coincide.

Proof. “⇒”: It is straightforward to see that for a monotone transformation
Φ : Y → Z a point ȳ ∈ Y ⊆ Y is nondominated for Y if and only if
z̄ := Φ(ȳ) ∈ Z is nondominated for Z := Φ(Y ).
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“⇐”: Suppose that Φ is not a monotone transformation. Then there exist
some y1, y2 ∈ Y such that exactly one of the conditions y1 ≤ y2 and Φ(y1) ≤
Φ(y2) holds. Let n = m and define X := {y1, y2} as well as f(x) := x. In the
case y1 ≤ y2 and Φ(y1) ≰ Φ(y2), the point y2 is not efficient for MOP , but
Φ(y2) is efficient for MOPΦ, and for y1 ≰ y2 and Φ(y1) ≤ Φ(y2), the point
y2 is efficient for MOP , but Φ(y2) is not efficient for MOPΦ.

Since for m = 1 the monotone transformations Φ : Y → Z are exactly the
strictly increasing functions Φ on Y with Z = Φ(Y), and since the con-
cept of efficient points generalizes the notion of minimal points from the
single-objective case, Proposition 3.2 generalizes the monotone transforma-
tion property for single-objective optimization problems from Section 1.

A simple example for a monotone C1-transformation is independent scaling
of the objective functions by positive factors, that is, Φ(y) = diag(w)y with
w ∈ Rm

> and diag(w) denoting the diagonal matrix with diagonal entries
w1,. . . ,wm. Here one can choose Y = Z = Rm. This monotone transforma-
tion is component-wise in the sense of Definition 3.3 below.

The main result of this section will characterize monotone C1-transformations
on boxes by their component-wise structure (Theorem 3.8). We call Y a box
if it can be written as Y = Y1 × . . . × Ym with not necessarily closed or
bounded intervals Yj ⊆ R1, j ∈ [m]. In particular, the whole space Rm is a
box in this sense.

Definition 3.3. For boxes Y ,Z ⊆ Rm we call a bijective mapping Φ : Y → Z
a component-wise transformation if it is of the form

Φ(y) = P ·

 φ1(y1)
...

φm(ym)


with a permutation matrix P and functions φj : Yj → Zj, j ∈ [m]. A
component-wise transformation Φ is called a component-wise monotone trans-
formation if the functions φj : Yj → Zj, j ∈ [m], are monotone transforma-
tions or equivalently, if they are strictly increasing with Zj = φj(Yj).

The following lemmas provide necessary properties of monotone C1-transfor-
mations which do not depend on the box structure of Y or Z. The first result
may also be found in [11, Lem. 5.1]. To keep this paper self-contained, we
provide a proof with some more details.
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Lemma 3.4. For open sets Y ,Z ⊆ Rm let Φ : Y → Z be a monotone
C1-transformation. Then its Jacobian DΦ satisfies

∀ξ ∈ Y : DΦ(ξ)(Rm
≥ ) = Rm

≥ .

Proof. Assume that there is a ξ ∈ Y such that DΦ(ξ)(Rm
≥ ) ̸= Rm

≥ .

Case 1: There exists an η ∈ Rm
≥ such that DΦ(ξ)η /∈ Rm

≥ . Since DΦ(ξ) is
regular, we have DΦ(ξ)η ̸= 0. Thus even DΦ(ξ)η /∈ Rm

≧ holds.

Moreover, for each sufficiently small ε > 0 we have ξ ≤ ξ + εη ∈ Y . By a
Taylor expansion we obtain

Φ(ξ + εη)− Φ(ξ) = Φ(ξ) + εDΦ(ξ)η + o(∥εη∥)− Φ(ξ)

= ε(DΦ(ξ)η + ∥η∥ω(εη)),

where ω(εη)
ε→0−−→ 0. Since DΦ(ξ)η lies in the open set Rm \ Rm

≧ , choosing ε

sufficiently small yields Φ(ξ + εη)− Φ(ξ) /∈ Rm
≥ and thus, Φ(ξ) ≰ Φ(ξ + εη).

It follows that Φ : Y → Z is not a monotone transformation.

Case 2: There is an η ∈ Rm\Rm
≥ such that DΦ(ξ)η ∈ Rm

≥ . Since DΦ(ξ)η ̸= 0
we have that η ̸= 0. If we set η′ := DΦ(ξ)η we have (DΦ(ξ))−1η′ = η /∈ Rm

≧ .
In view of (DΦ(ξ))−1 = D(Φ−1)(Φ(ξ)) and Φ(ξ) ∈ Z we may repeat the
steps from Case 1 with Φ−1 replacing Φ and Z replacing Y . This shows that
Φ−1 : Z → Y is not a monotone transformation, and neither is Φ : Y →
Z.

Lemma 3.5. Let A ∈ Rm×m. Then A(Rm
≥ ) = Rm

≥ holds if and only if there
are a permutation matrix P and some λ ∈ Rm

> such that A = P · diag(λ).

Proof. “⇐”: Let d ∈ Rm
≥ . We then have Ad = P · diag(λ)d ∈ Rm

≥ which
proves that the inclusion A(R≥) ⊆ R≥ holds. Furthermore the preimage of
d is given by

s := A−1d = diag(1/λ1, . . . , 1/λm)P
⊤d ∈ Rm

≥

which proves R≥ ⊆ A(R≥).

“⇒”: Assume that A had a negative entry, i.e., there are i, j ∈ [m] : ai,j < 0.
The unit vector ej lies in Rm

≥ , but (Aej)i = ai,j < 0 which is a contradiction
to A(R≥) ⊆ R≥. We can thus assume that A has only nonnegative entries.
Additionally, since all unit vectors lie in A(Rm

≥ ), we know that for all ej,
j ∈ [m], there must be a vector xj ≥ 0 such that

ej = Axj =
m∑
i=1

xj
ia

i, (3.1)
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where ai denotes the i-th column of A. This is only possible if the matrix
A has at least one column ak with akj > 0. If all columns ak that fulfill
this property had additional positive entries, the image Axj would have at
least one additional positive entry besides (Axj)j = 1 since no column has a
negative entry. Thus (3.1) can only hold if A has at least one column that is a
positive multiple of the unit vector ej. Since this needs to hold for all m unit
vectors and A has m columns, it is of the form A = P · diag(λ), λ ∈ R>.

