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Abstract

This paper considers monotone transformations of the objective
space of multiobjective optimization problems which leave the set of
efficient points invariant. Under mild assumptions, for the standard
ordering cone we show that such transformations must be component-
wise transformations. The same class of transformations also leaves
the sets of weakly and of Geoffrion properly efficient points invariant.
In addition, our approach allows to specify trade-off bounds of properly
efficient points after the transformation. We apply our results to prove
some previously unknown properties of the compromise approach.
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1 Introduction

This paper studies effects of image space coordinate transformations for mul-
tiobjective optimization problems of the form

(MOP) min f(z) st. ze€ X
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with a nonempty set X C R" of feasible points and a continuous vector-
valued objective function f : X — R™. We do not impose any convexity
assumptions on the component functions of f or on the set X. The image

set of X under f will be denoted by Y := f(X).

In single-objective optimization (i.e., for m = 1) it is well known that for any
strictly increasing function ¢ : ) — R with Y C Y the sets of minimal points
of f and of p o f on X coincide. Since the mapping ¢ : Y — Z := () is
bijective, it may be interpreted as a one-dimensional image space coordinate
transformation. Such monotone transformations may often be applied to
generate helpful problem properties like smoothness (e.g., f(z) = ||z||, and
p(y) = y¥) or convexity (e.g., f(z) = log(l + 2°) and ¢(y) = exp(y)).
The present paper considers the generalization of this construction to the

multiobjective problem [MOP}

In the literature, monotone transformations for multiobjective problems have
only been considered scarcely so far. In fact, we are mainly aware of the use of
component-wise transformations ®(f(x)) = (p1(f1(2)), ..., @m(fm(2))" (see
Def. for a more general definition) with strictly increasing and convex
functions ¢;, j € [m] := {1,...,m}. In |13] shifted p-th powers ¢;(y;) =
(y; — y;)? with a certain vector y € R™ are used to convexify the upper
image set of [fOP]in a certain sense and under some additional assumptions.
One of these assumptions is that the nondominated set of can be
represented as the graph of a smooth function. Under the same assumptions,
[8] derives lower bounds for the size of p in terms of eigenvalues of Hessians
of said smooth function. The paper [14] shows that the results from [13] also
hold for exponential transformations with ¢;(y;) = exp(wy;), j € [m], and
w > 0. An application of such transformations to radiation therapy planning
is provided in [17].

The paper [23| unifies the analysis of component-wise transformations with
strictly increasing and convex functions ¢;. It puts special emphasis on the
invariance of the set of properly efficient points of (cf. Def. under
the transformation. This, however, does not include statements on how the
trade-off bounds of properly efficient points behave under the transformation.
The same comment applies to |22, Sec. 4|, where also sufficient conditions for
the invariance of properly efficient points under monotone transformations
are given, but there without smoothness or convexity assumptions. Moreover,
no component-wise structure of the monotone transformations is assumed.

The only other paper which considers general (i.e. not necessarily component-
wise) monotone transformations seems to be [11]. It puts the emphasis on
sufficient conditions for the connectedness of the set of (properly) efficient



points for objective functions f which, after a transformation, are (quasi-)
convex in a vector-valued sense. Since general ordering cones are consid-
ered instead of RZ, no statements about the connection between general
and component-wise monotone transformations or about trade-off bounds of
properly efficient points are provided in [11].

While the explicit knowledge of the bounding constant for the trade-offs of
properly efficient points (see Definition is often not needed in theoret-
ical considerations, in [19] it is pointed out that practitioners may well be
interested in computing properly efficient points with pre-defined trade-off
bounds, since this allows them control over the trade-offs. Moreover, limits
of properly nondominated points are not properly nondominated when the
trade-off bounds along the sequence go to infinity. Also this can be avoided
by controlling trade-off bounds. Finally, in [5] the control over trade-off
bounds is necessary to truncate irrelevant parts of some algorithmic output.
In such applications the information on how trade-off bounds behave under
transformations is essential.

The present paper is organized as follows. After the statement of some pre-
liminaries in Section 2] Section [3] introduces monotone transformations for
nonconvex problems [MOP| which are as general as possible in the sense that
the original and the transformed problem possess the same sets of efficient
points. Under mild assumptions we show that such general transformations
are indeed necessarily component-wise with strictly increasing (but not nec-
essarily convex) functions ¢;, j € [m].

Section {4] shows that also the sets of weakly efficient points and of properly
efficient points remain invariant under the same class of monotone transfor-
mations. For the first time in the literature, we also provide explicit formulas
for trade-off bounds of properly efficient points after transformation.

In Section [b| we apply our results to the compromise approach of multiobjec-
tive optimization and are thus able to prove some results which, to the best
of our knowledge, cannot be found in the literature so far. Section [f] closes
the article with some final remarks.

2 Preliminaries

In multiobjective optimization there exist three main concepts to generalize
the notion of a (global) minimal point from the single-objective case. For
their introduction we use the following notation for relations between vectors
(cf. |4]). It replaces the usual inequality sign < by the sign < and the re-



defines the sign <.

Definition 2.1. For y',y? € R™ with m € N we define

(a) y' < y* = yl Sy2, jeml,
() y' <y* = y' Sy?andy' # 7
(c) y' <y* & yj <yi, je[m]
In the case y' < y? one says that y* dominates y?, and for y' < y* that y*

strictly dominates y*. The inequalities y* = y?, y' > y* and y' > y* are
defined analogously.

Note that for scalars the inequality y* < 92 is equivalent to 3! < y?, so that
for scalars we shall only use the relations ' < y? and y! < 2. The relation
y! < y? is a relevant concept only for m = 2.

With the cones

RZ = {y eR™|y 2 0},

RY = {yeR"[y >0} = RY\ {0} and

RY = {y € R"|y >0} = int RY
one may write a relation like y' < y* equivalently as y* —y' € RZ, etc. One
may also define ordering structures on R™ by replacing the standard ordering
cone (or Pareto cone) RZ by other convex cones, but in the present paper
we focus on the standard case of componentwise inequalities.
Definition 2.2.

(a) ForY CR™ a point y €Y is called weakly nondominated, if noy € Y
with y < y exists.

(b) For a point T € X is called weakly efficient, if f(z) is a weakly
nondominated point of f(X).

(c) We denote the sets of weakly nondominated points of Y and of weakly
efficient points of [MOP| by Yyna and Xye, respectively.
Definition 2.3.