Lemma 3.6. For a pathwise connected set S ⊆ Rm let the mapping A : S →
Rm×m be continuous and assume that for all y ∈ S it is of the form A(y) =
P (y)D(y), where P (y) is a permutation matrix and D(y) is a diagonal matrix
with strictly positive diagonal entries. Then P (y) is independent of y, and
D is continuous on S.

Proof. We first observe that A(y) is regular for all y ∈ S. Choose two
different points y1, y2 ∈ S with images A(y1) = P (y1)D(y1) and A(y2) =
P (y2)D(y2), and let P 1 := P (y1) and P 2 := P (y2). We will show that the
assumption P 1 ̸= P 2 would lead to a contradiction.

To this end, let g : [0, 1] → Rm be a continuous function with g(0) = y1,
g(1) = y2 and g(t) ∈ S for all t ∈ (0, 1). For a given permutation matrix P ,
we define

domP := {t ∈ [0, 1] : A(g(t)) = PD(g(t))}

and (domP )c := [0, 1] \ domP . Note that domP 1 ̸= ∅ since 0 ∈ domP 1 and
(domP 1)c ̸= ∅ since 1 ∈ (domP 1)c. We can thus set t̄ := sup(domP 1) and
choose sequences

(tk) ⊆ domP 1 : tk
k→∞−−−→ t̄,

(sk) ⊆ (domP 1)c : sk
k→∞−−−→ t̄.

The set complement of domP 1 relative to [0, 1] can also be written as

(domP 1)c =
⋃

P ̸=P 1

domP,

where the union is taken is over all m-dimensional permutation matrices
except for P 1 and some of the sets domP may be empty.

Since there are only finitely many m-dimensional permutation matrices, there
is a permutation matrix P̃ ̸= P 1 such that the sequence (sk) has a subse-
quence (sk

ℓ
) ⊆ dom P̃ . We can assume w.l.o.g. that this subsequence is (sk)
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itself. If we now choose indices i, j such that P 1
i,j = 1 and P̃i,j = 0, we have

Ai,j(g(s
k)) = (P̃D(g(sk)))i,j =

m∑
r=1

P̃i,rDr,j(g(s
k)) = P̃i,j︸︷︷︸

=0

Dj,j(g(s
k))

k→∞−−−→ 0.

For all indices ℓ ̸= i we have

Aℓ,j(g(t
k)) = (P 1D(g(tk)))ℓ,j =

m∑
r=1

P 1
ℓ,rDr,j(g(t

k)) = P 1
ℓ,j︸︷︷︸

=0

Dj,j(g(t
k))

k→∞−−−→ 0.

By continuity of A and g we thus have Ar,j(g(t̄)) = 0 for all r ∈ [m], which
is a contradiction to the fact that A(g(t̄)) is regular.

We now know that there is a constant permutation matrix P with P (y) = P
for all y ∈ S. We thus have D(y) = P⊤A(y) for all y ∈ S, and the continuity
of D follows from the continuity of A on S.

Lemma 3.7. For open and pathwise connected sets Y ,Z ⊆ Rm let Φ : Y →
Z be a monotone C1-transformation. Then for all y ∈ Y it holds DΦ(y) =
P diag(λ(y)) with a permutation matrix P and a continuous function λ :
Y → Rm

> .

Proof. From Lemma 3.4 and Lemma 3.5 we know that for all points y ∈ Y ,
the Jacobian DΦ(y) must be of the form DΦ(y) = P (y) diag(λ(y)) with a
permutation matrix P (y) and λ(y) ∈ Rm

> . Since DΦ is continuous and Y
is pathwise connected, Lemma 3.6 implies that one can choose a constant
permutation matrix P with P (y) = P for all points y ∈ Y , and that λ is
continuous on Y . This shows the assertion.

Theorem 3.8. For open boxes Y ,Z ⊆ Rm let Φ : Y → Z be a C1-diffeomorphism.
Then Φ is a monotone transformation if and only if it is a component-wise
monotone transformation.

Proof. “⇐”: We know that Φ is bijective by assumption. By definition of
a component-wise monotone transformation there are a permutation matrix
P and φ(y) := (φ1(y1), . . . , φm(ym))

⊤ with strictly increasing functions φj :
Yj → Zj, j ∈ [m], such that Φ(y) = P · φ(y). Let y1, y2 ∈ Y with y1 ≤ y2.
Then we have

Φ(y1) = P · φ(y1) ≤ P · φ(y2) = Φ(y2).
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The inverse of φ is given by φ−1(z) = (φ−1
1 (z1), . . . , φ

−1
m (zm))

⊤, where the
inverses φ−1

j : Zj → Yj, j ∈ [m], are strictly increasing. The inverse transfor-
mation is given by Φ−1(z) = φ−1(P⊤z). Let z1, z2 ∈ Z with z1 ≤ z2. Then
we have

Φ−1(z1) = φ−1(P⊤z1) ≤ φ−1(P⊤z2) = Φ−1(z2).

“⇒”: Since the open boxes Y and Z coincide with their pathwise connected
interiors, Lemma 3.7 yields that for all y ∈ Y we have DΦ(y) = P diag(λ(y))
with a permutation matrix P and a continuous function λ : Y → Rm

> . Let π
be the permutation associated with P , i.e.,

Pi,j =

{
1, if π(i) = j

0, otherwise

and denote the components of Φ by Φi, i ∈ [m]. For all y ∈ Y and i ∈ [m],
we have

∇Φi(y) = (P diag(λ(y)))⊤i = λk(y)ek,

where k = π(i). In particular this yields

∀j ∈ [m] \ {k} : ∂jΦi(y) = 0.

Thus and since Y is pathwise connected, Φi is constant in yj for all j ̸= k and
can be chosen such that it depends only on yk. It follows that y 7→ ∂kΦi(y) =
λk(y) depends only on yk. For all k ∈ [m], we may thus define

φk : Yk → Zk, yk 7→ φk(yk) = Φi(ȳ
k) and

λ̃k : Yk → R>, yk 7→ λ̃k(yk) = λi(ȳ
k),

where i = π−1(k) and ȳk ∈ Rm denotes a vector with ȳkk = yk and ȳkj ∈ Yj

arbitrary for j ̸= k. We now have

Φ(y) =

 φπ(1)(yπ(1))
...