(a) For Y C R™ a point g € Y is called nondominated, if no y € Y with
y <y exists.



(b) For|MOP| a point T € X is called efficient, if f(z) is a nondominated
point of f(X).

(c) We denote the sets of nondominated points of Y and of efficient points
of [MOP] by Y,q and X., respectively.

Each nondominated point of a set Y is also weakly nondominated, but not
vice versa. The analogous statement is true for efficient and weakly efficient
points of [MOP| The third solution concept is stronger than nondominated-
ness and efficiency, respectively. We use the notions of proper nondominat-
edness and proper efficiency in the sense of Geoffrion |7], since it is tailored
to the componentwise structure of the standard ordering cone RZ. Other
properness concepts are due to, for example, Benson [2], Borwein [3], and
Henig [10].

Definition 2.4.

(a) For'Y C R™ the point y € Y is called properly nondominated, if some
real number K > 0 exists such that for ally € Y and all i € [m] with
yi < y; some j € [m] with y; > y; and

Yi — Yi
Yi — Yj

A

K

exists.

(b) For|MOP| the point T is called properly efficient, if f(x) is a properly
nondominated point of f(X).

(c) We denote the sets of properly nondominated points of Y and of properly
efficient points of [MOP| by Yyng and X, respectively.

For motivations and illustrations of these solution concepts we refer to, e.g.
[4, 115]. In particular, proper nondominance can be interpreted as the bound-
edness of trade-offs by K. Therefore we will refer to K as a trade-off bound
of a properly efficient point.

Finally, for a nonempty set ¥ C R™ the vectors o and w with extended
real-valued entries

Qj = ;IEl}f, Yi» J € [m]v (2'1>
w; = supy;, j € [ml, 2.2
yey



are called ideal point and anti-ideal point of Y, respectively. Here we adopt
the usual conventions inf,cy y; = —oo if y; is not bounded from below on
Y, and sup,cy y; = +oo if y; is not bounded from above on Y. Thus,
both vectors a and w exclusively have real-valued entries if and only if YV is
bounded. By the Weierstrass theorem, all appearing infima and suprema are
attained as minimal and maximal values, respectively, if Y is compact. We
refer to vectors a,w € R™ with a@ < a and w < @ as utopia and dystopia
points of Y, respectively.

3 Monotone transformations

The following definition of monotone transformations is motivated by the
concept of nondominated points. In Section 4| we will see that it also covers
weakly and properly nondominated points. In the terminology of [11] it is a
RZ-transformation.

Definition 3.1. For sets Y, Z C R™ we call a mapping ® : Y — Z a
monotone transformation if it is bijective and if for all y*,y* € Y it satisfies

y'<y? e Oy < o(yP).

If ® is also a Ct-diffeomorphism on open sets Y and Z, we call ® a monotone
Ct-transformation.

Clearly ® : Y — Z is a monotone transformation if and only if &= : Z — Y
is a monotone transformation. Moreover, the monotone transformations are
exactly the transformations that preserve efficiency for all problems [MOP|
whose image set Y is a subset of the transformation’s domain, as established
in the following result.

Proposition 3.2. For sets Y, Z2 C R™ let ® : Y — Z be a bijective map.
Then ® s a monotone transformation if and only if for all X C R™ and

f: X = R™ with f(X) CY, the sets of efficient points of MOP| and of
(MOPy) min &(f(x)) st zeX

coincide.

Proof. “=": It is straightforward to see that for a monotone transformation
®: )Y — Zapoint y € Y C )Y is nondominated for Y if and only if
zZ .= ®(y) € Z is nondominated for Z := ®(Y).
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“<" Suppose that ® is not a monotone transformation. Then there exist
some 4!, 4% € ) such that exactly one of the conditions 3! < 3? and ®(y') <
®(y?) holds. Let n = m and define X := {y',y*} as well as f(z) := z. In the
case y' < y? and ®(y') £ ®(y?), the point y? is not efficient for , but

®(y?) is efficient for [MOPg| and for y* £ y* and ®(y') < ®(y?), the point
y? is efficient for [MOP| but ®(y?) is not efficient for [M O Pg| O

Since for m = 1 the monotone transformations ® : ) — Z are exactly the
strictly increasing functions ® on ) with Z = ®()), and since the con-
cept of efficient points generalizes the notion of minimal points from the
single-objective case, Proposition [3.2] generalizes the monotone transforma-
tion property for single-objective optimization problems from Section

A simple example for a monotone C!-transformation is independent scaling
of the objective functions by positive factors, that is, ®(y) = diag(w)y with
w € RY and diag(w) denoting the diagonal matrix with diagonal entries
W1,. .., w,. Here one can choose Y = Z = R™. This monotone transforma-
tion is component-wise in the sense of Definition [3.3] below.

The main result of this section will characterize monotone C'-transformations
on boxes by their component-wise structure (Theorem . We call ) a box
if it can be written as Y = ); X ... x ),, with not necessarily closed or
bounded intervals J; C R, j € [m]. In particular, the whole space R™ is a
box in this sense.

Definition 3.3. For bozes Y, Z C R™ we call a bijective mapping ® : Y — Z
a component-wise transformation if it is of the form

©1(y1)
Oy) =P :

Om(Ym)

with a permutation matriz P and functions ¢; + Y; — Z;, j € [m]. A
component-wise transformation ® is called a component-wise monotone trans-
formation if the functions p; : Y; — Z;, j € [m], are monotone transforma-
tions or equivalently, if they are strictly increasing with Z; = ¢;(Y;).

The following lemmas provide necessary properties of monotone C!-transfor-
mations which do not depend on the box structure of ) or Z. The first result
may also be found in |11, Lem. 5.1]. To keep this paper self-contained, we
provide a proof with some more details.



Lemma 3.4. For open sets Y,Z C R™ let ® : Y — Z be a monotone
Ct-transformation. Then its Jacobian D® satisfies

VE€Y: DO(E)(RY) = R

Proof. Assume that there is a £ € J such that D®(§)(RY) # RZ.

Case 1: There exists an n € RZ such that D®({)n ¢ RY. Since D®(E) is
regular, we have D®(§)n # 0. Thus even D®(£)n ¢ RY holds.

Moreover, for each sufficiently small ¢ > 0 we have ¢ < {4+en € ). By a
Taylor expansion we obtain

D +en) — (&) = (&) +eDP(E)n + o(|len]]) — ()
= e(DO(E)n + |Inllw(en)),

where w(en) =% 0. Since D®(&)n lies in the open set R™ \ RZ, choosing €
sufficiently small yields ®(& + en) — ®(£) ¢ R and thus, ®(&) £ ®( +en).
It follows that ® : )) — Z is not a monotone transformation.

Case 2: There is an n € R™\ RZ such that D®(£)n € RZ. Since DP({)n # 0
we have that 1 # 0. If we set 7/ := D®(£)n we have (D®(£)) ' =n ¢ RZ.
In view of (D®(£))™* = D(®1)(®(£)) and ®(£) € Z we may repeat the
steps from Case 1 with ®~! replacing ® and Z replacing ). This shows that
®-!: Z — ) is not a monotone transformation, and neither is ® : ) —

Z. [l

Lemma 3.5. Let A € R™*™. Then A(RZ) = RZ holds if and only if there
are a permutation matriz P and some A € R? such that A = P - diag()\).

Proof. “<=" Let d € RZ. We then have Ad = P - diag(\)d € RY which
proves that the inclusion A(R>) C Rs holds. Furthermore the preimage of
d is given by

s:=A"'d=diag(1/\,...,1/A) P d € RY
which proves R> C A(R>).

“=": Assume that A had a negative entry, i.e., there are 7,j € [m] : a; ; < 0.
The unit vector e; lies in RZ, but (Ae;); = a; ; < 0 which is a contradiction
to A(Rs) € Rs. We can thus assume that A has only nonnegative entries.
Additionally, since all unit vectors lie in A(RZ), we know that for all e;,
j € [m], there must be a vector 27 > 0 such that

ej = Axl = Zx:zai, (3.1)
i=1

8



where a’ denotes the i-th column of A. This is only possible if the matrix
A has at least one column a* with af > 0. If all columns a* that fulfill
this property had additional positive entries, the image Az’ would have at
least one additional positive entry besides (Ax?); = 1 since no column has a
negative entry. Thus can only hold if A has at least one column that is a
positive multiple of the unit vector e;. Since this needs to hold for all m unit
vectors and A has m columns, it is of the form A = P - diag(A\),A € R.. O

Lemma 3.6. For a pathwise connected set S C R™ let the mapping A : S —
R™ ™ pe continuous and assume that for all y € S it is of the form A(y) =
P(y)D(y), where P(y) is a permutation matriz and D(y) is a diagonal matriz
with strictly positive diagonal entries. Then P(y) is independent of y, and
D is continuous on S.

Proof. We first observe that A(y) is regular for all y € S. Choose two
different points y',y*> € S with images A(y') = P( DD(y') and A(y?) =
P(y*)D(y?), and let P' := P(y') and P? := P(y?). We will show that the
assumption P! # P? would lead to a contradiction.

To this end, let g : [0,1] — R™ be a continuous function with g(0) = !,
g(1) =y? and g(t) € S for all t € (0,1). For a given permutation matrix P,
we define

dom P :={t €[0,1] : A(g(t)) = PD(g(t))}

and (dom P)¢ := [0,1] \ dom P. Note that dom P! # ) since 0 € dom P! and
(dom P1)¢ = ) since 1 € (dom P')¢. We can thus set ¢ := sup(dom P') and
choose sequences

(") C dom P! ¢ A2 ¢
(s*) C (dom PY)e: s* hoee ¥
The set complement of dom P! relative to [0, 1] can also be written as
(dom P')° U dom P,
P#P1

where the union is taken is over all m-dimensional permutation matrices
except for P! and some of the sets dom P may be empty.

Since there are only finitely many m-dimensional permutation matrices, there
is a permutatlon matrix P # P! such that the sequence (s*) has a subse-
quence (s*) C dom P. We can assume w.l.o.g. that this subsequence is (s¥)



itself. If we now choose indices 4, j such that P}; =1 and [5” = 0, we have

Aij(g(s") = (PD(g Z sh)) = f/ D;;(g(s") =% 0.

=0

For all indices ¢ # i we have

Aj(9(t5) = (P'D( ZPM ri(g(th) PMD g(tF) =0,

:O

By continuity of A and g we thus have A, ;(g(t)) = 0 for all r € [m], which
is a contradiction to the fact that A(g(f)) is regular.

We now know that there is a constant permutation matrix P with P(y) = P
for all y € S. We thus have D(y) = P A(y) for all y € S, and the continuity
of D follows from the continuity of A on S. m

Lemma 3.7. For open and pathwise connected sets Y, Z CR™ let $:) —
Z be a monotone C'-transformation. Then for all y € Y it holds D®(y) =
Pdiag(A(y)) with a permutation matriz P and a continuous function A :
Yy — RZ.

Proof. From Lemma and Lemma we know that for all points y € ),
the Jacobian D®(y) must be of the form D®(y) = P(y) diag(A(y)) with a
permutation matrix P(y) and A(y) € RZ”. Since D® is continuous and Y
is pathwise connected, Lemma implies that one can choose a constant
permutation matrix P with P(y) = P for all points y € ), and that A is
continuous on ). This shows the assertion. O

Theorem 3.8. For open boxes Y, Z CR™ let ® : Y — Z be a C'-diffeomorphism.
Then ® is a monotone transformation if and only if it is a component-wise
monotone transformation.

Proof. “<”: We know that ® is bijective by assumption. By definition of
a component-wise monotone transformation there are a permutation matrix
P and ¢(y) == (p1(v1), - -+, @m(ym)) " with strictly increasing functions ¢; :
Y; — Z;, j € Im], such that ®(y) = P - (y). Let y',y* € Y with y* < ¢*.
Then we have
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The inverse of ¢ is given by ¢~ '(z) = (¢;'(21),..., 9. (zm)) ", where the
inverses gpj_l : Z; — Yj, j € [m], are strictly increasing. The inverse transfor-
mation is given by ®1(2) = ¢ }(P"z). Let 2,22 € Z with 2! < 22. Then
we have

31 (z) = o (PT2) < o (PT22) = 27 (22).

“=": Since the open boxes ) and Z coincide with their pathwise connected
interiors, Lemma [3.7] yields that for all y € J we have D®(y) = P diag(A(y))
with a permutation matrix P and a continuous function A : J — RZ. Let 7
be the permutation associated with P, i.e.,

Py = if 7(2) .:j
’ 0, otherwise

and denote the components of ® by ®;,i € [m]. For all y € Y and ¢ € [m],
we have

V&i(y) = (Pdiag(A(y)); = M(y)er,
where k = 7(i). In particular this yields
Vj € [m] \ {k} : 0,84(y) = 0.