φπ(m)(yπ(m))

 = P

 φ1(y1)
...

φm(ym)


and furthermore for all k ∈ [m] and yk ∈ Yk,

φ′
k(yk) = ∂kΦπ−1(k)(ȳ

k) = λπ−1(k)(ȳ
k) = λ̃k(yk) > 0

holds, concluding that φk, k ∈ [m] are strictly increasing and thus, Φ is a
component-wise monotone transformation.
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Remark 3.9. For the special case of linear monotone transformations, the
result of Theorem 3.8 is not surprising in the following sense. Let Φ : Rm →
Rm, y → Ay be a mapping with a regular (m,m)-matrix A. Then Φ is a
monotone transformation if and only if for all y1, y2 ∈ Rm the conditions
y2 − y1 ∈ Rm

≥ and A(y2 − y1) ∈ Rm
≥ are equivalent. This is the case if and

only if Rm
≥ = ARm

≥ = Φ(Rm
≥ ) holds. The component-wise structure of the

ordering cone Rm
≥ thus suggests that Φ has to be a component-wise monotone

transformation.

Remark 3.10. It is not necessary to explicitly assume that Y and Z are
boxes in Theorem 3.8. It follows automatically under the assumption that Y
and Z are open and pathwise connected. In the “⇐”-direction, it follows from
the definition of a component-wise monotone transformation that Y and Z
are boxes. In the “⇒”-direction, since for all i ∈ [m], the component Φi is
chosen such that it only depends on yi, we can define

Yi := pri Y , Zi := priZ, i ∈ [m],

where pri is the operator projecting a set onto the i-th coordinate axis. Then
the proof can be continued in the same way by introducing the univariate
components φi : Yi → Zi, i ∈ [m]. It follows that Φ is not only defined on Y
but on the smallest box that contains Y, i.e.,

Y1 × · · · × Ym ⊇ Y .

4 Invariance of weak and proper efficiency un-
der monotone transformations

The following concept is tailored to weakly nondominated points.

Definition 4.1. For sets Y ,Z ⊆ Rm we call a mapping Φ : Y → Z a weak
monotone transformation if it is bijective and if for all y1, y2 ∈ Y it satisfies

y1 < y2 ⇔ Φ(y1) < Φ(y2).

If Φ is also a C1-diffeomorphism on open sets Y and Z, we call Φ a weak
monotone C1-transformation.

In analogy to Proposition 3.2 we obtain the following result. The proof
uses the same arguments, with the definitions of efficiency and monotone
transformations replaced by those of weak efficiency and weak monotone
transformations, respectively.
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Proposition 4.2. For sets Y ,Z ⊆ Rm let Φ : Y → Z be a bijective map.
Then Φ is a weak monotone transformation if and only if for all X ⊆ Rn

and f : X → Rm with f(X) ⊆ Y, the sets of weakly efficient points of MOP
and MOPΦ coincide.

The next result shows that on open boxes the concept of a weak monotone
C1-transformation coincides with that of a monotone C1-transformation.

Lemma 4.3. For open boxes Y ,Z ⊆ Rm let Φ : Y → Z be a C1-diffeomorphism.
Then Φ is a weak monotone transformation if and only if it is a monotone
transformation.

Proof. “⇒”: Let y1, y2 ∈ Y such that y1 ≤ y2. For y1 < y2 follows Φ(y1) <
Φ(y2) and thus Φ(y1) ≤ Φ(y2). Otherwise, i.e. for y2−y1 ∈ Rm

≥ \Rm
> , we have

y1 < y2 + εe ∈ Y for all sufficiently small ε > 0, where e denotes the all-ones
vector. We thus have Φ(y1) < Φ(y2 + εe) for these ε. Since y2 + εe

ε→0−−→ y2,
the continuity of Φ yields Φ(y1) ≦ Φ(y2). If we had Φ(y1) = Φ(y2), this
would contradict the fact that Φ is injective. Thus, Φ(y1) ≤ Φ(y2) holds.
Applying analogous arguments to the inverse of Φ shows Φ−1(z1) ≤ Φ−1(z2)
for all z1, z2 ∈ Z with z1 ≤ z2.

“⇐”: By Theorem 3.8 the mapping Φ is a component-wise monotone trans-
formation. Thus, the components φj : Yj → Zj of Φ are one-dimensional
monotone transformations. Since on R1 the definitions of a monotone and
of a weak monotone transformation coincide, the functions φj : Yj → Zj are
also weak monotone transformations. Repeating the steps from the “⇐”-part
of the proof of Theorem 3.8, replacing all ≤-inequalities by <-inequalities,
proves this direction.

Lemma 4.3 yields the following strengthening of Proposition 4.2 on open
boxes. It shows in particular that the concept of a monotone C1-transforma-
tion is sufficient for the invariance of weakly efficient points under the trans-
formation.

Theorem 4.4. For open boxes Y ,Z ⊆ Rm let Φ : Y → Z be a monotone
C1-transformation with f(X) ⊆ Y. Then the sets of weakly efficient points
of MOP and of MOPΦ coincide.

In the subsequent Theorem 4.11 we show that an analogous result holds for
the invariance of properly efficient points under monotone C1-transforma-
tions. We also treat the behavior of their trade-off bounds under the con-
sidered transformations since, as motivated in Section 1, controlling the size
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of trade-off bounds is important in many applications. However as the next
example shows, the properly efficient points are not invariant under general
component-wise monotone transformations. This can occur if the derivative
of one of the components is unbounded, as the following example shows.

Example 4.5. Consider the component-wise transformation Φ : −R> ×
R> → −R2

>,Φ(y) = (φ1(y1), φ2(y2))
⊤ = (y1,−y−1

2 ). Since φ′
2(y2) = y−2

2 > 0
for y2 ∈ R>, this is a monotone transformation. Now consider the image
set Y := {(−x, x)⊤ | 0 < x ≦ 1} ⊆ −R> × R>. All points in Y are prop-
erly nondominated. We will show that no point in the transformed image set
Z := {(−x,−x−1)⊤ | 0 < x ≦ 1} is properly nondominated. Let z̄ ∈ Z and
choose the sequences xk := k−1, k ∈ N, and Z ∋ zk := (−xk,−(xk)−1)⊤ =
(−k−1,−k)⊤, k ∈ N. We then have zk2 < z̄2 and zk1 > z̄1 when k is sufficiently
large and (z̄2 − zk2 )/(z

k
1 − z̄1) = (z̄2 + k)/(−k−1 − z̄1)

k→∞−−−→ +∞, so that z̄ is
not properly nondominated. At the same time yk := (−xk, xk)⊤ ∈ Y for all
k ∈ N and φ′

2(y
k
2)

k→∞−−−→ +∞ hold.

The next example shows that the set of properly efficient points can also
change when the derivatives of the components are bounded, but the deriva-
tive of one component can get arbitrarily close to zero.

Example 4.6. Consider the component-wise monotone transformation Φ
from Example 4.5 and the image set Y := {(−x, x)⊤ | x ≧ 1} ⊆ −R> × R>.
All points in Y are properly nondominated. We will show that no point
in the transformed image set Z := {(−x,−x−1)⊤ | x ≧ 1} is properly
nondominated. Let z̄ ∈ Z and choose the sequences xk := k, k ∈ N,
and Z ∋ zk := (−xk,−(xk)−1)⊤ = (−k,−k−1)⊤, k ∈ N. We then have
zk1 < z̄1 and zk2 > z̄2 when k is sufficiently large and (z̄1 − zk1 )/(z

k
2 − z̄2) =

(z̄1 + k)/(−k−1 − z̄2)
k→∞−−−→ +∞, so that z̄ is not properly nondominated. At

the same time yk := (−xk, xk)⊤ ∈ Y for all k ∈ N and φ′
2(y

k
2)

k→∞−−−→ 0 hold.

Examples 4.5 and 4.6 motivate the subsequent Assumption 4.8. Before we
state it, by another example we first motivate the form of the formulas for
trade-off bounds that occur in the following results. It deals with a scaling
transformation, whose components thus have constant derivatives, leaving
the properly efficient points invariant.

Example 4.7. For some set Y ⊆ R2 consider a properly nondominated point
ȳ. By Definition 2.4(a) there exists some Ky > 0 such that for all y ∈ Y
with y1 < ȳ1 one has y2 > ȳ2 and (ȳ1− y1)/(y2− ȳ2) ≦ Ky, and for all y ∈ Y
with y2 < ȳ2 one has y1 > ȳ1 and (ȳ2 − y2)/(y1 − ȳ1) ≦ Ky. Then the scaling
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transformation Φ(y) := diag(w)y with w > 0 yields the point z̄ = diag(w)ȳ,
and for all z ∈ Z := Φ(Y ) with z1 < z̄1 one has z2 > z̄2 and

z̄1 − z1
z2 − z̄2

=
w1ȳ1 − w1y1
w2y2 − w2ȳ2

≦
w1

w2

Ky,

and for all z ∈ Z with z2 < z̄2 one has z1 > z̄1 and

z̄2 − z2
z1 − z̄1

≦
w2

w1

Ky.

Hence z̄ is a properly nondominated point of Z with trade-off bound Kz :=
max{w1/w2, w2/w1}Ky. The factor max{w1/w2, w2/w1} may as well be writ-
ten as max{w1, w2}/min{w1, w2}.

To reduce the notational burden, the following results are stated for mono-
tone transformations which are component-wise with the identity permu-
tation matrix. However, the analogous statements hold for any monotone
transformation.

In the statement of general formulas for valid trade-off bounds under component-
wise monotone C1-transformations Φ : Y → Z on open boxes Y ,Z ⊆ Rm,
in Lemma 4.10 we shall use some nonempty set Y ⊆ Y with ideal and anti-
ideal points α and ω, whose components (see (2.1), (2.2)) may be extended
real-valued. For

cj := inf
ηj∈(αj ,ωj)

φ′
j(ηj), j ∈ [m],

cj := sup
ηj∈(αj ,ωj)

φ′
j(ηj), j ∈ [m],

we impose the following assumption.

Assumption 4.8. For all j ∈ [m] the bounds 0 < cj, cj < +∞ hold.

Lemma 4.9. For open boxes Y ,Z ⊆ Rm let Φ : Y → Z be a component-wise
monotone C1-transformation with the identity permutation matrix P = I.
Then Assumption 4.8 is satisfied under any of the following two conditions.

(a) Y is nonempty and compact.

(b) Φ is a linear function.

Proof. If Y is nonempty and compact, all entries of α and ω are finite, and
the intervals [αj, ωj], j ∈ [m], are nonempty and compact. The continuity
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of φ′
j and the Weierstrass theorem then yield cj = minηj∈[αj ,ωj ] φ

′
j(ηj) and

cj = maxηj∈[αj ,ωj ] φ
′
j(ηj) for all j ∈ [m], where replacing inf by min and sup

by max, respectively, means that the infima and suprema are attained as real
numbers. In particular, the upper bounds cj, cj < +∞ from Assumption 4.8
are true.

Moreover, the compactness of Y yields the compactness of prj Y . This implies
αj, ωj ∈ prj Y ⊆ Yj and, thus, [αj, ωj] ⊆ Yj, where the latter inclusion is
strict because Yj is open. Since φj is strictly increasing on Yj, we obtain
φ′
j(ηj) > 0 for all ηj ∈ [αj, ωj]. The Weierstrass theorem therefore implies

cj > 0. With analogous arguments one sees cj > 0. This shows part (a).

Under the assumption of part (b) we have φ′
j(yj) = wj, j ∈ [w], for some

w ∈ Rm
> and all y ∈ Y . This implies cj = cj = wj, j ∈ [m], hence the

assertion.

In the following lemma, which prepares Theorem 4.11, the stated trade-off
bounds are valid, but not necessarily smallest possible.

Lemma 4.10. For open boxes Y ,Z ⊆ Rm let Φ : Y → Z be a component-
wise monotone C1-transformation with the identity permutation matrix P =
I, and let Assumption 4.8 be satisfied. Then the following assertions hold.