Thus and since Y is pathwise connected, ®; is constant in y; for all j # k and
can be chosen such that it depends only on y;. It follows that y — 0, ®;(y) =
Ak (y) depends only on y,. For all k € [m], we may thus define

o 2 Vi = 2y Y = on(yr) = ©4(7") and
et Ve = Ry = M) = N(7"),

where i = 77'(k) and §* € R™ denotes a vector with g = y, and g} € V;
arbitrary for j # k. We now have

%(1)(%(1)) 801(y1)
O(y) = : =P

Pr(m) (yﬂ'(m)) Pm (ym)

and furthermore for all k& € [m] and y; € Vi,

e(Urk) = OkPr1() (TF) = Aemr0ay (7") = Xk(yk) >0

holds, concluding that ¢, k € [m] are strictly increasing and thus, @ is a
component-wise monotone transformation. L]
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Remark 3.9. For the special case of linear monotone transformations, the
result of Theorem[3.§ is not surprising in the following sense. Let ® : R™ —
R™ y — Ay be a mapping with a regular (m,m)-matriz A. Then ® is a
monotone transformation if and only if for all y*,y*> € R™ the conditions
v  —y' € R? and A(y? — y') € RZ are equivalent. This is the case if and
only if R = ARZ = ®(RZ) holds. The component-wise structure of the
ordering cone R7 thus suggests that ® has to be a component-wise monotone
transformation.

Remark 3.10. [t s not necessary to explicitly assume that ) and Z are
bozes in Theorem [3.8 It follows automatically under the assumption that Y
and Z are open and pathwise connected. In the “<="-direction, it follows from
the definition of a component-wise monotone transformation that Y and Z
are boxes. In the “="-direction, since for all i € [m], the component ®; is
chosen such that it only depends on y;, we can define

YVi=pr;Y, Zi:=pr;Z, i€[m]

where pr; is the operator projecting a set onto the i-th coordinate axis. Then
the proof can be continued in the same way by introducing the univariate
components @; : Yy — Z;, 1 € [m]. It follows that ® is not only defined on Y
but on the smallest box that contains ), 1.e.,

VXX Y 2 V.

4 Invariance of weak and proper efficiency un-
der monotone transformations

The following concept is tailored to weakly nondominated points.

Definition 4.1. For sets V), Z C R™ we call a mapping ® : Y — Z a weak
monotone transformation if it is bijective and if for all y',y* € Y it satisfies

Yyl <yt e Oy < (y).

If ® is also a C'-diffeomorphism on open sets Y and Z, we call ® a weak
monotone C!-transformation.

In analogy to Proposition we obtain the following result. The proof
uses the same arguments, with the definitions of efficiency and monotone
transformations replaced by those of weak efficiency and weak monotone
transformations, respectively.
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Proposition 4.2. For sets Y, Z2 C R™ let  : Y — Z be a bijective map.
Then ® is a weak monotone transformation if and only if for all X C R"
and f: X — R™ with f(X) C Y, the sets of weakly efficient points of [MOP)|
and [MOPg)| coincide.

The next result shows that on open boxes the concept of a weak monotone
C!-transformation coincides with that of a monotone C!-transformation.

Lemma 4.3. For open boxes Y, Z CR™ let ® : Y — Z be a Ct-diffeomorphism.
Then ® is a weak monotone transformation if and only if it is a monotone
transformation.

Proof. “=": Let y',4*> € Y such that y' < y%. For y* < y? follows ®(y') <
®(y?) and thus ®(y') < ®(y?). Otherwise, i.e. for y?—y' € RZ\R?”, we have
y! < y?>+cee € Y for all sufficiently small € > 0, where e denotes the all-ones
vector. We thus have ®(y!') < ®(y? + ee) for these €. Since y? + ce =02
the continuity of ® yields ®(y') < ®(y?). If we had ®(y') = ®(y?), this
would contradict the fact that @ is injective. Thus, ®(y') < ®(y?) holds.
Applying analogous arguments to the inverse of ® shows ®~1(2!) < &~1(2?)
for all 2!, 22 € Z with 2! < 22

“«<": By Theorem [3.8] the mapping ® is a component-wise monotone trans-
formation. Thus, the components ¢; : V; — Z; of ® are one-dimensional
monotone transformations. Since on R! the definitions of a monotone and
of a weak monotone transformation coincide, the functions ¢; : J; = Z; are
also weak monotone transformations. Repeating the steps from the “<"-part
of the proof of Theorem [3.8] replacing all <-inequalities by <-inequalities,
proves this direction. O

Lemma yields the following strengthening of Proposition on open
boxes. It shows in particular that the concept of a monotone C!-transforma-
tion is sufficient for the invariance of weakly efficient points under the trans-
formation.

Theorem 4.4. For open bozes )V, Z C R™ let ® : YV — Z be a monotone
C'-transformation with f(X) C Y. Then the sets of weakly efficient points

of [MOP] and of [MOPg| coincide.

In the subsequent Theorem we show that an analogous result holds for
the invariance of properly efficient points under monotone C!-transforma-
tions. We also treat the behavior of their trade-off bounds under the con-
sidered transformations since, as motivated in Section [} controlling the size
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of trade-off bounds is important in many applications. However as the next
example shows, the properly efficient points are not invariant under general
component-wise monotone transformations. This can occur if the derivative
of one of the components is unbounded, as the following example shows.

Example 4.5. Consider the component-wise transformation ® : —R. X
R = —R%,®(y) = (p1(y1), 2(32)) " = (y1, —y2 ). Since ph(yz) = y3° > 0
for yo € R, this is a monotone transformation. Now consider the image
set Y :={(—z,2)" |0 <2 <1} C —R. x R.. All points in Y are prop-
erly nondominated. We will show that no point in the transformed image set
Z = {(—z,—x™H) " | 0 < & £ 1} is properly nondominated. Let 2 € Z and
choose the sequences z* := k™', k € N, and Z 3 2F .= (—a2F, —(2")™)" =
(k=Y —k)", k € N. We then have 2§ < zZy and 2¥ > z; when k is sufficiently

k—o0

large and (Zy — 25) /(2§ — 21) = (o + k) /(—=k™ — ;) —— 400, so that Z is

not properly nondominated. At the same time y* := (—z* 2*)T € Y for all
k—o00

k € N and @) (y5) —= +oo hold.