(a) For every properly nondominated point z̄ of Z with trade-off bound Kz,
the point ȳ = Φ−1(z̄) is properly nondominated for Y with trade-off
bound

Ky =

(
maxk∈[m] ck
mink∈[m] ck

)
Kz .

(b) In case that the component functions of Φ are convex on their respective
domains, in the assertion of part (a) we have ck = limyk→αk

φ′
k(yk) and

ck = limyk→ωk
φ′
k(yk) for all k ∈ [m]. If αk or ωk are also finite for

some k ∈ [m], we have ck = φ′
k(αk) and ck = φ′

k(ωk), respectively.

(c) In case that the component functions of Φ are concave on their respec-
tive domains, in the assertion of part (a) one can replace the trade-off
bound by

K ′
y =

(
maxk∈[m] φ

′
k(ȳk)

mink∈[m] φ′
k(ȳk)

)
Kz ≦ Ky .

(d) For every properly nondominated point ȳ of Y with trade-off bound Ky,
the point z̄ = Φ(ȳ) is properly nondominated for Z with trade-off bound

Kz =

(
maxk∈[m] ck
mink∈[m] ck

)
Ky .
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(e) In case that the component functions of Φ are concave on their respec-
tive domains, in the assertion of part (d) we have ck = limyk→ωk

φ′
k(yk)

and ck = limyk→αk
φ′
k(yk) for all k ∈ [m]. If αk or ωk are also finite for

some k ∈ [m], we have ck = φ′
k(ωk) and ck = φ′

k(αk) for all k ∈ [m].

(f) In case that the component functions of Φ are convex on their respective
domains, in the assertion of part (d) one can replace the trade-off bound
by

K ′
z =

(
maxk∈[m] φ

′
k(ȳk)

mink∈[m] φ′
k(ȳk)

)
Ky ≦ Kz .

Proof. For the proof of part (a), let z̄ be a properly nondominated point of
Z. Then some Kz > 0 exists such that for all z ∈ Z and all i ∈ [m] with
zi < z̄i some j ∈ [m] with zj > z̄j and

z̄i − zi
zj − z̄j

≦ Kz

exists. By Theorem 3.8 the components φj : Yj → Zj of Φ as well as
their inverse functions φ−1

j : Zj → Yj are strictly increasing. Therefore
the inequalities zi < z̄i and zj > z̄j are equivalent to yi < ȳi and yj > ȳj,
respectively, with ȳi = φ−1

i (z̄i) etc. Since each z ∈ Z = Φ(Y ) can be written
uniquely as z = Φ(y), we obtain that for all y ∈ Y and all i ∈ [m] with
yi < ȳi some j ∈ [m] with yj > ȳj and

φi(ȳi)− φi(yi)

φj(yj)− φj(ȳj)
≦ Kz (4.1)

exists.

The mean-value theorem yields the existence of some ηi ∈ (yi, ȳi) ⊆ (αi, ωi)
with

φi(ȳi)− φi(yi) = φ′
i(ηi) (ȳi − yi) ≧ ci (ȳi − yi) ≧

(
min
k∈[m]

ck

)
(ȳi − yi)

as well as the existence of some ηj ∈ (ȳj, yj) ⊆ (αj, ωj) with

φj(yj)− φj(ȳj) = φ′
j(ηj) (yj − ȳj) ≦ cj (yj − ȳj) ≦

(
max
k∈[m]

ck

)
(yj − ȳj).

In view of Assumption 4.8, (4.1) implies

Kz ≧
φi(ȳi)− φi(yi)

φj(yj)− φj(ȳj)
≧

mink∈[m] ck
maxk∈[m] ck

ȳi − yi
yj − ȳj
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and, thus,
ȳi − yi
yj − ȳj

≦
maxk∈[m] ck
mink∈[m] ck

Kz = Ky .

This shows that ȳ is a properly nondominated point of Y with trade-off
bound Ky.

Under the convexity assumption of part (b), each function φ′
k increases on

Yk. Together with Assumption 4.8 and the continuity of φ′
k this shows the

assertions.

Under the concavity assumption of part (c), in the above proof of part (a)
one may replace reasoning based on the mean-value theorem by the C1-
characterization of concavity and obtain

φi(yi) ≦ φi(ȳi) + φ′
i(ȳi)(yi − ȳi),

φj(yj) ≦ φj(ȳj) + φ′
j(ȳj)(yj − ȳj).

This implies

φi(ȳi)− φi(yi) ≧ φ′
i(ȳi)(ȳi − yi) ≧

(
min
k∈[m]

φ′
k(ȳk)

)
(ȳi − yi),

φj(yj)− φj(ȳj) ≦ φ′
j(ȳj)(yj − ȳj) ≦

(
max
k∈[m]

φ′
k(ȳk)

)
(yj − ȳj)

and
φi(ȳi)− φi(yi)

φj(yj)− φj(ȳj)
≧

mink∈[m] φ
′
k(ȳk)

maxk∈[m] φ
′
k(ȳk)

ȳi − yi
yj − ȳj

,

which yields the asserted formula for K ′
y. Moreover, since ȳk lies in the

closure of (αk, ωk) and φ′
k is continuous, φ′

k(ȳk) ≧ ck, k ∈ [m], as well as
mink∈[m] φ

′
k(ȳk) ≧ mink∈[m] ck follow. Analogously one obtains maxk∈[m] φ

′
k(ȳk) ≦

maxk∈[m] ck. This shows K ′
y ≦ Ky.

To see part (d), note that Z = Φ(Y ) is nonempty and possesses the ideal
and anti-ideal points limy→α Φ(y) and limy→ω Φ(y), respectively. Replacing
the function Φ by Φ−1 in the proof of part (a) yields the assertion of part (d)
with

Kz =

(
maxk∈[m] dk
mink∈[m] dk

)
Ky ,

where

dk = sup
φk(ηk)∈(φk(αk),φk(ωk))

(φ−1
k )′(φk(ηk)) = sup

ηk∈(αk,ωk)

1

φ′
k(ηk)

= c−1
k
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and, analogously, dk = c−1
k , k ∈ [m]. This completes the proof of part (d).

Part (e) and part (f) are shown along the lines of the proofs of part (b) and
part (c), respectively, using that the inverse function of a strictly increasing
univariate convex function is concave, and vice versa.

Versions of the following theorem, but under different assumptions and with-
out formulas for the trade-off bounds, are given in [22, Cor. 4.2] and [23, Th.
2]. In particular, [23] uses an additional convexity assumption.

Theorem 4.11. For open boxes Y ,Z ⊆ Rm let Φ : Y → Z be a monotone C1-
transformation, and let a problem MOP be given such that Assumption 4.8
is satisfied for Y = f(X) ⊆ Y. Then the sets of properly efficient points of
MOP and of MOPΦ coincide, and respective trade-off bounds are provided
by Lemma 4.10.

Proof. Let x̄ be a properly efficient point of MOP . Then f(x̄) is a properly
nondominated point of f(X). By Lemma 4.10 Φ(f(x̄)) is a properly non-
dominated point of Φ(f(X)), which is the image set corresponding to the
problem MOPΦ. Therefore x̄ is properly efficient for MOPΦ. The analogous
arguments for Φ−1, together with the statements on trade-off bounds from
Lemma 4.10, complete the proof of the assertion.

5 Application to the compromise approach

5.1 Preliminaries

The compromise approach of multicriteria optimization goes back to [21, 24]
and makes use of the weighted ℓp-norms

∥y∥p,w :=

(
m∑
j=1

wj|yj|p
)1/p

with 1 ≦ p ≦ ∞ and w ∈ Rm
> , where the choice p = ∞ corresponds to the

weighted Chebyshev norm ∥y∥∞,w = max{w1|y1|, . . . , wp|yp|}. Although for
weight vectors w ∈ Rm

≥ with possible zero entries the expressions ∥y∥p,w are
not norms on Rm (but only on w1R×· · ·×wmR) such choices of w are allowed
in the compromise approach as well.
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Let Y ⊆ Rm be bounded from below with ideal point α. Then, for every
p ∈ [1,∞] and w ∈ Rm

≥ , each global minimal point of

min
y

∥y − α∥p,w s.t. y ∈ Y (5.1)

yields a compromise for approaching the values αj along the single coordi-
nates yj over Y , modeled by their weighted ℓp-distance. The formulation in
decision variables,

min
x

∥f(x)− α∥p,w s.t. x ∈ X,

thus yields a compromise for approaching the ideal values αj of the objec-
tive functions fj over X and is known as compromise programming. In the
following we focus on constructions for the image space problem (5.1).

In the objective function of (5.1), the ideal point α may be replaced by any
underestimator α̂ ≦ α and in particular with a utopia point α̂ < α. This is
relevant from an algorithmic point of view, since the αj are minimal values of
generally nonconvex global optimization problems and can, thus, only be ap-
proximated up to a given tolerance. For example, branch-and-bound methods
provide strict lower bounds α̂j < αj, hence utopia points α̂. Since replacing
the ideal point α by some utopia point α̂ in the compromise approach will
also turn out to be helpful for the subsequent theoretical developments, we
shall only consider compromise problems

min
y

∥y − α̂∥p,w s.t. y ∈ Y (5.2)

which involve a utopia point α̂. Solving this problem for p = ∞ and w ∈ Rm
≥

is referred to as the weighted Chebyshev norm approach.

Before we present our main transformation results, let us briefly point out
two minor aspects of compromise programming in relation to monotone
transformations. Firstly, for the algorithmic solution of (5.2) with p ∈
[1,∞) the nonsmooth objective function can be replaced by the function
up(w, y) := ∥y − α̂∥pp,w using the respective monotone transformation from
single-objective optimization. Moreover, the definition of the utopia point
yields |yj − α̂j| = yj − α̂j, so that (5.2) is equivalent to the problem

(Cp(w)) min
y

m∑
j=1

wj(yj − α̂j)
p s.t. y ∈ Y

with the smooth objective function up(w, ·).
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Secondly, the introduction of positive weights in the ℓp-norms with p ∈ [1,∞)
can be motivated by independent scaling of the objective functions by positive
numbers, i.e., by the monotone transformation Φ(y) = diag(w)y with w ∈
Rm

> . Indeed, Φ(α̂) is a utopia point of Φ(Y ), so that the compromise approach
with a non-weighted ℓp-norm for the transformed problem MOPΦ yields the
image space objective function

∥ diag(w)(y − α̂)∥p =

(
m∑
j=1

wp
j (yj − α̂j)

p

)1/p

= ∥y − α̂∥p,wp ,

where wp stands for the vector with entries wp
j , j ∈ [m]. This relation was

already observed in [21].

As a final preliminary remark, the objective function of C1(w) with w ∈ Rm
≥

is

∥y − α̂∥1,w =
m∑
j=1

wj(yj − α̂j) = ⟨w, y⟩ − ⟨w, α̂⟩,

so that the minimal points of C1(w) coincide with the ones of the weighted
sum approach, i.e., the minimal points of

WS(w) : min
y

⟨w, y⟩ s.t. y ∈ Y.

5.2 Known results

Most of the following results on the compromise approach are well-known
(e.g., [4, 15, 18]), where we use that the case p = 1 corresponds to the
weighted sum approach. Less known seems to be the statement of Theo-
rem 5.1(d) in the case p > 1, which is due to [6] (see also [18, 20]). In the
following, for p ∈ [1,∞] and w ∈ Rm

≥ we will denote the set of global mini-
mal points of Cp(w) by Sp(w). The elements of Sp(w) are called compromise
solutions.

Theorem 5.1 (Nondominance properties from minimality). Let Y = f(X)
be bounded from below and let the same utopia point of Y be used in all
appearing problems Cp(w). Then the following assertions hold.

(a)
⋃

p∈[1,∞)

⋃
w∈Rm

≥
Sp(w) ⊆ Ywnd.

(b)
⋃

w∈Rm
>
S∞(w) ⊆ Ywnd.

(c)
⋃

p∈[1,∞]

⋃
w∈Rm

≥ : |Sp(w)|=1 Sp(w) ⊆ Ynd.
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(d)
⋃

p∈[1,∞)

⋃
w∈Rm

>
Sp(w) ⊆ Ypnd.

(e) In part (d), for p = 1 and w ∈ Rm
> a trade-off bound for y ∈ S1(w) is

K = (m− 1)maxi,j wj/wi.