The next example shows that the set of properly efficient points can also
change when the derivatives of the components are bounded, but the deriva-
tive of one component can get arbitrarily close to zero.

Example 4.6. Consider the component-wise monotone transformation ®
from Example and the image set Y = {(—z,x)" | x =2 1} C —R. x R..
All points in' Y are properly nondominated. We will show that no point
in the transformed image set 7 = {(—x,—x~ )" | x = 1} is properly
nondominated. Let z € Z and choose the sequences z* = k, k € N,
and 7 > 2F = (—aF, —(2*) )T = (=k,—k™Y)T, kK € N. We then have
2% <z and 25 > Zo when k is sufficiently large and (z, — 2¥) /(25 — %) =
(z1 + k) (k7! — %) LN +00, so that Z is not properly nondominated. At
the same time y* := (—2* 2*)T €Y for all k € N and ©y(y5) 22200 hold.

Examples and motivate the subsequent Assumption [4.8] Before we
state it, by another example we first motivate the form of the formulas for
trade-off bounds that occur in the following results. It deals with a scaling
transformation, whose components thus have constant derivatives, leaving
the properly efficient points invariant.

Example 4.7. For some set Y C R? consider a properly nondominated point
y. By Definition [2.4)(a) there exists some K, > 0 such that for all y € Y
with y1 < g1 one has y2 > §o and (1 —y1)/(y2 —Y2) < Ky, and for ally € Y
with ya < Yo one has y; > 1 and (Y — y2)/ (1 — 1) < K. Then the scaling

14



transformation ®(y) := diag(w)y with w > 0 yields the point z = diag(w)y,
and for all z € Z := ®(Y) with z; < zZ; one has z3 > Zy and
21—z wihh — Wit o wr

- - = Kya
22 — 29 WalY2 — W2Y2 Wa

and for all z € Z with zo < Zy one has z; > Z; and

22 — 22 Wa

<
21—z T Wy

K,
Hence z is a properly nondominated point of Z with trade-off bound K, :=
max{w; /ws, we/w; } K. The factor max{w; /ws, wa/wi} may as well be writ-
ten as max{w;, wy}/ min{wy, wo}.

To reduce the notational burden, the following results are stated for mono-
tone transformations which are component-wise with the identity permu-
tation matrix. However, the analogous statements hold for any monotone
transformation.

In the statement of general formulas for valid trade-off bounds under component-
wise monotone C'-transformations ® : ) — Z on open boxes )V, Z C R™,
in Lemma we shall use some nonempty set ¥ C Y with ideal and anti-
ideal points a and w, whose components (see , ) may be extended

real-valued. For

c. = inf “(n:), j€lm],

¢ nje(aj,wj)%(m) j € [m]

¢ = sup  @i(n;), j€[m],
nj €(a,w;)

we impose the following assumption.
Assumption 4.8. For all j € [m] the bounds 0 < ¢;,¢; < 400 hold.

Lemma 4.9. For open boxes Y, Z CR™ let ® : Y — Z be a component-wise
monotone Cl-transformation with the identity permutation matrizv P = 1.
Then Assumption [{.8 is satisfied under any of the following two conditions.

(a) Y is nonempty and compact.

(b) ® is a linear function.

Proof. 1If Y is nonempty and compact, all entries of o and w are finite, and
the intervals [a;,w;|, j € [m], are nonempty and compact. The continuity
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of ¢} and the Weierstrass theorem then yield ¢; = min, e(q; ;) ¥(1;) and
Cj = MaXy,ela;w;) ¥;(n;) for all j € [m], where replacing inf by min and sup
by max, respectively, means that the infima and suprema are attained as real
numbers. In particular, the upper bounds ¢;,¢; < 400 from Assumption
are true.

Moreover, the compactness of Y yields the compactness of pr; Y. This implies
aj,wj € pr; Y C Y; and, thus, [oj,w;] € V;, where the latter inclusion is
strict because )} is open. Since ; is strictly increasing on )Y;, we obtain
©;(n;) > 0 for all n; € [a;,w;]. The Weierstrass theorem therefore implies
¢; > 0. With analogous arguments one sees ¢; > 0. This shows part (a).

Under the assumption of part (b) we have ¢/(y;) = w;, j € [w], for some
w € RZ and all y € Y. This implies ¢; = ¢; = wy, j € [m], hence the
assertion. O

In the following lemma, which prepares Theorem the stated trade-off
bounds are valid, but not necessarily smallest possible.

Lemma 4.10. For open boxes Y, Z C R™ let ® : Y — Z be a component-
wise monotone Ct-transformation with the identity permutation matriz P =
I, and let Assumption[{.§ be satisfied. Then the following assertions hold.

(a) For every properly nondominated point z of Z with trade-off bound K,
the point j = ®71(z) is properly nondominated for Y with trade-off

bound B
MaXpe[m] C

K, = (—.X’“e[ ] ’“) K. .
MINgelm] C

(b) In case that the component functions of ® are convex on their respective
domains, in the assertion of part (a) we have ¢, = limy, _,,, ¥,.(yx) and
¢, = limy, o, 0 (ye) for all k € [m]. If ap or wy are also finite for
some k € [m], we have ¢, = ¢} (ar) and ¢ = ¢ (wk), respectively.

(¢) In case that the component functions of ® are concave on their respec-
tive domains, in the assertion of part (a) one can replace the trade-off

bound by
;-
K; _ (miane[m] @Ik(yk))Kz <
MiNgem] Pg (yk)

K,.

(d) For every properly nondominated point § of Y with trade-off bound K,
the point z = ®(y) is properly nondominated for Z with trade-off bound

K. = <—max’“€[’"} E’“) K,.

Milge[m) Cx
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(e) In case that the component functions of ® are concave on their respec-
tive domains, in the assertion of part (d) we have ¢;, = lim, _,,, ¢} (yx)
and ¢, = limy, o, ¢, (yk) for all k € [m]. If oy or wy are also finite for
some k € [m|, we have ¢, = ¢} (wi) and ¢ = @) (ay) for all k € [m].