The next result implies that every nondominated point of MOP can be
approximated arbitrarily well by compromise solutions with exponents p and
weights w > 0.

Theorem 5.2 ([6, Th. 3.1]). Let Y = f(X) be closed and bounded from
below, and let the same utopia point of Y be used in all appearing problems
Cp(w). Then the set

⋃
p∈[1,∞)

⋃
w∈Rm

>
Sp(w) is dense in Ynd.

In the statement of the following result the problem MOP is called convexlike
if its upper image set f(X) +Rm

≧ is convex. This is the case, for example, if
MOP is convex, that is, if it possesses a convex feasible set X and convex
objective functions fj : X → R, j ∈ [m].

Theorem 5.3 (Minimality from nondominance properties). Let Y = f(X)
be bounded from below, and let α̂ be a utopia point of Y used in the for-
mulation of the appearing problems Cp(w). Then the following assertions
hold.

(a)
⋃

w∈Rm
>
S∞(w) ⊇ Ywnd.

(b) Every convexlike problem MOP satisfies
⋃

w∈Rm
≥
S1(w) ⊇ Ywnd.

(c) Every convexlike problem MOP satisfies
⋃

w∈Rm
>
S1(w) ⊇ Ypnd.

(d) Every convexlike problem MOP satisfies
⋃

w∈Rm
>
S2(w) ⊇ Ypnd.

From Theorem 5.1(b) and Theorem 5.3(a) follows the well-known charac-
terization of Ywnd as the set of all compromise solutions from the weighted
Chebyshev norm approach with w ∈ Rm

> , even in the absence of convexity
assumptions. Simple examples show that this result cannot be extended to
p < ∞ without further assumptions. For convexlike problems MOP , Theo-
rem 5.1(a) and Theorem 5.3(b) yield the characterization of Ywnd as the set
of all compromise solutions of the weighted sum approach with w ∈ Rm

≥ , and
analogously Theorem 5.1(d) and Theorem 5.3(c) characterize Ypnd as the set
of all compromise solutions of the weighted sum approach with w ∈ Rm

> .

Theorem 5.3(d) is due to [6, Th. 4.1], and in combination with Theo-
rem 5.1(d) it implies yet another characterization of Ypnd. The advantage
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over the above characterization by weighted sum problems is that, for a
closed set Y , each set S2(w) with w ∈ Rm

> turns out to be a singleton {y(w)}
with an on Rm

> continuous function y.

5.3 Proper nondominance from minimality

In this section we provide a transformation-based proof of Theorem 5.1(d)
for the case p > 1, which is not only shorter than the one from [6], but
additionally allows to specify trade-off bounds. We remark that the proof for
this result in the case p = 1 from [7] cannot directly be extended to p > 1,
since this would require the concavity of the objective function of Cp(w),
while it is nonlinear and convex.

Instead, we will derive the result via a monotone transformation of MOP .
To this end, note that the set Y := α̂ + Rm

> is an open box which contains
Y . Likewise the set Z := Rm

> is an open box, and for every p ∈ [1,∞) the
mapping

Φp : Y → Z, y 7→

 (y1 − α̂1)
p

...
(ym − α̂m)

p


is a component-wise monotone C1-transformation, due to the strict mono-
tonicity of its component functions Φp

j .

Theorem 5.4. Let the set Y = f(X) be compact with ideal and anti-ideal
points α and ω, respectively, and let the same utopia point α̂ be used in all
appearing problems Cp(w). Then for each p ∈ [1,∞) and w ∈ Rm

> , every
minimal point of Cp(w) is a properly nondominated point of Y with trade-off
bound

K = (m− 1)

(
max
i,j

ωj − α̂j

αi − α̂i

)p−1

max
i,j

wj

wi

.

Proof. In view of Theorem 5.1(e) we only need to show the assertion for
p > 1. Let w ∈ Rm

> and ȳ be a minimal point of Cp(w). After the coordinate
transformation z = Φp(y) the point z̄ := Φp(ȳ) is a minimal point of

min
z

m∑
j=1

wjzj = ⟨w, z⟩ s.t. z ∈ Z.

Theorem 5.1(e) implies that z̄ is a properly nondominated point of Z with
trade-off bound Kz = (m− 1)maxi,j wj/wi. Lemma 4.10(a) thus yields that
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ȳ is a properly nondominated point of Y with trade-off bound

Ky =

(
max
i,j

cj
ci

)
(m− 1)max

i,j

wj

wi

.

The convexity of the functions Φp
j , j ∈ [m], and Lemma 4.10(b) yield

cj = (Φp
j)

′(ωj) = p(ωj − α̂j)
p−1,

ci = (Φp
i )

′(αi) = p(αi − α̂i)
p−1

and therefore

Ky = (m− 1)

(
max
i,j

ωj − α̂j

αi − α̂i

)p−1

max
i,j

wj

wi

.

This shows the assertion.

5.4 Inheritance of compromise solutions

According to [6] and [18, Rem. 3.4.2], the proof of [6, Th. 3.1] suggests that
for increasing p the set of nondominated points identified by the compromise
approach grows. This is in line with the fact that at least all weakly non-
dominated points of Y can be found as minimal points of C∞(w) with weight
vectors w > 0. For problems with a discrete image set, this monotonicity
property was shown in [12, 9]. The subsequent theorem will confirm it in the
general case.

Lemma 5.5. Let the set Y = f(X) be bounded from below, let the same
utopia point of Y be used in all appearing problems Cp(w), and let p1, p2 ∈
[1,∞) with p1 < p2. Then the following assertions hold.

(a) For each w1 ∈ Rm
≥ and each ȳ ∈ Sp1(w

1) there exists some w2 ∈ Rm
≥

with ȳ ∈ Sp2(w
2).

(b) For each w1 ∈ Rm
> and each ȳ ∈ Sp1(w

1) there exists some w2 ∈ Rm
>

such that ȳ is the unique minimal point of Cp2(w
2).

Proof. For p1 ∈ [1,∞) and w1 ∈ Rm
≥ let ȳ ∈ Sp1(w

1). Like in the proof
of Theorem 5.4, after the coordinate transformation z = Φp1(y) the point
z̄ := Φp1(ȳ) is a minimal point of v(w1, z) := ⟨w1, z⟩ over z ∈ Z. In particular,
with

up1(w
1, y) =

m∑
j=1

w1
j (yj − α̂j)

p1
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the description of the function up1(w
1, ·) in new coordinates is given by

v(w1, ·).
Furthermore, any w′ ∈ Rm

≥ satisfies

up2(w
′, y) =

m∑
j=1

w′
j(yj − α̂j)

p2 =
m∑
j=1

w′
jz

p2/p1
j =: vp2/p1(w

′, z)

so that, with q := p2/p1, the function vq(w
′, ·) is the description of up2(w

′, ·)
in new coordinates. We shall see that the functions v(w1, ·) and vq(w

′, ·)
possesses a fruitful relation for an appropriate choice of w′.

Indeed for all z ∈ Z = Rm
> one computes the gradient

∇zvq(w
′, z) = q

w′
1z

q−1
1
...

w′
mz

q−1
m


and the Hessian

D2
zvq(w

′, z) = q(q − 1) diag((w′
1z

q−2
1 , · · · , w′

mz
q−2
m )).

In view of q > 1 and w′ ∈ Rm
≥ , the latter matrix is positive semi-definite

for all z ∈ Rm
> , so that vq(w

′, ·) is convex on Rm
> . In the case w′ ∈ Rm

> the
Hessian is even positive definite and vq(w

′, ·) hence strictly convex on Rm
> .

For any w′ ∈ Rm
≥ and z ∈ Z ⊆ Rm

> this implies

vq(w
′, z) ≧ vq(w

′, z̄) + ⟨∇zvq(w
′, z̄), z − z̄⟩, (5.3)

and for w′ ∈ Rm
> this inequality is even strict.

In particular, the vector w2 ∈ Rm
≥ with

w2
j :=

w1
j

z̄q−1
j

=
w1

j

(ȳj − α̂j)p1(p2/p1−1)
=

w1
j

(ȳj − α̂j)p2−p1
, j ∈ [m],

satisfies

∇zvq(w
2, z̄) = q

w2
1 z̄

q−1
1
...

w2
mz̄

q−1
m

 = qw1,

so that the minimality of z̄ for v(w1, ·) over Z implies

⟨∇zvq(w
2, z̄), z − z̄⟩ = q ⟨w1, z − z̄⟩ = q (v(w1, z)− v(w1, z̄)) ≧ 0.
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From (5.3) we obtain vq(w
2, z) ≧ vq(w

2, z̄) for all z ∈ Z. In the case w1 ∈ Rm
>

we have w2 ∈ Rm
> as well, so that this inequality is even strict. Hence, for

w1 ∈ Rm
≥ the point z̄ is a global minimal point of vq(w

2, ·) over Z, and
for w1 ∈ Rm

> it is even unique. The same properties hold in the original
coordinates y, that is, the (unique) minimality of ȳ for up2(w

2, ·) over Y .
This proves the assertions of parts a and b.

Lemma 5.5 implies the following monotonicity properties of the sets of points
generated by the compromise approach.

Theorem 5.6. Under the assumptions of Lemma 5.5 for all p1, p2 ∈ [1,∞)
with p1 < p2 the relations⋃

w∈Rm
≥

Sp1(w) ⊆
⋃

w∈Rm
≥

Sp2(w)

and ⋃
w∈Rm

>

Sp1(w) ⊆
⋃

w∈Rm
>

Sp2(w)

are true.

Theorem 5.6 yields the following generalization of parts (b), (c) and (d) in
Theorem 5.3.

Corollary 5.7. Let Y = f(X) be bounded from below, and let α̂ be a utopia
point of Y used in the formulation of the appearing problems Cp(w). Then
the following assertions hold.

(a) Every convexlike problem MOP satisfies
⋃

w∈Rm
≥
Sp(w) ⊇ Ywnd for all

p ∈ N

(b) Every convexlike problem MOP satisfies
⋃

w∈Rm
>
Sp(w) ⊇ Ypnd for all

p ∈ N.

Furthermore, Theorem 5.6 confirms that the outer union in the assertion of
Theorem 5.2 is taken over a nested family of sets. This implies the following
result, where set convergence is meant in the sense of Painlevé-Kuratowski.

Corollary 5.8. Let Y = f(X) be closed and bounded from below, and let the
same utopia point of Y be used in all appearing problems Cp(w). Then the
sets

⋃
w∈Rm

>
Sp(w) converge to Ynd for p → ∞.
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Proof. Theorem 5.6, [16, Ex. 4.3a] and Theorem 5.2 imply

lim
p→∞

⋃
w∈Rm

>

Sp(w) = cl
⋃

p∈[1,∞)

⋃
w∈Rm

>

Sp(w) = Ynd.

We remark that, regarding the choice of the exponent p in the compromise
approach, [1] argues that the size of p should be an increasing function of
risk aversion. Another possible guideline, mentioned in [15], is that p should
be a decreasing function of the number m of objective functions.

6 Conclusions

The focus of this paper is on properties of monotone transformations for
general nonconvex problems MOP . Our result on component-wise monotone
transformations shows that even in the case of multiobjective optimization,
one can restrict oneself to monotone transformations known from single-
objective optimization when looking for helpful reformulations of a given
problem.

A natural question that arises from Corollary 5.8 is if there are conditions
under which a finite p exists such that

⋃
w∈Rm

>
Sp(w) = Ynd holds, or equiva-

lently, every non-dominated point of MOPΦ, with φj = (yj − α̂j)
p, is a min-

imal point of WS(w), applied to MOPΦ, for some weights w ∈ R>. Based
on the discussion in Section 5.2, we can at least give a sufficient condition
for Φ(Y )pnd =

⋃
w∈Rm

>
S1(w) to hold, namely thatMOPΦ is convexlike. Thus,

Φ(Y )pnd =
⋃

w∈Rm
>
S1(w) holds if the upper image set of MOPΦ becomes

convex when p is sufficiently large.

A related conjecture was formulated in [6] and [18, Remark 3.4.2], and in
[13] and [8], it was shown that this is the case if Ynd can be represented as
a smooth surface. Our future research will be dedicated to answering this
question under milder assumptions and to the algorithmic exploitation of the
p-th power transformation.
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