(f) In case that the component functions of & are convex on their respective
domains, in the assertion of part (d) one can replace the trade-off bound

by
.
K - (maxke[m} w/k(yk)) K, < K..
MINge[m) Spk(yk)

Proof. For the proof of part (a), let Z be a properly nondominated point of
Z. Then some K, > 0 exists such that for all z € Z and all i € [m] with
z; < Z; some j € [m] with z; > z; and

Zi—zl-

— = K,
Zj — Zj -

exists. By Theorem [3.§ the components ¢; : V; — Z; of & as well as
their inverse functions go;l : Z; — )Y; are strictly increasing. Therefore
the inequalities z; < z; and z; > Z; are equivalent to y; < ¥; and y; > ¥,
respectively, with 7; = ¢; (%) etc. Since each z € Z = ®(Y) can be written
uniquely as z = ®(y), we obtain that for all y € Y and all ¢ € [m]| with
y; < y; some j € [m] with y; > y; and

©i(yi) — pi(yi)
©i(yi) — ©i(Y;)

A

K. (4.1)

exists.

The mean-value theorem yields the existence of some 7n; € (i, 7:) C (v, w;)
with
G = el = P =) Z - 2 (ping) - w

ke[m]

as well as the existence of some 7; € (y;,y;) C (o, w;) with

(igﬁiﬁ Ck) (y; — Uj)-

A
A

wi(y;) — i) = @) (i —95) = ¢ (y; — ;)

In view of Assumption (4.1)) implies

K > ©i(i) — wilys) > MiNgeim] C Ui — Yi
= wi(y) —wi(U;) T maxgepm) Tk Yj — Yj
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and, thus,

_7; —Y; maXgeim C
y % é ' k?E[ ] k KZ _ Ky ‘
Yi — Yj MINge[m) Ck,
This shows that y is a properly nondominated point of Y with trade-off

bound K,.

Under the convexity assumption of part (b), each function ¢j, increases on
V... Together with Assumption and the continuity of ¢j. this shows the
assertions.

Under the concavity assumption of part (c¢), in the above proof of part (a)
one may replace reasoning based on the mean-value theorem by the C!-
characterization of concavity and obtain

©i(y:) + o5(0i) (yi — Ui),
©;(U;) + 25(5;) (W5 — U5)-

©i(yi)
©;(y;)

A A

This implies

o T) — o) = AT —v) = (m so;@k)) G — v,

ke[m)]

(i) - 5)

ke[m]

I
A

©;i(y;) — i) = (7)Y — 75)

and

i) — ily) - Minkem] PL(Tk) i — yi

0i(y) — () T maxpepm ¢ (Yk) Yj — U5
which yields the asserted formula for K. Moreover, since  lies in the
closure of (ag,wy) and ¢} is continuous, ¢} (yx) = ¢, k € [m], as well as
MiNgem) @5, (Yk) = mingepm) ¢, follow. Analogously one obtains maxjepm) @}, (Tk) =
MaXpe(n) G- This shows K = K.

To see part (d), note that Z = ®(Y') is nonempty and possesses the ideal
and anti-ideal points lim,_,, ®(y) and lim,_,, ®(y), respectively. Replacing
the function ® by ®~! in the proof of part (a) yields the assertion of part (d)

with B
K, — |2k ) g
MiNge(m) dy
where
3 . —1\/ _ 1 _ -1
ko= sup (o ) (k) = sup  — = G
ok (k) E(pr (ar),pr (wi)) k€ (agwi) P (77’6)
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and, analogously, d, = ¢,', k € [m]. This completes the proof of part (d).
Part (e) and part (f) are shown along the lines of the proofs of part (b) and
part (c), respectively, using that the inverse function of a strictly increasing
univariate convex function is concave, and vice versa. L]

Versions of the following theorem, but under different assumptions and with-
out formulas for the trade-off bounds, are given in |22, Cor. 4.2] and |23, Th.
2]. In particular, |23] uses an additional convexity assumption.

Theorem 4.11. For open boxes Y, Z C R™ let ® : Y — Z be a monotone C*-
transformation, and let a problem [MOP)| be given such that Assumption [{.§
is satisfied for Y = f(X) C Y. Then the sets of properly efficient points of
[MODP] and of [MOPg| coincide, and respective trade-off bounds are provided
by Lemma[{.10,

Proof. Let & be a properly efficient point of . Then f(z) is a properly
nondominated point of f(X). By Lemma [4.10] ®(f(Z)) is a properly non-
dominated point of ®(f(X)), which is the image set corresponding to the
problem [MOPg| Therefore z is properly efficient for A/OPg| The analogous
arguments for @1, together with the statements on trade-off bounds from
Lemma [£.10] complete the proof of the assertion. ]

5 Application to the compromise approach

5.1 Preliminaries

The compromise approach of multicriteria optimization goes back to |21, [24]
and makes use of the weighted £,-norms

m 1/p
pw = (Z w;y; |p>
j=1

with 1 < p £ oo and w € R?, where the choice p = oo corresponds to the
weighted Chebyshev norm ||y||eow = max{ws|y1],...,w,|y,|}. Although for
weight vectors w € RZ with possible zero entries the expressions ||y||,. are
not norms on R™ (but_only on wiR x - - - X w,,R) such choices of w are allowed

in the compromise approach as well.

ly
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Let Y C R™ be bounded from below with ideal point «. Then, for every
p € [1,00] and w € RY, each global minimal point of

min |y — afpw st. yeY (5.1)
v

yields a compromise for approaching the values «a; along the single coordi-
nates y; over Y, modeled by their weighted £,-distance. The formulation in
decision variables,

min || f(z) — allpw st. ze€X,
€T

thus yields a compromise for approaching the ideal values «; of the objec-
tive functions f; over X and is known as compromise programming. In the
following we focus on constructions for the image space problem (5.1)).

In the objective function of , the ideal point a may be replaced by any
underestimator @ < « and in particular with a utopia point @ < a. This is
relevant from an algorithmic point of view, since the «; are minimal values of
generally nonconvex global optimization problems and can, thus, only be ap-
proximated up to a given tolerance. For example, branch-and-bound methods
provide strict lower bounds @&; < «;, hence utopia points @. Since replacing
the ideal point o by some utopia point @ in the compromise approach will
also turn out to be helpful for the subsequent theoretical developments, we
shall only consider compromise problems

min ||y — @llpw st. yeY (5.2)
Yy

which involve a utopia point @. Solving this problem for p = oo and w € RY
is referred to as the weighted Chebyshev norm approach.

Before we present our main transformation results, let us briefly point out
two minor aspects of compromise programming in relation to monotone
transformations. Firstly, for the algorithmic solution of with p €
[1,00) the nonsmooth objective function can be replaced by the function
uy(w,y) = |y — alb , using the respective monotone transformation from
single-objective optimization. Moreover, the definition of the utopia point
yields |y; — a;| = y; — @, so that is equivalent to the problem

(Cy(w)) min > wily; — @) st yey
j=1

with the smooth objective function u,(w, -).
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Secondly, the introduction of positive weights in the ¢,-norms with p € [1, c0)
can be motivated by independent scaling of the objective functions by positive
numbers, i.e., by the monotone transformation ®(y) = diag(w)y with w €
R?”. Indeed, ®(@) is a utopia point of (Y"), so that the compromise approach
with a non-weighted ¢,-norm for the transformed problem yields the
image space objective function

m 1/p
| diag(w)(y — @), — (Zw?(yj—am) = lly = @llpur,
j=1

where w? stands for the vector with entries w}, j € [m]. This relation was
already observed in [21].

As a final preliminary remark, the objective function of Cy(w) with w € RY
is

ly = alliw = > wily; —a;) = (w,y) — (w,a),
j=1

so that the minimal points of C(w) coincide with the ones of the weighted
sum approach, i.e., the minimal points of

WS(w) : min (w,y) st. yeY.
v

5.2 Known results

Most of the following results on the compromise approach are well-known
(e.g., [4, [15, [18]), where we use that the case p = 1 corresponds to the
weighted sum approach. Less known seems to be the statement of Theo-
rem [5.1)(d) in the case p > 1, which is due to [6] (see also [18] 20]). In the
following, for p € [1,00] and w € RZ we will denote the set of global mini-
mal points of by S,(w). The elements of S,(w) are called compromise
solutions.

Theorem 5.1 (Nondominance properties from minimality). Let Y = f(X)
be bounded from below and let the same utopia point of Y be used in all
appearing problems . Then the following assertions hold.

(a) UpE[I,OO) UweRg1 Sp(w) C Yund-
(b) UwGJR;” Soo(w) g Ywnd-
(¢) Upepno0) Unerz: 5, (w)1=1 (W) S Yaa-
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(d) Upe[l,oo) UwGR;” Sp(w) - Y;md'

(e) In part (d), for p =1 and w € RT a trade-off bound for y € Si(w) is
K = (m — 1) max; ; w; /w;.

The next result implies that every nondominated point of [MOP| can be
approximated arbitrarily well by compromise solutions with exponents p and
weights w > 0.

Theorem 5.2 (|6, Th. 3.1]). Let Y = f(X) be closed and bounded from
below, and let the same utopia point of Y be used in all appearing problems

Cp(w)l Then the set Upet,o0) UweR;" Sp(w) is dense in Ypq.

In the statement of the following result the problem[MOP|is called convexlike
if its upper image set f(X) + RZ is convex. This is the case, for example, if
[MOP]is convex, that is, if it possesses a convex feasible set X and convex
objective functions f; : X — R, j € [m].

Theorem 5.3 (Minimality from nondominance properties). Let Y = f(X)
be bounded from below, and let @ be a utopia point of Y wused in the for-
mulation of the appearing problems . Then the following assertions
hold.

(@) U Socl®) 2 Yana.
(b) Every convexlike problem |M O P| satisfies UweR;" S1(w) O Yind-
(c) Every convexlike problem satisfies UweR@ S1(w) 2 Ypna-
(d) Every convezlike problem satisfies UweR;n So(w) 2 Ypna-

From Theorem [5.1[(b) and Theorem [5.3|a) follows the well-known charac-
terization of Y4 as the set of all compromise solutions from the weighted
Chebyshev norm approach with w € RZ7, even in the absence of convexity
assumptions. Simple examples show that this result cannot be extended to
p < oo without further assumptions. For convexlike problems [MOP] Theo-
rem [5.1)(a) and Theorem [5.3|(b) yield the characterization of Y4 as the set
of all compromise solutions of the weighted sum approach with w € RZ, and

analogously Theorem [5.1|(d) and Theorem [5.3(c) characterize Yynq as the set
of all compromise solutions of the weighted sum approach with w € RZ.

Theorem [5.3(d) is due to [6, Th. 4.1], and in combination with Theo-
rem [5.1[(d) it implies yet another characterization of Y,,4. The advantage
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over the above characterization by weighted sum problems is that, for a
closed set Y, each set Sy(w) with w € R turns out to be a singleton {y(w)}
with an on RZ' continuous function y.

5.3 Proper nondominance from minimality

In this section we provide a transformation-based proof of Theorem [5.1j(d)
for the case p > 1, which is not only shorter than the one from [6], but
additionally allows to specify trade-off bounds. We remark that the proof for
this result in the case p = 1 from [7] cannot directly be extended to p > 1,
since this would require the concavity of the objective function of
while it is nonlinear and convex.

Instead, we will derive the result via a monotone transformation of
To this end, note that the set Y := @ + RZ is an open box which contains
Y. Likewise the set Z := R7 is an open box, and for every p € [1,00) the
mapping
(1 —an)?
Or. Y- Z y—

(ym — O, )p

is a component-wise monotone C!'-transformation, due to the strict mono-
tonicity of its component functions <I>§.’ )

Theorem 5.4. Let the set Y = f(X) be compact with ideal and anti-ideal
points o and w, respectively, and let the same utopia point & be used in all

appearing proble. Then for each p € [1,00) and w € R, every
Cp(w))

manimal point of |C,(w)| s a properly nondominated point of Y with trade-off
bound

o~ p—l
K = (m—1){max—~—=") max—.
L) O — Oy ) Wy

Proof. In view of Theorem (e) we only need to show the assertion for
p>1. Let w € RZ and § be a minimal point of [C,(w)} After the coordinate
transformation z = ®P(y) the point z := ®P(y) is a minimal point of

m
mzin ijzj =(w,z) st. z€Z.
j=1

Theorem (e) implies that z is a properly nondominated point of Z with
trade-off bound K, = (m — 1) max; j w;/w;. Lemma[4.10[a) thus yields that
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y is a properly nondominated point of Y with trade-off bound

K, = (max C—]) (m — 1)maxﬁ.

The convexity of the functions ®¥, j € [m], and Lemma m(b) yield

G = (2 (w) = plwj —a;)"",

¢ = (@)(a) = pla;— @)y

and therefore

Yy

K, = (m—1) (maxu) max —.

This shows the assertion. O

5.4 Inheritance of compromise solutions

According to [6] and |18, Rem. 3.4.2], the proof of [6, Th. 3.1] suggests that
for increasing p the set of nondominated points identified by the compromise
approach grows. This is in line with the fact that at least all weakly non-
dominated points of Y can be found as minimal points of C,(w) with weight
vectors w > 0. For problems with a discrete image set, this monotonicity
property was shown in [12,9]. The subsequent theorem will confirm it in the
general case.

Lemma 5.5. Let the set Y = f(X) be bounded from below, let the same

utopia point of Y be used in all appearing problems and let py,py €
[1,00) with p; < py. Then the following assertions hold.

(a) For each w' € RZ and each § € Sy, (w') there exists some w® € RY
with § € Sy, (w?).

(b) For each w' € R” and each § € Sy, (w') there exists some w? € R
such that § is the unique minimal point of C,,(w?).

Proof. For p; € [1,00) and w' € RZ let j € S, (w'). Like in the proof
of Theorem [5.4] after the coordinate transformation z = ®”*(y) the point
z := ®P1(y) is a minimal point of v(w?, 2) := (w!, z) over z € Z. In particular,
with

m

up, (W' y) = wi(y; — &)

J=1
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the description of the function w,, (w',-) in new coordinates is given by
v(wt, ).
Furthermore, any w’ € RY satisfies

m m

Up, (’LU/, y) = Zw;(yj - aj)m = ngzfz/pl = Upa/p: ('LU/, Z)
j=1 j=1

so that, with ¢ := py/p;, the function v,(w’, -) is the description of w,, (v’ -)
in new coordinates. We shall see that the functions v(w?,-) and v,(w', )
possesses a fruitful relation for an appropriate choice of w'.

Indeed for all z € Z = RZ one computes the gradient

~1
w2y

V.u,(w',z) =q

q—1

/
wm Zm

and the Hessian
ngq(w,a Z) = q(q — 1) diag((wizi?_z, - ’w;nz;zn—Q))'

In view of ¢ > 1 and w' € RZ, the latter matrix is positive semi-definite

for all z € R7, so that v,(w’,-) is convex on R”. In the case w' € RZ the

Hessian is even positive definite and v,(w’, -) hence strictly convex on RZ.

For any w' € RY and z € Z C RY this implies
0, 2) 2 vy (W', 2) + (Vo (!, 2), 2 — 2), (5.3)

and for w’ € RZ this inequality is even strict.

In particular, the vector w? € RY with

) _ W w; wj .
Wy = 1 = (7 A p2/m—1) (g Q. \p2—p1’ J € [m],
Z] (7 — aj) (7 — ;)

satisfies .
wiz

2 o\ . o1

V.ovg(w?,2) = ¢ : =qu-,
w? 701

so that the minimality of z for v(w',-) over Z implies
(V.ov,(w? 2),2 — 2) = g (w', 2 — 2) = q (v(w, 2) —v(w!, 2)) 2 0.
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From we obtain v,(w?, z) 2 v,(w?, 2) for all z € Z. In the case w' € R?
we have w? € R as well, so that this inequality is even strict. Hence, for
w' € RZ the point z is a global minimal point of v,(w?,-) over Z, and
for w! € RT it is even unique. The same properties hold in the original
coordinates y, that is, the (unique) minimality of § for u,,(w?-) over Y.

This proves the assertions of parts a and b. O]

Lemma 5.5 implies the following monotonicity properties of the sets of points
generated by the compromise approach.

Theorem 5.6. Under the assumptions of Lemma for all p1,ps € [1,00)
with p1 < po the relations

U Sp(w) € U Spa (W)

wG]RTE” wGRTzﬂ
and
U Sp(w) € U Spa (W)
wGR;" wER;”
are true.

Theorem [5.6] yields the following generalization of parts (b), (c¢) and (d) in
Theorem 5.3

Corollary 5.7. Let Y = f(X) be bounded from below, and let a be a utopia
point of Y wused in the formulation of the appearing problems . Then

the following assertions hold.

(a) Every convezlike problem |MO P| satisfies UweR’g Sp(w) D Yyna for all

peN
(b) Every convexlike problem satisfies UweR;n Sp(w) D Ypua for all
p e N.

Furthermore, Theorem confirms that the outer union in the assertion of
Theorem [5.2] is taken over a nested family of sets. This implies the following
result, where set convergence is meant in the sense of Painlevé-Kuratowski.

Corollary 5.8. Let Y = f(X) be closed and bounded from below, and let the
same utopia point of Y be used in all appearing problems . Then the
sets UMGRT Sp(w) converge to Y4 for p — oo.
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Proof. Theorem [5.6] [16, Ex. 4.3a] and Theorem imply

plggo U Sp(w) = cl U U Sp(w) = Yna

weRY pE€[l,00) wERY

]

We remark that, regarding the choice of the exponent p in the compromise
approach, [1] argues that the size of p should be an increasing function of
risk aversion. Another possible guideline, mentioned in 15|, is that p should
be a decreasing function of the number m of objective functions.

6 Conclusions

The focus of this paper is on properties of monotone transformations for
general nonconvex problems[MOP] Our result on component-wise monotone
transformations shows that even in the case of multiobjective optimization,
one can restrict oneself to monotone transformations known from single-
objective optimization when looking for helpful reformulations of a given
problem.

A natural question that arises from Corollary [5.§] is if there are conditions
under which a finite p exists such that UweR’; Sp(w) = Y,4 holds, or equiva-
lently, every non-dominated point of , with ¢; = (y; — @;)P, is a min-
imal point of WS(w), applied to for some weights w € R.. Based
on the discussion in Section we can at least give a sufficient condition
for ®(Y)pna = UweR;n S1(w) to hold, namely thatlm is convexlike. Thus,
(Y )pna = UweR@ S1(w) holds if the upper image set of [MO Pg| becomes
convex when p is sufficiently large.

A related conjecture was formulated in [6] and |18, Remark 3.4.2], and in
[13] and [§], it was shown that this is the case if Y4 can be represented as
a smooth surface. Our future research will be dedicated to answering this
question under milder assumptions and to the algorithmic exploitation of the
p-th power transformation.
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within a theoretical and mathematical approach.
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